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1. Introduction and Formulation

It is well known that when a pure liquid is cooled to its melting

point T_, the solid phase may form; alternatively if nucleation is

E’
suppressed, the liquid will continue to cool (that is, undercool or
5upercool).

The free energy change on forming solid from liquid at the equilib-

rium transformation temperature TE is
AG = AH - TEAS =0

where AG, AH and AS are molar changes in free energy, enthalpy and

entropy, respectively. At temperature T different from TE’
AG = AH - TAS # 0.

Neglecting the small temperature-dependence of AH and AS and combining

last two equations yields

AH AT

Tx

AG =
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k%) About the physical base we rely on [1].



where AT is the undercooling (= T - T), whose value is negative for

E
solidification.

An important influence on the melting point of a pure material is
surface curvature. The surface curvature can be viewed as introducing

an excess pressure in the solid phase (only). The excess pressure is

accounted as follows :
Ap = 2 ok

where ¢ is surface free energy per unit area and xk is the mean surface

curvature. If solid cannot be compressed, Ap = AG holds. Thus

AH AT _

2 ok
TE
or
1 ZOTE ) ZUTE
= - )
K AHAT L(TE TI)

where L is latent heat and TI is su?face temperature.

A crystal smaller than a critical size is called "embryo", which
grows to nucleus with the éritical size. We are concerned abbut growth
of the nucleus. For simplicity we consider spherical nucleus, whose
size 1s determined just by its radius. The critical radius is

* ZOTE

r = ——"—""—"—_ ’ B
L(T, - T,) i

TA is initial liquid temperature of undercool state.
From the above stated we can describe a system of equations which

determines the radius Y(t) and the temperature distribution T(r,t) as

follows :



By
J [

[ pc gz =kAT , O<r<Y¥Y(t), t>0,

-k -—g—} (Y(t),t) = Lpi'l(t) , t > 0_ .
20T
E
Y(0) = —m——
< L(TE - TA)
L(T, - T.)
e =gy £ 0 (T = T(®),0) ,

E
k T(r,0) = Ty(x) ,

where k is thermal conductivity, p demsity, c¢ specific heat of solid

metal, and L latent heat, which are assmed to be constant. Putting

T-TA=u KT, s 20 _
H] ?
TE . Lp L
20T
o 4 = =
—zzag‘g‘Ezy =b, Y(t) = y(t) and To(r) £(x)

~ yields the simplified form -

Ju

(P-1) —a—t-=Au,O<r<y(t),t>0,
(-2)  uly(0),0) =4 - T, €20,

®) ®-3) 3 =-adt @, , t>0,
(-4 y(0) = b,

(P-5) u(r,0) f(r) , 0<sr<b.

L]

Here we shall refer to the series of Friedman's works, Part I (1959)
[2], Part II (1960)[3] and Part III (1960)[4]. In Part I he considered

the problem of melting of solids. Ini'Part II he considered the develop-



ment of one liquid drop surrounded by totally supersaturated or totally
undersaturated vapour of its own substance. Denoting by u(r,t) the
normalized vapour density at the point (r,t), we get for u(r,t) the

following system of equations

du ’ '
[ 5¢ =M, y®)<r<e, t>0,
u(y(t),t) = 1 (saturation densiﬁy), t>0,
. Jdu
y(6) = a 5= ((0),0), t>0,

y(0) =b (b > 0),

k u(r,0) = f(r), r>b .

In Part III he considered the behavior of one gas bubble in liquid in
which some of same gas is dissolved. Denoting by u(r,t) the normalized
density of dissolved gas in the liquid, we get for u(r,t) the following

system of equations

; \
-5%— =AM, y(t) <r<eo, t> 0',

u(y(t),t) =

yo ~- ot 0,
= y?t) MORER “%%— (y(t),t), t >0,
y(@) =b ,

u(r,0) = f(r), ;r >b .

We note that the case of m=0, n=0 reduces to that of Part II by putting

l-u=v. He could prove the unique existence of the solution only for

shall O



Our problem is analogous to Friedman's problems,especially that of
Part III. Thus it can be viewed as that of Part IV. Indeed we can prove

unique existence of the solution analogously. By putting
r=x, ru(r,t) =wx,t) , ri(r) = ¢(x)

our system takes the form

( Ow _ 0w
t axz

0<x<y(t), £¢>0,
w(y(£),t) = = (y(e) = b), t>0,

w(0,t) =0, t>0,

" #
| ; - v : m . m -
y(©)y(e) = - a5 (y(t),t) +a( 'y(t))’ t>0,
y(©) =b ,
L w(x,0) =o¢o(x) , 0<x<b,.
By introducing the Green's functions of heat equation
2 2
o x-8) o xtE)
g(x,t; E,7) = 1 e 4(t-1) _ _____l______e 4(t-T)

2w t-T) ‘Zjn'( t=T)

_ee)? w9’
G(x,t; E,T) = 1 e MC-Dy _ 1 - 4D

2/w(t-1) 2{m (t-T)

and making use of standard technique, we get the nonlinear integral
equation of volterra type for ux(y(t),t) équivalent to the last system

as followings :



(%)
o

b t
[ () = =2 j Ce (y(t),t5 £,009(E)dE +-z§-f §(T)G(y(t),t;‘y(T),T)df
0 0
. t
3] 4 -2 J Gg(y(t),t; y(1),T)v(T)dT
0

M m m .
yy + a( v "D ? + av(t) =0

\

where v(t) = lim wu (x,t). If the last system for v(t) and y(t) 1is solved,
x>y (t) »
w(x,t) (and hence u(x,t)) is given by the formula

b t
m

wix,t) = J’ g(x,t; £,0)¢(8)dE + — J g(x,t5 y(1); 1) (y(1) =~ b)y(t)dr
t
+ j {g(x,t; y(),T)v(1) ~- -%— U(y(r),T)-gf-(x,t; y(t),T)}dt
0 C '

The system (P'') can be solved by Picard's iteration procedure for small
t and small a. Using monotonicity of y(t)'(that is itseif to be maked
sure of) allows to continue the solution for all t.

In the method, however, restiction.on ¢ 1s very severe. Here we
take another more constructive way. This way is one taken by Cannon,
Hill and Primicerio for the‘most simple Stefan's problem [5], [6], [7].

Here we will give our definition of solution :

Definition A pair of functions (y,u) is called a solution of the

8ystem (P) in 0 < t < T, if the following conditions are satisfied :
1) y(t) e CLOSt<T), y(t) e CLO<t<T),
i) ulnt), Leirt) cCOsyt), 0<tsT),

MueClOSP<ylt), 0<tsT),



iii)  (y,u) satisfies (P-1) ~ (P-5).

