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Part 1
Introduction

1 Overview of the theory of turbulence

The turbulent phenomena are caused by the complex interaction of flows in the wide
range of scales from macro scales where the energy is supplied, to micro scales where
the energy dissipates by the viscosity. The interaction in turbulent flows transfers
the energy sequentially from larger scales gradually to smaller ones. This process
is known as the energy cascade. The theory of Kolmogorov [13] gives a mathemati-
cal description to the three-dimensional (3D) homogeneous isotropic turbulence (cf.
Frisch [2%]). In his theory, it is assumed that the energy dissipation rate should con-
verge to a finite positive value in the limit of vanishing viscosity. In other words, we
can expect that solutions of the 3D Euler equations, which are formally equivalent to
the zero viscous limit of the 3D Navier-Stokes equations, with the energy dissipation
describe turbulent flows. However, it is easily confirmed that smooth solutions of
the 3D Euler equations conserve the energy and the energy dissipation rate is always
zero. That is to say, such an anomalous energy dissipation occurs only for weak
solutions of the 3D Euler equations.

Omnsager conjectured in [57], without any mathematically rigorous proof, that
weak solutions of the 3D Euler equations acquiring a Hoélder continuity with the
order greater than 1/3 should conserve the energy, and the energy dissipation could
occur when the order is less than 1/3, which is known as Onsager’s conjecture (refer
to Eyink & Székelyhidi [25] or Shvydkoy [63] for a survey of Onsager’s conjecture).
The former part of this conjecture, the energy conservation has been settled recently.
A slightly weaker statement was first proved by Eyink [22] and, then, Constantin et
al. [13] gave a simple proof of the energy conservation under the assumption that
the solution belongs to L*(0,T; BS, (T?) N C([0, T); L*(T?)) with o > 1/3, where
T3 denotes three dimensional flat torus. Since the index o in the Besov space cor-
responds to the order of a Holder continuity of functions, their result asserts that
the energy conservation holds in the critical space of Onsager’s conjecture. Subse-
quently, the result was proven under a slightly weaker assumption by Duchon and
Robert [20], and Cheskidov et al. [10] also sharpened it. In [20], they defined dissipa-
tive weak solutions for the Euler equations as solutions whose corresponding energy
dissipation rate is greater than or equal to zero in the sense of distribution, and then
showed that the dissipation rate is zero when the Holder continuity of weak solutions
is greater than 1/3. Moreover, they showed the remarkable statistical property in



the turbulence theory, which is predicted by Kolmogorov, called the 4/3-law. An-
other important statistical property, the 4/5-law, has also been shown in terms of
the dissipative weak solutions by Eyink [21] as well. The latter half of Onsager’s
conjecture, the energy dissipation, has been studied in stages. The first example
of a weak solution that breaks the energy conservation was constructed by Scheffer
[59], which gives a non-trivial weak solution with a compact support in space and
time R? X R. A simpler construction was later shown by Shnirelman [(1]. He also
proved the existence of a weak solution whose energy is monotone decreasing [62].
Then, DeLellis & Székelyhidi [11, 15] extended these results to general dimension
n > 2. We note that these constructed solutions are just square integrable functions
in space and time, and thus not continuous in general. DeLellis and Székelyhidi have
successfully constructed continuous weak solutions whose energy is not conserved
[16]. Subsequently, through several contributions to Onsager’s conjecture (cf. Buck-
master [5], Buckmaster et al. [0], De Lellis & Székelyhidi [15], and Isett [36, 37] ),
Buckmaster, DeLellis & Székelyhidi [7] have finally proven the existence of a weak
solution of the 3D Euler equations that does not conserve the energy and belongs
to the space L'(0,1; C'/375(T?)) for any ¢ > 0 (Although Onsager claimed that such
solutions exist even in the class Lg® (C’%/ 7).

As we see from the Kolmogorov-Onsager theory, non-smooth weak solutions of
the 3D Euler equations with the energy dissipation may play a vital role in under-
standing of 3D turbulence. However, the notion of weak solutions is so abstract
that it is uncertain what kind of fluid evolution belongs to the class of dissipative
weak solutions. A motivation of the present study is describing such an anomalous
dissipation in terms of the physical dynamics of fluids without losing mathematical
rigor, which could help us understand the essential mechanism of turbulent flows.
Especially, we investigate the dynamics of ideal vorticity, called singular vortices,
such as point vortices, vortex sheets, vortex dipoles, etc., and try to make it clear
what kind of vortex dynamics cause the energy dissipation. But, since the existence
of weak solutions with singular vorticity has not been established for the 3D Euler
equations, it is hard to analyze the evolution of singular vortices mathematically.
In order to overcome this difficulty, we regularize the Euler equations in a certain
manner so that they have global solutions with singular vorticity, and then take the
limit of their global solution with respect to the regularization parameter. Specif-
ically, we consider the Euler-Poincaré equations as a regularized model, which are
proposed by Holm, Marsden & Ratiu [32]. For instance, the Euler-a equations are
one of the regularized Euler equations derived from the Euler-Poincaré framework,
and the 3D Euler-a equations and their viscous extension, the 3D Navier-Stokes-«
equations, are regarded as physically relevant models of turbulent flows (cf. Chen et



al. [8, 9], Foias, Holm & Titi [26, 27] and Mohseni et al. [53]). In spite of its physical
significance, there are still difficulties to apply our strategy to the three dimensional
problem mathematically, since, for example, the existence of global solutions for the
3D Euler-a equations is as yet unknown (cf. Hou & Li [35]).

For these kinds of difficulties, in the present paper, we focus on the 2D turbulence
flow. Many investigations (cf. Batchelor [3], Kraichnan [39] and Leith [11]) indicate
that the 2D turbulence is characterized by the conservation of the energy and the
dissipation of the enstrophy that is the L? norm of the vorticity, since there appear
two inertial ranges corresponding to the backward energy cascade and the forward
enstrophy cascade in the energy density spectrum at sufficiently large Reynolds num-
ber. Hence, similarly to the three dimensional problem, we expect that an enstrophy
dissipating solution of the 2D Euler equations describes the 2D turbulent phenom-
ena. On the other hand, since the enstrophy is preserved for smooth solutions, such
dissipating solutions need to be non-smooth as well as three dimensional problem.
For the 2D Euler equations, the global well-posedness has already been established
in the appropriate functional space and, furthermore, the existence of weak solutions
are also known in the class of less regular functions. However, it is still difficult to
consider the enstrophy dissipation in 2D Euler flows. Although the fluid dynam-
ics in two dimensional flows are different from that in the three dimension, the 2D
Euler-Poincaré equations provide us with more theoretical advantages mathemati-
cally than the three dimensional ones in dealing with the present problem. In the
following section, we review the theory of the 2D Euler equations and explain our
strategy to construct enstrophy dissipating solutions.

2 Construction of enstrophy dissipating solutions

2.1 Review of the two-dimensional Euler equations

The motion of inviscid incompressible 2D flows is described by the 2D Euler equa-
tions,
du+ (u-V)u+ Vp =0, divu =0, u(x,0) = uo(x), (2.1)

where u = u(x,t) is the fluid velocity field and p = p(«,t) is the scalar pressure.
Taking the curl of (2.1) and defining the vorticity field by w = curl u, we obtain the
transport equation for w,

Ow + (u - V)w =0, w(zx,0) = wy(x), (2.2)



and wy = curlug. Then, the velocity u is recovered from the vorticity w via the
Biot-Savart law,

u(z) = (K +w)(z) = | Kz —yw(y)dy, (2.3)

R2
in which K denotes a singular integral kernel defined by

xt 1

—, G(x) = ——log|x|,
s O = sl

K(x)=V'G(z) =
with V+ = (9,,, —0,,) and &+ = (x5, —11). Here, the function G is the fundamental
solution to the 2D Laplacian. If a passive particle is initially placed at the position
x, its evolution is governed by the following equation,

3t"7(937t) =u (n(m’t)7t) ) 77(5”, 0) =, (24)

where n(x, t) is called the Lagrangian flow map describing the position of the passive
point & at time ¢. The solution of (2.4) yields that of (2.2) with the initial vorticity
wWo by

w(x,t) =wy (n ' (x,1)). (2.5)
Hence, finding a solution to (2.4) with (2.3) and (2.5) is equivalent to solving
the problem (2.2) with (2.3). Regarding the initial value problem of the 2D Eu-
ler equations, the global existence of a unique weak solution has been established
for wy € L'Y(R?) N L*(R?) [19, 66]. We also have global weak solutions with
wy € L'(R?*) N LP(R?) and 1 < p < oo, though the uniqueness is still open [19].
Moreover, the existence theorem can be extended to the case that wy belongs to
the space of finite Radon measure on R?, denoted by M(R?), with a distinguished
sign and its induced velocity uy € L7 _(R?) [18, 21, 48]. Note that this class in-
cludes vortex sheets but not point vortices. Regarding the enstrophy dissipation,
it has been shown by Eyink [23] that weak solutions of the 2D Euler equations in
LP(R?) N LY (R?), p > 2 can not dissipate the enstrophy in the sense of distribution.
Hence, it is necessary to deal with the initial vorticity in a less regular space such as
M(R?) to obtain weak solutions dissipating the enstrophy. However, in the 2D Euler
equations, the global existence of solutions for wy € M(R?) has not yet been estab-
lished in general. This makes it difficult to construct enstrophy dissipating solutions
directly in the 2D Euler equations. Accordingly, if we could construct a singular
weak solution of the 2D Euler-Poincaré equations that dissipates the enstrophy by
taking the limit of regularized parameter, it may shed some light upon the relation
between the 2D turbulence and singular weak solutions of the 2D Euler equations.
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2.2 The Euler-Poincaré model and point vortex solutions

In accordance with the strategy we mentioned above, we consider the 2D Euler-
Poincaré equations to construct enstrophy dissipating solutions. As we discuss the
detail of those equations in Part II, it is noteworthy that two well-known regular-
izations of the Euler equations, the Euler-a equations and the vortex blob method,
can be described in the Euler-Poincaré framework [31], see Section 3, though both
models are originally derived in different backgrounds and are usually applied to the
different problem. The a-regularized models for the Euler equations and the Navier-
Stokes equations are effective models for fluid turbulence even in two dimensional
flows. Indeed, Lunasin et al. [17] numerically confirmed that the 2D Navier-Stokes-«
flow acquired the inertial ranges in the energy density spectrum that correspond to
the backward energy cascade and the forward enstrophy cascade for scales larger
than the filtering level . On the other hand, the vortex blob method was originally

introduced by Chorin [!1] and Chorin & Bernard [12] to compute the evolution of
vortex sheets, also see [1, 10]. Moreover, this method has been applied to numerical
simulations of incompressible flows [15], especially the dynamics of singular vortic-

ity distributions such as point vortices or vortex sheets. Thus, we expect that the
2D FEuler-Poincaré equations are also a relevant model of 2D turbulent flows and
effective to investigate the dynamics of the singular vorticity. Actually, in Section 4,
we prove the 2D Euler-Poincaré equations have a unique global weak solution with
initial vorticity in M(R?), which is one of the remarkable mathematical advantages
to treat the Euler-Poincaré system. In Section 5, we especially consider point vortex
solutions of the 2D Euler-Poincaré equations, which are the solutions for point vortex
initial data. Then, the equations are reduced to the ordinary differential equations
that describe as dynamics of point vortices, we call them the Euler-Poincaré point-
vortex system. Owing to the global solvability of the equations, point vortices in
the Euler-Poincaré flow never collapse. In the preceding research by Sakajo [55], he
investigated the a-point vortex system that is derived from the Euler-a equations,
see Subsection 7, and numerically suggested that solutions of three vortex problem
in the a-point vortex system dissipate the enstrophy in the limit of & — 0 under
certain conditions. Moreover, numerical simulations imply that such a dissipation
could occur at the time of the triple collapse of point vortices. Taking into account
this work, we show mathematically that the existence of the enstrophy dissipating
solutions and the triple collapse of point vortices causes the dissipation. In the
three point vortex system, it is known that self-similar collapsing solutions exist in
a certain circumstance [2, 38, 54], which is discussed in Section 6. Our theorems in
Section 8 assert that there exist point vortex solutions of three o point vortex system



that converge to self-similar collapsing solutions of the thee point vortex system and
dissipate the enstrophy at the time of the triple collapse. We finally summarize our
research and discuss future works in Section 9.

Part 11
The Euler-Poincaré equations

3 General framework

3.1 Derivation of the Euler-Poincaré equations

In this section, we derive a regularized 2D Euler equations based on the framework
given in [26, 31]. Let v be an incompressible velocity field that we call singular
velocity. We define a regularized velocity by

up(x) = (hxv)(x) = /R2 h(x—1y)v(y)dy, (3.1)

where h is a scalar valued function on R%. In this paper, we assume that h is a
integrable function and may have a singularity at the origin. Owing to the convolu-
tion with h, wy is smoother than v. Similarly, we define the singular vorticity ¢ and
reqularized vorticity wy, by

q = curl v, wyp, = curl wy,.

Let us remark that it follows that divu;, = 0 and w;, = h *x ¢ when the convolution
commutes with the differential operator.
Now, we consider the Hamiltonian structure with the Hamiltonian,

H = L v(x) - up(x)de,
2 S

and the Lagrangian flow map n;,, induced by regularized velocity,

atnh<w7 t) = Up (nh(mﬂ t)a t) ) nh(wa O) = . (32)

Then, the Euler-Poincaré equations arise from an application of Hamilton’s principle
as follows.
O + (uy, - Vv — (Vo)' - uy, — VII =0, (3.3)

10



where II is a generalized pressure. Taking the curl of (3.3) with the divergence-free
condition, we obtain the transport equation for the singular vorticity convected by
the regularized velocity,

Oiq + (up - V)g = 0.

Note that the Biot-Savart law gives u;, = K * wy. Then, we finally obtain the
vorticity form of the Euler-Poincaré equations.

Oq+ (up - V)g =0, uy, = Ky, * q, K, =K xh. (3.4)
It is important to remark that the regularized Kernel K satisfies

K, =V*Gy, ~AG), = h, (3.5)

where (G5, is a solution for the Poisson equation and thus we have G, = G % h.
Considering the definition of the singular integral kernel, we can see that a feature
of the regularized equations (3.4) comes from how to regularize the delta function
by the smoothing function h.

3.2 Vortex blob model

The vortex blob method is one of the most common regularizations of the Euler flow.
The method was introduced to compute the vortex sheets’ evolutions numerically
[1, 11, 12, 10] and has been applied to a variety of fluid dynamics, for instance see

[15]. In this method, the regularized integral kernel K is given by
1 xt

4 —
K'(z) = Com a2+ 62

This vortex blob regularization can be derived from the Euler-Poincaré framework.
Indeed, replacing the function A in (3.1) by

1 || B 2
e =g (5) 00 =

we find that K° comes through the solution for the following Poisson equation.

K’ =V+Ga?, —AG? = 1°.

It is easily confirmed that the solution G? is given by

1
G () = Gi(Jal) = 5 log /e + 32

11



and K° is rewritten by

K’(z) = K(z)¥ (@) . () = —2wdfl;:1 (r) = re

Note that we have W'(r) = 7¢(r). Hence, both G° and K° have no singularity,
which is the essence of the regularization. A remarkable feature of the vortex blob
regularization is that the smoothing function h° is bounded and decays algebraically.
Regarding the relation with the Euler equations in the 6 — 0 limit, it has been shown
in [16] that the vortex blob methods converge to weak solutions of the 2D FEuler
equations under the conditions that the vorticity is in M(R?) with a distinguished
sign and its induced velocity is locally square integrable.

3.3 Euler-a model

The Euler-a model was first introduced in [32, 33, 31] as the higher dimensional
Camassa-Holm equations. We can also derive it by applying Lagrangian averaging
to the Euler equations. The spatial information of the flow at scales smaller than o
is averaged in the Euler-a model [50]. A remarkable property of this model is that
the regularized velocity u® is written by u® = (1 — o?A)~!v, see [20], and thus the
smoothing function A% in (3.1) is defined by a fundamental solution for the Helmholtz

operator 1 — a?A, namely
1 ||
h* = Ko | —
(@) ora?  C ( o ) ’

in which Ky denotes the modified Bessel function of the second kind. It is important
to remark that K, has a singularity at the origin like Ky(r) ~ —logr as r — 0
and decays exponentially. Since the singular velocity v is explicitly expressed by
the regularized velocity u® with the Helmholtz operator, we find the Euler-Poincaré
equations for u® as follows.

(1 —a?A)ou® +u® - V(1 — a?A)u® + (Vu*)' - (1 — o®A)u® = VIL

This equations are known as the Euler-a equations. Regarding the evolution of
the singular vorticity described by the equation corresponding to (3.4), there exist
a unique global weak solution for the initial vorticity ¢o € M(R?) in contrast to
the 2D Euler equations [76]. Moreover, it is also shown that a weak solution for
qo € L*>*(R?*)NL'(R?) converges to that of the vorticity form of the 2D Euler equations
(2.2). In terms of the formulation in (3.5), we have

K“=V'G*, —AG%x)=h%(x),

12



and the solution G* for the Poisson equation is concretely given by

6*(@) = G2(Jal) = - [toelal + 5, (1)),

Hence, we obtain the regularized integral kernel K* as follows.

K%@:—lfﬁkc§):K@wKGﬂ) (3.6)

«

where B (r) =1 —rK;(r) and K is the first order modified Bessel function of the
second kind. Similar to the vortex blob case, we have the relation,

B (r) = rKo(r).

Especially, it follows from the properties of the Bessel function that G* is bounded
and K“(0) = 0, namely they have no singularity.

4 Global solvability and convergence theorems

4.1 Statements of theorems

Our main results in this section consist of two theorems; The existence of a unique
global weak solution for (3.4) in the space of Radon measure and its convergence to
the Euler equations with the integrable and bounded initial vorticity. Recall that
M(R?) denotes the space of finite Radon measures on R? with the norm,

s =sup{ [ fan | 1 € u@), 11= <1},

where C(IR?) is the space of continuous functions vanishing at infinity. For later use,
we define functions as follows.

