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Transport propertles and efﬁclency of e!astlcally coupked Browman motors

Akno Igarashx Shmp Tsukamoto, and Hiromichi Goko'
’Bepamuent of ‘Applied Mathematics and Physics, Kyoto University, Kyoto 606 8501 Japan
2Sumitomo Electric Industries, Osaka 541-0041
(Recewed 17 Jannary 2001; revxsed manuscnpt received 17 July 2001: pubhshed 24 October 2001)

As models for bnoiogscal molecular motors, Brownian motors have been studied recent]y by many workers
and their physical properties such as velocity, efficiency, and so on, have been investigated. They have also
attracted much interest in an application to nanoscale technology. It is significant to study more complex
systems, that is, coupled Brownian motors, in detail, since Brownian motors with a single particle have been
mainly studied until now. In this paper, we consider Brownian motors coupled mutually with elastic springs,
and investigate the dynamics of the model and the efﬁcnency of energy conversion. In particular, we find that
the center of the mass of the elastically coupled particles moves faster than the corresponding single-particle
model, and also that the efﬁcnency of the coupled-particle model is larger than that of the single-particle model.

DOI: 10.1103/PhysRevE 64.051908 : i PACS number(s): 87.10.+e, 05.40.-—3, 02.50.—1

L INTRODUCTION . to investigate the coupled systems, since in an application to
nanoscale technology, coupled effects should be taken into
Brownian motors have attracted much attention as models ~ account [3]. In an application to ‘molecular motors; it is also
of molecular motors E]} and their physical properties such as interesting ‘o smdy coupling effects, because, for example,
velocity, efficiency, and so on have been studied in detail [2].  molecular motors in muscle have a Imear structure [1] that
Recently, some workers have also paid attention to them in  consists of many parts.
an application to nanoscale technology [3]. For example, In ﬁns paper, we consider elast]cally coupled partxcles ina
Porto et al. [3] studied microscopic engines on the atomic ﬁashmg ratchet model, in which each particle makes transi-
scale that transform the fed energy into directed motion tion repeatedly bctwecn two states where interactions are ex-
through a dynamical competition between the intrinsic length pressed by their respective kinds of potential, and conduct
of the moving object and supporting carrier. ~ numerical simulation. Unidirectional motion of the particles
The molécular motors are involved in cell locomotion, ~ is confirmed in this model and the vcloc:ty for various values
some cellular transport and muscle contraction, and so forth. of the coupling constant, the temperature, and so on, is mea-
Many models have been proposed to comprehend theoreti- sured. Although an isolated single particle in flashing ratchet
cally the mechanism of the molecular motors. Doering er gl. ~ Models cannot move in nonthermal conditions, that is, with-
[4] investigated *‘single-particle’” Brownian motor models, a  Out thermal noise, elastically coupled particles in the flashing
¢‘rocking’” ratchet model where a periodic or random exter- ratchet model may move due to the action of the interparticle
nal force is applied to the system. A famous one among the ‘springs restored to their natural length that is incommensu-
~ single-particle models is a so-called ‘‘flashing”’ ratchet rable with the period of the periodic potential, even if ther-
model [5]. It is shown that in the model, only thermal noise - mal diffusion is not allowed. It is also found that the velocity
and a proper asymmetric potential are enough to produce of the elastically coupled model under such conditions is
macroscopic motion of the particle toward a particular direc-  larger than that of the corresponding single-particle model,
tion that depends on the asymmeiry of the potential. Next, and that the velocity has a maximum as a function of the
“‘coupled-particle’” models, where particles interact mutu- coupling constant of the springs. Moreover, if we restrict the
~ ally, have been lnves‘ugated Csahok et al. 6] studied the region where transition may be allowed, we find that the
" dynamics of elastically coupled particles in a ‘“‘rocking”’ velocity of the model is enhanced by the restriction. We also
“ratchet model. On the other hand, Julicher et al. [2] intro- apply various loads extemally to our system to investigate’
duced and analyzed theoretically particles rigidly attached to  the efficiency of energy conversion, and find that the effi-
a rigid backbone with equal spacing in a ‘‘flashing’” ratchet. ~ ciency has a peak as a function of the load. We also find that
Recently, Elston and Peskin [7] investigated the characteris-  the peak values are larger when we restrict the region of
tic of the elasticity between the motor and its cargo and  transitions and are improved by the coupling effect in com-
showed that the elasticity allowed the motor to run faster  Parison with the single-particle model.
than if they were linked rigidly. Klumpp et al. [8] studied the
two harmonically coupled particles in the ratchet modol and ~ 1L THE MODEL ~
observed a driving mechanism different from the one in the
case of a single particle, which does not need diffusion. As We cons:der elastically coupIed particles (Flg 1): In this
for the response to an external force, Reimann et al. [9] in- ~ paper, our model is described by dimensionless quantity. It is
troduced another model of interacting Brownian parhc]es assumed that the particles are pu L heat bath represented
and found some collective phenomena. by white noise. Particle tQ one of the two
Studying the physical properties of coupled Brownian substrate potennal stoch
motors is interesting in itself. Moreover, it is quite significant

1063-651X/2001/64(5)/051908(5)/$20.00 64 051908-1
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X
FIG. 1. In our simulation, the period of the potential is not equal

 to the natural length of the springs. This ‘‘incommensuration’” leads

to the easy movement of the particles to a particular direction (to
the right direction in this figure). Some parhcles are sub_)ected to W,
and the others to W,.

choose the fo}lowmg asymmemc mteracnon potential W2

2‘7rx +‘IV. 47x\] XU‘
LA A T A | i

~ where UmﬂLrepresentﬂledepthandpenodofthepotcn-
 tial, respectively. In state one, no force from the substrate is
exerted on the partxcles because the substrate potential W, is
 flat. Therefore, state one is called the detached state. Since,
in state two, the parucles feel penodlc substrate potent:al
state two is called the attached state.

The equat:nons of motxon of the partlcles read

(2'.1)

PHYSICAL REVIEW E 64 051908

500 . 1000 1500 2000,

FIG. 2. x; VXN andthecenterofmassasafuncnon of time. We
find that finite temperature is not necessarily needed for the finite
velocity of the elastically coupled particles in an asymmetnc poten-
tial. This figure shows finite velocity for zero temperature (k

=4 0,N“20)

}( x)

‘yx —k(xt+1 2X +xl l) h(t) o + ZD l(t)

2si'<’1v‘-1’,3 ‘ 22

where x; denotes the posmon of the ith particle and we con-
sider the 'overdumped case. £;(¢) denotes white noise of zero

008 g . ' ““o;v

FIG. 3. Velocity as functions

~of various parameters. The veloc-
ity shows various dependence on

- the parameters. From these fig-

ures, we can understand the char-
- acteristics ‘of the model morc pro-'
. foundly. :
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tau=1.0, U=1.0,N>20
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FIG. 4. V vs k. The lower the temperature is, the faster the

parncles move in general. For high tempe:amre the peak almost

disappears smce the pam::}es tend to move more randomly

mean and correlatson (ft(t)fjis)) 5(: 5)6;; k is the
sprmg constant and N the number of pameles Since the

boundary condition of the pamc]es is free, the forces due to

‘spnngs of Eq. (2.2), the first term of the nght -hand side, is

k(xz—-x; -a) : :(2.,3)"
for the first parhcle and k '

for the Nth pam(:le where a stands for the natural length of
the springs. A friction constant y is set to be 1.0 and D
stands for the temperature. In our srmulatlon, U,L, and a are
set to be 1.0, 1.0, and 1. 35 Ttespectively, if not mentioned.

S h(t)isa d1chotomous random modulation that rules the -

umedependent change expected 0 or 1 We determme hi(t)

process as follows. An Omstem-ﬂhlenbeck pmcess Z; (z~

=12,...,N), where
(Z€t) (S))
(Z(t)) 0 D' 0.4

: &;(D'fr)ef"l'“if’*;

- (25)
1s consxdered and 1f Z () is kess than 0 then k(1) is set to be

0, if Z,(¢) is more than 0, then h,(t) is set to be 1. Conse-
quent}y, ,(t) changes thh a corre}anon time T stochasti-
cally In our simulation, 7 is set to be 1.0 if not memlonec},
Thereby we can change only three parameters, that is, k, D,
and N. If not mentioned, k, D, and N are set to be 4.0, 0.2,

and 20, respectively. At the beginning of our smu}atzons, the
ith particle is always located atx=ia.

HI. NUMERICAL SIMULATION
""A. Zero-temperature case

1. Dynamics of elastically coupled pamcles

First of all, we investigate a zero-temperature case (D
= (). Figure 2 shows the motion of two boundary (first and

051908-3
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FIG. 5. V vs a. When the natural length of the spring is almost
equal to an integer times the period of the potential, the model
moves so slowly because each particle is caught to a minimum of
the potential and cannot escapekfmm it easnly

Nth) pame}es (thin Imes) and,the center ef mass : of the
coupled particles (thick line). A particle trapped to the po-
tential W, is likely to be near a minimum of it and going to
move by the elastncxty when trapped to W, When it is at-
tached to the substrate agam under the influence of W,, it
goes down to a minimum of the potentlal W, to the +x
direction more frequently than to the —x direction because

 of the asymmetry of the potential W,. Consequently, the par-

ticles mOve‘ unidiréctiona]}y: in an average sense.

