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VARIANTS OF LOS'S THEOREM 

TOSHIMICHI USUBA 

ABSTRACT. We study Los's theorem in a choiceless context. We intro­
duce some variants of Los's theorem. These variants seem weaker than 
Los's theorem, but we prove that these are equivalent to Los's theorem. 

l. INTRODUCTION 

Los's theorem is a fundamental theorem of ultrapowers and ultraproducts. 
First we recall it. Throughout this paper, a filter over a set means a proper 
filter, and a structure does a first order structure with some language. Let 
U be an ultrafilter over a set I, and {Mi I i E J} an indexed family of 
structures with language£. For f E niEI Mi, let [fl denote the equivalence 
class off modulo U. Let I]iE Mi/U denote the ultraproduct of the family 
{ Mi I i E J} by U. If every Mi is the same to the structure M, then the 
ultraproduct niEIMdU is denoted by 1M/U, it is the ultrapower of M by 
u. 
Theorem 1.1 (Los's fundamental theorem of ultraproducts [4]). For every 
£-formula <p( Vo, ... ' Vn) and Jo, ... ' f n E niEI Mi, 

iEI 

~ {i EI I Mi F <p(fo(i), ... , fn(i))} EU. 

In [5], we proved that some variants of Los's theorem and weak choice 
principles are equivalent to Los's theorem in ZF: 

Theorem 1.2 ([5]). In ZF, the following are equivalent: 

{1) Los's theoreom, that is, for every family {Mi I i E J} of structures 
with same language and ultrafilter u over I, if niEI Mi i- 0 then 
Los's fundamental theorem holds for the ultraproduct I]iEI M;jU. 

( 2) For every structure M and ultra filter U over I, the ultra power I M/ U 
is elementarily equivalent to M. 

{3) For every structure M and ultrafilter U over I, Los's fundamental 
theorem holds for the ultrapower IM /U. 

(4) U-AC1 holds (Karagila-Yuan [3]) for every ultrafilter U over I. Where, 
for an ultrafilter U over I, U -AC1 is the assertion that for every in­
dexed family { Ai I i E J} of non-empty sets, there is a function f on 
I such that {i E JI f(i) E Ai} EU. 
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The ultrapower embedding j : M----+ 1 M/U is the map defined by j(x) = 
[ex] for x E M, where Cx : I----+ M is the constant map with value x. Under 
Los's theorem, the ultrapower embedding is an elementary embedding. 

Theorem 1.3 ([5], (1) ¢::::::} (4) is Bilinsky ([1])). In ZF, the following are 
equivalent: 

{1) Los's theorem. 
{2) For every structure M and ultrafilter U over I, the ultrapower em­

bedding j : M ----+ 1 M /U is an elementary embedding. 
{3) For every structure M and ultrafilter U over I, if the ultrapower 

embedding j: M----+ 1M/U is an elementary embedding, then Los's 
fundamental theorem holds for 1 M /U. 

(4) For every structure M and ultrafilter U over I, if 1 M/U is ele­
mentarily equivalent to M, then the ultrapower embedding j : M ➔ 
1 M /U is an elementary embedding. 

In this paper, we study more variants of Los's theorem. Variants which 
we will consider seem weaker than Los's theoreom, but we prove that these 
are in fact equivalent to Los's theoreom in ZF. 

First we prove that U-AC1 can be characterized by bounded forms ofLos's 
fundamental theorem: 

Theorem 1.4. In ZF, let U be an ultrafilter over a set I. Then the following 
are equivalent: 

(1) U-AC1 holds. 
{2) For every structure M, the ultrapower 1 M /U is LJ2-elementarily 

equivalent to M. 
(3) For every family {Mi Ii EI} of pairwise isomorphic structures with 

same language, if rriEJ Mi -/:- 0 then rriEJ MdU is LJ1 -elementarily 
equivalent to Mi for every i E I. 

(4) For every two structures M and N with same language, if there are 
elementary embeddings j : M----+ N and j': N----+ M, then 1M/U 
and 1 N/U are LJ2-elementarily equivalent. 

(5) For every two families {Mi I i EI}, {Ni I i EI} of structures with 
same language, if each Mi is isomorphic to Ni and both ITiEI Mi and 
rriEJ Ni are non-empty, then rriEJ MdU is LJ1 -elementarily equiva­
lent to rriEJ NdU. 

