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Part I

Introduction

1 Overview of the theory of turbulence

The turbulent phenomena are caused by the complex interaction of flows in the wide
range of scales from macro scales where the energy is supplied, to micro scales where
the energy dissipates by the viscosity. The interaction in turbulent flows transfers
the energy sequentially from larger scales gradually to smaller ones. This process
is known as the energy cascade. The theory of Kolmogorov [43] gives a mathemati-
cal description to the three-dimensional (3D) homogeneous isotropic turbulence (cf.
Frisch [28]). In his theory, it is assumed that the energy dissipation rate should con-
verge to a finite positive value in the limit of vanishing viscosity. In other words, we
can expect that solutions of the 3D Euler equations, which are formally equivalent to
the zero viscous limit of the 3D Navier-Stokes equations, with the energy dissipation
describe turbulent flows. However, it is easily confirmed that smooth solutions of
the 3D Euler equations conserve the energy and the energy dissipation rate is always
zero. That is to say, such an anomalous energy dissipation occurs only for weak
solutions of the 3D Euler equations.

Onsager conjectured in [57], without any mathematically rigorous proof, that
weak solutions of the 3D Euler equations acquiring a Hölder continuity with the
order greater than 1/3 should conserve the energy, and the energy dissipation could
occur when the order is less than 1/3, which is known as Onsager’s conjecture (refer
to Eyink & Székelyhidi [25] or Shvydkoy [63] for a survey of Onsager’s conjecture).
The former part of this conjecture, the energy conservation has been settled recently.
A slightly weaker statement was first proved by Eyink [22] and, then, Constantin et
al. [13] gave a simple proof of the energy conservation under the assumption that
the solution belongs to L3(0, T ;Bα

3∞(T3) ∩ C([0, T ];L2(T3)) with α > 1/3, where
T3 denotes three dimensional flat torus. Since the index α in the Besov space cor-
responds to the order of a Hölder continuity of functions, their result asserts that
the energy conservation holds in the critical space of Onsager’s conjecture. Subse-
quently, the result was proven under a slightly weaker assumption by Duchon and
Robert [20], and Cheskidov et al. [10] also sharpened it. In [20], they defined dissipa-
tive weak solutions for the Euler equations as solutions whose corresponding energy
dissipation rate is greater than or equal to zero in the sense of distribution, and then
showed that the dissipation rate is zero when the Hölder continuity of weak solutions
is greater than 1/3. Moreover, they showed the remarkable statistical property in
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the turbulence theory, which is predicted by Kolmogorov, called the 4/3-law. An-
other important statistical property, the 4/5-law, has also been shown in terms of
the dissipative weak solutions by Eyink [24] as well. The latter half of Onsager’s
conjecture, the energy dissipation, has been studied in stages. The first example
of a weak solution that breaks the energy conservation was constructed by Scheffer
[59], which gives a non-trivial weak solution with a compact support in space and
time R2 × R. A simpler construction was later shown by Shnirelman [61]. He also
proved the existence of a weak solution whose energy is monotone decreasing [62].
Then, DeLellis & Székelyhidi [14, 15] extended these results to general dimension
n ≥ 2. We note that these constructed solutions are just square integrable functions
in space and time, and thus not continuous in general. DeLellis and Székelyhidi have
successfully constructed continuous weak solutions whose energy is not conserved
[16]. Subsequently, through several contributions to Onsager’s conjecture (cf. Buck-
master [5], Buckmaster et al. [6], De Lellis & Székelyhidi [15], and Isett [36, 37] ),
Buckmaster, DeLellis & Székelyhidi [7] have finally proven the existence of a weak
solution of the 3D Euler equations that does not conserve the energy and belongs
to the space L1(0, 1;C1/3−ε(T3)) for any ε > 0 (Although Onsager claimed that such

solutions exist even in the class L∞
t (C1/3−ε

x )).
As we see from the Kolmogorov-Onsager theory, non-smooth weak solutions of

the 3D Euler equations with the energy dissipation may play a vital role in under-
standing of 3D turbulence. However, the notion of weak solutions is so abstract
that it is uncertain what kind of fluid evolution belongs to the class of dissipative
weak solutions. A motivation of the present study is describing such an anomalous
dissipation in terms of the physical dynamics of fluids without losing mathematical
rigor, which could help us understand the essential mechanism of turbulent flows.
Especially, we investigate the dynamics of ideal vorticity, called singular vortices,
such as point vortices, vortex sheets, vortex dipoles, etc., and try to make it clear
what kind of vortex dynamics cause the energy dissipation. But, since the existence
of weak solutions with singular vorticity has not been established for the 3D Euler
equations, it is hard to analyze the evolution of singular vortices mathematically.
In order to overcome this difficulty, we regularize the Euler equations in a certain
manner so that they have global solutions with singular vorticity, and then take the
limit of their global solution with respect to the regularization parameter. Specif-
ically, we consider the Euler-Poincaré equations as a regularized model, which are
proposed by Holm, Marsden & Ratiu [32]. For instance, the Euler-α equations are
one of the regularized Euler equations derived from the Euler-Poincaré framework,
and the 3D Euler-α equations and their viscous extension, the 3D Navier-Stokes-α
equations, are regarded as physically relevant models of turbulent flows (cf. Chen et
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al. [8, 9], Foias, Holm & Titi [26, 27] and Mohseni et al. [53]). In spite of its physical
significance, there are still difficulties to apply our strategy to the three dimensional
problem mathematically, since, for example, the existence of global solutions for the
3D Euler-α equations is as yet unknown (cf. Hou & Li [35]).

For these kinds of difficulties, in the present paper, we focus on the 2D turbulence
flow. Many investigations (cf. Batchelor [3], Kraichnan [39] and Leith [44]) indicate
that the 2D turbulence is characterized by the conservation of the energy and the
dissipation of the enstrophy that is the L2 norm of the vorticity, since there appear
two inertial ranges corresponding to the backward energy cascade and the forward
enstrophy cascade in the energy density spectrum at sufficiently large Reynolds num-
ber. Hence, similarly to the three dimensional problem, we expect that an enstrophy
dissipating solution of the 2D Euler equations describes the 2D turbulent phenom-
ena. On the other hand, since the enstrophy is preserved for smooth solutions, such
dissipating solutions need to be non-smooth as well as three dimensional problem.
For the 2D Euler equations, the global well-posedness has already been established
in the appropriate functional space and, furthermore, the existence of weak solutions
are also known in the class of less regular functions. However, it is still difficult to
consider the enstrophy dissipation in 2D Euler flows. Although the fluid dynam-
ics in two dimensional flows are different from that in the three dimension, the 2D
Euler-Poincaré equations provide us with more theoretical advantages mathemati-
cally than the three dimensional ones in dealing with the present problem. In the
following section, we review the theory of the 2D Euler equations and explain our
strategy to construct enstrophy dissipating solutions.

2 Construction of enstrophy dissipating solutions

2.1 Review of the two-dimensional Euler equations

The motion of inviscid incompressible 2D flows is described by the 2D Euler equa-
tions,

∂tu+ (u ·∇)u+∇p = 0, divu = 0, u(x, 0) = u0(x), (2.1)

where u = u(x, t) is the fluid velocity field and p = p(x, t) is the scalar pressure.
Taking the curl of (2.1) and defining the vorticity field by ω = curlu, we obtain the
transport equation for ω,

∂tω + (u ·∇)ω = 0, ω(x, 0) = ω0(x), (2.2)
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and ω0 = curlu0. Then, the velocity u is recovered from the vorticity ω via the
Biot-Savart law,

u(x) = (K ∗ ω) (x) =
∫

R2

K(x− y)ω(y)dy, (2.3)

in which K denotes a singular integral kernel defined by

K(x) = ∇⊥G(x) = − x⊥

2π |x|2
, G(x) = − 1

2π
log |x|,

with ∇⊥ = (∂x2 ,−∂x1) and x⊥ = (x2,−x1). Here, the function G is the fundamental
solution to the 2D Laplacian. If a passive particle is initially placed at the position
x, its evolution is governed by the following equation,

∂tη(x, t) = u (η(x, t), t) , η(x, 0) = x, (2.4)

where η(x, t) is called the Lagrangian flow map describing the position of the passive
point x at time t. The solution of (2.4) yields that of (2.2) with the initial vorticity
ω0 by

ω(x, t) = ω0

(
η−1(x, t)

)
. (2.5)

Hence, finding a solution to (2.4) with (2.3) and (2.5) is equivalent to solving
the problem (2.2) with (2.3). Regarding the initial value problem of the 2D Eu-
ler equations, the global existence of a unique weak solution has been established
for ω0 ∈ L1(R2) ∩ L∞(R2) [49, 66]. We also have global weak solutions with
ω0 ∈ L1(R2) ∩ Lp(R2) and 1 < p < ∞, though the uniqueness is still open [19].
Moreover, the existence theorem can be extended to the case that ω0 belongs to
the space of finite Radon measure on R2, denoted by M(R2), with a distinguished
sign and its induced velocity u0 ∈ L2

loc(R2) [18, 21, 48]. Note that this class in-
cludes vortex sheets but not point vortices. Regarding the enstrophy dissipation,
it has been shown by Eyink [23] that weak solutions of the 2D Euler equations in
Lp(R2) ∩ L1(R2), p > 2 can not dissipate the enstrophy in the sense of distribution.
Hence, it is necessary to deal with the initial vorticity in a less regular space such as
M(R2) to obtain weak solutions dissipating the enstrophy. However, in the 2D Euler
equations, the global existence of solutions for ω0 ∈ M(R2) has not yet been estab-
lished in general. This makes it difficult to construct enstrophy dissipating solutions
directly in the 2D Euler equations. Accordingly, if we could construct a singular
weak solution of the 2D Euler-Poincaré equations that dissipates the enstrophy by
taking the limit of regularized parameter, it may shed some light upon the relation
between the 2D turbulence and singular weak solutions of the 2D Euler equations.
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2.2 The Euler-Poincaré model and point vortex solutions

In accordance with the strategy we mentioned above, we consider the 2D Euler-
Poincaré equations to construct enstrophy dissipating solutions. As we discuss the
detail of those equations in Part II, it is noteworthy that two well-known regular-
izations of the Euler equations, the Euler-α equations and the vortex blob method,
can be described in the Euler-Poincaré framework [34], see Section 3, though both
models are originally derived in different backgrounds and are usually applied to the
different problem. The α-regularized models for the Euler equations and the Navier-
Stokes equations are effective models for fluid turbulence even in two dimensional
flows. Indeed, Lunasin et al. [47] numerically confirmed that the 2D Navier-Stokes-α
flow acquired the inertial ranges in the energy density spectrum that correspond to
the backward energy cascade and the forward enstrophy cascade for scales larger
than the filtering level α. On the other hand, the vortex blob method was originally
introduced by Chorin [11] and Chorin & Bernard [12] to compute the evolution of
vortex sheets, also see [1, 40]. Moreover, this method has been applied to numerical
simulations of incompressible flows [45], especially the dynamics of singular vortic-
ity distributions such as point vortices or vortex sheets. Thus, we expect that the
2D Euler-Poincaré equations are also a relevant model of 2D turbulent flows and
effective to investigate the dynamics of the singular vorticity. Actually, in Section 4,
we prove the 2D Euler-Poincaré equations have a unique global weak solution with
initial vorticity in M(R2), which is one of the remarkable mathematical advantages
to treat the Euler-Poincaré system. In Section 5, we especially consider point vortex
solutions of the 2D Euler-Poincaré equations, which are the solutions for point vortex
initial data. Then, the equations are reduced to the ordinary differential equations
that describe as dynamics of point vortices, we call them the Euler-Poincaré point-
vortex system. Owing to the global solvability of the equations, point vortices in
the Euler-Poincaré flow never collapse. In the preceding research by Sakajo [58], he
investigated the α-point vortex system that is derived from the Euler-α equations,
see Subsection 7, and numerically suggested that solutions of three vortex problem
in the α-point vortex system dissipate the enstrophy in the limit of α → 0 under
certain conditions. Moreover, numerical simulations imply that such a dissipation
could occur at the time of the triple collapse of point vortices. Taking into account
this work, we show mathematically that the existence of the enstrophy dissipating
solutions and the triple collapse of point vortices causes the dissipation. In the
three point vortex system, it is known that self-similar collapsing solutions exist in
a certain circumstance [2, 38, 54], which is discussed in Section 6. Our theorems in
Section 8 assert that there exist point vortex solutions of three α point vortex system
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that converge to self-similar collapsing solutions of the thee point vortex system and
dissipate the enstrophy at the time of the triple collapse. We finally summarize our
research and discuss future works in Section 9.

Part II

The Euler-Poincaré equations

3 General framework

3.1 Derivation of the Euler-Poincaré equations

In this section, we derive a regularized 2D Euler equations based on the framework
given in [26, 34]. Let v be an incompressible velocity field that we call singular
velocity. We define a regularized velocity by

uh(x) = (h ∗ v) (x) =
∫

R2

h (x− y)v(y)dy, (3.1)

where h is a scalar valued function on R2. In this paper, we assume that h is a
integrable function and may have a singularity at the origin. Owing to the convolu-
tion with h, uh is smoother than v. Similarly, we define the singular vorticity q and
regularized vorticity ωh by

q = curlv, ωh = curluh.

Let us remark that it follows that divuh = 0 and ωh = h ∗ q when the convolution
commutes with the differential operator.

Now, we consider the Hamiltonian structure with the Hamiltonian,

H =
1

2

∫

R2

v(x) · uh(x)dx,

and the Lagrangian flow map ηh induced by regularized velocity,

∂tηh(x, t) = uh (ηh(x, t), t) , ηh(x, 0) = x. (3.2)

Then, the Euler-Poincaré equations arise from an application of Hamilton’s principle
as follows.

∂tv + (uh ·∇)v − (∇v)T · uh −∇Π = 0, (3.3)
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where Π is a generalized pressure. Taking the curl of (3.3) with the divergence-free
condition, we obtain the transport equation for the singular vorticity convected by
the regularized velocity,

∂tq + (uh ·∇)q = 0.

Note that the Biot-Savart law gives uh = K ∗ ωh. Then, we finally obtain the
vorticity form of the Euler-Poincaré equations.

∂tq + (uh ·∇)q = 0, uh = Kh ∗ q, Kh = K ∗ h. (3.4)

It is important to remark that the regularized Kernel Kh satisfies

Kh = ∇⊥Gh, −∆Gh = h, (3.5)

where Gh is a solution for the Poisson equation and thus we have Gh = G ∗ h.
Considering the definition of the singular integral kernel, we can see that a feature
of the regularized equations (3.4) comes from how to regularize the delta function
by the smoothing function h.

3.2 Vortex blob model

The vortex blob method is one of the most common regularizations of the Euler flow.
The method was introduced to compute the vortex sheets’ evolutions numerically
[1, 11, 12, 40] and has been applied to a variety of fluid dynamics, for instance see
[45]. In this method, the regularized integral kernel Kδ is given by

Kδ(x) = − 1

2π

x⊥

|x|2 + δ2
.

This vortex blob regularization can be derived from the Euler-Poincaré framework.
Indeed, replacing the function h in (3.1) by

hδ(x) =
1

2πδ2
ψ

(
|x|
δ

)
, ψ(r) =

2

(r2 + 1)2
,

we find that Kδ comes through the solution for the following Poisson equation.

Kδ = ∇⊥Gδ, −∆Gδ = hδ.

It is easily confirmed that the solution Gδ is given by

Gδ(x) = Gδ
r(|x|) = − 1

2π
log
√

|x|2 + δ2,
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and Kδ is rewritten by

Kδ(x) = K(x)Ψ

(
|x|
δ

)
, Ψ(r) = −2πr

dGδ=1
r

dr
(r) =

r2

r2 + 1
.

Note that we have Ψ′(r) = rψ(r). Hence, both Gδ and Kδ have no singularity,
which is the essence of the regularization. A remarkable feature of the vortex blob
regularization is that the smoothing function hδ is bounded and decays algebraically.
Regarding the relation with the Euler equations in the δ → 0 limit, it has been shown
in [46] that the vortex blob methods converge to weak solutions of the 2D Euler
equations under the conditions that the vorticity is in M(R2) with a distinguished
sign and its induced velocity is locally square integrable.

3.3 Euler-α model

The Euler-α model was first introduced in [32, 33, 31] as the higher dimensional
Camassa-Holm equations. We can also derive it by applying Lagrangian averaging
to the Euler equations. The spatial information of the flow at scales smaller than α
is averaged in the Euler-α model [50]. A remarkable property of this model is that
the regularized velocity uα is written by uα = (1− α2∆)−1v, see [26], and thus the
smoothing function hα in (3.1) is defined by a fundamental solution for the Helmholtz
operator 1− α2∆, namely

hα(x) =
1

2πα2
K0

(
|x|
α

)
,

in which K0 denotes the modified Bessel function of the second kind. It is important
to remark that K0 has a singularity at the origin like K0(r) ∼ − log r as r → 0
and decays exponentially. Since the singular velocity v is explicitly expressed by
the regularized velocity uα with the Helmholtz operator, we find the Euler-Poincaré
equations for uα as follows.

(1− α2∆)∂tu
α + uα ·∇(1− α2∆)uα + (∇uα)T · (1− α2∆)uα = ∇Π.

This equations are known as the Euler-α equations. Regarding the evolution of
the singular vorticity described by the equation corresponding to (3.4), there exist
a unique global weak solution for the initial vorticity q0 ∈ M(R2) in contrast to
the 2D Euler equations [56]. Moreover, it is also shown that a weak solution for
q0 ∈ L∞(R2)∩L1(R2) converges to that of the vorticity form of the 2D Euler equations
(2.2). In terms of the formulation in (3.5), we have

Kα = ∇⊥Gα, −∆Gα(x) = hα(x),
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and the solution Gα for the Poisson equation is concretely given by

Gα(x) = Gα
r (|x|) = − 1

2π

[
log |x|+K0

(
|x|
α

)]
.

Hence, we obtain the regularized integral kernel Kα as follows.

Kα(x) = − 1

2π

x⊥

|x|2BK

(
|x|
α

)
= K(x)BK

(
|x|
α

)
, (3.6)

where BK(r) = 1− rK1(r) and K1 is the first order modified Bessel function of the
second kind. Similar to the vortex blob case, we have the relation,

BK(r) = −2πr
dGα=1

r

dr
, B′

K(r) = rK0(r).

Especially, it follows from the properties of the Bessel function that Gα is bounded
and Kα(0) = 0, namely they have no singularity.

4 Global solvability and convergence theorems

4.1 Statements of theorems

Our main results in this section consist of two theorems; The existence of a unique
global weak solution for (3.4) in the space of Radon measure and its convergence to
the Euler equations with the integrable and bounded initial vorticity. Recall that
M(R2) denotes the space of finite Radon measures on R2 with the norm,

∥µ∥M = sup

{∫

R2

fdµ

∣∣∣∣ f ∈ C0(R2), ∥f∥L∞ ≤ 1

}
,

where C0(R2) is the space of continuous functions vanishing at infinity. For later use,
we define functions as follows.

χ−
log(x) =

{
(1− log |x|)−1 , |x| ≤ 1,

0 , |x| > 1,
χ+
log(x) =

{
0 , |x| ≤ 1,

1 + log |x| , |x| > 1,

and

χ−
α (x) =

{
|x|α , |x| ≤ 1,
0 , |x| > 1,

χ+
α (x) =

{
0 , |x| ≤ 1,

|x|α , |x| > 1.

We also set χα(x) = χ−
α (x) + χ+

α (x) = |x|α for x ∈ R2. These functions are used to
characterize a singularity and a decay rate of functions. Then, we have the following
theorem.
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Theorem 4.1. Suppose that h ∈ C1(R2) ∩W 1
1 (R2) satisfies χ+

1 h ∈ L1(R2) and

χ−
logh ∈ L∞(R2), χ1∇h ∈ L∞(R2). (4.1)

Then, for any initial vorticity q0 ∈ M(R2), there exists a unique global weak solution
of (3.4) such that

ηh ∈ C1(R;G ), uh ∈ C(R;C(R2;R2)), q ∈ C(R;M(R2)),

where G denotes the group of all homeomorphism of R2 that preserves the Lebesgue
measure.

Remark 4.2. The assumption (4.1) allows the smoothing function h and ∇h to
have singularities and behave

h(x) ∼ O (− log |x|) , ∇h(x) ∼ O
(
|x|−1

)
,

as |x| → 0. The decay rates of them are estimated by the conditions χ1h, ∇h ∈ L1.

In order to consider the convergence of solutions in (3.4) to those in the Euler
equations, we consider the parameterized function hε defined by

hε(x) =
1

2πε2
h
(x
ε

)
.

Moreover, we assume that h is a radial function, namely it depends only on r = |x|,
and define hr(|x|) = h(x) that is a function on R. Then, we have the following
parameterized solutions (ηε,uε, q) such that

∂tη
ε(x, t) = uε (ηε(x, t), t) , ηε(x, 0) = x,

q(x, t) = q0 (η
ε(x,−t)) ,

uε = Kε ∗ q, Kε = K ∗ hε,

and the following theorem about the convergence to the Euler equations in the ε→ 0
limit holds.

Theorem 4.3. In addition to the assumptions in Theorem 4.1, suppose that h is
radial and satisfies ∫ ∞

0

khr(k)dk = 1.

Let q0 = ω0 ∈ L1(R2) ∩ L∞(R2). Then, for any T > 0, there exists C(T ) > 0 such
that

sup
t∈[0,T ]

sup
x∈R2

|ηε(x, t)− η(x, t)| ≤ C(T )εe
−T

,

where η is the flow map in the Euler system with the initial vorticity ω0.
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Remark 4.4. These theorems are a generalization of the results shown by Oliver &
Shkoller [56], in which they proved the global solvability and convergence theorems
for the 2D Euler-α equations.

Remark 4.5. We remark that both the smoothing functions hδ and hα satisfy the
assumptions of Theorem 4.1 and Theorem 4.3. Especially, the Euler-α model is a
critical regularization in terms of the singularity since we know K0(r) ∼ − log r as
r → 0 in the smoothing function hα. On the other hand, it is easily confirmed that
hδ has a slowest algebraic decay to satisfy the assumptions of the theorems.

We easily find the following corollary from Theorem 4.3, which is the same result
shown in [56] for the Euler-α equations.

Corollary 4.6. Suppose that q0 = ω0 ∈ L1(R2) ∩ L∞(R2) is approximated by a
sequence {qn0 }n∈N ⊂ M(R2) with qn0 ⇀ q0 weakly in M(R2) and ∥qn0 ∥M → ∥q0∥L1.
Then, for any T > 0 and sequence {εm}m∈N that converges to zero, there exists a
subsequence {qnm

0 }m∈N such that

lim
m→∞

sup
t∈[0,T ]

sup
x∈R2

∣∣ηnm,εm(x, t)− η(x, t)
∣∣ = 0,

where ηnm,εm denotes the flow map in the parameterized Euler-Poincaré flows with
the parameter εm and the initial vorticity qn

m

0 .

4.2 Properties of integral kernel

In order to show the main theorems, it is important to investigate the properties of
the integral kernel Kh and Kε in the regularized Biot-Savart law. Let us first define
the function ϕ(r) for r ≥ 0 by

ϕ(r) =

{
r(1− log r) , r < 1,

1 , r ≥ 1.

We now show that Kh is well-defined and especially Kh vanishes at the origin.
Here, the smoothing function h may have a singularity only at the origin. We
actually assume that h ∈ L∞(R2\Bδ) for sufficiently small δ > 0, where BR = {y ∈
R2 | |y| < R}.

Lemma 4.7. Suppose that h ∈ L1(R2) ∩ L∞(R2\Bδ), δ > 0 and χ−
αh ∈ L∞(R2),

α ∈ [0, 1). Then, Kh is uniformly bounded, namely Kh ∈ L∞(R2). Moreover, if h
is radial, then Kh(0) = 0.
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Proof. We have

|Kh(x)| ≤
1

2π

∫

R2

1

|x− y| |h(y)|dy

≤ 1

2π

∫

|x−y|<δ

1

|x− y| |h(y)|dy +
1

2π

∫

|x−y|≥δ

1

|x− y| |h(y)|dy

≤ 1

2π
∥χ−

αh∥L∞

[∫

|y|<|x−y|<δ

1

|y|1+α
dy +

∫

|x−y|≤|y|<δ

1

|x− y|1+α
dy

]

+
1

2π
∥h∥L∞(R2\Bδ)

∫

|x−y|<δ∩|y|≥δ

1

|x− y|dy +
1

2πδ

∫

R2

|h(y)|dy

≤ 2δ1−α

1− α
∥χ−

αh∥L∞ + δ∥h∥L∞(R2\Bδ) +
1

2πδ
∥h∥L1 ,

in which ∥ · ∥Lp = ∥ · ∥Lp(R2) and this notation is used throughout this paper. Thus,
Kh is uniformly bounded. In terms of the polar coordinates, the value of Kh at the
origin is calculated as follows.

