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Abstract 

The note surveys the result and idea of proof in [ Ci GalkTa-1]. Moreover, the existence 
of multiple L2-normalized solutions is also given, which is not contained in [CiGaikTa-1] 
and this result is motivated by [CiGalkTa-2]. A proof of this multiplicity result is based 
on the uniqueness and nondegeneracy of positive radial solutions to―△u + u = lulP-lu 
in RN. 

1 Introduction 

The L2-normalized problem is to find a pair (μ, u) ER  xが (R州satisfying

(1.1) —• u+µu=g(u) inR凡
1 1 lN u2dx = m. 
RN  

Here N?: 2, and g E C(R) and m E (0, oo) are a given nonlinearity and a constant. The study 
of the existence of L2-normalized solutions and their properties are related to the stability of 

standing wave solutions of 

(1.2) 直い十△叫十f(|い|）心＝ 0.

Here the standing wave solutions of (1.2) are solutions of the form心(t,x) = eiμtu（x). For the 
details, we refer to Cazenave [Ca03]. 

Pioneer works for (1.1) are [St80, St82, CaLi82] and recently the L2-normalized problem is 

actively studied. For references, we refer to [CiGaikTa-1]. The aim of this note is to provide 

the result and idea of the proof in [CiGaikTa-1] as well as to give another multiplicity result 

which is not given in [CiGaikTa-1]. This multiplicity result is motivated by the function given 

in [CiGaikTa-2]. To state the result in [CiGaikTa-1], set 

4 
p := 1+--;;-;:. 
N 

This exponent plays an important role in the study of the L2-normalized problem. In what 

follows, we always assume the following condition: 



(gl) Set h(s) := g(s) -lslp-1s. Then h satisfies 

h(s) h(s) 
lim = 0, lim --＝ 0. 
S→o+ |s|p-1s S→(X) S 

Notice that if g satisfies (gl), then this case is included in the L2-critical case. The L2-critical 
case is not well studied and references for this case are limited. Here we mention the works 
Schino [Sc22] (the existence of the minimizer) and Jeanjean, Zhang and Zhong [JeZhZh24] (the 
existence of positive solutions based on the fixed point index and continuation arguments). 
The existence of positive solutions to (1.1) is delicate in the L2-critical case. In fact, it is 
known (cf. Kwong [K w89]) that the equation 

(1.3) —• u + u = lulp-lu in R凡 uE圧 (R州

has a unique positive radial solution and we denote it by w1. For any μ > 0, the equation 

—△u+µu ＝砂 in RN, u E H1(R州

admits a unique positive radial solution given by叫 x):= μl/(p-1)凸 (μ1/2x)= μN/4凸 (μ1/2x).
Notice that 

1 1 
叫：＝ §I|凸 ||i2⑯)＝ 2|lwμlli如） foreveryμ> 0. 

On the other hand, if (μ, u) E Rxが (R州isa solution of (1.1) with g(s) = Isip-ls, then u 
satisfies the Pohozaev identity (see Berestycki and Lions [BeLi83, Proposition 1]): 

0 = N-2II▽ulli叫）＋N(訃llulli2(R州― ;=hllu||］面））

2 
Since II▽u||此町）十μllu||i2(RN)= llull 

p+l 
LP+l(RN)' it follows that 

μllulli2（記） ＝ （p：1 _ N-2) ||u||iご1向） ＞0, 
which yieldsμ> 0. Thus, (1.1) with g(s) = lslp-ls admits a positive radial solution if and only 
if m = m1・
By the above consideration, in [CiGaikTa-1], the existence of positive solutions to (1.1) with 
m = m1 is discussed and the following result is obtained: 

Theorem 1.1 ([CiGaikTa-1]). Suppose (gl) and the following condition: 

(g2) There is no positive radial solution to―△u = g(u) in RN with▽u Eび(R州 and
uEび＋l(R州．

Then (1.1) with m = m1 admits a solution(μ, u) E (0, oo) x H如(R州suchthat u > 0 in R芯

Remark 1.2. (i) According to (gl) and the result by Alarcon, Garcia-Melian and Quaas 
[AlGaQu16], when 2 :S N :S 4 and g(s) > 0 for all s > 0, the equation 

—• u = g(u) in RN 

has no positive solution. Thus, in this case, (g2) is not necessary. 

(ii) A similar condition to (g2) is used in [JeZhZh24]. 

