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91. Introduction.

Recently several authors have been interested in the
feedback stabilization of evolution equations. ( f8) , (97,
Qo3, (4] , (153, €161, €193, €211 and (22]) . our purpose

here is to give some refinements. of E14] by an abstract method.

Let X be a Banach space over € , and let -A Dbe a

generator of a (CO) semi-group <ze-tA

j- t>0 in X (Hille and
Phillips (4], Yosida (251 ). The mild solution u = u(t)

cc( [ 0,0) —> X ) of

(1.1) P ra=0 (+z0)

is given by u(t) = e~ Ty , and (1.1) is called a "free system".
We suppose that (1.1) is unstable. Then we want to construct
its stable modification in the following sense :

N

Jet S : X —>¢ and T : @N ——> X Dbe bounded linear

operators, CN being the N-dimensional complex vector space.
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We consider the equation

(1.3)  Sf+ Av = 15v ~ (tZ0)
with

(1.4) v(0) = a .

Wwe put B =TS , which is notﬁing but a bounded linear operator
on X of finite rank, and (1.3) is called a "feedback system"
of (1.1). From the practical point of view, S and T may

be called a "sensorf and a "controller®™ , respectively, and
the pair < T, 8> is called a "feedback".

It is known that -(A - B) geﬁerates a (CO) semi-group,
which is denoted by {e"t(A'B)} £20 . The mild solution
v=v(t)ec(l0,0) —>X ) of (1.3) with (1.4) is given
by v(f) = e"t(A‘B)a (Kato U5 ) ).

Definition 1.

"For e € R, <T, S> 1is said to be " o) -(feedback)
stabilizable" (in X ) with respect to e A ir

-t(A-B =t
(1.5) e HABYy L s me (+Z0)
holds for some constant M> 0. []

We are interested in constructing cJ-stabilizable feedback



< T, S> for W Z0 , in the case that the free system
(1.1) is unstable, that is,

inf { ReX; € o (A)f<o.

Here o° (A) denotes the spectrﬁm of A .

We introduce the following notions for the sensor S and
for the controller T , according to Fattorini C2 ] ,-Sakawa
€ 12, 13) , Triggiani C20 ) , etc. |

Let Y CX be a closed linear subspace:

Definition 2.

A sensor S : X —> ¢V is said to be "Y-observable" (in X )°

with respect to e "® if the conditions ag€Y and Se *a = 0

(0St< 00) imply a =0. = i
" Henceforth 2 denotes the closure of 2<¢X in X .

Definition 3.

N

- A controller T : €' —> X is said to be "Y-controllable" (in

X ) with respect to et ir TSy , where 2 = k}t>0 Zy

% | v '
with 2, = {g e~ (t=3)Apr(s)as 5 £ e12(0, t)¥ b
0

it

Tf(s)ds is a mild

_ t

Here we note that v(t) = g e=(t-s)A
0

solution of



(1.6)  $E + av = 1£(t) (+20)

| with

(1.7)  v(0) =0 .

As for the free system (1.j), we assume the following hypotheses:

Assumption 1.

The spectrum of A , G°(4), is divided into two subsets 2%
and 22:1 . Fprthermore, A 0 is bounded, and the rslation.

(1.8)  Rgy=suwp { ReA; 2¢ oy < inf { Re A3 A€ Ty}

holds true.

There exists a Jordan curve [7 which surrounds EK’O and,

at the same time, separates 2 o 2and 23, . Ve put

(1.9) P J—:—_g(:{ -A)"1 a1 .
21y -1 o - U N
_ P | | .

Assumption 2.

The estimate

-t
(1.10) (1 -2y o S Me ! (tZ0)

~ holds for a ,(1>}t0“ ‘ ' | ﬂ



[>p]
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Assumption 3.

We have the finite dimensionality of XO , that is,

(1.11) m=dim X; < &0,

where

(1.12) Xy = PX . : O

Now our theorems are stated as follows:

Theorem 1.
Let a sensor S f X — ¢V and a real number & satisfying
K’_ c < w = K 4 be given. Then, .ther;e’ exists a controller
T : ¢ —3 X such that the feedback < T, S > is |
) -stabiiizable with respect to e'tA if and only if S is

~tA
A

Xo—observable'with respect to e .

Theorem 2,

N

Let a controller T : ¢ —— X and a real number O

satisfying K, < w = 'C1 be given. Then, there exists a
-

sensor S : X —> € such that the feedback <7, S>> is

@ -stabilizable with respect to e-tAA if and only if T is

Xy-controllable with respect to e tA []

These theorems are abstract versions of the results in Sakawa

and Matsushita (14 ) for parabolic equations in bounded domains.,



In fact, in later sectioms, Xo-observabiiity and XO-
controllability are shown to be equivalent to similar rank
conditions given in {14 J . However, the following points should
be noted: First we shall propose to use a simpleiargumént in

the proof, applicable to other problems on the feedback
stabilization. For this pdint, see our forthcoming papers.
Secondly our theorems actually give refinements of C14 ] .

