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概要

Ta Le Loi proved a definable version of Thom's transversality theorem in 

o-minimal structures without restrictions on the differentiability class and di-

mensions of manifolds involved though some restrictions are required in the 

general case. Loi's version of Thom's transversality theorem also holds in d-

minimal structures. 

1 Introduction 

Loi's versions of Thom's transversality theorem [13, Theorem 2] in a-minimal struc-

tures [1] holds even in d-minimal structures. Another version is found in [17, The— 

orem II.5.4]. Throughout, a d-minimal expansion of an ordered field F = (F, < 

, +, ・, 0, 1,...) is fixed. The structure Fis d-minimal if every definable subset X of 
F has a supremum and an infimum in F U｛士oo}and it is the union of an open set 

and finitely many discrete sets, where the number of discrete sets does not depend on 

the parameters of definition of X [15, 4]. We also fix positive integers p and r with 

p > 1 and r < p. Throughout,'definable'means'definable with parameters'. We 

abbreviate'definable CP'by 1JP. For instance, a 1)P map is a definable CP map. 

The following is our main theorem: 
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Theorem 1.1. Let N and M be炉 submanifolds.Let A be a finite collection ofか

submanifolds of Jr(N, M). Then the set 

冗(A)={f E炉 (N,M) Ir f is transverse to each member of A} 

is dense in炉 (N,M). Moreover, if A is a stratification of a closed subset and satisfies 

Whitney's condition (a), then冗(A)is an open subset of西(N,M).

As a corollary, the theorem implies that the set of炉functionsnot having degen-

erate critical points (they are called definable nondegenerate functions in [8]) is open 

and dense in炉 (N).This corollary was already proven in [9] when N is definably 

compact. 

The terms and notations used in the theorem are found in several previous studies, 

and Section 2 introduces the references in which these are found. Loi's proof for 

definable Thom's transvcrsality theorem docs not use o-minimality directly, but it uses 

several differential geometric facts holding in o-minimal structures. Once we verify 

that these facts also hold ind-minimal structures, Loi's proof also works in our case. 

The author found d-minimal counterparts to almost all tools used in Loi's proof in 

the previous studies. Only one exception is the existence of VP tubular neighborhood. 

We prove it in Section 3. We quickly look over Loi's proof and confirm that his proof 

is valid ford-minimal structures in Section 4. 

2 Definitions 

We want to recall the terms and notations used in Theorem 1. 1, but several pages 

are required if we duplicate them here. Therefore, we only give short explanations 

herein. 

We define a炉 submanifoldof戸inthe same way as the classical definition of 

submanifolds except that the sets and maps involved in the definition are required to 

be definable. We often omit the ambient space pn. We define⑬ maps between炉

submanifolds similarly. A fiber bundle (E, B, 1r, F) is called an西fiberbundle if E, 

B, F and 7r are在 andthere exists a local trivialization { (U心i)}such that Ui and 

(/Ji are also炉． Wedefine炉 sectionsof the bundle similarly. 

Note that the tangent bundle 1r : TN→N of a炉 submanifoldN is an TJP-l fiber 
bundle. A TJP-l section of 1r : TN→N is called a TJP-l vector field on N. By the 



6

definition, D f is a vp-l function for every岱functionf : N→ F and every VP-1 
vector field D. We denote the set of炉 mapsfrom a岱 submanifoldN into a炉

submanifold M by灯(N,M). We simply write炉 (N)in place of VP(N, F). The 

topology on炉 (N,M) called the炉topologyis found in [2]. 

Definitions of the jet bundle Jr(N, M) and the p-jet『fof a CP map f : N→ M 

are found in several books on differential geometry such as [11, Section 12]. Jr(N, M) 

is a vp-r submanifold, and this fact is proven in the same manner as [17, p.176-177]. 
In addition, the natural projections 7rN : Jr(N, M)→N, 1rM : JT(N, M)→ Mand 

町1/xM:JT(N,M)→N x M are vp-r fiber bundles. 
A partition of a definable set X into finitely many definable submanifolds X = 

uにCiis called a stratification of X if, for each i, the frontier {)Ci of Ci is a union of 
some of the Cj. In some definition of stratification, each Ci is required to be co皿 ected,

but we do not employ this requirement in this paper. In F, there always exists a 

stratification of a definable set satisfying Whitney's condition (a) by [4, Proposition 

5.44]. 