(iii) One simple condition to verify (g2) is 

N-2 
0 :<::: ~g(s)s -NG(s) in [O, oo). 
2 

For the details, see [CiGalkTa-1]. 
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1.1 Idea of proof of Theorem 1.1 

To prove Theorem 1.1, without loss of generality, we may assume that g is odd. Indeed, since 
we are interested in positive solutions, we modify the values g(s) for sさ0to obtain the odd 
extension g of g and use g instead of g. If the existence of positive solutions to (1.1) is shown 
with g, then these are also positive solutions of (1.1) with g. Therefore, from now on, we 
assume that g is odd in addition to (gl) and (g2). 
In [CiGalkTa-1], the Lagrangian function approach in Hirata and Tanaka [HiTa19] is utilized 
and critical points of the following functional are found: 

1 
I（入，u):= 1 >v'ul2 -G(u) dx + e入しLNu2 dx -m1) : R x H如(R州→ R 

RN  2 

It is easily seen that any critical point（入，u)of I is a solution of (1.1) w!th μ = e入andm=叫・
Inspired by works [BaLi90, BaLio97, TaOO], two minimax values Q and bare introduced to find 
critical points of I. To define these values, by Gagliardo-Nirenberg's inequality and (gl), we 
shall prove that there exists some A > 0 such that 

I（い）~ -2Am1 for each（い） ERxH如(R州with}LN u叫＝叫・
Since I （入， 0) →—oo as入→ ooand J（入，tu)= -oo as t→ oo when u苧0,the set Rx  
{u EH如(R州 I½ JRN u2 dx＝四｝ separates

{ （い） ERxH如(RN)I J（入，u)< -2A四｝

into at least two parts. We next find (0 E C(R, H如(R州）whichenjoys the following properties: 

(i) I（入，(o（入）） ＜ー2Am1-1-e国 forall入ER;

1 
(ii) ： f記 ((o（入））2dx>四 forall入ER;
(iii) As|入I→oo, max。年1I（入，t(o（入）） →0. 

Finally, we set 

,o（入，t):=（入，t(o（入）） ：Rx  [0,1]→RxH如(R州，
C(L) := {((-oo, -L] U [L, oo)) x [O, 1]} U {[-L, L] x ([O, L-1] U [1-L-1, ll) }. 

Then the values b and b are defined as follows: 

Q := inf JI!~ J(,(t)), b := inf sup 
和 £0<t<1

I(1（入，t)),
沢：F（入，t)ERx[O,l]

where 

.[ := { 1 E C([O, 1], Rx  H如(RN))I J(,(O)) ~ 1,,(1) =（ふ，(o（ふ）） forsome入ER},

「:={1 E C(R x [O, 1], Rx  H如(R州） I,=,o on C (L1) for some L1 > 1 }. 
We aim to prove that Q or bis a critical value of I. To this end, we first establish 

(1.4) しさ b（入）さbfor every入ER.

Herc b（入） isthe mountain pass value of the functional H如(R州 3U→I（入，u):

b（入）：＝ inf max I（入，r(t)),
,EI'入0:<:'.t:<::1

r入：＝ ｛1 E C([O, 1], H;aa(RN)) I 1(0) = 0, I(〉¥，1(1))< -e入m1}.



Since it can be shown that b（入） →0 as|入I→oo, (1.4) yields 

b < 0 < b. 

肝omthese two inequalities, we consider the following three cases: 

(a)l2_<0, (b)O<b, (c)g_=O=b. 

In case (a) (resp. (b)), the value g_ (resp. b) becomes a critical value of J. In particular, if 

Q < 0 < b hold, then there are at least two positive solutions（ふ，附） and（極叫 of(1.1) with 
m=四 withI（心叫＝り <O<b=I（極匹）． Onthe other hand, in case (c), we may prove 
that for each入ER, any positive mountain pass solution to 

(1.5) —凶＋ e>-u = g(u) in R凡 uEH如(R州

turns out to be a positive solution of (1.1) with m = m1. More precisely, let入ERand 

u EH如(Rりbea solution of (1.5) corresponding to b（入）． Noticethat u can be chosen as 
a positive function. Then JRN u2 dx = 2m1, and hence（入，u)ER  x H如(Rりisa solution 
of (1.1). Thus, in case (c), there are infinitely many positive solutions of (1.1) with m = m1. 
Though we may prove that case (c) occurs when g (s) = Is lp-l s, it is not known that there is a 

nontrivial g in which case (c) holds. 
To implement the above argument, in [CiGaikTa-1], Palais-Smale-Pohozaev-Cerami se-

quences ((PSPC) sequences in short) and the Palais-Smale-Pohozaev-Cerami condition ((PSPC) 

condition in short) are introduced. Here(（ふ凸））芦 cRxH如(Rりiscalled a (PSPC) se-
quence at level c E R ((PSPC) c sequence in short) provided 

