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A survey of modified analytic trivializations

ETSUD YOSHINAGA, YOKOHAMA NATIONAL UNIV,
> > 3 - e <y 4 i 2% '\'>,.;».
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1. Definition of modified analytic trivializations.

Let
F(x3t) 1 (R"xI,0xI)—(R,0)
be a real analytic function—germ where I is a compact cube in R™.
We call F(x3t) a real analytic family of real analytic

function—germs ft(x):=F(x;t) tel.

Let m:X—R" be an analytic modification.

(1.1) Definitions.

(1.1.1) A real analytic family F(x3t) admits a x—modified

analytic trivialization (abbreviated to a r—MAT) along I via the

modification n if there exist an analytic isomorphism

1

M (XxI,x 1(0)xT)—(XxT,x F(0)xI)

and a homeomorphism _
Hs (R"xI,0xI)—(R"xI,0xI)

such that the following commutative diagram ho]ds H
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(1.1.2) Commutative diagram.

_ ' Axid; p
(Xx1,x"10)x1) S(R"x1,0x1) 3 »(R",0)
pl /
H I H £
o
(o3
\ 2 N N/
-1 xx1d F
(XxI,7 ~(0)xI) s(RMx1,0xI) S(R,0).

Where P, 1§ig3 are canonical projections and t0 is an element of

I.

(1.1.3) A real analytic family F(x3t) admits an almost

r-modified analytic trivialization (abbreviated to an almost z-MAT

) along I via the modification # if there exists an analytic
isomorphism H such that the commutative diagram (1.1.2) except the

arrow H holds.
2. Kuo’s motivation and classification theorem.

In this section, we survey the results of the paper [41].
The (right) C equivalence relation, the natural equivalence
relation in the set Cr(n,l) of C" function—-germs F:(Rn,O)————*

(R,0), is defined as follows: f ~ g for f,9¢C" (n,1) if there
0 ,

exists a local C° diffeomorphism h:(Rn,O)————*(Rn,O) such that

f=goh. Then the following two results are well-known.
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(2.1) Theorem (T. Fukuda). Let P{n,k) be the set of

polynomials of n variables whose degree is lower than or equal to

k. Then the set P(n,k) consists of finite CO equivalence classes.

(2.2) Whitney’s example. The family
2

Ut(x,y):=y(y—x)(y-22)(y-tx):(k y0)—(R,0), consists of infinite

1 .
C~ equivalence classes.

Theorem (2.1) and (2.2) tell us that a CO equiQa]ence classe
consists of sufficiently many elements but a\Cl equivalence class

0 and C1 equivalence

does not. There is a big gap between the C
relations.

T-C. Kuo is not pleased with this fact. He says in [41 that
a fundamental problem in the theory of real singularities is to
seach for a "nice and natural®' equivalence rélation in the set
A(R™) of germs of analytic functions : (R",0)——(R,0). He
proposes the notion of blow-analytic equivalence relation as one

of them. We summarize here his idea and resu]ts in C43],

(2.3) Kuo’s definitions.

* - w
(2,3.1) Let X be a complex space. Then a modification of X

LR *
is a proper surjective holomorphic map X X —X , which is a

*-1

biholomorphism outside =% (N>, N being a thin set.

(2.3.2) Let X be a real space. Then a modification of X is

a proper sur jective ana]ytic map R:Y————ﬁx whose complexification

.1 w W
1 X —X is a modification.

(2.3.3) A map f:X—Y of real spaces is called
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blow—analytic if there exists a modification x:X—X such that

for: X—Y is analytic.
(2.3.4) A homeomorphism @:X——Y of real spaces is called

blow-analytic if ¢ and ¢—1 are blow—analytic,

(2.3.3) Analytic function—-germs F,gGA(Rn), are

blow—analytically equivalent i1if there exists a blow—analytic,

local homeomorphism @:(R",0)——(R",0) such that f=go®#. In fact,
this is an equivalence relation (Proposition 2 in [41).

(2.4) Example. Let f(x,y):Re——R be the function defined

by
2
. if (x,y)#(0,0)
2, 2
b4
fix,y):=
0 1f (x,y)=(0,0).

The function f(x,y) is blow—analytic but not Cl.

(2.3) Note. If a real analytic family F(x3t) admits a =—MAT
along a parameter space I via a modification n, then the
function—germs parametrized by I, form a blow—analytic equivalence

class.