In item 2 we will give some lemmata necessary for later purposes.
In item 3 uniqueness and existence of solution of our problem will be
proved. In item 5 we will propose a difference scheme solving our
problem and give another proof of existence theorem as_a by-product.
In item 6 iteration procedure for solving our difference scheme will

be given and its convergen will be proved.

2. Some lemmata

Here we shall collect some a priori properties of solution (y,u)
of the system (P).

First we assume that

£f(r) is continuous,
(2.1) :
£(r) 20, f(x)5%0, 0srsb.

Lemma 1  Under the assumption (2.1), Q(t) is8 strietly monotone
inereasing for t > 0, that 18
y(t) >0 (t>0).
(Proof) Assume y(t) < 0 in an inte;val 0<tzs t0 s
then the function U Z u - ( -%} - '§%23 ) satisfiesvthe system of
equations | .
(1u=aw-u = B <o
y(t)

4 U(Y(t),t) =0,

U(r,0) = £(r)



By the maximum principle we have U2 0 (0 < t < tO), and hence

—%g-(y(t),t) =—%§L(y(t),t) < 0. This means §(t) 2 0 through (P-3), which
" .

is, however, contradiction to our assumption y(t) < O. -Thus from
continuity of §(t) we get §(t) 2 0 for some interval 0 < t < tgs and
u(r,t) 20 (0<r<y(t), 0<tx to) -
Next we assume that
y(to) =0, y(t) <0 (t0.< ts tl).

m -
y(to)

Then the function U = u - ( y?t)'? satisfies
LU=AU-u,_=-2& (b < t < t.)
0 t s’(t)z 0

R = B LI
U(y(t),t) = b y(to)/

U(r,t,) = u(r,to) »2_0 .

By the maximum principle we have U = 0 (t0 S t< tl) and arrive at ..
contradiction analogously as done above. Thus we get ;(t) 2 0 for all
t2 0.
Next we shall show that the equality can be omitted. If the
equality were to happen, there would be t' and t"' such that
y(t') = y(£) , t'stsg t"".(y(t)‘= 0, t'=<tz=< t")
Since above defined U satisfies LOU = 0 and U(y(t),t) =0 (t' <t = t"').

From £(r) 2 0 and f(r) ¥ 0, by the strong maximum principle we get U >0

au
or

tion to §=0 (t' < t < t"). Thus the proof is completed.

and by Friedman's lemma [8], Lu (y(t),t) < 0, which is contradic-
‘ ar (®) , ;

Next we assume that



a0
X

(2.2) f(xr) < N( é% i ) (N : positive constant ).

Lemma 2  Under the assumption (2.1) and (2.2)

(2.3) o0 <¥ _._ u (y(t),8) s —— (05 ¢ty
o y(to)
holds for any tp ‘

(Proof) Introduce a 'barrier' function

o (r,t) = N[ += -
ty o r

Since, by Lemma 1

1 1 m m m m
we, VR T NSE Sl Ty Ty T v Tym ©OF F %
' =N + -1 2o _n Aol
b (00 =N = FRS1 Y S5y TN T T Y]
1 1
> N( < -3 Y=z £,

we have w, ~-u 20 (0 tc<s to) and hence
0

m m
U(Y(to) = D,tO) -« Y ""y_('g(-)-)) N

= Gy - ovley

(b > 0),
P

which produces
N

Ju -
- 3r Gty < 2
y(to)

Since t is arbitrary, we get the right side inequality of (2.3). The
left side inequality is also true from Lemma 1.
Further we suppose that

(2:.4) £f'(x) < 0.
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Lemma 3  Under the condition (2.1) and (2.4)

%ﬁ? (ryt) < 0 for 0SS rsSy(t) and t > 0
holds.
(Proof) z = 2u satisfies the system of equations
or _ T

( 2 9z ’
be- 32 g "0, £ 0,

z(y(t),t) = - 7.11— y(t) <0,

z(r,0) = f‘(r) <0 ;

z(0,t) =0 .
L ,

Suppose that there exist an intefior point (Tr,t) such that
max z(r,t) = z(F,8) =M> 0, z(r,t) < M(t < ©)
O<rsy(t) ; '
OStStO ’
Then at (T,t), z = 0, z_ .S 0 and z, >0 hold, but this means that
Y .
Az - 5 2~ 2

T
z(r,t) < 0.

¢ < 0, which is contradiction. Therefore we get

Next we shall state a comparison theorem. We consider two pairs
of data (bi’fi> (i=1,2) satisfying conditions (2.1) and (2.4); and
their corresponding solutions (yi,ui) (i=1,2).

Lemma 4 ‘ If bz < b2 and fﬁ s_fé,~then
yz(t) < yg(t) (t 2 0)

holds.
(Proof)  If the statement is not true, there is a to, such that

71 (e) = yp()s ¥y (tg) 2 7()s ¥y (8) < 3y(8) (@5 €< k)

=10~
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In 0< t < t,, we have by Lemma 3

0
, m m m m
: —_— o ——— —_— e — = t),t
and hence by the maximum principle

uz(r,t) - ul(r,t) >0 (0<rc«< yl(t), 0<tc«< to).

. ) ) .
Since uz(yl(to),to) ul(yl(to),to) 0, it follows by Friedman's
lemma that

du ou . .

28 Y .

which is contradiction. Thus we have completed the proof.

Here we will give a fundamental formula. Multiplying (P-1) by r2

and integration of the result over the region {0 < r < y(1), 0 < T < t}

yields
Y& b t
2 2 2,..°
u(r,t)rdr - f u(r,0)r"dr - f u(y (™), Dy (Dy(t)dt
o t 0 0
=I v & gm,oa,

0
- which can be written by using the conditions (P-2) ~ (P-5) as

J)’(t) b t

2 2 m m 2 .

u(r,t)r"dr - f f(r)r“dr - f ( — - ——=)y " (Dy(tdr

A é’ A b .y('r) _
> . .

From this by integration we get the desired fundamental formula

2 2

T (-’ -vh e 3 oD
(2.5 LY
= J f(r)rzdr-— ] u(r,t)rzdr .
v 0

-11-



which is useful for later purposes.
From the last formula we have first a comparison theorem containing
the case of b1 = b2 (see Lemma 4).