(1.6) 
I（い）→ c, (1 + llu』|か(RN)）闘I（入凸）ll(H如(RN))*→0,
防I（ふ，％）1→0, p（入凸） →0, 

where P is a functional corresponding to the Pohozaev identity defined by 

P（入，u):= ~ LN lv7ul2 dx + N 1記 ~u2 -G(u) dx 
Then I is said to satisfy the (PSPC)c condition if every (PSPC)c sequence is relatively compact 

in Rx  H如(Rり Ifwe replace (1 + lluj II圧（記）） by1 in (1.6) then this notion is introduced 
in [HiTa19]. Condition (1.6) is motivated by Cerami [Ce78] and under (gl) and (g2), I satisfies 

the (PSP_Ct condition for all c E R ¥ { 0 }. By this c~庄pactness condition, we may show that 
Q (resp. b) is a critical value of J when Q < 0 (resp. b > 0). On the other hand, in case (c), 
since Q = 0 = b, this idea does not work. Instead, we use the existence of optimal path for b（入）
due to Jeanjean and Tanaka [JeTa03]. 

1.2 Another multiplicity result 

As pointed in Section 1.1, when Q < 0 < b and g is odd, (1.1) with m = m1 has at least two 
positive solutions. In [CiGaikTa-2], an example of g enjoying Q < 0 < b is also given. On the 

other hand, when case (c) happens, there are infinitely many positive solutions of (1.1) with 
m = m1, however, we do not know examples of g other than Isip-ls in which case (c) occurs. 

In this note, we shall prove another multiplicity result motivated by [CiGaikTa-2]. 

Theorem 1.3. For any k EN  there exists gk E C(R) verifying (gl) and gk弄IsIp-ls such that 
(1.1) with g = gk and m = m1 has positive solutions ((μぃ糾）贔 cRxH如(R州suchthat 

0<ぃ＜加く・・・<μゎ ui > 0 in RN (1 ::; i ::; k), 

糾＃咋 foreach i = 1,..., k andμ E (0, oo). 
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Though finding 9k in Theorem 1.3 is motivated by nonlinearities treated in [CiGaikTa-2], 
the proof of Theorem 1.3 is different from [CiGalkTa-1]. Indeed, for each k E N, we aim to 
find 9k E C(R) such that (gl) holds and 

(A) there exists (u入）入ERCH如(RN)such that Rぅ入→ U入EH如(R州isof class C1 and 
U入isa positive solution of (1.5) with I（入，ぬ） ＝ b（入） foreach入ER;

(B) the function defined by Rぅ入→b（入） admitscritical points -oo <入1<入2<...＜ふく
00. 

If (A) and (B) hold, then ((e入口'U叫 1年i:s:kare the desired solutions of (1.1) with g = 9k and 
m=呵 Indeed,since u入iis a positive solution of (1.5), it is enough to prove JRN luごdx= 
2m1. This can be seen from 

d d d 
0=五い）い＝ぷI（入心）い＝勾（入，闘）＋叩（入心）ぷmい＝叩（入ぃ虹）．

In the rest of this note, we shall find 9k satisfying 9k争Isip-Is,(gl), (A) and (B). 

2 Proof of Theorem 1.3 

As pointed in the end of Section 1.2, for any given k E N, we shall find 9k E C(R) satisfying 
9k羊Isip-ls,(gl), (A) and (B). 
Notation: In the rest of this note, we shall use the following notations. 

(i) For any q E [1, oo] and domain r2 CR凡

||u||q,o :＝｛こ二：”
when 1 :S q < oo, 

when q = oo. 