- _ (1 —10g|33|)_1 ; |w‘ S 17 + _ 0 9 |m| S 17
MQ@_{ 0 x| > 1, Xiog () = 1+loglz| , |z| > 1,
e 2 | |l 2|
_ o z|* | || <1, n B 0 , |z <1,
Xo (x) = { 0, |z|>1, Xa (x) = { lz|* | |@| > 1.

We also set xo(x) = x5 (2) + xI(x) = |x|* for & € R% These functions are used to
characterize a singularity and a decay rate of functions. Then, we have the following
theorem.

13



Theorem 4.1. Suppose that h € C1(R?*) N W} (R?) satisfies x{h € L*(R?) and
Xiogh € L=(R?), x1Vh € L(R?). (4.1)

Then, for any initial vorticity qo € M(R?), there exists a unique global weak solution

of (3.4) such that
m, € C'(R;9), wy, € C(R;C(R%:R?)), g€ C(R;M(R?)),

where 4 denotes the group of all homeomorphism of R? that preserves the Lebesque
measure.

Remark 4.2. The assumption (4.1) allows the smoothing function h and Vh to
have singularities and behave

h(z) ~ O (=loglz|),  Vh(z)~O (=),
as || — 0. The decay rates of them are estimated by the conditions x,h, Vi € L.

In order to consider the convergence of solutions in (3.4) to those in the Euler
equations, we consider the parameterized function h® defined by

1 x
he(x) = ——h (-) .
(@) 2me? \e
Moreover, we assume that h is a radial function, namely it depends only on r = ||,

and define h,.(|x|) = h(x) that is a function on R. Then, we have the following
parameterized solutions (n°, u®, q) such that

o (x,t) = u® (n°(x,t),t), n°(x,0) ==,

Q(mat) = {qo (na(a:, _t))a
u =K xq, K°=K *xh",

and the following theorem about the convergence to the Euler equations in the e — 0
limit holds.

Theorem 4.3. In addition to the assumptions in Theorem 4.1, suppose that h is
radial and satisfies

/ kh, (k)dk = 1.
0

Let qo = wo € LY(R?) N L>(R?). Then, for any T > 0, there exists C(T) > 0 such
that
T
sup sup |n°(x,t) —n(x,t)| < C(T)e"
te[0,T] xeR?

where M is the flow map in the Fuler system with the initial vorticity wy.

14



Remark 4.4. These theorems are a generalization of the results shown by Oliver &
Shkoller [56], in which they proved the global solvability and convergence theorems
for the 2D Euler-a equations.

Remark 4.5. We remark that both the smoothing functions h? and h® satisfy the
assumptions of Theorem 4.1 and Theorem 4.3. Especially, the Euler-a model is a
critical regularization in terms of the singularity since we know Ky(r) ~ —logr as
r — 0 in the smoothing function h*. On the other hand, it is easily confirmed that
h® has a slowest algebraic decay to satisfy the assumptions of the theorems.

We easily find the following corollary from Theorem 4.3, which is the same result
shown in [56] for the Euler-a equations.

Corollary 4.6. Suppose that qo = wy € L'Y(R?) N L>(R?) is approzimated by a
sequence {q8 tnen C M(R?) with g — qo weakly in M(R?) and ||g|m — |lgollzr -
Then, for any T > 0 and sequence {€™}nen that converges to zero, there exists a
subsequence {qf" }men such that

lim sup sup ‘nnm’am(%t) - n(wﬂf)! =0,

M=00 1c[0,T] x€R?

where """ denotes the flow map in the parameterized Euler-Poincaré flows with
the parameter €™ and the initial vorticity qf" .

4.2 Properties of integral kernel

In order to show the main theorems, it is important to investigate the properties of
the integral kernel K and K° in the regularized Biot-Savart law. Let us first define
the function ¢(r) for » > 0 by

r(l—logr) , r<l1,
90(7"):{ | 1g) r>1.

We now show that K, is well-defined and especially K, vanishes at the origin.
Here, the smoothing function h may have a singularity only at the origin. We
actually assume that h € L>°(R?\Bs) for sufficiently small § > 0, where By = {y €
R* | ly| < R}.

Lemma 4.7. Suppose that h € L'(R*) N L>®(R?\Bs), 6 > 0 and x,h € L®(R?),
a € [0,1). Then, K}, is uniformly bounded, namely K, € L>*(R?). Moreover, if h
is radial, then Kp(0) = 0.

15



Proof. We have

1 1
K@) < 5 [ ol

1
< -
2m |le—y|<é |w |

1
\h(y)|dy + —

h(y)|dy
27 |le—y|>6 ’w_y“ ( )‘

1 1
el ]y
2 yl<te—yl<s Y[ e—yl<lyl<s 1€ — Y[

1 1 1
+ o Wl | oy [y
|z—y|<dn|y|>6 |z — y|
261 1
S HXahHLOO + 6] | Lo (r2\ B5) Q—WSHhHLl,
in which || - ||z = || - ||zr(r2) and this notation is used throughout this paper. Thus,

K, is uniformly bounded. In terms of the polar coordinates, the value of K at the
origin is calculated as follows.

K0 =5 [ W2 =) iy

lyl?
27
/ / (ksiné, kcose)hr(k;)kdedk

= h (k)dk:/ (sin@, — cos 6)do,
Com 0 0

Since h, is integrable, we conclude that K;(0) = 0. O

Remark 4.8. When we show that K is bounded outside of a neighborhood of the
origin, it is enough to suppose that h € L'(R?) N L>°(R?\ B;).

Next, we see the asymptotic behavior of K. The following lemma asserts that
it decays at least as fast as the singular kernel K.

Lemma 4.9. For h € L*(R?) satisfying x{h € L*(R?) N L>=(R?), we have

. 1
limsup |z| | Kp(x)| < 2—||h||L1.
T

|| —o00

16



Proof. We divide the integral in K, as follows.

allfn@) < o [ (142 ) iy

1 Y Y
=——hwy+/' ”|MwMy+/ W)yl
Br RQ\BR |

2m |z — y| x —y|

The second term in the right-hand side vanishes in the || — oo limit, since we have

[yl R /
— |h(y)|dy < ———= hy)|dy,
LR@_M|<M o, )

for sufficiently large |x|. The third term is estimated as follows.

Y1 ) e — Yl
4 Ih(y)| dy %% Ih(y)| dy

2\BR |w - y| Q\BR)O\$—y|<(5 |Cc - y’

-/ )l dy
(R2\Br)lw—y[>5 | — Y|

1
< 270X hll 1o r2\ By + gllehHLl(R?\BR)-

Summarizing the above estimates, we find

. 1 1
lim sup || | Kn(@)] < o_[|Allz: + ST Bl oo (rov iy + Q—MHXMHLI(W\BR)-

|| =00

Since [ h is integrable, the third term vanishes in the R — oo limit. Finally, taking
the 6 — 0 limit, we obtain the desired result. O

In the following lemma, we show that K, is quasi-Lipschitz continuous.

Lemma 4.10. Let h € C'(R?) N W (R?) satisfies x,5,h € L®(R?) and x,Vh €
L>(R?). Then,
|Kn(z) — Kp(2')] < co(jz— ')

Proof. Let us set r = |z — &/| and note that it is enough to prove the lemma for

17



sufficiently small » > 0. We have

|Kn(x) — Kip(x')| = | | K(y)(h(x—y) -z —y))dy

]RQ

S/I_ - (K (y)] (Ih(x —y)| + [h(z' —y)]) dy

ol K@ ) b )l dy

t[ K@) - ) - b -yl dy
lz—y[>2

= ]1 + 12 + 13.
Considering the fact that if | — y| < 2r, then |’ — y| < 3r, we obtain

1 1
hs—am/’ L@ — )| dy
|z—y|<3r ’y’

T zeR2

1. l—log|lx—1vy
< bl sup | ==Yl g
™ zeR? J|z—y|<3r |y’

Ly - 1 —logly
s—wm%mumﬁm{/’ L-loglyl
m wer? [y <jo—yl<zr Y

1 —logl|x —
+/ ele—vl,
w—yl<lylnle—yl<zr [T Y|

< 1o (r) [ iaghl =

In order to estimate I and I3, we apply the mean value theorem to h. Then, we
obtain

(e —y) = h(z' —y)| < 7"/0 (Vh)(z —y + 7(z' — )| dr.

Moreover, it follows from | — y| > 2r that

1 1
z—y 7@ —z) 2|z -yl -T2 gle—y[+ (L -m)r=lz -yl (42)

18



Thus, setting D = {y € R? | 2r < | — y| < 2}, we find

I < —||x1Va| /1/1 ! drd
- oo — T
2o U Tl Sy e —y @ — )] Y

r 1
< _HX1VhHL°°/ Ty
m o [yllz -yl

1 1 1
S | oy
™ 2r DnNly|<2r |y| Dn2r<|y|<|e—y| |y|

1
g,
Drle-yl<lyl 1T = Yl

1 2r 2 1
T Jo 2r

< eap(r) | xa VA .

Finally, it follows from (4.2) that

o ly
r 2

< 5 [Iravl= [ ———dy
27 a<|e—y|nlyl<1 1Y!|T — Y|

1
—l—/ / (Vh)(x —y+ 7(x' — )| drdy
2<|e—y|N|y|>1 JO

1 1
I3 < " /2<| | ’/0 (Vh)(x —y + 7(x' — x))| drdy
<|lz—y

1
<r [HXleLw + 2—;\%\14 .
™

Combining the above three estimates, we achieve the conclusion. ]

Remark 4.11. As a consequence of above lemmas, we find K; € Cy(R?). This
plays an essential role to show the existence of a unique global solution of (3.4) with
initial vorticity in M(R?). Indeed, owing to the following estimate,

llunl| e < sup
xcR2

Kile - walo)dy| < [Kill=lalse (03
R

and Lemma 4.10, we find that uy, is uniformly bounded and quasi-Lipschitz contin-
uous , which allows us to apply the classical method to prove Theorem 4.1.

Finally, we investigate the relation between K*° and K. Before that, we show the
following lemma.
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Lemma 4.12. Suppose that h € L'(R?*)NL>*(R*\Bs), 6 > 0 satisfies x, h € L>(R?),
a € [0,1], and Xf;gh € LY(R?). Then, the scalar function

Gu(@) = —— [ (og |z — yl) b () dy,

21 R2

is well-defined for any x € R? and satisfies the Poisson equation, —AG), = h, in the
weak sense that (NG, Vo) = —(h, ¢) for any ¢ € C°(R?). Moreover, we have

lim = ——
|| =00 log |£B| 2T R2

h(y)dy. (4.4)

Especially, if h is a radial function, Gy, is also radial, namely Gp(x) = Gp,.(|z|).
Regarding the derivative of G, suppose that the radial function h € L'(R?)
satisfies xoh € L*(R?), a € [0,1) and x{h € L*(R?*) N L*>®°(R?). Then, we have
! —
hr(0) =0 and

, 1
lm Gy (r) = — o .

h(y)dy. (4.5)

Proof. We first show that G}, is well-defined. For any fixed & € R?, we divide the
integral into two parts,

1
Gl <o | [ togle - sllliwidns [ fosle - yllIn )l
™ lz—y|<1

lz—y|>1
Each integral is estimated as follows.

_ —log |y
/ llog |x — yl[| |h (y) |dy < |Ixg bl [/ —a’ ’dy
le—y|<1 lyl<|lz—y|<ln|y|<é [yl

—log |x —
+/ g| ayldy}
e—yl<lyl<s 1T — Y|

Tl e / (—log |z — yl) dy

le—y|<1n|y|>6

[
g4w\|xah|\m/ F1=(— log k) dk
0

1
+ 27| | oo e\ ) / k(—log k)dk
0

< c(IIxahllz= + 1Al ze@\5,)) -

20



and

/ ozl — 1 () dy < / log (|| + |y))|h (3) |dy
x—y|>1

le—y|>1

< X{|m|21/2}/ log (2|z|)| (y) |dy

ly|<|x]
+ / log (2lyl) |1 (y) |dy

ly|>]x| N ]y[>1/2

< Xibe@) Al + ¢ (|2l + Xt Pllzn) -
Thus, we find
Gr(®)] < X (@)l + e (IRl + Ixtghllor + lIxa Pllze + 12l e @2\55)) - (4.6)

In order to see an asymptotic behavior of GG;,, we decompose the integral as follows.

Gh(x 1 log|x — vy log | —y
@) _ L U log |z — y| |h(y)dy+/ log|e — y] lh(y)dy :
log || 2r |Jp, loglx| r\B, log|T|

As for the first term, since we have the pointwise convergence, log | — y|/log|x| — 1
as |x| — oo, and
log |z — y|

og 2] |h(y)| < clh(y)],

for y € Br and sufficiently large |x|, the dominated convergence theorem gives

. log |x —
lim Mh(y)dyz/ h(y)dy.
Br

|00 /g, log |x|

Based on the calculations in (4.6), we find the following estimate for sufficiently large
Ed

log |z — y| ‘
081 =Yl (y)dy| < (|7 e
/R?\BR 10g|m| ( ) H H (B*\Br)

C

+
oz 7] (llos + bl + 1Al pegezys,)) -

Thus, taking the || — oo limit and then the R — oo limit, we obtain the desired
result (4.4). According to the classical theory, we readily confirm that G, is a weak
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solution of the Poisson equation, for example, see [71]. Next, we rewrite G}, in the
polar coordinates,

1 -
Ghr(r,0) = ~5- g (log \/(r cos® —yp)2 + (rsinf — y2)2> h(y)dy.

Then, for a radial function h, we have

1 00 27 — — R
Ghr(r,0) = ~5r /0 /0 (log \/(r cos ) — 7 cosf)? + (rsinf — 7sin 0)2) Th,.(7)dOdr

1 0 27 — 5
- / / (log \/7"2 + 72— 2rrcos (0 — 9)) Th,.(7)dOdr
™Jo Jo
1 00 27 = ~
- / / <log V72 + 72 — 2rf cos 9) Th,.(7)dOdr.
m™Jo Jo

Thus, Gy, is independent of 6 and represented by

1
) = Goa(r0) =~ [ (1ogJir =433 wyay
R2

Its derivative is given by

1 r—y
ha(r) = — s h(y)dy,

21 Jre (1 —y1)* + 3
and we easily find that G}, is uniformly bounded and Gj,,(0) = 0 based on the
calculation in Lemma 4.7. Flnally, we see the asymptotic behavior of Gy, Note
that

1 1 —yi(r — 1) + v
G = —— h(y)d h(y)dy.
G r) = == [y + - [ A )y

Then, setting @, = (r,0), we obtain

—y(r—uy1) +v3 ‘ / Y|
h(y)dy| < h(y)ldy — 0,
/R? (r—w)?+y3 ) R2 |$r—y|| W)

as r — oo in the same way as the proof in Lemma 4.9. Hence, we obtain (4.5) and
complete the proof. O

Remark 4.13. Under the condition of Theorem 4.3, it follows from Lemma 4.12
that G = G * h® is radial, namely G°(x) = G%(|x|) and
! 1 [~ 1
lim rdG’" (r)=—— kh,(k)dk = ——. (4.7)

r—oo  dr 2 Jo 27
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Note that the relation,

Then, we find

K¢(x) = V*Gi(|z|) = K(x)G <%) , G(r)= —27r7"dGr (r).

Moreover, owing to (4.7) and dG = (0) = 0, we have
G(0) =0, TILHOIO G(r)=
Hence, if  # 0, then K*°(x) converges pointwise to K (x).

Proposition 4.14. Let h € L'(R?) be a radial function that satisfies x5 h € L™ (R?),
ae[0,1), x{h e L'R?*) N L>(R?) and [;° kh,(k)dk = 1. Then, we have

9
[ K" (@) - K(z)|de < o—|[xihll

R2

Proof. We first note that h € L'(R?) and x{h € LY(R?) yields x1h € L'(R?). We

have
/RQ |Ke<a:>—K(w)\da;:/IRz 5 K(a:—y)Qﬂlgzh(g) dy — K(z)| dz
:’f/ % K(x —y)h(y)dy — K(z)| dz

277 ‘VL (Gn(x) + log |)| dex.

Owing to Lemma 4.12, G}, is a radial function, namely Gp(x) = G, (|x|). Then, we
find

v (Gaf) + loglal) = |< zmm%),

and thus

|K®(z) — K(z)|dx = Azl) + dx
R2

1

Jz|

= 5/ ‘rGﬁw(r) + 1] dr.
0
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Since G}, is a solution to the Poisson equation,

—AGy(z) = _%d% (rGj,(r)) = he(r),

and (4.5) gives rG), .(r) — —1 as 7 — oo, we obtain

1+ 7G),(r) = / kh, (k)dk.

Hence, it follows that

/ rG} . (r) + 1] dr S/ / k|h, (k)| dkdr
0 0 r

_ {r/roomhr(kﬂdk}:o+/Omr2|hr(r)ld7“
:/Ooor2|hr(r)|dr

1
= —||x1h|| -
Il

Here, we have used the fact that h € L'(R?) and x;h € L'(R?) yield

[7‘ /TOO k| (K) dk]:o —0.

The proof of the proposition is now complete. O]

4.3 Global solvability in the space of Radon measure

We prove Theorem 4.1 by a classical iterative method shown in Appendix B. In this
method, a uniform boundedness and a quasi-Lipschitz continuity of the velocity field
play an essential role. Our proof is based on that in [56]. We begin with introducing
a sequence of approximate solutions for n € N, which are given by

(1) = qo(),
u'(x,t) = (Kpxq"") (2, 1),
om"(x,t) = u"(n"(x,1),1),
n"(z,0) =z,
)



As the first step, we prove that n" € C'([0,00);¥) for n € N by induction. For
n =1, it follows from (4.3) and Lemma 4.10 that ||u'||z~ < || K| z=]/qo||sm and

|u' (@) — u!(@)] < sup [Ky(x —y) = Kn(@' —y)|[lgol 1
yeR

< cp |z —a']) |0l pm-

Thus, w! is uniformly bounded on R? x [0, 00), quasi-Lipschitz in space and obviously
continuous in time. Using Lemma B.1, we obtain n' € C'([0,00);¥). For n" ! €
C([0,0);9), considering ||¢"*(¢)||m = ||qo]|m, we readily find that w™ is uniformly
bounded and quasi-Lipschitz in space as well. Regarding the continuity in time, we
have

[u"(x,t) — u"(x,t')| < Sup |Kn(x—n""(y,1) — Kn(x —0"""(y,t)| g0l 1
ycR?