In fact, !

(a) The operator need not bé self-adjoint nor a generator of
a holomorphic semi-group. | | _
(b) The best possible exponent /€ 4 can be taken as @  in
L constructing the feedback < T, S > .

For example, we can apply our theorems to the parabolic equation

' _g_%. =Au = V(x)u  in 12 (R%)

with V(x) = o( }xI '2'5) (&> 0) as |x| — 00,

to construct zero-stabilizable feedback < T, S > , since this . -
operator -A + V is self-adjoint and 6 ( - & +V ) = (0, 00)
Ufa; ;s 1sisal with li<0‘.'See'Kurodarf7] , for

instance,

Theorems 1 and 2 are constructively proved. 1In a forthcoming
paper; we shall discuss certain concrete problems, where,
applying Theorems 1 and 2, we shall refine some theorems due to
Nambu (9, 10) and Ti‘iggiani C21 ] on "boundary sensors",

Yamamoto { 24 } on "pointwise sensors" and Triggiani ( 22 ) on
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"boundary controllers",

This paper is composed of six sections., In $2, we show
that the;observability is equivalent to certain fank conditions.
even if A is not self-adjoint. In $3, we show a key estimate

ne-t(A-B))

on Theorem 1 is proved in §4. 1In 35,

X>X °
we state the duality between observability and controllability,
and show the equivalence of controllability and certain rank
conditions; In virtue of this duality, we reduce Theorem 2

to Theorem 1 in §6.

§2. Observability and rank conditions.

In this section, we show that the observability is equivalent
to what is called, the rank conditions even if A is not

self-adjoint. We recall that

(2.1) XO = PX; m = dim XO < QO ,
and we put
, 0o~ lxo
= ——1——-‘ R(R- A)-1d) X .
2T =T %o



b5

The operator AO : XO ———9:XO is linear on the finite dimensional
space XO , so that e'tAO : XO ———9IXO is well—defined._ We

first note the followings,

Lemma 1.

A sensor S : X —> CN is Xo-observable in X with respedt
to e " if and only if
(2.3) S, =S : Xy —> ¢V
L] O Xo L2 O
. ~tAy O
is Xo-observable in XO"with respect to e~ .

Proposition 1 (the first rank condition),

A sensor S : X ———9‘®N is X.-observable in X with respect

0
to e *® if and only if

%, m-1
(2.4)  rank (sg, Agsg peeees (A5) sg') =m,

where «% denotes the dual operator in consideration.. '[]

Let Cr'p(A) be the set of the eigenvalues of A .
The assumption of dim Xg=m < 0@  implies that X 0 ié
contained in 6\'p(A) , and also that the number of elements
in 23 o 18 finite. Ve set 2, 0 = { 2'17 1gisy+ For a
sufficiently small circle [7 . with center at A, the
projection
(2.5) Py = ——él-——,§- (A - A);1d2

21V -1 i



2
can be defined, and we get Z Pi =P . Let
i=1

(2.6) m; = dim P;X and n; = dim Ker( ys ;- A) .

™

Then we have m m, and nigmi (kKato (5] ) .

i=1
Let {?ij(’ 1€ 3zn, be a basis of Ker( A ; - A) (1§.i§1 ).
The following proposition was shown by Fattorini {2 ) ,
sakawa (12, 13 ) and Triggiani (20 ) , in the case that A
is self-adjoint. We can prove it along the line of Suzuki
( 17, 18 j . itS’proof is given in C26:] . See also
Hautus ( 3'3 . Henceforth X¥ means the dual space\of X :

Proposition 2  (the second rank condition).

Let S : X ———?'GN be a sensor :
(2.7) S = ¥(s,, S,, +ee+ , S) : X il
. = 19 O » Oy/ ¢ — ’
5, €xX¥ (1sk=w) .
~-tA

Then S 1is Xo-observable in X with respect to e

if and only if

(2.8) rank M; = n, (1Si348) ,

where M, 1is an N xn, matrix defined by

(2.9) M= C oS Piy> x) 1men,13ym, - 1
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33, A stabilization estimate.

. . . . -t(A-B)
In this section, we drive an estimate on | Il e "X—9 £ 9
which is useful later. We recall that -A 1is a generator
of a (CO) semi-group in X  , satisfying Assumptions’ 1-3.
The operator B = TS 'is a bounded linear operator on X of

finite rank, and the equation
(3.1) P +au=B (tZ0)

represents the feedback system of (1.1). We set

(3.2) Xg = PX, X4 = (1 - P)X,
0 1
‘ and
(3.4) B, = PB X .