Kh(0) = − 1

2π

∫

R2

(y2,−y1)

|y|2 h(y)dy

= − 1

2π

∫ ∞

0

∫ 2π

0

(k sin θ,−k cos θ)

k2
hr(k)kdθdk

= − 1

2π

∫ ∞

0

hr(k)dk

∫ 2π

0

(sin θ,− cos θ)dθ,

Since hr is integrable, we conclude that Kh(0) = 0.

Remark 4.8. When we show that Kh is bounded outside of a neighborhood of the
origin, it is enough to suppose that h ∈ L1(R2) ∩ L∞(R2\Bδ).

Next, we see the asymptotic behavior of Kh. The following lemma asserts that
it decays at least as fast as the singular kernel K.

Lemma 4.9. For h ∈ L1(R2) satisfying χ+
1 h ∈ L1(R2) ∩ L∞(R2), we have

lim sup
|x|→∞

|x| |Kh(x)| ≤
1

2π
∥h∥L1 .
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Proof. We divide the integral in Kh as follows.

|x| |Kh(x)| ≤
1

2π

∫

R2

(
1 +

|y|
|x− y|

)
|h(y)| dy

=
1

2π

[
∥h∥L1 +

∫

BR

|y|
|x− y| |h(y)| dy +

∫

R2\BR

|y|
|x− y| |h(y)| dy

]
.

The second term in the right-hand side vanishes in the |x| → ∞ limit, since we have

∫

BR

|y|
|x− y| |h(y)| dy ≤ R

|x|− R

∫

BR

|h(y)| dy,

for sufficiently large |x|. The third term is estimated as follows.

∫

R2\BR

|y|
|x− y| |h(y)| dy =

∫

(R2\BR)∩|x−y|<δ

|y|
|x− y| |h(y)| dy

+

∫

(R2\BR)∩|x−y|≥δ

|y|
|x− y| |h(y)| dy

≤ 2πδ∥χ+
1 h∥L∞(R2\BR) +

1

δ
∥χ+

1 h∥L1(R2\BR).

Summarizing the above estimates, we find

lim sup
|x|→∞

|x| |Kh(x)| ≤
1

2π
∥h∥L1 + δ∥χ+

1 h∥L∞(R2\B1) +
1

2πδ
∥χ+

1 h∥L1(R2\BR).

Since χ+
1 h is integrable, the third term vanishes in the R → ∞ limit. Finally, taking

the δ → 0 limit, we obtain the desired result.

In the following lemma, we show that Kh is quasi-Lipschitz continuous.

Lemma 4.10. Let h ∈ C1(R2) ∩ W 1
1 (R2) satisfies χ−

logh ∈ L∞(R2) and χ1∇h ∈
L∞(R2). Then,

|Kh(x)−Kh(x
′)| ≤ cϕ (|x− x′|) .

Proof. Let us set r = |x − x′| and note that it is enough to prove the lemma for

17



sufficiently small r > 0. We have

|Kh(x)−Kh(x
′)| =

∣∣∣∣
∫

R2

K(y) (h(x− y)− h(x′ − y)) dy

∣∣∣∣

≤
∫

|x−y|<2r

|K(y)| (|h(x− y)|+ |h(x′ − y)|) dy

+

∫

2r≤|x−y|<2

|K(y)| |h(x− y)− h(x′ − y)| dy

+

∫

|x−y|≥2

|K(y)| |h(x− y)− h(x′ − y)| dy

≡ I1 + I2 + I3.

Considering the fact that if |x− y| < 2r, then |x′ − y| < 3r, we obtain

I1 ≤
1

π
sup
x∈R2

∫

|x−y|<3r

1

|y| |h (x− y)| dy

≤ 1

π
∥χ−

logh∥L∞ sup
x∈R2

∫

|x−y|<3r

1− log |x− y|
|y| dy

≤ 1

π
∥χ−

logh∥L∞ sup
x∈R2

[∫

|y|<|x−y|<3r

1− log |y|
|y| dy

+

∫

|x−y|≤|y|∩ |x−y|<3r

1− log |x− y|
|x− y| dy

]

≤ c1ϕ(r)∥χ−
logh∥L∞ .

In order to estimate I2 and I3, we apply the mean value theorem to h. Then, we
obtain

|h(x− y)− h(x′ − y)| ≤ r

∫ 1

0

|(∇h)(x− y + τ(x′ − x))| dτ.

Moreover, it follows from |x− y| ≥ 2r that

|x− y + τ(x′ − x)| ≥ ||x− y|− τr| ≥ 1

2
|x− y|+ (1− τ)r ≥ 1

2
|x− y|. (4.2)
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Thus, setting D = {y ∈ R2 | 2r ≤ |x− y| < 2}, we find

I2 ≤
r

2π
∥χ1∇h∥L∞

∫

D

1

|y|

∫ 1

0

1

|x− y + τ(x′ − x)|dτdy

≤ r

π
∥χ1∇h∥L∞

∫

D

1

|y||x− y|dy

≤ r

π
∥χ1∇h∥L∞

[
1

2r

∫

D∩ |y|<2r

1

|y|dy +

∫

D∩ 2r≤|y|<|x−y|

1

|y|2dy

+

∫

D∩ |x−y|≤|y|

1

|x− y|2dy
]

≤ 2r∥χ1∇h∥L∞

[
1

2r

∫ 2r

0

dk + 2

∫ 2

2r

1

k
dk

]

≤ c2ϕ(r)∥χ1∇h∥L∞ .

Finally, it follows from (4.2) that

I3 ≤
r

2π

∫

2≤|x−y|

1

|y|

∫ 1

0

|(∇h)(x− y + τ(x′ − x))| dτdy

≤ r

2π

[
∥χ1∇h∥L∞

∫

2≤|x−y|∩ |y|<1

2

|y||x− y|dy

+

∫

2≤|x−y|∩ |y|≥1

∫ 1

0

|(∇h)(x− y + τ(x′ − x))| dτdy
]

≤ r

[
∥χ1∇h∥L∞ +

1

2π
∥∇h∥L1

]
.

Combining the above three estimates, we achieve the conclusion.

Remark 4.11. As a consequence of above lemmas, we find Kh ∈ C0(R2). This
plays an essential role to show the existence of a unique global solution of (3.4) with
initial vorticity in M(R2). Indeed, owing to the following estimate,

∥uh∥L∞ ≤ sup
x∈R2

∣∣∣∣
∫

R2

Kh(x− y)q(y)dy

∣∣∣∣ ≤ ∥Kh∥L∞∥q∥M, (4.3)

and Lemma 4.10, we find that uh is uniformly bounded and quasi-Lipschitz contin-
uous , which allows us to apply the classical method to prove Theorem 4.1.

Finally, we investigate the relation between Kε and K. Before that, we show the
following lemma.
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Lemma 4.12. Suppose that h ∈ L1(R2)∩L∞(R2\Bδ), δ > 0 satisfies χ−
αh ∈ L∞(R2),

α ∈ [0, 1], and χ+
logh ∈ L1(R2). Then, the scalar function

Gh(x) = − 1

2π

∫

R2

(log |x− y|)h (y) dy,

is well-defined for any x ∈ R2 and satisfies the Poisson equation, −∆Gh = h, in the
weak sense that ⟨∇Gh,∇φ⟩ = −⟨h,φ⟩ for any φ ∈ C∞

0 (R2). Moreover, we have

lim
|x|→∞

Gh(x)

log |x| = − 1

2π

∫

R2

h(y)dy. (4.4)

Especially, if h is a radial function, Gh is also radial, namely Gh(x) = Gh,r(|x|).
Regarding the derivative of Gh,r, suppose that the radial function h ∈ L1(R2)

satisfies χ−
αh ∈ L∞(R2), α ∈ [0, 1) and χ+

1 h ∈ L1(R2) ∩ L∞(R2). Then, we have
G′

h,r(0) = 0 and

lim
r→∞

rG′
h,r(r) = − 1

2π

∫

R2

h(y)dy. (4.5)

Proof. We first show that Gh is well-defined. For any fixed x ∈ R2, we divide the
integral into two parts,

|Gh(x)| ≤
1

2π

[∫

|x−y|<1

|log |x− y|| |h (y) |dy +

∫

|x−y|≥1

|log |x− y|| |h (y) |dy
]
.

Each integral is estimated as follows.
∫

|x−y|<1

|log |x− y|| |h (y) |dy ≤ ∥χ−
αh∥L∞

[∫

|y|<|x−y|<1∩ |y|<δ

− log |y|
|y|α dy

+

∫

|x−y|≤|y|<δ

− log |x− y|
|x− y|α dy

]

+ ∥h∥L∞(R2\Bδ)

∫

|x−y|<1∩ |y|≥δ

(− log |x− y|) dy

≤ 4π∥χ−
αh∥L∞

∫ δ

0

k1−α(− log k)dk

+ 2π∥h∥L∞(R2\Bδ)

∫ 1

0

k(− log k)dk

≤ c
(
∥χ−

αh∥L∞ + ∥h∥L∞(R2\Bδ)

)
,
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and
∫

|x−y|≥1

|log |x− y|| |h (y) |dy ≤
∫

|x−y|≥1

log (|x|+ |y|)|h (y) |dy

≤ χ{|x|≥1/2}

∫

|y|<|x|
log (2|x|)|h (y) |dy

+

∫

|y|≥|x|∩ |y|≥1/2

log (2|y|)|h (y) |dy

≤ χ+
log(x)∥h∥L1 + c

(
∥h∥L1 + ∥χ+

logh∥L1

)
.

Thus, we find

|Gh(x)| ≤ χ+
log(x)∥h∥L1 + c

(
∥h∥L1 + ∥χ+

logh∥L1 + ∥χ−
αh∥L∞ + ∥h∥L∞(R2\Bδ)

)
. (4.6)

In order to see an asymptotic behavior of Gh, we decompose the integral as follows.

Gh(x)

log |x| = − 1

2π

[∫

BR

log |x− y|
log |x| h(y)dy +

∫

R2\BR

log |x− y|
log |x| h(y)dy

]
.

As for the first term, since we have the pointwise convergence, log |x− y|/ log |x| → 1
as |x| → ∞, and

log |x− y|
log |x| |h(y)| ≤ c|h(y)|,

for y ∈ BR and sufficiently large |x|, the dominated convergence theorem gives

lim
|x|→∞

∫

BR

log |x− y|
log |x| h(y)dy =

∫

BR

h(y)dy.

Based on the calculations in (4.6), we find the following estimate for sufficiently large
|x|.

∣∣∣∣
∫

R2\BR

log |x− y|
log |x| h(y)dy

∣∣∣∣ ≤ ∥h∥L1(R2\BR)

+
c

log |x|
(
∥h∥L1 + ∥χ+

logh∥L1 + ∥h∥L∞(R2\Bδ)

)
.

Thus, taking the |x| → ∞ limit and then the R → ∞ limit, we obtain the desired
result (4.4). According to the classical theory, we readily confirm that Gh is a weak
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solution of the Poisson equation, for example, see [51]. Next, we rewrite Gh in the
polar coordinates,

Gh,r(r, θ) = − 1

2π

∫

R2

(
log
√

(r cos θ − y1)2 + (r sin θ − y2)2
)
h(y)dy.

Then, for a radial function h, we have

Gh,r(r, θ) = − 1

2π

∫ ∞

0

∫ 2π

0

(
log
√
(r cos θ − r̃ cos θ̃)2 + (r sin θ − r̃ sin θ̃)2

)
r̃hr(r̃)dθ̃dr̃

= − 1

2π

∫ ∞

0

∫ 2π

0

(
log
√
r2 + r̃2 − 2rr̃ cos (θ − θ̃)

)
r̃hr(r̃)dθ̃dr̃

= − 1

2π

∫ ∞

0

∫ 2π

0

(
log
√
r2 + r̃2 − 2rr̃ cos θ̃

)
r̃hr(r̃)dθ̃dr̃.

Thus, Gh,r is independent of θ and represented by

Gh,r(r) = Gh,r(r, 0) = − 1

2π

∫

R2

(
log
√

(r − y1)2 + y22

)
h(y)dy.

Its derivative is given by

G′
h,r(r) = − 1

2π

∫

R2

r − y1
(r − y1)2 + y22

h(y)dy,

and we easily find that G′
h,r is uniformly bounded and G′

h,r(0) = 0 based on the
calculation in Lemma 4.7. Finally, we see the asymptotic behavior of G′

h,r. Note
that

rG′
h,r(r) = − 1

2π

∫

R2

h(y)dy +
1

2π

∫

R2

−y1(r − y1) + y22
(r − y1)2 + y22

h(y)dy.

Then, setting xr = (r, 0), we obtain
∣∣∣∣
∫

R2

−y1(r − y1) + y22
(r − y1)2 + y22

h(y)dy

∣∣∣∣ ≤
∫

R2

|y|
|xr − y| |h(y)|dy → 0,

as r → ∞ in the same way as the proof in Lemma 4.9. Hence, we obtain (4.5) and
complete the proof.

Remark 4.13. Under the condition of Theorem 4.3, it follows from Lemma 4.12
that Gε = G ∗ hε is radial, namely Gε(x) = Gε

r(|x|) and

lim
r→∞

r
dG1

r

dr
(r) = − 1

2π

∫ ∞

0

khr(k)dk = − 1

2π
. (4.7)
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Note that the relation,

Gε
r(|x|) = G1

r

(
|x|
ε

)
− 1

2π
log ε. (4.8)

Then, we find

Kε(x) = ∇⊥Gε
r(|x|) = K(x)G

(
|x|
ε

)
, G(r) = −2πr

dG1
r

dr
(r).

Moreover, owing to (4.7) and dG1
r

dr (0) = 0, we have

G(0) = 0, lim
r→∞

G(r) = 1.

Hence, if x ̸= 0, then Kε(x) converges pointwise to K(x).

Proposition 4.14. Let h ∈ L1(R2) be a radial function that satisfies χ−
αh ∈ L∞(R2),

α ∈ [0, 1), χ+
1 h ∈ L1(R2) ∩ L∞(R2) and

∫∞
0 khr(k)dk = 1. Then, we have

∫

R2

|Kε(x)−K(x)| dx ≤ ε

2π
∥χ1h∥L1

Proof. We first note that h ∈ L1(R2) and χ+
1 h ∈ L1(R2) yields χ1h ∈ L1(R2). We

have
∫

R2

|Kε(x)−K(x)| dx =

∫

R2

∣∣∣∣
∫

R2

K(x− y)
1

2πε2
h
(y
ε

)
dy −K(x)

∣∣∣∣ dx

= ε

∫

R2

∣∣∣∣
1

2π

∫

R2

K(x− y)h (y) dy −K(x)

∣∣∣∣ dx

=
ε

2π

∫

R2

∣∣∇⊥ (Gh(x) + log |x|)
∣∣ dx.

Owing to Lemma 4.12, Gh is a radial function, namely Gh(x) = Gh,r(|x|). Then, we
find

∇⊥ (Gh(x) + log |x|) = x⊥

|x|

(
G′

h,r(|x|) +
1

|x|

)
,

and thus
∫

R2

|Kε(x)−K(x)| dx =
ε

2π

∫

R2

∣∣∣∣G
′
h,r(|x|) +

1

|x|

∣∣∣∣ dx

= ε

∫ ∞

0

∣∣rG′
h,r(r) + 1

∣∣ dr.

23



Since Gh is a solution to the Poisson equation,

−∆Gh(x) = −1

r

d

dr

(
rG′

h,r(r)
)
= hr(r),

and (4.5) gives rG′
h,r(r) → −1 as r → ∞, we obtain

1 + rG′
h,r(r) =

∫ ∞

r

khr(k)dk.

Hence, it follows that
∫ ∞

0

∣∣rG′
h,r(r) + 1

∣∣ dr ≤
∫ ∞

0

∫ ∞

r

k |hr(k)| dkdr

=

[
r

∫ ∞

r

k |hr(k)| dk
]∞

0

+

∫ ∞

0

r2 |hr(r)| dr

=

∫ ∞

0

r2 |hr(r)| dr

=
1

2π
∥χ1h∥L1 .

Here, we have used the fact that h ∈ L1(R2) and χ1h ∈ L1(R2) yield
[
r

∫ ∞

r

k |hr(k)| dk
]∞

0

= 0.

The proof of the proposition is now complete.

4.3 Global solvability in the space of Radon measure

We prove Theorem 4.1 by a classical iterative method shown in Appendix B. In this
method, a uniform boundedness and a quasi-Lipschitz continuity of the velocity field
play an essential role. Our proof is based on that in [56]. We begin with introducing
a sequence of approximate solutions for n ∈ N, which are given by

q0(x, t) = q0(x),

un(x, t) =
(
Kh ∗ qn−1

)
(x, t),

∂tη
n(x, t) = un(ηn(x, t), t),

ηn(x, 0) = x,

qn(x, t) = q0(η
n(x,−t)).
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As the first step, we prove that ηn ∈ C1([0,∞);G ) for n ∈ N by induction. For
n = 1, it follows from (4.3) and Lemma 4.10 that ∥u1∥L∞ ≤ ∥Kh∥L∞∥q0∥M and

∣∣u1(x)− u1(x′)
∣∣ ≤ sup

y∈R2

|Kh(x− y)−Kh(x
′ − y)| ∥q0∥M

≤ cϕ (|x− x′|) ∥q0∥M.

Thus, u1 is uniformly bounded on R2×[0,∞), quasi-Lipschitz in space and obviously
continuous in time. Using Lemma B.1, we obtain η1 ∈ C1([0,∞);G ). For ηn−1 ∈
C1([0,∞);G ), considering ∥qn−1(t)∥M = ∥q0∥M, we readily find that un is uniformly
bounded and quasi-Lipschitz in space as well. Regarding the continuity in time, we
have

|un(x, t)− un(x, t′)| ≤ sup
y∈R2

∣∣Kh(x− ηn−1(y, t))−Kh(x− ηn−1(y, t′))
∣∣ ∥q0∥M

≤ c sup
y∈R2

ϕ
(∣∣ηn−1(y, t)− ηn−1(y, t′)

∣∣) ∥q0∥M

≤ c sup
y∈R2

sup
s∈[t,t′]

ϕ
(∣∣∂tηn−1(y, s)

∣∣ |t− t′|
)
∥q0∥M

≤ c sup
y∈R2

sup
s∈[t,t′]

ϕ
(∣∣un−1(y, s)

∣∣ |t− t′|
)
∥q0∥M.

Since un is uniformly bounded, a uniform continuity in time holds. Hence, it follows
from Lemma B.1 that ηn ∈ C1([0,∞);G ).

Next, we show the existence of a limit flow η ∈ C1([0,∞);G ). The sequence
{ηn}n∈N is Cauchy in C([0, T );G ) for some T > 0. Indeed, for n ≥ N , we have

∣∣un (ηn(x))− un−1
(
ηn−1(x)

)∣∣

≤
∫

R2

∣∣Kh

(
ηn(x)− ηn−1(y)

)
−Kh

(
ηn−1(x)− ηn−1(y)

)∣∣ |q0(y)|dy

+

∫

R2

∣∣Kh

(
ηn−1(x)− ηn−1(y)

)
−Kh

(
ηn−1(x)− ηn−2(y)

)∣∣ |q0(y)|dy

≤ c∥q0∥Mϕ
(∣∣ηn(x)− ηn−1(x)

∣∣)+ c

∫

R2

ϕ
(∣∣ηn−1(y)− ηn−2(y)

∣∣) |q0(y)|dy

≤ c∥q0∥Mϕ

(
sup

n≥N−1
sup
x∈R2

∣∣ηn(x)− ηn−1(x)
∣∣
)
,

in which we drop the explicit time dependence. Defining

ρN(t) ≡ sup
n≥N

sup
x∈R2

∣∣ηn(x, t)− ηn−1(x, t)
∣∣ ,
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we obtain

ρN(t) ≤ sup
n≥N

sup
x∈R2

∫ t

0

∣∣un (ηn(x, s), s)− un−1
(
ηn−1(x, s), s

)∣∣ ds

≤ c∥q0∥M
∫ t

0

ϕ
(
ρN−1(s)

)
ds.

As shown in Lemma B.1, this implies ρN → 0 uniformly on [0, T ] as N → +∞
for sufficiently small T . Since T depends only on ∥q0∥M, the convergence holds for
arbitrary times and thus the limit flow η ∈ C([0,∞);G ) exits.

In turn, we see the convergence of the vorticity and the velocity. Let us define q
and u by

q(x, t) = q0 (η(x,−t)) , u(x, t) =

∫

R2

Kh(x− y)q(y, t)dy. (4.9)

Then, we find that qn ⇀ q weakly in M(R2) and un → u in C(R2). Note that both
converge uniformly on any finite time interval. Indeed, for any ψ ∈ C1

0(R2), it follows
that

∣∣∣∣
∫

R2

(qn(x, t)− q(x, t))ψ(x)dx

∣∣∣∣ ≤
∫

R2

|q0(x)| |ψ (ηn(x, t))− ψ (η(x, t))| dx

≤ ∥q0∥M∥∇ψ∥L∞ sup
x∈R2

|ηn(x, t)− η(x, t)| ,

and

|un(x, t)− u(x, t)| ≤ c∥q0∥Mϕ

(
sup
y∈R2

|ηn(y, t)− η(y, t)|
)
.

Hence, the convergence of ηn and the density argument yield the above assertions.
Finally, we show that (η, q,u) is the solution to (3.2). Consider the integral form
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of (3.2),

∣∣∣∣η(x, t)− x−
∫ t

0

u (η(x, s), s) ds

∣∣∣∣

=

∣∣∣∣η(x, t)− x−
∫ t

0

u (η(x, s), s) ds−
(
ηn(x, t)− x−

∫ t

0

un (ηn(x, s), s) ds

)∣∣∣∣

≤ |ηn(x, t)− η(x, t)|+
∫ t

0

|un (ηn(x, s), s)− u (ηn(x, s), s)| ds

+

∫ t

0

|u (ηn(x, s), s)− u (η(x, s), s)| ds

≤ sup
x∈R2

|ηn(x, t)− η(x, t)|+ c∥q0∥M
∫ t

0

ϕ

(
sup
y∈R2

∣∣ηn−1(y, s)− η(y, s)
∣∣
)
ds

+ c∥q0∥M
∫ t

0

ϕ

(
sup
x∈R2

|ηn(x, s)− η(x, s)|
)
ds.

Then, the right side converges zero uniformly in space as n → +∞. Since u (η(x, t), t)
is continuous in time, η satisfies (3.2) and ∂tη is continuous in time. Considering the
time reversibility of (3.2), we find that the solutions are extended to negative times.
Moreover, we can see that the solutions q and u satisfy

∫

R

∫

R2

(∂tψ + u ·∇ψ) qdxdt = 0,

for any ψ ∈ C∞
0 (R × R2). The uniqueness of the solutions can be proven based on

the same estimates in the existence part.
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4.4 Convergence to the Euler equations

4.4.1 Proof of Theorem 4.3

In this section, we prove Theorem 4.3. The proof proceeds in the same way as [56].
We estimate the difference of the flow maps.

|ηε(x, t)− η(x, t)| ≤
∫ t

0

|uε (ηε(x, s), s)− u (η(x, s), s)| ds

≤
∫ t

0

∫

R2

|Kε (ηε(x, s)− ηε(y, s))−K (ηε(x, s)− ηε(y, s))| |ω0(y)| dyds

+

∫ t

0

∫

R2

|K (ηε(x, s)− ηε(y, s))−K (η(x, s)− ηε(y, s))| |ω0(y)| dyds

+

∫ t

0

∫

R2

|K (η(x, s)− ηε(y, s))−K (η(x, s)− η(y, s))| |ω0(y)| dyds

≡
∫ t

0

J1 + J2 + J3ds.

As for J1, it follows from Lemma 4.14 that

J1 ≤ ∥ω0∥L∞

∫

R2

|Kε(y)−K(y)| dy ≤ ε

2π
∥ω0∥L∞∥χ1h∥L1 .