(2.6) Theorem ([41). Let F(x3p):(R"xP,0xP)——(R,0) be a

real analytic family where the parameter space P is a subanalytic

subset of some Euclidean space. Suppose for fixed p, Fp:=F(x;p):

(R",0)———(R,0) admits 0€R" as an isolated singularity. Then

there exists a finite filtration of P by subanalytic subsets P(l)

PO p (L) p () o2+l _y

P 5P

with the following properties:
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(2.6.1) dim P(i) (1+1), P(l)—P(1+1) are smooth,

>dim P

(2.6.2) For p, p° in _a same connected component of
P(i)_P(i+1)

s Fp,sz_are blow—analytically equivalent.

(2.7) Theorem (L3]). If a real analytic family F(x3t) admits

a simultaneous resolution &, then it admits a %o® -MAT uwhere x is

a finite succession of blowing-ups of R" with non-singular

centers.,
3. MAT via the blowing-up of R" at the origin.

Now, the problem of what kind of singularities form a
blow—analytic equivalence class via what kind of modifications,
arises., |

In this section, we survey the results in [2] by T-C. Kuo.

The problem above is treated firstly in the following theorem.

(3.1) Theorem ([21). Suppose the initial form Hk(x;t) in x

of F(x;t) has an isolated singularity at the origin of R" for any

tel. Let z:M——R" be the blowing-up of R" at the origin. Then

F(xs;t) admits a n—-MAT along I.

(3.2) Examples.

(3.2.1) Uhitngy's examp]e. The family Ut(x,y) defined in

12.2) admits a A-MAT along I, where I is a compact interval in R
and {0,1,2)0I=¢, So the family Ut t€R consists of seven
blow—-analytic equivalence classes at most. On the other hand, it

. . .. 1 .
consists of infinite C° equivalence classes.
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(3.2.2) Zeeman double cusp. The family Zt(x,y):=x4+yd+tx2y2

admits a r-MAT along I, where I is a compact interval in R and

2¢1.
4. Skech of the proof of (3.1).

Let F:(RnXI,OXI)————*(R,O) be a real analytic family. Define
the vectors g and 8 as follows:

-

a = <%§,grad F/lgrad F|>grad F/fgrad Fi

= (g%%igrad Flz)grad F

and
2.2 _2
T oAt
=(—g%/|grad F|2)gradxF + ((|grad F|2 - (%gdz/lgrad F!z)%g.
P -
¢x2
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(4.1) Kuo vector field.

a_
at’

This is the vector normalizing b so that the coefficient of %E is

Vix3t) s= -(g%/lgrad Flz)gradXF +

equal to. 1. The vector field V(x3t) is tangent to the level

surface of F(xjt) at its regular point.

-1 1

Then we can showkthat the vector field d(zIM-z ~(0)) “(V) has
an analytic extension V to a neighbourhood oFknﬁi(O) in M. The
trajectory of the vector field U defines the analytic isomorphism
H, which satisfies»the commutative diagram (1.1.2). Hence the

family F{x3t) admits a ijAT along 1.
5. MAT via toroidal embeddings.

In this section, we summarize the results in [51.

(5.1) Definitions. Let K=R or C.

(5.1.1) Let f(x)= Zakxk be the Taylor expansion of f(x) at
k

the origin. The convex hull of the set

UCkez," | a #02

in R" is dehoted by F+(F), a so—called Newton polygon of f.

(5.1.2) A function—-germ f is Kfnon—degenerate if

n 3FT 3?7 ‘ n
(xeK" | z== =--+= === = 03 c {(xeK" | x

for any compact face 7 of F+(F), where

1x2"'xn=0)

f () 1= 3 akxk.
keT
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In this case, we say also that a function—germ f has a

K-non-degenerate Newton principal part.

(5.1.3) An analytic family F{xit) is called a family with a

fixed Newton polygon F+ if all Newton polygon F+(Ft) are equal to

r

A family F(x3t) is K-non—degenerate if F is a family with a

+0
fixed Newton polygon and Ft tel is K-non—degenerate.

It is well—known that there is a so-called toroidal embedding
xX—R" associated with a Newton polygon F+=F+(F).

(5.2) Theorem ([5]). An R-non—-degenerate analytic family

F(x3st) tel, where I is a compact cube in Rm,fadmits an almost

z-MAT along I via the toroidal embedding % associated with the

Newton polygon F+(F).

(5.3) Theorem (L5]). Suppose that the hypothesis of (5.2)

holds. If Ff(x;t) is independent of t for any non—-compact,

non—coordinate face 7 of T' (F), then F(xjt) admits a n-MAT along

I.

These theorems are ones of generalizations of the theorem
(3.1) in a sense., It should be noted that function—-germs of real
analytic family treated here, are not necessarily isolated

sigularities.
6. MAT via blowing—ups and subblowing—ups.

In this section, we survey the results of the forthcoming

paper [91].