Lemma 4' If b1 < b2 and f} < fg, then
yls.yg (tZO)

holds.
(Proof) It is sufficient to prove it for- the case of b1 = b2,
which we assume. Take an arbitrary positive constant 8, and consider

three pairs of data (bl,fl), (bz,fz) apd (b2 + G,fz). (The last f_. is

2
taken to be zero for b2 <rs b2 + 8.) It is clear from the previous
lemma that the corresponding solutions (y,,u,), (v,,u,) and (y d,u 6)

1’71 2’72 2’72
satisfy \
2.6 oy, <y° v, <v.0 (=20,
: 1 72 » Y% Y, &

Applying the fundamental formula (2.5) to two solutions (yzé,uza)

and (yz,uz), we have

1, 1 m 63, m , 8.2
b, +8 Y, (0

i, i__m 3,m 2 2 8 2

=3 ( i b2+6 )(b2+5) +-§-(b2+5) + Jf fz(r)r dr - u, (r,t)rdr
‘ 0. (o]
and
1 1 m 3 2
3(a- bz)y2 t3 Y,
‘ . b, Y (t)

1,1 m 3 ,m, 2 2 2

=3 (—J_T’—z)bz +5b, jo £,(r)rdr - fo u, (r,t)ridr .

Subtracting the latter equation from the former yields

-12-



L2600 -5, 1+ 216,07 - 3,7

1, m o _m 63,1 .1 m 3_,3
(2.7) '
1 m m 3. . m 2 2
+5 (o B )0 4 1) N ]
Y, (t) 'yz (t)
- I {uzé(r,t) - uz(r,t)]rzdr - uf(r,t)r?dr .
0 Yy (t)

By the maximum principle we see that
§ ) :
u, (ryt) 20 (0O sr= v, (t)) and
§
u, (r,t) - uz(r,t) 20 (0<sr=< yz(t)).

Hence we have from (2.7)

Lel_m 83 m 82
1,1 m 3, m_ 2 Sm 8,3
S'é‘('a"?z Wyt - 3, (b,+5) (7,7
1,1 m 3_, 3, _ Sm 3
_ +3 ( a2 b, )[(b2+6) b2 ]. ,—_—_3b2(b2+5) (b2+6)

m 2 2
+’2‘ [(b2+<5) - ’D2 1.

We note that the function

3 2

1,1 m m
F(y) =5 (-3 )7 +5Y
is monotone increasing for all y > 0 if b > om, and also for

0<y< =2 ifp < am.

. . E ‘ . 6
Now it follows from continuity and monotonicity (Lemma 1) of Yy (t)

-13-
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-
(s

and yl(t) that for sufficiently small t and 6,

b +55y6(t) (S-~—-———0Lmbz ifb < om ) and
2 2 om - bZ 2 2
omb
= —_2
bl = b2 < yl(t) (s p— bz if b2 < om ).

Therefore by the above note and hence we get from (2.6) and (2.8)

1.1 m 3 m_ 2 1,1
T(E'bz)yl"'zylss(a’b

Z )y23 +%y22 + 0(3S)
2 o

for sufficiently small t and §. The last term O(8) tends to zero as
§ + 0 since ys(t) is uniformly bounded for small t and §. Since § is

arbitrary, the inequality implies

1,1 m 3 m 2 1,1 m m
?(a’bz)yl o S3(0L—Hb2)Y2 t3 Y,

for sufficiently small t. Again by the above note we get
(2.9) yl(t) < yz(t) for sufficiently small t.

If fl = fzs bl = b2, we have also yl(t) 2 yz(t), and heéce yl(t) = yz(t)
for sufficiently small t. Continuing the same reasoning we get

Yl(t) = yz(t) for all t > 0.

1 20 by 2° If the equality

y,(8) = ¥,(t) holds for an interval 0 < t < t,s the maximum principle

Suppose that fl 3 fZ’ f. <f ,b,. =b

yields ul(r,t) - uz(r,t) <0 (0<rc« yl(t), 0<t<g to). Hence by
Friedman's lemma

Bul 3u2 . .

37 71(8),t) - 3z p(0),t) >0 f.e. y,(t) <y,(t)

holds for 0 < t < FO’ which is contradiction to our assumption. Therefore

we get yl(t) < yz(t) and ul(r,t) < uz(r,t) for sufficiently small t,

14—



hence by applying Lemma 4
yl(t) < yz(t) for all t> 0 .

Thus we h;a\ve proved Lemma 4'.
We will investigate the behavior of y(t) as t + «,
Lemma 5  Suppose that there exiets a solution (y,u) of (P) for
all t > 0. Then
lim y(t) = y(=)
£ > o
where y(») is the positive root of the equation (2.10)

(Proof) Consider the solution w(r,t) of the system

v - Mw=0 (r>0,t>0)

t
- m _ m <r< '
£(x) ( b r ) 0 1" ' b o
w(r,0) = '
0<b<r

It is clear that u(r,t) - ( -% - _x;n_ ) is bounded above by w(r,t).

However we have as t *+ ®

b

r2w(r,t) = r f g(r,t; 6,0_){f(€) - % - % ) }Edg
0 2
1 - r-b Jb
' 2 4t m m 2
< ——mm———  rCa {g¢) - ( — - & )}&%&
2 [7 t3/2 | Jy b £

b ' [2 '
<- 3/2 = 2+16t 2 max 1 {£(x) - (%—%)}
2Tt | © 0srsb

Thus lim rzw(r,t) =.0 - uniformly, and hence lim rz{u(r,t)-(%—% Y}=u
£ > ® . . t >

15~
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Therefore from (2.5) we have

: b
1 1 2 2
(2.10) 30 y(°°)3 =3 bt g b+ f f(r)rTdr

Hence we get a unique root y(x) of the last equation, and by the

monotonicity
y(t) < y(») (t=z20),

lim y(t) = y(=).

t > ®

3. Uniqueness and existence of solution

Directly from Lemma 4' we have a uniqueness theorem.

Theorem 1  The system (P) has not more than one solution under
the condition (2.1) and (2.4).

(Proof) ' Suppose that there are two ﬁairs of solution (yl,ul)
and (yz,uz). Then ¥y = v, holds from Lemma 4'. Hence the well known
theory of the problem with prescribed boundary shows uy = u,-

Next we will construct a solution of our problem . For that we
consider an auxiliary problem, which we cal} (AP), with a prescribed

boundary r = yo(t) :

r

"g%=Au, 0<r<y(t), £>¢ty,

(AP) 4 U(Y(t)st) = _E' - _;-(;1%?')_"9 t > to s

\ u(r,tg) = £,(6) , 0% rs ¥o(tg)

" Putting

-16-
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.

f(r) , 0sr<b-286

£ -

fo(r)

0, b-06<sr=<hb

yo(t) ye(t) =b, 0<t<9 ,

8

we get the corresponding solution ue of (AP), and we know that -%%—
exists and is continuous for 0 < r £ ye(t), 0 <t £ 6 and that

3° N

or

<

(3.1) 0 <~
~ &2(e))?

under the asumption (2.2).