The other two terms are estimated by using Lemma A.1 and Lemma A.2 respectively.
We find

J2 =

∫

R2

|K (ηε(x, s)− y)−K (η(x, s)− y)| |q(y, s)| dy

≤ c2ϕ (|ηε(x, s)− η(x, s)|) (∥ω0∥L1 + ∥ω0∥L∞) ,

and

J3 =

∫

R2

∣∣K
(
η(x, s)− ηε

(
η−1(y, s), s

))
−K (η(x, s)− y)

∣∣ |ω(y, s)| dy

≤ c3 sup
x∈R2

ϕ (|ηε(x, s)− η(x, s)|) (∥ω0∥L1 + ∥ω0∥L∞) .

Combining above estimates and setting ρ(t) = supx∈R2 |ηε(x, t)− η(x, t)|, we obtain

ρ(t) ≤ c

∫ t

0

[ε+ ϕ (ρ(s))] ds.

Thus, Lemma B.3 yields ρ(t) ≤ c(T )εe
−cT

for t ∈ [0, T ]. The proof is now complete.
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4.4.2 Proof of Corollary 4.6

In order to prove Corollary 4.6, we show the following lemma [56].

Lemma 4.15. Let {qn}n∈N ⊂ M(R2) be a sequence of measures. Suppose that
{qn}n∈N decays uniformly at infinity and converges weakly to zero in M(R2). Then,
for any ψ ∈ C0(R2), we have

lim
n→∞

sup
x∈R2

∫

R2

ψ (x− y) qn(y)dy = 0.

Proof. We first remark that {qn}n∈N is uniformly bounded in M(R2) and set M =
supn∈N ∥qn∥M. Since {qn}n∈N decays uniformly, for any ε > 0, there exists R > 0
such that

sup
n∈N

∫

R2\BR

|qn(y)|dy <
ε

6∥ψ∥L∞
.

Let R > 0 be sufficiently large enough so that |ψ(x)| < 5ε/(6M) for |x| > R.
Since ψ is uniformly continuous on compact sets, there exists δ > 0 such that
|ψ(x)− ψ(x′)| < ε/(3M) for any x, x′ ∈ B3R with |x− x′| < δ. Here, we cover the
ball B2R with a finite number of balls whose radii are δ, and denote the centers of
balls by xi, i ∈ I. Then, taking sufficiently large N ∈ N, we have

max
i∈I

∣∣∣∣
∫

R2

ψ(xi − y)qn(y)dy

∣∣∣∣ <
ε

3
,

for any n ≥ N . Hence, for any |x| < 2R, there exists a index i ∈ I such that
|x− xi| < δ and

∣∣∣∣
∫

R2

ψ(x− y)qn(y)dy

∣∣∣∣ ≤
∫

R2

|ψ(x− y)− ψ(xi − y)| |qn(y)| dy +

∣∣∣∣
∫

R2

ψ(xi − y)qn(y)dy

∣∣∣∣

≤ ∥qn∥M sup
y∈BR

|ψ(x− y)− ψ(xi − y)|+ 2∥ψ∥L∞

∫

R2\BR

|qn(y)|dy

+max
i∈I

∣∣∣∣
∫

R2

ψ(xi − y)qn(y)dy

∣∣∣∣

<
ε

3M
M + 2∥ψ∥L∞

ε

6∥ψ∥L∞
+
ε

3

= ε.

29



On the other hand, if |x| ≥ 2R, then
∣∣∣∣
∫

R2

ψ(x− y)qn(y)dy

∣∣∣∣ ≤ ∥ψ∥L∞(R2\BR)

∫

BR

|qn(y)|dy + ∥ψ∥L∞

∫

R2\BR

|qn(y)|dy

<
5ε

6M
M + ∥ψ∥L∞

ε

6∥ψ∥L∞

= ε.

This completes the proof.

Finally, we show that the Euler-Poincaré flow map is continuous with the initial
vorticity in M(R2), whose proof is also based on [56]. The proof of Theorem 4.3 and
Lemma 4.16 imply Corollary 4.6.

Lemma 4.16. Suppose that q0 ∈ L1(R2) is approximated by a sequence of measures
in M(R2) with qn0 ⇀ q0 weakly in M(R2) and ∥qn0 ∥M → ∥q0∥L1. Then, for any
T > 0 and ε > 0, we have

lim
n→∞

sup
t∈[0,T ]

sup
x∈R2

|ηn,ε(x, t)− ηε(x, t)| = 0,

where ηn,ε denotes the flow map in the Euler-Poincaré flows with the parameter ε
and the initial vorticity qn0 .

Proof. Based on the calculation in the proof of Theorem 4.3, we have

|ηn,ε(x, t)− ηε(x, t)|

≤
∫ t

0

∣∣∣∣
∫

R2

Kε (ηε(x, s)− ηε(y, s)) (qn0 (y)− q0(y)) dy

∣∣∣∣ ds

+

∫ t

0

∫

R2

|Kε (ηε(x, s)− ηε(y, s))−Kε (ηε(x, s)− ηn,ε(y, s))| |qn0 (y)| dyds

+

∫ t

0

∫

R2

|Kε (ηε(x, s)− ηn,ε(y, s))−Kε (ηn,ε(x, s)− ηn,ε(y, s))| |qn0 (y)| dyds

≡
∫ t

0

J̃1 + J̃2 + J̃3ds.

Since the convergence ∥qn0 ∥M → ∥q0∥L1 implies the uniform decay of the sequence
{qn0 − q0}n∈N, we find from Lemma 4.15 that

sup
x∈R2

J̃1 = sup
x∈R2

∣∣∣∣
∫

R2

Kε (x− y) (qn0 (η
ε(y,−s))− q0(η

ε(y,−s))) dy

∣∣∣∣ ,
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converges to zero in the n → ∞ limit. Regarding J̃2 and J̃3, it follows from
Lemma 4.10 that

J̃2 ≤ ∥qn0 ∥M sup
x∈R2

sup
y∈R2

|Kε (x− ηε(y, s))−Kε (x− ηn,ε(y, s))|

≤ c

ε
∥qn0 ∥M sup

y∈R2

ϕ

(
|ηε(y, s)− ηn,ε(y, s)|

ε

)
,

and

J̃3 ≤
c

ε
∥qn0 ∥M sup

x∈R2

ϕ

(
|ηε(x, s)− ηn,ε(x, s)|

ε

)
.

Summing up these estimates, we obtain

ρ̃(t) ≤ c

∫ t

0

[
δ(n) +

1

ε
ϕ

(
ρ̃(s)

ε

)]
ds.

where ρ̃(t) = supx∈R2 |ηn,ε(x, t)− ηε(x, t)| and δ(n) → 0 as n → ∞. Hence,
Lemma B.3 yields the desired result.

5 Point vortex problem

5.1 The Euler-Poincaré point vortex system

Let us recall the parametrized Euler-Poincaré equations in the vorticity form,

∂tq + (uε ·∇)q = 0, uε = Kε ∗ q, Kε = K ∗ hε, (5.1)

and the Lagrangian flow map induced by the regularized velocity,

∂tη
ε(x, t) = uε (ηε(x, t), t) , ηε(x, 0) = x. (5.2)

From now on, we consider the parametrized smoothing function hε given by

hε(x) =
1

ε2
h

(
|x|
ε

)
,

and h(r) is a radial function for r > 0, which satisfies the assumptions in Theorem 4.1
and ∫

R2

h(|x|)dx = 2π

∫ ∞

0

rh(r)dr = 1. (5.3)
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Suppose that the initial vorticity field in the Euler-Poincaré flows is represented by
a set of δ-distributions,

q0(x) =
N∑

n=1

Γnδ(x− x0
n), (5.4)

where x0
n = (x0

n, y
0
n) ∈ R2 for n = 1, ..., N are the pointwise support of the δ-

distributions and Γn ∈ R denotes the strength of the point vortex located at x0
n.

According to Theorem 4.1, there exists a unique global weak solution to (5.1) with
the initial data (5.4) and we have the following theorem.

Theorem 5.1. The solution to (5.1) with the initial data 5.4 is expressed by

q(x, t) =
N∑

n=1

Γnδ(x− ηε(x0
n, t)).

Moreover, the point vortices in the Euler-Poincaré flow never collapse.

Proof. Note that we know from Theorem 4.1 that global existence of a unique solution
to (5.2). Then, it follows that

q(x, t) = q0(η
ε(x,−t)) =

N∑

n=1

Γnδ(η
ε(x,−t)− x0

n).

If ηε(x,−t) = x0
n then x = ηε(x0

n, t) else x ̸= ηε(x0
n, t). This implies

δ(ηε(x,−t)− x0
n) = δ(x− ηε(x0

n, t)).

Moreover, it follows from the uniqueness of the flow map that ηε(x0
m, t) ̸= ηε(x0

n, t)
for m ̸= n and an arbitrary t ∈ R. Thus, there is no collapse.

For simplicity, we introduce the notation of ε-point vortices xε
n(t) = ηε(x0

n, t).
Then, owing to Theorem 5.1, the equations (5.2) with the initial vorticity (5.4) are
rewritten by

d

dt
xε
n(t) = u (xε

n(t), t) =

∫

R2

Kε(xε
n(t)− y)q(y, t)dy

=
N∑

m=1

Γm

∫

R2

Kε(xε
n(t)− y)δ(y − xε

m(t))dy

=
N∑

m=1

ΓmK
ε(xε

n(t)− xε
m(t)).
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Hence, considering Remark 4.13 and using the notations there, we obtain the Euler-
Poincaré point vortex (PV) system,

d

dt
xε
n = − 1

2π

N∑

m ̸=n

Γm
(xε

n − xε
m)

⊥

(lεnm)
2

G
(
lεnm
ε

)
, n = 1, ..., N, (5.5)

where lεnm(t) = |xε
n(t) − xε

m(t)| and xε
n(0) = x0

n. Note that the Euler-Poincaré
PV system (5.5) has a global solution that yields a global weak solution of the 2D
Euler-Poincaré equations. In our strategy to construct the enstrophy dissipating
solution, we try to observe the enstrophy dissipation in incompressible and inviscid
non-smooth flows by taking the ε→ 0 limit of a global solution of (5.5). Before that,
let us investigate the detail of the Euler-Poincaré PV system.

The Euler-Poincaré PV system (5.5) is a Hamiltonian dynamical system, that is
to say, (5.5) is equivalent to

Γn
dxε

n

dt
=
∂H ε

∂yεn
, Γn

dyεn
dt

= −∂H
ε

∂xε
n

, n = 1, ..., N,

with its Hamiltonian,

H ε = − 1

2π

N∑

n=1

N∑

m=n+1

ΓnΓm

[
log lεnm +H0

(
lεnm
ε

)]
, (5.6)

where H0(r) = − log r − 2πG1
r(r) and Gε

r(|x|) = Gε(x) = (G ∗ hε)(x), see (4.8) in
Remark 4.13. The system (5.5) has four conserved quantities (H ε, Qε, P ε, Iε) with

Qε + iP ε =
N∑

n=1

zεn, Iε =
N∑

n=1

Γn|zεn|2,

in which zεn(t) = xε
n(t) + iyεn(t) ∈ C. Defining the Poisson bracket between two

functions f and g by

{f, g} =
N∑

n=1

1

Γn

(
∂f

∂xn

∂g

∂yn
− ∂f

∂yn

∂g

∂xn

)
,

we find

{H ε, Iε} = 0, {H ε, (P ε)2 + (Qε)2} = 0, {(P ε)2 + (Qε)2, Iε} = 0.
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Thus, the Euler-Poincaré PV system (5.5) with N = 3 is integrable. We remark that
it is also integrable For N = 4 when Γ =

∑N
n=1 Γn = 0, since, in addition to above

quantities, we have

{Qε, P ε} = Γ, {Qε, Iε} = 2P ε, {P ε, Iε} = −2Qε.

In the case N = 4 with Γ ̸= 0 or N ≥ 5, the system is no longer integrable and
the dynamics of ε-point vortices could be chaotic. This is one of the reasons why
we consider three point vortex problem in the next part to construct the enstrophy
dissipating weak solution.

It is useful to consider the evolution of the distance lεnm, which is governed by

d

dt
(lεnm)

2 =
2

π

N∑

l ̸=n ̸=m

ΓlAnml

[
1

(lεml)
2
G
(
lεml

ε

)
− 1

(lεln)
2
G
(
lεln
ε

)]

for N ≥ 3, where Anml denotes the signed area of the triangle formed by the three
ε-point vortices. Its sign is positive if the indices n, m, l at the vertices of the
triangle appear counterclockwise and negative if they do clockwise. Its area |Anml|
is expressed by

|Anml| =
1

4

[
2
(
(lεnml

ε
ml)

2 + (lεmll
ε
ln)

2 + (llnεl
ε
nm)

2
)
− (lεnm)

4 − (lεml)
4 − (lεln)

4
] 1

2 .

There are two coordinate independent conserved quantities, the Hamiltonian H ε

and

M ε =
N∑

n ̸=m

ΓnΓm(l
ε
nm)

2 = 2(ΓIε − (Qε)2 − (P ε)2).

5.2 Variations of the enstrophy and energy

We are concerned with the variations of the enstrophy Z ε(t) and the energy Eε(t)
that vary along with the Euler-Poincaré PV system. They can be derived based on
the Novikov’ method as [55, 58]. Since the vorticity field generated by N ε-point
vortices at xε

n(t) for n = 1,...,N is represented by

q(x, t) =
N∑

n=1

Γnδ(x− xε
n(t)),

its Fourier transform is given by

q̂(k, t) =
1

2π

N∑

n=1

Γne
−ik·xε

n(t),
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which yields

|q̂(k, t)|2 = 1

4π2

[
N∑

n=1

Γ2
n + 2

N∑

n=1

N∑

m=n+1

ΓnΓm cos (k · (xε
n(t)− xε

m(t)))

]

Recalling the relation ωε = hε ∗ q, we have ω̂ε = 2πĥε q̂ and thus

∣∣ω̂ε(k, t)
∣∣2 = 1

4π2

∣∣∣2πĥε(k)
∣∣∣
2
[

N∑

n=1

Γ2
n + 2

N∑

n=1

N∑

m=n+1

ΓnΓm cos (k · (xε
n(t)− xε

m(t)))

]
.

Then, we obtain the total enstrophy for the regularized vorticity,

1

2

∫

R2

|ωε(x, t)|2 dx =
1

2

∫

R2

∣∣ω̂ε(k, t)
∣∣2 dk

=
1

2

∫ ∞

0

∫ π

−π

r
∣∣ω̂ε(r, θ, t)

∣∣2 dθdr

=

∫ ∞

0

πr⟨
∣∣ω̂ε(r, t)

∣∣2⟩dr

in which r = |k| and ⟨f⟩ = 1
2π

∫ π

−π f(θ)dθ. Here, we define the enstrophy density
spectrum Z ε

N by

Z ε
N(r, t) = πr⟨

∣∣ω̂ε(r, t)
∣∣2⟩.

and note that ĥε is radial. Then, it follows that

Z ε
N(r, t) =

r

4π

∣∣∣2πĥε(r)
∣∣∣
2
[

N∑

n=1

Γ2
n + 2

N∑

n=1

N∑

m=n+1

ΓnΓm
1

2π

∫ π

−π

cos (rlεnm cos θ) dθ

]

=
r

4π

∣∣∣2πĥε(r)
∣∣∣
2
[

N∑

n=1

Γ2
n + 2

N∑

n=1

N∑

m=n+1

ΓnΓmJ0 (rl
ε
nm)

]
,

in which J0(r) is a Bessel function of the first kind. Thus, the total enstrophy is
given by

1

2

∫

R2

|ωε(x, t)|2 dx =

∫ ∞

0

Z ε
N(r, t)dr

=
1

4π

∫ ∞

0

r
∣∣∣2πĥε(r)

∣∣∣
2

dr
N∑

n=1

Γ2
n +

1

2π

N∑

n=1

N∑

m=n+1

ΓnΓm

∫ ∞

0

r
∣∣∣2πĥε(r)

∣∣∣
2

J0 (rl
ε
nm) dr

=
1

4πε2

∫ ∞

0

r
∣∣∣2πĥ(r)

∣∣∣
2

dr
N∑

n=1

Γ2
n +

1

2πε2

N∑

n=1

N∑

m=n+1

ΓnΓm

∫ ∞

0

r
∣∣∣2πĥ(r)

∣∣∣
2

J0

(
r
lεnm
ε

)
dr.
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Here, we have used the relation ĥε(k) = ĥ(εk). Since the first term in the right-hand
side is constant in time, we define the variation of the enstrophy by the second term,
namely

Z ε(t) =
1

2πε2

N∑

n=1

N∑

m=n+1

ΓnΓm

∫ ∞

0

r
∣∣∣2πĥ(r)

∣∣∣
2

J0

(
r
lεnm(t)

ε

)
dr. (5.7)

Next, we define the variation of the energy of the Euler-Poincaré PV system in the
sense of Novikov. The total energy for the regularized velocity is given by

1

2

∫

R2

|uε(x, t)|2 dx =

∫ ∞

0

πr⟨
∣∣ûε(r, t)

∣∣2⟩dr =
∫ ∞

0

Eε
N(r, t)dr,

where Eε
N is the energy density spectrum. Since we have

∣∣ω̂ε(k, t)
∣∣2 = |k|2

∣∣ûε(k, t)
∣∣2,

it follows that

Eε
N(r, t) ≡ πr⟨

∣∣ûε(r, t)
∣∣2⟩ = π

r
⟨
∣∣ω̂ε(r, t)

∣∣2⟩

=
1

4πr

∣∣∣2πĥε(r)
∣∣∣
2
[

N∑

n=1

Γ2
n + 2

N∑

n=1

N∑

m=n+1

ΓnΓmJ0 (rl
ε
nm)

]
.

Hence, the total energy cutting off a larger scale than 1 ≪ L < ∞ is expressed by
∫ ∞

L−1

Eε
N(r, t)dr =

1

4π

∫ ∞

εL−1

1

r

∣∣∣2πĥ(r)
∣∣∣
2

dr
N∑

n=1

Γ2
n

+
1

2π

N∑

n=1

N∑

m=n+1

ΓnΓm

∫ ∞

εL−1

1

r

∣∣∣2πĥ(r)
∣∣∣
2

J0

(
r
lεnm
ε

)
dr. (5.8)

Regarding the second term, we find
∫ ∞

εL−1

1

r

∣∣∣2πĥ(r)
∣∣∣
2

J0

(
r
lεnm
ε

)
dr =

∫ ∞

εL−1

1

r
J0

(
r
lεnm
ε

)
dr

+

∫ ∞

εL−1

1

r

(∣∣∣2πĥ(r)
∣∣∣
2

− 1

)
J0

(
r
lεnm
ε

)
dr,

and the following approximate formula for a sufficiently large L.
∫ ∞

εL−1

1

r
J0

(
r
lεnm
ε

)
dr ∼

∫ ∞

0

r

r2 + (εL−1)2
J0

(
r
lεnm
ε

)
dr

= K0

(
lεnm
L

)

∼ − log lεnm + log
Leβ

2
,
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in which β is the Euler’s constant. Thus, taking the L → ∞ limit in the non-constant
part of the total energy (5.8), we obtain the variations of the energy.

Eε(t) = − 1

2π

N∑

n=1

N∑

m=n+1

ΓnΓm

[
log lεnm(t) +

∫ ∞

0

1

r

(
1−

∣∣∣2πĥ(r)
∣∣∣
2
)
J0

(
r
lεnm(t)

ε

)
dr

]
.

(5.9)
Note that the integrand in (5.9) has no singularity since it follows from (5.3) that
2πĥ(0) = 1.

Part III

Enstrophy dissipation and triple
collapse of point vortices

6 Review of the point vortex system

6.1 The point vortex system and its self-similar solutions

For later use, let us recall the point vortex (PV) problem, which is expressed by

d

dt
xn = − 1

2π

N∑

m ̸=n

Γm
(xn − xm)⊥

l2nm
, xn(0) = x0

n, n = 1, ..., N, (6.1)

where lnm(t) = |xn(t)− xm(t)| is the distance between mth and nth point vortices.
The PV system can be derived formally from the 2D Euler equations when the initial
vorticity is given by point vortices. Hence, solutions of the PV system are not those
of the 2D Euler equations in general, and this fact is a notable difference from the
case of the Euler-Poincaré equations. The PV system is a Hamiltonian dynamical
system with its Hamiltonian,

Hpv = − 1

2π

N∑

n=1

N∑

m=n+1

ΓnΓm log lnm.

Defining the quantities (P,Q, I) in the same manner as (P ε, Qε, Iε) in the Euler-
Poincaré PV system, we similarly find that (Hpv, P,Q, I) are conserved along with
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the evolution of (6.1). We now consider self-similar solutions in the PV system based
on the argument in [38, 54]. The definition of self-similar evolutions of point vortices
are given as follows.

Definition 6.1. Let zn(t) = xn(t) + iyn(t) be a complex notation for the solution of
(6.1). The evolution of point vortices is called self-similarly if we have zn(t) = λnf(t)
for n = 1, ...N , where λn ∈ C are scale factors and f(t) = r(t)eiθ(t) is a function of
time.

Consider the point vortex system with the complex variables,

d

dt
zn =

i

2π

N∑

m ̸=n

Γm

z∗n − z∗m
, n = 1, ..., N,

where z∗n denotes the complex conjugate of zn. Assume that the point vortices evolve
self-similarly. Then, we have

λn
df

dt
f ∗ =

i

2π

N∑

m ̸=n

Γm

λ∗n − λ∗m
,

which is equivalent to the following system.

df

dt
f ∗ = C = A+ iB, (6.2)

λnC =
i

2π

N∑

m ̸=n

Γm

λ∗n − λ∗m
. (6.3)

In order to solve (6.2), we substitute f(t) = r(t)eiθ(t) into (6.2). Then, we obtain

1

2

d

dt
r2 = A,

d

dt
θ =

B

r2
,

and thus the solutions are

r(t) =
√

2At+ r2(0), θ(t) =
B

2A
log
(
2At+ r2(0)

)
+ θ(0),

for A ̸= 0. If A = 0, we have r(t) = r(0) and θ(t) = B
r2(0)t+ θ(0), which corresponds

to a relative equilibrium rotating with the constant speed. Hence, the point vortices
collapse self-similarly at the origin at the time

tc = −r2(0)

2A
.
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We note that the collapse occurs at the center of the vorticity zc, which is an invariant
quantity, since we have

Γzc =
N∑

n=1

Γnzn =
i

2πC

N∑

n=1

N∑

m ̸=n

ΓnΓm

λ∗n − λ∗m
= 0.

The algebraic system (6.3) is complicated for general N and difficult to solve for the
scaling constants λn. However, some examples of self-similar solutions, especially
self-similar collapsing solutions, are demonstrated in [41, 42] for specific numbers of
N . Moreover, in three point vortex problem, we can obtain self-similar collapsing
solutions with mathematical rigor [38, 54].

6.2 Self-similar collapsing solutions in the three point vortex
system

In the three PV system, the Hamiltonian Hpv is expressed by

Hpv = − 1

2π
(Γ2Γ3 log l23 + Γ3Γ1 log l31 + Γ1Γ2 log l12) . (6.4)

The system describing the evolution of the three distances are given by

d

dt
l212 =

2

π
Γ3Apv

(
1

l223
− 1

l231

)
,

d

dt
l223 =

2

π
Γ1Apv

(
1

l231
− 1

l212

)
, (6.5)

d

dt
l231 =

2

π
Γ2Apv

(
1

l212
− 1

l223

)
,

where Apv denotes the signed area of the triangle formed by the three point vor-
tices. Its sign is positive if the indices 1, 2, 3 at the vertices of the triangle appear
counterclockwise and negative if they do clockwise. Here, |Apv| is expressed by

|Apv| =
1

4

[
2
(
l212l

2
23 + l223l

2
31 + l231l

2
12

)
− l412 − l423 − l431

] 1
2 ,

and it follows that the distances need to satisfy

l423 + l431 + l412 ≤ 2
(
l223l

2
31 + l231l

2
12 + l212l

2
23

)
. (6.6)
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We remark that the only relative equilibria of (6.5) are collinear states or equilateral
triangles. Here, we focus on the evolution under the following conditions,

1

Γ1
+

1

Γ2
+

1

Γ3
= 0, (6.7)

Mpv ≡ Γ1Γ2l
2
12 + Γ2Γ3l

2
23 + Γ3Γ1l

2
31 = 0. (6.8)

Note that Mpv is a conserved quantity in the PV system. In view of (6.7), we assume
Γ1 ≥ Γ2 > 0 > Γ3 without loss of generality. It is well known that (6.7) and (6.8) are
necessary and sufficient conditions for three point vortices to collapse self-similarly
in finite time. Based on [2, 54], we now review this result. We first set

√
κ =

l31(t)

l23(t)
, r1 =

l23(t)

l12(t)
, r2 =

l31(t)

l12(t)
,

then, from (6.7) and (6.8), we obtain

r1 =

√
Γ1 + Γ2

κΓ1 + Γ2
, r2 =

√
κ(Γ1 + Γ2)

κΓ1 + Γ2
. (6.9)

It is not difficult to see that κ is independent of t. Indeed, it follows from (6.4) that

1

θpv
= l2/Γ1

23 l2/Γ2
31 l2/Γ3

12 , θpv = exp

(
4πHpv

Γ1Γ2Γ3

)
.

and thus we find from (6.7) and (6.9) that

1

θpv
=

(
Γ1 + Γ2

κΓ1 + Γ2

)1/Γ1
(
κ(Γ1 + Γ2)

κΓ1 + Γ2

)1/Γ2

.

