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研究成果

。)本研究の背景

Stochastic Resonance{SR)の最初の研究はR.Benziらによってなされたo 約十万年周期

で氷河期と際氷期を周期的に繰り返す地球の気候の変動についての研究である。このよう

な気候の変化の強い局期性は、地球の軌道がごく小さく周期的に変化していることだけで

は説明できなかったo 彼らは二つの安定な定常状態をもっ“climaticpotential"を考える

ことによって、軌道のごく小さな周期的変動(signal)とランダムな揺らぎ (noise)との協

同現象が、観測されるような気候変動の強い周期性を説明し得るかもしれないということ

を示唆した。

SRは、二状態の系に対してcoherent叫signal(周期性を持っている〉とrandomnoiseの二

つの入力があるとき、系の内部のdynamicsによって決まる出力にあらわれる一種の共鳴

現象であるo ある系を“blackbox"として見たとき、入力のsignalとnoiseを変化させて

やると出力はどのように変化するであろうか。線形応答理論によると、線形なdynamics
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を持つような系においては、出力のsignal皿to-noiseratio(SN比)は入力のSN比に等しい。

つまり入力のnoiseの大きさを増していけば出力の SN比は減少していくことになる。 SR

においては、これとは対照的に、入力のnoiseの増加に伴って出力の SN比が改善され得

るという特徴が挙げられる。したがってSRは本質的に非線形現象であるということがで

きる。 SRにおいては、パラメタ(この場合は入力のnoiseの大きさ)をsignalとうまく協

調するような値(二状態間の平均遷移時間がsignalの周期に近くなるnoiseの大きさ)にと

ることによってSN比を最大化できることを意味している。二状態間の遷移周期とsignal

の周期とが一種の共鳴を起こして、粒子の運動がsignalに同期するようになってSN比が

改善されるのである。この意味で我々はこのメカニズムを Stochastic“Resonance"と呼
んでいる。この現象で特筆すべきことは周期的な信号の大きさは非常に小さくとも SRは

起こるということである。その後、生体系、レーザー、磁性体、神経系などでSR現象が

実験的に発見され、計算機シミュレーションによっても確かめられた。理論的にも多くの

研究者が取り組みその機構が明らかにされつつある。また、最近ではSN比が極大になる

ことを利用して信号処理に対する応用の試みもなされている。

これまで、主に 1自由度の系に置ける SRが研究されてきたが、本研究に置いてはSR

を起こす系を棺互に結合させ、 SRの性質が非結合系に対してのように改善されるかを調

べる。また、入力信号として従来の周期的な信号だけではなくて非周期的な一般の信号

に対して状態遷移頻度と信号の相関が適当なノイズの大きさに対して極大となり SR現

象を起こすことを示した。また、信号処理の性能を表す指標の1つであるROC(Receiver

Operating Characteristics)を計算し、確率共鳴の信号処理への応用の可能性を示したo 次

に、パルスニューロンモデルを結合させた系にも SR現象が認められることを示し、さら

にヘブ期を用いてパターンを記憶させ想起を起こさせると適当なノイズに対して想起し

やすくなるという SR現象が発見された。さらにマッフ。を用いたこユーロンモデルを結合

して同様に SR現象を調べ、想起に関する性質を調べた。さらに、カオス系による出力に

よるノイズの生成について考察し、確率共鳴現象に関係する分子モーター系におけるノイ

ズの影響を調べた。

(2)本研究での研究成果

(i)研究成果の概要

(a)結合したダブルウエル系

確率共鳴を起こす系としてよく研究されてきたダブルウエルポテンシャルで記述される

系に着目し、それらが 1次元格子状に結合し自由度問の相互作用が線形のパネで表され

る系を考える。この系に入力信号を加え出力の SN比を計算すると単独の場合と同様SN

比が最適になるノイズの強さが存在し、それは結合の強さによって変化することがわかっ

た。しかも、 SN比がもっとも大きくなる最適なノイズの大きさと結合の強さの組み合わ

せが存在することがわかった。また、その最適なSN比は各自由度を結合しない場合より

も大きく向上した。また、 SN比が極大になるパラメーターの値を選んだ場合、入力信号

と系の出力信号はよく同期していることが示された。

次に、この系の信号処理の性能を示す1つの指標である、 ROC(ReceiverOperating Char由
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acteristics)を求めた。 ROCとは、縦軸に Probabilityof detection(PD)、すなわち実際に

信号が入力している時に出力を調べて信号が検出される確率。横軸にProbabilityof false 

alarm(PFA)、すなわち実際には信号が入力していないにも関わらず、出力から信号が検

出されてしまう確率をとったグラフである。もちろん、 PDはlに近いことが望ましく、

PFAはOに近いことが望ましい。 PDをPFAの関数として書いた ROCをみてこの系の

信号処理の性能を知ることができる。すなわち ROCのグラフが右上の方に寄っているほ

ど、信号処理系としては望ましい性質を示すこととなる。結合系において、 ROCを求め

たところ SN比が極大になる、結合の強さとノイズの大きさの組み合わせの時もっとも望

ましいグラフとなり、パラメーターの値がそれからずれると右上の位置から ROCのグラ

フが離れていく o また結合していない系のSN比が最大の場合と較べると、結合させた方

が大幅にROCのグラフが右上に近づき信号処理の能力が改善されたことを示した。

(b)結合したパルスニューロン系の確率共鳴と想起

ニューロンの活動を表すモデルとして生理学的な実験から求められたホジキン・ハック

スレイモデルを簡単化したフィッツヒュウ・南雲モデル(FN)を用い、それらがグローパ

ルに結合している系、すなわちニューラルネットワークをモデル化した系を考える。すな

わち、 t番目のニューロンは2変数均、 Wiで記述され

εVi Vi( Vi一α)(1-Vi)一向十A十 Ii( t) + 7]i ( t ) 
N 

+万t士I宅喜z??EJyyF防W剛予V只F5t (1) 

tゆbんi V.匂4一ωt一b

(i，ω，j 1，.….日勺.吋，N)
ε、α、A、bは定数、 Ii(t)はt番目のニューロンへの入力、市(t)はそれへのノイズである。
N儲のニューロンは結合定数γWijで結合しており、 j番目のニューロンからの影響はそ
のニューロンが発火したとき(時刻宅)以降にu(t-Tj)という関数の形で受けることとし
た。 u(t-Tj)はニューロンの発火したパルス状の信号がニューロン隠士の結合を通して
伝えられるとき、幅ができ、遅れも生じてパルスが伝えられる様子を表したものである。

具体的には

旬。) = 0 (tく 0)

旬。)= (t/tr) exp( -(t -tr)/む) (0三t三九) (2) 

と表せる。ここでι、りは定数であってりが広がったパルスの幅、むが遅れを表す。最
初に、結合定数Wijがすべて同一の場合を考え、計算機シミュレーションを行なって確率
共鳴を調べた。特に信号が単一の周波数である場合だけでなく、一般的な場合に関しても

系の出力である発火頻度と信号との相関係数および両者の棺互情報量を競べ従来のSN比

で現れたと同様の確率共鳴現象(最適なノイズの大きさに対して極大となる。)が認めら

れた。

次に系の結合定数Wijをヘブ射によってきめることでこの系に記憶を埋め込み連想記
憶の性能を調べた。すなわち入力として想起したいパターンに近い入力を与え、出力がそ
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のパターンと同様の発火状態を示す確率を調べたところ、適当な大きさのノイズが加わっ

た時、その確率がもっとも大きくなり、想起がもっとも良く起るという、確率共鳴的な性

質があることがわかった。

(c)結合したマッフで表されるこユーロン系の確率共鳴と想起

ニューロンのモデルとして (b)で取り上げた、微分方程式で記述されるモデルは、生理

学的な知見を直接にもっとも反映したモデルであるが、多数のニューロンを結合した場合、

計算量が膨大となり、取り扱いがたいへん難しくなる。そこで、、モデルを簡単化し、より

取り扱いやすい、マップで表されるモデルを採用することとする。しかしながら、ホップ

フィールドモデルのように発火の有無を2値に置き変えて単純化されたものとは違う、内

部状態を連続的に表す変数で記述されるモデルを採用する。すなわち、

G for Z く -1

αX for -1く Z く 0.2
(3) f(x) = 1 ;; -0.1 for 0.2 < X く 0.85

c(x -1) for 0.85く Z

(ただし、 α=0.5、b口 1ふ c= 0.04とする。)で定義される、関数f(x)を用い、 t番目
のニューロンの時刻tでの状態を表す変数Xt(i)が

I N ¥ 

Xt+l(i) = f ( xt(i) +乞叫:jXt-r(j) + y( i) ) ， (4) 

というマップで時開発展するとした。ここで、 Wijはt番目とj番目のニューロン同士の
結合定数。 ァはニューロン同士で伝わる発火の信号の遅れを示す。

この系に対して、最初にω討がすべて同じ場合に入力信号に対する確率共鳴の性質を、

シミュレーションにより詳しく調べた。また、ヘブ賠によってω討を決め、パターンを記

憶させて連想記憶の性能を調べたところHNモデルと向様、ノイズの大きさを適当にとる

ことで想起が起りやすくなることがわかったo すなわち、想起の確率が大きくなったo ま

たこの系の記憶容量についても調べることができた。

(ii)印刷物
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As models食)Tbiologicaln胎lecularmo胎.rs，Brownian motors have been s加diedrecently by many workers， 
and出eirpbysical許可制恥ssucb儲 ve}∞ity，e踊ciency，and ωon，加vebeen investigated.官leyhave also 
a肱配飽d蕗蹴'bin除陀S主勘舗得司plica経加崎臨Eωcale低cboology.It is signI露cantωstudymore complex 
syste蹴，制is，CI邸中kdBrownian s蹴榔，in detお1，since Browni却 E臨糊swi出 asingle pぼtic1ehave been 
m凶yst雌 edUDtil附 'w.Jn雌 sp略刻er，we con駆動erBrownian路雌orscoupled m滋同allywi出 e}部隊springs，
and 路V回tig~蹴健闘E 骨B制民sof 往路 model 続討錨leefi長ciencyof energy conversion. In p留信仰I匹.we find血at
tbeほ蹴Toftbe窟蹴sof血eel部 ticallycωp1ed p笛tides宮崎V郎 f部ter由加悦C儲Tespo臨tingsingle-partic1e 
m“臥蹴d品。晶at恥 efficie配yof曾lec.側Ip1ed;..~凶dem側主elis larger出初出atof批 single-戸時demodet. 

DOI: 10. 

1. INTRODUC1軍ON

Brownian m悦orsbave at館actedmucb attentiωas models 

of molecu1ar m似 s郎副恥註pbysica1proper臨 sucb部
velocity， e館ciency，and卸価bavebc泥沼studied in de凶 1[2]. 