2 Parumtcr dependence of the velocity .

Fxgure 3 shows the velocity of the center of mass of the N
particles as functions of various parameters. As a function of

~ k, the velocity has a maximum at k= 4.0 [Fig. 3(a)]. When

we change 7, the velocxty has also a maximum [Fig. 3(b)],
and the graph is bell shaped. The correlation time 7 has to be
appropnatexfrtxsneaﬂyequaltotheumeforpmcks

008 -
, —— D=0.7
0.07 + f S DIO»Z
‘ !
005 | -
b b T e
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0.12

has a maximum at F,_,,=0.06 for the coupled system, and itis ]ess
than 0 for F,,,=0.11, which means that the model moves in —x

dlrect]on. Efﬁc:ency for a smgle pamde is lower ‘than for the

attached state in order to pu}l the parncles forward before
‘th‘ey‘ are detached ‘aga’in; The Iar'ger th’e degthﬁ'of the petential

time [F' ig. 3((:)] Fmally, we mvestxgate the veloc1ty as a
function of N [Fig. 3(d)]. The velocity is alm independent

of the number of parnc}es except for smal

 dence of velocity on the size in biological expenments of
muscle system is similar to our results.

B. Finite-temperattiré case

~Figure 4 shows the velocity versus k at D=0,0.1 0.2,03
The ve}omty decreases as the temperature increases. At D

TABLE 1. Lv and yv? is shown for various loads. The energy

used to the dissipation is much larger than that used to the total
-motion of the model.

yxp?
0000000 0000000 1386913
10010000  0.002441 1.383389
0.020000 0.004427 1392557
0.030000 0.006206 - 1.388566
0.040000 0.007744 1.393150
0.050000 0.008313 1.397241
0.060000 0.008928 1.397302
0.070000 0.008471 1.398886
0.080000 0.006630 1.404158
0.090000 0.004963 1.412609
0.100000 0.001967 1.420848
0.110000 —0.000569 1.417309

Load LXv
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. =0.3, the velocity is almost mdependent on the spnng con-
stant k. The influence of the springs is weak in comparison
with that of thermal diffusion for high-temperature D=0.3.
Until now, the natural length of the springs a has been set
to be 1.35. Now we investigate the relation between the ve-
locity and the natural length in Fig. 5. The velocity disap-
pears when a/L is an integer for D=0. That is because
particles are trapped at minimums of W, tightly and cannot
escape w1thout thermal noise. At D=0.1 and 0.2, however,
the average velocny is finite even when a/L is an integer,
where particles in the detached state diffuse thermally

, enough to'go over the maximum of W, against the force of

parameter h. That is, wher
W,(x)<h, transition may

 the velocity as a function of ‘h For a certain reglon of h, the

velocxty is larger than that of the unrestncted ttansmon case,
wlnch 1s the right e d

maxxmum Wzﬁ is Iarger‘ ‘when tran.
minimums of the potential.

_ IV. EFFICIENCY
Calcnlatmn of efﬁcxency

Recently, Seklmoto [IO] has defined the efﬁcxency for
thermal ratchet models with a load F,,,. Derényi et al. [11]
has also defined the efficiency in another way.

0.05 - v
;—-Mewpbdpmdss

i 6.01 g G

efficiency

-8.01 -

o . 005 0.1 0.15 - ok 025

FIG. 8. Load vs efficiency at D=0.1, k=4.0, and h=0,—0.35
where k is the parameter to restrict the transition region. The maxi-
mum is located at larger F,,, than in the unrestricted case of Fig. 7,
and the model moves +x direction even for larger F,,, than the
load where motions to —x direction occurs in the unrestricted tran-
sitions. Efficiency for the single-particle model is lower than the

coupled-particle model in this case as well as in the case of Fig. 7.
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5 TRANSPORT PROPERTIES AND EFFICIENCY OF ...

o M owe define v as an-average velocity of the model ‘the
conventnona} expresston of the efﬁcnency n i

: where Pm is the power mput [10] If we define P,,,,, as the
power output 1t seems more appropnate to deﬁ 1t as

P sFab @y

rather tban only F,,v, the numerator of Eq. (4.2) [11]. The

term yv? denotes, of course, the dissipation via friction. In
_ our simulation, the load F.,, is dispersedly exerted to each

pamele tbat is, —F,,, /N is applied to each particle.

We show in F' ig. 7 the efficiency defined by Eq (42). 1t
has a maximum as a function of F,,, and at a certain thresh-
~old it has a value less than 0, which means that the model
moves in the —x direction. The efﬁcxency for a single par-
ticle is shown also in Fig. 7. The efficiency for the coupled

: model is hxgher than for the single- parncle model.

- In Table I, we compare F, extV ‘with yv?%. We find that yv
is always ‘much larger than Fop for any load, which makes
‘'sure that most of the energy ‘of the molecular motor is used
for the Brownian motion and therefore for the dxss:panon
This is a reason why the efﬁc:ency of the molecnlar motor is
not so high.

Since muscle is known to have much lngher efficiency
than in our simulation, we do not succeed in reproducing the
real situation if we apply our model to muscle contraction.
This is mamly because of the sunphc:ty of our model

~ PHYSICAL REVIEW E 64 051908
-y for the restricted transitions

s the efficiency defined by Eq. (4.2) versus

load F,,, when we introduce the restricted transitions that we
have mentioned in Sec. INIC. When transition is restricted,
the peaks appear for larger loads than for unrestricted tran-
sitions, and the peak values of efficiencies are also larger.
We think that in the restricted transitions, it is easy for the
particles to go forward since when the partxcles makes tran-
sition from W, to Wi, they are comparaﬁve]y near the neigh-

bor maximum of W, in +x direction, which they must go
beyond in order to move forward

'S CONCLUSION

We demonstrate that eIastxc,‘ ‘oup]ed partxc}es ina

springs even if. thermal di ’
fmmd that the vek)cr of ;

Tve]ocxty as a functlon

when we resmct the re

model ts“’ arger | than the smg}e-pamde model Most of the
, however, is. used for Browman motion;.that is, for
the dlssmatlon L
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Stochastic resonance in locally and linearly
coupled systems
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~Abstract

Stochastxc resonance (SR) is mduced by the coopera,tlon of a weak penodlc driving
signal and random noise in bistable systems: the output 31gnal-1:0 ~noise ratio is enhanced
by a synchronization of the characteristic time scale of a transition between two states
activated by the input noise with the period of the input signal.

We numerically demonstrate SR in a locally and linearly coupled array each element of
which shows the SR, phenomenon Both the output sxgnal—to-nmse ratio and the receiver
‘ operating characterxstlc for an single elemént in the array are greatly 1mproved by the
couplings. We relate SR to global dynamlcs of the array with kink-antikink nucleatlons
and show how the peak of the signal-to-noise ratio appears. SN




Geisnaen

Stochgistic resonance'k(SR) is induced by a cedpe:atiqnef a weak external driving’signaz

and fa.ndom noise in bistable systems : Rand"om‘ 'noi'se‘: gfeaﬂy en]ianees the ‘periodi?“e

i characfer 6f the response' of the bistable systemsi Wi‘nh aﬁ ihput' :the‘ weak coherent sigha,lf
With the result, the output signal-to-noise ratio (SNR) ‘may be ma.xxrmzed by treatmg

the mput noise strength as a design parameter.

