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ON A SOLUTION OF AN OPTIMIZATION PROBLEM IN LINEAR SYSTEMS

* WITH QUADRATIC PERFORMANCE INDEX

YOSHIYUKI SAKAWA

Department of Electrical Englneerlng

Kyoto University, Kyoto Japan

1. ,Introdﬁction.

' We consider a linear contrcl system defined by
vy © o dx/dt = A(t)x(t) + B(t)u(t),

"wheré ‘x(t} is an n-dimensional state'Vector, u(t) is an’
’x;dimensibgal control vectot,‘and A(t) ,and‘B(t)‘ é;e ,n>f§'
‘:éﬂd nxrT mafxices WHich are continuous in the time “t., Each
~pombogent‘ ui(t)' of tHe éontfol.vector is gssuﬁed talbé ,

.constrained as

(2) " o) <1 (1 =1, 2,... 1)

- The control u{t), OLt<ee, will be célied an ;ﬁmissible'cqhtrolv
ifrit is measurable’and it-satisfies the constralnt; (2) |
| Optlmlzatlon of (l), subject to the constralnts (2), for a
quadratlc performance 1ndex has been studled by seyeral authors1
El] - [4] Letcv E17 dlscussed the pr6blem u31ng the c1a551cal
calculus of varlatlons WOnham, Johnson and Reka31us (23 - 043

/used/the Hamllton-Jacobl equatlon ‘for analyzing the problem,

Chang {5} showed under falrly stzcng condltlons that there

[‘jexlsts a unlque optlmal control for any ch01ce of the 1n1t1a1



cénditiqn. ’Tﬁis paper treéts_the"ﬁioblem,bﬁ ﬁsing a different
'méthemétical procedure froﬁ those méntioned above. Sincefthe;.;f
state varlables are expxessed by 1ntegrat1ng the linear dlfferen—er
tlalequatlon (1), in a- llnear foxm in the control functlons, the
quadratic perflormance index can be expressed as a quadratlg func-
tional‘of‘theréontrol functioné Thus.jwe aie réqﬁired‘to minimiiéyf
the quadratlc functlonal under the eonstralnts {(2). - This problem x
can be con51dered asan 1nf1n1te—d1men51ona1 nonllnear progxammlngf H
‘problem.‘ By using the generalized Kuhn—Tucker thearem in non-:
‘iineér programming, we d911Ve a system of nonllnear lntegraly
;équationS»aé’a’neceSSa;§ and éufficieﬁt condition for'tﬁe»optimah
contfol#, The existence and fhefﬁniqﬁeness of the solution of the
intégra1 equaiion$ are studied. Successive appioximatibnsvfar thn;

solution @f the integral equations are shown also,
o : .

~

2. Formulation of the optlmlzatlon onblem in ‘the Hilbert Space%

- The solution of (1) with 1n1t1a1 value X(O) Xy is glxanymwi

AN

N
\

o ‘ oot SRR
(3) x(t) = X(t)x, + x(t)‘f xts)B(s)u(syes,

L

- where X{t), the fundamentalﬁmétrix, satisfies

) | aX(t)/df = A(t)x{tz;j X(0) = 1.(i¢enti&y métfix»;

The.ﬁafrix vgkt). is aiso~called thé transiticn’mafrii - The
performanée 1ndex ‘to be used in thls paper is the generdllze@
‘quadratlc error crlterlon [61.' Let X (t) be an;nfdlmeﬁﬁmﬂﬁal;ﬁ
,deSiréd”stafe vector., Lét:us alsordefimgxthe'erioreVQctqt t@ be
thg»differenée‘between;the desifed Sﬁamegénd the actual staﬁ@5 fv

)

L =23 -



e
0

e(t) = x

. Using {(3), we can write. /
. ‘ -y
. /“ﬁ {
(5) e(t) = g(t)-!W{» s)u(s)ds,
. JO
where
g{ty) = xd(t} - X{t)xo,
(6) :
Wit,s) = X{£)}X [s}B{s} )
Clearlv, W{t.s) 1s an nx1r matrix,

The pexformance index is defined as

S
M
-
ot
o~
jwy
P
ot
Nwar
P
i
T—

where Q(t) is an nxn positive semi-~-definite symmeiric matrix

C is an .r xx¥r positive-

which is continuous in the time t,

is

=

def@nite diagonal matrix with positive constant elements,
a fixed time, and * denotes the transpose of a'matrix or a vector,
The matri& Q(t) dis usually taken fo be a diagonal matrix with
non-negative constant elemeéts. The problem is tben té choose an
appropriate admissible contrel vector u{t) so that the pérform—
ance index is minimized; : |
In this paper, we use notations of functional anaiysis L6J-