{6) For every two families {Mi I i EI}, {Ni I i EI} of structures with 
same language, if each Mi is isomorphic to Ni and both rriEJ Mi and 
rriEJ Ni are non-empty, then rriEJ MdU is isomorphic to rriEJ NifU. 

It is known that U-AC1 holds if, and only if, for every family {Mi Ii EI} 
of structures with same language, Los's fundamental theorem holds for the 
ultraproduct rriEJ MdU (e.g., see [5]). As an immediate consequence, we 
have: 

Theorem 1.5. In ZF, the following are equivalent: 

{1) Los's theorem. 
( 2) For every structure M and ultra filter U over I, the ultra power 1 M / U 

is LJ2-elementarily equivalent to M. 
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{3) For every family {Mi I i E I} of pairwise isomorphic structures 
with same language and ultrafilter U over I, if ITiEI Mi -=I- 0 then 
rriEJ Mi/U is ~l -elementarily equivalent to Mi for every i EI. 

(4) For every two structures M and N with same language and ultrafilter 
U over I, if there are elementary embeddings j : M -+ N and j' : 
N-+ M, then 1 M/U and 1 N/U are ~ 2 -elementarily equivalent. 

(5) For every two families { Mi I i E I} and { Ni I i E I} of structures 
with same language and ultrafilter U over I, if each Mi is isomorphic 
to Ni and both ITiEI Mi and ITiEI Ni are non-empty, then ITiEI Mi/U 
is ~1-elementarily equivalent to rriEJ Ni/U. 

{6) For every two families {Mi I i E I} and {Ni I i E I} of structures 
with same language and ultrafilter U over I, if each Mi is isomorphic 
to Ni and both ITiEI Mi and ITiEI Ni are non-empty, then ITiEI Mi/U 
is isomorphic to rriEJ NdU. 

We also study a generic version of Los's theorem. It is known that, in ZF, 
Los's theorem is not provable, and Los's theorem does not imply the Axiom 
of Choice AC. Unlike this, we show that a generic version of Los's theorem 
is equivalent to AC in ZF. 

2. PROOF OF THEOREM 1.4 

We start the proof of Theorem 1.4. First we prove (1) ¢::::::} (2) ¢::::::} 

(3). 

Proof of {1) ¢:::=} {2). The direction (1) ⇒ (2) is clear. 
(2) ⇒ (1). Take a family {A Ii EI} of non-empty sets. We shall find a 

function f on I such that {i EI I f(i) E Ai} EU. Now we may assume that 
the family { Ai I i E I} is pairwise disjoint and I n uiEJ Ai = 0. Consider 
the structure M = (I U LJiEI Ai; I, R), where I is identified with a unary 
predicate, and R is a binary relation defined by R(x, y) ¢::::::} x E I and 
y E Ax. It is clear that the II2-sentence Vx(I(x) -+ 3yR(x,y)) holds in 
M. Let M* = (M*;I*,R*) be the ultrapower of M by U, where I* and R* 
are the relations corresponding to I and R. By the assumption (2), M* is 
~2-elementarily equivalent to M. Hence Vx(I*(x) -+ 3yR*(x, y)) holds in 
M*. Let f : I-+ I be the identity function. We have I*([f]), hence there 
is [g] E M* such that R*([f], [g]). Then {i EI I R(i,g(i))} E U by the 
construction of M*, so {i EI I g(i) E Ai} EU. □ 

Proof of {1) ¢:::=} (3). (1) ⇒ (3) is clear. 
(3) ⇒ (1). Take a family {Ai Ii EI} of non-empty sets. We may assume 

that { Ai I i E I} is a pairwise disjoint family. Take a large limit ordinal 0 
with Ai E Ve for every i EI. Let Bi = Ai x Ve. Clearly there is an injection 
from Ve into Bi, and since 0 is limit with Ai E Ve, we have Bi ~ Ve. Thus 
for each i,j E I there is a bijection from Bi onto Bj, Let S = LJiEI Bi, 
and for i EI, let~= Bi, Let Mi be the structure (S; Ri), A ~1-sentence 
3xRi(x) holds in Mi, 

Claim 2 .1. For i, j E I, Mi is isomorphic to Mj. 
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Proof. Fix a bijection f : Bi --+ Bj. Define 7r : S --+ S as follows. For x E S, 

if X tJ_ Bi u Bj. 

if x E Bi. 

if XE Bj. 