Suppose that by the boundary function
t

0 3u° 9
(3.2) y (t) =b -a e (y (Tt - 0),t - 6)dT (t 2 0)
‘ 0o °F
the solution ue of (AP) is constructed recursively for 6 < t < nf,
S v ¢ '
and %%} exists and is continuous, and further 0 < - —%%— (ye(t),t)
N

< -5 o - Then ye(t) is continuously differentiable for t 2 8.
y . (£-0)

Now in mnb < t < (nt+1)0, we define ye(t) by (3.2) and solve (AP) with

t0 = nf, yo(t) ye(t), fo(r) = ue(r,ne), and then get ue(r,t). From

the above assumption ye(t) turns out to be continuously differentiable

also for nf < t € (n+l1)6 and

(3.3 0s<yXo) s oN

2 - 0¥ -

Continuing the procedure we get {ye,ue} for 0 £ t £ T and we know that

(3.3) holds for 6 < t < T.
The family of functions {ye} is equicontinuous and uniformly

‘bounded in 0 £ t £ T. By Ascoli-Arzela's theorem, hence, we can

-17-



extract a subsequence of {ye} which converges tq a Lipshitz continuous
function y(t). Define u(r,t) as the solution of (AP) with ty = 0,
fo(r) = f(r) and yo(t) = y(t) (defined’above). We can also prove by
the maximum principle that the corresponding subsequence’{ue(r,t)}
éonverges to u(r,t).

So defined (y,u) turns out to be the desired solution of our
probleﬁ (P). 1In fact, since (y,u) satisfies (P-1), (P-2), (P-4) and
(P-5), it remains to assure (P-3), which is, as easily been shown,
equivalent to the fundamental formula (2.5) under Lipshitz continuity
of y(t). For (ye,ue)'we have an analogous formula

t yt) ; b
f )2 -2y (40))dr -f w(r,e)rlar + j £% () r%ar

0 o o
t

+f (2 - 2 H6H%% -0
0 y (D

Tending 6 to zero through the extracted subsequence, we get the
fundamental formula (2.5) for the limit functions (y,u). Hence (y,u)
satisfies also (P-3). It is clear from uniqueness that all sequence
(ye,ue) converges to (y,u). Thus we have proved existence of solution
under the assumption (2.2) and that it can be obtained by the above
stated method.

We can get rid of the condition (2.2), and we have

Theorem 2  Suppose that f(r) is continﬁously differentiable, not
equal to zero identically ﬁnd satisfies (2.1)(2.4)*t Then there is a

pair of solution (y,u) of our problem (P).

%) This:impliés that f(b)=0 may occur. Then the sdiution u is consid-

~ A

ered at (b,0) to ;afisfy 0 S- iiﬁ lu(r,t) < lim u(r,t) < £(b)
oA '*‘(r,t)-*(b,O) (r,t)>(b,0)

-18- -
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Indeed define

f(r), 0sr<b=-4 ,
£ (z) =

for each § satisfying 0 < § < b. Since f is bounded in 0 < r £ b, it

follows that for each 8(0 < § < b) there exists an N = N(8) such that

0 < £5¢r) < N(§)( —11? -

|~

).

Hence, for each § there exists a unique solution (yé,ua) of the problem

(P) corresponding to the data (b,fa). From Lemma 4' we see that for
61 62 _ Gn 6n
62 < 61, y <y °. Set Gn =2, n=1,2, ... , and consider {(y %,u ™}.
) . .

Now the sequence {y "} is a monotone increasing sequence of functions
which are bounded above via Lemma 4' by the free boundary of the solu-
tion of the problem (P) .corresponding to the data (b+1,f) where f is

extended as zero over b < x < b+l. Consequently, there exists a func-
. )
tion y(t) = 1lim y n(t). From Lemma 1 y n’ n=1,2, ... , are strictly
n-+ o 61
monotone increasing functions of t. Hence, for 0 >0, y "(0) = b >0~

and it follows from the boundedness of f that there exists a positive
6 B

constant K = K(f,y 1(o) - b) such that for each 6n and to satisfying
.00« to < T we have by Lemha 2
y "(eg) 5. K
0 < =~ u (y (t.),t,) <- .
T 0’0 § .
o n(t )2
: . y 0 . e

Since ty is arbitrary, we get for all n=1,2, ...

,6n oK oK
0 <y (t) < 5 S 2
) n, .2 b
y (t)

-19-
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for 0 £ t £ T. Thus it follows that the limit function y is Lipshitz
continuous with Lipshitz constant _@%_ for o £t <T. In order to

b
demonstrate the continuity of y at t=0, consider the solution (p,v)

of the problem

[ %% -Av=0, b<r<p(t), 0<tsT,
v(b,t)=M., 0<tsT,
(3.4) vip(e),t) = ¢ - p—“(‘t—) , 0<tsT,
) =-a L (p(t),0) , O<esT,
p(0) = b .

where M = max ( max f(r), '%— ).
0<r<b

It can be seen that its solution exists and p(t) is monotone
increasing function for all t > 0 (see item 4), and further that
ydn(t) < p(t) holds for all t > 0 by the same reasoning as in the
proofs of Lemma 4 and Lemma 4'. Therefore we get y(t) < p(t) for
all t > 0. Since yél(t) < y(t) < p(t) and both y 1(t) and p(t) are
continuous for t 2 0 (y61(0) = p(0) = b), it follows that‘y(t) is
also continuous at t=0. Let u denote the solution of (P-1),(P-2),(P-5)
wéth boundary y(t). Ig follows from the maximﬁm principle that
u® - u as n*°, Hence (y,u) satisfies the fundamentai fq:mula (2.5)

which implies that y is continuously differentiable for t > 0 and

that (y,u) is the solution of (P) for fhe data (b,f).

4. Comment on unique solvability of the problem (3.4)

First we note that the following system
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f éﬁf - Av(S =0, b<rc« pa(t) s, 0<t=sT,
§ .
vib,t) =M, 0<t<T,
§, 68
V() = T4 5~ s 0<tsT,
(4.1) s p (t) .
pa(t) =-a %%} (ps(t),t) y 0< T,
o =b+s,
W0 = & . L ({><r<'b+6)
’ b+ 6 T =
§ 6 ' , , é v
has the unique solution (p ,v ). ( Here 0 < lim - v (r,t) <
(r,t)>(b,0)
< lim v (r t) < M. ) In fact by repeating the almost same argument
(r,t)>(b,0) )
of Lemma 1 we get
(4.2) pa(t) >0 (£ >0)
By using a ‘barrier’' function
M
: 1 1 m m
w, (r,t) = ———— [ = - 1+ =5 -—
ty 1 61 r ps(to)' b+d oSty
b p(ty)
we get through the analogous argument of Lemma -2.
(4.3) 0 < —— = - vr(p (t),t) < 5 5 7%
o P (ty) (P (£5)-D) P (ty)-b

Noting that vi(b,t) < 0 (by the maximum principle) and repeating the

argument in Lemma 3 yields also
§ §
(4.4) vr(r,c) <0,b=<srsp(t), £t>0.