AElO]; Let H, be a real Hilbert space of n-dimensional functioens
square integrable over {O,T], and H2 be a real Hilbeit’space.of.

r-dimensional functions sguare integrable over (0,T)., Then, the

x

- 24 -



I . C . - Co L

" state Qectox;ix(t);«;of;té;T; 'will;béyiniHi*aﬁd'tﬁéquﬁi101 * ;
vector u(t) can be taken in H... 'Létﬁﬁs‘dénoﬁéAfhe”inner‘ T

"2

product of two n-dimensional vectoré’(x~‘gnd__y -in the Hilbeft~f“5f

‘space H, by (x,y)i, which is defined by ' T
AT AT

(x,y)1 =Q/A x*(t}y(t)dt:i/ ye(t)x(t)dt, o

' - Yo ] 0 , N

Tn the same way, let us denote the inner product of two r~

dimensional vectors wu -and v im H,, by 7(u,9)2. Then, the -

performance index (7) can be written as . )
‘ T{u) =’ De). + Lo
(8) - - *(u) (Q’Qe)l" (U,Cu)zﬁ
P
‘We define a linear iptegral 6perator L on Hé by =
| | | ft | -
(9) Lu ij W(t,s)u(s)ds (0<£t<£T),

which maps H2 into Hll Since W(t;s) dis continuous on ther
domain ©O<t, ss;T, it is obvious that the linear operator L

is bounded and ?Lﬁélen"TheAperformance;indéx (8) is rewritten as i
. c ) . . ’ J . oo

(lQ) b .I(q) =,(9-Lﬁy Qg-QLu)1 + (uscu)é. : ‘ v o RS ' :f
Eq. (10) can be expanded to give » i
(11) T(4) = (g,Q9); - 2(Qg,Lu); *+ (Lu,QLu)y * (u,Cu),. 7.

4

/

Let L* now bei the adjbint operator of L, then L* maps$  Hi~-;;;

into H2 and satisfies the relatioh'ﬁf o "" . 3-g~'

3
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(X’Lu)l = ‘:('L*».X‘: u )2 s

z
<

Z{jwhere X‘EH1 ~and uEH,. Eq. (11) can thus be written as

(12)  T(u) = (9,00); - 2(L*Qg,u), * (L*QLu,u), *+ (Cu,u),:

It can be proved: as shown in the appendix, that

;

T .
o Leag = [ wx(t,e)a(t)a(t)ar,
(13) o |

L*QLu =fTY(s, t)u(t)d"t,v
o \ (¥}
" where
R ’ T : :
o (14) Y(s, T) =f wx(t,s)Q(t)wW(t, T)dt.
e ‘ . Cmax(s,T) '

hY

V'HEVidently, Y(s, T) 1is an rxr continuous matrix and Y*(s,’t)
L= Y(T,s). Since

(L*QL)* = L*QL,

.“the linear bounded operator L*QL on H2 .into H2 is self-
‘adjoint, Moreover, since

(15) . (L*Lw,u), = (QLu,Lu), Z O

for arbitrary u€H,, the operator ‘L*QL is positive,

Defining such a new operator R as

o (16) - "R = L*QL + C,.

';(12) can be written as

S@17) I(u) = (Ruu), - 2(L*0g,u), + (9,09).
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,If is ciear that the operator R. on Hzx'intd 'HZ _is"self—"

" adjoint and positive-definite,

3. Reduction of the optimization problém to a system of

integral equations,

The constraints (2) c¢an be written as - N

(18) 1 - uiz-(t)zo o (i=1, 2,..., T).
Thus, the problem is to minimize (17), the quadratic functional -
of u(t), under the constraints (18). This problem can be.
considered as an infinite-dimensional nonlinear prqgramming, For"“
this problem, we can apply the generalized Kuhn-Tucker theorem

(11) which is an extension of the Kuhn-Tucker theorem on'honlinéagi”

programihing to more general topological spaces. Defining a mapp-

. . 7 .
ingﬁ ?’5 whlch‘maps H2 in?o H2, Qy
" 72 ~

1= ()

(19) Pruy = | 1-ud(e) |
o . -2 R S
" |
1 - ur(t)J\

~—

we denote the constraints (18) és_
(20) Puyzo. S L TR

Since the opérator R on H, is pesitive-definite, it c&m ”“u.
be easily seen that -the functional 1I(u),. as given by (17), is

" convex, It is clear that'iyﬂu), defined: by (19) is concave.