Differentiating this relation with respect to t, we obtain κ′ (1− 1/κ) = 0, which
yields κ′ = 0 or κ = 1. The former case shows that κ is invariant, and r1 and r2 are
thus constants owing to (6.9). The latter case corresponds to an equilateral triangle
that is a relative equilibrium. In addition, we have the following lemma.

Lemma 6.2. The ratio κ satisfies k− ≤ κ ≤ k+, in which k− and k+ are given by

k− =

(
Γ1 + Γ2 −

√
R

Γ2

)2

, k+ =

(
Γ1 + Γ2 +

√
R

Γ2

)2

, (6.10)

and R = Γ2
1 + Γ1Γ2 + Γ2

2. Moreover, κ = k± holds if and only if the three point
vortices form collinear configurations.

40



Proof. It follows from (6.6) that

1 + κ2 +
1

r41
≤ 2

(
κ+

1

r21
κ+

1

r21

)
.

Using (6.9), we obtain

Γ2
2κ

2 − 2κ(2Γ2
1 + 3Γ1Γ2 + 2Γ2

2) + Γ2
1 = Γ2

2κ
2 − 2κ(2R + Γ1Γ2) + Γ2

1 ≤ 0,

and thus

2R + Γ1Γ2 − 2
√

R(R + Γ1Γ2)

Γ2
2

≤ κ ≤
2R + Γ1Γ2 + 2

√
R(R + Γ1Γ2)

Γ2
2

,

which is equivalent to k− ≤ κ ≤ k+. We have κ = k± if and only if the equality in
(6.6) holds, which means that three point vortices are on a straight line.

It is obvious that 0 < k− < 1 < k+. Next, we show the following lemma describing
the range of Hpv

Lemma 6.3. Suppose (6.7) and (6.8). If the initial configuration is not relative
equilibria and satisfies r1 > 1 > r2, then we have

Γ2
1Γ

2
2

4π(Γ1 + Γ2)
log

(
ψ

(
Γ1

Γ2
k−

)[
ψ

(
Γ1

Γ2

)]−1
)

< Hpv < 0,

where ψ(x) is defined by

ψ(x) =

(
1

1 + x

)1/Γ1
(

x

1 + x

)1/Γ2

.

For r2 > 1 > r1, we have the same result with k− being replaced by k+.

Proof. Using (6.7), we can rewrite Hpv as follows.

Hpv =
Γ1Γ2

4π

(
Γ2

Γ1 + Γ2
log r21 +

Γ1

Γ1 + Γ2
log r22

)
.

Note that (6.8) is equivalent to

Γ2

Γ1 + Γ2
r21 +

Γ1

Γ1 + Γ2
r22 = 1.
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b1

b2

b1

b2

Figure 1: Equi-curves of the Hamiltonian Hpv in the (b1, b2)-plane, where b1 = l223/Γ1

and b2 = l231/Γ2, for (a) (Γ1,Γ2) = (1, 1) and (b) (Γ1,Γ2) = (3, 1). The light curves
are equi-curves. The three dark lines from the left correspond to κ = k+, κ = 1 and
κ = k−, respectively.

Then, it follows from the convexity of log x that Hpv ≤ 0. In particular, Hpv = 0 if
and only if the point vortices form an equilateral triangle, namely r1 = r2 = 1. On
the other hand, it follows from (6.9) that

Hpv =
Γ1Γ2

4π

[
Γ2

Γ1 + Γ2
log r21 +

Γ1

Γ1 + Γ2
log r22

]

=
Γ2
1Γ

2
2

4π(Γ1 + Γ2)
log

[(
Γ1 + Γ2

κΓ1 + Γ2

)1/Γ1(κ(Γ1 + Γ2)

κΓ1 + Γ2

)1/Γ2
]

=
Γ2
1Γ

2
2

4π(Γ1 + Γ2)
log

(
ψ

(
Γ1

Γ2
κ

)[
ψ

(
Γ1

Γ2

)]−1
)
.

Since we have k− < κ < 1 for r1 > 1 > r2 and 1 < κ < k+ for r2 > 1 > r1, we
achieve the conclusion, owing to (C.1) in Appendix C.

Remark 6.4. The relative equilibria are characterized in terms of the value of Hpv.
Indeed, we have Hpv = 0 if only if three point vortices form a equilateral triangle.
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On the other hand, the Hamiltonian satisfies

Hpv =
Γ2
1Γ

2
2

4π(Γ1 + Γ2)
log

(
ψ

(
Γ1

Γ2
k±

)[
ψ

(
Γ1

Γ2

)]−1
)
,

if and only if κ = k± respectively, namely three point vortices are in a collinear state.

We plot equi-curves of the Hamiltonian Hpv in Figure 1. Here, we set b1 = l223/Γ1

and b2 = l231/Γ1. Then, conditions (6.7) and (6.8) allow us to rewrite (6.4) as follows.

1

θpv
=

(
b1

b1 + b2

)1/Γ1
(

b2
b1 + b2

)1/Γ2

, (6.11)

in which θpv is a constant defined by

θpv = Γ1/Γ1

1 Γ1/Γ2

2 (−Γ3)
1/Γ3 exp

(
4πHpv

Γ1Γ2Γ3

)
.

Then, equi-curves of Hpv is equivalent to (6.11) and thus they can be plotted in the
(b1, b2)-plane. As we can see in Figure 1, equi-curves are straight lines and all of
them are connected to the origin. These facts imply that three point vortices evolve
self-similarly and collapse at the finite time. According to [2, 54], we can derive the
explicit formulae for the collapse process. Indeed, owing to the temporal invariance
of r1 and r2, we can rewrite (6.5) as follows.

d

dt
l212 =

σS

2π
Γ3

r22 − r21
r21r

2
2

,
d

dt
l223 =

σS

2π
Γ1

1− r22
r22

,
d

dt
l231 =

σS

2π
Γ2

r21 − 1

r21
,

where S = [2(r21 + r22)− (r21 − r22)
2 − 1]1/2 and σ is the sign of Apv. Then, using (6.7)

and (6.8), we obtain

l12(t) =
√
σω(tc − t), l23(t) = r1

√
σω(tc − t), l31(t) = r2

√
σω(tc − t),

which are equivalent to

lnm(t) = lnm(0)

√
1− t

tc
,

where ω and tc are given by

ω =
S

2π
Γ2

r21 − 1

r21r
2
2

, tc =
l212(0)

σω
.
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Thus, for r1 > 1 > r2, three point vortices collapse self-similarly as t → tc − 0 when
x1, x2 and x3 of the triangle appear counterclockwise, namely σ > 0. On the other
hand, if x1, x2 and x3 appear clockwise i.e. σ < 0, three point vortices expand self-
similarly for t > tc. In other words, they collapse self-similarly as t → tc + 0. As for
r2 > 1 > r1, we similarly find the self-similar collapsing and expanding solutions. We
remark that these two self-similar solutions are independent each other and cannot
be connected at t = tc as a solution of the PV system.

7 The α-point vortex system

7.1 The N vortex problem and the enstrophy dissipation

We focus on the Euler-α model. Considering the regularized kernel Kα in (3.6), we
obtain the α-point vortex (αPV) system instead of (5.5).

d

dt
xα
n = − 1

2π

N∑

m ̸=n

Γm
(xα

n − xα
m)

⊥

(lαnm)
2

BK

(
lαnm
α

)
, n = 1, ..., N, (7.1)

where lαnm(t) = |xε
n(t) − xε

m(t)| and xα
n(0) = x0

n. In this system, the Hamiltonian
(5.6) is expressed by,

H α = − 1

2π

N∑

n=1

N∑

m=n+1

ΓnΓm

[
log lαnm +K0

(
lαnm
α

)]
.

According to [58], the variations of the enstrophy and the energy in the αPV system
have a explicit formulae, which is a remarkable feature of the αPV system. Indeed,
since smoothing function h is given by

h(r) =
1

2π
K0(r),

and it is a fundamental solution to the Helmholtz operator 1−∆, we find

2πĥ(k) =
1

1 + |k|2 .

Then, the integral in (5.7) is calculated by the formula for Bessel functions [65].

∫ ∞

0

r

(1 + r2)2
J0

(
r
lαnm
α

)
dr =

1

2

lαnm
α

K1

(
lαnm
α

)
. (7.2)
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and thus the variation of the enstrophy is given by

Z α(t) =
1

4πα2

N∑

n=1

N∑

m=n+1

ΓnΓm
lαnm(t)

α
K1

(
lαnm(t)

α

)
.

As for the variation of energy, we have
∫ ∞

0

1

r

(
1−

∣∣∣2πĥ(r)
∣∣∣
2
)
J0

(
r
lεnm(t)

ε

)
dr =

∫ ∞

0

r

1 + r2
J0

(
r
lεnm(t)

ε

)
dr

+

∫ ∞

0

r

(1 + r2)2
J0

(
r
lεnm(t)

ε

)
dr.

Using (7.2) and the following formula [65],
∫ ∞

0

r

1 + r2
J0

(
r
lαnm
α

)
dr = K0

(
lαnm
α

)
,

we obtain the explicit formula for the variation of the energy,

Eα(t) = − 1

2π

N∑

n=1

N∑

m=n+1

ΓnΓm

[
log lαmn +K0

(
lαmn

α

)
+

lαmn

2α
K1

(
lαmn

α

)]
.

We remark that H α, Z α and Eα have the following relation.

H α = Eα + α2Z α. (7.3)

Let us discuss the enstrophy dissipation with the N -vortex problem in the αPV
system. Since the Hamiltonian system (7.1) is not integrable for N ≥ 4, it is not
easy to analyze the dynamics of solutions to the N -vortex problem and show the
enstrophy dissipation with mathematical rigor. However, a necessary condition for
the enstrophy dissipation in the α → 0 limit was obtained in [29].

Theorem 7.1. Suppose that there exist functions Cnm(t) > 0 for m ̸= n, which are
defined on the interval I, such that

lim
α→0

sup
t∈I

|lαmn(t)− Cmn(t)| = 0,

for any m ̸= n. Then, we have

lim
α→0

sup
t∈I

|Eα(t)− Hpv| = 0, lim
α→0

sup
t∈I

|Z α(t)| = 0,

where Hpv denotes the Hamiltonian of the PV system.
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Proof. It follows from (7.3) that

|Eα − Hpv| ≤ |H α − Hpv|+ α2 |Z α| . (7.4)

Since Hpv and H α are invariant in time, we find

Hpv = − 1

2π

N∑

n=1

N∑

m=n+1

ΓnΓm log |x0
n − x0

m|,

and

H α = − 1

2π

N∑

n=1

N∑

m=n+1

ΓnΓm

[
log lαnm(t) +K0

(
lαnm(t)

α

)]

= − 1

2π

N∑

n=1

N∑

m=n+1

ΓnΓm

[
log |x0

n − x0
m|+K0

(
|x0

n − x0
m|

α

)]
.

Hence, we obtain

|H α − Hpv| ≤
1

2π

N∑

n=1

N∑

m=n+1

|ΓnΓm|K0

(
|x0

n − x0
m|

α

)
.

On the other hand, we also have

α2 |Z α| ≤ 1

4π

N∑

n=1

N∑

m=n+1

|ΓnΓm|
lαnm(t)

α
K1

(
lαnm(t)

α

)
.

Since the assumption implies lαmn/α → ∞ as α → 0 and K0, K1 decay exponentially,
we conclude that (7.4) converges to zero. The convergence of the variation of the
enstrophy follows from the same argument.

This theorem indicates that the evolution of α-point vortices is equivalent to
that of point vortices with the Hamiltonian Hpv in the α → 0 limit as long as their
distances lαnm converge to non-vanishing functions uniformly in time. Furthermore,
there is no enstrophy variation in the same time interval I. In other words, taking
its contraposition, we have the following corollary on the necessary condition for the
enstrophy variation.

Corollary 7.2. Suppose that Z α(tc) ̸= 0 at time tc in the α → 0 limit. Then, there
exists m ̸= n such that lαnm(tc) → 0 as α → 0.
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We recall that the α-point vortices never collapse in a finite time as shown in
Theorem 5.1, that is, lαnm(t) ̸= 0 for α ̸= 0 and all t ∈ R. However, the distance lαnm
could vanish at a certain time in the α → 0 limit and, according to Corollary 7.2,
the enstrophy variation might occur at that time. It is straightforward to check
that the enstrophy variation never occurs for the evolution of two α-point vortices.
Indeed, since we find dlα12/dt = 0, it follows that lα12(t) = |x0

1 − x0
2| = l12(0) for all

t ∈ R and thus limα→0 lαnm(t) = l12(0) ̸= 0. Hence, in order to observe the enstrophy
dissipation in the α → 0 limit of the evolution of α-point vortices, we need to
consider the αPV system (7.1) with N ≥ 3. In the following section, we focus on the
three vortex problem, since (7.1) is integrable with N = 3 and it is suggested with
a help of numerical computations that an enstrophy dissipation could occur under
a certain condition when the three point vortices collapse self-similarly [58]. The
purpose of our study is proving the existence of enstrophy dissipating solutions with
mathematical rigor and making it clear what kind of mechanism gives rise to the
enstrophy dissipation in the α → 0 limit.

7.2 The three vortex problem and general properties

We consider the three α-point vortex problem. The three αPV system (7.1) with
N = 3 is a Hamiltonian system with its Hamiltonian

H α =− 1

2π
(Γ2Γ3 log l

α
23 + Γ3Γ1 log l

α
31 + Γ1Γ2 log l

α
12)

− 1

2π

[
Γ2Γ3K0

(
lα23
α

)
+ Γ3Γ1K0

(
lα31
α

)
+ Γ1Γ2K0

(
lα12
α

)]
.

This system is integrable for any strengths and initial configurations. The system
(7.1) is reduced to the following system for the distance lαnm:

d

dt
(lαnm)

2 =
2

π
ΓkA

α

[
1

(lαmk)
2
BK

(
lαmk

α

)
− 1

(lαkn)
2
BK

(
lαkn
α

)]
, (7.5)

and lαnm(0) = |x0
n −x0

m|, where Aα denotes the signed area of the triangle formed by
the three α-point vortices, xα

1 , x
α
2 and xα

3 , and its sign is determined by the order of
indices. Note that three α-point vortices must become a collinear configuration to
change the sign of Aα. Remember that we have two invariants in terms of lαnm, H α

and
Mα = Γ2Γ3(l

α
23)

2 + Γ3Γ1(l
α
31)

2 + Γ1Γ2(l
α
12)

2.
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We are concerned with the variations of the enstrophy Z α(t) and the energy Eα(t)
which are given by

Z α(t) =
1

4πα2

[
Γ2Γ3

lα23
α
K1

(
lα23
α

)
+ Γ3Γ1

lα31
α
K1

(
lα31
α

)
+ Γ1Γ2

lα23
α
K1

(
lα12
α

)]
,

and Eα(t) = H α − α2Z α(t). Note that Z α(t) is a part of the enstrophy, defined
from the α-vorticity, that varies along with the evolution of the three α point vortices.
Here, in order to take the α → 0 limit, we introduce the following scaled variables,

Xn(t) =
1

α
xα
n(α

2t+ t∗), Lnm(t) =
1

α
lαnm(α

2t+ t∗). (7.6)

for n = 1, 2, 3 and m ̸= n, where t∗ ∈ R is a constant determined later. Then, the
governing equation for Xn(t) is described by

d

dt
Xn =

1

2π

3∑

m ̸=n

Γm
(Xn −Xm)⊥

L2
nm

BK (Lnm) , Xn(0) =
xα
n(t

∗)

α
. (7.7)

Since (7.7) is equivalent to (7.1) with N = 3 and α = 1, the equation (7.7) is also a
Hamiltonian dynamical system with its Hamiltonian,

H = H 1 = − 1

2π

[
Γ2Γ3h0

(
L2
23

)
+ Γ3Γ1h0

(
L2

31

)
+ Γ1Γ2h0

(
L2
12

)]
. (7.8)

where h0(x) = log
√
x + K0 (

√
x). The evolution of (L12, L23, L31) is explicitly de-

scribed by

d

dt
L2

12 =
2

π
Γ3A

[
1

L2
23

BK (L23)−
1

L2
31

BK (L31)

]
,

d

dt
L2

23 =
2

π
Γ1A

[
1

L2
31

BK (L31)−
1

L2
12

BK (L12)

]
, (7.9)

d

dt
L2

31 =
2

π
Γ2A

[
1

L2
12

BK (L12)−
1

L2
23

BK (L23)

]
,

where A = A1 is the signed area of the triangle formed by the three α-point vortices,
and its sign is defined in a same manner to the three PV system. Then, Heron’s
formula yields

A2 = r(r − L12)(r − L23)(r − L31), r =
1

2
(L12 + L23 + L31). (7.10)
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Hence, we obtain

|A| = 1

4

[
2
(
L2

12L
2
23 + L2

23L
2
31 + L2

31L
2
12

)
− L4

12 − L4
23 − L4

31

] 1
2 ,

and the triangle inequality;

L4
23 + L4

31 + L4
12 ≤ 2

(
L2

23L
2
31 + L2

31L
2
12 + L2

12L
2
23

)
, (7.11)

in which the equality holds if and only if the three α-point vortices form a collinear
configuration. We note that the solutions of (7.1) and (7.5) are recovered from those
of the scaled systems (7.7) and (7.9) via

xα
n(t) = αXn

(
t− t∗

α2

)
, lαnm(t) = αLnm

(
t− t∗

α2

)
. (7.12)

Moreover, in terms of the scaled variables, Eα(t) and Z α(t) are simply described by

Eα(t) = H α +HK

(
t− t∗

α2

)
, Z α(t) = − 1

α2
HK

(
t− t∗

α2

)
, (7.13)

when HK(τ) is defined by

HK(τ) = − 1

4π
[Γ2Γ3L23K1 (L23) + Γ3Γ1L31K1 (L31) + Γ1Γ2L12K1 (L12)] .

The energy dissipation rate Dα
E is obtained by differentiating Eα(t),

Dα
E(t) =

1

α2
F

(
t− t∗

α2

)
,

in which the function F (τ) is defined by

F (τ) =
1

8π

[
Γ2Γ3

dL2
23

dτ
K0 (L23) + Γ3Γ1

dL2
31

dτ
K0 (L31) + Γ1Γ2

dL2
12

dτ
K0 (L12)

]
. (7.14)

Hence, in order to see the energy and the enstrophy variations together with the
evolution of α-point vortices, we need to figure out the behavior of Lnm(t) precisely.
As we see in Corollary 3.2 of [29], a necessary condition of the enstrophy dissipation
at time t∗ is lαnm(t

∗) → 0 as α → 0. This implies the existence of a singular collapse
of the αPV system in the α → 0 limit, which infers that the limit is related to the
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self-similar collapse in the PV system. Thus, we consider the motion of three α-point
vortices under the same condition as (6.7);

1

Γ1
+

1

Γ2
+

1

Γ3
= 0. (7.15)

We also assume that Γ1 ≥ Γ2 > 0 > Γ3 without loss of generality. Then, it is easy
to check that (7.15) yields H α = H . We note that

M = M1 = Γ2Γ3L
2
23 + Γ3Γ1L

2
31 + Γ1Γ2L

2
12, (7.16)

is invariant and it plays an important role in classifying the dynamics of the three
α-point vortices. Let us remark that, for arbitrary solutions (7.7), we have Mα =
α2M → 0 as α → 0 owing to (7.6).

We first investigate relative equilibria in the αPV system. Then, the distance
Lnm(t) is bounded, which means that the enstrophy dissipation does not occur.
Hence, we need to avoid such configurations in order to construct an enstrophy
dissipating solution.

Proposition 7.3. The relative equilibria of (7.9) are equilateral triangles, namely
L23 = L31 = L12, or collinear configurations, that is A = 0 and dA/dt = 0.

Proof. If the system is in a relative equilibrium, we have d
dtL

2
12 =

d
dtL

2
23 =

d
dtL

2
31 = 0.

Then, considering (7.9), we obtain either A = 0 or

1

L2
23

BK (L23) =
1

L2
31

BK (L31) =
1

L2
12

BK (L12) . (7.17)

The former case corresponds to a collinear configuration. Obviously, the α-point
vortices need to satisfy dA/dt = 0 to form a relative equilibrium. The latter case
implies L23 = L31 = L12, namely the α-point vortices form an equilateral triangle.
Indeed, since (7.17) is rewritten by

hK

(
L2
23

)
= hK

(
L2
31

)
= hK

(
L2
12

)
,

where hK(x) = BK (
√
x) /x is monotone decreasing, as we see (C.6) in Appendix C,

it follows that L23 = L31 = L12.

Remark 7.4. For later use, differentiating (7.10), we derive the evolution equation
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of A;

dA

dt
=

1

4π

[∑
Γ1

1

L23

{
1

L2
31

BK (L31)−
1

L2
12

BK (L12)

}]

×
[
(r − L23)(r − L31)(r − L12) + r

∑
(r − L31)(r − L12)

]

− r

2π

∑
Γ1

1

L23

{
1

L2
31

BK (L31)−
1

L2
12

BK (L12)

}
(r − L31)(r − L12), (7.18)

in which
∑

denotes the summation over cyclic permutations of indices, for example∑
L12 = L12 + L23 + L31. We need to solve dA/dt = 0 and A = 0 simultaneously to

obtain collinear equilibria.

8 Enstrophy dissipation in the three point vortex
problem

8.1 Statements of theorems

According to the numerical studies of [58], there exist some singular solutions that
dissipate the enstrophy at the event of the triple collapse in the α → 0 limit for
sufficiently small M ≥ 0. However, it is unclear whether or not the enstrophy
variation is always dissipative and the condition M ≥ 0 is an essential restriction for
the dissipation. We prove the existence of the enstrophy dissipating solution without
any restriction on M . This indicates that the anomalous enstrophy dissipation is
generically observed for a wide range of initial configurations of the three α-point
vortices. The first theorem on the enstrophy dissipation is stated as follows.

Theorem 8.1. Suppose (7.15) and the constant Hc satisfies

Γ2
1Γ

2
2

4π(Γ1 + Γ2)
log

(
ψ

(
Γ1

Γ2
k0

)[
ψ

(
Γ1

Γ2

)]−1
)

< Hc < 0, (8.1)

where k0 is defined by

ψ

(
Γ1

Γ2
k0

)
= min

{
ψ

(
Γ1

Γ2
k−

)
,ψ

(
Γ1

Γ2
k+

)}
.

We also assume that, for any initial configuration with H α = Hc, the corresponding
orbit does not converge to relative equilibria as either of t → ±∞. Then, there exists
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a constant t∗ such that lαnm(t
∗) → 0 as α → 0 and

lim
α→0

Z α = −z0δ(·− t∗), lim
α→0

Dα
E = 0,

in the sense of distributions, where

z0 =

∫ ∞

−∞
HK(s)ds > 0.

Remark 8.2. In this theorem, we assume that the solutions do not converge to
relative equilibria as t → ±∞. But, this assumption is not essential. As a matter
of fact, it is always satisfied when M ≤ 0. As for M > 0, these solutions exist at
most for two values of the Hamiltonian in the range of (8.1) with M > 0, which is
not generic.