: ‘.:

SR was ongmaHy proposed to understand the model for the periodic recurrences o
~ the earth s ice ages by Benzi et al [1 [ I They showed that the apparent penodlcxty of the
‘earth’s ice age the period of which is about IOO 000 years is led from the enha,ncement
~ of the weak periodic vzmatlon of the earth’s orblt (mput signal) by weather changes
(mput ncnse) in the blstable chmatlc potential”. Now SR is known to occur in a wide
range of physma} systems SR was reported in a Schmxtt trigger [2], a ring-laser [3],
" electron paramagnetxc system [4], and so on. Theoretically, erseﬁfeld and McNamara
has put forward an approach based on two state master equation ([ } for a review see [6])
We discuss this theory and introduce a more realistic approa,ch Wlth a double—GauSSIa.n
 approximation in Section 4 k : ‘ -
| More recently, it has been consxdered that SR pla,ys a 31gn1ﬁcant role in biologica
systems The crayfish mechanoreceptor cells showed the charactenst}c signature of SR
[7]. In this case, it is prov1dedthat a single cell is specm,hzed_ to detect weak coherent water
motions enhanced by addition'ai noise Real biological systems are, however, constructed

WIth man neumns me this pomﬁ of view, the response of coupied nonhnear elements

A locally and zhearly coupled cham of blstabie elements is one of the snnplest models
- of those networks which shows a phenomenon called array enhanced stochastic resonance
| (AESR) [10} Whﬂe SR has only one design parameter the noise strength AESR has an |
addltxonal desxgn parameter the couplmg strength The conphngs sxgmﬁcantly improves ‘i

i ;‘ k the maxlmum value of the output SNR. We numencally demonstrate AESR and compute -

the SNR ¢ as a functlon of the noise strength and the: couplmg strength in Section 5.
Moreover, to measure the system’s signal detectmn performance we obtain the receiver
‘operating chamctemstzc (ROC). |

As for the dynarmcs of the cham F. Marchesom et al. theoretxcally estmla,ted some




AESR results in ankoVerdampéd ¢* chain [11]. M.Lécher et al. first experimentally

demonstrated AESR in an array of diode resonators [1 2} and showed the presence of kink-

antlkmk pairs in the array We focus on a peI‘IOdIC kmk—anmkmk nucleation rate in the

overdamped ¢* ‘model and apply two state theory in ~Secti0n 6.




2 Background

2.1 Underlymg Model for

Consider a particie*~m a bx‘stable system, :Whéréﬂthe{ oténtial 1s 'peri()dicaﬁy and weakly
modulated (see Fig.(1)). Here, “weak” means that the potential has still two stable states
and the Batrier between the states all the time in spite of“t_hé éxiSten‘oe' of the modulation
Without hOise the i}artic}e femains forever in the rvell where 1t haé started. On the other
hand, the presence of a&dxtrona.l noise induces a Jump process of the particle between the
wells. In the absence of the penodrc drmng, however the j gump process is random. If the
modulation synchromzes with the hopping, i.e. if the cycle of the drrvmg synchromzes
with the charactenstrc time scale of the jump process the partrcle regula.rly switches
between the wells. ‘ , _ ‘ »

~ The Underlying model for SR is given by the overdamped bi'stkaoley d)r‘namics,
2 4

9 3

x - ._%v(.:c_} +A cos(Qt’ + @) + 5@)‘7; : V(ac):~ 1 (1) |

< ()6() >=2Dat —1), <€) >0,

where V is the oistab_le potential, A cos(QU + ) is 'themoriulation:(the input signal), £(t)
is Ga.ussié._n white noise (the input noise) and .:v. is the position of the particle (the output).
: We _invéstigérte a mo(_i’él for AESR ; an array whrch is constructed with these bistable
elements coupled to r:heir nearest n'eighbors. and has free boundary conditions. The model'
- for AESR is ’ 7 ’ | |

= “giv(xn) + Acos(ﬂt )+ e — 20) + f(xn— SEORTONENG)

i<5,,(t)g,,,(t)> 2Ds, n.é(t ), <5,,(t)> 0,0 st 2o V),

' where O n, 1s the Kronecker 5 functlon and denotes that noises are uncorre}ated from site

&

. to srte

2.2 Two State Theory

A pioneering theory for SR has been put forward by Wiesenfeld and McNamara 5]
Assuming that the pa.rtrcle can take plaoe in only two right and left stable states T,z

the master equations for the population in the right and left well of the bistable potential
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My Ny éfe‘ fespectively S : A
5 () =W +(t)n;(t) —Wo_(t)ny(t) = —(Wio(t) + W_ i (8))n4(2) +W_i(), (3)

- where W_, (t) and W, _ (t) are the transition proba.bﬂiﬁés from the right well to the left
and from the left to the right, respectively. In Eq.(3), we use ny +7n_ = 1. Appiying
Kramers formula, we obtain periodic transition probabilities for A/D << 1

Wiz(t) = roexp [:{:—5 sin(Qt + <p)] ~ gt "% sin(Q + ), (4)
where 74 is the unperturbed Kramers rate . |

The'solﬁtion to the Iihealj first-order differentla.l equation with periovdic coefficients Eq.

(4) is given by

n(t) = 5 0) [ (t0)g(t0) + o wsrawyar], )
o) = e[ o]

- From these equatmns we get the expressions for ‘the population ni(t) and ny(t|zo, to)
that are the conditional probablhtles that z(t) is in the 2, state at time ¢, given that the
state at time to was Zg. Wlth the penochc tra,nsztlon probablhty Eq.(4), the population

is gwen by
Arg

0= 5 @i

sm(Qt +¢+p), (7)
where ¢ : arc,taﬁ 0 fQTo{ »

Using ﬁi(t) and ni(t[zg’, to), the autocorrelation funption can be computed
<a(t)alt+ izt o> = Fng(t+ ]+ 1O (tao,to) = nalt + 7] — 1, n_(tfzo, to)
ity o L (7] 1, Ony (o, o) (i 7] — 1, (thao, to)

= [2n+(t 41 ) =14 20, (t+ 7] -1 t) - 1]n+(t|:c0,t0)
T - Ly -1 (8)

' To take into account the dependence on initial condltlons we take the hrmt tg — =00

and average over the mma.l phase ; ¢,

<< x(t—f-T)a:(t) ‘P>><p or / lim _ <:c(t+'r)x(t)[x to




- According to the Wlener—Khmtcme theorem the power spectrai densmy is glven by the

Fourier transform of the autocorrelatxon functlon

< S(w <p) >¢ ——/ S(w (p)d(p / << :c(t+7)x(t) (,o>>¢ ““”dr (10)

Q

We use the phase averaged one-sided power spectral dens1ty (PSD) defined for w pos1t1ve

only,
(w) <S(w<p)> +<S( w<p)>?,. i (11)

For the penodlc tran31tlon probablhty Bq (4) PSD is glven by

6{w — Q)

T B : 22 i 2
-S(w)i Arg. 2rgA ) ( v47rr A

= - P} = — :
B\ @R on?) T @y )0

Snmse(w)"" mg‘s(“’ Q) S (12)

Tt consxsts of two pa.rts Where the ﬁrst term is the power due to nmse and the second due

to the penodlm’cy of the output




'3 Numerical Simula’tion ‘of *SR‘
3.1 Numerlcal Sxmulatlon and Results o

In thls sectlon we numencaﬂy mtegrated the stochastlc dxﬁerentlal equatmn Eq.(1)

and compute a power spectra,l density.

A difference eqnamon valid to order (At)2 correspondmg to Eq (1) is

(t + At) ’ x(t) + (:r:(t) - x(t)3 + Acos Qt)At
-_(1 3x(t)2)(x(t)3 - z(t)* + Acos Qt)(At)2 + AQsin Qt(At)2

+ / dt’f(t) (1 - 32(2)°) / “ay / are(t). (13)

~ where At is a time step Here we mtroduce new variables R(t) and Q(t)

R@t) = / aer), Q)= /tf dr / “a ), | (14)"

If R(t), Q(t) are replaced by R = fm”’“ HEW), Q= [N A [Y dt€(1),
covariances < R, R, >,< R,.Q, > and_ < QnQn > can be calculated as

. <RpR.> = 2DAtby,,
< RaQn> = D(AtYS,,

2 R <
< Qan> = ‘?;(At):?&m,n;

R(t) and Q(t) are, thus glven by

- \[.;9+sz, qo-fTore,

~ where 6 and 7 are the random varlables which are mutually independent and subject to

Gaussian distribuﬁén':véith the mean 0 and thé va.riaﬁce V2D. Using Eqs.(13),(15) with
a time step At ~ 0.012, we obtain the time series of :r:(t} e |

Figs.(2),(3) and (4) present the traJectory of the partlcle for A =0.1,Q = 7/200. With

D mcreasmg, the mter-well transitions (the jump process of the. partlcle between wells

which we are mterested in) occurs more frequently. In Fig. (2), a parmcle does not always

Jump between the states when the potentxa} is tﬂted In Fzg (3), 2 partlcle regulaﬂy jumps




41000.0 ~ 42000.0
Time

Flgure 2 Trajecto_ry of a particle in a double well potent1a1 w1th smusmdal dnvmg and
addmona.l noise. {2 = 7r/200 A=01,D=0.03.