<csup ¢ (0" "y, t) — 0" (y,t)]) llgoll

y€ER2

< csup sup ¢ (|0m" " (y, s)| [t —t']) llgollm
y€ER2 se[t,t']

< csup sup ¢ (‘u”_l(y,s)‘ It — t'|) g0 A1
YER? s€lt,t']

Since " is uniformly bounded, a uniform continuity in time holds. Hence, it follows
from Lemma B.1 that ™ € C'([0,00);¥9).

Next, we show the existence of a limit flow 77 € C'([0,00);%). The sequence
{n"},.en is Cauchy in C([0,7);%) for some T' > 0. Indeed, for n > N, we have

" (" () — " (0" ()|

< | (0" (@) =™ () = Ko (" (@) = 0™ ()| o)y
+ /. Ky (0" M=) —n" ' (y) — Kin (0" () — 0" (y)) | lao(w)|dy

< cllgollmge (|n"(x) — 0" (2)]) + C/

¢ (Jn" " (v) = 0" *W)]) loo(w)ldy

< cllqollmep ( sup sup |n"(x) — n"‘l(m)\) :

n>N—1zcR?

in which we drop the explicit time dependence. Defining

pM (1) = sup sup |n"(z, 1) — 0" (=, 1)),
n>N xcR2
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we obtain

t
PO < sup sup [ (7' (@,9)5) < (" es). ) ds
0

n>N xcR2

< clollm / o (M \(s)) ds.

As shown in Lemma B.1, this implies p¥ — 0 uniformly on [0,7] as N — +oco
for sufficiently small 7. Since T' depends only on ||q||r, the convergence holds for
arbitrary times and thus the limit flow i € C([0,00);¥) exits.

In turn, we see the convergence of the vorticity and the velocity. Let us define g
and uw by

g(wv t) =40 (ﬁ(wv _t>) ) E(CE, t) = Kh(w - y)ﬁ(ya t>dy' (49)
]RQ
Then, we find that ¢" — g weakly in M(R?) and w" — @ in C(R?). Note that both
converge uniformly on any finite time interval. Indeed, for any ¢ € C3(R?), it follows
that

| @@ ~ate.0) viayie

< [ (@)l 6 6" ) = o (e )| do

S ||qO||M||V¢||L°° sup |77n<937t) - ﬁ(m7t)| )

rER2

and

w2, 1) —u(@, )] < cllgollmp (sup " (y, 1) — ﬁ(y,t)!> :

yER?

Hence, the convergence of ™ and the density argument yield the above assertions.
Finally, we show that (1, ¢, @) is the solution to (3.2). Consider the integral form
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of (3.2),

) —a— [ w9
[t —a - [(ame.s) >ds—( @) [ e o)
< o) = w01+ [ (o))~ o o)) ds

[ e s).) —a (n(es). ) ds

< sup " (@, t) — 7@, )] + cllao]l / (sup}n s)—ﬁ(y,sﬂ)ds

xcR?

+ cllaollu / (s o (z.5) ~ )] ) .

xcR?

Then, the right side converges zero uniformly in space as n — +oo. Since w (7(x, ), t)
is continuous in time, 7 satisfies (3.2) and 0,7 is continuous in time. Considering the
time reversibility of (3.2), we find that the solutions are extended to negative times.
Moreover, we can see that the solutions q and w satisty

/ (O + . - V) qdaedt = 0,
R JR2

for any ¢ € C5°(R x R?). The uniqueness of the solutions can be proven based on
the same estimates in the existence part.
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4.4 Convergence to the Euler equations
4.4.1 Proof of Theorem 4.3

In this section, we prove Theorem 4.3. The proof proceeds in the same way as [50].
We estimate the difference of the flow maps.

In°(z,t) — n(x, t)] </ s (n $) —u(n(e, s),5)| ds
//R2 (K (" (2, 5) = m°(y, 5)) — K (n°(2,5) = 0°(y, 5))| |wo(y)| dyds
/o [ K (0 (@,5) =17y, ) = K (n(2, ) =07 (y,5))| Lo ()| dyds
! / [ K (0. 5) = m°(y.5) = K (0. ) = n(y. )] ()] dyds

t
E/ J1+J2+J3d8.
0

As for Jp, it follows from Lemma 4.14 that

c 9
J1 < HonLw/ (K (y) — K(y)| dy < o—llwollz=[Ixahl] 12
R2 m

The other two terms are estimated by using Lemma A.1 and Lemma A.2 respectively.
We find

T~ [ 1K (0 (@,9) —9) = K (n(z,9) = )l a(.5) dy

< (In° (@, 5) — n(, 5)]) (wollLr + llwollze) ,

and
Jy = /R2 (K (n(z,s) —n° (n""(y,5),5)) — K (n(z,s) —y)| lw(y, s)| dy
< ¢ sup o (In°(x, s) — n(z, s)]) ([woll o1 + [lwol|ze=) -

Combining above estimates and setting p(t) = supgcpe |n°(,t) — n(x, t)|, we obtain

¢
) < [ o lols)]ds
0
Thus, Lemma B.3 yields p(t) < ¢(T)e® " for t € [0,T]. The proof is now complete.
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4.4.2 Proof of Corollary 4.6

In order to prove Corollary 4.6, we show the following lemma [56].

Lemma 4.15. Let {¢"}nen © M(R?) be a sequence of measures. Suppose that
{q"}nen decays uniformly at infinity and converges weakly to zero in M(R?). Then,
for any ¥ € Co(R?), we have

lim sup | ¥ (x —y)q"(y)dy = 0.

n=00 pcR2 JR2

Proof. We first remark that {¢"},en is uniformly bounded in M(R?) and set M =
sup,en |l¢"|m- Since {¢"}nen decays uniformly, for any € > 0, there exists R > 0

such that
€

sup/ q"(y)|ldy < .
P fensa T N < Gl

Let R > 0 be sufficiently large enough so that |¢(x)| < 5¢/(6M) for |x| > R.
Since 1 is uniformly continuous on compact sets, there exists 6 > 0 such that
[(x) — Y(x')| < e/(3M) for any @, ' € Bsg with | — «| < J. Here, we cover the
ball Bor with a finite number of balls whose radii are §, and denote the centers of
balls by «;, ¢ € I. Then, taking sufficiently large N € N, we have

19
<§,

max
el

. Yz —y)q" (y)dy

for any n > N. Hence, for any |z| < 2R, there exists a index i € I such that
|z — @;] < and

y Y(x — y)q”(y)dy’ < g V(- y) —Y(xi —y)|¢"(y)| dy + ‘/RQ Y(x; — y)fJ"(y)dyl

< 16"l st [0t )~ Dt~ ) 20l [ o)y

yEBR
+max | [ ¥(x; —y)q"(y)dy
el R2
13 13 g
< —M+2 o—— 4 =
Wi 1)1 ool '3
= E.
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On the other hand, if || > 2R, then

oo~ y)a" )iy < [l [
RQ BR
5e €
< —M + 00—
6M HwHL 6H¢HL°°

= ¢&.

1"()|dy + ]|~ / 14" () |dy

R2\Bgr

This completes the proof. ]

Finally, we show that the Euler-Poincaré flow map is continuous with the initial
vorticity in M(R?), whose proof is also based on [76]. The proof of Theorem 4.3 and
Lemma 4.16 imply Corollary 4.6.

Lemma 4.16. Suppose that qo € L'(R?) is approzimated by a sequence of measures
in M(R?) with ¢f — qo weakly in M(R?) and ||¢%llm — |lqollzr- Then, for any
T >0 and e > 0, we have

lim sup sup [n™°(x,t) — n°(x,t)] =0,

=00 ¢€[0,T] xR

where M™° denotes the flow map in the Fuler-Poincaré flows with the parameter
and the initial vorticity qg .

Proof. Based on the calculation in the proof of Theorem 4.3, we have
|,r’n,a(w, t) - T’E(wa t)‘

< / K* (1 (,5) — 1°(y, 9)) (@ (%) — ao(w)) dy | ds

R2

+ /0 |K* (n°(x,s) —n°(y,s)) — K° (n°(x,s) —n"(y,5))| e (y)| dyds

RQ
t
R ) - (. 9) - K (e, - () ai )] dyds
0 R
t ~ ~ ~
= / Jl + JQ + J3d8
0

Since the convergence ||gf|lm — [/ol|z: implies the uniform decay of the sequence
{q0 — qo}nen, we find from Lemma 4.15 that

sup Ji; = sup
zER? xER?

K*(z—y) (¢ (n°(y,—s)) — @(n(y,—s))) dy|,

RQ
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converges to zero in the n — oo limit. Regarding J, and jg,, it follows from
Lemma 4.10 that

J2 < llggllae sup sup [K* (@ —n°(y, s)) — K (. — 1" (y, 5))]

zeR?2 yeR?2
n°(y,s) —n™*(y, 8)\)
6 b

C n
< —|lgollam sup @
19 yER?2

and

Js < g||qO||M sup ¢

xcR2 €

(\na(az s) —n"(z, S)I)
Summing up these estimates, we obtain

) < c/ot [5(71) + ég& (@)] ds.

where p(t) = supgepe [1™°(x,t) —n°(x,t)| and 6(n) — 0 as n — oo. Hence,
Lemma B.3 yields the desired result.

O
5 Point vortex problem
5.1 The Euler-Poincaré point vortex system
Let us recall the parametrized Euler-Poincaré equations in the vorticity form,
Oq+ (u®-V)g=0, u® = K° xq, K =K xh°, (5.1)
and the Lagrangian flow map induced by the regularized velocity,
om°(xz,t) = u® (n°(x,t),1), n°(x,0) = x. (5.2)

From now on, we consider the parametrized smoothing function h® given by

() = 5h ("f’;—|) ,

and h(r) is a radial function for r > 0, which satisfies the assumptions in Theorem 4.1
and

/RZ h(|z|)dz = 21 /OOO rh(r)dr = 1. (5.3)
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Suppose that the initial vorticity field in the Euler-Poincaré flows is represented by
a set of d-distributions,

wl@) =3 o — o), (5.4)

where % = (22,4°%) € R? for n = 1,...,N are the pointwise support of the d-

distributions and T', € R denotes the strength of the point vortex located at 0.
According to Theorem 4.1, there exists a unique global weak solution to (5.1) with
the initial data (5.4) and we have the following theorem.

Theorem 5.1. The solution to (5.1) with the initial data 5.4 is expressed by

a(@,t) =Y Tud(@ —n°(@),1)).

Moreover, the point vortices in the Fuler-Poincaré flow never collapse.

Proof. Note that we know from Theorem 4.1 that global existence of a unique solution
to (5.2). Then, it follows that

a(@, 1) = qo(n"(z, 1)) = Y _Tud(n (2, ~t) — ;).

If n°(x, —t) = x° then & = n°(x, ) else © # n°(x,¢). This implies

5("75(1’" _t) - wg) = 5((E - 775(1”27 t))

Moreover, it follows from the uniqueness of the flow map that n°(x? ,t) # n°(x?,t)
for m # n and an arbitrary t € R. Thus, there is no collapse. O

For simplicity, we introduce the notation of e-point vortices ¢ (t) = n°(x2,t).
Then, owing to Theorem 5.1, the equations (5.2) with the initial vorticity (5.4) are
rewritten by

Can) = @i, = [ K@) -y )y

=3 T [ Ko (@ (1) — y)d(y — @5, (1))dy

_ Z LK (25 () — x5, (t))



Hence, considering Remark 4.13 and using the notations there, we obtain the Euler-
Poincaré point vortex (PV) system,

_t e QWZF (@, _“; m)" g(i ) n=1,.. N, (5.5)

where £, (t) = |z5(t) — ¢, (t)] and x£(0) = x°. Note that the Euler-Poincaré
PV system (5.5) has a global solution that yields a global weak solution of the 2D
Euler-Poincaré equations. In our strategy to construct the enstrophy dissipating
solution, we try to observe the enstrophy dissipation in incompressible and inviscid
non-smooth flows by taking the e — 0 limit of a global solution of (5.5). Before that,
let us investigate the detail of the Fuler-Poincaré PV system.

The Euler-Poincaré PV system (5.5) is a Hamiltonian dynamical system, that is
to say, (5.5) is equivalent to

dvs QA+ dye  0HF
-7 —_— n=1,.

n ) n Y N
dt oys, dt oxt,

*) Y

with its Hamiltonian,

1 N N IE
A= 3 Y T gl (). (5:6)

n=1m=n+1

where Hy(r) = —logr — 2rGL(r) and G(|z|) = G*(x) = (G * h¥)(x), see (4.8) in
Remark 4.13. The system (5.5) has four conserved quantities (¢, Q°, P¢, I¥) with

N N
Q +iP =) "z, =) T4
n=1 n=1

in which z5(t) = 25(t) + @5 (t) € C. Defining the Poisson bracket between two
functions f and g by

1 /0f 99 Of dg
Wek= Z (3% Oy Oyn axn) ’
we find
{‘%ﬂev Ia} =0, {%57 (Pa)Q + (Qa)Q} =0, {(Pg)g + (Qa)Qa [a} =0.
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Thus, the Euler-Poincaré PV system (5.5) with N = 3 is integrable. We remark that
it is also integrable For N = 4 when [' = Zi:;l I',, = 0, since, in addition to above
quantities, we have

{Q°, P}y =T, {Q°, I} =2P°, {P° I} =—-2Q".
In the case N = 4 with I' # 0 or N > 5, the system is no longer integrable and
the dynamics of e-point vortices could be chaotic. This is one of the reasons why
we consider three point vortex problem in the next part to construct the enstrophy

dissipating weak solution.

It is useful to consider the evolution of the distance [7,,

i g;]"%mfFTg(@Q‘wéng%”

for N > 3, where A,,, denotes the signed area of the triangle formed by the three
e-point vortices. Its sign is positive if the indices n, m, [ at the vertices of the
triangle appear counterclockwise and negative if they do clockwise. Its area |A, .
is expressed by

Al = 7 2 (U + G+ (eelin)?) = (Fo)* = () = G5)']

There are two coordinate independent conserved quantities, the Hamiltonian .72¢
and

which is governed by

= 3 DL, = 2TF — () — (P7)2).

n#m

5.2 Variations of the enstrophy and energy

We are concerned with the variations of the enstrophy 2°¢(¢) and the energy E*(t)
that vary along with the Euler-Poincaré PV system. They can be derived based on
the Novikov’ method as [55, 58]. Since the vorticity field generated by N e-point
vortices at «% (t) for n = 1,...,N is represented by

= 3 T — a5 (1)),

its Fourier transform is given by

1 N
)= — S°T, ¢ ikah)

34



which yields

Gk, t)] [Z 2+ 22 Z T,[, cos (k- (5 (t) — w;(t)))]
n=1 m=n-+1
Recalling the relation w® = h® % ¢, we have WF = 27hE ¢ and thus

] [ZF2+2Z S DLy cos (k- (@5(t) — a:fn(t)))].

n=1 m=n+1

1
472

| (K, )| =

Then, we obtain the total enstrophy for the regularized vorticity,

1/ |w€(m,t)|2dm:1/ Pk, 1)) dk
2 RZ
/ / ‘wf r,0,t) ‘ dOdr

—/ o ‘wg T, t)‘ Ydr

0

in which r = |k| and (f) = %f_ﬂﬂ f(0)dh. Here, we define the enstrophy density
spectrum Z5 by

5 - 2
Zn(r,t) = 7rr<‘w (, t)| ).
and note that A is radial. Then, it follows that

r)2 ZF2+QZ Z . / COS(”fLmCOS‘g)dHI

’r‘ o~
Zirt) = )zms(

n=1 m= n+1

A(T’)Q ZF2+2Z Z Tl do rlfm)],

T 4r

n=1 m=n+1

in which Jy(r) is a Bessel function of the first kind. Thus, the total enstrophy is
given by

\ws(m,m?dm:/ ZE (v 1)
R2 0

1 oo . N | NN 50 s
=4 r‘QﬂhE(r)‘ dr;rmgz 3 rnrm/ r‘QﬂhE(r)‘ Jo (rE, ) dr

n=1 m=n+1 0
L[~ 2 a1 R © 2 e
- /0 7"‘27rh(7“)’ dr;Fn—k 2W€2;m;+1rnrm /0 r’27rh(7“)‘ o (7" : )dr.

35



Here, we have used the relation f/L\E(kt) = /f;(sk) Since the first term in the right-hand
side is constant in time, we define the variation of the enstrophy by the second term,

namely
2 3
Jo (r@) dr. (5.7)

Next, we define the variation of the energy of the Euler-Poincaré PV system in the
sense of Novikov. The total energy for the regularized velocity is given by

()| dar = /mm}{ﬁ(r, O dr = /Oo = (. t)dr,

2]R2 0 0

h(r)

27?522 Z Lulm /

n=1 m=n+1

where EY is the energy density spectrum. Since we have |ﬁ(k, t) ‘2 = |k|? |ﬂ\5(k:, t) ’2,
it follows that

By (r,t) = mr([wd(r,0)]*) = Z (@ (r )|

:4_; 2 (r ‘ [ZF2+2Z > Tlwdo rlam)].

n=1 m=n+1
Hence, the total energy cutting off a larger scale than 1 < L < oo is expressed by

e 1 & 1
/ EX(r t)dr = — ZF2
L

-1 4 eL-1 T

ZZFF/ Yoxhir)

1T
n=1 m=n+1 L=

27Th

2 I
Jo (rm) dr.  (5.8)

€

Regarding the second term, we find

> ([ E, <1 [k,
’27rh Jo [rim ) dr = 2y dr
eL—1 T £ eL—1 T e
ZE
+/ (‘%h ’—1)J0( )dr,
L1 T £

and the following approximate formula for a sufficiently large L.

1 ([ > r 5
la
-5 (%)
B8

L
~ —logl;,, +log Te,
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in which f is the Euler’s constant. Thus, taking the L — oo limit in the non-constant
part of the total energy (5.8), we obtain the variations of the energy.