From this we get also the correspondings to Lemma 4, that is
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P

S, s

4.5 o) <p?

() (£20), (8 <8,)
And further in order to prove

S 8

4.6) () =p?

(£) (200, (5 =6,
‘we use ano‘ther fundamental formula

1 m §, .3 3 1, 1 m m
gb‘(a"‘m e (£)” - (b+6)°}) --2-{‘&-— (“S‘+b—_‘_-a- )}’(

x{pa(t)z - (H§)2} - m{p6(t) - (b+5)}.

(4.7) Lt ‘ pee)
IR I LTS G S @ - =N er
() b r b-- .
o ° b
brd 1)
, m m
+f R i

b ;

‘which is gottenm by using the Green's formula
2 4 2 -'r)v6 2 6 3u
&ruvdr+(ruar-rv oy Yt =0

along the boundary of the region b < r < p's(t), 0 <T<twith

L

u=—l-
b r

. Subtractig the formula with 8=8, for that with §=5,
(6; < §,) yields

S $

. )
1,1 m 2,3 1.1 m, m 2, .2 2
. ?g-(-&—_b_-l-_d‘l o “(t) -—Z_{'E-, (—gf’g_‘*_'a—'l‘ Ylo “(e)° - mp “(v)
' s ' 8 s
=t Ll om0 1y3_ Ll m, m_ 1eey = mp L
=5 (5 b+3, Yo T - g S~ (5 =) Yl T(t) - mp “(¢)
e a 6
- J ("%‘%‘)(V z(r,t) -v 1(r,t))r2dr'
b S, ot .
S FANE W S PR S IV S | )dT + 0(5, - §.)
N b r 62 » 61 2 1
£ o P Pp7(D

. =22~
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62 61 : 6l 52
By noting that v “(r,t) = v "(r,t) >0 (0<r<p "(t)), v "(r,t) >0

2 61 :
and p “(t) > p "(t) we get

6 8 8
L L m 23 Ll m, . m 2,.2 "2
3 (g b+51)p ” -5{5- (5 +-b+5.1)}p (£)° - mp “(t)
8 8 8
1.1 m 1.3 1.1 m m 1, .2 1
< 55 - ~—b+61)p KON {—&-- (5 + ml)}p (t)° - mp “(t) + 0(62-51),
Since the function F(p) =3 (=g 00 -7 {5~ (% b+51)}p - wp

: [v]
is monotone increasing for p > b if p - b . is small, we get together

with (4.5)

S $ é

p»l(t) <p z(t) <p ) for small t.

1, R
(t) + o<§2 -8

Tending 62 to 61 we have (4.6) for small t, and hence for all t.
By noting (4.2) ~ (4.6) we can construct a solution (pG,v§) in the
same way as in item 3. This solution is uniquely determined by (4.6).
Next we shall show that there.exist two positive constantsisl and

BZ such that
(4.8) b+31/T<pd(t)<bb+s+32{—€‘ (0<ts<e)
Putting |

$ m

r[v

‘ylelds the system to be satisfied by W

26
w o _ 3w _, , b<rc< ps(t), 0<tsT,
ot 2
. or ‘ ’
6 - 6
w (b,t) bv[ M+ b (b+d) |
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L%, =0 ,

' $
Sopfm + 28 - od S, ocesT,
p°(t) r

pa(o) =b+6 ,

ws(r,O) =0,

For comparison let's introduce the function

-3 Bn .
(4.9) w(r,t) = "(122 Z]_ z—l—)‘ F‘ (r - y(t) - b)2n
' n= 2n)! 9t .

“with a infinitely differentiable function y(t) for t>0. It is clear
that w satisfies the following equations

)
v %
ot 8r2

4.10){ w(y()+,t) = 0

2b }(t) = - a—%;i (y(t)+b,t) .,
\

1
If we take that yB(t) = Bt2 , we get

. ©
w(b,t) = wg(b,t) = _2_2_ S n | g
' n=1 (2n)/|
and we know that
12 )
-»"2_](:;-(e4'B .-1)<w6(b,t) < _2_:;_( eB -1).

1.
Hence putting Bl =1 log (1 + _g%_) 1% yields

w. (b,t) < BM (< W (byE)).
Bl :

-2l
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) vdta

Then it follows that for sufficiently small t
3 §
(4.11) b+ Bt Z < %)

holds. In fact, if that is not true, there exist a sufficiently small

to such that

4

1 1

7<% s t< tg)s b+Bty? = os(to).

b + Blt

Then we have by the maximum principle

S
ws(r,t) > WB (r,t) for 0<r< b+81t2' s, 0 < t< t0

1
and hence, since w (p (t.),t.) =w_ (b+B.t.%* ,t.) = 0, by Friedman's
0’*%0 B, "10 ’T0 oI

theorem

) ow .
%%L (pa(to).to) < -;;§* (pd(to),to)-:

This means that
) 05 o m °
p (ty)p (t,) + > 2b y(t,).
0 0 ) 0
P (to) :

By the assumption, ps(to) < y(to) and hence

s (e - 00(e)pdiey)

> b §(to) for sufficiently small § and t.

But this enequality can not occur for sufficiently small tO since
B S _
L Therefore the left inequality of (4.8) holds for

y(ty) =
0

2 to

sufficiently small t.

" On the other hand we have from (4.3)
° M -
ooty s ——2H—

p(t) -b

25—
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and hence
F0°®% bl = Lo+ 632 - b+ 6) + e

or

ey < b+ 62 + aame
<b+ 68+ BZJFE-- ' ( 32 = [ 20M )

Thus we have proved (4.8).
From (4.3) and (4,8) we get also

)
(4.12) 0 <p(t) < Blﬁ—

for 0 <t < g.
Now we consider a sequence {(pd,vs)} of soiution as § + 0. Taking

§ < 1 and putting o°(t) = t(o®(t) - b), then we have Efrom (4.8)
(4.13) 0 < 06(1:)_ < e(l + BZF) (0<stc<e)

and from (4.8) and (4.12)

.14 0<%y = o8y - b+ t;s(t) <1+ ®, + -g%.,>/'z‘, (0<t<e).

Thus {cd(t)} are equicontinuous and unifofmly bounded over the inteivall
[0,e]. Therefore there is a‘subsequence, which we denote by {Gn(t)}

(n + ), such that On(t) converges uniformly to a Lipschitz continuous

v fﬁnction a(t). Thgn we put pn(t) = t-10n<t) ﬂand’ p(t) = t-lc(t).