WhenO = R凡wesimply write llullq,RN = llullq and also introduce the following notation: 

〈u,v加：＝j▽U・ ▽v + uv dx, llullH1:＝いい云
RN 

(ii) H := H;ad (R州．

(iii) For each入ER, write μ = e入． Forinstance, I can be written as 

I（入，u)＝；1|▽u||：-JRNG(U) ＋μ(||：||; -m1) 

Motivated by the nonlinearities treated in [CiGaikTa-2], we shall treat the following class 
of nonlinearities: 

(2.1) 9a,rJ(s) := (1 + rJa(s)）心叫(s):= 18 9a,rJ(t) dt = 18 (1 + rJa(t))t~ dt. 
0 JO 

Here s+ := max { 0, s }, T/ E (0, 1/2] and a satisfies the following conditions for some L 2:: 1: 

(2.2) 
a E C}((O, oo)), ー 1::;a(s)::; 1 for any s ER, 

la(s)I = 1 for alls E [1/ L, L], lsa'(s)Iさ4(e-1) for every s ER. 



Denote by AL the set of all a satisfying (2.2). We remark that for each L ~ 1, AL::/-0. Indeed, 
consider 

l゚og (4L(e -l)s + 2 -e) 

ao(s) := 1 

1 -log (TJf s + 2 -e) 

゜

1 
if O < s < ---==-- -4L' 

if~<s<~ 
4L 
<s< 
-2L' 

if 
1 

2L 
<sく 2L- -,  

if 2£ < s ::; 4£, 

if 4£ < s. 

Since a。isLipschitz continuous and isa~(s)I さ 2(e-l) for any s E [O, oo)¥{ 1/4L, 1/2L, 2L,4L }, 
using a mollifier, we may find a with a EAL. Remark also that if a EAL, then -a EAし
It is immediate to verify that 9a,'f/ satisfies (gl) for any TJ E (0, 1/2], L ~ 1 and a E AL・
Moreover, from (2.1) and (2.2) it follows that for each T/ > 0 and a EAL, 

μ―N/4-lga,'f/（J1N/4s) = (1 +rJa(µNf4s))s~ 

and 

(2.3) 

μN/48 
μ―N/2-lGa,r,(μN/48) = μ―N/2-1 1μ-'-,, (1 + rJa(T))T『dT

= Js (1 +o  a(μN/4t)）t[ dt= Ga(μN/4)，n(s)． 

゜Let a E AL and set 

I(a,rJ，入，u):= 11|▽u||; -JRN叫 (u)dx + μ(111ull; -m1) 

For our aim, it is convenient to introduce a scaled functional of J. More precisely, for u E H, 
write u入(x):= μNl4u(μ112x) and aμ(s) := a(μNl4s). Then it follows from (2.3) that 

(2.4) 

I(a,rJい）＝ µ{~1|▽ull; + ~ llull; —µ—N/2-1 LN Ga,,,,(μNf4u(x)) dx -m1 

＝ μ｛信▽鴫＋；1|u|且ーJRNGぃ：UN)dx-ml} ｝ 
=: μ{K(a, rJ ；入， u) —叫｝．

We shall also write b(a, TJ；入） forthe mountain pass value of Hぅuf---+ K(a, TJ；入，u):

b(a, TJ；入）：＝ inf max K(a,n；入，,(t)),
沢 r(a,n；入） 0こt三1

r(a,T/；入）：＝｛1E C([O, 1], H I,(a) = 0, K(a, TJ；入，,(1))< 0}. 

It is known that b(a, T};入） isa critical value of K(a, T};入，・)for each a EAL, TJ E [-1/2, 1/2] and 
入ER (see [BeGaKa83, BeLi83, JeTa03]) and set 

Sa,ry；入：＝ ｛U EH  I BuK(a,T/；入，u)= 0, K(a, T/；入，u)= b(a, T/；入）｝．

Since each u E S研；入 satisfies

0=仇K(a,TJ；入，u)u―=-||u―||；19
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we have u ~ 0. By K(a, TJ；入，u)= b(a, TJ；入） ＞ 0 and u羊0,th , the strong maximum principle 
yields u > 0 in RN. 
We next introduce 

K1;2(u) := 1り▽記＋！u2 _ |u|p+1 dx, 
RN  22  2(p+ 1) 

11"<""7 12, 1. 2 3lulp+l 
K3;2(u) := lN ~lv'uド＋ーu2-~dx

RN  21. ~I'2 ~ 2(p + 1) 

and write b1;2 and b3;2 for the mountain pass value of K1;2 and K3;2. Since 

1 [＋1 < G s < 3 1 

2(p + 1) s _ aμ,n(） _ S 
p+l 

2(p + 1f+ for alls ER, rJ E (0, ~], L 2: 1, a EAL, 
it follows that for each（入，u)ER  x H, rJ E (0, 1/2], L 2: 1 and a EAL, 

K3;2(u)さK(a,rJ；入，u)さK1;2(u),

which gives 

0 < b3;2 :'S b(a, rJ;入):=;b1;2 for any L 2: 1, a E AL,入ER.