Remark 8.3. Formally, the proof of Theorem 8.1 is straightforward; For any com-
pactly supported smooth function φ(τ), it follows from (7.13) that

⟨Z α,φ⟩ = −
∫ ∞

−∞

1

α2
HK

(
t− t∗

α2

)
φ(t)dt = −

∫ ∞

−∞
HK(τ)φ(α

2τ + t∗)dτ

→ −φ(t∗)
∫ ∞

−∞
HK(τ)dτ = −z0φ(t

∗),

and

⟨Dα
E,φ⟩ =

∫ ∞

−∞

1

α2
F

(
t− t∗

α2

)
φ(t)dt =

∫ ∞

−∞
F (τ)φ(α2τ + t∗)dτ

→ φ(t∗)

∫ ∞

−∞
F (τ)dτ = φ(t∗) [HK(τ)]

∞
−∞ = 0,

as α → 0. Here, we use the relation F (τ) = d
dτHK(τ). In order to make above

argument mathematically rigorous, we have to show that both HK(τ) and F (τ) are
well-defined and integrable for τ ∈ R. Owing to the definitions of these functions, it
is sufficient to show that Lnm(t) → +∞ as t → ±∞, since K0(x) and K1(x) decay
exponentially. More precisely, we show that the ratios L23/L12, L31/L12 converge
to positive constants in the t → ±∞ limit and thus the equations (7.9) imply that
the rate of divergence of Lnm(t) is estimated as O(t1/2). Also, we need to choose
t∗ to satisfy lαnm(t

∗) → 0 as α → 0 so that t∗ becomes the point support of the
limit distribution of Z α [29]. There also needs to be shown that z0 is positive. In
Section 8.2, we divide the proof into three cases, M = 0, M < 0 and M > 0, since
the dynamics of the three α-point vortices depends on the sign of M .
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Regarding the α → 0 limit of lαnm(t) in (7.12), we prove that it converges to
a singular evolution connecting the self-similar collapsing and expanding solutions
obtained in the PV system in Section 6.2, which is stated as follows.

Theorem 8.4. Under the same assumptions of Theorem 8.1, the three α-point vor-
tices with Hc converge to the self-similar collapsing solution for t < t∗ and the ex-
panding solution for t > t∗ with the same value of the Hamiltonian, i.e. Hpv = Hc,
in the three PV system, as α → 0.

Remark 8.5. As we see in the proof of Section 8.3, the three α-point vortices
converge uniformly on any compact interval in R\{t∗}, since the limit function cannot
be defined at t = t∗.

Remark 8.6. Since the αPV system is a Hamiltonian dynamical system, which is
conservative and time-reversible, the solutions are symmetric with respect to time re-
versal. Nevertheless, Theorem 8.1 indicates that the enstrophy variation is invariably
dissipative at t = t∗, since we have

∫ t

−∞
Z α(τ)dτ −→ −z0H(t− t∗),

as α → 0 in the sense of distributions, where H denotes the Heaviside function.
Consequently, this limit self-similar collapsing solution manifests an emergence of
the irreversibility of time in this conservative dynamical system.

As we mention in Remark 8.3, the divergence of Lnm(t) is essential for the en-
strophy dissipation. As a matter of fact, we show that (7.15) is also a necessary
condition.

Theorem 8.7. Suppose Lnm(t) → +∞ as t → ±∞ for n ̸= m. Then we have
(7.15).

Proof. Suppose
1

Γ1
+

1

Γ2
+

1

Γ3
= h ̸= 0.

Then, we may assume that Γ1 ≥ Γ2 ≥ Γ3 and h > 0 without loss of general-
ity. We first show 0 < limt→±∞ L23/L12 < limt→±∞ L23/L12 < +∞. Assume that
limt→±∞ L23/L12 = +∞. Then, it follows from L23 ≤ L31 +L12 and L31 ≤ L23 +L12

that limt→±∞ L31/L23 = 1. Dividing (7.16) by L2
23 and taking the limit, we ob-

tain Γ2Γ3 + Γ3Γ1 = 0. This contradicts (7.15) and we have limt→±∞ L23/L12 <
+∞. Similarly, it follows that limt→±∞ L12/L23 < +∞ and thus we obtain 0 <
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limt→±∞ L23/L12. As for L31/L12, we find the same result in the same way as L23/L12.
Next, using (7.8) and (7.16), we find

H = −Γ1Γ2Γ3

2π

[
logH(t) +

1

Γ1
K0 (L23) +

1

Γ2
K0 (L31) +

1

Γ3
K0 (L12)

]
,

where H(t) is defined by

H(t) = (L12(t))
h

(
L23(t)

L12(t)

)1/Γ1
(
L31(t)

L12(t)

)1/Γ2

.

Since K0(Lnm(t)) → 0 and H(t) → +∞ as t → ±∞, we have H → +∞ as → ±∞.
This is a contradiction.

8.2 Existence of enstrophy dissipating solutions

8.2.1 M = 0 case

When we assume that (7.15) and M = 0, we employ the same argument as we do in
the three PV system. It follows from (7.15) that M = 0 is equivalent to

Γ2

Γ1 + Γ2
L2
23 +

Γ1

Γ1 + Γ2
L2
31 = L2

12. (8.2)

This relation indicates that L2
12 internally divides L2

23 and L2
31 into Γ1 : Γ2. Let us

set
L31

L23
=

√
k,

L23

L12
= γ1,

L31

L12
= γ2, (8.3)

then, it follows from (8.2) that

γ1 =

√
Γ1 + Γ2

kΓ1 + Γ2
, γ2 =

√
k(Γ1 + Γ2)

kΓ1 + Γ2
. (8.4)

We note that the ratio k depends on t, which is different from the PV system. Since
Lemma 6.2 holds in the αPV system [58], we have k− ≤ k ≤ k+, where k− and
k+ are given by (6.10). When k = k±, the three α-point vortices form collinear
configurations. We first show that collinear configurations are not relative equilibria.

Proposition 8.8. Suppose (7.15) and M = 0. Then, we have dA/dt ̸= 0 when
L2

31/L
2
23 = k±.
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Proof. We first consider the case when L2
31/L

2
23 = k−, namely γ1 > 1 > γ2. Then, it

follows from (7.15), M = 0 and (7.18) that

dA

dt
= −

√
R

4π

[
Γ1

Γ1 + Γ2
BK (γ2L12) +

Γ2

Γ1 + Γ2
BK (γ1L12)− BK (L12)

]

≡ −
√

R

4π
gK
(
L2
12

)
,

in which gK(x) is given by

gK(x) =
Γ1

Γ1 + Γ2
BK

(√
γ22x

)
+

Γ2

Γ1 + Γ2
BK

(√
γ21x

)
− BK

(√
x
)
.

Since BK(
√
x) is monotone increasing and upward-convex, as we see (C.4) in Ap-

pendix C, it follows from (8.2) that

BK

(√
L2
12

)
>

Γ1

Γ1 + Γ2
BK

(√
γ22L

2
12

)
+

Γ2

Γ1 + Γ2
BK

(√
γ21L

2
12

)
.

This yields dA/dt > 0. For the other case L2
31/L

2
23 = k+, namely γ2 > 1 > γ1, then

we similarly obtain
dA

dt
=

√
R

4π
gK
(
L2
12

)
< 0.

This concludes the proof.

When we remember that the evolution of the distances L23, L31 and L12 described
by (7.9) is integrable, it is useful to consider the equi-curves of the Hamiltonian H ,
since the evolution is represented by a point moving on these curves in a certain
two-dimensional phase space. Let us introduce new variables, called the trilinear
coordinates (b1, b2, b3), as follows.

b1 =
L2

23

Γ1
, b2 =

L2
31

Γ2
, b3 =

L2
12

Γ3
.

Then, the triangle inequality (7.11) is rewritten by

(Γ1b1)
2 + (Γ2b2)

2 + (Γ3b3)
2 ≤ 2(Γ1Γ2b1b2 + Γ2Γ3b2b3 + Γ3Γ1b3b1). (8.5)

For given Γ1, Γ2 and Γ3, this inequality gives rise to a region called the physical
region bounded by a conic section, in which equi-curves of the Hamiltonian are
drawn. Especially, any point on the boundary of the physical region corresponds
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to a collinear configuration. In the trilinear coordinates, the Hamiltonian H is
expressed by

H = − 1

2π
[Γ2Γ3h0 (Γ1b1) + Γ3Γ1h0 (Γ2b2) + Γ1Γ2h0 (Γ3b3)] .

By a simple calculation, we find the following equality.

1

θ
= b1/Γ1

1 b1/Γ2
2 (−b3)

1/Γ3 exp

[
2

Γ1
K0

(√
Γ1b1

)
+

2

Γ2
K0

(√
Γ2b2

)
+

2

Γ3
K0

(√
Γ3b3

)]
,

(8.6)

where θ is a constant defined by

θ = Γ1/Γ1
1 Γ1/Γ2

2 (−Γ3)
1/Γ3 exp

(
4πH

Γ1Γ2Γ3

)
. (8.7)

See [2, 54] for the derivation of this equality. The condition M = 0 is equivalent to

b1 + b2 + b3 = 0, (8.8)

which reduces the trilinear coordinates to the two dimensional (b1, b2)-plane. With
(7.15) and (8.8), the equality (8.6) is rewritten by f(b1, b2) = 1/θ, where f(b1, b2) is
defined as follows.

f(b1, b2) =

(
b1

b1 + b2

)1/Γ1
(

b2
b1 + b2

)1/Γ2

exp

[
2

Γ1
K0

(√
Γ1b1

)

+
2

Γ2
K0

(√
Γ2b2

)
− 2

Γ1 + Γ2

Γ1Γ2
K0

(√
Γ1Γ2

Γ1 + Γ2
(b1 + b2)

)]
. (8.9)

We set λ = b2/b1. Then, k− ≤ k ≤ k+ is equivalent to λ− ≤ λ ≤ λ+, in which

λ− =
Γ1

Γ2
k−, λ+ =

Γ1

Γ2
k+, (8.10)

and the straight lines b2 = λ±b1 are the boundary of the physical region in the
(b1, b2)-plane, which corresponds to collinear configurations.

When M = 0, three α-point vortices can form an equilateral triangle. Proposi-
tion 8.8 shows that equilateral triangles are relative equilibria. They are characterized
in terms of the Hamiltonian as follows.

Lemma 8.9. Suppose (7.15) and M = 0. Then, three α-point vortices form equilat-
eral triangles if and only if H = 0.
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Proof. If H = 0, the constant θ is expressed by

θ = Γ1/Γ1
1 Γ1/Γ2

2 (−Γ3)
1/Γ3 .

Then, after a simple calculation with (8.3) and (8.4), the equality (8.6) is rewritten
by fX(k) = 1, where

fX(x) =

[
ψ

(
Γ1

Γ2

)]−1

ψ

(
Γ1

Γ2
x

)
exp

(
2
Γ1 + Γ2

Γ1Γ2
gX(x)

)
,

and

gX(x) =
Γ2

Γ1 + Γ2
K0

(√
X
)
+

Γ1

Γ1 + Γ2
K0

(√
Xx
)
−K0

(√
X
xΓ1 + Γ2

Γ1 + Γ2

)
,

in which X = Γ1b1. We need to find k such that fX(k) = 1. But, it is easy to confirm
that fX(1) = 1 and k = 1 are equivalent to the equilateral triangle configuration.
To prove the proposition, it is sufficient to show that k = 1 is a unique solution to
fX(k) = 1. Differentiating fX(x), we have

f ′
X(x) =

X

Γ2
fX(x)

[
hK (Xx)− hK

(
X
xΓ1 + Γ2

Γ1 + Γ2

)]
,

and recalling that

xΓ1 + Γ2

Γ1 + Γ2
> x for x < 1, x >

xΓ1 + Γ2

Γ1 + Γ2
for x > 1,

we find that f ′
X(x) > 0 for x < 1, f ′

X(x) < 0 for x > 1 and f ′
X(1) = 0. This implies

that fX(k) = 1 if and only if k = 1. On the contrary, for any equilateral triangle, we
have L12 = L23 = L31 so that H = 0, owing to (7.15).

Remark 8.10. Figure 2 shows the physical region and equi-curves of the Hamilto-
nian for (Γ1,Γ2) = (1, 1) and (Γ1,Γ2) = (3, 1). The three solid lines from the left
describe b2 = λ+b1, b2 = Γ1

Γ2
b1 and b2 = λ−b1, respectively. The lines b2 = λ±b1 are

the boundary of the physical region and, owing to Lemma 8.9, the line b2 = Γ1
Γ2
b1

corresponds to the equi-curve with H = 0. The three lines divide the physical region
into two regions and any equi-curve can not intersect the line b2 =

Γ1
Γ2
b1.

This observation holds true for any Γ1 and Γ2. That is to say, in terms of γ1 and
γ2, configurations of the α-point vortices are divided into three cases, say γ1 > 1 > γ2,
γ2 > 1 > γ1 and γ1 = γ2 = 1 (equilateral triangles). Once the relation among the
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b1

b2

b1

b2

Figure 2: Equi-curves of the Hamiltonian H and the boundary of the physical region
in the (b1, b2)-plane for (a) (Γ1,Γ2) = (1, 1) and (b) (Γ1,Γ2) = (3, 1). The light curves
are equi-curves. The three dark lines from the left correspond to b2 = λ+b1, b2 =

Γ1
Γ2
b1

and b2 = λ−b1, respectively.

ratios is determined by a given initial configuration, it does not change throughout
the evolution. Indeed, if the relation changes at some time, the configuration must
become an equilateral triangle owing to (8.2). On the other hand, from Lemma 8.9,
three α-point vortices form an equilateral triangle if and only if H = 0. This
contradicts the invariance of H . Hence, the physical region is divided into two
regions. The first region is given by

λ−b1 < b2 <
Γ1

Γ2
b1, (8.11)

which corresponds to γ1 > 1 > γ2. The second one is

Γ1

Γ2
b1 < b2 < λ+b1, (8.12)

and we have γ2 > 1 > γ1 in this region. In particular, since b2 = λ±b1 is the boundary
of the physical region, configurations on these lines represent collinear configurations.
On the line b2 =

Γ1
Γ2
b1, three α-point vortices form equilateral relative equilibria.

Based on this fact, we consider the properties of equi-curves of the Hamiltonian
in (8.11) and (8.12) separately. First, we have the range of Hamiltonian as follows.
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Lemma 8.11. Suppose (7.15) and M = 0. If the initial configuration satisfies
γ1 > 1 > γ2, then

Γ2
1Γ

2
2

4π(Γ1 + Γ2)
log

(
ψ

(
Γ1

Γ2
k−

)[
ψ

(
Γ1

Γ2

)]−1
)

< H < 0.

For γ2 > 1 > γ1, we have the same result with k− being replaced by k+.

Proof. Using (7.15), we rewrite the Hamiltonian as follows.

H =
Γ1Γ2

2π

[
Γ2

Γ1 + Γ2
h0

(
L2
23

)
+

Γ1

Γ1 + Γ2
h0

(
L2

31

)
− h0

(
L2
12

)]
. (8.13)

Since h0(x) is monotone increasing and upward-convex, see (C.7) in Appendix C, it
follows from (8.2) and the convexity of h0(x) that H < 0. On the other hand, owing
to the downward-convexity of K0(

√
x), we find

H =
Γ1Γ2

4π

[
Γ2

Γ1 + Γ2
log(γ1L12)

2 +
Γ1

Γ1 + Γ2
log(γ2L12)

2 − logL2
12

]

+
Γ1Γ2

2π

[
Γ2

Γ1 + Γ2
K0 (γ1L12) +

Γ1

Γ1 + Γ2
K0 (γ2L12)−K0 (L12)

]

>
Γ1Γ2

2π

(
Γ2

Γ1 + Γ2
log γ21 +

Γ1

Γ1 + Γ2
log γ22

)

=
Γ2
1Γ

2
2

4π(Γ1 + Γ2)
log

(
ψ

(
Γ1

Γ2
k

)[
ψ

(
Γ1

Γ2

)]−1
)
.

Then, in the same way as Lemma 6.3, we have the conclusion.

Remark 8.12. Lemma 8.11 shows that ψ (λ±) < 1/θ < ψ (Γ1/Γ2) in the regions
(8.12) and (8.11), respectively. From Lemma 8.9, we also have 1/θ = ψ (Γ1/Γ2) if
and only if H = 0.

Next, we investigate several properties of the equi-curves of H in the (b1, b2)-
plane to describe the evolution of the distances. As we easily observe in Figure 2,
we have the following properties.

Proposition 8.13. Suppose (7.15) and M = 0. Then, the equi-curve in the (b1, b2)-
plane passes through the origin if and only if H = 0.
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Proof. To see how an equi-curve intersects with the boundary of the physical region,
we substitute the relation b2 = λ±b1 into (8.9). Then, we obtain

fλ±(b1) ≡ f(b1,λ±b1) = ψ (λ±) exp

(
2
Γ1 + Γ2

Γ1Γ2
gλ±(b1)

)
, (8.14)

where gλ±(b1) is defined by

gλ±(b1) =
Γ2

Γ1 + Γ2
K0

(√
Γ1b1

)
+

Γ1

Γ1 + Γ2
K0

(√
Γ2λ±b1

)

−K0

(√
Γ1Γ2

Γ1 + Γ2
(1 + λ±)b1

)
. (8.15)

As for gλ±(x), it follows from K0(x) ∼ −β− log(x/2) as x → 0, where β is the Euler’s
constant (see (C.3) in Appendix C), that

lim
b1→0

gλ±(b1) = lim
b1→0

[
− Γ2

Γ1 + Γ2

(
β + log

1

2

√
Γ1b1

)
− Γ1

Γ1 + Γ2

(
β + log

1

2

√
Γ2λ±b1

)

+β + log
1

2

√
Γ1Γ2

Γ1 + Γ2
(1 + λ±)b1

]

=
1

2

Γ1Γ2

Γ1 + Γ2
log

[
Γ−1/Γ1
1 (Γ2λ±)

−1/Γ2

(
Γ1Γ2

Γ1 + Γ2
(1 + λ±)

)1/Γ1+1/Γ2
]

=
1

2

Γ1Γ2

Γ1 + Γ2
log

[
ψ

(
Γ1

Γ2

)
[ψ (λ±)]

−1

]
.

We assume that the intersection point of the equi-curve and the boundary of physical
region is the origin, b1 = b2 = 0. Then we have

fλ±(0) = ψ (λ±) exp

(
2
Γ1 + Γ2

Γ1Γ2
gλ±(0)

)
= ψ

(
Γ1

Γ2

)
.

From Remark 8.12, this shows that fλ±(0) = 1/θ is equivalent to H = 0. On the
contrary, if H = 0 corresponds to an equilateral triangle configuration, then (b1, b2)
satisfies b2 =

Γ1
Γ2
b1 and this equi-curve passes through the origin.

As we see in Figure 2, every equi-curve with H ̸= 0 intersects the boundary of
the physical region and approaches a straight line asymptotically. We show that this
observation always holds true.
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Proposition 8.14. Suppose (7.15) and M = 0. Then, every equi-curve with H < 0
and the boundary of the physical region intersect. As H decreases, the b1-coordinate
of the intersection point gets larger. Moreover, for each equi-curve, there exists a
constant λ0 ∈ (λ−,λ+) such that the equi-curve approaches the straight line asymp-
totically whose slope is λ0 as b1 → ∞.

Proof. We first show the existence of the equi-curve intersecting with the boundary
of the physical region. So, let us see the property of fλ±(b1) in (8.14). Let us
differentiate gλ±(b1) in (8.15), then we have

g′λ±(b1) = − 1

2b1

[
Γ2

Γ1 + Γ2
h1 (Γ1b1) +

Γ1

Γ1 + Γ2
h1 (Γ2λ±b1)− h1

(
Γ1Γ2

Γ1 + Γ2
(1 + λ±)b1

)]
,

where h1(x) =
√
xK1(

√
x) is downward-convex, as we see (C.5) in Appendix C.

Thus, we obtain g′λ±
(x) < 0 so that fλ±(x) is monotone decreasing. It follows from

fλ±(0) = ψ (Γ1/Γ2) and fλ±(b1) → ψ (λ±) as b1 → +∞ that

ψ (λ±) < fλ±(b1) < ψ

(
Γ1

Γ2

)
,

for b1 > 0. Owing to Remark 8.12, for any given H < 0 and θ defined by (8.7),
there exists a unique constant b̂1 > 0 such that fλ± (̂b1) = 1/θ. That is to say, there
exists an equi-curve of H that intersects with the boundary of the physical region at
(̂b1, b̂2), where b̂2 = λ±b̂1. Since fλ±(x) is monotone decreasing and 1/θ gets smaller

as H decreases, it follows that as H decreases, the corresponding solution b̂1 gets
larger.

Next, we show the asymptotic behavior of the equi-curve passing through (̂b1, b̂2).
Differentiating (8.9) with respect to b1 and b2, we obtain

∂

∂b1
f(b1, b2) = f(b1, b2)

[
hK (Γ1b1)− hK

(
Γ1Γ2

Γ1 + Γ2
(b1 + b2)

)]
,

∂

∂b2
f(b1, b2) = f(b1, b2)

[
hK (Γ2b2)− hK

(
Γ1Γ2

Γ1 + Γ2
(b1 + b2)

)]
,

respectively. Owing to the monotonicity of hK(x), it is straightforward to see that
∂f/∂b1 = 0 and ∂f/∂b2 = 0 if and only if Γ1b1 = Γ2b2 = Γ3b3, which corresponds to
H = 0. Thus, in the regions (8.11) and (8.12), we have ∂f/∂b1 ̸= 0 and ∂f/∂b2 ̸= 0.
That is to say, for any given H < 0 and θ defined in (8.7), any point (b1, b2) with
f(b1, b2) = 1/θ is in (8.11) or (8.12). From the implicit function theorem, there exist
the neighborhoods U of b1 and V of b2 such that there is a unique function b2 = ξ(b1)
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defined for b1 ∈ U and b2 ∈ V and satisfying f(b1, ξ(b1)) = 1/θ. Furthermore, ξ(b1)
is continuously differentiable and we find

dξ

db1
= −∂f/∂b1

∂f/∂b2
=

hK (Γ1b1)− hK

(
Γ1Γ2
Γ1+Γ2

(b1 + b2)
)

hK

(
Γ1Γ2
Γ1+Γ2

(b1 + b2)
)
− hK (Γ2b2)

=
hK (γ21L

2
12)− hK (L2

12)

hK (L2
12)− hK (γ22L

2
12)

.

Since we have γ1 > 1 > γ2 and γ2 > 1 > γ1 in the regions (8.11) and (8.12), respec-
tively, we obtain dξ/db1 > 0 in both regions. Hence, we conclude that there exists
a unique function ξ̂(b1) that is passing through (̂b1, b̂2) and monotone increasing.
Owing to the invariance of the Hamiltonian, we obtain

lim
b1→+∞

ξ̂(b1)

b1
= λ0 > 0.

Indeed, if ξ̂(b1)/b1 → 0 or +∞ as b1 → +∞, then we have f(b1, ξ̂(b1)) → 0. This
contradicts the fact that f(b1, ξ̂(b1)) is constant. Hence, we have the claim. By
taking the b1 → +∞ limit in (8.9), we obtain ψ (λ0) = 1/θ. Considering Remark 8.12
and (C.1), we find that the constant λ0 is uniquely determined in (Γ1/Γ2,λ+) and
(λ−,Γ1/Γ2) when (̂b1, b̂2) satisfies b̂2 = λ±b̂1, respectively.

Finally, we show that, for any H , the corresponding equi-curve is uniquely de-
termined and it is ξ̂(b1). If the point (β1, β2) in the physical region corresponding
to H satisfies β2 ̸= ξ̂(β1), then, with the same argument as ξ̂(b1), there exists a
unique function ξ̃(b1) such that β2 = ξ̃(β1). Since ξ̃(b1) is monotone increasing, it
must intersect with the boundary of the physical region. However, we already know
that the intersection point is unique for given H , which is (̂b1, b̂2). This contradicts
that uniqueness of the function b2 = ξ(b1) passing through (̂b1, b̂2).

The evolution of the α-point vortices corresponds to a point going along an equi-
curve of the Hamiltonian in the physical region. Proposition 8.14 claims that the
point on the equi-curve of H in (8.1) always reaches the boundary of the physical
region. That is to say, three α-point vortices become a collinear configuration at a
certain time, we set this time as the initial time of the scaled system (7.7). Then,
the constant t∗ is determined uniquely and we have the following result.

Lemma 8.15. Suppose Mα = M = 0 and Aα(t∗) = 0. Then, we have lαnm(t
∗) → 0

as α → 0.