410000 420000  43000.0

Figure 3: Trajectory of a particle in a double well ﬁotenﬁal with sinusoidal driving and
additional noise. 2 and A are the same as in Fig. (2) D = 0.12. Note that the apparent
permdlczty can be observed
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With the data at every 200 steps of this time series, we compute a power spectra.
~ density (PSD) a perlodgram using fast Founer transform (FFT). To reduce bin leakag
we convolve the data Wlth a Parzen window
| L (N W ;

a.nd aver age PSD segments each of 4096 samples (dataset) per segment

Fig.(5) is a plot of the PSD as a functlon of the circular frequency with the same
parameter. From th}s ﬁgure ‘one can observe the penodlcxty of the output from a shar
peak of each PSD function at the signal bin. ; ’

SR is charactenzed in terms of the signal-to-noise ratio (SNR) As mentioned in the |

"prevmus section, we assume that the PSD can be dnnded into two part one is due to

‘noxse and the e)ther the output penodxcx Y. Numencal]y, we deﬁne the SNR as the ratio

‘ypower of noise a‘»eraged around the signal bm

1111€ lcal Value of the SNR 1s reconstructed with

Sslg + Snmse(Q)A“’
noise(Q)Aw '

is the Welght of ] functlon

(18)

Rexpp =1 0 Iégm

: where Aw is the w1dth of the bm and Ss1g

 The SNR with A - 0.1, Q = 1{/ 200 is plotted against the noise strength D in Fig. (6)
The output SNR shows a sharp rise in the noise strength range from 0.03 to 0.10, above
which it décreases gradt‘ré.ﬂy For a system well characterized by linear~response theory the
:SNR of the output decreases w1th a.ny mcrease in input noise. In constant the s1gn1ﬁca.nt

feature of SR i is an mcrease in the output SN R with decreased input noise.




B
=1
@

o
Ev
4

-0
&
2z
o

o

6.0061 : L : : L ; RN |
o ) 0.05 it L N1 0.2
: ; e Frequency b :

Figure 5: - Typical powebr"spectfal ‘dkensity with Q = 71'/200,/1 =0.1,D = 0.12.
~ peak appears at signal bin the center of which is w = 2 ~ 0.0157.




.

Rat:q

Ise

. ©
p-a
o
[
2
S
]
B =
2
(9]

.

020 040
Noise Strength D '

~ ;Figuré 6: SNR (dB) as a function of noise strength D.




4 Double-GauSSIan Approx1mat10n

4.1 Double-Gaussmn Dlstrlbutlon

In thxs sectlon we treat the SR phenomenon by means of Fokker-Planck equatlon In
| the two state theory, we assume the particle can take place only in the two stable states. To
take into account the intra-well behavzor of the par’ucle we introduce a double-Gaussian
dlstr}butlon whlch models the distribution of x(t) around the two stable states. |

The chstnbutlon of x(t) is denoted as P(z,t) and Fokker-Planck equatlon which is

equivalent to Eq (1) is
: 5P (ﬂf t) & | ;
where L is the operator -

L —m(a:—:c -i—Acos.Qt)—E—D(,3 =
We assume P(z,t) ’asth? double—,G"aussian ,d‘istribution around two stable points by and

ba

(20)

P(:v t) = aL(t)PL(x t) + aR(t)PR(x t). (21)
where ar and ap respectlvely represent the probablhtles the partu:le 1s in the left sxde well

or right one. PL(:L' 1) and PR(x t) is Gaussmn dlStI‘lbllthﬁ Wlth the variances oy g of the

particle in the 1eft or nght side Well
1] (z=brr@®)

P_r, s t) dot b b gt € ,.L’R(Q))

w[271‘0'L R(t)2 o 20L,R(t) ‘

‘We assume that left Gans’.sian distribution ‘andirighﬁ bng'afe independent with each other;

(22)

z.e. :
‘ IbL — bR! >> O'L(t) O’R(t) :
If we know left and rlght Gaussian dlstrlbutlon : we know ar, R,bL R and oL R, We can

calculate the a,utocorrela,tmn functxon Eq (8)
< s(t)a(t) > = / dz / dz! x'W(a: tfx t)a:P(a: )
| = / dz / da’ a:'P(a: Vo t)sP (s, 1), (23)

In Eq. (23) W(a: t'|z, t) is the transfcmn probability the particle which was located in
the position z at time ¢ is i in 2’ at ¢/, and W(2', 1|z, t) can be replaced Wlth Pz, t'|z,t)

which is the doubIe—'Gainssianfdxstrlbutlo.n at time ' with the initial state = at time ¢.

29




The way to calcﬁlatef ar b and o; R is as follows. First, we define a moment o

order n of left (nght) Gaussxan dlstmbutlon

: <x >L_./ﬂ d:cx"P(:n t) / d:r:r:”PL(:v t)

Equations descnbmg txme evolutlon of the left (rlght) moments are gwen by

EE <z" >L / da:——{ ”PL(:c )] = / dxx"LPL(x t} ' (25

We app}y Eq (25) to the nght and left moments for order 00and 2, <1>p,<z > LR
‘and < z2 > g, and use the conservation law of probabxhty ar +ap = 1. From these si
independent equatlons we can calculate a LR by LR and OL,R-

Calculation of the autocorrelatmn function Eq. (23) can be put forward:

< :v(t):c(t) bt ]dx/dx’P(x t [:z:o,t)a: /dmgP(xg,t)é(x - xo)mo
= ZP(ZBg,t)IEgA.‘Kode,P(IL' t l.’L'Q,t)IL‘
: = Z P(xo,t):lJoAlL'g(aLbL -+ aRbR). A " ’ (26)
Gl iEe . , ,
‘Note_t’hat arbr + apbg depend on the initial state z¢ and the initial phase of the driving
From Egs.(9),(10),(11) and (26), the power spectral density is given by
E S(w) : ',- ZP(mo,tQ)l‘o / ; dtcoswt/- d(p(al,bl, -+ a;RbR). (27) .

We ﬂnmemaﬂy Cﬂmpute aLbL + aRbR for 10 initial phases each of whzch contains 60 initial

states, and obtain the power spectral densxty from Eq. (27)

| | 4.2 Compari‘son with Numerical Results

Numencal solutmns to the moment equatlons Eq.(25) with A = 0 LQ=mx/ 200 D=
0.15 are shown in Flg (7)in a shape of the double Gaussian distribution Eq. (21) Left
and nght Gaussxa,n has a sharp peak around the left and nght stable states respectively
and the hlght of the peak oscﬂlate pemodzcally asa functlon of time. We can easﬂy reduce
that the particle’s jump processes shows the apparent pemodlcxty : ‘ ‘

Fig.(8) is a plot of the SNR thh A = 0.1, = 7/200. A solid line with dlamonds
represents the SNR obtained from the double-Gaussian approximation Egs.(27),(17) and

9
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Figure 8: SNR as a function of D. Solid line with diamonds represents the SNR obtained
- from double-Gaussian approximation. Triangles represents the SNR from numerical sim-
ulation, dotted line represents the prediction of two-state theory.
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trianglee the SNR"i"f‘rdfhi the Iiilmericél :‘sin"‘mlatio‘ri‘f' Th’ou’gh‘fth‘e’ ‘difﬁeulty of numerical

Fourier transform of nea;rly complete penodlc functlon of t1me the theoretlcal values are
in quantltwe agreement thh the sxmulated ones.

We consider that the double—Gaussmn approxxmatxon has some a,dvantages over the
_two—state theory. First, i‘.hls approxunatlon can be ap‘phed'to the case to which the two-
state theory is not appllicable;:such'aS' 'the“case'iﬁ which noise ad}ds‘t”d the d’riﬁhg frequén_cy
§). This approximatioﬁ is epplieable eveii 1o . casewith 4 ‘large‘d;rtivih mplitude A
In this range of the amphtude the penodlc transmon probablhty of the partlc}e in the
two-state theory cannot expand into Taylor senes hke Eq. (4) ‘Arot er'advantage is that
the double-Ga,ussmn a,pprommatmn can predxct an SNR decrease in the low nmse strength
range The tw&state theory, because of the neglect of mtra,-well motmn of the particle,

cannot predxct this feature




5 N umerleal Slmulatlon of AESR

5.1 Slgnal—i:o—Noxse Ratlo -

_ In this section, we numencaﬂy demonstrate the AESR phenomenon with N = 9 an
 N=31 and‘compute the output,SNR and the receiver operatmg characteristic (ROC) 0
x smgle elements in the array n=>5 and n=16 respectwely The method of computatio

: lS gwen m Sectxon 3.

_ Figs. (9) (IO) are plots of the output SNR as a functxon of the couphng strength € an

i the noise strength D. These plots are characterized by the foﬂowmg features

1 The SNR of a ngen elements in the array shows a unique maxxmum on the plane

(D, e) This umque mammal Value of the SNR increases w1th N increase.

2. The SNR pIotted aga,inst 'D with given € shows typical SR features. ‘The maxiinu
value of the SNR as a function of D for any € >0 is always enhanced than that for
the uncoupled element (e = 0). The value of D which maximize the SNR for given

€ is a monotonous increasing function of €.