Now we set 

叫＝｛u EH  I K(a,rJ，入，u)E 「;/~,2b1;2], BuK(a,rJ，入u)= 0} 
It is easily seen that 0 =J Sa,ry；入 ega,n；入・
In order to state a next result, we define W。by

恥(u):= lN ~I▽uド＋！u2 _ |u| p+l 
RN  2'.'. 2 p + 1 dx EC  

2 (H,R). 

Remark that W。correspondsto (1.3) and any critical point of W。givesa solution of (1.3). 
Thanks to [K w89]，出。 hasonly one critical point in H, which is positive in R凶

Proposition 2.1. For any E > 0 there exists rJc E (0, 1/2) such that 

sup { IK(a, ~; A, u) -m,I + llu —叫加： EEAR□□:,anne]入， L:,,1,} < E 
In particular, b(a, r,,入）→m1 E [b3;2, b1;2] as T/→o+ uniformly with respect to L 2 1, a E AL 
and入ER.

Proof. We argue by contradiction and suppose that there exist c。>0,(T/砂二（入n)デ＝1，（L嘉？＝1'
an E ALn and Un E皐，nn；入nsuch that 

伽→ 0, IK(an,伽；入n,Un) -mil+ llun —叫加 2 co. 

By Un E Y仰，nn ；入n'(K(an, 伽；％叫））~=l is bounded, and hence we may assume 

K( 入
b3/2 

aか枷； n叫）→ bOO E [了,2b1;2].
Furthermore, since仇K(an如；入か％） ＝0, the Pohozaev identity holds: 

0 = N 2 -2||V叫且— NJ !叶-G(an)μn,1/n（四）dx= NK(an加；入n,U砂― ||v'unII;. 
RN  2 
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Thus,（▽uふ isbounded inび(Rり
Next, since Ila』|L=(R)= 1, the Gagliardo-Nirenberg's inequality gives 

b00 + o(l) = K(an加；心叫）ー
仇K(an如；入n叫）叫

p+l 
P -l p -1 

＞ 
-2(p + 1) llu』|か -C叫加IIZ[｛こ ||un||か -C叫I▽Un| 且 ||Unll~/N_

2(p + 1) 

By伽→ 0,N 2'. 2 and the boundedness of (IIVunll2此 wesee that(%)~=l is bounded in 
H. Taking a subsequence if necessary, we may suppose Un----'u00 weakly in H and Un→ UOO 
strongly inい(R州 forall q E (2, 2*). The fact Un > 0 in RN implies u00 2: 0 in R凶 Since
叫％）μn→0strongly in L00(R), it follows that 

j ▽u00 ・ v'r.p + u00r.p -u~r.p dx = 0 for any r.p E H, 
RN 

that is'1J~(u00) = 0 and u00 is a solution of (1.3). Moreover, notice that 

||阪 ||~1:s 1児翌fllu晶＝ LN(1 + T/nan(μ1;:f4叫 (x)））嘘+1dx→ JRNu炉dx= lluoollか，

which gives叫→ u00strongly in H. In particular, 

b3/2 
0く さ肌（脳）＝ lirnK(an,伽；心u叫:::;2b1;2, 2 - V ¥ ~/ n→OO 

which means that u00 is a radial positive solution of (1.3) and u00 = w1 holds by [Kw89]. Using 
the Pohozaev identity 

N-2 
0=||四||；+NJ

wf w『+1
2 

dx 
RN 2 p+ 1 

， 
1 2 
-||w山＝叫，
2 

we observe that m1 =魁（u00).This leads to the following contradiction: 

0 < co :::; lim {IK(an, μ叫入n墨n)-mil+ llun —叫加｝＝ 0.
n→CX) 

Thus, Proposition 2.1 holds. 

To proceed, we remark that w1 is nondegenerate thanks to [K w89], namely, ．
 

(2.5) %（叫： H →H* is invertible. 

Thus, there exists p0 > 0 such that for TE.C(H, H*), 

(2.6) IIT -w~(w1) llc(H,H*）さ Po ⇒ Tis invertible. 
．． 

Proposition 2.2. There exists rJo E (0, 1/2) such that for each rJ E (0, rJoL L 2 1, a E AL 
and 入€ R, ga,n；入＝ ｛Ua,ri；入｝＝ Sa,ri；入 andthe map R ぅ入→ Ua,ri；入 EHis of class 01. In 
particular, Rぅ入→ b(a,TJ;入） ERis of class 01. 