3 Existence of VP tubular neighborhoods 

We prove the existence of評tubularneighborhoods. First, we introduce technical 

notions. 

Definition 3.1. Let 7r : pn→戸 bethe projection onto the first d coordinates. 

A definable subset M of pn is called a Jr-regular岱 submanifoldof pn if, for any 

x E M, there exists a definable open box U containing the point x such that X n U 
is the graph of a definable er map defined on 1r(U). When 1r: pn→庄isa general 
coordinate projection, M is 1r-regular炉 submanifoldof pn if it is 7r o (I—regular 炉

submanifold, where (I : pn→戸isa permutation of coordinates such that 7r o (I 

is the projection onto the first d coordinates. A regular評 submanifoldof戸isa 

Jr-regular炉 submanifoldof pn for some coordinate projection 7r. 

Let M be a Jr-regular評 submanifold. Let (I : pn→戸 bea permutation of 

coordinates such that 1r oびisthe projection onto the first d coordinates. The set 

{y E Fn-d | 0―1 (u, y) E A} is denoted by A~ for every u E pd and every subset A 

of pn_ We set B叫x,t) = {y E pm I IIY -xii < t} for x E pm and t > 0. The tuple 
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(T, T/, p) is a standard岱tubularneighborhood of M if 

(a) Tis a definable open neighborhood of M in Fn; 

(b) TJ: M→F is a positive definable CP function such that, for all u E 1r(M), we 
have 

冗＝ uBn-dけ（x)，n（戸(u,x))) 
xEM::J 

and 

Bn-d(1r(x1), TJ(CT-1(u, x1))) n Bn-d(1r(aど!),TJ(CT-1(u,aど!)))= 0 

for all xi, x2 E叫 withX1 -/=四；

(c) p: T→M is a往 retractionsuch that, for any u E 1r(M), we have p(1r―1(u) n 
T) ~ 7r―1(u) n M and p（い（u,y))) = (J"―1(u,x) for all x E M:, and y E 
Bn-d(x, TJ(O"―1(u, x))). 

Lemma 3.2. Let 1r :戸→戸 bea coordinate projection. A 1r-regular評 submanifold

of pn has a standard炉tubularneighborhood. 

Proof. Let M be a 1r-regular初 submanifoldof pn. We assume that 1r is the pro-

jection onto the first d coordinates for simplicity. The fiber M[ is discrete for every 

t E pd by the definition of 1r-regular definable CP submanifolds. Consider the defin-

able function p : M→F given by TJo(x) = min{l,inf{llx-yll2/2 Ix-/= y EM, 1r(y) = 
叩）｝｝． Wehave TJo(x) > 0 for every x EM  because M;(x) is discrete. Furthermore, 

T/o is locally bounded from below by positive constants by the definition of 1r-regular 

炉 submanifolds. We can find a positive炉functionT/ : M →F satisfying the 
inequality T/ < T/O on M by [8, Lemma 3.11]. 

Set T = {y E pn IヨxEM, 1r(y) = 1r(x) and IIY -xii < TJ(x)}. It is easy to check 

that condition (b) in Definition 3.1 is satisfied. The proof is left to readers. We next 

define a definable map p : T→M. For every y E T, we can find a unique x E M 
such that 1r(y) = 1r(x) and IIY -xll2 < c:(x) by the definition of T and c:. We define 

p(y) as the unique point x E M satisfying the above conditions. It is obvious that p 

satisfies condition (c) in Definition 3.1 other than the condition that p is of class er. 