Recently， some workers have a1so paid at蛇ntionto tbem in 
an apがicationぬ nanωca1e総蜘均y[3]. For example. 
郎氏oet al. [3] s知diedmiα蹴 opicengines on恥 atomic
sca1e出混同nsform出efed energy into directed motion 
血rougba dynamica1 competition between出eintrinsic lel理由
of批 movingobj舵 tand supporting carrier. 
11Je molecular s踏まorsare involved in ceU locomotion， 
some ceUular釘躍lSport加 dmuscle co縮刷ion，and so fo此h.
Many s回delshave been pn:脚sedめ comprehend由eo詑岱
cally詰即 mechanismof由e限olecul紅路回tors.Doering et al. 
[4] investiga凶“single幽partic1e"Brownian motor models， a 
“rocking" ratchet model where a periodic or random ex詑ト
na1 force is applied to the system. A famous one among the 
single-酔凶c1emodels is a so-called “薩都民ng"踏まchet
model [5].盈iss恥rWJl似路恥脱出，儲l)y恥 nnal開館
and a 戸句川区都知路拡館主c 戸南海勘E 指ee献)U~ to戸吋uce
m3CJ榔copics胤 ionof謹leparticle卸W鑑da particular d註ec-
tion伽 :tdepends側島都ymme旬。f雄臨界臨ntial.Next， 
“coupleιparticJeH m似たls，wbe路 particlesinteract mu卸-
ally， bave been investiga雌.Csahok et al.同 s知died血e
dynamics of. elastically coupled partic1es in a “rocking" 
ratcbet JJK成1.伽恥儲berh組d， .Ju1icber et al. [2] introω 
duced細 d紐 alyzed也eor時cally酔眼iclesrigidly綿 acbedto 
a rigid bは.00即初出equal甲臨時践a“ftasbing" ratchet. 
RecentJy. Elston and Peskin [7] invesngated tbe cb宙誕記長s嶋

tic of the elasticity between. the motor and its cargo and 
showed白at由eelasticity a110wed the motor to run faster 
than if they were linked rigidly. Klumpp et a1. [8] s知died出e
two harmonically coupled particJes in the ratchet model and 
obseived a命ivingmechanism di百erel託金omthe one in出e
case of a single particJe， which does not need diffusion. As 
for由e陀spon舘 toan extema1 force， Reimann et a1. [9] In-
troduced another model of interacting Brownian p紅ticles
and found some collective phenomena. 
Studying出ephysical properties of. coupled Brownian 

motors is interesting in itself. Moreover， it is quite significant 

PACS附:mber{s):87.10. +e， 05.40. -a， 02.50.-r 

to investigate出ecoupled systems. since in加 applicationto 
n組側cale蛇chnology，coupled effects should be taken into 
account [3]. In an applicationぬ molecularmotors， it is a1so 
m給路stingto s儲dycoupling e百回路， because， for example， 
moleωlar motors in muscle have a linear s加 C加re[1]由説
consis飴 ofmanyp鉱低

h血ispaper， we consider elastica11y coupled partic1es in a 
琵ashingratchet modeI. in which each particJe makes transI-
tion repeatedly between two states where interactions are ex-
pressed by出血 re叩ectivekinds of potentia1， and conduct 
numerical simu1ation. Unidirectiona1 motion of偽eparticJes 
iscon註rmed強制smodel鉛 d出evelocity for various values 
of出ecω.plingcons凶 1t，出etempera加re.and so on， is mea-
sured. A1thougb加 isolatedsingle particJe in琵ashingratchet 
models cannot move in nonthermal conditions，血atis， wi血m
out thermal noise， elastica11y coupled particJes面白eflashing 
ratchet model may move due to the action of the interparticle 
springs restored to their natural length出atis incommensu-
rable wi也註聡 periodof出eperiodic p悦entia1~ even if出er-
m誠説語版伽捻E蹴aJlowed.]tお誠紛fω雌血at也evelocity 
of伽 eJashca11ycωpJed際陪delunder s配 bCI倒lditionsis 
larger偽組曲atof由ecorresponding singJe-particle m似たL
and白紙 thevelocity has a maximum as a function of由e
coupling constant of the springs. Moreover. if we restrict由e
region where transition may be al1owed. we find出at由e
velocity of the model is enhanced by出eresむiction.We a1so 
apply various loads extemally to our system to investigate 
出eefficiency of energy conversion，加d詰ndthat臨eefl長，
ciency bas a戸北鎚afunction of the load. We also find that 
tOO peak values are larger wOOn we res出ctthe region of 
transitions and are improved by the coupling effect in com-
parison with the singleωparticle model. 

11. THE MODEL 

We consider elastically coupled particles (Fig. 1). In出is
paper. our model is described by dimensionless quantity. It is 
assumed出at白eparticles紅eput in a heat ba白 represented
by white noise. Particles are subjected to one of the two 
substrate potential stochastica11y. W/x) (j= 1，2) defines出e
potentia1 in state j at point x. W 1 is a fiat potential and we 

1063ゅ651X12001/64(5)/051908(5)/$20.00 64 051908-1 <92001 The American Physical Society 
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FIG.l. Inωr simulati叩.the period of批戸脂凶alis oot叫凶
to 批附加al1eng曲。f恥 SpriBgs.TI邸“i配 ommensurati叩 "1eads
to the儲 symove蹴 Btof the戸尚clesto a抑制1ardirection (to 
出eright住民6ω諒由is蕗g蹴).Some阿 tic1es蹴 subj舵回初W}
and the悦hersto W2・

ch∞se tbe followingぉ抑留聡凶cinteraction potentia1 W 2: 

叫が(~司令(字)]xu. 制

where U描KlL関戸邸側t昔時dep血紐dperiod of白ep<淀:en崎
tial.re呼陪ctively.In説ateone， no force金om血esubstrate is 
exerted on出epartic1es because也esubs同胞potentia1W 1 is 
flat. Therefore. state one is ca1led血.ede泊chedsta蛤.s出ce.
in s飽，tetwO.柱時 partic1esfeel periodic subs岡崎 potential.
state two is called the attached state. 
The equations of motion of出epartic1es read 
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FIG.2. xl. xN. and出ecen蹴 ofmass出 afunction of time. We 
註ndtl聡t宣nitetemperature is oot neeessarily needed for the finite 
vel侃 ityof the elastically coupled particles in油部ymme回cpoten脚
白al.官邸 figureshows長nitevelocity for zero tempera加詑 (k
=4.0，N口20).

aWj(Xi) r::-ー
γ~i=k(Xi+ l':""2xi竹i-l)-hi(t)一士一+-JW~i(t) ，

…・，

2さ~iミミN-l， (2.2) 

where Xi denotes the position of the ith partic1e and we co任
sider也eoverdumped cぉe.~i{t) denotes white noise of zero 

2 s 
tIU 

(b) v VS T 

20 
N 

(d) vvsN 

4 
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5 

40 

FIG. 3. Velocity出向nctions
of various parameters. The veloc-
ity. shows various dependence on 
the parameters. From these fig-
ures. we can understand the ch町-
act出sticsof白emodel more prcト
foundly. 
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F1G. 4. V vs k. The lower恥鈴鹿塑倒回-eis.胞 faster血e
partic1es move in ge配 ral.FI世話gh慨惨関脇-e，曲epeak almost 
disappears siJにe銭lep笛ticlestend to駕崎将蕗臨erand側謹y.

mean and correlation (~i(t)~j(S))= 6(1-S内 .kisthe
spring cOss伽 t加 dN枇蹴臨iberofp躍tic1es.Sinω 出e
boundary condition of怯路partic1esis命館，出efor回 S伽eto 
springs of Eq. (2.2)，由efirst term of tbe right品卸dside， is 

k(X2-xl-a) (2.3) 

for the first particle and 

k(XN-I-XN+α} (2.4) 

for the N出 particle，wbere a s加 KISfor血enatural length of 
the springs. A 合ictionCOsS臨nt'Y is蹴 tobe 1.0 and D 
stands for the temperature. In our simulation， U， L， and a are 
set to be 1.0， 1.0， and 1.35， respectively， if not mentioned. 
hi( 1) is a dichotomous random modulation由atrules the 

tirne~pendentch加geex~対話ed0 or 1. We de'総:rmi附 hi(l)
proc岱$都 fol1ows.An Omstein-l昆k誠蹴kpr臨港ssZ; (i 
=1ム...，N)， wJ施時

(Z;{I)Zj(S ))= oij(D" 1'T)e-ft-sllT， 

(Z;(t))ロ 0，D'=O.4 (2.5) 

is conside陀 dand if Zi(t) is less出掛0，tben hi(t) is槌ttobe 
O. if Z;(t) is more than O.偽enhi(l) is健室崎001. Con関 m

quen桂y.hi(l) cbanges wi出 aCiωreJa臨>ntime 'T stocbasti-
cally. In 0むrsimulation， 'T is舘t飴 001.0 if 恐慌mentioneq，.
Thereby we can ch加 geonly three parame蛇路，由atis， k. D， 
and N. If not mentioned， k， D， and N are set to be 4.0， 0.2， 
and 20， respectively. At the beginnIsg of our simulations， the 
ith particle is always located atx=ia. 

m. NUMERlCAL SD抗JLATION

A. Zero回tempera加rec脳e

1. Dynamics 0/ el御前'allyeOllpled particles 

First of all. we investigate a zerlか舵mperaturecase (D 
=0). Fig蹴 2shows出emotion of two boundary但rstand 

〉
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F1G. 5. V VS Q. When健施脇turallengthof the勾前ngis aJrnost 
equaJ to an integer times出eperiod of由epotentiaJ，曲emodeI 
moves 50 slowly becau配備chP躍ticleis caught to a minimum of 
thep<斑雌iaJand cannot e配apefrom it easily. 

N血)partic1es (白血 li即時，制血，ecenter of m部sof也e
coupJed partic1es (由ickIine). A partic1e trapped防白epか
tential W 2 is likely to be near a minimum of it and going to 
move by the elasticity when回 ppedto W J. When it is a1-働
協恥dto由esubs回 teagain under the influence of W

2
， it 

gωs down to a minimum of出epotential. W 2ぬ the十x
direction more食-equently血anto由e-x direction beeause 
of由easymme位yof由epωentialW2・Con路 quen註y，出epar-
ticles move unidirectionally in an average sense. 