Let F(x3t) be a real analytic family with fixed Newton

i, .. 1.
J Jl 2, .,

polygon I' . We can choose finite monomials x =X4 X5

0£ i{k and analytic functions cj(x;t)‘with cj(O;t)#O so that

k i
Fixs;t) = S c.(x3t)x 7.

i=0 ’

We let

K:=R or C,

I
KWs=CxeK™ Ix 7=0, 0¢j¢kd,
* 1 i i
KX j1=C0x, £ € CKM=KUIXKPR [£2C 1o v+ 10 =x Qi Taeevax ),

w
KX:=KXU:=the topological closure of wa in the
n k
Hausdorff space K xKP™,
and

CX |R:=CXN (R"xRP®) .

(6.1) Definitions.

(6.1.1) We call the canonical projection
Rz s RX——R"

(or simply, RX) the subblowing-up of R” with center RW.

(6.1.2) We call the canonical projection
Cxt CX—C"

(or simply, CX) the blowing-up of C" with center CUW.

143

in
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(6.1.3) We call the restriction map CxlR of Cx to the real

ky

part CXIR:=CXN(R"xRP |
Cx IR:CX |IR—R"

(or simply, CXIR) the blowing-up of R" with center RW.

It is well—-known that the subblowing-up RX is a
semi~algebraic set and the blowing-up CX (resp. CXIR) is the

k

. w *
Zariski closure of CXU (resp. RXU) in C"xCP {resp. RnXRPk).

The subblowing-up Rr:RX—R" is a proper sur jective
modification of R" in_the sense that the map Rx is a proper

sur jective analytic map and the restriction

* w
Rz IRX, , ¢t RX, ,—R~-RW
W W
is an analytic isomorphism of real analytic manifolds.
The blowing-up €z (resp. Czxl|R) is, of course, a proper

sur jective modification of c" (resp. R™).

(6.2) Definition. Given a subset J of (1,2, --,n2, an

analytic function—germ f is K-J-non-degenerate if

af

Cxek™ | X, 5;1=0 ped ¥ © {x
P

1x2"'xn=0}

for any compact face 7 of T _(f).

(6.3) Example. An Fx;sxy»xg)1=x, Trxy 2o 4, 04x,0%57 i

R—(1,2}—non~degenerate.:

- 10 -



145

(6.4) Theorem. A germ f(x) is K-J-non—degenerate if and only

if the linear equation

(6.4.1) iopco(O)C0+i1pc1(0)C1+'"+ikpck(0)ck=0. peJ

has no solutions in Kx -(0).

(6.35) Definition. For K=R or C, we call F(x;t) a

K-J-non—-degenerate family if F is a family with a fixed Newton

polygon and each function—germ Ft(x):=F(x;t),t€I, is

K-J-non-degenerate.

Let Tp,lgng, be the all faces of I', (which contain the face

of dimension n) and construct a new family ?(x;T),T=(tq p)eT,
9

changing the parameter t=(t1,t2,-",tm) of F(x3t) as follows.
Substitute a new parameter tq b for the parameter tq (if there
s
: . i.-
exists) in the coefficient cj(x;t) of term x J, ijelnt(rp). Then

?(x;T) is a real analytic family with the fixed Newton polygon F+

and dingmM. We call ?(x;T) the corresponding family to F(xj3t).

We denote the boundary of 7 by 37,

(6.6) Definitions.

(6.6.1) For a Faqe 7 of the Newton polygon T+, a subset JT

of {1,2,---,n> 1is called the transversal direction of the face

T 1f JT is the subset of all indexes p of X, axes, each of which
is transversal to the face 7, namely there is no parallel
translation T of R” such that the affine space determined by 7
contains T(xpfaxis). |

_11_
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(6.6.2) We call a K-non—-degenerate family F(x3;t) a strongly

K-non-degenerate family if the corresponding family Fix3T) is

K—JT-non—degenerate and FaT(x;t) is independent of t for any

non—compact, non—-coordinate face 7 of r+.

(6.7) Theorem. Let F(x3t) be an R (resp. C)-non—degenerate

real analytic family. Then the family F{x;t) admits an almost

Rr-MAT (resp. an almost Cz|R-MAT) along 1I.

(6.8) Theorem. Let Fi{x3;t) be an R (resp. C)-non-degenerate

real analytic family. Suppose that that FT(x;t) is independent of

t for any non—compact, non—coordinate face 7 of F+. Then the

family F(x3;t) admits an Rx-MAT (resp. a Cx|R-MAT) along I.

(6.9) Theorem. Let F{x3t) be a strongly R (resp.

C)-non-degenerate real analytic family. Then the family F(x3t)

admits an Rx-MAT (resp. a Cx|IR-MAT) along I.