We show that T is open and the definable map p is of class CP. Fix an arbitrary point 

Yo ET. Set xo = p(y). By the definition of 1r-regular炉 submanifolds,we can take 

an open box U containing the point x0 and a definable CP map f : 1r(U)→pn-d such 
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that MnU is the graph off. Set S = {(t,u) E 1r(U) xFn-d I llu-J(t)ll2 < c(t, J(t))}. 

The definable set Sis open because the definable maps f and c(-, f(・)) are continuous 

on 1r(U). It is obvious that Yo E S and T contains S. This implies that T is open. 

The restriction of p on S coincides with the DP map given by y→ (1r(y), f(1r(y))). 
This implies that p is of class CP. 

The pair (T, T/, p) is a standard炉tubularneighborhood of M. 仁l

Proposition 3.3. Let X be a definable set and f : X→F be a definable map. There 
exists a partition X = LJ：：1 Ci切ね詑仰加快叫皿直飢心泣出柏は伽疇叩加

fb is of class CP for every l :S i :S m. 

Proof. For every definable subset A of F凡wedefine d(A), r(A),p(A) as follows: We 

set d(A) = dim A. Let II(A) be the set of the coordinate projections 7r: pn→pd(A) 

such that n(A) has a nonempty interior. Let r(A, n) be a largest positive integers r 

such that there exists a nonempty definable open subset U of pd contained in 1r(A) 

with dimA『=0and rank(A『)=r. Such r(A, n) exists by d-minimality. We define 

r(A) = max{r(A泣） I7r E II(A)} and p(A) = #{ 7r E II(A) I r(A) = r(A, 1r)}. 

Fix a coordinate projection 7r so that r(X) = r(X, n). We may assume that 7r is 

the coordinate projection onto the first d := d(X) coordinates for simplicity. Let W 

be the interior of the set of points t E 1r(X) with dimXf = 0 and rankXf = r(X). 
Consider the set Y := { x E X n 1r―1 (W) I x is isolated in x;け）｝． LetU 1r be the 
set of points x in X n 1r―1 (W) at which there exist an open box U in pn containing 

the point x and a西 mapT: 1r(U)→pn such that Mn  U = T(n(U)) and 1r o T 

is the identity map defined on n(U). We obviously have U1rこY.Let V1r := {x E 

U 1r I f is of class CP around x}. 
We can prove the following by reduction to the absurd using [4, Lemma 3.14] and 

[14]. We omit the proofs. 

• n(Y ¥に） hasan empty interior; 

• 1r(U1r ¥ V1r) has an empty interior. 

It is obvious that V1r is a 1r-regular炉 submanifoldand (d(X¥ V1r),r(X¥ V1r),p(X¥ 

V1r)) < (d(X),r(X),p(X)) under the lexicographic order. The proposition follows by 

induction on (d(X), r(X),p(X)). ロ
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Lemma 3.4 (Partition of unity). Let M be a岱 submanifoldand {Uぷ~1 be a 

finite definable open cover of M. There exists a炉partitionof unity subordinated to 

{Uぷ昌

Proof. A炉partitionof unity is constructed in a standard way when every definable 
closed set is the zero set of a炉function.See [5, Lemma 2.2-Lemma 2.6] and their 

proofs for the construction. Every definable closed set is the zero set of a DP function 

by [16]. 口

Proposition 3.5. Let M be a炉 submanifoldand f, E: : M →F be a definable 
continuous functions such that E: > 0 on M. There exists a炉functiong : M → F 
such that lg -fl < E: on M. 

Proof. We can decompose M into finitely many regular炉 submanifoldsCi,..., Cm 
so that fb are of class CP by Proposition 3.3. Let (Ti, T/i, p』 bestandard炉tubular
neighborhood of Ci for each 1：：：：： i：：：：：皿 SetUi : = M n Ti and let hi :に→ F恥

the岱functiongiven by hi(x) = f o Pi(x). We extend the domain of hi by putting 

hi(x) = 0 off Ui. Set v; := {x E Ui I lhi(x) -f(x)I < c(x)}. {V;ぷ昌isa definable 
open cover of M. Let { <Pi : M → F犀 bea炉partitionof unity subordinated to 
{Vぷ昌 Thefunction g : M →F defined by g(x) =江：：1叫x)hi(x)is a desired 
function. ロ

Corollary 3.6 (Existence of a炉tubularneighborhood). Every VP submanifold has 

a初tubularneighborhood. 