B0 =15 S 1o [t L e ) g (@)
(t)——%;m;rl wLm |log s, (1) + - —‘7'('(7”) o (r ) dry

(5.9)
Note that the integrand in (5.9) has no singularity since it follows from (5.3) that
27h(0) = 1.

Part 111
Enstrophy dissipation and triple
collapse of point vortices

6 Review of the point vortex system

6.1 The point vortex system and its self-similar solutions

For later use, let us recall the point vortex (PV) problem, which is expressed by

N
d 1 (wn - wm)L 0
awn = —% E le2—, wn(O) =,, n = 1, ...,N, (61)

m#n

where 1, (t) = |z, (t) — ., (t)| is the distance between mth and nth point vortices.
The PV system can be derived formally from the 2D Fuler equations when the initial
vorticity is given by point vortices. Hence, solutions of the PV system are not those
of the 2D Euler equations in general, and this fact is a notable difference from the
case of the Euler-Poincaré equations. The PV system is a Hamiltonian dynamical
system with its Hamiltonian,

1 N N
%U:—%Z > Tl log L.

n=1 m=n+1

Defining the quantities (P, @, ) in the same manner as (P, Q% [¢) in the Euler-
Poincaré PV system, we similarly find that (7, P, @, I) are conserved along with
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the evolution of (6.1). We now consider self-similar solutions in the PV system based
on the argument in [38, 54]. The definition of self-similar evolutions of point vortices
are given as follows.

Definition 6.1. Let z,(t) = x,(t) + iy, (t) be a complex notation for the solution of
(6.1). The evolution of point vortices is called self-similarly if we have z,(t) = A\, f(t)
forn =1,..N, where \, € C are scale factors and f(t) = r(t)e?®® is a function of
time.

Consider the point vortex system with the complex variables,

d ? |
—zn:%z n=1,.., N,

* k)
dt — =2

where 2 denotes the complex conjugate of z,. Assume that the point vortices evolve
self-similarly. Then, we have

. N
df 1 | .
A—f"=— _—
dt 277%1/\;—)%

which is equivalent to the following system.

d
—ff*:C':A—i—iB, (6.2)
dt
. N
? r
AC = — — 6.3
2w n; Af = Ax (6.3)
In order to solve (6.2), we substitute f(t) = r(t)e?® into (6.2). Then, we obtain
1d , i B
——r*=A —0=—
2dt’ ’ - r?

and thus the solutions are
B
r(t) = /2At + r2(0), o(t) = oA log (2At + r%(0)) + 6(0),

for A#0. If A=0, we have r(t) = r(0) and 0(t) = %t + 6(0), which corresponds
to a relative equilibrium rotating with the constant speed. Hence, the point vortices

collapse self-similarly at the origin at the time

_ (0
247
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We note that the collapse occurs at the center of the vorticity z., which is an invariant
quantity, since we have

N i N N FnFm

n=1 m#n

The algebraic system (6.3) is complicated for general N and difficult to solve for the
scaling constants \,. However, some examples of self-similar solutions, especially
self-similar collapsing solutions, are demonstrated in [11, 12] for specific numbers of
N. Moreover, in three point vortex problem, we can obtain self-similar collapsing
solutions with mathematical rigor [38, 51].

6.2 Self-similar collapsing solutions in the three point vortex
system

In the three PV system, the Hamiltonian 7%, is expressed by

1
(F2F5 log l23 + F3F1 log l31 + F1F2 log ll?) . (64)

™

o =

The system describing the evolution of the three distances are given by

d 2 1 1

—12 =T34 _—— =

oo <l%3 lgl) ’

d 2 1 1

—2, ="TA, [ — — — , 6.5
T (l?%l 5%2) (65)

d 2 1 1
—2 =-—-I%A,5 — =
e w (@2 @3)7

where A, denotes the signed area of the triangle formed by the three point vor-
tices. Its sign is positive if the indices 1, 2, 3 at the vertices of the triangle appear
counterclockwise and negative if they do clockwise. Here, |A,,| is expressed by

N

1
[Apol = 7 (2 (Baliy + Byl + Bnliz) — lip — Iy — 11 ]?
and it follows that the distances need to satisfy

lys + I3, + 17, < 2 (@3@1 + 1503 + l%2l§3) . (6.6)
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We remark that the only relative equilibria of (6.5) are collinear states or equilateral
triangles. Here, we focus on the evolution under the following conditions,

1 n 1 n 1

ry Iy T3

M, =T Dol}, + Dol'3l5, + [3T415, = 0. (6.8)

Note that M, is a conserved quantity in the PV system. In view of (6.7), we assume

'y > Ty > 0 > I's without loss of generality. It is well known that (6.7) and (6.8) are

necessary and sufficient conditions for three point vortices to collapse self-similarly
in finite time. Based on [2, 1], we now review this result. We first set

=0, (6.7)

_a(t) _ Das(t) _ lsi(?)
V= la3(t)’ " Lia(t)’ " la(t)’

then, from (6.7) and (6.8), we obtain

I'+1y k(1 +1T)
=4 = =\ 6.9
/<LF1 + FQ "2 /<LF1 + FQ ( )
It is not difficult to see that x is independent of ¢t. Indeed, it follows from (6.4) that

dm A,
INIIRYA

1
pv

and thus we find from (6.7) and (6.9) that

1 . Fl =+ FQ /T H(Fl + Fg) 1/l
Opy  \KDL1+ Ty kI + Ty '
Differentiating this relation with respect to ¢, we obtain «'(1 —1/k) = 0, which
yields k" = 0 or k = 1. The former case shows that s is invariant, and r; and r, are

thus constants owing to (6.9). The latter case corresponds to an equilateral triangle
that is a relative equilibrium. In addition, we have the following lemma.

Lemma 6.2. The ratio k satisfies k— < k < ki, in which k_ and ky are given by

2 2
D Y )+ T+ v/
k;_:<1+2 ‘@), k+:<1+ 2 ‘%>, (6.10)
2

T I'y

and # = T? + T\ Ty + T2, Moreover, k = ky holds if and only if the three point
vortices form collinear configurations.
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Proof. 1t follows from (6.6) that

5 1 1 1
I+r+ <216+ 5k+5 -
1 1 1
Using (6.9), we obtain
[2k2% — 26(20% + 30Ty + 2T3) + I = Tik* — 2k(2% + ' Ty) + 12 <0,
and thus

2% + 11Ty — 2 QM%+FJ@<<H<2@+FJ§+2M%M%+PJQ
g i F2 )

2
F2 2

which is equivalent to k- < k < k. We have k = k. if and only if the equality in
(6.6) holds, which means that three point vortices are on a straight line. O

It is obvious that 0 < k_ < 1 < k. Next, we show the following lemma describing
the range of .77,

Lemma 6.3. Suppose (6.7) and (6.8). If the initial configuration is not relative
equilibria and satisfies r1 > 1 > ro, then we have

r2r? I INAY
Ty (‘” (r—’f) [1” (r‘)] ) <A <0

where Y(x) is defined by
1 1/ T 1/T2
w@):(1+x) <1+x) '

Forrg > 1> ry, we have the same result with k_ being replaced by k. .

Proof. Using (6.7), we can rewrite ., as follows.

F1F2 FQ 2 I_‘1 2
A, = 1 _1 .
L <F1—|—F2 8Tt T, 08"

Note that (6.8) is equivalent to

1
T T, T, +1, 2

41



b b1

Figure 1: Equi-curves of the Hamiltonian ., in the (by, by)-plane, where by = [35/T
and by = 13, /Ty, for (a) ([';,Ty) = (1,1) and (b) (I'1,Ty) = (3,1). The light curves
are equi-curves. The three dark lines from the left correspond to k = k,, kK = 1 and
k = k_, respectively.

Then, it follows from the convexity of log z that .77, < 0. In particular, 77, = 0 if
and only if the point vortices form an equilateral triangle, namely 7, = r, = 1. On
the other hand, it follows from (6.9) that

Ay =

PIPQ[ I logr%—i— L

l 2
dr T+ 15 S ”}
_ F%F% log I +1s 1/ K(F1 + FQ) /T
47T(F1 + Fg) /@'Fl + FQ /{Fl + PQ
212 I INRN
=12 — — .
I+ 1) 8 Y (rf v T,

Since we have k. <k < lforr; > 1 >mrpand 1 < kK < ky for v > 1 > ry, we
achieve the conclusion, owing to (C.1) in Appendix C. ]

Remark 6.4. The relative equilibria are characterized in terms of the value of .77,
Indeed, we have 7, = 0 if only if three point vortices form a equilateral triangle.
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On the other hand, the Hamiltonian satisfies

212 I, INAN
o = Tty 1 T 8 <¢ (1) [ () ) ’

if and only if Kk = k. respectively, namely three point vortices are in a collinear state.

We plot equi-curves of the Hamiltonian .7, in Figure 1. Here, we set by = [3;/T
and by = [2,/T';. Then, conditions (6.7) and (6.8) allow us to rewrite (6.4) as follows.

1 by 1/Ty b 1/T9
— = 6.11
O, (b1+b2> <b1+b2) ’ (6.11)

in which 6, is a constant defined by

epv — F}/Flré/M(_Fg)l/I‘g exp (

Then, equi-curves of .77, is equivalent to (6.11) and thus they can be plotted in the
(b1, by)-plane. As we can see in Figure 1, equi-curves are straight lines and all of
them are connected to the origin. These facts imply that three point vortices evolve
self-similarly and collapse at the finite time. According to [2, 5], we can derive the
explicit formulae for the collapse process. Indeed, owing to the temporal invariance
of r; and 7y, we can rewrite (6.5) as follows.

d , oS _ r2—r? d , oS 1—12 d , oS_ r?—1

Sp o2 S _%2r Sp 22
a2 or ? r2r3 ' or ! ra a3t or ? r?

where § = [2(r2 + %) — (r2 — r2)? — 1]"/? and o is the sign of A,,. Then, using (6.7)
and (6.8), we obtain

llg(t) = \/ UW(tc—t), lgg(t) :Tlx/UW(tc—t), lgl(t) :TQ\/UCU(tC—t),

which are equivalent to

t
Lom () = Lym (0)4 /1 — e
where w and t. are given by
_S.ri-1 _ 155(0)
w= 92 27959 tc -
T orirs ow



Thus, for r; > 1 > ry, three point vortices collapse self-similarly as ¢ — t. — 0 when
xq, T2 and a3 of the triangle appear counterclockwise, namely o > 0. On the other
hand, if &1, x5 and x3 appear clockwise i.e. ¢ < 0, three point vortices expand self-
similarly for ¢ > t.. In other words, they collapse self-similarly as ¢t — t. + 0. As for
ro > 1 > 11, we similarly find the self-similar collapsing and expanding solutions. We
remark that these two self-similar solutions are independent each other and cannot
be connected at t = t. as a solution of the PV system.

7 The a-point vortex system

7.1 The N vortex problem and the enstrophy dissipation

We focus on the Euler-a model. Considering the regularized kernel K¢ in (3.6), we
obtain the a-point vortex (aPV) system instead of (5.5).

d 1 (2 — z2)+ 1>

L= =N, e " T) g () N 7.1

= o 2 T g P (). » Ty
where 12, (t) = |z5(t) — x5, (t)] and %(0) = x0. In this system, the Hamiltonian

(5.6) is expressed by,
L NN jo
= — L (loglo + Ko (| — )| -
7 QW;mzzm»l |:Og nm+ 0<a>:|

According to [58], the variations of the enstrophy and the energy in the aPV system
have a explicit formulae, which is a remarkable feature of the aPV system. Indeed,
since smoothing function h is given by

h(r) = 5-Kolr),

and it is a fundamental solution to the Helmholtz operator 1 — A, we find

~ 1
2rh(k) = ——.
) = TP
Then, the integral in (5.7) is calculated by the formula for Bessel functions [65].

& r [ 1« [
T tnm \ gy — 2 lom Inm 9
[ () =gt (%) (2)
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and thus the variation of the enstrophy is given by

= > > g (Bl

n=1 m=n+1

As for the variation of energy, we have

1 2 Ie,.(t) * Ie,.(t)
1= |rh(r D) iy = nml® ) g
I O e R e e A e e
> r Iz, (t)
- nm d .
o e ()
Using (7.2) and the following formula [65],

<y [« &
_ nm ) e — K[ om
[ (o= ().

we obtain the explicit formula for the variation of the energy,

N N « « (e
>0 S b gty 4 iy () o B, (T ]
m 2av

(6]
n=1 m=n+1

We remark that 274, 2 and E* have the following relation.

A = B 4 a2

Let us discuss the enstrophy dissipation with the N-vortex problem in the aPV
system. Since the Hamiltonian system (7.1) is not integrable for N > 4, it is not
easy to analyze the dynamics of solutions to the N-vortex problem and show the
enstrophy dissipation with mathematical rigor. However, a necessary condition for

the enstrophy dissipation in the a — 0 limit was obtained in [29].

Theorem 7.1. Suppose that there exist functions Cypy,(t) > 0 for m # n, which are

defined on the interval I, such that

lim sup |12, (£) = Coun ()] = 0,

a%(]t I

for any m # n. Then, we have

lim sup |Ea(t) - t;g;w| = 07 lim sup |'ga(t)| = 07

a—0 41 a—0 yeg

where 2, denotes the Hamiltonian of the PV system.
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Proof. 1t follows from (7.3) that
|B® — | < | = A + a? |27 (7.4)
Since 7, and S are invariant in time, we find

N N

A= =53 3 Tulloglal — ot

n=1 m=n+1

and

Hence, we obtain

1 L & |29 — 20 |
< 13 S5 e (22)

(0]
n=1 m=n+1

On the other hand, we also have

N N
1 o () (12 (b)
2 al < nm nm )
o’ |2 < yym E E T - K, < -

n=1 m=n+1

Since the assumption implies I2, /o — o0 as @ — 0 and Ky, K; decay exponentially,
we conclude that (7.4) converges to zero. The convergence of the variation of the
enstrophy follows from the same argument. ]

This theorem indicates that the evolution of a-point vortices is equivalent to
that of point vortices with the Hamiltonian .77, in the oo — 0 limit as long as their
distances [, converge to non-vanishing functions uniformly in time. Furthermore,
there is no enstrophy variation in the same time interval I. In other words, taking
its contraposition, we have the following corollary on the necessary condition for the
enstrophy variation.

Corollary 7.2. Suppose that Z*(t.) # 0 at time t. in the o — 0 limit. Then, there
exists m # n such that IS, (t.) = 0 as o — 0.
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We recall that the a-point vortices never collapse in a finite time as shown in
Theorem 5.1, that is, {,,(t) # 0 for a # 0 and all ¢ € R. However, the distance [,
could vanish at a certain time in the o — 0 limit and, according to Corollary 7.2,
the enstrophy variation might occur at that time. It is straightforward to check
that the enstrophy variation never occurs for the evolution of two a-point vortices.
Indeed, since we find dI$y/dt = 0, it follows that [$5(t) = |29 — x| = 112(0) for all
t € R and thus lim, [, (t) = l12(0) # 0. Hence, in order to observe the enstrophy
dissipation in the a — 0 limit of the evolution of a-point vortices, we need to
consider the aPV system (7.1) with N > 3. In the following section, we focus on the
three vortex problem, since (7.1) is integrable with N = 3 and it is suggested with
a help of numerical computations that an enstrophy dissipation could occur under
a certain condition when the three point vortices collapse self-similarly [55]. The
purpose of our study is proving the existence of enstrophy dissipating solutions with
mathematical rigor and making it clear what kind of mechanism gives rise to the
enstrophy dissipation in the o — 0 limit.

7.2 The three vortex problem and general properties

We consider the three a-point vortex problem. The three aPV system (7.1) with
N = 3 is a Hamiltonian system with its Hamiltonian

1
= — > (Fol'3log Iy + T3y log I5) + I'iT'a log 1)

1 (e} (e} (0%
- — [F2F3Ko (2) + I3 Ky <ﬂ) + NI Ky (2)] :
2 « « «

This system is integrable for any strengths and initial configurations. The system
(7.1) is reduced to the following system for the distance [,

%(zgmf = %rkAa [@BK (%) - @BK (%)} , (7.5)

and [2,,(0) = |28 — 20 |, where A% denotes the signed area of the triangle formed by
the three a-point vortices, ¢, % and x§, and its sign is determined by the order of
indices. Note that three a-point vortices must become a collinear configuration to
change the sign of A*. Remember that we have two invariants in terms of [, ¢
and

M® = Tal3(l53)* + Tl (15)* + Tila(If)*.
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We are concerned with the variations of the enstrophy 2°*(¢) and the energy E“(t)
which are given by

1 15 1 ¢ ¢ Iy I
) = [F2F3§K1 (%) FgFlﬂKl (%) +F1F2§K1 (2)} 7

4 oe? o

and E%(t) = A — o> 2(t). Note that 2°*(t) is a part of the enstrophy, defined
from the a-vorticity, that varies along with the evolution of the three o point vortices.
Here, in order to take the v — 0 limit, we introduce the following scaled variables,

1 1
X,(t) = Eazg(a% + 1), Ly (t) = al;’fm(oﬂt + ). (7.6)

for n = 1, 2, 3 and m # n, where t* € R is a constant determined later. Then, the
governing equation for X, (t) is described by

d :_ir (X X m)” K = ) B (L), Xn(O):x’%O(f*). (7.7)
m#n

Since (7.7) is equivalent to (7.1) with N = 3 and « = 1, the equation (7.7) is also a
Hamiltonian dynamical system with its Hamiltonian,

1

H =" = —5- [DoTshg (L3s) + TsTiho (L3;) + Tilaho (L3,)] - (7.8)

where ho(x) = log+/x + Ky (y/z). The evolution of (Lyg, Log, L31) is explicitly de-
scribed by

dtLi? I'3A L—QBK (Las) L_?HBK (Ls1) |,
| L33 i
d (1 1 1
%ng =—-I"4A L_:%1BK (Ls1) L2, Bi (L) |, (7.9)
d 2 1 1 7
_L2 FQA —— By (le) Bk (L23> )
dt % | LY L3, i

where A = A! is the signed area of the triangle formed by the three a-point vortices,
and its sign is defined in a same manner to the three PV system. Then, Heron’s
formula yields

1
A2 = r(r — Lig)(r — Los)(r — Ls1), 7= §(L12 + Los + L31). (7.10)
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Hence, we obtain

N|=

1
Al = 1 2 (L3, Loy + L33L3, + L3, L) — LYy — Loy — Ly |,
and the triangle inequality;
Loy + Ly + L1y < 2 (L3315 + L5 Ly + LipLis) (7.11)

in which the equality holds if and only if the three a-point vortices form a collinear
configuration. We note that the solutions of (7.1) and (7.5) are recovered from those
of the scaled systems (7.7) and (7.9) via

t—t* t—t*
w%(t) = O{Xn (7) s l;?:m(t) = CYan ( o2 ) . (712)

Moreover, in terms of the scaled variables, E*(t) and 2°(t) are simply described by

E°(t) = A + Hye (t - t*> o) = — Ly <t - t*) | (7.13)

o2
when Hg(7) is defined by

1
Hg (1) = 1 [Dol'3Log Ky (Log) + sy Ly Ky (Lsy) + I TaL1o Ky (Ly2)]

4r
The energy dissipation rate & is obtained by differentiating E*(t),
. 1 (t—t
‘@E(t> = ?F (7) )

in which the function F'(7) is defined by

1 dL2
F = — |[LI 23
(7') S 2l

dL3, dL?,
. Ko (Lag) + I'sI'y e Ko (L3y) + 4Ty I

Ko (Lip)| . (7.14)

Hence, in order to see the energy and the enstrophy variations together with the
evolution of a-point vortices, we need to figure out the behavior of L,,,(t) precisely.
As we see in Corollary 3.2 of [29], a necessary condition of the enstrophy dissipation
at time t* is {2, (t*) — 0 as @ — 0. This implies the existence of a singular collapse
of the aPV system in the o — 0 limit, which infers that the limit is related to the
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self-similar collapse in the PV system. Thus, we consider the motion of three a-point
vortices under the same condition as (6.7);

We also assume that I'; > 'y > 0 > I's without loss of generality. Then, it is easy
to check that (7.15) yields s#* = .. We note that

M = M" =T,03L5; + T3 L3, + [ T9 L3, (7.16)

is invariant and it plays an important role in classifying the dynamics of the three
a-point vortices. Let us remark that, for arbitrary solutions (7.7), we have M® =
a*M — 0 as a — 0 owing to (7.6).