1r is a bijection from S onto S with 1r"Bi = Bj. Hence 1r is an isomorphism 
between Mi and Mj. □ 

Let M* = (M*; R*) be the ultraproduct TiiEI Mi/U. By the assumption 
(3), :3xR*(x) holds in M*. Pick [J] E M* with R*([J]). Then X = {i E 
I I ~(f(i))} E U. For i EX, by the definition of Ri, f(i) is an element of 
Ai x Ve- Let g(i) be the first coordinate of f(i). We have {i E I I g(i) E 
Ai} EU. □ 

Next we prove (1) ~ (4). 

Proof of (1) ~ (4)- It is clear that (1) =} (4). For (4) =} (1), take a 
family { Ai I i E I} of non-empty sets. We may assume that { Ai I i E I} 
is a pairwise disjoint family and I n uiEI Ai = r/J. We shall construct two 
structures M and N such that N is an elementary substructure of M and 
there is an elementary embedding j : M --+ N. 

First, let A~ = Ai x w. For n < w and i E I, let A~ n = A~ x { i} x { n}. Fix a 

point p tJ_ Iu(Ixw)uLJiEI A~uUn<w,iEln A~,n' and l~t Bi,n = A~,nu{ (p, i, n) }. 
Let M = IU(Ixw)ULJiEI A~uuiEI,n<w Bi,n and N = (Ixw)ULJiEI,n<w Bi,n· 
We identify Mand N as structures (M;Io, Ro) and (N; Io, R1), where Io= 
I U (Ix w), Ii= Ix ware unary predicates, and 

• Ro(x, y) ~ x EI and y EA~, or x = (i, n) EI x wand y E Bi,n• 
• R1(x,y) ~ x = (i,n) EI x wand y E Bi,n• 

Note that N is a substructure of M. 

Claim 2.2. N is an elementary substructure of M. 

Proof. Fix a formula <p, and take (io, no), ... , (ik, nk) E Ixw and (xo, Jo, mo), 
... '(xz,jz, mz) E uiEl,n<w Bi,n• Fix a large natural number h with h > 
no, ... , nk, mo, ... , mz. We work in some generic extension V[G] in which 
M and N are countable. Since A~ and Bi,n are countably infinite, we can 
find a bijection 1r from N onto M such that: 

(1) 1r((i,h)) = i and 1r((i,n)) = (i,n) for i EI and n < h. 
(2) 1r( (i, n)) = (i, n - 1) for i E I and n > h. 
(3) 1r f {(io,no), ... , (ik,nk)} is identity. 
(4) 1r"Bi,h = A~ for i EI. 
(5) 1r"Bi,n = Bi,n for n < h and i EI. 
(6) 1r"Bi,n = Bi,n-l for n > hand i EI. 
(7) 1r f {(xo,Jo,mo), ... , (xz,jz,mz)} is identity. 

Then it is routine to check that 1r is an isomorphism from N onto M, hence 
we have 

Mp= <p( (io, no), ... , (ik, nk), (xo,jo, mo), ... , (xz,jz, mz)) 

~Np= <p( (io, no), ... , (ik, nk), (xo,Jo, mo), ... , (xz,jz, mz) ). 

□ 
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Next we define an embedding j: M----+ N as follows: 

(1) j(i) = (i, 0) and j(x) = (x, i, 0) for i E J and x EA~. 
(2) j((i,n)) = (i,n+l) and j((x,i,n)) = (x,i,n+l) for i E J and 

XE A~,n· 

Claim 2.3. j : M ----+ N is an elementary embedding. 

Proof. Take a generic extension V[G] in which M and N are countable. 
In V[G], since each A~ and Bi,O are countably infinite, for every finite set 
C ~ uiEJ A~, we can take a bijection 7r from uiEJ A~ onto uiEJ Bi,O such that 
7r 1C=j 1C. Thenitiseasytoseethat1rUj 1(IU(Ixw)ULJiEl,n<wBi,n) 
is an isomorphism, so j is an elementary embedding as before. D 

Let M* = (M*;I0,R0) and N* = (N*;Ii_,Ri_) be ultrapowers of Mand 
N by U respectively. 