The operators AO’ BO : XO ———9JXO are linear on the finite
dimensional space X, » hence e~t(fo= Bg) ;4 well-defined.
On the other hand, -A; : X, ———>.X1 generates a (CO) semi-group

et o Xy , which can be written as

-tA
(3.5) e 1a=(1- p)e"tAlX .
1

/0



Therefore the estimate

-tA, Tt R

l S M | (320)

(3.6) le X, X,

holds true by (1.10). Here we further assume the following.
There exists some constant o Wwith o 7 H.4 such that
the estimate ‘ |
-t(A,-B.) : -t
0 70 0
x> %, S Yo - (t20)

(3.7) e
holds trﬁe,- Theﬁ'we can show the following ( [:26;] ) .

Theorem 3.

Under the assumption stated above, the estimate

(3.8) e~ t(A-B) ly ,x S

Mexp(-—.t{iﬂ1-M1([31+i1)$O(’){ )})
o~ ™1

holds for.some constant M >0 , where

(3.9) B, = WPB(1 - B)I

X— X ’
(3.10) P, = (1 -2)B(1 -P) | s X
and
(3.11)  dy = (1 -p)Bp |l X—> X . ﬂ

/1



- 44, Proof of Theorem 1,

Now we prove Theorem 1 stated in §1 :
Firstly we supposé that there exists a controller HT :

Q:N_—-9 X such that

-t(A-TS)y . -t

for some ¢ satisfying ’K_O < W = ky .o Ve show that

s: X —>eV is X,-observable with respect to et
To‘this end,‘ we assume ‘
(4.2) a €X and SeftA a=0 . (0st<o0) , :

0]

and put u(t) = e”*a . since a ¢ X, C S , u-= u(t)
01( o, 60) —>X ) is the strong solution of

It Au = 0 = TSu (tzo0)
u(o) = a .

Thereforé we may get

(4.3) - u(t) = e~ t(A-T8) ,

whence we have

1Z



(4.4) u(e)] = Me™*®pan  (t20)

by (4.1). On the other hand, in view of a €-X0

we have for sonme fosif-‘ve infegers . >

| -tA
(4.5) u(t) = e 04

. :

N

. =1 <
-t 591 _+\d .
e 1 ) (9" pda (t20) .

i=1 'j!

We now substitute (4.5) into (4.4). Noting ReA; = K 5 <
(1$is £), we obtain. Dij a=20 (1$i'§1”, 0 _<__~qi-1) R

~and, in particular, a = Pa =0

Conversely we suppose that S is Xoeobservable. Then,

b S 3 3 ‘ ¥, m-1 ¥
rank (So’ AO 0 2°°° % (Ao)m SO‘) = m

by Proposition 1 of §2. By Wonham’s pole assignment theorem

( £ 235 ] ), there exists a linear operator Ty * N — X

such that

inf { ReA:; A € 6\.’(AO - TOSO)} > ’C1 .
We then have

-t -
(4.6) e H0TT0%), S Mge

/68



for some constants My> 0 and CJgy > W, . Ve put

Since (1 -'P)B = 0, we can take <x1~= ?1 = 0 in Theorem 3
of §3. Therefore we-get

-t
(4.8)  Ne"*(A-Blygye ! (tZ0) ,

so that <Ty» S2> is M ,-stabilizable with respect to
-tA

e o D

§5. Duality between observability and controllébility.

The duality between observability and controllability is
well-known (Dolecki and Russell {1 ) . We here show it
as a version concerning "Y-observability" and "Y-controllability".
For a closed linear subspace YC X , Y¥ and YJ" |

denotes the dual space of Y and the orthogonal complement

of 'Y , respectively ;

¥ = { g s g is a bounded linear functional on Y'.}

we recall



-
<

1 -1
P = - A da ,
27:/3‘?” )
I7
X0=PX
. and
X1=(1-P)X .

From the direct sum decompositi‘on'
(5.1) X=X, @ Xy ,
we have the isomorphisms

(5.2) xf‘:x* and XOL

In particular, we have dim X{L = dim 'XO* =m < 09.

Also, we have

(503) X.]J- = P*X.* ’ XOJ—.—. (1 - P’*)X* ,

(5.4) P = g (2 - #7147
T

and

¥ 1 A
(5.5) XU =X @ X,

15



For the operator A 'X 5 we denote its dual operator by
o -t ¥ o
AO* . Then e : XO* e XO is defined and we have

* v
-tA, | : x
e O (by X7 ¥X*) .

14

(5.6) (e Ay
[,
¥, L

Also, for a controller T , we défine the 6pérator To 2 Xg

— > ¢V such that

*= X1 ) .

(5.7) 1 ¥or ¥ (by X

0 [x,t

Then we have the followings ( €263 ) .

Lemma 2.