We first investigate relative equilibria in the aPV system. Then, the distance
Ly (t) is bounded, which means that the enstrophy dissipation does not occur.
Hence, we need to avoid such configurations in order to construct an enstrophy
dissipating solution.

Proposition 7.3. The relative equilibria of (7.9) are equilateral triangles, namely
Loz = L3y = Lio, or collinear configurations, that is A =0 and dA/dt = 0.

Proof. If the system is in a relative equilibrium, we have 4L}, = £12, = 412 = 0.
Then, considering (7.9), we obtain either A =0 or

— By (Ly1) = — B (L1s) . (7.17)

The former case corresponds to a collinear configuration. Obviously, the a-point
vortices need to satisfy dA/dt = 0 to form a relative equilibrium. The latter case
implies Log = L3; = L9, namely the a-point vortices form an equilateral triangle.
Indeed, since (7.17) is rewritten by

hi (Lys) = hi (L3,) = hi (L),

where hy(x) = Bk (v/z) /x is monotone decreasing, as we see (C.6) in Appendix C,
it follows that L23 = L31 = L12. ]

Remark 7.4. For later use, differentiating (7.10), we derive the evolution equation
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of A,

dA 1 1 (1 1
S = I3 I 5 B (Lat) — 5B (L
dt 47r[ 1L23{L§1 (L) L, x 12)}}

X [(r = Lag)(r = La)(r = Liz) +7 3 (r = Lar)(r = L)

1

r 1 1
— % FlL—23 {L_ngK <L31) — L_%ZBK (ng)} (T’ — Lgl)(r — L12)7 (718)

in which ) denotes the summation over cyclic permutations of indices, for example
> Ly = Lyg + Log + L3;. We need to solve dA/dt = 0 and A = 0 simultaneously to
obtain collinear equilibria.

8 Enstrophy dissipation in the three point vortex
problem

8.1 Statements of theorems

According to the numerical studies of [58], there exist some singular solutions that
dissipate the enstrophy at the event of the triple collapse in the a — 0 limit for
sufficiently small M > 0. However, it is unclear whether or not the enstrophy
variation is always dissipative and the condition M > 0 is an essential restriction for
the dissipation. We prove the existence of the enstrophy dissipating solution without
any restriction on M. This indicates that the anomalous enstrophy dissipation is
generically observed for a wide range of initial configurations of the three a-point
vortices. The first theorem on the enstrophy dissipation is stated as follows.

Theorem 8.1. Suppose (7.15) and the constant €. satisfies

s I, T\
m log (¢ (F—2k’0) [¢ (E)] ) < I, <0, (8.1)

where kg is defined by

Y (%k0> = min {w (%k) L <£—;k+) } .

We also assume that, for any initial configuration with €% = J., the corresponding
orbit does not converge to relative equilibria as either of t — H+o00. Then, there exists
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a constant t* such that [, (t*) = 0 as o« — 0 and

lim % = —zy0(- — t¥), ili% 9y =0,

a—0

in the sense of distributions, where

20 = / Hk(s)ds > 0.

Remark 8.2. In this theorem, we assume that the solutions do not converge to
relative equilibria as t — 4o0o. But, this assumption is not essential. As a matter
of fact, it is always satisfied when M < 0. As for M > 0, these solutions exist at
most for two values of the Hamiltonian in the range of (8.1) with M > 0, which is
not generic.

Remark 8.3. Formally, the proof of Theorem 8.1 is straightforward; For any com-
pactly supported smooth function ¢(7), it follows from (7.13) that

<1 t—t*
<°@m,¢>:—/mﬁf‘b{< o2 ) / Hy(T)p(aT + t*)dr

Lot / " Hi(r)dr = —20(t°),

and

(22, 6) = /OO 1r (t - t*) o(1)dt — /_OO F(r)é(ar + 7)dr

2 2
—0 & o o)

= 0(t) [ Pl = ofe") Hi(r)], =0
as & — 0. Here, we use the relation F(7) = £Hy(r). In order to make above
argument mathematically rigorous, we have to show that both Hg(7) and F(7) are
well-defined and integrable for 7 € R. Owing to the definitions of these functions, it
is sufficient to show that L, (t) — 400 as t — Fo00, since Ky(z) and K;(z) decay
exponentially. More precisely, we show that the ratios Los/Lia, L31/L12 converge
to positive constants in the t — +oo limit and thus the equations (7.9) imply that
the rate of divergence of L, (t) is estimated as O(t'/?). Also, we need to choose
t* to satisfy 12, (t*) — 0 as @ — 0 so that t* becomes the point support of the
limit distribution of 2°* [29]. There also needs to be shown that zy is positive. In
Section 8.2, we divide the proof into three cases, M = 0, M < 0 and M > 0, since
the dynamics of the three a-point vortices depends on the sign of M.
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Regarding the @ — 0 limit of %, (f) in (7.12), we prove that it converges to
a singular evolution connecting the self-similar collapsing and expanding solutions
obtained in the PV system in Section 6.2, which is stated as follows.

Theorem 8.4. Under the same assumptions of Theorem 8.1, the three a-point vor-
tices with J¢. converge to the self-similar collapsing solution for t < t* and the ex-
panding solution for t > t* with the same value of the Hamiltonian, i.e. &, = I,
in the three PV system, as o — 0.

Remark 8.5. As we see in the proof of Section 8.3, the three a-point vortices
converge uniformly on any compact interval in R\{¢*}, since the limit function cannot
be defined at t = t*.

Remark 8.6. Since the aPV system is a Hamiltonian dynamical system, which is
conservative and time-reversible, the solutions are symmetric with respect to time re-
versal. Nevertheless, Theorem 8.1 indicates that the enstrophy variation is invariably
dissipative at t = t*, since we have

t
/ Fo(r)dr — —H(E — 1),

as @ — 0 in the sense of distributions, where H denotes the Heaviside function.
Consequently, this limit self-similar collapsing solution manifests an emergence of
the irreversibility of time in this conservative dynamical system.

As we mention in Remark 8.3, the divergence of L,,,(t) is essential for the en-
strophy dissipation. As a matter of fact, we show that (7.15) is also a necessary
condition.

Theorem 8.7. Suppose Ly, (t) — 400 ast — +oo for n # m. Then we have
(7.15).

Proof. Suppose
1 1 1

Tt E T kA
Then, we may assume that I'y > I';, > I's and h > 0 without loss of general-
ity. We first show 0 < lim, . Lo3/Lis < limy 4o Lo3/Lys < +00. Assume that
limy 400 Lo/ L1 = +00. Then, it follows from Loz < Ls; + Lo and Ls; < Las + Ly
that limy 4o L31/Le3 = 1. Dividing (7.16) by L3, and taking the limit, we ob-
tain T'yl's + s’y = 0. This contradicts (7.15) and we have limy_io Los/Lis <
+00. Similarly, it follows that lim;_4e L12 /Lss < +oo and thus we obtain 0 <
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lim, ., Los/Lis. Asfor L3y /Lqs, we find the same result in the same way as Loz /L.
Next, using (7.8) and (7.16), we find

BT
- _-12ls

1 1 1
log H(t) + —Kg (ng) + —K() (L31> + _KO (ng) s
Iy Iy I'3

where H(t) is defined by

o= (23) " (225)

Since Ko(Lpm(t)) — 0 and H(t) — +o0 as t — 00, we have ¢ — +00 as — £o0.
This is a contradiction. ]

8.2 Existence of enstrophy dissipating solutions

8.2.1 M = 0 case

When we assume that (7.15) and M = 0, we employ the same argument as we do in
the three PV system. It follows from (7.15) that M = 0 is equivalent to

Iy Iy
This relation indicates that L?, internally divides L%, and L2 into I’y : T's. Let us
set
L Los L3
e i &

then, it follows from (8.2) that

I'h+1y k(T +Ty)
— 1r-2 =y % 8.4
L Vs D D KTy + 1y (8.4)
We note that the ratio k depends on ¢, which is different from the PV system. Since
Lemma 6.2 holds in the aPV system [58], we have k- < k < k;, where k_ and

k. are given by (6.10). When k = ki, the three a-point vortices form collinear
configurations. We first show that collinear configurations are not relative equilibria.

Proposition 8.8. Suppose (7.15) and M = 0. Then, we have dA/dt # 0 when
L3y /L3 = ke
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Proof. We first consider the case when L%, /L3; = k_, namely 7; > 1 > 7. Then, it
follows from (7.15), M = 0 and (7.18) that

dA \/e% Fl PQ
& e [rl A T e “”4
VA&
=~ o ().

in which gk (z) is given by

r r
S (V 7%I) TR (V W) ~ B lva),

Since By (y/x) is monotone increasing and upward-convex, as we see (C.4) in Ap-
pendix C, it follows from (8.2) that

Iy Iy
By (\/ L%z) > mBK (\/ﬁL%z) + mBK <\/712L%2) ~

This yields dA/dt > 0. For the other case L2,/L% = k,, namely 5 > 1 > 7, then
we similarly obtain
dA V%

This concludes the proof. ]

When we remember that the evolution of the distances Loz, L3; and Ly described
by (7.9) is integrable, it is useful to consider the equi-curves of the Hamiltonian J#,
since the evolution is represented by a point moving on these curves in a certain
two-dimensional phase space. Let us introduce new variables, called the trilinear
coordinates (by, b, b3), as follows.

_ Ly
=T

2
o Ly,

3

= b b
Fla 2 3

Then, the triangle inequality (7.11) is rewritten by
(T1b1)? 4 (Daba)® + (Tsb3)® < 2(I'1Dabiby + [al'sbobs 4+ TsTibsbe).  (8.5)

For given I'y, I's and I's, this inequality gives rise to a region called the physical
region bounded by a conic section, in which equi-curves of the Hamiltonian are
drawn. Especially, any point on the boundary of the physical region corresponds
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to a collinear configuration. In the trilinear coordinates, the Hamiltonian 7 is
expressed by

1
=3

™

[Fgrgho (Flbl) + F3F1h0 (FQbQ) + F1F2h0 (ngg)] .

By a simple calculation, we find the following equality.

1 2 2 2
5 = 0/ () T exp [F—Ko (VTibr) + =Ko (Vb ) + =Ko (\/rgbg)} ,
1 2 3

(8.6)
where 6 is a constant defined by
A
6 =)/ Ty (—Ig) Y/ . 8.7
1 o7 (—Ts) exp [ o0, (8.7)
See [2, H1] for the derivation of this equality. The condition M = 0 is equivalent to
b1 + bg —+ b3 = O, (88)

which reduces the trilinear coordinates to the two dimensional (by, by)-plane. With
(7.15) and (8.8), the equality (8.6) is rewritten by f(b1,b2) = 1/6, where f(by,bs) is
defined as follows.

1/T4 1/Ts
e

by + bo by + bo

2 I'+1y 'y
Tk, (\/rb)—z K \/ by + b 8.9
Iy "’ 2 i 0( F1+F2(1 2) (8.9)
We set A = by/by. Then, k- < k <k, is equivalent to A_ < X\ < Ay, in which
I I
A= —k_ Ay = —k 1
F2 ) + F2 + (8 O)

and the straight lines by = Aib; are the boundary of the physical region in the
(b1, by)-plane, which corresponds to collinear configurations.

When M = 0, three a-point vortices can form an equilateral triangle. Proposi-
tion 8.8 shows that equilateral triangles are relative equilibria. They are characterized
in terms of the Hamiltonian as follows.

Lemma 8.9. Suppose (7.15) and M = 0. Then, three a-point vortices form equilat-
eral triangles if and only if 7 = 0.
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Proof. If 72 = 0, the constant 6 is expressed by
f = F}/FIF;/FQ(_FS)I/F:g.

Then, after a simple calculation with (8.3) and (8.4), the equality (8.6) is rewritten
by fx(k) =1, where

1= ()] (o ()

Iy Iy xl'y + 1
_ K, (\/X) K, (\/X )—K xrirlzg)
9x(@) = p 7, Ho T, VAT TR WA T T,

in which X = I'1b;. We need to find k such that fx (k) = 1. But, it is easy to confirm
that fx(1) = 1 and k = 1 are equivalent to the equilateral triangle configuration.
To prove the proposition, it is sufficient to show that £ = 1 is a unique solution to
fx (k) = 1. Differentiating fx(z), we have

and

Fe(o) = o vte) e () = e (X552 .

and recalling that

xFl + FQ $F1 + FQ

——— >z for v <1, x> ——— for x>1,

Fl + FQ F1 =+ FQ
we find that fi(z) > 0 for x < 1, fi(z) <0 for z > 1 and fy(1) = 0. This implies
that fx(k) = 1 if and only if £ = 1. On the contrary, for any equilateral triangle, we
have Lis = Loz = L3 so that 5 = 0, owing to (7.15). O

Remark 8.10. Figure 2 shows the physical region and equi-curves of the Hamilto-
nian for (I',I'y) = (1,1) and (I'1,y) = (3,1). The three solid lines from the left
describe by = Ay by, by = %bl and by = A\_by, respectively. The lines by = A\Lb; are
the boundary of the physical region and, owing to Lemma 8.9, the line by = %bl
corresponds to the equi-curve with 7 = 0. The three lines divide the physical region
into two regions and any equi-curve can not intersect the line b, = %bl.

This observation holds true for any I'y and I's. That is to say, in terms of 7; and
v2, configurations of the a-point vortices are divided into three cases, say v1 > 1 > s,
72 > 1> and 73 = 72 = 1 (equilateral triangles). Once the relation among the
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by by

Figure 2: Equi-curves of the Hamiltonian # and the boundary of the physical region
in the (b1, be)-plane for (a) (I'y, ') = (1,1) and (b) (I'1,T's) = (3,1). The light curves
are equi-curves. The three dark lines from the left correspond to by = A\ by, by = 11:—;171
and by = A_by, respectively.

ratios is determined by a given initial configuration, it does not change throughout
the evolution. Indeed, if the relation changes at some time, the configuration must
become an equilateral triangle owing to (8.2). On the other hand, from Lemma 8.9,
three a-point vortices form an equilateral triangle if and only if J# = 0. This
contradicts the invariance of 7. Hence, the physical region is divided into two
regions. The first region is given by

r
A_by < by < —=by, (8.11)
Iy
which corresponds to ;3 > 1 > 5. The second one is
r
by < by < ALby, (8.12)
Iy

and we have 75 > 1 > 7 in this region. In particular, since by = A1b; is the boundary
of the physical region, configurations on these lines represent collinear configurations.
On the line by = %bl, three a-point vortices form equilateral relative equilibria.

Based on this fact, we consider the properties of equi-curves of the Hamiltonian
in (8.11) and (8.12) separately. First, we have the range of Hamiltonian as follows.
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Lemma 8.11. Suppose (7.15) and M = 0. If the initial configuration satisfies
v1 > 1> vy, then

212 I, IV

For v, > 1 > v, we have the same result with k_ being replaced by k. .

Proof. Using (7.15), we rewrite the Hamiltonian as follows.

%:

Iy [ T :
217T2 |:F1 _|_2F2 ho (L3s) + L, —|—1F2 ho (L3;) — ho (LfQ)} : (8.13)

Since ho(x) is monotone increasing and upward-convex, see (C.7) in Appendix C, it
follows from (8.2) and the convexity of ho(z) that 7 < 0. On the other hand, owing
to the downward-convexity of Ky(1/z), we find

IBIE Ly 5 Iy
dm [Fl T, sl

Iy | Ty Iy
K L
o {Fl T, 0 (mLi2) + T, + 1,

F1F2 1—\2 2 Fl 2
1 1

(o () ()] )

Then, in the same way as Lemma 6.3, we have the conclusion. O

log(y2L12)* — log L%z}

Ko (72L12) — Ko (Lm)]

Remark 8.12. Lemma 8.11 shows that ¢ (Ay) < 1/6 < ¢ (I';/T'y) in the regions
(8.12) and (8.11), respectively. From Lemma 8.9, we also have 1/6 = ¢ (I'y/T'9) if
and only if 27 = 0.