2. Pm官'1meterdepemlence 01 the .，e1oc:的
Figure 3 shows仕levelocity of出ecenter of mass of the N 
particles as functions of various parameters. As a負lsctionof 
k，出evelocity has a maximum at k早 4.0[Fig. 3{a)]. When 
we change 'T， 血evelocity has also a maximum [Fig. 3{b) J， 
加減出egraph is 0011 shaped. The correl組ontime 'Tb部 tobe
ap戸句協a肱 ifit詰舵躍]yeq凶]to血etime for伊rtic1回

aω 
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o.街

::. aαs 

0.01 

-Q.01 

-Q.伺

-Q.05 L-
-Q.6 町 0.1 0.4 

h 

F1G. 6. V vs h.百lemodel moves faster when the transition is 
restricted. Eacb 1ine indicates the velocity of the center of mass at 
different temperatu陀.We can see出atthe value of the peak and the 
position of血ep儲 kdepend on D (k口 4.0，N=20).
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ロ0.3~白e veIocity is almost independent on the spring con蜘
S加 ltk. The influence of the springs is weak in comparison 
wi白血atof thermal diffusion for high蜘temperatureD = 0.3. 
UntiI now; the naturallength of the springs a has been set 
to be 1.35. Now we investigate the relation between the ve-
locity and the na卸ralIength in Fig. 5. The velocity disap-
pears when al L Is an integer for D = O.官latis because 
p紅ticIesare trapped at minimums of W 2 tightly and cannot 
escape without thermal noise. At D = 0.1釦 d0.2， however， 
the average veIocity is fi凶teeven when al L is an integer， 
where p;紅ticIesin由edetached state diffuse血ermally
enough to go over the maximum of W 2 against the force of 
spnngs. 

Until now，位置lsitionsbetween detached and attached 
states has been allowed to occur everywhere面白epotentia1. 
Now we restrict the region where住ansitiontoward the de骨
tached state can be allowed. This res凶ctionis de註nedby 
parameter h. That is， when a p紅白leis located at x and if 
W2(x) <九同nsitionmay be allowed and if W2{x)~h it 
cannot be allowed. In our simu1ation，位制限，itions金om由e
detached state to血eattached statemay occur without any 
res凶ctionof the positions of由eparticIes. Figure 6 shows 
由evelocityぉ afunction of h. For a certain region of h，出e
velocity is larger由加白紙of也eunres凶ctedtransition case， 
which is the right end of Fig. 6. One陀asonfor血is，we 
由加k， is白紙 thepossibility of白eparticIes going over the 
maximum W 2 is larger when凶 nsitionis res回ctednear 
minimumsof血epotential. 

C.R四佐ided位制IS蹴on

0.12 

FIG.7.1ρadvse館cie舵 yatD=O.1組 dk=4.0.百leefficiency 
has a maximum at Fut=O.06 fiぽ録lecoupled system，組dit is less 
由加ofor Fut;;;;':O.ll， w誕chJI膨紐S出at銭lemodel moves in -x 
direction. E錨cie舵 yf(ぽ asing1e p鉱tic1eis lower白血 forthe 
coupled JI回del.
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IV. EFFICIENCY 

A.C輔自Ilationof efficiency 

Recently， Sekimoto [10J has defined出ee飴ciencyfor 
thermal ratchet models with a load Fω ・Derenyiet al. [11] 
has also defined出ee錨ciencyin another way. 

0.05 

AKITO IGARASm， SHINn TSU瓦AMOTO，AND HIROMICm GOKO 

一一一倒伊知dpart捻胎
一一-sing治問蜘.. 

0.1 o.鴎0.04 &位
時rux路
e 

enough to go beyood maximums of W 2 in白ede旬chedstate 
and for血espringsぬ goback給自enatural leng曲面白e
attached s儲te加 orderto pull the particIes fo抑留dbefore 
出ey紅ede包.chedagain. The larger the depth of出epotential 
W2， U， becomes，出efas除r柱時particIesgo down toward the 
minimum of W2 • Since出ecorrel必on也ne. T is finite，出e
velocity of the particIes加は宮部es邸 thedepth increぉesuntil 
出evelocity saturates for large U such出atparticIes probably 
出riveat minimums of由epotential W 2 wi白血白ecorrelation 
time [Fig. 3( c)]. Finally， we investigate白evelocity as a 
如nctionof N [Fig. 3(母].The velocity is油nostindependent 
of出enumber of particIes except for small N. The depe任
dence of vel侃 ityon the size加 biologicalexperiments of 
muscIe system is sII凶I紅 toour results. 
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Figure 4 sl時間出evelocity versus k at D立 0，0.1，0ム0.3.
官leve.恥 itydecreases総出etempera臨時 incre部es.At D 
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T ABLE 1. Lv andγV 2 is shown for various loads. The energy 
used to tbe dissipation is much larger tI雌E血atused to枝:tetotal 
motion of曾:temodel. 0.01 
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FIG. 8. Load vs efl晶ciencyat D=O.I. k=4.0， and h=0，-0.35 
where h is出eparameter to陀strict出e回 nsitionregion.τbe maxi-
mum is located at larger F ext出anin出em首都民ctedcase of Fig. 7， 
and the model moves + x direction even for larger F ext出初出e
load where motions to -x di詑ctionocc町sin the unrestricted tran-
sitions. Efficiency for the sing1e-partic1e model is Iower than the 
coupled骨partic1emodel in出iscase as wellぉ inthe case of Fig. 7. 
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TRANSPORT PROPERTIES AND EFFICIENCY OF . . . 

If we de岳neu部 anaverage velocity of出emodel，出e
conventi儲鴎1expression of出ee飴ciency7J is 

Fextv 
η=ー玄一一

- llJ 

(4.1) 

where PilJ is由epowぽ訟put[10]. If we define P OJlt部出e
powerωtput， it seems more ap戸opriateto defi附託部

P DJlt=Fextv+γV2， (4.2) 

ra脂血相。IDlyF四，V，島問問榔ofEq. (4.2) [11]. The 
term ')'112 de政府s，of CIω，rse，批極限ipa語側加制:ctioD.ID

ωr simulation，出e1邸KIFe:d is C均郎副琵yexer脱船 each
partic1e，由atis，ーてFextlNis app益吋加自にhp.留経c1e.
We sbow in Fig. 7雄官e館ciencydefi舵 dby Eq. (4斗 h
hasam杭 imum部 afuDctiωof Fext躍ldat a cert話路自問h-
old it bas a va1ue less也an0， which me細 S血at註lemωel
moV'偲悦也e-x歯 ection.The e:館悦郎yfi僻 asingle p怯
ticle is sl陪wna1so訪日g.7.百 ee:節句恥yfi官接配coむ:pled
model is high紅白縮財出esingle怯陣tic1esl()(主el.
In Table 1， we c卿 P鈍 Fextvwi血 γV~.We find血at')'11~ 

is a1ways much 1舷gerthan F extV fOT any load， wmch mak回
sure that most of the energy of也emolecular motor is u舵d
for出eBrownian motion and詰随時forefor出emssipation. 
This isa陀部onwhythe e館ciel陀yof由emolecular motor is 
n航路high.
Since muscJe is lrnown to have much higller e飴ciency
出締mωr simulatioo， we do D悦郎氏偲din陀 pro伽cing血e
rea1 s:i縮組側首weapply儲 lf職説Jelto muscJe c側館action.
This is mainly because of the simplicity of our model. 

出 L Stryer， B，附 -nemistry，紬.ed.加腿man，.San l'iancisoo， 
E便貯;).
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B.E館ciencyfor tbe r回trictedtransi伽酪

Figu路 8shows the e館ciencydefined by Eq. (4.2) versus 
load F ext when we intrOOuce血eres出cted回 nsitions血atwe
have mentioned in Sec. mc. Wben transition is res位協ed，
the peaks appear for larger loads than for unres凶cted住加時

sitions. and出epeak va1ues of e飴cienciesare a1so Iarger. 
We血ink血at加出erestricted transitions， it is easy for the 
particIesぬ goforward since when the particIes makes tr俳
誌tionfrom W2 to W1，血eyare comparatively near the neigh-
borm組im槌nof W2 in十xdirection， which出eymust go 
beyond血 orderto move fi偲ward.

v. CONCLUSION 

We den時間協te血atelastica11y coupled p.笛ticJesin a 
a鎚誕ngra帥 etmodel move cかoperatively..An impo託制t
result is血egeneration of directed motion in a ncトtherma1
C儲凶括on.百lough釦 isolatedparticIe in flashing m似たIs
cannot move in a no時thenna1conc昆tion，el部tica11y.coupled 
particI路面詰ashingmぽJelsmay move by the effects of 
springs even if thenna1 di飴lsiωisnot a110wed. It is a1紛
found曲at血evelocity of偽ep，制icIeshas a maximum誕 a
s戸cificcoupling const加 tof springs. The maximum of由e
ve]，侃ity部 afunction of h，出erestriction par出neter，appears 
when we res凶ct由e問gionof回 nsitions部 well.Changing 
o出ervariousp紅出ne胞路，weconfinn出ecomplicated behav-
iors of the elastica11y coupled 
on the e館ciencyof energy conversion， the effects of the 
coupling between戸rticlesare a1so found to be very impor-
凶 lt.百leelastically cω，pled .particIes may pull a heavier load 
由ana single particJe，加d出ee館ciencyfor the coupled 
model is larger出掛 thesingle-particIe mode1. Most of出e
energy， however， is used for Brownian motion，出atis， for 
the dissipation. 

。悌1).
[1]T.C. EJS伽制C.S齢Pesk:in，SI蝋 (Soc.lnd. Appl. Matb.) J. 
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Abstract 

Stochastic resonance (SR) is induced by the cooperation of a weak periodic driving 

signal and random noise in bistable systems: the output signal-to幽noiseratio is enhanced 

by a synchronization of the characteristic time scale of a transition between two states 

activated by the input noise with the period of the input signal. 

We numerically demonstrate SR in a locally and linearly coupled array each element of 

which shows the SR phenomenon. Both the output signal-to四noiseratio and the receiver 

operating characteristic for an single elemeht in the array are greatly improved by the 

couplings. We relate SR tωo global dynamics of the array with ki加nk-an凶ti也ki也nknl百lclea抗tiぬ01郎1鴎S 

and show how the peak of the s討ignal由tωo-noωiseratio appears. 
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1 Introduction 

Stochαstic陀sonanα(SR)is induced by a cooperation of a weak external driving si伊 al

and random noise in bistable systems Randoln noise greatly enhances the periodic 

character of the response of the bistable systems with an input， the weak coherent signal. 

With the result， the output signal-to-noise ratio (SNRJj "may be maximized by treating 

the input noise streng出 asa design parameter. 