Proof. We first prove Ya,ri；入＝ ｛Ua,ri；入｝（＝ Sa,ri；入） bycontradiction and suppose that there exist 
伽）n,(Ln)n, an E Aい（入砂nand Un,Vn E皐，枷；入nso that 

枷→ 0, Un=/ Vn-
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By Proposition 2.1 we know that llun -w叶加→0and llvn —叫加→ 0. Set 

叫 (x):= 
叫 x)-Vn(x) 

llun — □|Hl. 

Since仇K(an,伽；入か%)＝0 = BuK(an,伽；心％）， itfollows that 

(2.7) 

where 

1 
—• Wn + Wn = ~ [(u~ -v~) + TJn(an(µ1;:14un(x))u~ -an(μ1;!,14vn(X)）碍(x))]

llun —叫尻

= p 1,, (0un + (1 -0)vny-l d0叫＋ nn fか
llun -VnllH1 

J n(x) := an (µ1;:14un(x))u~ (x) -an (μ1;:I 4vn(x))v~ (x). 

By writing 

An(x, 0) := a~(µ1;:l4[0un(x) + (1-0)vn(x)l)μ1;:l4[0un(x) + (1-0)vn(x)], 

it is readily checked that if Un (x) < Vn (x), then 

(2.8) 

fn(x) = [an (μ:;:14un(x)) -an (μ:;:14vn(x))] u~(x) + an (μ:;:14vn(x)) [u訊(x)-v~(x)] 

= 11 a~(µ炉[0un(x)+ (1 -0)vn(x)l) d0 μ:;:l4(un(x) -Vn(x))u~(x) 

゜ 1 

+ pan(μ炉国(x))1i [0un(x) + (1 -0)vn(x)]P-1 d0（叫（x)-Vn(x)) 

= j□,0)~ deu:-1(x)(un(x) -Vn(x)) 。 (1-0)un(x)＋如(x)

+ pan(μ炉国(x))11 [0un(x) + (1 -0)vn(x)]P-I d0 (un(x) -Vn(x)). 

゜In a similar way, when Vn (x) < Un (x), we have 

fn(x) = -{ an (μ1;:14vn(x)）碍(x)-an(µ1;:14un(x))u~(x)} 

= -[ an (μ1;:14vn (x)) -an (μ1;:14叫 (x)）］碍(x)-an(μ1;:14叫 (x)）［碍(x)-u~(x)] 

(2.9) = -Jん(x,1-0)~ d0炉―1
。加(x)+ (1 -0)un(x) --~n (x)(vn(x) -un(x)) 

-pan (μ1;:14叫 (x))j1 [0vn(x) + (1-0)叫 x)]P-1d0 (vn(x) -un(x)). 

゜Notice that (2.2) yields IAn(x, 0)1::; 4(e -1) and lan(s)I::; 1. Moreover, from (2.8), (2.9) and 

0< 

0< 

叫 x)
く 1for all 0 E [O, 1] if un(x) < Vn(x), 

(1 -0)un(x)＋如(x)―

叫x)
く 1for all 0 E 10. 11 if 

(1 -0)vn(x) + 0un(x)― ［，］叫x)＜叫x).

it follows that for some C。>0,which is independent of n, 

lfn(x)Iさ:Co{un(x)P-1 + Vn(x)P-1} lun(x) -Vn(x) 1-



Recalling伽→ 0and Un心→凸 stronglyin H1 (R州， wesee that 

伽
fnll :SC晶→ 0.

||un -Vn11か H*

Let Wn→ w00 EH  weakly inが（R州． Then,(2.7) gives 

—• W00 + W00 = pw『―1woo in R凡

which can be expressed as%（叫w00= 0 in H*. Thus, (2.5) implies w00 = 0. However, 
this yields Wn→0 strongly in Lq(R州forany q E (2, 2*) and (2. 7) leads to the following 
contradiction: 

1 = ||w』 |~1 :Sp 1N 11 {(1 -0)un＋如｝pー 1d0w詞x+C叫 WnllH1→0 as n→ CX). 
RN  JO 

Hence, there exists T/o E (0, 1/2) such that 9a,r,；入＝ ｛Ua,r,；入｝ holdsfor any T/ E (0, TJo], L 2: 1, 
a EAL and入ER.