These features of AESR is considered to be due to the coupiings between the elements.
Ina re.nge of low coliplifxg strength, each particle m the element can behave fairly l
independentljf in the sa;me side well and easily switches between the wells. 'When some
particles in the arroy jump betWeen the states, others obey these behavior because of its
couplings. With N merease the number of the particle which first switches between the
weﬁs increases. W}th the resn}t ‘the ma.x:mnm SNR va.}ne increases with both € and N
increase. ' : |

Ina range of Iarge couphng strength the strong couphngs prevent each particle to jump
between the wells. Furthermore in a large couplmg strength limit, the array behave as if
it were a single partxc}e mass of which is N mn}txphed by mass of the single partxcle in the
element The value of D which ma;xnmze the SNR for g}ven ¢ increases with ¢ increase.
The maximum SNR value decrease with € increase, whlch approach one for the uncoupled

element in the Iarge couphng strength limit.
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‘Figure 9 SNRas a function of coupling strength: 6 and ndis_e strength D for a single
element n = 5 in the array with N=9. Q = 7/200, A = 0.1. Above one is a 3D plot and

the below is its contour plot.
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element n = 16 in the array with N=31. Q = 7/200, 4 = 0.1. Above one is a 3D plot
and the below is its contour plot. HRG SEOGRE S B




5. 2 Recelver Operatlng Characterxstlc

In order to determme Whether the SNR effect has SIgnal processing apphcatlons we
cannot ‘rely on the SNR alone For signal detection, we must consider detection statistics

probablhty of detectmn and probablhty of fa.lse ala.rm Probablhty of detection (PD) is
the probability that the system wﬂl report that a s1gnal is detected when in fact a mgnal ,
18 present in the mput Probablhty of false alarm (PFA) is the probabﬂxty that the system
will repoﬂ; ‘that a, mgnal Is detected When in fact a sxgna.l is not present in the input. The
receiver operating charactenstxc is weH known asa plot of probabﬁlty of detectxon versus
proba.blhty of false alarm.

To compute the ROC, we repeatedly record the power in the s:gnal bm of the PSD for
both with and thhout the external driving. For a glven threshold 1f the system’s output
is exceeds 1t that means that the system reports that a 31gna1 is present A low threshold
leads to hlgh PD and hlgh PFA A hxgh threshold leads to low PD and PFA. A better

,system wﬂl nges hlgher PD and Iower PFA.

Each of Fig. (11) presents the ROC curves with N = 9 for different couphng strengths
and a given noise s‘trengtht Each inset shows the S_\IR‘agamst Djfor the given € with a
vertical line which. presehte' the i?alue of D used in the computation,ef the ROC. The ROC
and tfxe,SNR fexf' e=0 ('Vunc‘oup}.ed)‘,k’ e =103,and e = 1.0 are "rep:eS‘ented:‘ with dotted
lines, selid lines and dashed lkies in ﬁea,ch“‘graph and inset, respectively. In each figures,
the ROC with € = 0.3 is much _bettef than that for :uncou‘pled eiement. With ¢ = 1,
bwhen D leads to the sufﬁcienﬂy highSNR value, the'.R'OC is 'mucﬂf'better than that for
uncoupled element ( see Figs. (11 ¢), (11 d) ) Tn F]g (11 c), the systems with € = 0.3 and
1 glve low PFA and hlgh PD.
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Figure 11: ROC (probabzhty of detection vs probablhty of fa.lse alarm) curves for an single
element n = 5 in the array with N = 9,9 = 7/200, A = 0.1. Each inset represent the SNR
for a given € - with a vertical line which show the noise strength D used in a computation of
the ROC ((a) D =0.1,(b) D =0. 14, (c) D = 0.3, (d) D = 0.4 ). Dotted line represents
the ROC with e = 0 0 ( uncoupled ), Solid line € = 0.3, Dashed line € = 1.0.

38




6 ¢ Mo‘de‘lyand' TWOS’tate Theory
6.1 B'ehaviozj o,f" Array |

In this section, we study about the dynamics of tue array theoretically.

Figs.(12),(13) and (14) show behavior of the array. When a particle is in the left-side
well of the potential, a triangle is plotted In a rauge'of low noise stfength (Fig.(12)),
the array can hardly switch from one stable state to the other. In constant, in a range
of large noise strength (Fxg (14)) each particle behaves as if it were uncoupled In the
middle range (Fig. (13)) the apparent penodlcfcy can be observed

We can consxder that the behavior of the. pa;rtlcle m the element which we focus on

consxsts o" two par’ss underfrthe control of the gl,'ba,l d namlcs of the array and the local

exc1tat10n of the pa.rtlcle 1tself

6. 2 Low Noxse'}St ength ,:Rang .

In the low n01se s’crength and the»large couphng strength ra.nge because of these cou-

ephngs the behavmr of ea.c k partlcle 1s under t e‘control of the globa,l dynamics of the

array. The mechamsm of the ‘array’ s sthch process relate to the nucIeatlon of kink-

antikink pagrs [1 1. Kmks:an antzkmk are well known as loca,hzed (sohton) solutions to

o model Thermal ﬂuctuatlons are expe ed to actlva,te a crltlca,l nucleus of kink- antlkmk

pa.II'S and tngger the swztch process of the array ‘he presence of klnk—antlkmk palrs in

the array was expenmentally reported ina recent paper [12]
In the N — oo limit the array can be consxdered as an overdamped qﬁ" cha.m of length

1. With the transfonnatlon Zn () — (n /N, 1), Eq. (2) takes the form
Cbi=¢- ¢3+eN¢u+Acoth+c(x Bl S i - (28)

< C(.’E ‘t)((:c t) >= ZDNé(:c z )5(t ), < ((a, t) >=0,
with homogeneous von Neumann boundéiry conditions, ¢.(0,t) = ¢.(1,t) = 0, where
€N and DN are fespectively" related to € aud D by € = eyN? and D = DyN. Localized
solutmns to the ¢ theory can be well approxurnated to an appropnate linear superposition
of movmg kmks ¢+ and antlkmks qb_
1 - X.()
2d \/1 - X:&(f)/\/a

13

¢i = tanh +—

(29)
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n exists in the left-side well. @ = 7/200,4 =0.1,e = 0.3,D = 0.5.
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where d = y/ey /2 is the width of a kink and Xi(t‘)‘ thevl.ocationv of a kink.

As meﬁtiooed in s'eofion 4, in the SR mechanism, the relation between the characteristic
time scale of the Jump process and the cycle of the external driving is very important.
When the kmk—antlkmk nucleation process in the array is compa,red with the j Jump process
in the uncoupled smgle element it is clear that a crltlcai kmk‘antlkmk nuclea,tlon rate
strongly relates to the AESR mechanism.

In the low. noise strength and the large couplmg strength range the kmk~ant1k1nk

nucleatmn rate is well apprommated W1th

P(E)~12f /212 (4‘/~(1 ——F)) /zexp{ 4\/— 1-§F)} : (30) |

3D 8

~where Fis the strength of a externaI force. The switch process of the arra,y from the hlgher
well to the Iower one 1s tnggered by the kmk—antlkmk nucleatmn In contrast, the switch
process’ from the lower well to the higher one hardly occurs even if the kmk—antlkmk

nucleatlon is actlvated To take it into account, we conszder the penochc kink-antikink

nucleatzon rate as

where e s the cntlcal kmk—antlkmk nucleatlon rate When the potentlal is most tllted
Te=T(4)
6;3 'Large Noise 'Strength Raﬁge

In the Iarge noise strength and the low coupling strength range, each particle can behave
almost mdependently Accordmg to Kramers formula the transition rate between two
states of the partlcle depends on the activation energy, WhICh is constructed with the
hight of the potentlal barner and an interaction potential energy due to the couplings.

Conﬁguratlons of nearest nelghbor particles of the one which we focus on are presented
in Fig.(15). It is con51dered that the configuration Fxg (15.a) appears most frequently in
the mxddle range of the noise strength however in the large n01se strength limit, each of
four conﬁguratmns can. be reahzed equally.

Thus the periodic transmlon probablhty is approxir;iated with

4&?’&:&(7?)2 !

. _‘ . ; B A .
Wi;(t) =719 exp ib— cos Qt — D ) (32)
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Pig(t) = f‘c (é :l:écos Qt) ; e | (31)
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Figure 1‘5:’ Cc’)nﬁguiﬁﬁdﬂs of nearest neighbbr partidés of the one -We‘“",fdcﬁs on. An
activation energy due to the couplings is (a) 4¢, (b) 3¢, (c) —4¢, respectively.




where ny is given by Eq (7) In Eq.(32), 4¢ is the activation energy due to the couplings
; 6:1:2/2 (see Fig. (15))

6.4 Results
We assume that the partlcle whlch we focus on can ‘take place in only the two stable states

and applying two—state th ry "In the ~Iow noise strength range “the perlodlc transﬁ:lon :

probablhty 1S repla,ced by the penodl 1 an kink nucleatlon rate

e riodic ‘transxtlon proba.blhty is glven by Eq (32)

WiBTEe () - b dpeet |

cos(Qt+1p),

:’jf+4rg)AD-16rgA) < STOAQ
(

- @+ @+ 4r)D?