SR was originally proposed to understand the moclel for the periodic recurrences of 

the earth ts ice ages by BeIlu et al [1]. They showed 均atthe apparent periodicity of the 

earth's ice age， the" period of which is about 100，000 years， is led from the enhancement 

of theweak penodic vanation of the earth's orbit : (input s~gnal) by weather changes 

(input noise) in the bistable “climatic potential". Now SR is known to occur in a wide 

range of physical systems. SR was reported in a Schmitt trigger [2J， a ri時-1ぉer[3]， a-

electron paramagnetic system [4]， and so on. Theoretieall)んWiesenfeldand McN amara 

has put fOJ，'ward an approac1;t based on two state niaster equation {[5}， for a review see [6]). 

We discuss this theoryand introduce a more realistic approach with a double-Gaussian 

approximation in Section 4. 

More "recently， it h部 beenconsidered that SR tlays a significant role in biological 

systems.今"Thecrayfish mechanoreceptor cells showed the characteristic signature of SR 

[7J. 1n this case， it is provided that a si時 lecell is specialized to detect weak coherent water 

motions enhanced by additional noise. Real biological systems are， however， constructed 

with"many neurons. From-ぬispointof vicw， the response of coupled nonlinear elements 

h部 beenstudied [8}，(時.

A locally and linearly coupled chain of bisもableelements" is one of the" simplest models 

of those networks空whichshows a phenomenon called αTアαyenhαncedstochαstic resonance 

(AESR) [10)-While SR hぉ onlyone design parameter : the noise strength， AESR has an 

i additional design parameter : the c年plingstrength. The couplings sign追cantlyimproves 

the maximum value of t.he "uutput SNR." We numerically demonstrate AESR and compute 

the SNR as a function of the noise strengthand the" coupling strength in Section 5. 

11oreover， to meぉurethe "system's signal detectiori performance， we obtain the receiver 

operat仇9chαγαcteristic (ROC): 

As for the dynamics of the chain， F . Marchesoni et al. theoretically estimated some 

l 
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、

AESR results in an .overdamped 1>4 chain [11]. M.Loclぼ etal. first experimentally 

demonstrated AESR iIl an array of diode resonators [12Jand showed the presence ofkink世

antikink pairs in the array. We focus on a periodic kink-antikink nucleation rate in the 

overdampedがmodeland a，pply two state theory in Section 6. 
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Consider a particle. in a bista.ble system， where the potential is periodically and weakly 

modulated (see Fig.(l))~. Here， "weak" means that the potential h部 stilltwo stable states 

and the barrier between the states a11 the time in spite of the existence of the modulation. 

Wittout noise， the particle remains forever 出 thewell where it has started. On the other 

hand， the presence of a.dditionalnoise induces a jump process of the particIe between the 

wells~ In the absence of the periodic driving， however， the jump process is random. If the 

modulation synchronizeg: with the hopping， i.e. if the cycIe of the driving synchronizes 

with the characteristic time scale of the jump process， ihe particle regularly switches 

between the wells. 

The Underlying model for SR is given by the overdamped bistable dynamics， 

~2 巾4

x== 一tv時削い帥仲)+.A州 1件山川十切付伊ω)川+吋哨ご《仰仇(t 2 ' 4' 
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2.1 Underlying Model for SR and AESR 

くと(t){(t')>== 2D6(t -t').， くと(t)>== 0， 

where V is the bistable potential， A cos( rt.t十ψ)is the modulation (the input signa1)，とが)

isGaussian white noise (the input noise) and x is the position ofthe particle (the outp叫，

We investigate a IDodeI for AESR ; an array which is constructedwith these bistable 

elements coupled to their nearest neighbors. and has free boundary conditions. The model 

for AESR is 

土九いη戸=一£V(仙 A均刷C蹴吋叩邸吋(rt.仙t件山川+均瑚伊ω山)
くごふ.n(οt)ごふη，(t'}">==2D6ι九悦爪，n，6κ(t一t'う)， くふ(t)>口 0，(n==1，2γ・.，N)，

where 6nm'is the kroneckeE6function a-ZEd denotes that Boises aEe uzlcorrelated from site 

to site. 

2.2 Two State Theory 

A pioneeririg theory for SR has been put forward by Wiesenfeld and McN amara [5]. 

Assuming that the particle can take place in only two right and left stable states x十，X_，

themぉterequations for the population in the right and left well of the bistable potential 

3 
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Figure 1: Sinusoidally modulated potential and behavior of a particle. 
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n+， n_， are respectively 

n+(t)口 W_+(t)n_(t)~ w十一(t)n+(t)==一(W十一(t)+W_+(t))n+(t)十日仁十(t)， (3) 

where W_+(t)加 dW十一(t)are the transition probabilities from the right well to the left 

and from the left to the right， respectively. In Eq.(3)， we use η十十n_== 1. Applying 

Kramers .formula， we obtain periodictransition probabilities for A/ D <く I

r _ A . ，_，1 A 
W土干(←roexpl土万sin(nt十伊)j~ ro土ro万叫fU十cp)， (4) 

. 

where ro is the nnperlurbed Kramers rate 

ro口元;exp[-占! (5) 

The solution to the linear韮ist時orderdi官erentialequation with periodic coefficients Eq. 

(4) is given by 

托h叫附州÷バJゆ(t仲t吟)ケ 内)[トh附(おω似榊)g以胤gぱ仰仇州(ο仇ωtおω附O心)+十L 収札叫+(t'ηω似帥仰)g以泌)g(t'ぱ仰g(t'σt'似rワ判)μd
剣 = 叶J'[W+-(tl)+ W二十(t')]

(6) 

From these equation民 weget the expressions for. the population n::f: (t) and 九 (tlxo，to) 

that are the conditional.proba.bilities that x( t) is in the x土 stateat time t， given that the 

state at time to wぉ xo.With the periodic transition probability Eq.( 4)， the population 

is given by 
1 Arn 

詑土(t)== 2土 lo? 量二2¥n sin(nt +争+<p)， (7) 

where o:..-釘 d組。/2γか
Using n:l:;(t) and n:f:(tlxo， to)， the autocorrelation function can be computed 

くx(t)x(t十ァ)Ixo，to;ψ> 十口十(t十γ1+1， t)η十(tlxo，to) -n十(t+ァI-1， t)n_(tlxo， to) 

-n~(t +ぺ十1，t)n+(tlxo) to} + n_(t十γ1-1， t)n-(tlxo， to) 
(2n+(tヰァ1+1，t)-1千2n+(t+ 71-1， t) -l]n+(tlxo， to) 

-[2n+(t+γI ~ 1， t) -1]. (8) 

To take into account .the dependenceon initial conditions， we take the limit to→一∞

and average over the initial phase ; <p， 

くくx(t十7)X(t);ψ>>戸土 fπlim く時十ア)x(t)lxμ0;<p > d<p. 
't' 21f 10 to→一∞

4 
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According to the Wiener-Khintcine theorem， the power spectral density is given by the 

Fourier transform of the autocorrelation function 

く S(w;<p) >戸会l27rS(ω;ψ) d<p.== I∞くくx(t+判);<p>>〆-iwrdT. (10) 
ム1fJO J-∞ 

We use the phase averaged one引 de匂owerspectral density (PSD) defined for ωpositive 

only， 

S(ω) ==< S(ω;<p) ><p +くS(一ω;<p)>ψ. 

For the periodic transition probability Eq.(4) PSD is given by 

4T0: . {.. 2r~A2\4πr~A2 
付 +ω2¥1-(吋Joゆ2)+ (4ri~ n;)D2 o(ω-n) 
SnoiseCω)+ Ssigo(ω-n) 

、EE
，F
唱
E
i

噌

i
J
I
-
-

S(ωl 

(12) 

.It consists of twoparts， where the first term is the power due to noise and the second due 

to the periodicity of the output. 
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俳 lfiLio+1fiiiη，Q叶 (15) 

3 Numerical Simulation of SR 

3.1 Numerical Simulation and Results 

In this section， we nl1merica.lly integra.ted the stochastic differential equation Eq.(l) 

and compute apower spectral density. 

A di宣erenceequation. valid to order. (st)2 corresponding to Eq. (1) is 

ロ x(t}+"(x(t)-:-x(t)3+ A cos flt)t1t 

-j(1-boyxz(t)3ー X(t)3十Aω抑 t)2十Aflsin fU(st)2 
，.t+At rt+At rt' 
十.1' dt'ご(η-(1.-附)3)~ d人 dt"c(t) 

vihere st is a time step. Here we introduce new variables R(t) and Q(t) 

x(t + nt) 

(13) 
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(14) 

If R(t)言 Q(t) are repl~とお by Rm J~~~加 dt'c(t')， Qm.== J~~~加 dt'J:ムtdt" c(t)， 
covariances <凡nRn>，くRmQn> and < QmQn > can"be calculated部

く RmRn> 2Dtltlim，n， 

く九玲Qn> == D(tlt)28m，n， 
2 

く QmQn> == i(ムt)38m，n.

where () and ηare the randoni variables which are mutually independent and subject to 

Gaussia.n distribution .with the m蹴 e釦 Oa凶R吋dtωheva紅ana

a time step st rv 0.012， we obtain the time series of x(t). 

F日19Sι.(σ2)以3ベ(3め)and 
D increasing， the inter-well transitions (the jump process of the particle between wel1s 

which we'are interested in) oc"eurs.more frequently. In Fig.(2)， a particle does not always 

jump between the states when the potential is ti1ted. In Fig.(3)， a particle regul?-r1y junlps 

between the states and an appatent periodicity can be observed. In Fig.( 4)事 aparticle 

frequently jumps between. the states with no apparent periodicity~ 
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Time 

43000β 44000.0 

Figure 2: Trajectory of子particlein a double well potential with sinusoidal driving and 
additional noise. nニ1r/200， A == 0.1言D== 0.03. 
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Figure 3: Trajectoryof a particle in a double well potential with sinusoidal driving and 

additional noise. n a.rid A ate the same as in Fig:(2). D . 0.12. Note that the apparent 
periodicity can be observed. 
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Figure 4: Trajectory of a particle in a double well potential with sinusoidal driving and 
additional noise. n and A. are the same as in Fig.(2). D := 0.4. 
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Withもhedata at every 200 steps of this time series， we compute a power spectraI 

density (PSD); a periodgram using fast Fourier transform (FFT). To reduce bin leakag'e 

we convolve the da.ta. with a Parzen window 

T，U _Ij-~(N-1) 
n J -， ~(N + 1) I 

組 daVel'age PSD segmentsr each of 4096 samples (dataset) per segment 

(16) 

Fig.(5) is a. plot of the PSDas a function of the.circular frequency with the same 

parぉneter.針。Iiithis figure， one can observe the periodicity of the output from a sharp 

pe北 ofeach PSD function at the signal bin. 