I think that these theorems are ones of direct
generalizations of the theorem (3.1) formulated by making use of
blowing-ups.

Assuming that the theorem (6.4) is valid, we show the lines

of the proof of the theorems (6.7), (6.8) and (6.9).

Let us introduce a singular Riemannian metric on R". Let
gp(x),lgp;n, be analytic functions on R". Define the inner

product by

9 ..
pdx_ ’ gqaxq>' 6pq

_12._
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where épq. 1{p,ain, are the Kronecker's symbols. This inner

product induces a Riemannian metric on Rn-{xeRnlglgz"'gn=0},

which we call a singular Riemannian metric on R™.
Using this singular metric, we have the following
representation of the Kuo vector field V(xit).

(6.10) Lemma.

>3]

n n
aF S g F 2 ‘ S (g aF

Vixst)=— -8_E 2 p -——axp B

P p=1 P

Define

x1x2"'xr;/xp if p¢d,
1 otherwise.

(6.11) Lemma. Suppose that F(x:t) be a real analytic family

of germs of R-J-non—degenerate (resp. C-J-non—degenerate)

functions ft(x):=F(x;t) with a fixed Newton polygon F+. Then, the

vector field

V(X’g;t):=
k dc. 5 k ' k dc.
-3 ——"—f;)ZE CTi.c.lx3t)l . +x_ 3 ——‘Lﬂ}xa
j=0 t Y p=1 P =0 P J b Pz ax, p
9
e + . —_—
n o, Kk Kk ac. It
SE cZi.c.(x;t)c.+x 2—!{>
'p=1 P j=0 Je J . J 0

is analytic in _a neighbourhood of Rn—l(O)XI (Eésg} (CIIR)’l(O)XI)

_13_
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in R"xRP*xR and

AR (V(x, £3£))=d(Cx IR (V(x,L3£))=Vixit).

The ana]yticity of V follows (6.4) and the last equality is
proved by the application of (6.10) in which put gp;=prp, 1<psin.
Defining an anlytic isomorphism H making use of trajectories

of Ué, we can prove the theorems (6.7), (6.8) and (6.9)., The
vector field U_ is defined by ¥ of (6.11), in which put &—:=2—
q ot th

See [9], in detailes.
7. Necessary conditions for MAT.

In previous sections, we surveyed sufficient conditions for
MAT. In this section, we study necessary conditions.

T-C. Kuo [2] shows that the so—called kite singularity
y25t2x3-x5 does not admit a x-MAT along any interval I,

2

K{x,yit)s=
0l via the blowing—up 7 of R at the origin. To show this, he:
proves the following

(7.1) Theorem. If a real analytic family F{x3;t) admits a

7-MAT along I via the blowing—up 7 of R", then

0(l,u)=0(Ht(l}.Ht(u))

for any analytic arc i, 4 started from the origin of R". Where

0(A,4) denotes their order of contact at the origin.

M. Suzuki [8] studies also a necessary condition for m—MAT

and proves the following

...14-
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(7.2) Theorem. If a real analytic family Fi{x,y3:t) adhits a

z-MAT along I via the blowing-up of R2 at the origin, then

Fix,y3t) is a family with a fixed Newton polygon.

1 think that these are very interesting themselves. 1 hope
that the theorem in these directions is proved via more general

modifications.
8. Problems.

We sumharize the problems associated with MAT,

(8.1) Study the problem of what kind of degenerate families

admits a x-MAT via what kind of modifications.

I know only a very simple degenerate family which admits a
bug z—-MAT. A bug a-MAT means, by definition, the fact that there
exists an analytic isomorphism H of XxI-N in (1.1.2), where N
(resp. NNXxt) is a thin set of XxI (resp. x—l(O)Xt). Can we
study more Qeneral cases in this line?

(8.2) Seach hecessary conditions For MAT. As I mentioned in

the section 7, do similar results to (7.1) and (7.2) hold via
another modifications?

(8.3) Construct a catastrophe theory making use of

blow—analytic equivalence classes. At the same time, it would be

a problem to determine the normal forms of functions in a some

category. T-C. Kuo referes also this subject in his address at

Tokyo (1979).

(8.4) It would be an important subject to study a map version

- 15 -
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of MAT. T. Fukui [4]1 make a study of this subject and prove
interesting results.

(8.5) Construct a blow—ana]z;ic theory. T-C. Kuo proposes g

notion of blow—analyticity of mappings and blow—analytic
equivalence relation in the set of analytic function—germs. There
are some results associated with blow-analytic equivalence
relations as we saw in this short survey. But there are no
results associated with blow-analyticity itself. For example,
families of blow—analytic functions should be studied in‘the
future. I am sure that there would be a big theory named

blow—analytic theorvy.
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