For the assertion of the regularity of入f-----7Ua,r,；入， fixTJ E (0, TJol, L 2: 1 and a E AL. Notice 
that 

RxHう（入，u）→仇K(a,TJ；入，u)EH* 

is of class C1 and 

叡 (a,T/い）―剌(u)]（ゃ，心） ＝T/ LN [a'(μNf4u)μNf4叫＋pa(μNf4u)]u~-1匹 dx.
R、N

Therefore, by 

閲K(a,TJ；入， Ua,r,；入）—％（叫 £.(H,H*)

ご:|t凡~K(a, TJ; 〉＼ ,Ua,r,；入）一\]!~(Ua,r,,入)|£.(H,H*)+ II\J!~(Ua,r,, 入) -W~ (w1) llc(H,H*) 

and (2.2), for some C1 > 0, we see that 

sup { ll8~K(a, TJ；入，Uaぃ）―％（w1)llc(H,H*) I T/ E (0, T/ol, L 2: 1, a E AL,入ER}

こ信o+ sup { II吋(ua,r,，入）ー吋(w1)llc(H,H*)I T/ E (0, T/ol, L 2: 1, a EAL,入ER }． 
By recalling p。in(2.6) and shrinking T/o E (0, 1/2) if necessary, Proposition 2.1 implies that 

sup { 11a訳（a,TJ；入，Ua,r,,入)-％（w1) llc(H,H*) I T/ E (0, T]ol, L 2: 1, a EAL,入ER}:'.SPo 

From (2.6) we conclude that暑K(a,TJ;入，Ua,r,；入） isinvertible for every T/ E (0, T/ol, L 2: 1, 
a EAL and入ER. Since 8uK (a, T];入，Ua,r,；入） ＝0, the implicit function theorem and the fact 
Sa,r,，入＝ ｛Ua,r,；入｝ ＝ ga,n；入 withb(a, T/,入） E[b3;2, b1;2] yield that R 3 入→ Ua,r,，入 isof class 
cl． ■ 

From here we fix T/o as in Proposition 2.2. To find a distinct k critical points of Rぅ入→
b(a, TJo；入）， wenotice that for a E [-TJo, T/ol, the equation 

(2.10) ―△u + u = (1 + a)lulp-lu in RN 

has a unique radial positive solution given by (1 + a)-1/(p-l) w1 and it is the mountain pass 
solution. Therefore, the mountain pass value corresponding to (2.10) is (1 +a)-2/(p-l)呵 Now

we show the following result essentially obtained in [CiGaikTa-2]: 
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Proposition 2.3. As L→oo, 

as以［ b(a,r,o; 0) -(1 + T/o)―2/(p-l)叫
a=l on[L-1,L] 

+ sup lb(a, r,o; 0) -(1 -T/o)―2/(p-1)叫→ 0.
aEAL 
a=-1 on[L-1,L] 

Proof. We may prove this proposition as in [CiGaikTa-2] and Proposition 2.1, and hence we 

only give a sketch of the proof. We argue indirectly and suppose that there exist E。>0,(Lふ
and an E ALn such that 

Ln→oo, an三 1on [Ln-1, Ln]，e。::;lb(an, T}o; 0) -(1 + TJo)―2/(p-l)叫・

Let Un E San,1)o;O・ Then Un > 0 in R凡 (u砂~=l is bounded in H1 (R州throughthe Pohozaev 
identity and we may assume Un→ u00 weakly in H1 (R州． Since

(1 + TJoan(s))s~ • （1 + TJo)s~ in L孟(R),

u00 satisfies 

J記向00.図＋％叫＝J （1 +no)心砂x for every c.p E H 
R、N

and 

||阪||か =LN(l + TJo)ご dx=J四J町 (1+ T}o%（叫））ごdx=』閃llu』|か．
Thus, Un→u00 strongly in H1 (R州and

1 1 
O<b1;2~~II▽Uoo 闘＋~lluoo II; — 

1 + T/O 

p+l lluoo 11:!i ・ 

Hence, u00 is a positive radial solution of―△u+u = (l+TJo)砂 inRN and u00 = (l+TJo)-l/(p-l)吐
which yields 