SR is charac民:riz.edin terms of the signal-to:-noise ratio (SNR). As mentioned in the 

-previous section， we assume that' the PSD can be divided into two part， one is due to 

noIse a.nd the other the output periodicity. Numerical1Yt we define the SNR as the ratio 

of the power in出esigna.l bin a.nd the power of noise ~veraged around the signa.l bin. 

、、
ssigbin 

Rexpr == 10log10 ;， 
九--'nolse

(17) 

From theoretica.l point of view， the numerical valueof the SNR is reconstructed with 

sèi~ + Snoise(n)sω 
Rexpr == 10 log10 >;J~~ 

where IIωis the width of the bin and Ssig is the weight of dおnction.

(18) 

The SNR with A -.-:. 0.1， n ==古/200is plotted against thenoise strength D in Fig.(6). 

The output SNR shows a sharp rise in the noise strength range from 0.03 to 0.10， above 

which it decreぉesgradual1y. For a system weIl characterized by 1inear時responsetheory the 

SNR of the outputdecre鎚 eswith any increぉein input noise. In constant， the signi五ca瓜

feature of SR is a.n incre鉛 ein the output SNR with decreased input noise. 
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Figure 5:巧'picalpower. spectral density with nニ π/200，A == 0.1， D == 0.12. A sharp 
peak appears at' signal bin the center of which isω==f2 rv 0.0157. 
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4 Double田 GaussianApproximation 

4.1 Double四GaussianDistribution 

In this sectio民 wetreat the SR phenomenon by means of Fokker-Planck equation. In 

the two state theory，weasslime the particle can take place only in the two stable states. To 

take into account the ihtra-well behavior of the particle， we introduce a double-Gaussian 

distribution which models the distribution of x(t) around the two stable states. 

The distribution of x( t) is denoted as P(いx，パ，t) and Fokke釘r-P民la
equivalent to Eq. (l) is 

where L is the operator 

。P(x，t) 
白==LP(x， t) 

~2 

L:一会(x-x3+Ac凶 t)十D会

(19) 

(20) 

We assurrie P(x， t)お thedouble-:Gaussian distribution around two stable points bL' an 

bR 

P{x， t) ==αL(t)PL(X， t) +αR(t)PR(X， t). (21) 

where αi '.and aR 'respectively represent the probabilities the particle is in the left side.well 

or right one. PL(x，t) arid PR(x， t) is Gaussian distribution with the variances O"L，R ofthe 

particle in the left or rightもsidewell 

r (x -bL，R(t))21 
PL，il(xパ)zji-iJ21rO"L，R(t)2 ~~-.t' l 2σL点。)2 J (22) 

We assume that left Gaussian distribution and right one are independent with each other; 

~.e. 

IbL -b~) >>σL(t)，句 (t)・

If we know left and'right Gaussian distribution ; we know αL.R干bL.Rand σL，R， we can 

calculate the autocorrelation function Eq.(8) 

くx(t)x(t')> ==乙dxJ仙川仁t'lx，t)xP(x， t) 
L: dx J dx' Xl P(印刷XP(X7t)， (23) 

In Eq.(23)， W(x'， t'lx， t} is the transition probability the particle which was located in 

the position x at time tis in x' at t'， and W(x'， t'lx， t) can be replaced with P(x'， t'lx， t) 

which is the double-Gaussian distribution at time t' with the initial state x at time t. 
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) 

The way to calculateαL，R"bL.R and σL，R is as follows. First， we de:fine a moment of 

order n of left (right ) Gaussian distrib凶 on

〆 rO
くxn>L= I dx xn P(x， t) == I dx xn PL(X， t). 

J-OO J-OO 

Equations describing time evolution of the Ieft (right) moments are given by 

{O _ d. _ (0 

説く♂ >i， J-∞dzdznFL(zj)}一一∞dxxn LPL(x， t) 
We apply Eq.(25) to the right and left momentsあrorder 0，1 and 2;く 1>ふく X>L，R 

andく x2>L，R， and usethe conservation law of probability aL十αR== 1. From these six 

independent equ瓜ions，we can calculate αL，R， b L，R and σL.R. 

Calc叫ationof the autocorrelation-function Eq.(23) can be put forward 

く x(料')>土 JdxJ dどP(x'， t'lxo， t )x' J付(勾F伸一句)xo

¥ =ZP(zoJ片山oJdx' P( x'， t'lxo， t )x' 

=乞P(Xo，t)xo~xo(αLbL +αRbR). (26) 

Note that αLbL+αRbil. depend on the initial state Xo and the initial phase of the driving 
年フ.

From Eqs.(9)，(10)，(11) and (26)， the powerspectraI density is given b匂y 

沢伶削ω吋)= : 写?P(凶Z勾ωO仏μ州，t
Wenumer武i詑.ca話11除ycomputea句Lb弘1.. + 0句Rb勾R~島or10i防nl泌t話ialp悼，ba部se偲sea筑chofwh悩ichc∞on鴎tai也B邸s60 i民nl泌t括la必l 

S尚tぬat協e郎s，and obtain the power spectral density from Eq. (27) 

4.2 Comparison with Numerical Results 

N umerical-801凶 onsto the moment equations Eq.(25) with A == 0.1， n ==官/200，D== 
0.15 are shown in Fig.(7) in a shape of the double-Gaussian distributioIl Eq.(21). _ Left 

and rightGaussian has a sharp _ peak around the left and right stable states respectively 

and the hight of the peak oscillate periodically as a function -01 time. We can easily reduce 

that the particle's jumpprocesses shows the apparent periodicity. 

Fig.(8) is a plot of the SNRwith A--0.1， n ==宵/200.A solid line with diamonds 

represents the SNR ob~ained from the double-Gaussian approximation Eqs.(27)，(17) and 
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Figute 7: Double-Gaussian distribution. n ==官1200，α==0.1， D == 0.15， Xo == -1.0. 
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Figure 8: SNR as a function of D. Solid line with diamonds represents the SNR obtained 
from double叩Gaussian事.pproximation.Triangles represents the SNR from numerical sim-
ulation， dotted line represents the prediction of tw，かstatetheory. 
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triangles the SNR .from the numerical simulation. Though the di缶cultyof numerical 

Fourier transform of nearly complete periodic functionof time， the theoretical values are 

in quantitive agreement with the simulated ones. 

We considerもhat.the double司Gaussianapproximation. has some advantages over the 

twかstatetheory. First， this approximation can be applied' to the case to which the two-
state theory is not applicable， such as the case in which noise adds to the driving frequency 

n. This approximation isapplicable even to a case with a large driving amplitude A . 

In this range of the . amplitude， the periodic transition probability of the particle in ihe 

two-state theory cannot expand into Taylor serIes 1ike Eq.( 4). Another advantage is that 

the double四Gaussianapproximatio且canpredict an SNR decrease inもhelow noise strength 

range. The twO:-state theory， because of the neglect of. intra-well motion of the particle， 

cannot predict this feature. 

ー眠、泊予.
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5 Numerical Simulation of AESR 

5.1 Signal-to:四NoiseRatio 

In this section， we numerically demonstra.te the AESR phenomenon with N == 9 and 

N ==' 31 and comtute the output SNR and the receiver operati時 characteristic(ROC) of 

a single elementsin the array n == 5 and n == 16 respectively. The method uf computation 

is given in Section.3~ 

Figs.(9)，(10) a.re plots of the output SNR as a.' f~nction of the coupli時 strengthεand 

the noise'strength D. These plots a.re cha.racterized' by the following'fea.tures. 

1. The SNR of a. given eleme~ts in the arra.y shows a unique ma.ximum on the plane 

(D，f). This unique maximal value of the SNR increases with N increase. 

2. The SNR plotted aga.inst 'D with givenεshows typical SR features砂 Themaximum 

value of the SNR as a function of D for any ε>. 0 is always enhanced than that for 

the unCOlがed伽 nent(ε== 0). The value of D which maxIlnize the SNR for given 

εis a monotonous increasing function ofι 

These features of AESR is considered .to be due to the couplings between the elements. 

In a range of low coupling strength， each particle in the element can behave fairly 

independently in the same side welI and ~asily switches between the wells. 'When some 

particles in the array jump between the states， others obey these behavior because of its 

couplings. With N increase， the nUlnber of the particle which，first switches between the 

wel1s increases. With the :resu1t， the maximnm SNR va1ue mcre部 eswith both εand N 

lncrease. 

In a range of large coupling strength， the strong couplings prevent each particle to jump 

between the wclls. Furthermore in a large coupling strength limit， the array behave as if 

it were a single particle路部Sof which is N multiplied by mass of the single partide in the 

element.The value of D which maximize the SNR for given εlncre前回 withεlncrease. 

The maximum SNR value decrease with εincrease， which approach one for the uncoupled 

element iti the large coutling strength limit. 
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5.2 Receiver Operating Characteristic 

In orderもodeterminewhether the SNR effect has signal processing applications， we 

cannot rely on the SNR alone. For signal detection， we must consider deもectionstatistics 

: probability of detection and prbbabi1ity of false alarm. Probability of detection (PD) is 

the probability that the system will report that a sigual is detected when in fact a signal 

is present in the iilput. Probability of false alarm (PFA) is the probability that the system 

wiU report that a signal is. detected when in fact a signal is not present in the input. The 

receiver operatingcharacteristic is well known as a plot of probability of detection versus 

probability of false alarm. 

To compute the ROC， we repeatedly record tte powerin the signal bin of the PSD for 

both with and without the externaI driving. For a given threshold， if the system 's output 

is exceeds it， that means that the systemreports that a" signal is present. A Iow threshold 

leads to high PD and high PFA. A high threshold leads to low PD and PFA. A better 

system wiIl gives higher ~D and lower PFA. 

Each of Fig.(ll) presents the ROC curves with N 工 9for different coupling strengths 

and a given noise strength. Each inset shows the SNRagainst D for the given εwith a 

verticalline whichpresents the value of-D used in the computation of the ROC. The ROC 

and the SNR for ε== 0 (uncoupled)，ε==0ム&吋 E==1.0 are represented with dotted 

lines， solid lines and daShed liIies in each graph and inset予respectively.In each figures予

the ROC withε== 0.3 is much better than that for uncoupled element. With ε1， 

when D leads to the sufficiently high SNRvalue， the ROC ismuch better than that for 

uncolポedelement ( see Figs.{ll.c)，(ll.d) ). In Fig.(ll.c)， the systems with ε== 0.3 and 

1 give low PFA and high PD. 
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the ROC ((a) D == 0.1， (b) D == 0.14， (c) D == 0.3， (d) D == 0.4 ). Dotted line represents 
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6 がModeland Two State Theory 

6.1 Behavior of Array 

In this sectiOri， we study about the dynamics of the a口aytheoretically. 