Next, we investigate several properties of the equi-curves of J# in the (by,by)-
plane to describe the evolution of the distances. As we easily observe in Figure 2,
we have the following properties.

Proposition 8.13. Suppose (7.15) and M = 0. Then, the equi-curve in the (by, bs)-
plane passes through the origin if and only if 7 = 0.
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Proof. To see how an equi-curve intersects with the boundary of the physical region,
we substitute the relation by = A1b; into (8.9). Then, we obtain

I'h+1
Iy

Fre(01) = f(br, Axbr) = (Ax) exp <2 g)\:l:(bl>> : (8.14)

where gy, (1) is defined by

i) = 2 Ko (VI + Ko (VESAh:)

I'h+1 +I'y
'y
—K 1+ A0)b | 8.15
0(\/F1+F2( gl) .15

As for gy, (z), it follows from Ky(z) ~ —f —log(x/2) as x — 0, where [ is the Euler’s
constant (see (C.3) in Appendix C), that

r 1 r 1
lim ()N (bl) = lim |:— 2 (ﬁ + lOg 5\/ Flbl) - ! (6 + IOg 5\/ FQ}\ibl)

b1—0 b—0 | ')+ 1 I'i+1s
+6 + log %\/F?fiﬁ (1+ )\i)bll
— e tos o (1) wown|.

We assume that the intersection point of the equi-curve and the boundary of physical
region is the origin, b; = by = 0. Then we have

Fra(0) = (s exp (2F;3529Ai<o>) _y (?) |

From Remark 8.12, this shows that f, (0) = 1/6 is equivalent to 5 = 0. On the
contrary, if .7 = 0 corresponds to an equilateral triangle configuration, then (b, by)
satisfies by = %bl and this equi-curve passes through the origin. ]

As we see in Figure 2, every equi-curve with J# # 0 intersects the boundary of
the physical region and approaches a straight line asymptotically. We show that this
observation always holds true.
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Proposition 8.14. Suppose (7.15) and M = 0. Then, every equi-curve with 7€ < 0
and the boundary of the physical region intersect. As 7 decreases, the by-coordinate
of the intersection point gets larger. Moreover, for each equi-curve, there exists a
constant N\g € (A_, \y) such that the equi-curve approaches the straight line asymp-
totically whose slope is Ao as by — o0.

Proof. We first show the existence of the equi-curve intersecting with the boundary
of the physical region. So, let us see the property of fi, (b1) in (8.14). Let us
differentiate gy, (b1) in (8.15), then we have

1 I

.l
/ b -
9. (01) 2%, | Ty + I,

Ih+1y

hy (T'10y) + h1 (DCoAiby) — by ( (1+ )\i)blﬂ ,

Iy +
where hi(z) = /xKi(y/x) is downward-convex, as we see (C.5) in Appendix C.
Thus, we obtain g\, (z) < 0 so that fy, (7) is monotone decreasing. It follows from
Fr.(0) =9 (1 /Ty) and fio, (b1) = ¢ (Ay) as by — +oo that

B 0w) < fru(br) < ¥ (FQ)

for by > 0. Owing to Remark 8.12, for any given J# < 0 and 6 defined by (8.7),
there exists a unique constant by > 0 such that fy N (/b\l) = 1/6. That is to say, there
exists an equi-curve of 7 that intersects with the boundary of the physical region at
(bl, bg) where by = A.b;. Since frs (z) is monotone decreasing and 1/6 gets smaller
as ¢ decreases, it follows that as .7 decreases, the corresponding solution /b\l gets
larger. L

Next, we show the asymptotic behavior of the equi-curve passing through (b1, by).
Differentiating (8.9) with respect to by and by, we obtain

B) T

g 01,0) = £, 0) B (C300) = e (201 0))|
0 bi. b bi.by) | hi (Tyby) — h Nl by +b

862 (1, 2) f(l, 2)[1{(22)— K(F1+F2(1+ 2))],

respectively. Owing to the monotonicity of hg(x), it is straightforward to see that
0f/0by =0 and Jf/0by = 0 if and only if I'1b; = I'9by = ['3b3, which corresponds to
# = 0. Thus, in the regions (8.11) and (8.12), we have df/0b; # 0 and df/0bs # 0.
That is to say, for any given . < 0 and 6 defined in (8.7), any point (b1, b2) with
f(b1,by) = 1/6 is in (8.11) or (8.12). From the implicit function theorem, there exist
the neighborhoods U of b; and V' of by such that there is a unique function by = £(b;)
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defined for b; € U and by € V' and satistying f(by,£(b1)) = 1/6. Furthermore, £(b;)
is continuously differentiable and we find

'y

e af/op, T (Tiby) — hie <F1+F2(b1 +b2))  hi (12L2,) — hi (L2)

dby — Of/Oby e (&(bl + bz)) — hi (Daby) hi (L1y) — hi (13 L1,)

I'+I9

Since we have 73 > 1 > 9 and 75 > 1 > 7 in the regions (8.11) and (8.12), respec-
tively, we obtain d¢/db; > 0 in both regions. Hence, we conclude that there exists

a unique function 5 (by) that is passing through (/6\1,32) and monotone increasing.
Owing to the invariance of the Hamiltonian, we obtain

lim £(01)

b1 —+o0 1

:>\0>O.

~

Indeed, if £(by)/by — 0 or 400 as by — +o00, then we have f(b1,€(by)) — 0. This
contradicts the fact that f (bl,g(bl)) is constant. Hence, we have the claim. By
taking the by — +o0 limit in (8.9), we obtain ¢ (A\g) = 1/6. Considering Remark 8.12
and (C.1), we find that the constant Ag is uniquely determined in (I'; /Iy, Ay) and
(A_,I'1/T'3) when (31,/6\2) satisfies /b\g = )\i/gl, respectively.

Finally, we show that, for any 7, the corresponding equi-curve is uniquely de-
termined and it is £(by). If the point (S, 52) in the physical region corresponding
to A satisfies By # 5(51), then, with the same argument as E(bl), there exists a
unique function &(b;) such that 8, = £(B,). Since £(by) is monotone increasing, it
must intersect with the boundary of the physical region. However, we already know
that the intersection point is unique for given ., which is (21, /122) This contradicts

that uniqueness of the function by = £(by) passing through (b1, b). O

The evolution of the a-point vortices corresponds to a point going along an equi-
curve of the Hamiltonian in the physical region. Proposition 8.14 claims that the
point on the equi-curve of J# in (8.1) always reaches the boundary of the physical
region. That is to say, three a-point vortices become a collinear configuration at a
certain time, we set this time as the initial time of the scaled system (7.7). Then,
the constant t* is determined uniquely and we have the following result.

Lemma 8.15. Suppose M* = M = 0 and A*(t*) = 0. Then, we have I3, (t*) — 0
as o — 0.

Proof. We first note that A(0) = 0 is equivalent to A*(t*) = 0, which means [,(t*) =
1§,(t°) + 185 () or 15, (%) = 195(¢%) + 195,(t*). We first consider the case when [3;(t*) =
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15, (%) +l 5 (). Suppose 5, (t*) — l* as @ — 0. Then, we find I3, =15, + {7, and
| PN (l23) + D3I (1 7 4 F 1 ( lﬁ = 0. Hence, we have

Z* [y + FQ l* s ~(I'y +1y) l*
23 k 1’\1 12» 31 k F]_“‘FQ 12-

If I, > 0, then we obtain

e i3 I, AT
lim A = Am (T +T2) e (%D <F_2k_) [¢ (E)} ) '

This contradicts that J#* = S satisfies (8.1). Thus, we conclude that 7, = 0 so
that 5, = 133 = 0. As for I$,(t*) = 195(t*) + {$5(t*), the same argument is valid with
k_ being replaced by k. [

After the point in the physical region reaches the boundary of the physical re-
gion, according to Proposition 8.8, the point moves back along the same equi-curve.
Moreover, it also follows that L, (t) — oo as t — £oo. Consequently, since the
energy and enstrophy variations are well-defined for ¢ € R, we have the following
theorem, which indicates that the enstrophy dissipates at ¢ = t* and the energy
variation is conserved in the sense of distributions associated with the evolution of
the three a-point vortices in the o — 0 limit.

Theorem 8.16. Suppose (7.15) and M = 0. Then, for each three a-point vortices
with 7€ in (8.1), we have

lim % = —zy0(- — t¥), lim 75 = 0,
a—0

a—0

in the sense of distributions and zy is positive.

Proof. Owing to Lemma 8.15, we can define t* as the time when the three a-point
vortices become a collinear configuration. Then, the convergence is easily shown as
Remark 8.3, since Z“ and 2§ are both well-defined for ¢ € R and exponentially
decay as t — +o0o. Regarding the positivity of zy, we consider the function Hg (1)
which is represented by

F1F2 I_\1 2 F2 2 2
H = hi (L ——hy (L33) —hi (L
Kx(T) ir |T 41, 1 ( 31)+F1+F2 1 (L33) = ha (L)
Since hy(z) is downward-convex, we have Hy(7) > 0 so that zy, > 0. O
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8.2.2 M # 0 case, general results

We first see some common properties hold for M # 0. It follows from (7.15) and
(7.16) that

Ty Ty, ., 3MIT,
_— ———L;, =1L _— 8.16
RVt A VR U U (8:16)
where M = % We introduce the ratios in the same way as M = 0.
L3 Lo L3
Ly VP L, T,
On the other hand, we define the different trilinear coordinates (by, bs, b3) as
L2 L2 L?
by = 2 by = —21 by = —=.
I‘1]\4 PQM P3M
Then, (7.16) is rewritten by
by + by + bs = 3. (8.17)

In the same mannar as M = 0, we use (8.17) to investigate the evolution of a-point
vortices by analyzing equi-curves in the (by,by)-plane. So, we rewrite the physical
region (8.5) in terms of the trilinear coordinates as

Fl 2 FQ 2 Il IZ Il IZ
2092 9-% — —by,+9 <0. 1
(—b1) + <F1 b2> T, + T, +3 ) biby + 6F2b1 + 6F1 by +9<0. (8.18)

The boundary of the physical region is a hyperbola whose asymptotes are given by

i i
by = A_by + 34/ ;;A_, by = Apby — 34/ f%QM, (8.19)

where AL are given by (8.10). It is important to remark that the physical region
exists in the region by, by > 0 for M < 0 and in the region by, by < 0 for M > 0.
Especially when M < 0, we have b3 < 0, which yields

b1 + by > 3, (820)

and the line by +b, = 3 is a tangent to the hyperbola at its vertex point (22—, =311-).

. ) . . T4 I'i+T2
To see the equi-curves of the Hamiltonian, we also rewrite J¢ as

1 — — —
H == [nrgho (MF1b1> 4 TsTyho (MF2b2> 4 T4 Tohg (Mrgbg)] .
T
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This is equivalent to
1 1/T1,1/T% 1/T3 2 [~ 2 [~
5 = bl b2 (-bg) exp F—IK() MF161 + F_2K0 MF262
2 —
+F—K0 (\/ Mngg)} , (8.21)

3

where 6 is the constant given in (8.7). Moreover, defining a function f(by,bs) as

by 1/ by 1/Ts 9 —
bi,by) = | ———— _ — Ko | V MI'1b
2 [~ Iy 4Ty MT, T,
—K, MT -2 K —_ — .22
+F 0 ( 252) .o, o \/Fl T, (by + by — 3) , (8.22)

2

we find that (8.21) is simply expressed by f(b1,b2) = 1/6.

We now consider the relative equilibria for M # 0. Owing to (8.16), three a-point
vortices can not form an equilateral triangle. Thus, from Proposition 7.3, collinear
configurations can be relative equilibria, which are characterized as follows.

Proposition 8.17. Suppose (7.15) and M # 0. Then, we have dA/dt = 0 if and only
if the configuration corresponds to a tangent point of an equi-curve at the boundary
of the physical region.

Proof. We first consider the tangent line of the equi-curve. Differentiating f(by, bs)
with respect to b; and by, we obtain

) — — MT,T
a—blf(bbe) = Mf(b1,b2) | hi (Mrlbl) — hg <F1 J:FZ (by + by — 3)) ;

d — — MT,T
a—be(bh by) = M f(b1,b2) | hi (Mrzbz) — hg (FlTlrz(bl + by — 3))

It is easy to see that 0f/0b; = 0 and J0f/0by = 0 if and only if by = %bl + 3 and
by = f,—;(bl — 3), namely Lo3 = Ly and L3 = Lys, respectively. Thus, using the
implicit function theorem, we find that for any (by,by) satisfying by # %(bl - 3),
there exist a unique function by = £(b;) defined in neighborhoods of b; and by and
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satisfying f(b1,£(b1)) = 1/6. Furthermore, we have

s ofjob, (MF bl) hc (MF1F2(b1 TR 3>>
by~ 0fjob, huc (EEF 01+ b0 =3) = hic (MTabo)

'+
(/“L%L%Q) h (sz)_
hi (L39) — hi (u5L7,)

Similarly, for any (by, by) satisfying by # E—;bﬁ—i’), there is a unique function b; = 1(bs)
satisfying f(n(bs),be) = 1/6 in some neighborhoods and

@ _ h (M%L%Q) — hk (L%Q).
dby  hg (L) — hg (H3L3)

(8.23)

Next, we see the tangent line of the boundary of the physical region. Let us define
g(b1,by) as the left hand side of (8.18), then

0 I\ I I r,
Zg(b,b) =2 (=) b —2(2= +222 by 4+ 61D
8619( 1,be) (F2> ! ( T, + I, +3> 2+6F2 1
2 —
T g (U913, — Ty (203 + 2% + 3T4T5) L3, + BMTITS )

Moreover, using (8.16), we obtain

g _ 2(I'h +1y)

= — (T (L% — L%) — () + 21%) L) . 8.24
Oby — T.T2ZM (N1(E = Bz = (T 22 ) (521
Similarly, we find
dg 2T +7T
99 2N Te) pga g2y o, 4Ty)12). (8.25)

dbs  T,M

Since points on the boundary represent collinear configurations, they are divided into
three cases, L31 -+ L12 = L23, L23 + L12 = L31 and L23 + L31 = ng. Let us now
consider Ly + Lig = Log, namely ps + 1 = 1. Then, (8.24) and (8.25) are rewritten
by

0 4Ty +Ty) L2 0 4Ty +Ty)L?
99 _ 4 +T) 2415 (T — pal'a) O _ AL Ty,

=< = —= Iy + ).
b, T\ T20 Dby T2T, 0 1 (D2 + i)

66



Note that dg/0by # 0, then we find from the implicit function theorem that there
exists a unique function &y(by) such that the boundary of physical region is expressed
by g(b1,&0(b1)) = 0. Moreover, we have

d&o _  0g/0by _ el (T — pol's)
dby 0g/0by Ty (T 4 puly)

We remark that, for I'; L1y # ['sL3;, we similarly find that there exists a unique
function ng(bs) satistfying g(no(b2), b2) = 0 and

% _ e (T + pa )
dby  pol'y (I — pol's)’

On the other hand, when Ls; + Lia = Log, it follows from (7.18) and r = Loz that

dA L3,

& I+ Ty (11 Ta(Ty + ) (P (L32) — hie (H1L35))

— Ty (Ty — pala) (R (p3L75) — hie (L3y))] -

Then, considering dﬁ/dbl = d&)/dbl for L31 7é L12 and dn/dbg = d?’]o/dbg for L31 =
L1y and T'y # 'y at contact points, we obtain dA/dt = 0. As for L3; = Lo and
I'y = I'y, we have 0f/0by # 0, 0f/0by = 0, 0g/0b; = 0 and 0g/0by # 0. Thus,
the equi-curve is not tangent to the boundary of the physical region. Regarding
Los + Lo = L3y and Loz + L3y = Lqo, we achieve the conclusion in the same way as

L3y + Lo = Los. [

8.2.3 M <0 case

We prove the energy conservation and the enstrophy dissipation for M < 0, namely
M > 0, similarly as in M = 0; We first show that collinear configurations can not
be relative equilibria in this case. After checking the range of the Hamiltonian, we
then investigate the asymptotic behavior of equi-curves of the Hamiltonian.

Proposition 8.18. Suppose (7.15) and M < 0. Then, we have dA/dt # 0 when
three a-point vortices form collinear configurations.

Proof. By the assumptions, there are two collinear configurations with p; +1 = s
and po + 1 = py. When gy + 1 = po, it follows from (7.18) that

dA _ pol'y + pq Lo

" i laBk (p2L12) + bBr (p1L12) — Bk (L12)],
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where a and b are given by

Iy + pol’y Iy b Iy — pi Ty Iy
pro(p2T1 + pa Do) Ty + Ty pa(pol's + Do) Ty + Ty

a =

If Ty > py 'y, namely b > 0, since B (y/7) is upward-convex and a3 + bu? = 1, we
obtain

@ < p2l'y + pqTs

i < a0 (2 D)) - B (L)
pol's + pnl's

= P TSR R (e (Lo a4 0) = b (132)]
It is easy to see that a +b < 1 for M < 0. Since hg(z) is monotone decreasing, we
conclude that dA/dt < 0. For the case I'y < u11T'1, we use the relation au% + b,u% =1,
then

dA 'y + T
er _ 12 [aB (pol12) — (—b) B (11 L12) — By (L12)]

dt 4
' + I
= B TR [sha (13L3,) — (<b)uthi (1L%) — hic (L))
Iy +ml
= B2 [(—0)ud (b (WD) — huc (18L%))

+ (hi (p3L%) — hi (LT,))]
and we thus have dA/dt < 0. For py + 1 = py, it follows from (7.18) that

dA Iy 4 s g ~
S = PRI (G (L) + bBic (i L) — B (Liz)]

where @ and b are given by

6= Iy — pol’y I b — Iy + p1Iy I'y
po(pol's + T2) Ty 4+ Ty’ p (pel'y + Do) Ty + Ty
Then, we can show dA/dt > 0 in the same way as the first case. ]

Before observing the range of the Hamiltonian, we show a significant property
about the relation between p; and psy for configurations with 52 < 0.