Proof. We first note that A(0) = 0 is equivalent to Aα(t∗) = 0, which means lα23(t
∗) =

lα31(t
∗) + lα12(t

∗) or lα31(t
∗) = lα23(t

∗) + lα12(t
∗). We first consider the case when lα23(t

∗) =
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lα31(t
∗) + lα12(t

∗). Suppose lαnm(t
∗) → l∗nm as α → 0. Then, we find l∗23 = l∗31 + l∗12 and

Γ2Γ3 (l∗23)
2 + Γ3Γ1 (l∗31)

2 + Γ1Γ2 (l∗12)
2 = 0. Hence, we have

l∗23 =

√
Γ1 + Γ2

k−Γ1 + Γ2
l∗12, l∗31 =

√
k−(Γ1 + Γ2)

k−Γ1 + Γ2
l∗12.

If l∗12 > 0, then we obtain

lim
α→0

H α =
Γ2
1Γ

2
2

4π(Γ1 + Γ2)
log

(
ψ

(
Γ1

Γ2
k−

)[
ψ

(
Γ1

Γ2

)]−1
)
.

This contradicts that H α = H satisfies (8.1). Thus, we conclude that l∗12 = 0 so
that l∗23 = l∗23 = 0. As for lα31(t

∗) = lα23(t
∗) + lα12(t

∗), the same argument is valid with
k− being replaced by k+.

After the point in the physical region reaches the boundary of the physical re-
gion, according to Proposition 8.8, the point moves back along the same equi-curve.
Moreover, it also follows that Lnm(t) → ∞ as t → ±∞. Consequently, since the
energy and enstrophy variations are well-defined for t ∈ R, we have the following
theorem, which indicates that the enstrophy dissipates at t = t∗ and the energy
variation is conserved in the sense of distributions associated with the evolution of
the three α-point vortices in the α → 0 limit.

Theorem 8.16. Suppose (7.15) and M = 0. Then, for each three α-point vortices
with H in (8.1), we have

lim
α→0

Z α = −z0δ(·− t∗), lim
α→0

Dα
E = 0,

in the sense of distributions and z0 is positive.

Proof. Owing to Lemma 8.15, we can define t∗ as the time when the three α-point
vortices become a collinear configuration. Then, the convergence is easily shown as
Remark 8.3, since Z α and Dα

E are both well-defined for t ∈ R and exponentially
decay as t → ±∞. Regarding the positivity of z0, we consider the function HK(τ)
which is represented by

HK(τ) =
Γ1Γ2

4π

[
Γ1

Γ1 + Γ2
h1

(
L2
31

)
+

Γ2

Γ1 + Γ2
h1

(
L2

23

)
− h1

(
L2
12

)]
.

Since h1(x) is downward-convex, we have HK(τ) > 0 so that z0 > 0.
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8.2.2 M ̸= 0 case, general results

We first see some common properties hold for M ̸= 0. It follows from (7.15) and
(7.16) that

Γ2

Γ1 + Γ2
L2

23 +
Γ1

Γ1 + Γ2
L2

31 = L2
12 +

3M̃Γ1Γ2

Γ1 + Γ2
, (8.16)

where M̃ = M
3Γ1Γ2Γ3

. We introduce the ratios in the same way as M = 0.

L31

L23
=

√
ρ,

L23

L12
= µ1,

L31

L12
= µ2.

On the other hand, we define the different trilinear coordinates (b1, b2, b3) as

b1 =
L2

23

Γ1M̃
, b2 =

L2
31

Γ2M̃
, b3 =

L2
12

Γ3M̃
.

Then, (7.16) is rewritten by
b1 + b2 + b3 = 3. (8.17)

In the same mannar as M = 0, we use (8.17) to investigate the evolution of α-point
vortices by analyzing equi-curves in the (b1, b2)-plane. So, we rewrite the physical
region (8.5) in terms of the trilinear coordinates as

(
Γ1

Γ2
b1

)2

+

(
Γ2

Γ1
b2

)2

− 2

(
2
Γ1

Γ2
+ 2

Γ2

Γ1
+ 3

)
b1b2 + 6

Γ1

Γ2
b1 + 6

Γ2

Γ1
b2 + 9 ≤ 0. (8.18)

The boundary of the physical region is a hyperbola whose asymptotes are given by

b2 = λ−b1 + 3

√
Γ1Γ2

R
λ−, b2 = λ+b1 − 3

√
Γ1Γ2

R
λ+, (8.19)

where λ± are given by (8.10). It is important to remark that the physical region
exists in the region b1, b2 > 0 for M < 0 and in the region b1, b2 < 0 for M > 0.
Especially when M < 0, we have b3 < 0, which yields

b1 + b2 > 3, (8.20)

and the line b1+b2 = 3 is a tangent to the hyperbola at its vertex point ( 3Γ2
Γ1+Γ2

, 3Γ1
Γ1+Γ2

).
To see the equi-curves of the Hamiltonian, we also rewrite H as

H = − 1

2π

[
Γ2Γ3h0

(
M̃Γ1b1

)
+ Γ3Γ1h0

(
M̃Γ2b2

)
+ Γ1Γ2h0

(
M̃Γ3b3

)]
.
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This is equivalent to

1

θ
= b1/Γ1

1 b1/Γ2
2 (−b3)

1/Γ3 exp

[
2

Γ1
K0

(√
M̃Γ1b1

)
+

2

Γ2
K0

(√
M̃Γ2b2

)

+
2

Γ3
K0

(√
M̃Γ3b3

)]
, (8.21)

where θ is the constant given in (8.7). Moreover, defining a function f(b1, b2) as

f(b1, b2) =

(
b1

b1 + b2 − 3

)1/Γ1
(

b2
b1 + b2 − 3

)1/Γ2

exp

[
2

Γ1
K0

(√
M̃Γ1b1

)

+
2

Γ2
K0

(√
M̃Γ2b2

)
− 2

Γ1 + Γ2

Γ1Γ2
K0

⎛

⎝

√
M̃Γ1Γ2

Γ1 + Γ2
(b1 + b2 − 3)

⎞

⎠

⎤

⎦ , (8.22)

we find that (8.21) is simply expressed by f(b1, b2) = 1/θ.
We now consider the relative equilibria for M ̸= 0. Owing to (8.16), three α-point

vortices can not form an equilateral triangle. Thus, from Proposition 7.3, collinear
configurations can be relative equilibria, which are characterized as follows.

Proposition 8.17. Suppose (7.15) and M ̸= 0. Then, we have dA/dt = 0 if and only
if the configuration corresponds to a tangent point of an equi-curve at the boundary
of the physical region.

Proof. We first consider the tangent line of the equi-curve. Differentiating f(b1, b2)
with respect to b1 and b2, we obtain

∂

∂b1
f(b1, b2) = M̃f(b1, b2)

[
hK

(
M̃Γ1b1

)
− hK

(
M̃Γ1Γ2

Γ1 + Γ2
(b1 + b2 − 3)

)]
,

∂

∂b2
f(b1, b2) = M̃f(b1, b2)

[
hK

(
M̃Γ2b2

)
− hK

(
M̃Γ1Γ2

Γ1 + Γ2
(b1 + b2 − 3)

)]
.

It is easy to see that ∂f/∂b1 = 0 and ∂f/∂b2 = 0 if and only if b2 = Γ1
Γ2
b1 + 3 and

b2 = Γ1
Γ2
(b1 − 3), namely L23 = L12 and L31 = L12, respectively. Thus, using the

implicit function theorem, we find that for any (b1, b2) satisfying b2 ̸= Γ1
Γ2
(b1 − 3),

there exist a unique function b2 = ξ(b1) defined in neighborhoods of b1 and b2 and

65



satisfying f(b1, ξ(b1)) = 1/θ. Furthermore, we have

dξ

db1
= −∂f/∂b1

∂f/∂b2
=

hK

(
M̃Γ1b1

)
− hK

(
M̃Γ1Γ2
Γ1+Γ2

(b1 + b2 − 3)
)

hK

(
M̃Γ1Γ2
Γ1+Γ2

(b1 + b2 − 3)
)
− hK

(
M̃Γ2b2

)

=
hK (µ2

1L
2
12)− hK (L2

12)

hK (L2
12)− hK (µ2

2L
2
12)

. (8.23)

Similarly, for any (b1, b2) satisfying b2 ̸= Γ1
Γ2
b1+3, there is a unique function b1 = η(b2)

satisfying f(η(b2), b2) = 1/θ in some neighborhoods and

dη

db2
=

hK (µ2
2L

2
12)− hK (L2

12)

hK (L2
12)− hK (µ2

1L
2
12)

.

Next, we see the tangent line of the boundary of the physical region. Let us define
g(b1, b2) as the left hand side of (8.18), then

∂

∂b1
g(b1, b2) = 2

(
Γ1

Γ2

)2

b1 − 2

(
2
Γ1

Γ2
+ 2

Γ2

Γ1
+ 3

)
b2 + 6

Γ1

Γ2
b1

=
2

Γ2
1Γ

2
2M̃

(
Γ3
1L

2
23 − Γ1(2Γ

2
1 + 2Γ2

2 + 3Γ1Γ2)L
2
31 + 3M̃Γ3

1Γ2

)
.

Moreover, using (8.16), we obtain

∂g

∂b1
=

2(Γ1 + Γ2)

Γ1Γ2
2M̃

(
Γ1(L

2
23 − L2

12)− (Γ1 + 2Γ2)L
2
31

)
. (8.24)

Similarly, we find

∂g

∂b2
=

2(Γ1 + Γ2)

Γ2
1Γ2M̃

(
Γ2(L

2
31 − L2

12)− (2Γ1 + Γ2)L
2
23

)
. (8.25)

Since points on the boundary represent collinear configurations, they are divided into
three cases, L31 + L12 = L23, L23 + L12 = L31 and L23 + L31 = L12. Let us now
consider L31 +L12 = L23, namely µ2 +1 = µ1. Then, (8.24) and (8.25) are rewritten
by

∂g

∂b1
=

4(Γ1 + Γ2)L2
12

Γ1Γ2
2M̃

µ2 (Γ1 − µ2Γ2) ,
∂g

∂b2
= −4(Γ1 + Γ2)L2

12

Γ2
1Γ2M̃

µ1 (Γ2 + µ1Γ1) .
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Note that ∂g/∂b2 ̸= 0, then we find from the implicit function theorem that there
exists a unique function ξ0(b1) such that the boundary of physical region is expressed
by g(b1, ξ0(b1)) = 0. Moreover, we have

dξ0
db1

= −∂g/∂b1
∂g/∂b2

=
µ2Γ1 (Γ1 − µ2Γ2)

µ1Γ2 (Γ2 + µ1Γ1)
.

We remark that, for Γ1L12 ̸= Γ2L31, we similarly find that there exists a unique
function η0(b2) satisfying g(η0(b2), b2) = 0 and

dη0
db2

=
µ1Γ2 (Γ2 + µ1Γ1)

µ2Γ1 (Γ1 − µ2Γ2)
.

On the other hand, when L31 + L12 = L23, it follows from (7.18) and r = L23 that

dA

dt
=

L2
12

4π(Γ1 + Γ2)

[
µ1Γ2(Γ2 + µ1Γ1)

(
hK

(
L2

12

)
− hK

(
µ2
1L

2
12

))

−µ2Γ1(Γ1 − µ2Γ2)
(
hK

(
µ2
2L

2
12

)
− hK

(
L2
12

))]
.

Then, considering dξ/db1 = dξ0/db1 for L31 ̸= L12 and dη/db2 = dη0/db2 for L31 =
L12 and Γ1 ̸= Γ2 at contact points, we obtain dA/dt = 0. As for L31 = L12 and
Γ1 = Γ2, we have ∂f/∂b1 ̸= 0, ∂f/∂b2 = 0, ∂g/∂b1 = 0 and ∂g/∂b2 ̸= 0. Thus,
the equi-curve is not tangent to the boundary of the physical region. Regarding
L23 + L12 = L31 and L23 + L31 = L12, we achieve the conclusion in the same way as
L31 + L12 = L23.

8.2.3 M < 0 case

We prove the energy conservation and the enstrophy dissipation for M < 0, namely
M̃ > 0, similarly as in M = 0; We first show that collinear configurations can not
be relative equilibria in this case. After checking the range of the Hamiltonian, we
then investigate the asymptotic behavior of equi-curves of the Hamiltonian.

Proposition 8.18. Suppose (7.15) and M < 0. Then, we have dA/dt ̸= 0 when
three α-point vortices form collinear configurations.

Proof. By the assumptions, there are two collinear configurations with µ1 + 1 = µ2

and µ2 + 1 = µ1. When µ1 + 1 = µ2, it follows from (7.18) that

dA

dt
=

µ2Γ1 + µ1Γ2

4π
[aBK (µ2L12) + bBK (µ1L12)−BK (L12)] ,

67



where a and b are given by

a =
Γ1 + µ2Γ2

µ2(µ2Γ1 + µ1Γ2)

Γ1

Γ1 + Γ2
, b =

Γ2 − µ1Γ1

µ1(µ2Γ1 + µ1Γ2)

Γ2

Γ1 + Γ2
.

If Γ2 > µ1Γ1, namely b > 0, since BK(
√
x) is upward-convex and aµ2

2 + bµ2
1 = 1, we

obtain

dA

dt
≤ µ2Γ1 + µ1Γ2

4π

[
(a+ b)BK

(√
L2
12/(a+ b)

)
− BK (L12)

]

=
µ2Γ1 + µ1Γ2

4π
L2

12

[
hK

(
L2

12/(a+ b)
)
− hK

(
L2
12

)]
.

It is easy to see that a + b < 1 for M < 0. Since hK(x) is monotone decreasing, we
conclude that dA/dt < 0. For the case Γ2 ≤ µ1Γ1, we use the relation aµ2

2+ bµ2
1 = 1,

then

dA

dt
=

µ2Γ1 + µ1Γ2

4π
[aBK (µ2L12)− (−b)BK (µ1L12)−BK (L12)]

=
µ2Γ1 + µ1Γ2

4π
L2
12

[
aµ2

2hK

(
µ2
2L

2
12

)
− (−b)µ2

1hK

(
µ2
1L

2
12

)
− hK

(
L2
12

)]

=
µ2Γ1 + µ1Γ2

4π
L2
12

[
(−b)µ2

1

(
hK

(
µ2
2L

2
12

)
− hK

(
µ2
1L

2
12

))

+
(
hK

(
µ2
2L

2
12

)
− hK

(
L2

12

))]
,

and we thus have dA/dt < 0. For µ2 + 1 = µ1, it follows from (7.18) that

dA

dt
= −µ2Γ1 + µ1Γ2

4π

[
ãBK (µ2L12) + b̃BK (µ1L12)−BK (L12)

]
,

where ã and b̃ are given by

ã =
Γ1 − µ2Γ2

µ2(µ2Γ1 + µ1Γ2)

Γ1

Γ1 + Γ2
, b̃ =

Γ2 + µ1Γ1

µ1(µ2Γ1 + µ1Γ2)

Γ2

Γ1 + Γ2
.

Then, we can show dA/dt > 0 in the same way as the first case.

Before observing the range of the Hamiltonian, we show a significant property
about the relation between µ1 and µ2 for configurations with H ≤ 0.

Lemma 8.19. Suppose (7.15) and M < 0. If H ≤ 0, then we have either µ1 > 1 >
µ2 or µ2 > 1 > µ1 and these relations can not change throughout the evolution.
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Proof. We note that either µ1 or µ2 is greater than 1. Indeed, if µ1, µ2 ≤ 1, then it
follows from (8.16) that

Γ2

Γ1 + Γ2
(µ2

1 − 1)L2
12 +

Γ1

Γ1 + Γ2
(µ2

2 − 1)L2
12 =

3M̃Γ1Γ2

Γ1 + Γ2
≤ 0.

This contradicts that M̃ is positive. On the other hand, let us recall that

H =
Γ1Γ2

2π(Γ1 + Γ2)

[
Γ2

(
h0

(
µ2
1L

2
12

)
− h0

(
L2

12

))
+ Γ1

(
h0

(
µ2
2L

2
12

)
− h0

(
L2

12

))]
,

(8.26)
and h0(x) is monotone increasing. Hence, if µ1, µ2 > 1, then H > 0, which contra-
dicts the assumption H ≤ 0.

Moreover, when the relation changes at a certain time, it must be either µ1 >
µ2 = 1 or µ2 > µ1 = 1. However, it follows from (8.26) that H > 0 for both cases.
This contradicts that H is invariant in time.

Next, we see the range of the Hamiltonian H when M < 0. It is different from
Lemma 8.11 for M = 0, since H can be positive.

Lemma 8.20. Suppose (7.15) and M < 0. Then, we have

H <
Γ1Γ2

2π

[
h0

(
3M̃Γ1Γ2

Γ1 + Γ2

)
+ β − log 2

]
.

Moreover, if the initial configuration satisfies µ1 > 1 > µ2, then

H >
Γ2
1Γ

2
2

4π(Γ1 + Γ2)
log

(
ψ

(
Γ1

Γ2
k−

)[
ψ

(
Γ1

Γ2

)]−1
)
.

For µ2 > 1 > µ1, we have the same result with k− being replaced by k+.

Proof. Owing to (8.16) and the upward-convexity of h0(x), we find from (8.13) that

H <
Γ1Γ2

2π

[
h0

(
L2
12 +

3M̃Γ1Γ2

Γ1 + Γ2

)
− h0

(
L2
12

)
]

<
Γ1Γ2

2π

[
h0

(
3M̃Γ1Γ2

Γ1 + Γ2

)
+ β − log 2

]
.
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Here, we use

0 < h0

(
x+

3M̃Γ1Γ2

Γ1 + Γ2

)
− h0 (x) < h0

(
3M̃Γ1Γ2

Γ1 + Γ2

)
− h0(0),

for x > 0, and (C.8) in Appendix C. As for the lower bound of H , since (8.16) with

M̃ > 0 yields
Γ2

Γ1 + Γ2
µ2
1 +

Γ1

Γ1 + Γ2
µ2
2 > 1,

it follows from µ2 =
√
ρµ1 that

µ1 >

√
Γ1 + Γ2

ρΓ1 + Γ2
, µ2 >

√
ρ(Γ1 + Γ2)

ρΓ1 + Γ2
.

Considering the monotonicity of h0(x), we obtain

H >
Γ1Γ2

2π

[
Γ2

Γ1 + Γ2
h0

(
Γ1 + Γ2

ρΓ1 + Γ2
L2
12

)
+

Γ1

Γ1 + Γ2
h0

(
ρ(Γ1 + Γ2)

ρΓ1 + Γ2
L2

12

)
− h0

(
L2
12

)]
.

In the same way as the proof of Lemma 8.11, we find

H >
Γ2
1Γ

2
2

4π(Γ1 + Γ2)
log

(
ψ

(
Γ1

Γ2
ρ

)[
ψ

(
Γ1

Γ2

)]−1
)
.

We note that ρ satisfies k− < ρ < Γ1/Γ2 for µ1 > 1 > µ2 and Γ1/Γ2 < ρ < k+ for
µ2 > 1 > µ1. Indeed, if ρ ≤ k− or ρ ≥ k+, then the line b2 = ρb1 is not in the physical
region, since the asymptotes (8.19) are parallel to the lines b2 = λ±b1. Hence, the
lemma follows immediately from (C.1).

Remark 8.21. We can show that, for any Hamiltonian value Hc in the range of
(8.1), there exists a configuration corresponding to Hc with M < 0 as follows. We
first note that, for any small ε > 0, there exists a constant ρc ∈ (k−, k+) such that
H(ρc)− ε < Hc < H(ρc) + ε, where

H(ρc) =
Γ2
1Γ

2
2

4π(Γ1 + Γ2)
log

(
ψ

(
Γ1

Γ2
ρc

)[
ψ

(
Γ1

Γ2

)]−1
)
.

Next, for any large L23 > 0, we define L31 =
√
ρcL23 and L12 so that (8.16) holds.

Then, regarding the Hamiltonian H as the function of L23, we obtain H (L23) →
H(ρc) as L23 → +∞. Thus, we conclude that there exists a configuration with the
Hamiltonian value Hc by taking a sufficiently large L23 and defining L31 =

√
ρcL23

and L12 so that (8.16) holds.
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b1

b2

b1

b2

Figure 3: Equi-curves of the Hamiltonian H and the boundary of the physical region
in the (b1, b2)-plane when M̃ = 0.01 for (a) (Γ1,Γ2) = (1, 1) and (b) (Γ1,Γ2) = (3, 1).
The light curves are equi-curves. The boundary of the physical region is a hyperbola
drawn as the dark curve in each figure. The three dark straight lines correspond to
b2 =

Γ1
Γ2
b1+3, b2 =

Γ1
Γ2
(b1−3), where the implicit function theorems in Proposition 8.17

don’t hold, and b2 =
Γ1
Γ2
b1. The three α-point vortices form isosceles triangles on these

three lines.

Remark 8.22. From Lemma 8.20, we find that θ defined in (8.7) satisfies ψ (λ±) <
1/θ < 1/θ+, where θ+ is given by

1

θ+
=ψ

(
Γ1

Γ2

)(
3M̃Γ1Γ2

Γ1 + Γ2

)1/Γ1+1/Γ2

× exp

⎡

⎣2Γ1 + Γ2

Γ1Γ2

⎛

⎝(β − log 2) +K0

⎛

⎝

√
3M̃Γ1Γ2

Γ1 + Γ2

⎞

⎠

⎞

⎠

⎤

⎦.

We note that 1/θ+ > ψ (Γ1/Γ2) and if H ≤ 0, then ψ (λ±) < 1/θ ≤ ψ (Γ1/Γ2).

Figure 3 shows the physical region and equi-curves of the Hamiltonian when
M̃ = 0.01 for (Γ1,Γ2) = (1, 1) and (Γ1,Γ2) = (3, 1). We can see that every equi-
curve intersects the boundary of the physical region. Although it seems that every
equi-curve is bounded in the physical region, as a matter of fact, the equi-curve for
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H ≤ 0 approaches a straight line asymptotically. That is to say, for any initial
configuration with H ≤ 0, three α-point vortices form a collinear configuration at
some time and diverge to the infinity, which is shown as follows.

Proposition 8.23. Suppose (7.15), M < 0 and H ≤ 0. Then, every equi-curve
intersects the boundary of the physical region. As H decreases, the b1-coordinate
of the intersection point gets larger. Moreover, for each equi-curve, there exists a
constant λb ∈ (λ−,λ+) such that it asymptotically approaches a straight line whose
slope is λb as b1 → ∞.

Proof. We first show the existence of the equi-curve intersecting the straight lines
b2 = λ±b1, which are parallel to the asymptotes of the boundary hyperbola of the
physical region, for any H < 0. To see the property of f(b1, b2) along these lines,
we substitute b2 = λ±b1 into (8.22). Then, we find

fλ±(b1) ≡ f(b1,λ±b1) =

(
b1

(1 + λ±)b1 − 3

)1/Γ1
(

λ±b1
(1 + λ±)b1 − 3

)1/Γ2

× exp

[
2

Γ1
K0

(√
M̃Γ1b1

)
+

2

Γ2
K0

(√
M̃Γ2λ±b1

)

−2
Γ1 + Γ2

Γ1Γ2
K0

⎛

⎝

√
M̃Γ1Γ2

Γ1 + Γ2
{(1 + λ±)b1 − 3}

⎞

⎠

⎤

⎦ ,

and fλ±(b1) → ψ(λ±) as b1 → +∞. Owing to (8.20), we have b1 >
3

1+λ±
and

f+ ≡ lim
b1→ 3

1+λ±

fλ±(b1) = ψ(λ±)

(
3M̃Γ1Γ2

Γ1 + Γ2

)1/Γ1+1/Γ2

exp

[
2
Γ1 + Γ2

Γ1Γ2
(β − log 2)

]

× exp

⎡

⎣ 2

Γ1
K0

⎛

⎝

√
3M̃Γ1

1 + λ±

⎞

⎠+
2

Γ2
K0

⎛

⎝

√
3M̃Γ2λ±
1 + λ±

⎞

⎠

⎤

⎦.