Figs.(12}，(13) and (14) show behavior of the array. Whei1 a particle is in the left-side 

well of the potential， a triangle is plotted. In a range. of Iow noise strength (Fig.(12))， 

the array can hardly switeh fro~ one stable sもateto the other. In constant， in arange 

of large noise strength (Fig.(14))， each particIe behaves asぜitwere u恥 oupled.In the 

middle railge (Fig.(13))， the apparentperiodicity can be observed. 

We can consider that the behavior of the particle in the element which we focus on 

consおts.oftwo parts ;underthe control of the global dynamics of the array and the Iocal 

excitation of the . particle itself. 

6.2 Low NoIse司 StrengthRange 

In the low noise strength -and the large coupling strength range， because of these cou-

plings， the behavior of each particle is under the control of the global dynamics of the 

array. The. mechanism _ of the array's -switeh protess. relate to the nucleation of kink-

antikink prurs [llJ. Kinks and aIltil出 ksare well known as localized (soliton) solutions ぬ

がmodeL_ Therma.lfluctuations are expected to activate a critical n吋 eusof kink -antikink 

pairs and trigger the switch process of the array. The presence of kink-antikink pairs in 

the array was experimentally reported in a recent paper [12]. 

In the N→∞ limit-the array can be consideredぉ anoverdampedがchainof length 

1. With the transformation 九(t)→ゆ(n/N，t)， Eq.(2) takes the form 

ゆt==ゆーが+εNゆxx+ Acos0.t十((x，t)， (28) 

くぐ(x，t)((x'，t')>== 2DNfJ(x， x')d(t， t')事 < ((x， t) >== 0， 

with ho:ri1ogeneous von N eumann bound怠ryconditions，私(0，t) ==供(1，t) == 0，-where 

εN and D N are respectively related to εand D by ε:εN N2 and D == D N N. Localized 

solutions to the o4 theory can be well approximated to an appropriate linear superposition 
of moving kinksゆ+and antikinks ø~ 

1， 1 x-X:f::(t) I 九==tanh I土一 --..L¥-j 

l-2dV1-泣い)/0万j
(29) 
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where d 0 VEN/2 is thewidthof a kink and X:f:(t) the location af a kink 
As mentioned in section 4予inthe SR n1echanism， the relation between the characteristic 

time scale of the jump process and the cycle of the external driving is very important. 

When the kink時antikinknucleation process in the array is compared with the jump process 

in the uncoupled single element， it is clear that a 0 critical kinιantikink nucleation rate 

strongly relates to the AESR mechanism. 

In the low 0 noise strength and the large coupling strength range， the kink-antikink 

nucleation rate is wellapproximated with 

r(F) 12V67r-3/2 F1/2 (等(1 ーシ))j/2expf笠(l-~F)]) (30) 

where F is the strength of a external force. The switch process of the array from the higher 

well to the lower
o 
one is triggered by the kink-antikink nucleation. In contrast， the switch 

process from the lower well to the higher one hardly occuts， even if the kink由antikink

nucleation is activated. '1'0 take it into account， we consider the periodic kink-antikink 

nucleation rate as 

山 )2Fc(j土jco付事 (31) 

where rc is the criticalkink-antikink nucleation rate when the potential is most tilted， 

rc == r(A). 

6.3 Large Noise Strength Range 

In the latge noise strengぬandthe low coupling strength range.， each particle can behave 

almost independently. . According to Kramers formula， the transition rate between two 

states of the particle depends oon the activation energy， which. is constructed with the 

hight of the potentia1 barrier and an interaction potential energy due to the couplings. 

Configurations of nearest neighbor particles of the one which we focus on are presented 

in Fig.(15)ー立 isconsidered that the con琵gurationFig.(15.a) appears most frequently in 

the middle range ofthe noise strength， however， in the large noise strength limit事eachof 

four configurations canbe realized equally. 

Thus the periodic transition probability is approximated with 

W州-:.ro exp [::1: ~ω4す)~]) (32) 
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where n:f:: is given by Eq.(7). In Eq.(32)，生 isthe aetivatioh energy due to the eoupIings 

;α2/2 (see Fig.(15)). 

6.4 Results 

We assume that the particle which we foeus on ean takeplaee in only the two stable states 

and applying twかstatetheory~ In the low noise strehgth range，" the periodie transition 

probability is replaced by the periodic kink-antikink nucleation rate 

lowi.L¥ 1n I 1 Wi~W(t) == ~rc 土;:.fc eos Ot. 
t" '.1 2'" 2 (33) 

In the large noおestrength range予theperiodic tJansition probability is given by Eq.(32) 

wP← 

whereψ== ((02 + 4rõ)D'~\16rÕ)/8roO. 
For a given point on: (ε，D) plaI夙 wecompute the SNR from Eq.(18) with eaeh case 

and choos~ the lower vaIue as the SNR at the point". The SNR is showed as a function 

of the eoupling strength and the noise strength in Fig.(16). In the Iow eoupling and the 

large noise strength range予ourapproximation is not applieable. Though the hight and 

the location of the peak are different from the ones numerically simulated， the qualitative 

features mentioned in Seetion.5 are observed. 
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7 Conclusion 

In this paper，we numerically simulate SR and AESR and apply an expansion of two叫

state theory. 

As for SR， double-Gaussian approximation is useful in the range of the noise strength 

and the amplitucle of the external driving even in which tWIかstatetheory is not appli-

cable. The SNR' plot obtained from double時Gaussianapproximation is in quantitively 

good agreement withnumerical one. The di箆cultyon numerically treating d function 

in Eq.(26) prevents us. to compute the SNR which is in both quantitive and quaIitative 

agreement with simulation resu1tゅ Webelieve that double申Gaussianapproxi~ation is ap-

plicable to wide range of models for SR : for example， the rrtodel in which noise add to 

the driving frequency.not only the. driving amplitude. 

The SNR and. the ROC for a Iocally and linearly. coupled array each element of which 

shows the SR phenomenon are greatly improved comparing to those for the uncoupled 

element. .The. couplings play an important role in the mechanism of AESR.The be-

havior of a particle in the .single element depends.on the gIobal dynamics of the array 

with kink時総tikinknucleations in the low noise st.rength range， and the excitation of the 

particle itself in the large noise strength range. We approximate the periodic transition 

probability of the particle with the periodic kink四antikinknucleation rate and the one 

with thetotential energy due to the couplings， respectively， and apply two鴫statetheory. 

Under these 出 sumption，the SNR plot as a function of the coupling strength. and the 

noise strenob is iE qualitative agreement with numericd ORe.We coasider that the SNR 

peak locate in the range of the coupling and Iloise strength where the picture that the 

global dynamics of the array with kink-antikink riucleations control the behavior of the 

single particle begin tobreak down. 

In SR， the synchronization of the characteristic time scale of the jump process with 

the cycle of the externaI driving forceen主ancesthe SNR of the. output. In AES九 the

SNR is. a monotonously. increasing function of the noise strength even above the value of 

that where the synchronization is considered to be observed， because we assume that the 

switch process triggered by the kink-antikink nucleation against the external force hardly 

occurs in Eq.(31). The relation between the AESR niechanism and the synchroI出ation

of the characteristic time scale of the switch process with the cycle of the driving is not 

16 
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clear in our pictUre. It remains to the future works. 

We emphasize that one' can improve the signal detection performance of systems 

shows the SR phenomenon by coup1ing them into an array and that AESR may be app忌

cable to design a.Ild operation of sensory systems. 

、内、
、

17 

48 



References 

、

[1} R.Benzi， G.Parisi， A..Sutera and A.Vl均lanl.

. SIAM. (Soc.Ind.Appl.Math)J~Appl.Math.43 ， 565 (1983) 

[2] S.R加 vetand F.~es~ot ， Phys.Lett.A，97，5 (1983) 

[3J B.McNamara予K.Wiesenfeldand R.Roy. Phys.Rev.Lett.60，2626 (1988); 

A.Fioretti， L.Guidori， R.Mannel1a and E.Aiimond. Jぷat.Phys.70，403(1993) 

[4] L.Gamniatitoni， M.Martinelli， L.Pardi and S.Santucci. 

Phys.Rev.Lett.67，1799 (1991) 

[伊問5司]B.McNa釦I宜，ma口r玲a組 dK.ι.Wi悶esen:D似eld.Phy戸s.Rev.λA，3鈎9，4854(19銘89吟) 

[伊6}P.Jung. Phys.Rep.234，175 (1993) 

[7] J .K.Douglass， L.Wil~ens書 E:Pantazelou and F.Moss. 

N ature(London) ，365 ，337 (1993) 

[8] P.Jung事U.Behn，E..Pantazelou andF.Moss. Phys.Rev.A，46，1709 (1992) 

A.B叫saraand G.Schmera. Phys.Rev.E，47，3734 (1993) 

[9J M.E.Inchiosa and A.R.Bl出ara.Phys.Rev.E，53，2021 (1996) 

[1叫J.F.Lindner，B.K.Meadows， W.L.Ditto， M.E.lnchiosa and A.R.Bulsara. 

Phys.Rev.Lett.75，3 (1995) 

[ド11ヰJF、.Ma釘rch邸 on民i予L.Ga:組mma勾i託tωon沿la註dA.R.Bu叫Ils路&訂ra.Phy戸s.Rev.Lettげ.76，2609(199鉛6)

[12] M.Locher，G.A.Johnson and E.R.Hunt. Phys.Rev.Lett.77，4698 (1996) 

[13] 日おsken.

The Fokker-PlanckEquation Methotls 0/ Solution And Applioαtions， 

SpringerベTerlagBerlin Heidelberg 1989. 

[14] W.H;Press， B.P到annery，S.A.Teはolskyand W.T.Vetterli時・

NUMERICAL RECIPES in C予CambridgeUniversity Press 1988. 

[15] Y.Saito. J.Phys.Soc.Japan，41，388 (1976) 

49 



Stochastic resonance in coupled neuron models 

and its application to anassociative memory 

Akito Igarashi and Hideyuki Yamaguchi 

Department of Applied Mathematics and Physics， 
Graduate School of Informatics， 

Kyoto University 

Kyoto 606-8501 Japan 

Abstract 

Stochastic resonance is a phenomenon that the response of a nonlinear system to a 
weak periodic input signal is optimized by the presence of noise with a particular level. 
In such noisy and nonlinear threshold systems as sensory neurons， a phenomenon of 
stochastic resonance is also shown by the optimum enhanced coherence of a長ringrate 
with a input signal for a particular level of noise. In this paper， we investigate stochastic 
resonance by numerical simulations using FitzHugh-Nagumo neuron models with a noisy 
input. As an application of the coupled FitzHugh田Nagumo neuron models， we introduce a 
retrieving model of the Hopfield neural network， which has been studied as brain models. 
A performance as an associative memory is also examined with the model from numerical 
simulations. 