Moreover, it follows that 39(0)>O (O€EH5»” Théfefo:e, from,th%5745; 

. = 27 -~



» S L - o ; _~\\n i L 3 i
“ theorem V, 3. 1, in (11J, it follows'that if W0

minimizes
‘I(u}"subject to. SO(u)EiO, then there exists a non-negative

S yadimensional function

% R ~ e
e XNit)zo (XN E Hy)
such that, for the Lagrangian expression o ' I .
Lo v

oo(22) J(u, x )= T(u) - (A, P(u),.

~-the saddlenpgint inequalities

E .. : | 4 ' - 4] . O 3 -
Lo (23) I, Xyzo®, N yzawt, A

hold for all u€H,

and all ~ A\ =0 (A€ HZ').”
ConverSely, from the theorem V. 1. in (113

, 1t follows

"~ that if there exist such u’e H, and X >0 (N € H,) that the
D ‘ g = z - \ 2 .

'.saéale—point_inequélitiés-(23) hold for all quHZ and all

" AZO0 (N€H,), then

and,"fqr_all u€H, satisﬁyihg Ayﬂu)ZZG,_‘ "‘ - IR
“(2s) 0 1(u®)<I(u).

' Therefore, the conditions (21) and (23) aie necessary and suffi-
.. cient for uaxvto be an optimai'control;
Lo . S ’ .
Since ;)\ Z0 1is a fixed vector 1in H2’ we write

~



J(U, )\o ))= Jo(u).

>
Let SJO (uo; g) be the Fréchet differential of jQ' at u® with
increment Z (g € H,), which is defined by

Jo(u°+£g)’ - J&(uo)

?
%

(&

: 0 -
: . ; = lim
(26) S/Ja,(u g) = lim

where £ 1is a real number {103, It can be shown easily that

. o o, . 2,
Jp (wH €E) - H(u?) = £S5 (w5¢) + £°(RE,

| JE),
(27)
5 ~T I 0 ¢ 5

_ : 0 i-1 '

fl . . . . ] - e

. ol € .
whexe Ai and g 5 (i =1,..,, r) are the components of the

. . D 0 7 ‘ . '

r-dimensional functions }\ and S, respectively, Therefore,

. S ; . . N 0 o ki
in order that the first inequality of (23), J{u, PN V= I, N ),

can be satisfied for all u €H,, it is neceylssary and sufficient
that
. 0 Y
(28) SJh(uw;E)=0
for bitra . ' N
or arbitrary géHz ,

Moreover, the second inequality of (23) implies that
0 ) 0
(NS P, € (A, P,

for all A>0 (N € H,). Hence, we obtain the inequality

SD(uo )>0 and

(29) (N, P, = o,



Lecess Iy and SufflClerﬁ: (Qndlt10r’° f'or B uf,?; ) tcbethe
;\“]__’c'optrol are,(21}', ’24) {28), and {29) in all Hencefd’r{h-;.
T g T T e T ‘ o
~rand )\ ~are simply wvr‘lvt,p_ern as.  u- and A s since no a_on*‘“s—.:
ion ‘may o.éc'izrf T R S R e
ﬂfn' view of - the deflnltlon -26), the Freuhet differential of

; a{._ 1 with znc,_e*zent g (u,g; ,Hzr) : ca‘n_beevaluatéd as

- e

- Z(Ru,g )2 ',.. 2(L*QQ, g )2 - (“g’gz\; 5)29 =

Q
¢
e
Ui
1}

wheére 0%/ du denotes an rxr  diagonal matrix defined by

“ou, ol 0

0% =]/ 1as
o -

N
oo
§
)
noo
=

QJ
c
N

- N N .

since  §J,(u; § ) vanishes for arbitrary £ € H,, it follows that-

,Ru . L*Qg - :1 ___8‘2_ A: O’;

“We set*L*Qg = f, thén from (13) and (16) T

. AT - N
Ru = ’f ¥ (s, 'C)u(’f')dt‘*r Cu< ),
.O

L*Qg :f w*('c S}O(’C)g(‘c)d f(s)
R S \ '