Claim 2.4. Vx(Ii_(x)----+ 3yR1(x, y)) holds in N*, 

Proof. Take [!] E rriEJ NjU' and suppose Ji( [fl). Then X = { i E J I 
f(i) E Ii} E U. For i E X, we know that f(i) is of the form (g(i),n) 
for some g(i) E J and n < w. Since (p, g(i), n) E Bg(i),n, we have h(i) = 
(p,g(i),n) E Bg(i),n and R1(f(i),h(i)) holds. Then clearly Rj_([f], [h]) holds 
in N*. □ 

By the assumption ( 4), M* is ~2-elementarily equivalent to N*. Hence 
Vx(I0(x) ----+ 3yR0(x, y)) holds in M*. Let f E 1 M be the map f(i) = i. 
We know J0([f]) holds in M*, so there is some [g] EM* with Ro([f], [g]) in 
M*. Then X = {i E JI Ro(i,g(i))} EU. By the definition of Ro, g(i) is an 
element of Ai x w for i E X. Let h( i) E Ai be the first coordinate of g( i). 
Then{iEilh(i)EAi}=XEU. □ 

Finally we show (1) ¢::::::} (5) ¢::::::} (6). 

Proof of (1) ¢:::=} (5) ¢:::=} (6). For (1) =} (6), take families {Mi I i EI} 
and { Ni I i E I} of structures with same language such that each Mi is 
isomorphic to Ni, and I1iEI Mi, I1iEI Ni =/- 0. For i E I, let Ai be the set of 
all isomorphisms from Mi onto Ni. By the assumption (1), we can find a 
function (J' on I such that X = {i E JI CT(i) E Ai} Eu. Fix ho E rriEJNi. 
Define 7r : rriEJ Mi ----+ rriEJ Ni by 

1r(f)(i) = {CT(i)(f(i)) if i EX, 
ho(i) if ii X. 

It is routine to check that the assignment [f] r-+ [1r(f)] is an isomorphism 
from rriEJ Mi/U onto rriEJ NjU. 

(6) ⇒ (5) is clear. 
For (5) =} (1), take a family {Ai Ii EI} of non-empty sets. For i E J, let 

A~ = Ai x w. It is clear that A~ contains a countably infinite subset. 
Fix two points p, qi LJiEI A~. For i EI, let Mi and Ni be the structures 

that Mi = (A~ U {p};p) and Ni= (A~ U {p, q};p), where we identify pas a 
constant symbol. Since each A~ contains a countably infinite subset, we can 
take a bijection from A~ onto A~U{q}. This bijection induces an isomorphism 
from Mi onto Ni. 



113

We have ILE Mi, I]iEI Ni =f- 0, hence I]iEI Mi/U = (M*;p*) is I:1-
elementarily equivalent to I]iEI Ni/U = (N*;p**) by the assumption (5). 
We know I]iEI Ni/U F [cq] =f- p** (where Cq is the constant function with 
value q), so I]iEI Ni/U F :lx(x =f- p**) and we have I]iEI Mi/U F :lx(x =I­
p*). Pick [g] E I]iEI Mi/U with [g] =f- p*. Then we have X = { i E I I g( i) =I­
p} E U. For each i EX, since g(i) =f- p we have g(i) EA~ = Ai x w. Let 
f ( i) be the first coordinate of g( i). Then we have { i E I I f ( i) E Ai} = X E 
u. □ 

Note 2.5. By the construction of ultrapowers, in ZF it is easy to show that 
a structure Mis I:1-elementarily equivalent to an ultrapower 1 M/U. In this 
sense, I:2-elementarity in (2) and (4) of Theorem 1.4 is optimal. 

Variants of (3) and (6) in Theorem 1.4 are still equivalent to U-AC1. For 
sets A, B, let us say that A and B are equipotent, denoted by A c:::' B, 
if there is a bijection from A onto B. For an ultrafilter U over I and 
a family { Ai I i E I} of non-empty sets, let I]iEI Ai/U be just the set 
{[f] I f E I]iEI Ai}, where [!] denotes the equivalence class off modulo U. 