1 Introduction 

Stochωtic resonance is a phenomenon that the coherence of a nonlinear system to 
a weak periodic signal can be enhanced by the presence of noise with a particular level. 
It was originally proposed as a possible explanation for the observed switching of the 
Earth's climate between ice ages and periods of relative warmth with a period of about 
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100，000 years [1]. In order to explain the climate dy戸rな沼na
well model [2号]， where a periodic input signal is weak one which can not by itself cause 
transitions between wells. It characterizes the effect of stochastic resonance that noise with 
particular magnitude produces the maximum coincidence of the noise由inducedtransition 
rate between wells with the periodic signal. 
Stochastic resonance was also examined experimentally in sensory neurons [3J， a bidi由
rectioI凶 ringlaser [4]， a magnetic system [5J， and so on. In particular， the characteristics 
of stochastic resonance were observed in sensory neurons， which are noisy and nonlinear 
threshold systems. In such systems， where a input signal is set to be too weak to cause 
firings by itself， threshold crossings which mean the firings of the neurons are caused by 
noise. Stochastic resonance is characterized by the optimum enhanced coherence of the 
response of the syste:m (firing rate) with the input signal for a particular level of noise. 
Recently， Colli部 etal. [6] have examined the characteristic of stochastic resonance in 
FitzHugh皿Nagumoneuron model with a slowly varying aperiodic signal. They proposed 
"power norm" Co and “normalized power norm" C1 as stochastic resonance measures. 
These quantities measure the correlation between the input signal and the firing rate. 
It shows stochastic resonance同likebehavior that， with increasing noise， the correlations 
Co and C1 rise sharply to a peak and drop thereafter for the FitzHugh田Nagumoneuron 
model. In another paper [7]， a model with multiple FitzHugh四Nagumoneurons with the 
same aperiodic input signal were introduced言andthe aforementioned C1 computed with 
the input signal and ensemble averaged五ringrate of these neurons was enhanced by 
increasing the number of the neurons. 
In this paper， we examine the effect of stochastic resonance in the FitzHugh-Nagumo 
neuron model with aperiodic signals and high frequency periodic ones， because the previ時
ous studies of stochastic resonance were well performed for this model with low frequency 
periodic signals. We treat models of a single neuron and coupled neurons，組dcompute 
norrr叫izedpower norm C1 and mutual information [8， 9] as stochastic resonance mea-
sures. Using the mutual information， we also examine the effect of stochastic resonance 
from the point of view of information channel. Furthermore， as an application of stochas-
tic re 
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2 N euron model 

2.1 the FitzHugh，皿Nagumoneuron model 

We consider the FitzHuglトNagumoneuron model [12] driven by an input signal and 

noise on condition that the input signal is a subthreshold signal. Subthreshold means 
that the amplitude of the input signal alone is not su鼠cientto cause the neuron to fire. 
The dynamical behavior is governed by the following differential equations 

め v(vー α)(1-v)一切+A+S(t)+η(t) 

w v-w-b (1) 

where εfixes the time scale of v which is the fast (vo1tage) variable， w is the slow (間四
covery) variable， and A denotes a Sl創 hresholdconstant of activation set to be 0.03. The 
parameters are chosen as in a previous study [6]，ε口 0.005，α=0.5， and b口 0.15.S(t) 
stands for the input signal， and taken to have zero mean. The concrete form of S(t) is 
explained in Sec. 3. 1J(t) is the noise given by an Ornstein-Uhlenbeck stochastic process 
ofthe form 

今(t) = λnη(t) +入必(t) (2) 

whereご(t)is Gaussian white noise with zero mean and the autocorrelation， (ご(t)ごい))= 
2D6(t -8). The a瓜ocorrelationof the OrnsteII 

(D/介γ九η)μex却p(←一i作t一81/1九n)ふ)， and i治t臼sva紅t弘ぽ.r巾r
tωo be 0.001. The noise can be approximated to Gaussian white noise by choosing 7n which 

is su伍cientlysmall size. 
We integrate Eq. 1 combined with Ornstein-Uhlenbeck process， Eq. 2 with a time step 
d:..t = 0.001. Fig. 1 shows simulation results for the membrane potential v(t) and a宣nn
rate R(t)， which is de五nedlater， for time' 60， where the noise intensity is D = 3.0 X 10-6， 
and the signal is the sinusoidal function whose period is 20 and amplitude is 0.015. From 
出is.figul."e書誌 isobserved that 出emembrane potential suctuates around stable state 

normally事 and，occasionally， the membl."ane potential Cl."osses over the firing threshold 
(set to be 0.5) by the effect of the noise， that is， the neuron has a長ringspike. After 
the宣ringthreshold has been crossed， the membrane potential returns to the stable state 
deterministically within some refractory period (ぉ 0.4).The五ringspike train is convolved 
with a symmetric Hanning window (window width = 20) in order to obtain a firing rate. 
Hanning window function is defined by ~ (1 -COS 21rx) for the range of (0ざZ三1).The 
obtained firi時 rateis the 01均 utR(t). 

2.2 stochastic resonance measures 

In order to measure the coherence between the signal 8(t) and the output R(t)， we first 
introduce the “power norm" Co and the “normalized power norm" C1 which are proposed 
in [6]. These quantities are defined as 

Co 

C1 

S(t)[R(t) -R(t)] 

Co 

[82 (t)]江戸(t)一夜明2}!
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where the over line means time average. C1 is normalized to be divided by the standard 
deviations of the signal and of the firing rate. Since S (t) has zero mean， Co is the 
covariance and C1 is correlation coe伍cient.Co depends on the noise intensity because of 
the dependence of R(t) on the noise intensity. As a measure ofthe coherence between S(t) 
and R(t)， the correlation coe伍cientC1 is more suitable than the covariance Co because 
C1 is independent of the noise intensity. 
Secondly， we introduce mutual information as another stochastic resonance measure. 
The mutual information I(x， y) between the input bit series x and the output bit series y 
is defined as [8] 

I(x， y) 
H(y) 

H(ylx) 

H(y) -H(ylx) 

一乃log2乃-乃log2乃

九(一乃x1og2乃x-Pyxlog2乃'x)

+九(-乃若log2乃ま-Pyxlog211戸)

(5) 

(6) 

(7) 

H(y) is the entropy of y and H(ylx) is the conditional entropy of y for given x. Here a 
bit value in the input bit series j; is +1 with probability九 andis -1 with probability 
九 ==1一九 Similarlya bit value in the output bit series y is +1 with probability Py 
and is -1 with probability 乃==1一九・ Theconditional probability乃xis that y is十l
under the condition that x is +1 and the other conditional probabilities are defined in a 
similar way. When九=九=乃=乃==1/2， I(x， y) takes a value in the range of [0， 1J 
and， if the output y has high correlation with the input x， I(x， y) takes a high value. In 
this paper， we transform S(t) to an input bit series x， that is， x is set to be十1or -1 if 
the average of S(t) during each period T is positive or negative. Similarly， R(t) -R(t) is 
transformed to the output bit series y. Using the obtained bit series， we calculate I(x， y). 

3 N umerical simulation 

3.1 an aperiodic signal 

The aperiodic input signal S(t) is now constructed according to an Ornst旬ei
stochastic process Eq. 2 by 

S(t) ==λsS(t) +入sc(t) (8) 

whereと(t)is Gaussian white noise and the動correlationtime 九(==λ;1)is set to be 20. 
The signal has zero mean and a variance 1.5 x 10-5. Hanning window width for R(t) is 
set to be 20. Fig 2 shows C1 at different noise intensities D computed by the numerical 
simulation for time 3000 x 20， where the result shows the characteristic of stochastic 
resonance-like behavior that as a function of noise intensity D rapidly rises to a peak and 
then slowly drops for higher values ofnoise intensity. For D == 3.0 X 10-6， the output R(t) 
has maximum correlation with the input S(t)， and C1 obtains the peak. Fig. 3 shows 
mutual information I(x， y) at different noise intensities D. The input bit series x and the 
output y are calculated from the obtained S(t) and R(t) for every period，ァ==1. Similarly， 
a peak is shown for D == 3.0 X 10-6， and optimum information channel is obtained. 
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3.2 a high frequency signal 

First， we analyze the properties of the FitzHugh四Nagumo neuron model on the effect 
of a noise alone [14]. The sign of五ringsis found from the五ringspikes on the nel 
model induced by the noise. Fig. 4 shows the interspike interval histograms for different 
values of noise intensities. For small noise intensity予theinterspike interval distribution 
is very broad， while for large noise intensity the peak of interspike interval histogram is 
more pronounced. With increase of the noise intensities， while the mean value of the 
distribution is variable and changes smaller， the most probable value is almost constant. 
This result denotes that the neuron has the internal clock of the system with the period 
勾1.2.

From this result" we examine the FitzHugh-Nagumo neuron model including a forcing 
periodic input signal of period T = 1.2. The amplitude of the signal S(t) is set to be 
0.015. The Hanning window width for R(t) is set equal to the period of S(t). Fig. 5 shows 
C1 and Fig. 6 shows mutual information I(x， y) at different noise intensities D computed 
by the numerical simulation. The input bit series x and the output y are calculated from 
S(t) and R(t) be every period T = 0.2. Both results show the characteristic of stochastic 
resonance時likebehavior. Fig. 7 shows interspike interval histograms for different. values 
of noise intensities. For a noise intensity D = 3.0 X 10-6 where a maximum value of C1 
is obtained， the first left peak of the histogram is highest. Fig. 8， for an example， shows 
V(t) and S(t) for time 20. For D = 3.0 X 10-6， where the neuron does not occasionally 
長re，it fires near the top of the sinusoidal wave and the firing spikes are synchronized to 
the input signal. For D = 10.0 X 10-6， however， the neuron frequently fires off the top of 
the input and the firing spikes are not exactly synchronized to the input signal. Fig. 9 
shows histograms of the input phase where the neuron fires. Although the phase of the 
top of the input sinusoidal wave is 0.25， for both histograms in this figure， most probable 
values are smaller than 0.25 and the distribution for D = 10.0 X 10-6 is broader than that 
for D = 3.0 X 10-6. We find that the neuron rather frequently fires near the bottom of 
the input sinusoidal wave for D = 10.0 X 10-6. 
Secondly， we ex部ninethe effect of stochastic resonance varying the frequency of the 
periodic input signaL Fig. 10 show C1 computed by the numerical simulation in the cases 
of T = 1.2，1.8，2.4 and T = 5，10，20. We fin 