- (34)

where ¢ = ((Q2 + 4T(2,)D 167’%)/87‘09 Bkt
For a given point on (¢, D) plane we compute the SNR from Eq. (18) Wlth each case
and choose the lower value as the SNR at the point. The SNR i is showed as a function
of the coupling st‘rength and the noise étrength in Fig.(16). In the low cOupIing and the
large noise strength ra.nge our appr0x1mat10n 1s not applicable. Though the hlght and
the locatlon of the peak are dlfferent from the ones numencally smmlated the quahtatlve

features mentloned in Sectlon 5 are observed




SNR@@B)
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Noise "Strength‘
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Figure 16: SNR as a function of coupling strength e and D obtamed from two-state
theory applied to the global dynamics of the array and the excitation of the particle itself.
=7/200,4A = 0.1, N — 00. Above one is a 3D plot and the befow Is its contour plot.




7 Concltlsion ‘.

In thlS paper we nnmencally sunulate SR and AESR and apply an expansion of two-
state theory k k .

As for SR, double—Gaussian approﬁmation is useful in the rangeb of the noise strength
and the amphtude of the external dnvmg even m whlch two-state theory is not appli-
“cable. The SNR plot obtamed from double—Gaussmn a.pprommatlon is in qua,ntltwely
good agreement thh numencal one The dxfﬁculty on numencal}y treatmg ¢ function
in Eq.(26) prevents us to compute the SNR which is in both quantitive and quahtatxve
agreement with mmulatxon result. We believe that double-Gaussian approximation is ap-
plicable to wxde range of models for SR : for exa.mpIe the model in Whlch noise add to
the dnvmg frequency not only the dnvmg amphtude

The SNR and. the ROC for a locally and linearly coupled array each element of which
shows the SR phenornenon are greatly lmproved comparmg to those for the uncoupled
element. The couphngs pla,y an lmporta,nt role in the mecha.msm of AESR. The be-
- havior of a pa.rtxcle in the smgle element depends on the gIobal dynamics of the array
with kink-antikink nucleatxons in the low noise strength range and the excitation of the
particle itself in the large noise strength range. We apprommate the periodic transmon
probabxhty of the part;cle with the periodic kmk—antlkmknuclea,tlon rate and the one
with the potentlal energy due to the couphngs respectlvely, and apply two-state theory.
Under these assurnptlon ‘the SNR plot as a functmn of the coupling strength and the
noise strength i is in quahtatxve agreement with numencal one. We consider that the SNR

eaku loeate‘ in the range of the coupling and noise strength where the picture that the
global dynamics of the array with kmk~ant1kmk nucleatlons control the behavior of the
single particle begin to break down

In SR, the synehmmzatlon of the characteristic time scale of the j jump process Wlth
the cycle of the external driving force enhances the SNR of the output. In AESR, the
SNR i is'a monotonously increasing function of the noise strength even above the value of
that Where the synchromzatlon is considered to be observed because we assume that the
switch process tnggered by the klnk—antlkmk nucleation agamst the external force hardly
occurs in Eq. (31) The relatlon between the AESR mechanism and the synchronization

of the characteristic time scale of the switch process with the cycle of the driving is not

16
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clear in our picture. It remains to the future works.

We emphasize that one can improve the mgnal detec’mon performance of systems thc

~ shows the SR phenomenon by couphng them into an array and that AESR may be app

cab}e to desxgn a.nd operatlon of sensory systems
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Stochastic resonance in coupled neuron models
and its appheatlon to an assoc1at1ve ‘memory
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 Abstract

Stochastic resonance is a phenomenon that the response of a nonlinear system to a
weak periodic input signal is optimized by the presence of noise with a particular level.
In such noisy and nonlinear threshold systems as sensory neurons, a phenomenon of
stochastic resonance is also shown by the optimum enhanced coherence of a firing rate
with a input signal for a particular level of noise. In this paper, we investigate stochastic
resonance by numerical simulations using FitzZHugh-Nagumo neuron models with a noisy
input. As an application of the coupled FitzHugh-Nagumo neuron models, we introduce a
retrieving model of the Hopfield neural network, which has been studied as brain models.
A performance as an associative memory is also examined with the model from numencal
simulations.

1 Introduction

Stochastic resonance is a phenomenon that the coherence of a nonhnear system to
a weak periodic signal can be enhanced by the presence of noise with a particular level.
It was originally proposed as a possible explanation for the observed switching of the -
Earth’s climate between ice ages and periods of relative warmth with a period of about
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100,000 years [1]. In order to explam the climate dynamics, they introduced a double-
well model [2], where a periodic input signal is weak one which can not by itself cause
transitions between wells. It characterizes the effect of stochastic resonance that noise with
particular magnitude produces the maximum coincidence of the n01se-1nduced transmon
rate between wells with the periodic signal. - ~ i

Stochastic resonance was also examined experimentally in sensory neurons [3], a bidi—
rectional ring laser [4], a magnetic system [5], and so on. In particular, the characteristics
of stochastic resonance were observed in sensory neurons, which are noisy and nonlinear
threshold systems. In such systems, where a input signal is set to be too weak to cause
firings by itself, threshold crossings which mean the firings of the neurons are caused by
noise. Stochastic resonance is characterized by the optimum enhanced coherence of the
response of the system (ﬁnng rate) with the input signal for a particular level of noise.

Recently, Collins et al. [6] have examlned the characterlstlc of stochastic resonance in
FltzHugh-Nagumo neuron model with a slowly Varymg apenodlc srgnal They proposed
“power norm” Cj and “normahzed power norm” C) as stochastic resonance measures.
These quant1t1es measure the correlatlon between the mput SIgnal and the ﬁrmg rate.
It shows stochastic resonance-like behavior that, with increasing noise, the correlatlons
Cp and Cj rise sharply to a peak and drop thereafter for the Frtangh—Nagumo neuron
~model. In another paper [7], a model with multiple FrtzHugh—Nagumo neurons with the
same aperiodic input signal were introduced, and the aforementroned 01 computed with
the 1nput signal and ense nble averaged ﬁrmg rate of these neurons was enhanced by
increasing the number of the neurons. ~

In this paper, we examine the effect of stochastlc resonance in the FltzHugh-Nagumo
" neuron model with aperiodic signals and h1gh frequency perlodrc ones, because the previ-
ous studies of stochastic resonance were well performed for this model Wrth Iow frequency
periodic 51gnals We treat models of a smgle neuron and coupled neurons, and compute
normalized power norm C, and mutual information [8, 9] as stochastic resonance mea-
sures. Using the mutual information, we also examine the effect of stochastrc resonance
from the point of view of mformatlon channel Furthermore as an apphcatron of stochas—
“tic resonance to coupled neuron models, we mtroduce a Hopﬁeld-type network as a model
for an associative memory [10]. The Hopﬁeld—type neural networks have been studied as
brain models which can perform recogmt]on and retrlevmg Seung et al. [11] proposed
a retrlevmg model that bistable state systems were coupled in a 'Hopfield-type network.
We examine the more realistic blOlOglC&l retnevmg model usmg the FltzHugh—Nagumo
neurons as nodes of the Hopﬁeld-type network.

In Sec. 2, the FltzHugh—Nagumo neuron model and stochastic resonance ‘measures
are introduced. The results of numerical simylations with the two aforementioned signals
are shown in Sec. 3, where a model for coupled neurons with high frequency periodic
signal is also explained and the results of the numerical simulations are shown. In Sec.
4, the retrieving model is introduced, and the performance of an associative memory is
exarnmed The paper concludes in Sec. ).
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2 N euron model

21 the FltzHugh-Nagumo neuron model

We consider the FltzHugh—Nagumo neuron model [12] drrven by an input signal and
~noise on condition that the input signal is a subthreshold signal. Subthreshold means
~ that the amplitude of the input signal alone is not sufficient to cause the neuron to fire.
- The dynanncal behavxor is governed by the followmg differential equatlons

=y (v—a)(l-—v) w+A+S(t)+n(t)

where ¢ fixes the time scale of v which is the fast (voItage) variable, w is the slow (re-
_covery) variable, and A denotes a subthreshold constant of activation set to be 0.03. The
~ parameters are chosen as in a previous study [6], € = 0.005, a = 0.5, and b = 0.15. S(?)
 stands for the input srgnal and taken to have zero mean. The concrete form of S (t) is
~ explained in Sec 3. n(t) is the noxse glven by an Omstem—Uhlenbeck astlc process
ofthe form i -

“‘~1'7'(‘t)‘ S —Ann(t)—!-)\ng(t) e s o ebem(d)

; ‘Where 5 (t) is Gaussran Whlte noise w1th zero mean and the autocorrelatmn (f (t)§ (s)) =

- 2D6(t — s). The autocorrelatlon of the Ornstem—UhIenbeck process is (n(t)n(s)) =

(D/75) exp(—|t — s|/), and its variance is D/7,. We choose correlation time 7, (= A;")

‘to be 0.001. The noise can be approxrmated to Gau551an whlte no1se by choosmg T Which
is suﬂicrently small size.