Clearly, f{s) is an r-dimensional function. Write e s

Py
-

yll(s "C) ylz(s ’E’ ; ylr(s T )\
Y(s T) =|. . “ 3

< . R [ . -
o L . . : . [

e (s T (s T (s, T




,fThen, the relations {21), (29)ﬂféﬁd7(3b) éaﬁ‘bé writ{eﬁ‘foz’éaéH/i

component -as - - .
(31) LA (=6 (E =L, ),

‘ ‘\ ) CWfrey b= RPTI /
.(32“) /*i(")ilv“ ui(")j =0 (l = 1,000, r)e

r AT ! : ’ o
O [ g, (t;s)u.(s)ds + c,u, (t) + A.(tju,(t) = f.(t) =
/ J iy v i7i i i %

) 0
=

(i = 17!""'9 r’}’

where ci’s_ are the elements of the diagonal matrix C and a1l o
positive,
From (31) and (32}, it follows that - ' o
A;(t) =0, if -1<u;(t)<l,
CoNg(t) Zo, if u(t) = t1. DT

Hence, the relation between ui(t) ~and *'Ki(t) can be éhoWn5as ‘
Fig. 1 {a). The relation between 'ﬁ;(t) and %ﬁft)ui(t) and

then the rélatioﬁ between ui(t) and ciui(t) + >\i(t)ui(t) ‘can

also be obtained successiveiy from Fig. 1 {a) as shown in Fig.‘fb) :?

and (c), respectively., By defining the new functions

v (t) = cgu(t) * )\i(,t)gi(t) : '(ij"—‘ Looo, 1),

Ve
‘and denoting the relation between ui(t)‘ and vi(t)b”as

Cuger= $uop()) =1, ),

(33) can be-expressed as

- 31 -




or in vector form, as.

v(t) +j gk

(o(e)ds s T(e).

;ﬁj(géi;;ﬁhefnoﬁliﬁear Iﬁnct1§n~;@g;{;;}8 w;U mOWﬁ lnvFlék 2
ﬁﬁi#ﬁi@é%‘be obtalped from F l (c) dlIeCTLY~ ‘ihuS*'thewm>
;ﬁfiﬁiZ%tion probWem‘has been reduced t07?.? ,fem of nonlwﬁearb
7§ﬁffiéi?ﬂf?69ﬁditibﬁ'f§L  ﬂo opblmum o " ’*  |

@ (f (1:\ + 1!) (t r= 1(*, ’\[Jl(t))

(34) bwt v
(t) + f (t S)F (S 7/’ (S )ds
(;L\ F 1,, r), e e

‘

OIln VeC‘tOr form”.vas‘

r'.
2 oy
<0
?
=5
0
H.
S
seb
O
e
:S
:5
(D
r‘
S
(\J
(VA
R

e

7 143 o




,4 Succe551ve appr x1mat10ns forkthe solutlon of the

1ntegra1 equatrbns.*l,ffor“*.* :fo‘” ; '?‘flffl;7 ifL

Since .C. >O\(i'= f;;,;; r)';» lt“lS clear from Flg 2 thaf
~ the functlons F. (t 1# ) (1= 1,00, ) satlsfy uﬁlformly’a

uLlpSChltZ condltlon oflthe formiﬂ 

[F (t 1/)(1)) _‘ F. (t ‘LP(Z) !(O( w(l) ~¢(2)f
(38)

where Ci 1s such a positive constant that C{;ﬁl/ci (i,%‘i~

). o Lef us deflne Lhe-norm of a»vector X ‘in; Hé aéf
f ~'[{'x)( - (x, x)2 § ?x (t)dt
ol 2.
o . j 1*1 !
o - )

Moreover, let us 1n\roduce an r-dlnen51ona1 functlon 'z(t\ =

(z (t),...,'z (t)),' where the elements ‘are deflned by

\zl(t) = [_EEJ['Y‘ (t s)ds} B (1 =-1,...,°1),
>4=1V0" - :
] T

Thé'fugctibﬂs"jij(t;é)a(i,j’:Qijf},;.r) are nontlnuous on>the

domainw/Ojgt:is,sTj fhéﬁce  z éH .
() ey,

-

Lthen the succe851ve approx1matlons

‘Lp(“”)(t) o _Zf (t/,s)F (s y(“)(s))ds

<4o> E T



RN

jstartingg for ipstance, with ’y’ﬁo)(t) = 0, conveérge to a
’_uhique'solufion of (36). It is obvious that the existence of
. a unique solution of (36) implies the existence of the unique

‘optimai control.