(1 + T/o)―2/(p-l)四＝
1 1 
ぅ llv'uoo 闘＋う lluoo||; —

1 + T/o 

p+l 
lluooll芦］＝ lim k(an,no;0,U砂

n→OO 

= lim b(an, TJo; 0). 
n→OO 

This is a contradiction. We can prove other assertion similarly and Proposition 2.3 holds. ■ 

We now prove Theorem 1.3: 

Proof of Theorem 1.3. Let T/ = T/o, L 2': 1 and a E AL-By Proposition 2.2, R ぅ入→い：＝
叫，no；入 EH is of class C1. Writeい (x):= μN/4い (μ112x).From (2.4), it follows that 

(2.11) I（入い） ＝ μ{賃▽％鳴＋；lluバ旦―μ―N/2-11記い(μN/4Uい (x))dx -m1} 
= μ{K(a, TJo; 入， Uい）—叫｝．



In particular,い（入い）＝0 for any L ~ 1, a EAL and入ER. Furthermore, by μ = e入and
(2.11), 

瓜I（入，い））

=μ{；||〇|I;＋訃llua，入闘ーμ―§-lf い（砂い） dx-m1RN 

+ ] （:＋ 1)μ―倍ー1JRN Gano （八）血ー〗µ―§-lfRN g]'T/0 （パ）パ｝山
Since Ua，入 isa solution to 

N, f N ¥ N 
―△u+u=μ―万対(μTu)μT in R凡

we have 

llua，刈伽＝μ―倍ー1JRN g（げい）砂Ua，入dx

and the Pohozaev identity holds: 

N-2 0=~11▽叫，入闘＋ N ［訃 I| ％，入 II~-µ―§-lf記叫い） dx]
Using these two equations, we obtain 

叩（入い）） ＝ µ{¥1lua，入眈＋~µ―芽ー1LNG（砂い） dx-m1} 

= μ{ tllua,入||： -m1}• 

Hence, to prove Theorem 1.3, it suffices to find suitable L ~ 1 and a E AL so that the function 
Rぅ入→I（入，Va，入） admitsat least k distinct critical points. 
For our aim, thanks to Proposition 2.3, there exists L。>1such that 

(2.12) b(a,rJ0;0)＜叫 <b(a,-T}0; 0) for every a E ALo・ 

We fix a。EAL。witha。三 1on [L計，L0],set刈：＝ 1and choose 入~ = 1 ≪入;«入~«..・≪入；
so that 

supp a。（パ>-:.)n supp a。(e―い） ＝0 for each i, j with i =J j. 
Then consider 

k-1 

a(s)：＝区（一l)i-la。(e―牙心）．
i=O 

It is checked that ai(s) := a(e立／4s)satisfies ai(s) = (-l)i-l on [L計，L0]for i = 0,..., k -1 
and ai E ALo・ Since (2.3) gives K(a,'T]o;入：，u)= K(ai, rJo; 0, u), it follows that 

b(a, rJo ；入り＝ K(a,'T]o; 入~'Ua，入：） ＝ K（石i,'T]o;0, Ua，入：） ＝ b（西'T]o;0). 

Thus, we infer from (2.11) and (2.12) that 

b(a,'7t,; A;) {:ロ if i is even ， 
if i is odd, I(x,va,入:){: ~ :: : :: :::n, 
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For i = 1,..., k -1, choose 3:i E（入［靡） sothat J(3:i, VaぶJ= 0. As proved in [CiGaikTa-
1], since I（入，Va，入） →0 as I入I→oo, by setting入。：＝一ooand入k+l := oo, the function 

~ -＿ - --＿ -

（入入 ）ぅ入 I（入 ） ぃ i+1 →,  va，入 takesa strictly positive maximum (resp. negative minimum) in 
←一→ ~ ←ー→ ~ ▼ー→ ~ ~ー→ ~ 

（入，入HI)when i is even (resp. odd). Thus, let 入€ （入，入i+l)b e a maximum point (resp. 
minimum point) when i is even (resp. odd). Then 

0=瓜I（入，vぃ））
入＝入i
for each i = 1,..., k. 

Since（入ゎVい） isa solution of 

—△u+e入屯＝ （1 + a(u)）砧 in RN ， 
1 ~lNu国＝叫，
RN  

囚 (va，入J)}=1are k distinct solutions of (1.1) with m = m1. It is also clear that (l+a(s))sP =/ sP 
and Va，入i=/ Wμ since I（入i,Va,入i)> 0 if i is even and J（入，vい） ＜0 if i is odd. This completes 
the pro』.
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