From (4.8) we get b + Bl_jT <p(t) <b+ le_i:— and from (.4.5)

041 (8) < p_(1). -

We consider vn(r,t),corresponding to pn(t).and the solution v(r,t)
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of the auxiliary problem (3.4)', that is, the problem with the prescribed
boundaries p(t) and the fourth condition of (3.4) being deleted. From
(4.12) and (3.4)

oM
m m
0= v, (p(t),e) - (3 - 5 (©) ) s Bt (o, (t) = p(t))

a M ‘
1
From the continuity of the solutions v(t) and'vn(t),for any N there

exist t and n, such that max |v (rst) = v(r,t)| <n for O0stst

bsrgp(t) 0.
and n 2 n,. By the maximum principle
M .
max ]v (r,t) - v(r,t)l < max(ﬁ,-f~——§75 max (Gno(t) - G(t)))k
bsrsp(t) Blto toStse
to<tS€

Therefore we get v_(r,t) + v(r,t) (n + ©), Resulted {p,v} turns to
be the desired solution for 0 < t £ € of (3.4). In faét if n > o (§~0)

along the extracted sequence in the formula (4.7) it follows that

1,1 m 3.3 o o s g
3 o = 2 RE7 =) = (G - ) emT - b - mlp(e) - )
t £(e) |
T 2 _l- _ _l_ m
B mfo o(t) ~ A r( b - v(r,t)dr + (g - )t

which is equivalent to the fourth condition of (3.4). Noting that

oM : : :
. 0 g v(r,e) - (—%— - _5%57) s-ézjf?? (p(e) - r) by (4.12), we get the
solution (p,v) for also [€,T] in the same way as in the proof of exist-
ence of the solution for (4.1). 'Thus we have proved that there exists
a solution (p,v) of (3.4) for all t ¢ [0,T].

Uniqueness can be shown as in Theorem 2.

Theorem 3  There existe one and only one solution (p,v) of the

D7 -



system (3.4) and p(t) satisfies

szrz- < pl(t) - b< BZ/F;- (BZ, BZ : positive constantsg).

5. A Difference Scheme

Here we will propose a difference scheme for solving our problem
(P). We shall introduce a family of rectangular lattices on the (r,t)
plane with space mesh h and time steps kn (n=1,2, ...). Let's.vary h
so that (b +—§— h)/h = J runs through integers and find k 's so that the

free boundary crosses lattices just at each mesh point (r ,tn), where

J+n

n
Ty = G -‘%‘)h (j=0,1,2, ...) and t = S kp . With reference to given
p=1 ' '

positive numbers h and kn we introduce the devided differences
ot ) = L aley,gat) - w1,
r' i’ n h j+1’°™m “3’m”
wlrpt) = L Tute,e) - ute, ) ]
r ji’n h j’m j=1’"n" *°
‘1
upg(rsst) "2 [ulryy.ty) = 2e(rpt) +ulry_;»t) ],'
1 _
and uE(rj,tn) kn [ u(rj,tn) - u(rj,tn_l) ]i

A.. difference analogue to our problem (P) is

- o
.ur.f(rj,tn) + —r—j (ur(rj,tn) + u;(rj,tn))— uE(rj’tn)

(y“_= yn—l + h or Vo1 = hory

( Ahu(rj,tn)
u( 2

Yo

m
rJ+n’tn) b n-1 ).

(5fl) u(rl,tn) = u(ro,tn)

S A | ki .
-lLiz-JL—— =«qov +PB—2= (B is a positive constant;

n » o n

n * uf(rJ+n'tn))
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L u(ry,0) = £(x),

3
where the third equation corresponds to ‘5%'(0,t) = 0, which is auto-
matically satisfied by the spherical simetricity for the solution of
the differential problem (P). The fourth equation corresponds to (P-3)

. k .
and contain an artificial added term B ~ , which makes sure of

convergen of the difference scheme and ié;;ergence of its iteratively
solving procedure. (see also [9])

The quantities to be determined are'{kn}'apd {u(rj,tn)}, while
they are (y,u) in the original problem. “

First we shall prepare a maximum principle for our difference

scheme. Suppose that the function VU(rj,tn) (—-%-h £r, < yn, n=0,1,2,

k|
++s N) satisfies

ﬁ~ LOhU(rj,tn) = AhU(rj,cn) - UE(r ,cn) <0

3

(0 < rj < v, n=1,2,A}.. ),

(5.2) { Uy t) =F 20 (=1,2, ... ),
U(rl,tn) = U(ro,tn) (n=0,1,2, ... ),

U(r
\ h|

,0) = £(r,) 2 0 (3=1,2, ... , J).

b

Then we have

Lemma 6 U(rj,tn) > 0 holds for 0 <risy, and n=0,1,2, ... .
If further f(r) % 0, it follows that U(rj,tn)‘? 0 fbr 0 < r; <Y, s
n=1,2, ... . ’

(Proof) Putting (j --%—)U(r

j,tn) = V(rj,tn) reducesi(S.Z) to the

followingA:
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T
—
Sen)

- V- < = cee

. ;‘ _ _l_ _
V(yn,tn) = ( - 2 )Fn (n’l,za e )’

(5.3)

V(r),t ) # V(rg,t ) = 0 (n=0,1,2, ... ),

O’tn

= (3 - L = ‘
V(rj,O) = (j 2 )f(r ) (j 1’2’ eve ”J)'

3

If there exists a point (rj ) (jo > 1) such that V(rj,tn) > 0 for

,t

o "o
0 < rj < Vo n=0,1, ... , no-l and V(rjo,tno) < 0 and further
V(r ’tn ) 2 V(r, ,t ) forr, 2r, , r, >0, then it follows that

e ip’ g 3% %550 T

v t ) <0,

( 3o’ ™

t ) =0 and VE(r

Y rjo’ n,

which is contradiction to the first equation of (5.3). Therefore we

_ have V(r ,tn) > 0 and hence U(r ,tn) >20for 0<r, < A n=0,1,2, ... .

3 b ]
Next we suppose that f(r) > 0 and £(r) # 0. If there is a point

r=r (> 0) on t = t, such that V(r
30 Tt h

first equation of (5.3) that VrE(r

»t.) = 0, then it follows the
Jo 1 -

st,) < 0 and hence by the fact
g 1

Vx>0, V(rj ,tl) = 0. Repeating this argument yields V(rj,tl) =0

+1

0 .
. ' > -

for all rj sy But at a point rjl such that f(rjl) o, Vt(rjl,tl)

< 0 and Vrf(rj,tl) = 0 hold, and that is .':contradiction to the first

equation of (5.3). Thus we get V(r ftl) >0 for 0 < rj < ¥y

|
Successively continuing the same reasoning step by step we get
_V(rj’tn) > 0 for all 0 < rj <Y n=1,2, ees 5 and hence'U(rj,tn) >0
for all 0 < Ty < 0eL,2, . (Q.E.D)

‘For simplicity of notation we'denote u(rj,tn) by u; occasionally.