Proposition 2.6. In ZF, let U be an ultrafilter over I. Then the following 
are equivalent: 

{1) U-AC1 holds. 
{2) For every two families {Ai I i EI}, {Bi I i EI} of non-empty sets, 

if Ai c:::' Bi for every i EI and both I]iEI Ai, I]iEI Bi are non-empty, 
then I]iEI A/U c:::' I]iEI Bi/U. 

{3) For every family {A Ii EI} of pairwise equipotent sets, if each Ai 
has at least two elements and I]iEI Ai =f- 0, then I]iEI Ai/U has two 
elements. 

Proof. (1) ⇒ (2) is immediate from (6) in Theorem 1.4. For (2) ⇒ (1), we 
repeat the proof of (5) ⇒ (1) in Theorem 1.4. Take a family {Ai I i E I} 
of non-empty sets, and let A~ = Ai x w. Fix p, q tf_ LJiEI A~. Then for 
each i E I, we have A~ U {p} c:::' A~ U {p, q}. Moreover I]iEI(A~ U {p}) and 
I]iEI(A~ U {p, q}) are non-empty. By the assumption, there is a bijection 
f: I]iEI(A~ U {p})/U--+ I]iEI(A~ U {p,q})/U. Clearly I]iEI(A~ U {p,q})/U 
has at least two elements, hence so does I]iEJ(A~U{p} )/U. Pick two elements 
[fl, [g] E I]iEI(A~ U {p})/U. Then {i EI I f(i) =f- p} EU or {i EI I g(i) =I­
p} E U. If { i E I I f ( i) =f- p} E U, then { i E I I f ( i) E A x w} E U, and 
we can take a function f' with {i EI I f'(i) E Ai}. The case {i EI I g(i) =f­
p} E U is similar. 

(1) ⇒ (3). For a given family {Ai I i E I}, since I]iEI Ai =f- 0, we can 
fix f E I]iEI Ai. For each i E Ai, since Ai has two elements, we have 
Ai\ {f(i)} =f- 0. By (1), we can take a function g on I with {i E I I 

g(i) E Ai\ {f(i)}} EU. Leth be the function on I defined by h(i) = g(i) 
if g(i) E Ai\ {f(i)}, and h(i) = f(i) otherwise. We have [!] =f- [h], so 
I]iEI Ai/U has two elements. 

(3) ⇒ (1). Let {Ai I i E I} be a family of non-empty sets. In this case 
we repeat the proof of (3) ⇒ (1) in Theorem 1.4. Fix a large limit ordinal 
0 with Ai E Vo for every i E I. We know Ai x Ve c:::' Aj x Vo for every 
i,j E J. Fix a point p tt- LJiEI(Ai x Ve), and let Bi= (Ai x Ve) U {p}. Each 
Bi has at least two elements, Bi c:::' Bj for i, j E I, and I]iEI Bi =f- 0, hence 
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ITiEI Bi/U has two elements by (3). In particular there is [f] E rriEJ Bi/U 
with [f] -/:- [ep]. Then {i E I I J(i) -/:- p} E U, hence if J'(i) is the first 
coordinate of J(i) then {i EI I J'(i) E Ai} EU. □ 

Corollary 2. 7. In ZF, the following are equivalent: 

(1) Los's theorem. 
(2) For every two families {Ai I i E I}, {Bi I i E I} of non-empty 

sets and ultrafilter U over I, if Ai ~ Bi for every i E I and both 
rriEJ Ai, rriEJ Bi are non-empty, then ITiEI Ai/U ~ ITiEI Bi/U. 

(3) For every family { Ai I i E I} of pairwise equipotent sets and ultrafil­
ter U over I, if each Ai has at least two elements and ITiEI Ai -/:- 0 
then ITiEI Ai/U has two elements. 

Question 2.8. In the spirit of Theorem 1.3, the following statement would 
be considerable: For every Mand U, if 1 M/U is E2-elementarily equivalent 
to M, then 1M/U is elementarily equivalent to M. In ZF, is this statement 
equivalent to Los's theorem? 

3. GENERIC Los's THEOREM 

First we recall generic ultrapower and generic ultraproduct. 

Definition 3.1. For a filter F over I, let p+ be the set {XE P(I) I XnY-/:-
0 for every Y E F}. An element of p+ is called an F-positive set. Let ]IDF 

be the poset p+ with the order defined by X ~ Y ¢==} X \ Y rJ_ p+. 