3.3 coupled neurons 

Here， we consider coupled FitzHugh-Nagumo neuron models. In neuron i， the dynamical 
behavior is governed by the following differential equations 

問ニ Vi(Vi一α)(1一Vi)一向十A+ S(t) + 'I1i(t) 
N 

N士yzu(t-0
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Wi 均一切i-b

(i， j 1，…，N) 

where Vi is the voltage variable and Wi is the recovery variable in neuron i， and the 
parameters are equal to those of Eq. 1. N denotes the number of the neurons， 'Y the 
coupling constant set to be 0.02 and Tj the last firing time of neuron j (j i= i). When 
neuron j fires at Tj， neuron i receives an excitatory input u(t -Tj)， where u(t) is given 
by [13J 

(u(t)=G 間
u(t) ロ (t/tr)exp( -(t一九)/tr) (0 ~ tざむ)
u(t) = ((t + tf一九)/tf)exp( -(tーら}/tf) (t>む)

where tr = 0郎 andtf = 0.05. The shape of u(t) is presented in Fig. 11. It is resemble 
to a realistic spiking of a neuron whose characteristic is rapidly rising and then slowly 
dropping as the time goes by. The input signal S (t) is chosen to be the such periodic 
input signal as that in Sec. 3.2. Fig. 12 shows C1 computed by the numerical simulation 
in the cases of N = 1，2，5，10. R(t) is calculated taking notice of one neuron. We五ndthat 
the effect of stochastic resonanee is enhanced increasing numbers of N. Fig. 13 shows 
interspike interval histograms for different values of noise intensities for coupled 5 neurons. 
For a noise intensity D = 2.0 X 10-6 which give a maximum value of C1， the first peak is 
highest， and higher and sharper than that for the single neuron model in Fig. 7. These 
results show the enhanced effect of stochastic resonance in coupled FitzHugh曲Nagumo
neuron models due to coupling. 

(10) 

4 Associative memory 

4.1 retrieving model 

In Sec. 3， we examined the effects of stochastic resonance in single and coupled neuron 
models. In this section， we construct a Hop五eld-typeneural network [10] whose nodes are 
the FitzHugh四Nagumo neuron models， and apply it to retrieving， 

εVi = Vi(均一α)(1-Vi)一向+A + Ii(t) +情。)
一 N

+tIEmq(t-勾)
Wi = 均一切i-b

(i，j 1，…，N) 

、‘E
E
，，，

守

i-i
 

〆'
Z
E

、、

where N is the number of the coupled neurons， and the parameters are A 0 and 
coupling constant 'Y takes several values in numerical simulation. The values of the other 
parameters are equal tothose of Eq. 9. Ii(t) is the input signal including a input pattern 
and is given as the following function， 

ん(t) 口んsinwot+αp(i) (12) 
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where p( i) is the value of the node i in a input pattern. The parameters are chosen to 
beん=0.015 and ω。=21r /1.2 equal to those in Sec. 3.2. The input constant αtakes 
several values in numerical simulation.協'ijis the weight of coupling between neurons i 
and j， and is given by Hebb's rule [15] for i ヂ)，

Q 

Wij = L:((f -aP)((j -aP) (13) 

where Q stands for thenumber of memory patterns， (f the value of node i in the p-th 
memory pattern (P， and aP = (([)， averaged over all nodes. Here Wii is set to be O. 
In this paper， we consider a simple network example consisting of 4 x 4 nodes. Two 
patterns (1 and (2 shown in Fig. 14 are stored in the memory. The nodes are labeled by 
numbers 1，2，…，16. Patterns (P are represented by 4 x 4 binary data. The black node 
denotes a長ringstate (([ = 1)， and the white node denotes a resting state (([ = 0). 
Therefore， under the Hebb's rule given by Eq. 13， the way of the coupling between 
neurons representing a same state is excitatory and the way of coupling between neurons 
representing a different state is inhibitory. As the way to examine the retrieving model， 
we use two input patterns A1 and A2 shown in Fig. 15， which coincide with the memory 
pattern (1 except for one node. The black node denotes the presence of a input (p(i) = 1)， 
and the white node denotes no input (p(i) = 0). We also consider a network consisting 
of 8 x 8 nodes. Fig. 16 shows memory patterns (P and Fig. 17 shows two input patterns 
B1 and B2 in this case. 
In order to measure the performance as an associativememory， first， we define the 
association ratio Rαas the averaged ratio of the number of the successful memory retrieval 
to the number of the input peaks. The successful memory retrieval of the network is 
defined that the neurons belonging to the black node of the memory pattern (1 fires and 
the others does not fire within the every half peI'iod where the input sinusoidal signal is 
positive. Secondly， we define that Rf is the averaged rate of長ringwithin the every half 
period where the input sinusoidal signal is positive in the firing neurons {1， 2， 3， 4}， R凡γi訟n 
the陀s坑t出i胎ng附

other measures of the p戸erfoぽrma鉛nc伐ea部sa組nassociative memory， we compute the difference 
of the averaged rate of firing between firing neurons and resting neurons， R1 = Rf -Rr， 
and between firing neurons and excessive neurons， R2 = Rf -Re. For the pattern A2' 
similarly， we define that Rf is the averaged rate of firing in the firi時 neurons{1， 2， 3}， 
Rr in the resting neurons {5 -16} and凡玲 inthe missing neuron {4}， and compute 
the 品質erenceof the averaged rate of五ringbetween firing neurons and resting neurons， 
R1 = Rf -Rr， and between長ringneuro!ls and missing neurons予 R3= Rf -Rm. 

4.2 numerical simulation 

First， We carry out the numerical simulation fixing the parameters α=  0.03 and 
γ=  0.6. Fig. 18 shows a time series of Vi(t) (i = 1，2，…，16) and S(t) in the cases of 
two input patterns A1 and A2 • For the pattern At， the firings of the excessive neuron 
{16} is suppressed by the inhibitory coupling with neurons {1， 2， 3， 4}. For the pattern 
A2' the firings of the missing neuron {4} is encouraged by the excitatory coupling with 
neurons {1， 2， 3}. Fig. 19 shows Rαcomputed by the numerical siml山tionin the cases 

56 



of two input patterns A1 and A2 • These results show the characteristic of stochastic 
resonance四likebehavior that rapidly rises to a peak and then slowly drops for higher 
values of noise intensity. Fig. 20 shows R1 and R2 for the pattern A1• Both results show 
the characteristic of stochastic resonanc←like behavior. Fig. 21 shows R1 and R3 for 
the pattern A2 • R1 shows the characteristic of stochastic resonance-like behavior. R3 is 
monotonously increasing at small values， which is expected in this model. 8econdly， we 
carry out the numerical simulations for several values ofαand γin the case of the input 
pattern A1• Fig. 22 shows R，αfor several values of α= 0.02，0.03，0.04，0.05. For α=0.02 
and 0.03， the input signal Ii(t) are subthreshold modulations， so stochastic resonance-like 
behavior is found. While， for α口 0.04and 0.05， neurons {1， 2， 3， 4， 16} have deterministic 
五rings，so stochastic resonance四likebehavior is not found. From this result，α= 0.03 is 
more suitable. Fig. 23 shows R.αfor several values ofγ= 0.4， 0.6， 0.8. For γ= 0.4 and 
0.6， the values of R，αbecomes large increasing the values ofγ. For γ= 0.8， the value of 
γis too large， so the membrane potential of neuron {16} which has been stimulated by 
inhibitory co叩 lingwith neurons {1， 2，3， 4} is widely off the stable state， which causes 
the neuron {16} to easily五rerever副y.80 the values of R.αis a little smaller than that 
for γ=0.6. 
Fig. 24 shows R，αcomputed by the numerical simulation in the cases of two input 
patterns B1 and B2 for the network of 8 x 8 nodes. These results show the characteristic 
of stochastic resonance相likebehavior but Rαfor the pattern B1 is smaller than that for 
the pattern A1 in the case of 4 x 4 nodes. Fig. 25 shows R1 and R2 for the pattern B1・
Both results in this case are larger than those for the pattern A 1 in the case of 4 x 4 nodes. 
From those results， we find that the performance as an associative memory is enhanced 
for large networks if we use the averaged rate of firing. Fig. 26 shows R1 and R2 for the 
pattern B2・Bothresults in this case are larger than those for the pattern Bl' and the 
performance as an assoCIative memory is enhanced. 

5 Conclusion 

We demonstrated the characteristic of stochastic resonance， that the response of 
the system is enhanced for a particular level of noise， in the FitzHugh-Nagumo neuron 
model with aperiodic signals and high frequency periodic ones. In the coupled neuron 
models， the effect of stochastic resonance was enhanced due to the coupling. Then， as 
the application of a coupled neuron models， we investigated the retrieving model of the 
Hopfield-type network， which performed as an associative memory with the use of the 
effect of stochastic resonance. 
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Figure 1: Membrane potential v(t) (solid line) and a五ri時 rateR(t) (dotted line) 
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Figure 2: C1 vs. D X 106 for single neuron with the aperiodic input 
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Figure 3: I(x， y) vs. D X 106 for single neuron with the aperiodic input 
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Figure 4: Interspike interval histograms for several noise intensities D for single neuron 
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Figure 5: C1 vs. D X 106 for single neuron with the periodic input 
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Figure 6: I(x， y) vs. D X 106 for single neuron with the periodic input 
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Figure 7: Interspike interval histograms for several noise intensities D for single neuron 
with the periodic input 
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neuron with the periodic input 
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0.6 

。一-DN=1
l3--D N=2 
。一一ーやN=5
丘一-d.N=10 

0.8 

o 

0.4 

0.2 

G 
G 

D 

Figure 12: C1 vs. D X 106 for the number of neurons N = 1ヲ2，5，10for coupled neurons 
with the periodic input 
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Figure 13: Interspike interval histograms for several noise intensities D for the number of 
neurons N = 5 for coupled neurons with the periodic input 
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Figure 14: Memory patterns for 4 x 4 networks 
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Figure 19: Rαvs. D X 106 for input patterns Al and A2 for 4 x 4 networks 
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Figure 20: R1 and R2 vs. D X 106 for input pattern A1 for 4 x 4 networks 
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Figure 21: R1 and R3 vs. D X 106 for input pattern A2 for 4 x 4 networks 
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Figure 22: R.αvs. D x 106 for several values ofαfor input pattern Al for 4 x 4 networks 
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Figure 23: Rαvs. D X 106 for several values of γfor input pattern A1 for 4 x 4 networks 
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Figure 24: Ra vs. D X 106 for input patterns Bl and B2 for 8 x 8 networks 
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Figure 26: R1 and R2 vs. D X 106 for input pattern B2 for 8 x 8 networks 
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