‘ We mtegrate Eq 1 combmed Wlth Omstem—Uhlenbeck process Eq 2 Wrth a tlme step

At = 0.001. Fig. 1 shows simulation results for the membrane potentlal v(t) and a firing

y rate'R'(t) which is defined later, for time 60, where the noise intensity is D = 3.0 x 1075,

al e srgnal is the smusordal functlon whose perlod is 20 and amplitude is 0. 015. From

ure, it is observed that the membrane petentral ﬁuctuates around stable state

d occasronaﬂy, the membrane potentlai erosses over the ﬁrmg threshold

1 some refractory perlod (~ 0 4). The ﬁrlng splke tram is convolved
mg window (Wmdow w1dth 20) in order to obtam a ﬁrmg rate.

obtained ﬁnng rate is the output R(t)

E3

2.2 stochastic resonance measures

In order to measure the coherence between the srgna =
introduce the ‘power norm” Cj and the “normalized powe
in [6]. These quantities are defined as ‘

tp t R(t) we first
hich are proposed

Co = S(t)[R(t) R(t)]
Ci o
[S2(@))3{ [R(®) ~
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where the over line means time average. C} is normalized to be divided by the standard
deviations of the signal and of the firing rate. Smce S(t) has zero mean, Cj is the
covariance and C is correlation coefﬁc1ent Ch depends on the noise intensity because of
~ the dependence of R(t) on the noise intensity. As a measure of the coherence between S(t)
“and R(t), the correlation coefficient C is more surtable than the covanance CO because
Cyis 1ndependent of the noise intensity. R ‘ :

~Secondly, we introduce mutual 1nformatlon as another stochastic resonance measure.
The mutual information I (:1: y) between the mput b1t senes z and the output b1t series y
is deﬁned as [8] e

s Hol) e e

H{y) = -BlogP,~Flog, B (6
H(‘y[:r:‘)"]’:: Po(—Pysl0g, Pz — Py log, yx) S
k+P( Py:c Ing Pym = Pya:logz yﬂc) . (7)

- H (y) is the entropy ofy and H(y|z) is the condltlonal entropy of y for grven T Here a
~ bit vaIue in the input bit series z is +1 with probabxhty Py and is —1 with probabrhty
P; =1~ P,. Similarly a bit value in the output bit series y is +1 with probabrhty P,
and is —1 with probablhty P;=1- P, The condltlonal probabrhty B.i that y is +1
~under the condltlon that z is -|—1 and the other conditional probabrhtles , deﬁned in a
similar way. When P, = Py = P, = Py = 1/2, I(z, y) takes a value in the range of [0,1]
and, if the output y has high correlatron with the input z, I (:1: y) takes a high value. In
this paper we transform S(t) to an input bit series z, that is, z is set to be +1 or —1 if
the average of S(t) during each period 7 is positive or negative. Similarly, R(¢) — R(?) is
el transformed to the output b1t ser1es Y. Usmg the obtamed b1t series, we calculate I (.7: Y).

3 Numerlcal srmulatlon

3.1 an aperlodlc 51gnal

 The aperlodlc mput signal S (?) i is now constructed accordlng to an Ornstem—Uhlenbeck
stochastlc process Eq. 2 by

S = o LSE-REE) " 1 R o b

where £(t) is Gaussian white noise and the.correlation time Ts (— A71) is set to be 20.
The signal has zero mean and a variance 1.5 x 107°. Hanning window width for R(¢) is
set to be 20. Fig 2 shows C; at different noise intensities D computed by the numerical
simulation for time 3000 x 20, where the result shows the characteristic of stochastic
resonance-like behavior that as a functron of noise mten31ty D raprdly rises to a peak and
then slowly drops for higher values of noise 1nten51ty For D = 3.0x107%, the output R(t)
has maximum correlation with the input S(t), and C; obtains the peak Fig. 3 shows
mutual mformatlon I(z,y) at different noise intensities D. The input bit series = and the
output y are calculated from the obtained S(t) and R(t) for every period, 7 = 1. Similarly,
a peak is shown for D = 3.0 x 1075, and optimum information channel is obtained.
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3.2 a hlgh frequency 51gnal

Flrst we analyze the propertles of the F1tzHugh-Nagumo neuron model on the effect
~of a noise alone [14] The‘ sign of ﬁnngs is found from the firing spikes on the neuron
:model mduced by the noise. Flg 4 shows the mtersplke interval hxstograms for different
values of noise mtenmtleé For smaﬂ noise intensity, the mtersplke interval dlstrlbutlon
is very broad, whﬂe for Iarge noise mten51ty the peak of mtersplke interval hlstogram is
~_more pronounced Wi kh increase of the noise intensities, while the mean value of the
distribution is variable and changes smaller, the most probable value i is almost constant.
Thxs result denotes that the neuron has the mternal clock of the system with the period
5 From this result, we examine the FltzHugh—Nagumo neuron model including a forcmg
periodic input sxgnal of penod T =12. The amplitude of the signal S (t) is set to be
0.015. The Hanning window width for R(t) is set equal to the period of S(2). Fig. 5 shows
" Ci and Fig. 6 shows mutual information I(z, y) at different noise intensities D computed
- the numerical simulation. ‘The input bit series z and the output y are calculated from
?(t) be every period 7 = 0.2. Both results show the characteristic of stochastic

ike behavior. Fig. 7 shows interspike mterval hlstograms for different values
~of noise intensities. For a noise intensity D = 3.0 x 10~ where a maximum value of C;
. is obtained, the first left peak of the hlstogram is hlghest Fig. 8, for an example, shows
 vu(t)and S (t) for time 20. For D = 3.0 x 1075, where the neuron does not occasionally

fire, it fires near the top of the smnsmdal wave and the firing spikes are synchronized to

| the mputﬁs1gna1; For D = 10.0 x 107, however, the neuron frequently fires off the top of

k; ‘the input and the firing spikes are not ‘exactly synchronized to the input signal. Fig. 9

~ shows. histograms of the input phase where the neuron fires. Although the phase of the
 top of the input sinusoidal wave is 0.25, for both h}stogra.ms in this figure, most probable
values are smaller than 0.25 and the distribution for D = 10.0 x 1078 is broader than that
for D = 3.0 x 10~¢. We find that the neuron rather frequently fires near the bottom of
the input sinusoidal wave for D = 10.0 x 1075.

‘Secondly, we examine the effect of stochastic resonance varymg the frequency of the
penochc input signal. Fig. 10 show C; computed by the numerical simulation in the cases
of T=12,18,24 and T = 5,10,20. We find the characteristic of stochastic resonance-
like behavior in the all cases. The noise intensity D which produce the maximum value of
C, is variable as a functlon of T. For high frequenc1es the effect of stochastzc resonance
is enhanced in the case of T = 1.2 near to the internal clock of the neuron. For low
- frequencies, the effect of stochastic resonance is quite enhanced in the case of T' = 20

which is the most adiabatic condition.

3.3 coupled neurons
‘Here, we consider coupled FitzHugh-Nagumo neuron models. In neuron i, ‘the dynamical
behavwr is governed by the followmg dlfferentxal equatm' : - ~




L wz ___ v;—w;—b
e

where v; is the voltage Varlable and w, is the recovery Varlable in neuron i, and the
parameters are equal to those of Eq. 1. N denotes the number of the neurons, v the
coupling constant set to be 0.02 and T the last firing time of neuron j (j # 4). When
neuron j fires at 7}, neuron z receives an exc1tatory input u(t — TJ), where u(?) is given
by [13l ~ ‘ L |

P ; e el k
{ u(®) = (t/t)exp( (t- r)/tr) - (0<t<tr) - (19)
ut) = ((t+tf-tr)/ff)exp( (t“tr)/tf) t>t) '

where t = O 06 and tf 0.05. The shape of u(t) is presented in Flg 11 Itis resemble
~ to a realistic spiking of a neuron whose characteristic is rapldly rising and then slowly
dropping as the time goes by. The input signal S(t) is chosen to be the such periodic
input signal as that in Sec. 3.2. Fig. 12 shows C; computed by the numerical simulation
in the cases of N = 1,2,5,10. R() is calculated taking notice of one neuron. We find that
~ the effect of stochastzc resonance is enhanced mcreasmg numbers of N. Fig. 13 shows
- interspike interval histograms for different values of noise intensities for coupled 5 neurons.
- For a noise intensity D = 2.0 x 107% which give a maximum value of Cr, the first peak is

. highest, and higher and sharper than that for the single neuron model in Fig. 7. These

results show the enhanced effect of stochastlc Tesonance in coupled FltzHugh—Nagumo
~ neuron models due to couplmg L - : - o :

4 Assomatwe memory

'4‘1 | retrlevmg model

) * In Sec. 3, we ‘examined the effects of stochastlc resonance in smgle and coupled neuron
models. In this section, we construct a Hopﬁeld—type neural network [10] whose nodes are
the FltzHugh-Nagumo neuron models and apply it to retrlevmg,

f'U-z' bt Uz('vz "a')(l = 'Uz) wz +A+I (t) +7h(t) ;

”*Zwmw I ~‘a Y
| N J = ; & : ;
’w, = v,-——w,—b
Gj = 1,..,N)

Where N is the number of the coupled neurons, and the parameters are A= 0 and
coupling constant ¥ takes several values in numerlcal 31mulat10n The values of the other
para,meters are equal to those of Eq. 9. I; (t) is the mput s1gnal including a input pattem
~and is given as the followmg functwn ~

L) = I¢~sinw6t+“ap(i)"” ERL (12)




where p(7) is the value of the node i in a input pattern. The parameters are chosen to
be Iy = 0.015 and wp = 27/1.2 equal to those in Sec. 3.2. The input constant « takes
several values in numerical simulation. W;; is the welght of couphng between neurons i
and ], and is glven by Hebb’s rule [15} for kg

W Z(c" D) uos sl Kioris 19

where Q stands for the. number of memory patterns ¢? the value of node i in the p-th
 memory pattern ¢?, and a? = ((?), averaged over all nodes. Here Wn is set to be 0.