We note that

f+ > ψ

(
Γ1

Γ2

)
, (8.27)
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since it follows from the positive monotonicity of h0(x) that

log

(
f+

ψ (Γ1/Γ2)

)
=

2

Γ1
h0

(
3M̃Γ1

λ± + 1

)
+

2

Γ2
h0

(
3M̃Γ2λ±
λ± + 1

)
+ 2

Γ1 + Γ2

Γ1Γ2
(β − log 2)

>
2

Γ1
h0(0) +

2

Γ2
h0(0) + 2

Γ1 + Γ2

Γ1Γ2
(β − log 2)

= 0.

On the other hand, by differentiating fλ±(b1) with respect to b1, we obtain

f ′
λ±(b1) = M̃fλ±(b1)

[
hK

(
M̃Γ1b1

)
+ λ±hK

(
M̃Γ2λ±b1

)

−(1 + λ±)hK

(
M̃

Γ1Γ2

Γ1 + Γ2
{(1 + λ±)b1 − 3}

)]

=
Γ1 + Γ2

Γ1Γ2

fλ±(b1)

b1

[
Γ2

Γ1 + Γ2
BK

(√
M̃Γ1b1

)
+

Γ1

Γ1 + Γ2
BK

(√
M̃Γ2λ±b1

)

−BK

⎛

⎝

√
M̃Γ1Γ2

Γ1 + Γ2
(1 + λ±)b1

⎞

⎠

⎤

⎦

+ M̃fλ±(b1)(1 + λ±)

[
hK

(
M̃Γ1Γ2

Γ1 + Γ2
(1 + λ±)b1

)

−hK

(
M̃Γ1Γ2

Γ1 + Γ2
{(1 + λ±)b1 − 3}

)]
.

Owing to the upward convexity of BK(
√
x) and the negative monotonicity of hK(x),

we find f ′
λ±
(b1) < 0, namely fλ±(b1) is monotone decreasing. Hence, we obtain

ψ(λ±) < fλ±(b1) < f+. On the other hand, we also have ψ(λ±) < 1/θ < 1/θ+ in
Remark 8.22 and it is easy to confirm that f+ < 1/θ+. Let us define the constant
H+ as the value of the Hamiltonian satisfying 1/θ = f+, then (8.27) implies that
H+ > 0. Hence, for any given H < H+ and θ defined by (8.7), there exists a unique
constant b̂1 such that fλ± (̂b1) = 1/θ, namely the equi-curve intersects with b2 = λ±b1
at (̂b1, b̂2), where b̂2 = λ±b̂1. Since fλ±(b1) is monotone decreasing, as H decreases,

b̂1 gets larger.
Next, we investigate the asymptotic behavior of the equi-curve passing through

(̂b1, b̂2) and we also show that it intersects the boundary of the physical region when
H ≤ 0. Lemma 8.19 shows that if H ≤ 0, then we have either µ1 > 1 > µ2 or
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µ2 > 1 > µ1, which are equivalent to the regions

b2 <
Γ1

Γ2
(b1 − 3), b2 >

Γ1

Γ2
b1 + 3, (8.28)

respectively. That is to say, for any given H < 0 and θ defined by (8.7), the
intersection point (̂b1, b̂2) satisfying f (̂b1, b̂2) = 1/θ is in the regions (8.28). Thus,
using the implicit function theorem as in the proof of Proposition 8.17, we find
that there is a unique function b2 = ξ̂(b1) passing through (̂b1, b̂2) and satisfying
f(b1, ξ̂(b1)) = 1/θ. The derivative of ξ̂(b1) is given by (8.23) with ξ being replaced
by ξ̂. Note that we have dξ̂/db1 > 0 in the regions (8.28). As for the asymptotic
behavior of ξ̂(b1), owing to the invariance of f(b1, b2) in (8.22), we obtain

lim
b1→+∞

ξ̂(b1)

b1
= λb > 0,

by the same argument as in the proof of Proposition 8.14. Then, taking the b1 →
+∞ limit in (8.21), we obtain 1/θ = ψ (λb). Thus, when H ≤ 0, it follows from
Remark 8.22 and (C.1) that λb is uniquely determined in (Γ1/Γ2,λ+) and (λ−,Γ1/Γ2)
for (̂b1, b̂2) satisfying b̂2 = λ±b̂1, respectively. Hence, we conclude that there exists
an equi-curve ξ(b1) with H ≤ 0, which intersects the line b2 = λ±b1 and approaches
the straight line whose slope is λb asymptotically. Since the slopes of the asymptotes
(8.19) are λ±, b2 = ξ(b1) intersects with the boundary of physical region. In addition,
as H decreases, the b1-coordinate of the intersection point gets larger.

As for the uniqueness of the equi-curve corresponding to H , we can prove in the
same way as Proposition 8.14.

Remark 8.24. As we see in Figure 3, the physical region is divided into three regions
by the two lines b2 = Γ1

Γ2
b1 + 3 and b2 = Γ1

Γ2
(b1 − 3). That is to say, we can observe

that equi-curves between these two line are monotone decreasing and those in other
regions are monotone increasing. These facts are shown for any Γ1 and Γ2 as follows.
Considering (8.23) in Proposition 8.17, we have dξ/db1 > 0 only if µ1 > 1 > µ2 or
µ2 > 1 > µ1, which are equivalent to two regions in (8.28), respectively. On the
other hand, we find dξ/db1 < 0 if and only if µ1, µ2 > 1, which is equivalent to the
region,

Γ1

Γ2
(b1 − 3) < b2 <

Γ1

Γ2
b1 + 3.

and we note that every equi-curve in this region corresponds to H > 0.
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We finally show the enstrophy dissipation and the energy conservation in the
α → 0 limit. From the above arguments, three α-point vortices with the Hamiltonian
value Hc in the range of (8.1) become a collinear configuration at certain time, we
set this time as the initial time of (7.7) similarly to M = 0. Then, t∗ is determined
uniquely and the following lemma holds.

Lemma 8.25. Suppose Mα → 0 as α → 0 and Aα(t∗) = 0. Then, we have lαnm(t
∗) →

0 as α → 0.

Proof. The result follows in the same way as Lemma 8.15.

Moreover, we have Lnm(t) → +∞ as t → ±∞, which guarantees that the energy
and enstrophy variations are well-defined for t ∈ R. The following lemma needs to
be shown before we finish the proof of the enstrophy dissipation.

Lemma 8.26. Let fµ(x), x > 0 be defined by

fµ(x) = −
(
hK(µ

2
2x)− hK(x)

)(
K0

(√
x
)
−K0

(√
µ2
1x

))

+
(
hK(x)− hK(µ

2
1x)
)(

K0

(√
µ2
2x

)
−K0

(√
x
))

.

Then, we have fµ(x) > 0 if µ1 > 1 > µ2, and fµ(x) < 0 if µ2 > 1 > µ1.

Proof. Suppose µ1 > 1 > µ2. Since hK(x) and K0(
√
x) are monotone decreasing,

fµ(x) > 0 is equivalent to

f0(x) ≡
K0 (

√
x)−K0

(√
µ2
1x
)

K0

(√
µ2
2x
)
−K0 (

√
x)

< fK(x) ≡
BK (

√
x)− 1

µ2
1
BK

(√
µ2
1x
)

1
µ2
2
BK

(√
µ2
2x
)
−BK (

√
x)

.

In addition, it follows from (C.3) in Appendix C that fµ(0) = 0 and

f0(0) = fK(0) = − log µ1

log µ2
. (8.29)

We first show that f0(x) is monotone decreasing. Differentiating it, we find

f ′
0(x) =

−1

2x
(
K0

(√
µ2
2x
)
−K0 (

√
x)
)2

×
[(

BK

(√
µ2
1x

)
− BK

(√
x
))(

K0

(√
µ2
2x

)
−K0

(√
x
))

−
(
K0

(√
x
)
−K0

(√
µ2
1x

))(
BK

(√
x
)
− BK

(√
µ2
2x

))]
.
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Since f ′
0(x) < 0 is equivalent to

BK

(√
µ2
1x
)
− BK (

√
x)

K0 (
√
x)−K0

(√
µ2
1x
) >

BK (
√
x)−BK

(√
µ2
2x
)

K0

(√
µ2
2x
)
−K0 (

√
x)

,

we show this relation. Owing to the mean value theorem, there exist two points c1
and c2 with µ2

2x < c2 < x < c1 < µ2
1x such that

BK

(√
µ2
1x
)
− BK (

√
x)

K0 (
√
x)−K0

(√
µ2
1x
) =

√
c1K0

(√
c1
)

K1

(√
c1
) ≡ k(c1),

BK (
√
x)−BK

(√
µ2
2x
)

K0

(√
µ2
2x
)
−K0 (

√
x)

=

√
c2K0

(√
c2
)

K1

(√
c2
) ≡ k(c2).

Thus, it is sufficient to show that k(x) is monotone increasing. We have

k′(x) =
1

2
√
x (K1(

√
x))

2

[
2K0(

√
x)K1(

√
x)−

√
x
(
K1(

√
x)
)2

+
√
x
(
K0(

√
x)
)2]

≡ 1

2
√
x (K1(

√
x))

2k1(x).

Since k1(x) → 0 as x → +∞ and

k′
1(x) = −1

x
K0(

√
x)K1(

√
x)− 1

2
√
x

(
K0(

√
x)
)2 − 1

2
√
x

(
K1(

√
x)
)2

< 0,

we find that k1(x) is positive, so is k′(x). Hence, k(x) is monotone increasing so that
f0(x) is monotone decreasing.

Next, we see the function fK(x). Differentiating it, we have

f ′
K(x) =

1

2x (hK (µ2
2x)− hK (x))2

[(
K0

(√
x
)
−K0

(√
µ2
1x

))(
hK

(
µ2
2x
)
− hK (x)

)

−
(
hK (x)− hK

(
µ2
1x
))(

K0

(√
µ2
2x

)
−K0

(√
x
))]

=
−1

2x (hK (µ2
2x)− hK (x))2

fµ(x).
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Since we have fµ(0) = 0, for small constant ε > 0, we have either fµ(x) > 0 or
fµ(x) ≤ 0 for x ∈ (0, ε). If fµ(x) ≤ 0, then we have f0(x) ≥ fK(x) and f ′

K(x) ≥ 0.
Owing to (8.29), this contradicts the negative monotonicity of f0(x). Let us assume
that there exists a constant x0 > 0 such that fµ(x) > 0 for x ∈ (0, x0) and fµ(x0) = 0,
namely f0(x) < fK(x) for x ∈ (0, x0), f0(x0) = fK(x0) and f ′

K(x0) = 0. Then it
follows that

f0(x0)− f0(x)

x0 − x
>

fK(x0)− fK(x)

x0 − x
,

for x ∈ (0, x0). This yields f ′
0(x0) > f ′

K(x0) = 0 and contradicts f ′
0(x) < 0. Hence,

we conclude that fµ(x) > 0 for x > 0. As for µ2 > 1 > µ1, we can show fµ(x) < 0
for x > 0 by the same argument as above.

Theorem 8.27. Suppose (7.15) and M < 0. Then, for each three α-point vortices
with H in (8.1), we have

lim
α→0

Z α(t) = −z0δ(t− t∗) , lim
α→0

Dα
E(t) = 0,

in the sense of distributions and z0 is positive.

Proof. Considering Lemma 8.25, we can define t∗ as the time when the three α-point
vortices become a collinear configuration similarly to M = 0. Then, the convergence
follows immediately as Theorem 8.16. To show the positivity of z0, we investigate
the property of F (τ) in (7.14). It follows from (7.9) that

F (τ) =
Γ1Γ2

8π

[
dL2

12

dτ
K0(L12)−

Γ2

Γ1 + Γ2

dL2
23

dτ
K0(L23)−

Γ1

Γ1 + Γ2

dL2
31

dτ
K0(L31)

]

=
Γ1Γ2Γ3

4π2
A(τ)fµ(L

2
12(τ)).

Owing to Lemma 8.19, we have either µ1 > 1 > µ2 or µ2 > 1 > µ1 for any initial
configuration with H ≤ 0. For µ1 > 1 > µ2, it follows from the proof of Propo-
sition 8.18 that dA/dt > 0. Thus, setting t∗ as the time when the configuration
become collinear, we find that A(τ) < 0 for τ < t∗ and A(τ) > 0 for τ > t∗. On the
other hand, Lemma 8.26 yields fµ(L2

12) > 0 for t ∈ R. Then, we have F (τ) > 0 for
τ < t∗ and F (τ) < 0 for τ > t∗. Considering HK(τ) → 0 as t → ±∞, we conclude
that HK(τ) is positive, so that z0 is positive. Regarding µ2 > 1 > µ1, we can prove
with the same argument as above case.
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8.2.4 M > 0 case

We show the enstrophy dissipation and the energy conservation for M > 0, namely
M̃ < 0. In this case, there is a possibility that some collinear configurations can
become relative equilibria. In addition, the equi-curve does not necessarily intersect
the boundary of the physical region. That is to say, the three α-point vortices do
not become a collinear configuration throughout the evolution. These situations
are different from those for M ≤ 0. In this section, after we see the range of the
Hamiltonian, we investigate the property of the equi-curves.

When M > 0, the physical region (8.18) is in the region of b1, b2 < 0. We replace
the trilinear coordinates (b1, b2, b3) with a new one (c1, c2, c3) as follows.

c1 = −b1 =
L2
23

Γ1M̂
, c2 = −b2 =

L2
31

Γ2M̂
, c3 = −b3 =

L2
12

Γ3M̂
,

where M̂ = −M̃ > 0. Then, (8.17) is replaced by c1 + c2 + c3 = −3. The physical
region in the region of c1, c2 > 0 is rewritten by

(
Γ1

Γ2
c1

)2

+

(
Γ2

Γ1
c2

)2

− 2

(
2
Γ1

Γ2
+ 2

Γ2

Γ1
+ 3

)
c1c2 − 6

Γ1

Γ2
c1 − 6

Γ2

Γ1
c2 + 9 ≤ 0.

The boundary of this region is a hyperbola whose asymptotes are given by

c2 = λ−c1 − 3

√
Γ1Γ2

R
λ−, c2 = λ+c1 + 3

√
Γ1Γ2

R
λ+. (8.30)

Note that the c1-axis and the c2-axis are tangent to the boundary at (3Γ2/Γ1, 0) and
(0, 3Γ1/Γ2), respectively. In the new coordinates, the Hamiltonian is expressed as
follows.

H = − 1

2π

[
Γ2Γ3h0

(
M̂Γ1c1

)
+ Γ3Γ1h0

(
M̂Γ2c2

)
+ Γ1Γ2h0

(
M̂Γ3c3

)]
.

Thus, similarly to M ≤ 0, we obtain f(c1, c2) = 1/θ, where f(c1, c2) is defined by

f(c1, c2) =

(
c1

c1 + c2 + 3

)1/Γ1
(

c2
c1 + c2 + 3

)1/Γ2

exp

[
2

Γ1
K0

(√
M̂Γ1c1

)

+
2

Γ2
K0

(√
M̂Γ2c2

)
− 2

Γ1 + Γ2

Γ1Γ2
K0

⎛

⎝

√
M̂Γ1Γ2

Γ1 + Γ2
(c1 + c2 + 3)

⎞

⎠

⎤

⎦ .
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c1

c2

c1

c2

Figure 4: Equi-curves of the Hamiltonian H and the boundary of the physical region
in the (c1, c2)-plane when M̂ = 0.01 for (a) (Γ1,Γ2) = (1, 1) and (b) (Γ1,Γ2) = (3, 1).
The light curves are equi-curves. The dark curve is the boundary of the physical
region. The three dark straight lines are c2 = Γ1

Γ2
(c1 + 3), c2 = Γ1

Γ2
c1 − 3, where the

implicit function theorems in Proposition 8.17 don’t hold, and c2 =
Γ1
Γ2
c1 passing the

origin. The three α-point vortices form isosceles triangles on these three lines.

We note that the Hamiltonian H is always negative when M > 0, since it follows
from the proof of Lemma 8.20 that

H <
Γ1Γ2

2π

[
h0

(
L2

12 +
3M̃Γ1Γ2

Γ1 + Γ2

)
− h0

(
L2

12

)
]
< 0.

This yields

0 <
1

θ
< ψ

(
Γ1

Γ2

)
. (8.31)

We remark that there might exist the configuration whose Hamiltonian does not be
in the range (8.1). Furthermore, similarly as in Remark 8.21, we can show that for
any value of the Hamiltonian Hc in the range of (8.1), there exists a configuration
moving along the equi-curve corresponding to Hc.

Figure 4 shows the physical region and the equi-curves of the Hamiltonian when
M̂ = 0.01 for (a) (Γ1,Γ2) = (1, 1) and (b) (Γ1,Γ2) = (3, 1), respectively. Then, we
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observe that the equi-curves are roughly categorized into the following three parts.
(i) Curves that do not intersect with the boundary of the physical region. (ii) Curves
that are tangent to the boundary. (iii) Curves that intersect the boundary of the
physical region. Moreover, as we show later, every equi-curve is monotone decreasing
between the two lines c2 = Γ1

Γ2
(c1 + 3) and c2 = Γ1

Γ2
c1 − 3, and monotone increasing

in the other regions. In addition, each equi-curve corresponds to the different value
of the Hamiltonian. To see the distribution of the equi-curves in detail, we show the
following lemma.

Lemma 8.28. For any p ∈ R, every equi-curve has at most one intersection point
with the line c2 =

Γ1
Γ2
c1+p. Moreover, as the value of H increases, the c1-coordinate

of the intersection points gets larger.

Proof. Substituting c2 =
Γ1
Γ2
c1+p into f(c1, c2) and setting fp(c1) = f

(
c1,

Γ1
Γ2
c1 + p

)
,

we obtain

fp(c1) =

(
c1(

1 + Γ1
Γ2

)
c1 + p+ 3

)1/Γ1
(

Γ1
Γ2c1 + p(

1 + Γ1
Γ2

)
c1 + p+ 3

)1/Γ2

× exp

[
2

Γ1
K0

(√
M̂Γ1c1

)
+

2

Γ2
K0

(√
M̂ (Γ1c1 + Γ2p)

)

−2
Γ1 + Γ2

Γ1Γ2
K0

(√

M̂

(
Γ1c1 +

Γ1Γ2

Γ1 + Γ2
(p+ 3)

))]
,

and fp(c1) → ψ (Γ1/Γ2) as c1 → +∞. The derivative of fp(c1) is given by

f ′
p(c1) =

Γ1 + Γ2

Γ2
M̂fp(c1)

[
Γ2

Γ1 + Γ2
hK

(
M̂Γ1c1

)
+

Γ1

Γ1 + Γ2
hK

(
M̂ (Γ1c1 + Γ2p)

)

−hK

(
M̂

(
Γ1c1 +

Γ1Γ2

Γ1 + Γ2
(p+ 3)

))]
.

Owing to the convexity and monotonicity of hK(x), it follows that

f ′
p(c1) >

Γ1 + Γ2

Γ2
M̂fp(c1)

[
hK

(
M̂

(
Γ1c1 +

Γ1Γ2

Γ1 + Γ2
p

))

−hK

(
M̂

(
Γ1c1 +

Γ1Γ2

Γ1 + Γ2
(p+ 3)

))]
> 0.

Hence, fp(c1) is monotone increasing and we get fp(c1) < ψ (Γ1/Γ2). Considering
(8.31), we find that, for any given H < 0 and p ∈ R, there exists at most one solution
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of fp(c1) = 1/θ, where θ is defined by (8.7). This means that every equi-curve with
the Hamiltonian value H has at most one intersection point with c2 =

Γ1
Γ2
c1+p. Since

fp(c1) is monotone increasing, as the value of H increases, namely 1/θ increases,
the c1-coordinate of the intersection points gets larger.

Figure 4 illustrates that each equi-curve tends to two different asymptotic lines
as c1 → +∞, which is proven as follows.

Proposition 8.29. Suppose (7.15) and M > 0. For every equi-curve in the region
c2 <

Γ1
Γ2
c1 − 3, there exists a constant λc− such that it asymptotically approaches the

straight line whose slope is λc− < Γ1/Γ2 as c1 → +∞. For the equi-curve in the
region c2 >

Γ1
Γ2
(c1 + 3), we have the same result with λc+ > Γ1/Γ2.

Proof. We first show the monotonicity of the equi-curves. Differentiating f(c1, c2)
with respect to c1 and c2, we obtain

∂

∂c1
f(c1, c2) = M̂f(c1, c2)

[
hK

(
M̂Γ1c1

)
− hK

(
M̂Γ1Γ2

Γ1 + Γ2
(c1 + c2 + 3)

)]
,

∂

∂c2
f(c1, c2) = M̂f(c1, c2)

[
hK

(
M̂Γ2c2

)
− hK

(
M̂Γ1Γ2

Γ1 + Γ2
(c1 + c2 + 3)

)]
.

Thus, ∂f/∂c1 = 0 and ∂f/∂c2 = 0 if and only if c2 =
Γ1
Γ2
c1 − 3 and c2 =

Γ1
Γ2
(c1 + 3),

namely L23 = L12 and L31 = L12, respectively. For any given H and θ defined
by (8.7), we consider a point (c1, c2) satisfying f(c1, c2) = 1/θ and c2 ̸= Γ1

Γ2
(c1 + 3).

Then, it follows from the implicit function theorem that there exists a unique function
c2 = ξ(c1) defined in neighborhoods of c1 and c2 and satisfying f(c1, ξ(c1)) = 1/θ.
Regarding the points on the line c2 =

Γ1
Γ2
(c1 +3), we similarly find a unique function

c1 = η(c2) satisfying f(η(c2), c2) = 1/θ in neighborhoods. Note that the derivatives
of ξ and η are given by

dξ

dc1
=

hK (µ2
1L

2
12)− hK (L2

12)

hK (L2
12)− hK (µ2

2L
2
12)

,
dη

dc2
=

hK (µ2
2L

2
12)− hK (L2

12)

hK (L2
12)− hK (µ2

1L
2
12)

,

and that we have η = ξ−1 if c2 ̸= Γ1
Γ2
c1−3 and c2 ̸= Γ1

Γ2
(c1+3), owing to the uniqueness

of η and ξ. Then, defining f(c1, ξ(c1)) = f(η(c2), c2) on the line c2 =
Γ1
Γ2
(c1 + 3), we

can make ξ(c1) continuous in the region c1, c2 > 0. Similar to Remark 8.24, we find
that dξ/dc1 > 0 holds only if µ1 > 1 > µ2 or µ2 > 1 > µ1, which correspond to the
regions

c2 <
Γ1

Γ2
c1 − 3, c2 >

Γ1

Γ2
(c1 + 3), (8.32)
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respectively. On the other hand, dξ/dc1 < 0 holds if and only if µ1, µ2 < 1, which
corresponds to

Γ1

Γ2
c1 − 3 < c2 <

Γ1

Γ2
(c1 + 3). (8.33)

Note that this is the situation we observe in Figure 4.
We next see the asymptotic behavior of the equi-curves. Let us consider the

equi-curve ξ̂(c1) passing through a point (ĉ1, ĉ2) in the regions (8.32). As we see in
the proof of Propositions 8.14 and 8.23, the invariance of f(c1, c2) yields

lim
c1→+∞

ξ̂(c1)

c1
= λc.

Thus, taking the c1 → +∞ limit in f(c1, ξ̂(c1)) = 1/θ, we obtain

1

θ
= ψ (λc) . (8.34)

Since we know from Lemma 8.28 that dξ/dc1 < Γ1/Γ2 for c2 <
Γ1
Γ2
c1−3 and dξ/dc1 >

Γ1/Γ2 for c2 > Γ1
Γ2
(c1 + 3), owing to (8.31) and (C.1), (8.34) has a unique solution

λc− < Γ1/Γ2 and λc+ > Γ1/Γ2, respectively.
We finally show that, for any Hamiltonian value H , the corresponding equi-

curve is unique in the regions (8.32) and (8.33). We consider the equi-curve ξ̂(c1)
with the Hamiltonian value H . Suppose that there is a point (β1, β2) corresponding
to H and satisfies β1 ̸= ξ̂(β1). Then, there exists a equi-curve ξ̃(c1) passing through
(β2, β1). Since it follows that ξ̂(c1)/c1, ξ̃(c1)/c1 → λc± as c1 → +∞ in the region
(8.32), there exists a constant p ∈ R such that c2 = Γ1

Γ2
c1 + p intersects with both

ξ̂(c1) and ξ̃(c1). In the region (8.33), ξ̂(c1) and ξ̃(c1) must intersect the line c1 =
Γ1
Γ2
c1.

These contradict Lemma 8.28. We complete the proof.