Lemma 8.19. Suppose (7.15) and M < 0. If 7 <0, then we have either p; > 1 >
[ or iy > 1 > py and these relations can not change throughout the evolution.
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Proof. We note that either p; or py is greater than 1. Indeed, if py, po < 1, then it
follows from (8.16) that

I’y
I'+71s

2_3Mnm<
12 — —
T, + 1,

r
2 _1)L2 ! 2 _ 1)L
(17 ) 12 T+ T, + 1, (N2 )

This contradicts that M is positive. On the other hand, let us recall that

IR

= ——— =
27T(F1—|—F2>

[Fz (ho (M%L%) — ho (L?2)) +14 (ho (M%L%Q) — ho (L%2))] )

(8.26)
and ho(x) is monotone increasing. Hence, if pq, g > 1, then 2 > 0, which contra-
dicts the assumption 57 < 0.

Moreover, when the relation changes at a certain time, it must be either p; >
p2 = 1 or uy > pu; = 1. However, it follows from (8.26) that % > 0 for both cases.
This contradicts that 7 is invariant in time. ]

Next, we see the range of the Hamiltonian 7 when M < 0. It is different from
Lemma 8.11 for M = 0, since ¢ can be positive.

Lemma 8.20. Suppose (7.15) and M < 0. Then, we have

I, MT,T
H < 2 [ho <Q>+ﬁ—log2].

2 Fl + FQ

Moreover, if the initial configuration satisfies p; > 1 > o, then

212 I, IV
> ey (e (o) [ (B)]):

For py > 1 > py, we have the same result with k_ being replaced by k. .

Proof. Owing to (8.16) and the upward-convexity of hy(z), we find from (8.13) that

o, | SMT,T
L%<12im02+ ‘”)—m@@]

2 12 F1+F2
.0, [ [ 3MD,T,

< hy | ———== —log2]| .
2T 0<F1+F2)+ﬁ Og]
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Here, we use

3MTT, 3MT\T,
0<h + =] —-h < ho| =——= | — ho(0),
°<x F1+F2> 0 () 0<F1+F2> o(0)
for z > 0, and (C.8) in Appendix C. As for the lower bound of 77, since (8.16) with
M > 0 yields
I'y 9 Iy
_l’_
T A PR
it follows from py = /ppy that

Ti+1y p(I't +1T's)
po > | S22
Prl + Ty’ pl'y + 1y

ps > 1,

Considering the monotonicity of hg(x), we obtain
Iy [ Ty Ii+Ty I p(li+T) 2
IO > h L h Li, | —ho (L )
2w |:F1 + FQ 0 <pF1 + Fg 12) + Fl + Fg 0 ( pFl + FQ 12 0 ( 12)

In the same way as the proof of Lemma 8.11, we find

212 I, I\~
e (0 () P (®)])

We note that p satisfies k- < p < I';/I'y for g3 > 1 > pg and I'y /Ty < p < k. for
fo > 1> py. Indeed, if p < k_ or p > k., then the line by = pb; is not in the physical
region, since the asymptotes (8.19) are parallel to the lines by = Ayb;. Hence, the
lemma follows immediately from (C.1). O

Remark 8.21. We can show that, for any Hamiltonian value 7. in the range of
(8.1), there exists a configuration corresponding to 7. with M < 0 as follows. We
first note that, for any small £ > 0, there exists a constant p. € (k_, ky) such that
H(p.) —e < . < H(p.) + ¢, where

=g () b ()])

Next, for any large Lys > 0, we define L3 = \/pcLas and Ly; so that (8.16) holds.
Then, regarding the Hamiltonian J# as the function of Loz, we obtain J#(La3) —
H(p.) as Loy — +o00. Thus, we conclude that there exists a configuration with the
Hamiltonian value S by taking a sufficiently large Loz and defining L3y = \/pcLos
and L2 so that (8.16) holds.
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Figure 3: Equi-curves of the Hamiltonian .7 and the boundary of the physical region
in the (by, by)-plane when M = 0.01 for (a) (I'1,T'2) = (1,1) and (b) (I'1,T2) = (3,1).
The light curves are equi-curves. The boundary of the physical region is a hyperbola
drawn as the dark curve in each figure. The three dark straight lines correspond to
by = %bl +3, by = %(b1—3), where the implicit function theorems in Proposition 8.17
don’t hold, and by = %bl. The three a-point vortices form isosceles triangles on these
three lines.

Remark 8.22. From Lemma 8.20, we find that ¢ defined in (8.7) satisfies ¢ (Ay) <
1/0 < 1/60,, where 0, is given by

—~ 1/F1+1/F2
i — E 3MTI'I'y
0, \Io) \Ti+1,

I +T 3MT,T
1+ 19 (5—10g2)+Ko Fle1F22

We note that 1/6, > ¢ (I'y/Ty) and if 5 <0, then ¢ (ML) < 1/0 < (I'y/T).

__ Figure 3 shows the physical region and equi-curves of the Hamiltonian when
M = 0.01 for (I';,Ty) = (1,1) and (I';,I'y) = (3,1). We can see that every equi-
curve intersects the boundary of the physical region. Although it seems that every
equi-curve is bounded in the physical region, as a matter of fact, the equi-curve for
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J < 0 approaches a straight line asymptotically. That is to say, for any initial
configuration with 7 < 0, three a-point vortices form a collinear configuration at
some time and diverge to the infinity, which is shown as follows.

Proposition 8.23. Suppose (7.15), M < 0 and 5 < 0. Then, every equi-curve
intersects the boundary of the physical region. As F decreases, the by-coordinate
of the intersection point gets larger. Moreover, for each equi-curve, there exists a
constant N\, € (A_, Ay) such that it asymptotically approaches a straight line whose
slope is Ay as by — oo.

Proof. We first show the existence of the equi-curve intersecting the straight lines
bo = Aiby, which are parallel to the asymptotes of the boundary hyperbola of the
physical region, for any . < 0. To see the property of f(by,by) along these lines,
we substitute by = ALb; into (8.22). Then, we find

b)) = f(by Aiby) = by M Ashy i
Pra(br) = (b1, As 1)_<(1+)\i)b1—3) ((1+Ai)bl—3>

2 [~ 2 [~
X exp |:F—K0 ( MFlbl) + F_KO ( MFQ)\ib]_)
1 2

Iy + Ty MT T,
K
I I, + 1,

—2

{(T+A0)b1 =3} ]|,

and fy, (b1) = ¥(As) as by — +o00. Owing to (8.20), we have b; > ﬁ and

s, ) T, 4T
. + 1y
= lim bi) = Y(\ il exp |2 ! —lo 2}
f+ 1 Frw(b1) = (A1) <P1+F2> p{ T, (8 —log?2)
9 3MT, 9 3MTo\y
‘K ‘K o 20
xexpp o\ \, | T, V 1+
We note that r
fo> (F—) , (8.27)
2
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since it follows from the positive monotonicity of ho(z) that

I ) 2 3MT, 2 3MTDo\, I+
log [ —2= ) = 2y, b Sh [ 22 ) 4o “log?2
©8 (¢ T/l T\ +1) "o\ e+t rr, (ls2)

T, + T,
—log?2
T, (8 —1log2)

2 2
> 5 ho(0) 4 -ho(0) +2

=0.
On the other hand, by differentiating fy, (b) with respect to by, we obtain
Fiu(b1) = M fy (1) e (MTaby ) + Ashic (MT2Asby)

—(1 4 A )hi <J\7F1Ff2r2 (14 Ae)by — 3})}

Ih+1y f)\i(bl) [ Iy ( —~ ) I ( ~ )
— B [/ MTb; ) + By | \/ MToAy b
rr, b |I+0, % He R AN D 2701

MDD
_Bx \/ 2 (14 Ay)by

I'n+1
— MT,T,
M b )(1+ )\ h 14+ A0)b
+ M frg (b1)(1+Ax) K<P1+F2( + M) 1)
MT T,
—h 14+ X)by —3 .
K(F1+F2{< +)by }>]

Owing to the upward convexity of Bg(y/x) and the negative monotonicity of hy (z),
we find f}, (b1) < 0, namely fy,(b1) is monotone decreasing. Hence, we obtain
P(Ax) < for(b1) < fr. On the other hand, we also have (A1) < 1/6 < 1/6, in
Remark 8.22 and it is easy to confirm that f, < 1/6,. Let us define the constant
H. as the value of the Hamiltonian satisfying 1/60 = f,, then (8.27) implies that
H, > 0. Hence, for any given 7 < H, and 6 defined by (8.7), there exists a unique
constant 31 such that fy, (/b\l) = 1/6, namely the equi-curve intersects with by = A\ b;
at (/51,/62), where /b\g = )\i/l;l. Since fy,(b1) is monotone decreasing, as 7 decreases,
31 gets larger.

__ Next, we investigate the asymptotic behavior of the equi-curve passing through
(b1, b2) and we also show that it intersects the boundary of the physical region when
0 < 0. Lemma 8.19 shows that if 5 < 0, then we have either pu; > 1 > ps or
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to > 1> py, which are equivalent to the regions

Iy
by < —(bl — 3), by > F_bl + 3, (828)
2
respectively. That is to say, for any given ¢ < 0 and 6 defined by (8.7), the
intersection point (b1, by) satisfying f(by,by) = 1/6 is in the regions (8.28). Thus,
using the implicit function theorem as in the proof of Proposition 8.17, we find
that there is a unique function by = £(b;) passing through (by,by) and satisfying
f(b1,&(b1)) = 1/6. The derivative of £(by) is given by (8.23) with & being replaced
by &. Note that we have d¢/db; > 0 in the regions (8.28). As for the asymptotic
behavior of £(b;), owing to the invariance of f(by,b2) in (8.22), we obtain
E(b
im S0

> 0,

b1 —+o0 1

by the same argument as in the proof of Proposition 8.14. Then, taking the b, —
+o0o limit in (8.21), we obtain 1/6 = 1 (\y). Thus, when S < 0, it follows from
Remark 8.22 and (C. 1) that A, is uniquely determined in (I'1/T9, Ay ) and (A_, 1 /T9)
for (bl,bg) satisfying bQ = )\ibl, respectively. Hence, we conclude that there exists
an equi-curve £(by) with # < 0, which intersects the line by = A1 b; and approaches
the straight line whose slope is A, asymptotically. Since the slopes of the asymptotes
(8.19) are Ay, by = £(by) intersects with the boundary of physical region. In addition,
as S decreases, the bj-coordinate of the intersection point gets larger.

As for the uniqueness of the equi-curve corresponding to 7, we can prove in the
same way as Proposition 8.14. O]

Remark 8.24. As we see in Figure 3, the physical region is divided into three regions
by the two lines by = %bl + 3 and by = %(bl — 3). That is to say, we can observe
that equi-curves between these two line are monotone decreasing and those in other
regions are monotone increasing. These facts are shown for any I'; and I'y as follows.
Considering (8.23) in Proposition 8.17, we have d¢/db; > 0 only if 3 > 1 > s or
p2 > 1 > pq, which are equivalent to two regions in (8.28), respectively. On the
other hand, we find d¢/db; < 0 if and only if pq, po > 1, which is equivalent to the
region,

Iy Iy
b, — b Y A
I12(1 3) < 2<F 1+ 3.

and we note that every equi-curve in this region corresponds to .7 > 0.
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We finally show the enstrophy dissipation and the energy conservation in the
a — 0 limit. From the above arguments, three a-point vortices with the Hamiltonian
value JZ. in the range of (8.1) become a collinear configuration at certain time, we
set this time as the initial time of (7.7) similarly to M = 0. Then, t* is determined
uniquely and the following lemma holds.

Lemma 8.25. Suppose M* — 0 as o« — 0 and A*(t*) = 0. Then, we have %, (t*) —
0asa—0.

Proof. The result follows in the same way as Lemma 8.15. ]

Moreover, we have L,,,(t) — 400 as t — +00, which guarantees that the energy
and enstrophy variations are well-defined for ¢ € R. The following lemma needs to
be shown before we finish the proof of the enstrophy dissipation.

Lemma 8.26. Let f,(z), © > 0 be defined by

Juo) = = (i) ) (K (V) Ko (i) )
+ (hie () — by (i) (KO (@) _ K, (\/5)> .

Then, we have f,(x) >0 if py > 1> po, and f,(z) <0 if po > 1> py.

Proof. Suppose ;3 > 1 > py. Since hy(r) and Ky(y/x) are monotone decreasing,
fu(z) > 0 is equivalent to

Ko (V) = Ko (Vi) By (V@) - %B (\/ulx)
= < fx(x) = :
Ko (\/ M§$> — Ko (V)
In addition, it follows from (C.3) in Appendix C that fu(O)

Fol0) = fi0) =~ (8:29)

We first show that fo(x) is monotone decreasing. Differentiating it, we find

fifa) = =
a0 (Vide) - Ko (vm)

[l () 13) (s (1) -0
(s () (o - )|

1)




Since fi(x) < 0 is equivalent to

By (Vi) - Br (V) _ B (V3) - By (v/ige)
Ko (va) = Ko (Vide) Ko (Vide) - Ko (V)

we show this relation. Owing to the mean value theorem, there exist two points ¢,
and ¢y with u%x <pp<r<co< /ﬁa: such that

By (\/E) B (Vo) ek, (ver)
Ko (Vx ( x) Ky (\/C_l)

Bk (Vz (\/_x \/_Ko V)
Ko(@)— Ko(va)  Hi(ve)

Thus, it is sufficient to show that k(z) is monotone increasing. We have

1 2 2
E(x) = 2Ko(V2)K1(Vz) — vV (K1 (VT z (Ko(\/x
)= S e PR E) = Va (V) + Vi (Ro(v) ]
1

" 2 (Ki(vE))

Since ky(z) — 0 as © — +oo and

kl ([E)

1 1

2/ 2/

we find that ki(x) is positive, so is k'(x). Hence, k(z) is monotone increasing so that
fo(z) is monotone decreasing.
Next, we see the function fx(z). Differentiating it, we have

o)~ 3y o (507 =50 () ) o 1) )

- (e (@) = e (120) (o (i) - Ko (V) )|

K@) = — Ko(VR KA(W) — 5= (Ko(VE)” = 5= (Ru(v)” < 0,
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Since we have f,(0) = 0, for small constant ¢ > 0, we have either f,(x) > 0 or
fulz) <0 for x € (0,¢). If f,(x) <0, then we have fo(z) > fx(x) and f(z) > 0.
Owing to (8.29), this contradicts the negative monotonicity of fy(z). Let us assume
that there exists a constant xy > 0 such that f,(x) > 0 for z € (0,2¢) and f,(z) = 0,
namely fo(z) < fx(x) for x € (0,2¢), fo(zo) = fr(xo) and fi(xo) = 0. Then it

follows that
folwo) = folz) _ fx(z0) — fi(x)
Ty — T To— T ’
for © € (0,20). This yields f{(zo) > fj(x9) = 0 and contradicts f(z) < 0. Hence,
we conclude that f,(z) > 0 for > 0. As for o > 1 > py, we can show f,(z) <0
for > 0 by the same argument as above. [

Theorem 8.27. Suppose (7.15) and M < 0. Then, for each three a-point vortices
with 7€ in (8.1), we have

lim Z%(t) = —zp0(t — t*) , lim Z5(t) =0,

a—0 a—0

in the sense of distributions and zy is positive.

Proof. Considering Lemma 8.25, we can define t* as the time when the three a-point
vortices become a collinear configuration similarly to M = 0. Then, the convergence
follows immediately as Theorem 8.16. To show the positivity of zy, we investigate
the property of F'(7) in (7.14). It follows from (7.9) that

I,y [dL? Iy dL2 I, dL2
F(r) = 8T d;Z ol 12)_F1+F2 djg ol 23)_F1+F2 djl o(La1)
IS0
= A(T) fu(L35(7)).

Owing to Lemma 8.19, we have either p; > 1 > py or pg > 1 > py for any initial
configuration with 7 < 0. For p; > 1 > uo, it follows from the proof of Propo-
sition 8.18 that dA/dt > 0. Thus, setting t* as the time when the configuration
become collinear, we find that A(7) < 0 for 7 < t* and A(7) > 0 for 7 > t*. On the
other hand, Lemma 8.26 yields f,(L%,) > 0 for t € R. Then, we have F(7) > 0 for
T < t* and F(7) < 0 for 7 > t*. Considering Hg(7) — 0 as t — o0, we conclude
that Hg(7) is positive, so that z, is positive. Regarding po > 1 > py, we can prove
with the same argument as above case. [
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8.2.4 M >0 case

We show the enstrophy dissipation and the energy conservation for A > 0, namely
M < 0. In this case, there is a possibility that some collinear configurations can
become relative equilibria. In addition, the equi-curve does not necessarily intersect
the boundary of the physical region. That is to say, the three a-point vortices do
not become a collinear configuration throughout the evolution. These situations
are different from those for M < 0. In this section, after we see the range of the
Hamiltonian, we investigate the property of the equi-curves.

When M > 0, the physical region (8.18) is in the region of by, by < 0. We replace
the trilinear coordinates (by, by, b3) with a new one (cq, co, c3) as follows.

L2 L2 L2
cp=—b = 2/\7 cy = —by = 3/\7 c3 = —bg = 1/2\7
FIM PQM FgM

where M = —M > 0. Then, (8.17) is replaced by ¢; + ¢ + ¢3 = —3. The physical
region in the region of ¢y, co > 0 is rewritten by

Fl 2 FQ 2 Fl FQ I‘1 FQ
— — —22—+4+2—4+3 — 6= — 6= 9 <0.
(P2c1> + (Fl 02) T, + T, + C1C2 F201 T, C2+9 <

The boundary of this region is a hyperbola whose asymptotes are given by

/[ nr
Cy = )\,Cl -3 %)\,, Cy = )\Jrcl +3 LI@Q)\JF. (830)

Note that the cj-axis and the co-axis are tangent to the boundary at (3I'5/I'1,0) and
(0,3I'y/I'y), respectively. In the new coordinates, the Hamiltonian is expressed as
follows.