7: ¢ —5 X is X -controllable in X with respect to e tA

if anci only if To* : Xo* —_— (I:N is X *_observable in Xo*
. -tk ’
with respect to e .. |

It is known that dim Ker( 2 i - A'*) = dim Ker( A . -
1
= n, holds., (Kato {51 , for example ) et {qJ

3} 155¢n
be a basis of Ker( 21 - A*) "

Proposition 3 (the second rank condltlon for controllablllty)

. N
Let 7 : ¢ —> X be a controller -

(5.8) 1 P | X
w o v
(0( < v a1/
k) 1SkEN e Zk=1 ol k'\}/k ’ *k € X.

/€
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[Ghed]

Then, T is Xy-controllable in X with respect to e~ tA
if and only if
(5.9)  rank Ly =Ny (1=is4),
where Li is an NXni matrix defined by
: _ ¥ _
(5.10) Li = ( X*< SD ij » V/k >X ) 1sksN . D
1£jsn

$6. Proof of Theorem 2,

We now prove Theorem 2 stated in 31.

Proof of the "ifi' part of Theorem 2 :

We assume that 7T : CN —> X 1is X.-controllable iﬁ X with

0

respect to o tA . By Lemma 2 in 35, 'l‘oaIF : Xg‘ —_— ¥ s

| . o a
XO'*-observable in .XO""L with respect to e . By Proposition 1

~in §2 and Wonham’s pole assignment theorem, there exists
a linear operator FO H CN — XO* such that
-t(* - -

t(AY FOT?;) - tw,

(6.1) I e ﬂ * ¥ = Moe
‘ Xo—> XO

for some constants MO>O and u)o > 1{1 .
Let SO : XO —_ Q)N be the dual operator of FO, . Then,

since dim Xy = m< 0o, (6.1) implies

L



-t (A,-PTS ) -t
0 0 < 0
(6.2) | e S M.e .
) Xo—e»Xo 0
we set
So (on X, )
(6.3) S = |
0] (On X1 ) ’

and apply Theorem 3 in §3 for B = TS . Since PO _ P1 _'o
by (6.3), we then have ’ e

(6.4) o e~ t(a = Me

for some constant M>O0, which shows that <« T, S > is
o d 4-stabilizable in X with respect to o~ TA . ﬂ

Proof of the "only if" part 6f Theorem 2 :

Here we show the "only if" part in the case that X is
reflexive., For the general Banach space X, the proof is given
in. (267 . : ,
We assume that < T, S > is €O -stabilizable with respect to
~tA Ve, '

e. for P[_O<OQ§' k[1 o Then we have.

I—=X = Me

for some cénstant M> 0.
The reflexivity of X im;:rlies

(e t(A-TS)yk o-t(a-15)¥ (R.S.Phillips <11 J ).

¥



Therefore we get

H_ oK |
(6.6) Il t(AT-STTT) = Mt (t20) .
F— x*
e , S | -tA
We show that T is Xo-controllable with respect to e .

To this end, we have only to show (6.7)

-ta¥ L
(6.7) e 4 - 0 (0=t < 00) and a € X, imply

a=00

. ‘ _+1 K 1 E |
We put u(t) = e W, ., Since a € X4 C &(A*), u.=u(t)
€ C1( L 0, 00) —>X ) is the strong solution of

g-% + 2% -0 = ¥y (t 20)

u(O) = a o
Therefore we get u(t) = e~ t(A7-S ) a and
. X | ) A
(6.8) | e~ tA all , S Me TWyap (t20). (by (6.6) ) .
' X
Now by . (6.8), a & X4 and Re ?Ii = /(O <), we see
a = Oo B

19



Appendix. Example :

Here we apply Theorem 1 to the followihg stabilization

problem.

X = 1°(0, TC)

S () = 820, T)N B (0, D) .
0
In Assumption 1, we set
Zo" {-4,-1} and Z1= {n-s}n=3.
Then we have

XO = Span { sin x, sin2x § .

~i

1) We define S : X —> € by Su = g u(x)dx .

Then by Proposition 2, this sensor S 1is Xo-observable

with respect to e~ By Theorem 1, we define T : ¢ ——> X by

T(ol) = KA(35sin x - 17sin 2x ) ,

for example. Then this feedback < T, S > is 3-feedback

stabilizable in X with respect to e~ A | [l

Z0



2) We define S : X —> (132 by

T
Su=(5
’O

Then by Proposition 2, this sensor S is Xo-observable.
By Theorem 1, we define T : 032 —> X by

[
u(x)dx, ‘72;50 u(x) xdx ) .

T(O(1, d2) = 0(1(121- sin x + 13 sin 2x ) +

sin x - 3 sin 2x ) ,

ol 5

N -

for example. Then this feedback <7, §$ > is 3-feedback

stabilizable, u

zl



(13

(2]

(33

43

(5]
(6]

(73
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