In fact, from (38) it follows that

-7 ¥ (n) o (n-1)

20 !yij(t’s)lsp'(s’zb" (s)) "Fj(sa ¢j (S))]ds;

j=1 70 , - | E

s T o o :

) <X f l (t S) Q}J( )(s - %‘gn_l)(_s)jds, ~ é
‘ . j=1 0 '
o, o -

Eurthermore, using the Schwarz inequality,.

Wénn)(t)mwn)(t); | | L
| £ [t o] £ [ )

310

N

]

oz ()P - b,

- Thus, we obtaih

Dy ) ey g o) -

-1)H.“7 ] \, 2

j'fqu (41) shows that the mappiﬁg defined by the righf-ﬁand sideﬁof'?
(40) 15 a contraction’ mapping under the condition (39) r9] i

T Iherefore,,under the condition (39), we can show the’ ex1stence j;
'3,7if3nd!the uniqueness of thersolution of (36). ' é
N : 5

)
W
N
'
AR
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5. ExisfenéeﬂéndVQniQuéness bflbptihairéohtidlg
In the case-'wh‘erey'él =502f?;;.= c£5~ the nogiinéarqchara¢a L'
 teristics qéi (i = 1,..., r) shown in Fig. 2 coincide with eachuﬁg:
. other. Hence, we express the characﬁeristic as éi. In this .

¢ase,‘the,system“of honlihear integral equations (34) can be

<

reduced to a single integral equation with a diséontihuous kerhel;x;;

in the basic interval - 0<t <rT:

—

N

. - ) J‘T/; Ll : 7 /\ i
- Q(f)ffo 'yv(t;,S)@(V(S))QS N=.,f(t')
(42) SO R S
(0 <t £1T),
where N . ‘ _ :

] vl,,('.t)‘, - if 0<t <T

(1) = 4 v-zﬂﬁ‘('ft»’ll‘)l, . if Tet<er

(v (t=(x-1)T), if (r-1)Tst<rT,

(1), if 0 €t<T

f(t) =4 1% (th), S iR T E£1 L2T
: o . N

gl (-, if (z-1)T <t <o,
and
O R T Ry T
O Bs) (T, S (GRUT),
if (i-1)T<t<iT and | (3-1)TEs<IT T

G, 52, 2.0, 0).

Furthermore, defining such scalar functions as

~




; B YT S ':.Li .
<t> + f ct g)F(s
L D. .

ammersteln type [12] E13]
5 \,\«

nir what "lfol lows {ehe‘. : éXlStenCe; of




and K be a llnear operator on. H deflned by s Y"-fe"
; ] AT
(47) Kx =J[ :Q(t;s)x(s)ds (x €H).

o , R , R L

‘Then, the integral equation (45) can be written symbolically as

¢48) {/’\ e

o

-Since the?matrix”,¥(s,’t) definedfby (14) is continuous on the
T . . S - : . e :

closed.squafe domain 0< s, TLT, it follows that pt S
,‘ . ) " C— A " ) ." - g S
Tt 5 - r T o B
- § 2, . " S
JFJ£\ t ,s)dtds. = Z ‘[ yith,s)dﬁds < oo, _ .
| S Age1 Yo | e N

Therefore, the linear operator K is gompletely continuous (10

From (15) it follows that -

‘ YT ~rT ;
(Kx x) f f 'Q(t‘,s)x(t)x(s)dtds ,

Jf f (‘c S)x(t-(l 1)’P)x( -(j-,‘i)’l‘)d‘gds'Z'Ov,i::, :
)J l B 7 ° N 'v ‘ . 7; N

i

~

for arbit:ary function x.€H,  Hence, the operator K . is posifiVe

l.e. all its eigenvalues are p051t1ve, Moreover- the operator Kv

is self-adjoint, ie. ‘K* = K, Therefore, from the spect*al fﬁ_

theory of operators, the operator K can.be decomposed as
(49) K = ppx,

=

T

Where P is a square root of the operator K (i.ed P = K )“jaﬁd

(%]

-

is a p051t1ve self-ad301nt completely contlnuous operator on‘»H.w

into . H, and P is an adjoint opexator of P k144. Then,fﬁhe

vnonlineérkintegral equation (48) can be written as



-(50). % +pprcP = 0,

Eqg. (50) is equivélent to

o(s1) $ +propp =0 (P eH),
: ;iﬁ thé sense that to a solution $€ H of (51) there corresponds -
'a solution I{?-G'H\“of (SO) and, cbnversely, to a solution #’éI{

o of (50) there corresponds a"solution P*GTP € H "of (51).