Remark 8.30. In Proposition 8.29, we see the property of the equi-curves in the
region of c1, c2 > 0 and do not mention the relation between equi-curves and the
physical region. We already know that the divergence of Lnm(t) is essential to show
the enstrophy dissipation. This indicates that the equi-curve ξ̂(c1) needs to stay in
the physical region as c1 → +∞. That is to say, λc± should satisfy λc− ∈ (λ−,Γ1/Γ2)
and λc+ ∈ (Γ1/Γ2,λ+), since the asymptotes of hyperbola are given by (8.30). Hence,
it is essential for the enstrophy dissipation that H stays in the range (8.1), since
λc± are solutions of (8.34).

Remark 8.31. Based on Proposition 8.29, we consider the equi-curves of (i), (ii)
and (iii) in the physical region and describe their asymptotic behavior in detail as
follows.
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(i) Owing to Proposition 8.29, the equi-curve ξ̂(c1) is monotone increasing in (8.32)
and decreasing in (8.33). Moreover, it asymptotically approaches two lines
whose slopes are λc± . Such a behavior is not observed when M ≤ 0.

(ii) There exist at most two points of tangency, one satisfies µ1 > µ2 and the
other does µ2 > µ1. Since, owing to Proposition 8.17, the point of tangency
corresponds to a relative collinear equilibrium, the configuration approaches
the collinear configuration as t → −∞ (or t → +∞) while Lnm(t) → +∞ as
t → +∞ (or t → −∞). We define the values of H corresponding to such
equi-curves as H1 and H2.

(iii) Since the intersection point corresponds to a collinear configuration that is not
a equilibrium, we obtain ξ̂(c1)/c1 → λc± as t → ±∞ for µ1 > 1 > µ2 and
µ2 > 1 > µ1, respectively. This behavior is same as that we observe when
M ≤ 0.

We finally show the enstrophy dissipation and the energy conservation forM > 0.
According to Remark 8.31, the divergence of Lnm(t) as t → ±∞ holds for the
evolution corresponding to the equi-curves (i) and (iii). For (iii) case, similarly to
M ≤ 0, we define t∗ as the time at which three α-point vortices become a collinear
configuration. As for (i), the equi-curves must intersect with the line c2 = Γ1

Γ2
c1.

That is to say, three α-point vortices form an isosceles triangle with L23 = L31, we
define this time as the initial time of the system (7.7). Then, we have the following
Lemma.

Lemma 8.32. Suppose Mα → 0 as α → 0 and lα23(t
∗) = lα31(t

∗). Then, we have
lαnm(t

∗) → 0 as α → 0.

Proof. Note that L23(0) = L31(0) is equivalent to lα23(t
∗) = lα31(t

∗). Suppose lαnm(t
∗) →

l∗nm as α → 0. Then, we obtain l∗23 = l∗31 and Γ2Γ3 (l∗23)
2+Γ3Γ1 (l∗31)

2+Γ1Γ2 (l∗12)
2 = 0

so that l∗23 = l∗31 = l∗12. If l
∗
12 > 0, then we have H α → 0 as α → 0. This contradicts

that H α = H satisfies (8.1). Thus, we achieve the conclusion.

We remark that Lemma 8.32 holds when the condition lα23(t
∗) = lα31(t

∗) is replaced
by lα23(t

∗), lα31(t
∗) ≤ lα12(t

∗). Finally, we show the enstrophy dissipation for M > 0.

Theorem 8.33. Suppose (7.15) and M > 0. Then, for each three α-point vortices
with H satisfying (8.1) and H ̸= H1, H2, we have

lim
α→0

Z α(t) = −z0δ(t− t∗), lim
α→0

Dα
E(t) = 0,

in the sense of distributions and z0 is positive.
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Proof. Owing to Lemma 8.32, we can define t∗ as the time when the three α-point
vortices form an isosceles triangle. Then, similar to Theorem 8.16, we can easily
show the convergence. As for the positivity of z0, since h1(x) is downward-convex,
it follows from (8.16) and

HK(τ) >
Γ1Γ2

4π

[
h1

(
L2
12 +

3M̃Γ1Γ2

Γ1 + Γ2

)
− h1

(
L2
12

)
]
> 0,

that z0 > 0.

8.3 Convergence to self-similar collapsing solutions

As we have discussed, the α → 0 limit solution of the three αPV system is related to
the self-similar collapsing and expanding solutions in the PV system. In this section,
we show that the limit converges to a singular solution connecting these singular
solutions and the enstrophy dissipation occurs at the critical time.

We consider the three α-point vortices with the value of Hamiltonian Hc satisfying
the assumptions in Theorem 8.1. Then, we have Lnm(t) → +∞ as t → ±∞. More
precisely, we already know that, for M ≤ 0 and some special cases in M > 0, there
exists a constant ν ∈ (k−, 1) or (1, k+) such that

lim
t→±∞

L31(t)

L23(t)
= ν,

and, for the other cases in M > 0, there exist constants ν− ∈ (k−, 1) and ν+ ∈ (1, k+)
such that

lim
t→±∞

L31(t)

L23(t)
= ν±. (8.35)

In what follows, we consider (8.35) with ν+ without loss of generality. The same
argument applies to the case of ν−. Recalling the invariant quantity Mα and (7.12);

lαnm(t) = αLnm

(
t− t∗

α2

)
,

we obtain

M =
Mα

α2
= Γ2Γ3L

2
23

(
t− t∗

α2

)
+ Γ3Γ1L

2
31

(
t− t∗

α2

)
+ Γ1Γ2L

2
12

(
t− t∗

α2

)
.

Here, we set

lim
t→+∞

L23(t)

L12(t)
= ζ1, lim

t→+∞

L31(t)

L12(t)
= ζ2, (8.36)
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Then, it follows from (7.15) and (8.36) that

1 =
Γ2

Γ1 + Γ2
ζ21 +

Γ1

Γ1 + Γ2
ζ22 , (8.37)

for t > t∗ in the α → 0 limit. Thus, using (8.35), we obtain

ζ1 =

√
Γ1 + Γ2

ν+Γ1 + Γ2
, ζ2 =

√
ν+(Γ1 + Γ2)

ν+Γ1 + Γ2
.

Regarding the Hamiltonian H , we similarly obtain

H =
Γ1Γ2

2π

(
Γ2

Γ1 + Γ2
log ζ1 +

Γ1

Γ1 + Γ2
log ζ2

)
,

in the α → 0 limit. In the same argument as the PV system in §2, we find that ν+,
ζ1 and ζ2 are independent of t. On the other hand, owing to (7.5) and (7.12), lα12
satisfies

(lα12(t))
2 = (lα12(t

∗))2 +

∫ t

t∗

2

π
Γ3A

α

[
1

α2L2
23

(
s−t∗

α2

)BK

(
L23

(
s− t∗

α2

))

− 1

α2L2
31

(
s−t∗

α2

)BK

(
L31

(
s− t∗

α2

))]
ds.

Taking the α → 0 limit and setting l0nm(t) = limα→0 lαnm(t), we obtain

(l012(t))
2 =

1

2π
σ0R0Γ3

ζ22 − ζ21
ζ21ζ

2
2

(t− t∗).

where R0 = [2(ζ21 + ζ22 )− (ζ21 − ζ22 )
2 − 1]1/2 and σ0 denotes the sign of Aα. Here, we

use lαnm(t
∗) → 0 as α → 0. Regarding lα23 and lα31, we similarly find

(l023(t))
2 =

1

2π
σ0R0Γ1

1− ζ22
ζ22

(t− t∗), (l031(t))
2 =

1

2π
σ0R0Γ2

ζ21 − 1

ζ21
(t− t∗).

Using (7.15) and (8.37), we consequently obtain

l012(t) =
√
σ0ω0(t− t∗), l023(t) = ζ1

√
σ0ω0(t− t∗), l031(t) = ζ2

√
σ0ω0(t− t∗),

where ω0 is defined by

ω0 =
1

2π
R0Γ2

ζ21 − 1

ζ21ζ
2
2

.
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Considering the argument of the PV system in §2, we can conclude that the three α-
point vortices converge to a self-similar singular solution with the same Hamiltonian
value as Hc in the PV system, which collides as t → t∗ + 0 and expands as t → +∞
self-similarly. As for ν−, we similarly obtain the self-similar singular solution in the
PV system defined for t < t∗, which also collides as t → t∗ − 0 and expands as
t → −∞ self-similarly.

9 Concluding Remarks

We have successfully proven that the existence of the enstrophy dissipating solutions
and that such a dissipation occurs because of the triple collapse of point vortices.
In order to obtain these results, we first showed that the Euler-Poincaré equations
have a unique global weak solutions with initial vorticity in the space of Radon
measure. Then, we considered point vortices as a measure valued initial vorticity
and introduced the Euler-Poincaré PV system. In this research, we focused on the
αPV system that is a specific example of the Euler-Poincaré PV system, and gave
a mathematical proof of the existence of the evolution of the three α-point vortices
that dissipates the enstrophy in the sense of distribution in the α → 0 limit. In this
limit, it converges to a singular orbit that connects the collapsing and the expanding
solutions at the collapse time in the three PV system, and the enstrophy dissipation
occurs at the collapsing time. Moreover, our theorems indicates that the enstrophy
dissipation is observed for a wide range of the initial configurations of the three α-
point vortices. Consequently, we conclude that the self-similar triple collapse is one
of the generic mechanisms of the enstrophy dissipation in 2D incompressible and
inviscid flows.

We discuss some future problems suggested by the present study. In this paper,
we restrict our attention to the three α-point vortices whose mutual distances tend to
infinity as t → ±∞ and that converge to the singular solution in the PV system. On
the other hand, when the vortex strengths do not satisfy (7.15) or the Hamiltonian
value is out of (8.1), their distances could be finite throughout the evolution. Then,
it is worth investigating the convergence of these evolutions in the α → 0 limit as
a regular dynamical system, although the enstrophy is conserved in this case. As
in [29], considering the evolution of the two α-point vortices, we easily confirm that
their distance remains finite and it converges to that of the two PV system. Hence,
it is likely that the three α-point vortices also converge to the solution of the three
PV system in the α → 0 limit, but it is not trivial.

Regarding the enstrophy dissipation caused by the vortex collapse, it is important
to investigate whether the αPV system is the essential regularization to show the
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enstrophy dissipation, or not. It is challenging to try to obtain the same results for
the Euler-Poincaré PV system. Furthermore. it is also interesting to investigate the
enstrophy variation together with the evolution of many point vortices. According to
[38, 41, 42], the N point vortices in the PV system can collapse self-similarly in finite
time under certain circumstances. Thus, there is a possibility of obtaining another
enstrophy dissipating solution by considering the collapse of the N vortex problem
in a Euler-Poincaré PV system. As a matter of fact, it is numerically observed in
[29] that the enstrophy dissipation occurs in the αPV system via a quadruple self-
similar collapse as α → 0. However, since the Euler-Poincaré PV system (5.5) is not
integrable for N ≥ 4 in general, further analytic investigation is required.

A Quasi-Lipschitz estimates for the singular ker-
nel

We review the quasi-Lipschitz estimates for the singular kernel K. The first lemma
is a classical estimate for bounded functions. The proof is straightforward and we
find it, for example, in [4, 49, 52].

Lemma A.1. For ω ∈ L1(R2) ∩ L∞(R2),
∫

R2

|K(x− y)−K(x′ − y)| |ω(y)| dy ≤ cϕ (|x− x′|) (∥ω∥L1 + ∥ω∥L∞) .

Proof. We set r = |x− x′| and note prove the lemma for sufficiently small r > 0.
∫

R2

|K(x− y)−K(x′ − y)| |ω(y)| dy

≤
∫

|x−y|<2r

(|K(x− y)|+ |K(x′ − y)|) |ω(y)| dy

+

∫

2r≤|x−y|<2

|K(x− y)−K(x′ − y)| |ω(y)| dy

+

∫

|x−y|≥2

|K(x− y)−K(x′ − y)| |ω(y)| dy

≡ L1 + L2 + L3. (A.1)

Since |x− y| < 2r yields |x′ − y| < 3r, we have

L1 ≤
1

π
∥ω∥L∞ sup

x∈R2

∫

|x−y|<3r

1

|x− y|dy ≤ c1r∥ω∥L∞ .
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As for L2 and L3, we use the mean value theorem. Then,

|K(x− y)−K(x′ − y)| ≤ r

∫ 1

0

|(∇K)(x− y + τ(x′ − x))| dτ.

If |x− y| ≥ 2r, |x− y + τ(x′ − x)| ≥ |x− y|/2. Thus, we find

L2 ≤ c2r∥ω∥L∞

∫

2r≤|x−y|<2

∫ 1

0

1

|x− y + τ(x′ − x)|2dτdy

≤ c2r∥ω∥L∞

∫

2r≤|x−y|<2

1

|x− y|2dy

≤ c2ϕ(r)∥ω∥L∞ .

Finally, it follows that

L3 ≤ c3r

∫

2≤|x−y|

1

|x− y|2 |ω(y)| dy ≤ c3r∥ω∥L1 .

Combining three estimates, we obtain the desired result.

The following lemma is a modified estimate of the singular kernel, which was
proven in [4, 56].

Lemma A.2. Let ω ∈ L1(R2) ∩ L∞(R2) and φ be an area preserving measurable
transformation on R2. Then
∫

R2

|K(x− y)−K(x− φ(y))| |ω(y)| dy ≤ c sup
x∈R2

ϕ (|x− φ(x)|) (∥ω∥L1 + ∥ω∥L∞) .

Proof. Set r = supx∈R2 |x − φ(x)| and suppose that r > 0 is sufficiently small. we
split the integral in the same way as (A.1). The first term L1 is estimated as follows.

L1 ≤
1

2π
∥ω∥L∞

∫

|x−y|<2r

(
1

|x− y| +
1

|x− φ(y)|

)
dy

≤ 1

π
∥ω∥L∞

∫

|x−y|<2r

1

|x− y|dy

≤ c1r∥ω∥L∞ .
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Here, we have used the inequality,
∫

|x−y|<2r

1

|x− φ(y)|dy ≤
∫

|x−y|<2r

1

|x− y|dy,

since φ is area preserving and the symmetric rearrangement about x maximizes the
integral. Applying the mean value theorem and the fact that

|x− y + τ(y − φ(y))| ≥ 1

2
|x− y|+ r − τ |y − φ(y)|

≥ 1

2
|x− y|+ r(1− τ)

≥ 1

2
|x− y|,

for |x− y| ≥ 2r. Thus, based on the proof of Lemma A.1, we find

L2 ≤ c2r∥ω∥L∞

∫

2r≤|x−y|<2

1

|x− y|2dy

≤ c2ϕ(r)∥ω∥L∞ .

It is also easy to see that L3 ≤ c3r∥ω∥L1 . We achieve the conclusion.

B Fundamental lemmas related to ordinary dif-
ferential problems

We prove the lemma about the global existence and uniqueness of the solutions to
the ordinary differential equation. The proof is based on that in [49].

Lemma B.1. Consider the initial value problem for x(t) ∈ Rn, t ∈ [0,∞).

d

dt
x(t) = b(x(t), t), x(0) = x0, (B.1)

where b ∈ C (Rn × [0,∞);Rn) is uniformly bounded and quasi-Lipschitz continuous
in space, namely

|b(x, t)− b(x′, t)| ≤ cϕ (|x− x′|) ,
and c is independent of t. Then, (B.1) has a global unique solution x(·) ∈ C1[0,∞).
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Proof. We use the classical iterative method. We define a sequence of approximate
solutions for 0 ≤ t ≤ T ,

xn(t) =

∫ t

0

b (xn−1(s), s) ds+ x0, xn(0) = x0. (B.2)

Then, we have

|xn(t)− xn−1(t)| ≤
∫ t

0

|b (xn−1(s), s)− b (xn−2(s), s)| ds

≤ c

∫ t

0

ϕ (|xn−1(s)− xn−2(s)|) ds

≤ c

∫ t

0

L(δ) |xn−1(s)− xn−2(s)| ds+ cT δ, (B.3)

in which we have used the inequality,

ϕ(r) ≤ L(δ)r + δ, L(δ) = − log δ,

for 0 < δ < 1. By iterating the inequality (B.3), we obtain

|xn(t)− xn−1(t)| ≤
(ctL(δ))n−1

(n− 1)!
sup

0≤t≤T
|x1(t)− x0|+ cT δ

n−2∑

k=0

(ctL(δ))k

k!
.

Since b is uniformly bounded, we have

sup
0≤t≤T

|x1(t)− x0| ≤ T∥b∥L∞(Rn×[0,∞)).

Thus, it follows that

|xn(t)− xn−1(t)| ≤
L(δ)n−1

(n− 1)!
cn−1T n∥b∥L∞ + cT δecTL(δ).

Choosing δ = e−n, we find

|xn(t)− xn−1(t)| ≤
nn−1

(n− 1)!
cn−1T n∥b∥L∞ + cTecTn−n.

Suppose that T is sufficiently small such that 1 − cT > 1/2 and 2cTec < 1, and
remember the Stirling formula nn ≤ n!ecn. Then,

|xn(t)− xn−1(t)| ≤ (cTec)n−1ecT∥b∥L∞ + cTe−n/2

≤
(
1

2

)n−1

ecT∥b∥L∞ + cTe−n/2.
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Hence, {xn(t)}∞n=1 for t ∈ [0, T ] is a uniformly convergent Cauchy sequence. We
denote the limit function by x(t) and find that it satisfies (B.1) in integral form/
Indeed, we have (B.2) and

∣∣∣∣
∫ t

0

b(xn(s), s)ds−
∫ t

0

b(x(s), s)ds

∣∣∣∣ ≤ c

∫ T

0

ϕ (|xn(s)− x(s)|) ds

≤ cTϕ

(
sup

0≤t≤T
|xn(s)− x(s)|

)
.

Taking the n → ∞ limit, we find that x(t) satisfies (B.2). Finally, it follows from
the continuity of b(x(t), t) in time that x(t) ∈ C1[0, T ). Since T does not depend on
x0, the result can be extended to arbitrary large times.

Regarding the uniqueness, suppose that x(t) and y are solutions to (B.1). Using
the same method in the existence part, we find

|x(t)− y(t)| ≤
∫ t

0

|b(x(s), s)− b(y(s), s)| ds

≤ c

∫ t

0

ϕ (|x(s)− y(s)|) ds

≤ sup
0≤t≤T

|x(t)− y(t)|
(
1

2

)n−1

ecT + cTe−n/2.

For sufficiently large n, we obtain

sup
0≤t≤T

|x(t)− y(t)| ≤ 2cTe−n/2,

and conclude that x = y on [0, T ] in the n → ∞ limit.

Next, we show the useful integral inequality. This proof is also based on [49].

Lemma B.2. Let x ∈ C([0, T ];R+), R+ = [0,∞), and f ∈ C(R+;R+) be a nonde-
creasing function, such that

x(t) ≤ x(0) +

∫ t

0

f(x(s))ds,

for t ∈ [0, T ]. Suppose that y = y(t) is a solution of the initial value problem,

d

dt
y(t) = f(y(t)), y(0) = x(0), (B.4)
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that is continuous with respect to the initial data. Then, we have

x(t) ≤ y(t), (B.5)

for any t ∈ [0, T ].

Proof. Let yδ(t) be a solution of (B.4) with the initial data y(0) = x(0)+ δ for δ > 0.
Owing to the continuity of the solution, there exists a time t∗ defined by

t∗ = sup{t ∈ [0, T ] | x(t) < yδ(t)}.

We show that t∗ = T . Indeed, if t∗ < T , we have

0 = yδ(t
∗)− x(t∗) ≥ δ +

∫ t∗

0

[f(yδ(s))− f(x(s))] ds ≥ δ,

since f is nondecreasing. This is a contradiction. Thus, it follows that

x(t) ≤ yδ(t),

for t ∈ [0, T ] and, taking the δ → 0 limit, we obtain (B.5).

The following lemma is a concrete example of the application of Lemma B.2. The
proof is given in [56].

Lemma B.3. Suppose that x ∈ C1([0, T ];R+) satisfies

x(t) ≤
∫ t

0

[ε+ ϕ (x(s))] ds,

for 0 < δ < 1. Then, we have

x(t) ≤ et − 1

e
εe

−t
+ et

εe
−t − ε

− log ε
. (B.6)

Especially, x(t) ≤ c(T )εe
−T

for t ∈ [0, T ].

Proof. Using the tangent approximation of ϕ(r), namely

ϕ(r) ≤ ϕ′(δ)(r − δ) + ϕ(δ) = (− log δ)r + δ,

for any 0 < δ < 1, we find

x(t) ≤
∫ t

0

[(− log δ)x(s) + δ + ε] ds.
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Consider the ordinary differential equation,

d

dt
y(t) = (− log δ)y(t) + δ + ε, y(0) = 0,

with δ = e−1εe
−t
. Then, it is easy to confirm that the solution is given by

y(t) =
et − 1

e
εe

−t
+ et

εe
−t − ε

− log ε
.

Applying Lemma B.2, we obtain (B.6). Note that it follows from (B.6) that

x(t) ≤
(
eT − 1

e
+

eT

− log ε

)
εe

−t − ε

− log ε
≤ c(T )εe

−t
,

which is the desired result.

C Properties of some auxiliary functions

Here, we introduce several functions and their properties that are often used in this
paper.

1. The function ψ(x): The function ψ(x) is defined by

ψ(x) =

(
1

1 + x

)1/Γ1
(

x

1 + x

)1/Γ2

,

where Γ1, Γ2 > 0. Then, we easily find that ψ(0) = 0 and ψ(x) → 0 as x → +∞.
Moreover, since ψ′(x) > 0 for 0 < x < Γ1/Γ2 and ψ′(x) < 0 for x > Γ1/Γ2, ψ(x) has
a maximal value at x = Γ1/Γ2. Hence, we have

0 < ψ(x) < ψ

(
Γ1

Γ2

)
, (C.1)

for 0 < x < Γ1/Γ2 and x > Γ1/Γ2.
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2. The function K0(x) and K1(x): As for the modified Bessel function of the
second kind K0(x) and K1(x), we know

K ′
0(x) = −K1(x), K ′

1(x) = −1

x
K1(x)−K0(x). (C.2)

Thus, both functions are monotone decreasing and downward-convex. Moreover, we
have

K0(x) ∼ −
(
β + log

1

2
x

)
, K1(x) ∼

1

x
+

(
β + log

1

2
x

)
1

2
x− 1

4
x, (C.3)

as x → 0, where β is the Euler’s constant[65].

3. The function BK(
√
x): The function BK(

√
x) is monotone increasing and

upward-convex. Indeed, owing to BK(x) = 1− xK1(x) and (C.2), we have

(
BK(

√
x)
)′
=

1

2
K0(

√
x) > 0,

(
BK(

√
x)
)′′

= − 1

4
√
x
K1(

√
x) < 0. (C.4)

4. The function h1(x): The function h1(x) =
√
xK1(

√
x) is monotone decreasing

and downward-convex, since

h′
1(x) = −1

2
K0(

√
x) < 0, h′′

1(x) =
1

4
√
x
K1(

√
x) > 0. (C.5)

5. The function hK(x): The function hK(x) is defined by

hK(x) =
1

x
BK

(√
x
)
.

Then, hK(x) is monotone decreasing and downward-convex. Differentiating it, we
have

h′
K(x) = − 1

x2
h̃0(x), h̃0(x) = BK(

√
x)− 1

2
xK0

(√
x
)
,

and h̃′
0(x) = 1

4

√
xK1 (

√
x) > 0. With h̃0(0) = 0, we obtain h̃0(x) > 0, and so

h′
K(x) < 0. Moreover, its second derivative becomes

h′′
K(x) =

2

x3
h̃1(x), h̃1(x) = BK(

√
x)− 1

2
xK0

(√
x
)
− 1

4
x3/2K1

(√
x
)
.

Since we have h̃1(0) = 0 and h̃′
1(x) = 1

8xK0 (
√
x) > 0, it follows that h̃′

1(x) > 0.
Thus, we conclude that

h′
K(x) < 0, h′′

K(x) > 0. (C.6)
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Figure 5: The graphs of the functions ψ(x), hK(x), h0(x) and h1(x) in Appendix C.

6. The function h0(x): The function h0(x) = log
√
x + K0 (

√
x) is monotone

increasing and upward-convex, since we have

h′
0(x) =

1

2
hK(x) > 0, h′′

0(x) =
1

2
h′
K(x) < 0. (C.7)

Moreover, it follows from (C.3) that

h0(0) = −β + log 2. (C.8)
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