Proof. We can prove the corollary in the same manner as [2, Theorem 1.9] using 
Proposition 3.5. 口

4 A quick look at the proof of Theorem 1.1 

In [13], Loi first introduced the following basic facts on岱 (N,M) given in [2, 

Proposition 1.2 and Proposition 1.3]. 

• Let X be a炉 submanifoldof戸 andlet Y ~ X be a炉 submanifoldof X. 
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The restriction mapping 

res:村（X)ぅfH fly E冗 Y)

is continuous. 

• Let X, Y, Z be初 submanifoldsand h : Y→Z be a炉 map.Then 

に：炉(X,Y)ぅf→h*(f) =ho f E炉 (X,Z)

is continuous. 

The first one is proven in the same manner as [2, Proposition 1.2]. The second one 

follows from the definition of岱topologyand chain rules. 

After recalling several basic facts on definable jets and definable stratification in 

Section 3 and Section 4 of [13], definable Sard's theorem was introduced in Section 5 

of [13]. Sard's theorem also holds ind-minimal structures. See [8, Proposition 3.5]. 

Three key lemmas are used in Loi's proof. The first one is the existence of a'small' 

definable function, whose counterpart is found in [8, Lemma 3.12]. The second key 

lemma is tricky equalities obtained by using Leibnitz's rule and basic linear algebra. 

They hold in our cases. The third key lemma is as follows: 

Lemma 4.1. Let N, J and T be炉 submanifoldsand <I> : T x N→J  be a炉 map.

Let A be a finite collection ofか submanifoldsof J. If <I> is submersive, then the set 

T（屯A)={t ET I <I>(t, ・) is transverse to each member of A} 

is a definable set and dim(T ¥ T（<I>, A)) < dim T. 

Proof. Definability of T（<l'>, A) is obvious. The remaining task is to prove the inequal-

ity. 

We can reduce to the case in which A = {A} by using [4, Lemma 4.5(Dim 2)]. 

Observe that the assumption of [4, Lemma 4.5(Dim 2)] holds in our case thanks to 

[14]. The inverse image S:=<l'>-1(A) is aか submanifoldof T x N by [8, Lemma 

2.2]. Let 1r : T x N→T be the projection. For every t E T, t is a regular point of 
1rls if and only if <l'>(t, •) is transversal to A. We can prove this in a similar manner 

to the proof of [8, Lemma 3.7]. The lemma follows from the definable Sard's theorem 

[8, Proposition 3.5]. ロ



11

We explain the main body of Loi's proof. First, he reduced to the case where N is 

a definable open set and M = F匹 Thisreduction was made using [2, Proposition 1.2 

and Proposition 1.3] and the existence of炉tubularneighborhoods. Both tools are 

available in our setting, so we can reduce to the same situation in the same manner 

as Loi's proof. The density of冗(A)was proved using three key lemmas. The same 

proof works in our case. 

For openness of巧(A),Loi mainly referred the proof of [3, Proposition 3.6]. In this 

proof, it was demonstrated that the complement K := T¥ Tr(A) is closed. We should 

be careful about the difference of the assumption made by Loi with ours. Loi assumed 

that the underlying space is賊， butwe do not. A slight modification of the proof is 

required. When the underlying space is恥 wecan prove closedness of K by verifying 

the limit of every convergent sequence in K belongs to K. This criterion was used in 

the proof of [3, Proposition 3.6]. However, we cannot use this criterion in our case. 

We use the notion of pseudo-curves in [6, Definition 3.1] and a criteria for closedness 

in [6, Proposition 3.5] instead. 
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