‘ﬁuMoreover,,KraSnosel'skll (14 shows that the operator 1 4‘P*GP,

" being an identity operator on H, is a gradient of the functional

| T Petr A L
Cs2) Pg) = <g> 2 +f / Rt x)ax

0 : N

ﬁ&fined_on H, ”where an Operator[Jﬁ on H into H 1is called

hﬁévgradient of the functional ?Pi, if

%_1;5 @f<50+ 6‘2) - ’If(SP) (ﬁg; g) (P, € eny.

 ;It is clear that the function ?Yt;x) safisfies,thé Ca;athéAdofy
icondltlon 14],'k.e,i1t is confihuous with_fespe¢t té x ‘fOIf l
ialmdst all té[kL rT) = and ﬁeasu;éﬁ}é‘Withmpeépecf'to t”.for
'f?ailivalueé of ix.\7 | |

- Aécording to Krasnosél‘skii'slfheoxem;l.b1_ ih~chépter VI

1@[14], if the functional (52) is increésing, i.e.

"jthen there ex1sts a p01nt 9% in- the Hllbert space H~\wheré the

k:f”functlonal 1?(5?) takes on 1ts minimum value and its gradient



\ .

.‘vanishes, 1i.e, L RN

P, + P*GP 500

Thus, if the functlonal 'g?(y?) is 1ncrea51ng, then the ex1st- K
ence 6f a solution of (51), and hence the existence of a solutlon

.0of the fundamental equatlon (30) can. be concluded >Slnce \‘

L]

U S (BN g :
:j‘p(t,x)dx S:f~ fF(t,x)[dx < fuf,
0 _ o~

SN
using the Schwarz inequality, it follows that

-

T (Pot) T i |
-[ dtf F_(t,x)dx,gf {Pgo(t)(dt < 1/ T PSO, pfp
< Y0 0 : v

72“

,f ‘. i  ‘ | ' \
{f f 2(t, s)dtds} S I

‘\’IH

fr_r' X ®, 2

where

COnsequently,

s

,,(53")‘_\ : 1lf(go) > 2(39 spm)”= /'—M(so 90)

o~

Eq. (53) shows. that the funct10na1 1?1{?) is 1ncrea51ng. Thus,ﬁi

the ex1stence of the solutlon of the nonllnear 1ntegral equatlon‘iﬁ
{(45), and hence the existence of the optimal control has been

proved,

If we asSume»thétithe positive operator K = defined by (47)-55

is further positive-definite, i.e, . | -

SRR ,‘( ('D,_izg") 5>1 0, “if g>¥\‘o,
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~

, T L
(56)  (L*Qg,u), = (Qg,Lu), = fo at g*(t)Q(t)j Wit,s)u(s)ds.,
0 ) '

The region of integra‘cion' (56) is given by 0 <t«T, 0<Ls<t
which is equivalent to 0<s &£T, s<t<«<T. Then, changing the

order of the integration (56) yields

(57)  (L*Qg,u), = f f{w*<.t,s>g<t>g(t)} dt u(s)ds.

. JO U ; i
Eq. (57) shoWs that

: a

(58) L*Qg = f Wx(t,s)Q{t)g(t)dt.

Zj;ro'm (58), Jt follows that

lh"r ) _t

(59) = L*QLu_T—‘j dt W¥(t,s)Q(t) f wi{t, ’f)u(ft')c'if.l
. 5 0

The region of integration {59) is given by &<t <T, 0£7T<t
which, is equivalent to O£ T LT, max(s, T} t<T, where max

(s, T ) denotes the maximum of s and T . Changing the order

f the integration (59) yields

, ’7 T, T ‘ , '
(60Y) L*QLu = f W*(t,s)Q(t)W(t,’E)dt}u(’[:)dj’C
~ 0 Tmaxgs,T)

T : ]
= f Y(s,T )u(T)daT.
o N
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- Relations between the variables,
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