Now we shall see the property of strictly monotone increasing of



bt

{yn }.
Lemma 7  Assume that (2.1) (f(r) 2 0,  f(r) ¥ 0) holds. Then the

solution (y,u) of (5.1) satisfies for n=1,2,3, ...

Yy > Yp-1 ui(yn’tn) <0
and 0<urfsmax(-%, max f(r) )
J O<rsb

(Proof) ( This is analogous to that of Lemma 1.) Assume that

- v tylz . m o com
y“o < yno—l € vee € yo—b . Then the funct?on Uj = uj ( b . )
satisfies
( n n n m ‘m 1
LU =AU - @U)." == (™ - Y= (< 0),
Ohj Ah 3 j't A Vo1 At
(3=1,2, ... J-n-1, 0=1,2, ... ),
(5.4) 4 Up, =0 (L2, ... ),
U; = Ug (n=0,1,2, ... ),
© = £ G=1,2, ... ).
h| 3 :

s
h

- = u. . - > i
Ur(yn,tn) ur(yn,tn) < 0. This implies that Yy = Ya-1 0, which is

By Lemma 6 we have U 0 (j=0,1, «.. 5 J-nj; n=1,2, ... ) and hence

contradiction to our assumption. Hence since n, is arbitrary, it
V?ollows that Yy > Yo-1 (n=1,2, ... ) and hence uf(yn’tn) <0 (n=1,2, ... ).
Next we put

max ( -%— , max f£(r) ) =M
0<r<b

-3]=
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and consider the function Vgl =M - u? satisfing (5.2) with V}l_m =M -
(ln— - = ) >0andV(_)=M-f(r)20. Then by Lemma 6 we get
b Ya h| ]
V' >0, that is, u' < M .
J J .
ug‘ > 0 follows. directly from Lemma 6.
Next we shall prove that {- vn} is bounded above under the
condition (2.2), that is,
1 1
0 < f(r) < N(—r— - T) ( N : positive constant ) .
Lemma 8 Under the last condition we have
L1
(5.5) -—i~ 62h4s-vns N <-lv—2 m=1,2, ... )
Yp-1%n- b
and
(5.6) 0 < Yy = Y1 S (b2 + l)kn
and
| 1 L |
2 2,4 ,aN , 1 ,oN
(5.7) -5 B R (St l)suge, st ) <S5 (—5+ D +m),
b b b
(n=1,2, «v. ).
(Proof) We take .a > barrier function
1 1 ‘m m
= — - 4 - —
| wno(rj,tn) N[ 3 3., ] 5 A
0 0
Since, by Lemma 7
1 1 m m m m
w (Y,t)=N[-—-———]+—-~,-—->—_—— (0 £n<n.)
n, "n’n Yo .yno. b yno . b Yo 0

bl



0, (0 = NE -y e oS N -
1 1
>N—-1z2f,
it follows from Lemma 7 that w -u 20 (0sn<x no) and hence
: 0
m m
uly, =h,t )-(—+— - )
ng n b yno N
<
h (v, - Wy
© 0 0
which yilelds
. N
-u“(y » € )S
rn n Y. 1 Y
0 0 nol n,

Since n, is arbitrary, ﬁe get the right parts of (5.5).

From the fact just above proved we get

y. =3
——-——-———-—‘-—n n_l = e _1_ - 2 ' 2
kn 5 (own / o v + ABJ,h ) <

0‘2 +1
b

for small h and

| 11
Yo "Y1 PRy 2.2 4
-V = - - >.-_B h
n ok {—“ o
n o h
' n-1 _ n o
Noting that Uipn-1 < YJ+n by Lemma 4. we get
u" _ un-l o !
Y £y = Bl T Tpwel , Jhmol | J4m
- -1? K .\ .
t J+n=-1""n K Kk
n n
. i1
. R M - B
k o 2
n b
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The function U? defined by (5.4) satisfies

n n-1 n n
Uptn-1 " Yn-1 h Upne1 " Vmn N, oN
e S G s (gD
k n h n . b b
n .
pecause of (4.5). - Therefore
-1
Un - Un
J4n-~-1 J4n-1 m 1 1
u-(r_, ., t) = + — ( -——)
<L & sparw,
b b~ .

Lemma 9  Assume that in addition to (2.1), f'(r) and Af(r) exist
and |f'(r)] < M, |af(r)| sté for 0 < r < band £f(0) = 0. Then it
follows that

Iu;(rj,tn)l <M

‘ui(rj’tn)l <M,

<p, < < .
for 0 rJ Y, 0 tn
(Proof) First note that f(f) satisfies (2.2) with the appropriate

constant N = b2M1 (if it is necessary, we take Ml sufficiently large).

The function Wg =M = u;(rj,tn) satisfies the system of equationé

3

1
[ =
Lon w? 0,
{ W3+n = Ml + uf(yn’tn) 20,
w? =0,
L W= M tfi(r) 20
R ALY
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By the same argument in the proof of Lemma 6 we get

lu{'(rj’tn)] <M

1
n
i =M, * u-
Next the function Zj 2 ut(rj,tn)
take M, sufficiently large so that M, > L
2 2 b2

the system of equations

LOh Zj =0 (n=2,3,4, «¢. ),
z" =M + (r t)=0
J4n-1 2 * UiV o4n-1 S0 2
n _ .n
2l =z,
zZb =M £ Af() 20
U

Applying Lemma 6 we have Z? > 0, that is

Thus we have proved Lemma 9.

for 0 < rj < Y,

wg > 0, that is,

(if it is necessary, we

(-

- + 1)(N + m)) satisfieg
b

s,

s, n=1,2, ... .

Frow now we shall prove convergence of our difference scheme and

-as a byproduct existence of the solution of (P) again.

First of all we note that as h*0 - kn tends to zero uniformly by

the fourth equation of (4.1).
boundary yh(t) by the formula

t

t
- n
yh(t) = i (t) +

yn+l

yn(t) for tn <st<t

If we define the pieceweise linear

n+l’

(n=0,1,2, ... )

then by Lemma 4.3 y._ (t) is Lipschitz continuous with a uniform Lipshitz
J h

1

b2

constant (

+ 1) and uniformly bounded for 0 < t

< T. Therefore

by Ascoli-Arzela's theorem there exists a subsequence of {yh(t)}



(which we denote again by {yh(t)}) such that as h >~ 0 yh(t) uniformly
converges to a Lipschitz continuous function y(t).