If G is a (V, ]IDF )-generic filter, then G is a V-ultrafilter extending F, that 
is, the following hold: 

(1) F ~ G and 0 (/. G. 
(2) For XE G and YE P(I)v, if X ~ Y then YE G. 
(3) For X, Y E G we have X n Y E G. 
(4) For every XE P(I)v, either XE G or else I\X E G. 

For a family { Mi I i E I} E V of structures, we can define the equiv­
alence relation on (ITi Mi) v modulo G and the equivalence class [J] for 
f E (ITiEJ Mi) V as expected. Hence we can construct the generic ultra­
product ITiEI Mi/G in V[G], and, similarly, for a structure M E V, we can 
take the generic ultrapower 1 M/G in V[G]. Under AC in V, we have the 
following generic version of Los's fundamental theorem: For every formula 
'P( vo, ... , vn) and Jo, ... , f n E (ITiEJ Mi) v, 

IJ Mi/G F 'P([Jo], • • •, [fn]) 
iEJ 

¢==} {i EI I Mi F 'PUo(i), ... , fn(i))} E G. 

In particular, under AC in V, the generic ultra power 1 M / G is elementarily 
equivalent to M. 

Proposition 3.2. In ZF, the following are equivalent: 

(1) The Axiom of Choice AC. 

(2) For every structure M, filter F over I, and (V, ]IDF )-generic filter G, 
the generic ultrapower 1 M / G is E2-elementarily equivalent to M. 
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{3) For every structure M, filter F over I, and (V, lP'F )-generic filter G, 
the generic ultra power 1 M / G is elementarily equivalent to M. 

(4) For every family { Mi I i E I} of pairwise isomorphic structures 
with same language, filter F over I, and (V,lP'F)-generic filter G, 
if I]iEI Mi -=I- 0 then the generic ultraproduct I]iEI Mi/G is E1 -
elementarily equivalent to Mi for every i E J. 

Proof. (1) =} (3), (4) are well-known, and (3) =} (2) is trivial. 
(2) =} (1). Our proof is based on Howard's one ([2]). Take an indexed 

family { Ai I i E I} of non-empty sets, and suppose to the contrary that 
this family has no choice function. Let F be the set of all X ~ I such 
that {Ai I i E J \ X} has a choice function (X = I is possible). One can 
check that F is a filter over I. We define the structure M as the following. 
Let S = I U LJiEI Ai, and let R ~ S2 be the binary relation defined by 
R(x, y) ~ x E Jandy E Ax. Let M be the structure (S; I, R). We know 
that the Ih-sentence Vx(I(x)--+ 3yR(x,y)) holds in M. 

Take a (V, lP'F )-generic G, and we work in V[G]. Let M* = (M*; I*, R*) be 
the generic ultrapower of M by G. By (2), we have that M* F Vx(I*(x)--+ 
3yR*(x, y)). If id is the identity map on I, we have M* F J*([id]) by the 
construction of the generic ultra power. Hence there is f E ( 1 M) v such that 
M* F R*([id], [fl). ThenX = {i E JI R(i,f(i))} = {i E JI f(i) E Ai} E G. 
Because f EV, the family {Ai Ii EX} has a choice function fin V. This 
means that I\X E F. Since F ~ G, we have I\X E G, but this contradicts 
XEG. 

(4) =} (1). Take a family {Ai I i E I} of non-empty sets which has no 
choice function. Let F be the filter as the above, and let {Mi= (Mi; Ri) Ii E 
I} the family of pairwise isomorphic structures in the proof of (3) =} (1) in 
Theorem 1.4. Take a (V, lP'F )-generic G, and work in V[G]. If M* = (M*; R*) 
is the generic ultra product I]iEJ Mi/ G, we have 3xR* ( x) holds in M*, hence 
there is [f] EM* with R*([f]) in M*. Then f EV and {i E JI Ri(f(i))} E 
G, and we can choose g E V with {i E J I g(i) E Ai} E G. Then we can 
derive a contradiction as the above. D 

Note 3.3. In ZF, a structure Mis always E1-elementarily equivalent to a 
generic ultrapower 1 M/G. Hence E 2-elementarity of (2) in Proposition 3.2 
is optimal. 

We can prove that generic versions of (4)-(6) in Theorem 1.5 are equiva­
lent to AC, and we omit the proof. 
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