In this paper, we consider a simple network example consrstmg of 4 x 4 nodes. Two
patterns ¢ U and (2 shown in Flg 14 are stored in the memory. The nodes are labeled by
 numbers 1,2, ..., 16. Patterns (P are represented by 4 x 4 bmary data. The black node

denotes a firing state (¢! = 1), and the white node denotes a resting state (¢? = 0).

~ Therefore, under the Hebb’s rule given by Eq. 13, the way of the couplmg between

_ neurons representing a same state is excitatory and the way of couphng between neurons

: ~ representing a different state is mhrbltory As the way to examine the retrrevmg model,
~ we use two input patterns Ay and A2 shown in Fig. 15, which comcrde with the memory

~ pattern ¢! except for one node. The black node denotes the presence of a input (p(z) = 1),
and the Whlte node denotes no 1nput (p(z) = 0). We also con51der a network con51st1ng
- of 8x8 nodes Fig. 16 shows memory patterns (P and Fzg 17 shows two 1nput patterns
B andemthlscase ; v oo . S
In order to measure the performance as an assomatwe memory, ﬁrst we deﬁne the
association ratio R, as the averaged ratio of the number of the successful memory retrieval
to the number of the mput peaks The successful memory retrieval of the network is
defined that the neurons belonging to the black node of the memory pattern ¢* fires and
the others does not fire within the every half perxod where the input sinusoidal s1gna1 is
posrtlve Secondly, we define that R; is the averaged rate of firing within the every half
period Where the mput sinusoidal signal is positive in the firing neurons {1,2, 3,4}, R, in
the resting neurons {5 — 15} and R, in the excessive neuron {16} for the pattern A4;. As
~ other measures of the performance as an assocratrve memory, we compute the difference
,’ of the averabed rate of ﬁrmg between ﬁnng neurons and restmg neurons, Ry = Rf - R,,
and between ﬁrmg neurons and excessive neurons R2 = Ry — R,. For the pattern A,
similarly, we define that R; is the averaged rate of firing in the ﬁrmg neurons {1, 2, 3},
R, in the resting neurons {5 — 16} and R,, in the missing neuron {4}, and compute
the difference of the averaged rate of firing between firing neurons and resting neurons,
"R, = Ry — R,, and between ﬁrmg neurons and missing neurons, Rz = Ry — R,,.

4.2 numerical simulation

Flrst We carry out the numerical smmlatlon ﬁxmg the parameters a = 0.03 and
4 = 0.6. Fig. 18 shows a time series of vi(t) (i = 1,2,...,16) and S(t) in the cases of
two input patterns A; and A,. For the pattern Ay, the ﬁ cessive neuron
- {16} is suppressed by the mhlbltory coupling with neurons {1,2,3,4}. For the pattern
Aj, the firings of the missing neuron {4} is encouraged by the ry coupling with
neurons {1,2,3}. Fig. 19 shows R, computed by the numerical simulation in the cases
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of two input patterns A; and A,. These results show the characteristic of stochastic
resonance-like behavior that rapidly rises to a peak and then slowly drops for higher
- values of noise intensity. Fig. 20 shows R; and R, for the pattern A;. Both results show
the characteristic of stochastic resonance-like behavior. Fig. 21 shows R; and R; for
the pattern A,. R; shows the characteristic of stochastic resonance-like behavior. Rj is
monotonously increasing at small values, which is expected in this model. Secondly, we
carry out the numerical simulations for several values of & and 7 in the case of the input
pattern A;. Fig. 22 shows R, for several values of o = 0. 02 0 03 0. 04 0.05. For a = 0.02
and 0.03, the input 51gnal Lt are subthreshold" 0dul ‘ 1astic resonance-like
behavmr is found. Whﬂe for o= 0 04 and 0. 05 neurons {1 2 3‘ | e deterministic
m this result, o = 0.03 is
).6,0.8. For v = 0.4 and
O 6, the values of R becomes large mcreasmg the values of fy For v = 0.8, the value of
7 is too large, so the membrane potential of neuron {16} which has been stimulated by
inhibitory coupling with neurons {1,2, 3,4} is widely off the stable state, which causes
~the neuron {16} to easily fire reversely So the values of R, is a‘*httle” it:
for v = 0.6. -
Fig. 24 shows R, computed by the numerical 51mulat10n in the cases of two. mput
patterns B; and B, for the network of 8x8 nodes. ‘These char:
of stochastic resonance-like behavior but R, for the pattern BI is smaller than that for
the pattern A; in the case of 4 X 4 nodes. Fig. 25 shows R; and R, for the pattern B;.
Both results in this case are larger than those for the pattern A; in the case of 4 x 4 nodes.
From those results, we find that the performance as an associative memory is enhanced
- for large networks if we use the averaged rate of ﬁnng. Fig. 26 shows R; and R, for the
pattern B,. Both results in this case are larger than those for the pattern Bj, and the
performance as an associative memory is enhanced.

5 Conclusion

We demonstrated the characterxstlc of sto ha c reson nce, that the response of
the system is enhanced for a partlcular level of noise, in the FltzHugh-Nagumo neuron

- model with aperiodic signals and high frequency periodic ones. In the coupled neuron
models, the effect of stochastic resonance was enhanced due to the coupling. Then, as
the application of a coupled neuron models, we investigated the retrieving model of the
Hopfield-type network, which performed as an assoc1at1ve memory Wlth the use of the
effect of stochastic resonance. ~ SRR :
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Membrane potential v(¢) (solid line) and a ﬁi?ikngf rateR(t) (dotted line)

Figure 1
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Figure 3: I(z,y) vs. D x 10° for ‘single neuron with the aperiodic input




D=20x10"° : D=30x10"¢

Figure 4: Interspike interval histograms for several noise intensities D for single neuron
&
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Figure 5: C; vs. D x 108 for single neuron with the periodic input
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D=3.0x10"¢

D =10.0% 1075

Figure 8: v(t) (solid line) and S(t) (dotted line) for two noise intensities D for smgle
neuron with the periodic input

D=30x10"% D=1006x10"%

Figure 9 Firing phase histograms for two noise intensities D for smgle neuron with the
periodic input
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Figure 10: C; vs. D x 10° for several periods T of input signal for single néurOn with the
periodic input : aEe : i v
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Figure 12: 01 vs. D >;<j106‘ for the number of neurons N = 1,2,5,10 for cQupled neurons
with the periodic input ‘ ‘
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Figure 13: Interspike interval histograms for several noise intensities D for the number of
neurons N = 5 for coupled neurons with the periodic mput
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Figure 14: Memory patterns for 4 x 4 networks
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Figure 16: Memory patterns for 8 x 8 networks
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Figﬁre 17: Input pattérns for 8 x 8 networks
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input pattern A; : input pattern Ag

Flgure 18: y; (t) (z = 1 2, Gy 16) (sohd hne) and S(t) (dotted hne) for two mput patterns
for4 x 4 networks
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Figure 19: R, vs. D x 108 for input patterns A; and A2 for 4 x 4 networks
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Figure 20: R1 ‘and szv‘s; : D x 106 for input'pattern A4, for 4 x 4 networks
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Figure 21: R; and R3 vs. D x 108 for input pattern A, for 4 x 4 networks
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Figure 22: R, vs. D x 10 for several values of q:ﬁfo‘rk;input~pattérvnf A, for 4 X 4 networks
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'Figure 23: R, vs. D x 106~f0r several values of 7y for input pattern A; for 4 x 4 networks
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Figure 24: R, vs. D X 108 for input patterns By a,nd‘Bg for 8 x 8 networks
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Figure 25: R; and R, vs. D x 10° for input pattern B; for 8 x 8 networks
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Figure 26: R; and R, vs. D x 10° for input pattern B, for 8 x 8 networks
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