Next it follows from Lemma 9 that for any positive a, lurf(rj’tn)l
is also uniformly bounded for a < rj < Yo and 0 < tn < T. 1In fact it
is clear by considering the first equation of (4.1). And further it
can be seen that {urir}’ {urft} and {uEr} are also uniformly bounded

for a < rj <y(t) -~ e, e< tn < T (e, a are arbitrary small positive

constant). Indeed if we put (j - %-)h ug = wg we get the equation to
be satisfied by w?
n n

and we know that {w?} is uniformly bounded for 0 < T Sy, »0<t <T
since Y is bounded for 0 < tn < T by (5.6). Then it is well known
that divided differens of high order of w? with respect to t and r

. are all uniformly bounded for any closed region with finite distance
from the boundary of the region 0 < r < y(t), 0 < t < T and for suffi-

ciently small h (See Petrowsky's text book [10]), and hence that of

n
uj are so as. From these facts it follows that there exists a sub=-

n
3

the whole region 0 < r < y(t), t > 0) converges to a infinitely dif-

n
sequence {uj} such that as h+ 0 u (in fact the extended ones over

ferentiable function u uniformly for any closed region in 0 < r < y(t),

n n n
< - - i
0 <t <Tand (uj )rr . (uj )t and (uj )r converge uniformly to the

o n2
corresponding derivatives ; s %%? and %%? respectively.
or

Let tend h to zero through the extracted subsequence in the first

equation of (5.1), then the equation
Ju

Bu = —

ot
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holes in 0 < r < y(t), 0 < t £ T. Since {uE} is uniformly bounded in

- the whole region by Lemma 9, the limit function 2u and hence Au are

ot

bounded in the whole region 0.< r < y(t), 0 < t £ T. Since %%? is

uniformly bounded in the whole region by the same reasoning from

Lemma 9, there exist the limits 1lim u(r,t) = u(0,t) and 1lim u(r,t)
: r+0 >y (t)

= u(y(t),t) which is equal to %?-— and hence u(r,t) is

m
y(t)
continuous for 0 < r < y(t), 0 < t < T. {ur?} is also uniformly

bounded for b < r < y(t) and 0 < t < T from the first equation of

2
(5.1) by Lemma 9. Therefore 2 ; is uniformly bounded for b < r < y(t),
or
0 < t < T and hence there exists the limit 1lim %ﬁ? = v(t) (uniformly)
>y (t) -
and v(t) is continuous for 0 < t ¢ T.
The fourth equation of (5.1) yields
n n k 2
Vo=b-al, kv, o+ ¥ B ="
p=l == /
1
4 .
Let tend h to zero, then by noting that ‘——B- . the relation
¢ /v f?
y(t) =b - a f v(t)dt
0

holds. Hence y(t) is differentiable and
y(t) = - av(t)

Thus we have shown that the pair (y,u) of theilimit function satisfies
all the equations of (P) and therefore it is a solution of (P). It
is easily seen from the uniqueness theorem (Theorem 1) that all thé
sequence {yn,u?}h conve;ges to the solution (y,u).

Thus we have proved

Theorem 4  Under the assumption of Lemma 9 there exist a solution
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(y,u) of (P), which is given as the limit of solution of our difference

gcheme (5.1) as h ~> 0.

6. Solving the difference scheme

In order to solve the nonlinear algebraic equation (5.1) at each

time step t = tn’ we shall use the following iteration procedure -

(6.1)

\

kio> = kn—l ( ko ¢ arbitrary positive constant ),
wg Gpe) + 1 @) + ol
h|
(s)
_ u (rj ’tl‘l) - u(rj’tn_l) - 0
MO
n .
(s) _®
u (rl, tn) u (roa tn) s
(s) ;o m
u (rJ+n’tn) — Yy ’

'(erS) - uéS)(yn’tn)) (S=0,1’2’ e ) .

Convergence of this procedure will be proved for an appropriate

constant B. For the purpose we. put

(6.2)

(s) N C))
rju (ertn) W (rj’tn)
and then we get the system to be satisfied by w(s) :
0 _
kn - kn--l ’ 7
(s)
) w(r,,t ) = w(r,,t )

k(8)
n

. -38-



6.3) w(s)(rl,tn) + w(s)(ro,tn) -0

(s) - m _ om
w (rJ-!-n’tn) = Yn( b yn )

Now we introduce one step Green's function of the implicit

difference analogue of heat equation :

s
' ' 1 2w -1
g(rjsgg” tn) = >Th r (l + ‘4>\nsin 2 ) X
-~
-, - E) = -i(r, + E) 2
x [e 3 h e i 2" h ]dw.)
(6.4) .
. - —1 2w -1
G(rj,EQ, tn) = o {ﬂ 1+ ansin 2 ) X
~i(r, - E) 2 -i(r, +E, - 1) =
x [e J 2" h + e J L h Jdw
kn 1 o 1 '
where An = —;5- , rj = (j - E—)hv‘and Eglf ¢ -3 Yh. These functlonst

satisfy the boundary conditions.

g(rj.Elz tn) + g(rj,Eo; tn) =0
(6.5) ‘ :
g(rl,ﬁl; tn) + g(ro.El; tn) =0

and conjugate relations

(6.6) gf=_GE, s Gr="g§

By using the Green's function we can give a representation of
{w(s)(rj,tn)} : by using (6.5)
J+n-1

(s) (8)y .. . (8)
W (rj’tﬂ ) = £Z=i hg(rj’gﬂ,’ tn )W(EQ" tn—l)

(6.7) + kis)g(rj,yn; tés))WéS)(yn,tés)) -

=30



f 4

- kéS) (S))W(S)(y

n

t(S))

gg(rj,yn; t at

(Refer to [9]). Hence by (6.6)

J+n~1

Wy ey = - > gy ey, £ )
and

w0 ) - wE D e

=[1+ kés)Gg(yn,yn; tis))]—l[kés)cgg(yn,yn; tis))w(s)(yn,tés))
J+n-1 (s)
- %:‘1 BG(y 585 £ DW(E,t )]
- [1+ kis'l)cg(yn,yn; tis'l))]'l[kis'l)cgz(yn,yn; tésfl))x
x WD) - Jégil Gy (70645 &7 w(Ege, )]

It can be proved in the same way aé in § 3 of [9] that
(s) _ (s-1) const. (s~1) _ . (s=2)
lwg " Gy ot ) = w2 Gt )] < 2 | vz (yet)) = vy (st

(s) ;
and hence for a large B {wr (yn,tn)} converges to the limit WE(Yn’tn)

as s + « and therefore {vés)}, {kés)} converge to the limits vn and kn

respectively. And further py 6.7) {w(s)(r tis))} converges to the

j’
. : -1
limit w(rj?tn). Then it is clear that {u(rj,tn) =< W(rj,tn)}

: J
(i=0,1,2, ... J+n) and kn satisfy (4.1) at tn. Thus we have proved

that we can take constant B so large that our iteration procedure

converges.
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