1 o~ o~ —
H = 5 [szgho (MF101> + I'sI' ho (MF202> + I Tahg <MF303>} .
T

Thus, similarly to M < 0, we obtain f(c1,c2) = 1/6, where f(cy,¢2) is defined by

o 1/Ty o 1/T5 9 —
C1,C9) = ——— _— e — Ky | \V MT'1c
f( ! 2) (Cl +02 +3) (Cl +CQ+3) *P |:F1 0 ( ! 1)
2 = ' +1 M\F1F2
— Ky |V MT -2 K 3
T °< 262) T, 0 \/F1 T, tets)

2
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Figure 4: Equi-curves of the Hamiltonian #” and the boundary of the physical region
in the (¢y, ¢o)-plane when M = 0.01 for (a) (I';,I's) = (1,1) and (b) (I'1, ) = (3,1).
The light curves are equi-curves. The dark curve is the boundary of the physical
region. The three dark straight lines are ¢y = %(cl +3), ca = %cl — 3, where the
implicit function theorems in Proposition 8.17 don’t hold, and ¢y, = %01 passing the

origin. The three a-point vortices form isosceles triangles on these three lines.

We note that the Hamiltonian 77 is always negative when M > 0, since it follows
from the proof of Lemma 8.20 that

T SMT,T
H < 2 [ho <L§2 + —12) — ho (L@] < 0.

2w Fl + FQ

This yields

0

We remark that there might exist the configuration whose Hamiltonian does not be
in the range (8.1). Furthermore, similarly as in Remark 8.21, we can show that for
any value of the Hamiltonian . in the range of (8.1), there exists a configuration
moving along the equi-curve corresponding to 7.

__ Figure 4 shows the physical region and the equi-curves of the Hamiltonian when
M = 0.01 for (a) (I',I'2) = (1,1) and (b) (I';,T'2) = (3, 1), respectively. Then, we

1 I
0< =< (F_2> . (8.31)

79



observe that the equi-curves are roughly categorized into the following three parts.
(i) Curves that do not intersect with the boundary of the physical region. (ii) Curves
that are tangent to the boundary. (iii) Curves that intersect the boundary of the
physical region. Moreover, as we show later, every equi-curve is monotone decreasing
between the two lines ¢y = %(01 +3) and ¢y = %cl — 3, and monotone increasing
in the other regions. In addition, each equi-curve corresponds to the different value
of the Hamiltonian. To see the distribution of the equi-curves in detail, we show the

following lemma.

Lemma 8.28. For any p € R, every equi-curve has at most one intersection point
with the line ¢y = IF,—;cl +p. Moreover, as the value of 7 increases, the ci-coordinate
of the intersection points gets larger.

Proof. Substituting c; = %cl +pinto f(c1, c2) and setting f,(c1) = f (cl, %01 +p>,
we obtain

l/Fl Fl I/FQ
£.(c) = 1 2Ct D
P (1+3)a+p+3 (1+)er+p+3

2 [— 2 —
X exp |:F—1K0 ( MFlcl) + F_2K0 <\/M (F101 + ng))
Fl + FQ - PIFQ
-2 K M(T 3
T.T, 0(\/ ( 1C1+F1+F2(P+ )>)]7

and f,(c1) = ¢ (I'y/T'y) as ¢; — +oo. The derivative of f,(c;) is given by

Iy 4Ty —~ r, _ I, _
(¢1) = M _-2 <MF ) h <M Tyey +T )
fp(Cl) fp(c1) {F1+F2 K 1C1 +F1—|—F2 K (T'yer + Tap)

— ' I
—h M (T + +3 )
K( ( e F1+F2(p )))}

Owing to the convexity and monotonicity of hx(x), it follows that

' +1I'y— = Iy
! M hxg | M (T
) > LR e [ (37 (Tocr 4 ) )

— rhry
—hg (M| T 3
K< ( 1C1+F1+F2<p+ )))
Hence, f,(¢1) is monotone increasing and we get f,(c1) < ¢ (I'1/T'2). Considering
(8.31), we find that, for any given ¢ < 0 and p € R, there exists at most one solution

> 0.
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of f,(c1) = 1/6, where 6 is defined by (8.7). This means that every equi-curve with
the Hamiltonian value .77 has at most one intersection point with ¢y = %cl +p. Since
fp(c1) is monotone increasing, as the value of . increases, namely 1/6 increases,
the c;-coordinate of the intersection points gets larger. [

Figure 4 illustrates that each equi-curve tends to two different asymptotic lines
as ¢; — +00, which is proven as follows.

Proposition 8.29. Suppose (7.15) and M > 0. For every equi-curve in the region
cy < %cl — 3, there exists a constant A\._ such that it asymptotically approaches the
straight line whose slope is A._ < I'1/T'y as ¢y — +o00. For the equi-curve in the
region co > %(cl +3), we have the same result with A, >T'1/T.

Proof. We first show the monotonicity of the equi-curves. Differentiating f(cy, cs)
with respect to ¢; and ¢y, we obtain

if(Cl,CQ) = ]/w\f<01702> hK <]/W\F1C1) — hK (

MT,T
! 2(01+CQ+3)> R

9er I+ T
0 . = MT,T ]
a—CQf(q,cz) = Mf(ci,c2) | hi <MF202) — hg <F1 +1F22 (14 o+ 3))

Thus, 0f/0c; = 0 and 9f/0ce = 0 if and only if ¢y = %cl —3and ¢y = %(cl +3),
namely Lo3 = Lo and L3y = Lo, respectively. For any given 5 and 6 defined
by (8.7), we consider a point (cy,cy) satisfying f(c1,c2) = 1/6 and ¢ # %(cl +3).
Then, it follows from the implicit function theorem that there exists a unique function
¢y = &(c1) defined in neighborhoods of ¢; and ¢y and satisfying f(c1,&(c1)) = 1/6.
Regarding the points on the line ¢, = %(cl + 3), we similarly find a unique function
¢1 = n(eg) satisfying f(n(cs), ca) = 1/6 in neighborhoods. Note that the derivatives
of £ and 7 are given by
d§  hg (WiLY,) = hi (Li,) dn  hi (u3L75) — hi (Li,)

der — hi (L3y) = hic (p3L3,)] des — hi (L) — hic (p7L35)]
and that we have n = ¢ Lif ¢y # %cl —3 and ¢y # %(cl +3), owing to the uniqueness
of n and &. Then, defining f(c1,&(¢1)) = f(n(c2), c2) on the line ¢y = %(01 +3), we
can make £(c;) continuous in the region ¢y, ¢o > 0. Similar to Remark 8.24, we find

that d¢/dc; > 0 holds only if 1 > 1 > ps or ps > 1 > py, which correspond to the
regions

r r
Co < —¢p — 3, cy > —1(01 +3), (8.32)
I I'y

81



respectively. On the other hand, d¢/dc; < 0 holds if and only if g, pe < 1, which
corresponds to
Ha-3<ex %(CI +3). (8.33)
Note that this is the situation we observe in Figure 4.

We next see the asymptotic behavior of the equi-curves. Let us consider the
equi-curve £(c;) passing through a point (¢1,¢) in the regions (8.32). As we see in
the proof of Propositions 8.14 and 8.23, the invariance of f(¢;, ¢o) yields

lim @

c1—+o0 C1

= e
Thus, taking the ¢; — 400 limit in f(c, g(cl)) = 1/6, we obtain

1
Z= V) (8.34)

Since we know from Lemma 8.28 that d¢/dc; < T'y /T’y for ¢ < %cl —3 and d¢/dc; >
Iy /Ty for ¢o > %(cl + 3), owing to (8.31) and (C.1), (8.34) has a unique solution
Ae. <TI'y/Ty and A, >I'y /Ty, respectively.

We finally show that, for any Hamiltonian value ., the corresponding equi-
curve is unique in the regions (8.32) and (8.33). We consider the equi-curve &(c;)
with the Hamiltonian value . Suppose that there is a point (81, 82) corresponding

~ ~

to A and satisfies 81 # £(01). Then, there exists a equi-curve (¢ ) passing through

~

(B2, 41). Since it follows that £(c1)/c1, £(c1)/c1 — Aex as ¢ — +oo in the region
(8.32), there exists a constant p € R such that ¢y = %cl + p intersects with both

~ ~ o~ ~

£(c1) and &(cq). In the region (8.33), &(¢1) and £(c1) must intersect the line ¢; = %cl.

These contradict Lemma 8.28. We complete the proof. O]

Remark 8.30. In Proposition 8.29, we see the property of the equi-curves in the
region of ¢y, co > 0 and do not mention the relation between equi-curves and the
physical region. We already know that the divergence of L,,,(t) is essential to show
the enstrophy dissipation. This indicates that the equi-curve E (¢1) needs to stay in
the physical region as ¢; — +o00. That is to say, ., should satisfy A\._ € (A_,T';/I'3)
and A\, € (I'1/I'y, Ay ), since the asymptotes of hyperbola are given by (8.30). Hence,
it is essential for the enstrophy dissipation that . stays in the range (8.1), since

A, are solutions of (8.34).

Remark 8.31. Based on Proposition 8.29, we consider the equi-curves of (i), (ii)
and (iii) in the physical region and describe their asymptotic behavior in detail as
follows.
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(i) Owing to Proposition 8.29, the equi-curve £(¢q) is monotone increasing in (8.32)
and decreasing in (8.33). Moreover, it asymptotically approaches two lines
whose slopes are A\... Such a behavior is not observed when M < 0.

(ii) There exist at most two points of tangency, one satisfies p; > po and the
other does o > py. Since, owing to Proposition 8.17, the point of tangency
corresponds to a relative collinear equilibrium, the configuration approaches
the collinear configuration as t — —oo (or t — +o00) while L,,,(t) — +oo as
t — +oo (or t — —o0). We define the values of .7 corresponding to such
equi-curves as 74 and J%.

(iii) Since the intersection point corresponds to a collinear configuration that is not
a equilibrium, we obtain £(c¢1)/c; — Aoy as t — £oo for g > 1 > uy and
po > 1 > puq, respectively. This behavior is same as that we observe when

M <0.

We finally show the enstrophy dissipation and the energy conservation for M > 0.
According to Remark 8.31, the divergence of L,,,(t) as t — +oo holds for the
evolution corresponding to the equi-curves (i) and (iii). For (iii) case, similarly to
M < 0, we define t* as the time at which three a-point vortices become a collinear
configuration. As for (i), the equi-curves must intersect with the line ¢y = %cl.
That is to say, three a-point vortices form an isosceles triangle with Lo3 = Lg;, we
define this time as the initial time of the system (7.7). Then, we have the following
Lemma.

Lemma 8.32. Suppose M* — 0 as o — 0 and 195(t*) = 1$,(t*). Then, we have
18 (t*) =0 as a — 0.

Proof. Note that Los(0) = Ls3;(0) is equivalent to 195(¢*) = 1$;(t*). Suppose (2, (t*) —
I*,, as & — 0. Then, we obtain I5; = 15, and [ol's (I35)° + sy (15,)° + 1105 (13,)° = 0
so that I3, =[5, = [3,. If [§5 > 0, then we have J#“ — 0 as a — 0. This contradicts
that s = J satisfies (8.1). Thus, we achieve the conclusion. O

We remark that Lemma 8.32 holds when the condition 1$;(¢*) = I$;(t*) is replaced
by 155(t%), 1§, (t*) < I%,(t*). Finally, we show the enstrophy dissipation for M > 0.

Theorem 8.33. Suppose (7.15) and M > 0. Then, for each three a-point vortices
with A satisfying (8.1) and H + A, 75, we have

ilgé FUt) = —zp0(t — t7), ili% Dy(t) =0,

in the sense of distributions and zy is positive.
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Proof. Owing to Lemma 8.32, we can define ¢* as the time when the three a-point
vortices form an isosceles triangle. Then, similar to Theorem 8.16, we can easily
show the convergence. As for the positivity of zy, since h;(z) is downward-convex,
it follows from (8.16) and

T 3SMT,T
Hy(r) > —2 [m (L2 +—12) — Iy (L@)] > 0,

47 2 +1,

that zg > 0. H

8.3 Convergence to self-similar collapsing solutions

As we have discussed, the a — 0 limit solution of the three aPV system is related to
the self-similar collapsing and expanding solutions in the PV system. In this section,
we show that the limit converges to a singular solution connecting these singular
solutions and the enstrophy dissipation occurs at the critical time.

We consider the three a-point vortices with the value of Hamiltonian 7, satisfying
the assumptions in Theorem 8.1. Then, we have L,,(t) — +oo as t — too. More
precisely, we already know that, for M < 0 and some special cases in M > 0, there
exists a constant v € (k_,1) or (1, k) such that

L3 (t)
im =,

and, for the other cases in M > 0, there exist constants v_ € (k_,1) and vy € (1,ky)
such that
L3 (1)

= vy (8.35)

In what follows, we consider (8.35) with v, without loss of generality. The same
argument applies to the case of v_. Recalling the invariant quantity M* and (7.12);

lgm(t) = aLpm <t ! > )

o?

we obtain




Then, it follows from (7.15) and (8.36) that

L= G +

8.37
Fl + F2 C27 ( )

F1+F2

for t > t* in the o — 0 limit. Thus, using (8.35), we obtain

D+ Ty V+(F1 +F2)
I/+F1 + FQ vil'y + FQ

Regarding the Hamiltonian 7, we similarly obtain

0y T I,
H = 1 1
o (Fl_m2 ogC1+- T, ogca)

in the « — 0 limit. In the same argument as the PV system in §2, we find that v,
¢; and (; are independent of ¢. On the other hand, owing to (7.5) and (7.12), (%,

satisfies
t9 1 s—t*
12 ()% = (1% (t))? (/ ‘rgac |—— B (L
) = G + [ 200 | s K( ( - ))

1 s—t*
S — - T A (I B
o213, (=F) K( 31( o ))] ’

Taking the o — 0 limit and setting 12, (¢) = lim,_,01%,,(t), we obtain

1
0 = soomars Lt

where Ry = [2(¢7+ ¢3) — ((F — &)* — ]1/2 and oy denotes the sign of A*. Here, we
use (2, (t*) — 0 as @ — 0. Regarding [$; and [$;, we similarly find

1 1-¢ . 1 G -1
(I95(1))* = %UORUD e 2t —t%), (13,(t)* = %O’OROFQ 1C12

Using (7.15) and (8.37), we consequently obtain

Ra(t) = Voowo(t —t%),  Ig5(t) = G/oowo(t — t*),  15,(t) = G/ aowo(t — t*),

where wy is defined by

(t —t*).

(t —t*).



Considering the argument of the PV system in §2, we can conclude that the three a-
point vortices converge to a self-similar singular solution with the same Hamiltonian
value as 7. in the PV system, which collides as t — t* 4+ 0 and expands as t — +00
self-similarly. As for v_, we similarly obtain the self-similar singular solution in the
PV system defined for ¢ < t*, which also collides as ¢t — t* — 0 and expands as
t — —oo self-similarly.

9 Concluding Remarks

We have successfully proven that the existence of the enstrophy dissipating solutions
and that such a dissipation occurs because of the triple collapse of point vortices.
In order to obtain these results, we first showed that the Euler-Poincaré equations
have a unique global weak solutions with initial vorticity in the space of Radon
measure. Then, we considered point vortices as a measure valued initial vorticity
and introduced the Euler-Poincaré PV system. In this research, we focused on the
aPV system that is a specific example of the Euler-Poincaré PV system, and gave
a mathematical proof of the existence of the evolution of the three a-point vortices
that dissipates the enstrophy in the sense of distribution in the o — 0 limit. In this
limit, it converges to a singular orbit that connects the collapsing and the expanding
solutions at the collapse time in the three PV system, and the enstrophy dissipation
occurs at the collapsing time. Moreover, our theorems indicates that the enstrophy
dissipation is observed for a wide range of the initial configurations of the three a-
point vortices. Consequently, we conclude that the self-similar triple collapse is one
of the generic mechanisms of the enstrophy dissipation in 2D incompressible and
inviscid flows.

We discuss some future problems suggested by the present study. In this paper,
we restrict our attention to the three a-point vortices whose mutual distances tend to
infinity as ¢ — +o00 and that converge to the singular solution in the PV system. On
the other hand, when the vortex strengths do not satisfy (7.15) or the Hamiltonian
value is out of (8.1), their distances could be finite throughout the evolution. Then,
it is worth investigating the convergence of these evolutions in the a — 0 limit as
a regular dynamical system, although the enstrophy is conserved in this case. As
in [29], considering the evolution of the two a-point vortices, we easily confirm that
their distance remains finite and it converges to that of the two PV system. Hence,
it is likely that the three a-point vortices also converge to the solution of the three
PV system in the o — 0 limit, but it is not trivial.

Regarding the enstrophy dissipation caused by the vortex collapse, it is important
to investigate whether the aPV system is the essential regularization to show the
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enstrophy dissipation, or not. It is challenging to try to obtain the same results for
the Euler-Poincaré PV system. Furthermore. it is also interesting to investigate the
enstrophy variation together with the evolution of many point vortices. According to
[38, 41, 12], the N point vortices in the PV system can collapse self-similarly in finite
time under certain circumstances. Thus, there is a possibility of obtaining another
enstrophy dissipating solution by considering the collapse of the N vortex problem
in a Euler-Poincaré PV system. As a matter of fact, it is numerically observed in
[29] that the enstrophy dissipation occurs in the aPV system via a quadruple self-
similar collapse as & — 0. However, since the Euler-Poincaré PV system (5.5) is not
integrable for N > 4 in general, further analytic investigation is required.

A Quasi-Lipschitz estimates for the singular ker-
nel

We review the quasi-Lipschitz estimates for the singular kernel K. The first lemma
is a classical estimate for bounded functions. The proof is straightforward and we
find it, for example, in [1, 19, 52].

Lemma A.1. For w € L'(R?) N L>(R?),

. (K(z —y) - K - y)|lw(y)ldy < cp (o — ') (|wllzr + [lwl][z<) -

Proof. We set r = | — &’| and note prove the lemma for sufficiently small r > 0.

. |K(x —y) — K(z' — y)||lw(y)| dy

< [ K@yl K ) )y
Kxz-y)— K —y)||lw(y)ld
ff K - K6 )l ety

+/PJK@—y%Jﬂf—ymemy
=1L+ L2_+ Ls. (A1)

Since |x — y| < 2r yields |’ — y| < 3r, we have

1
L < —||wl|z= sup /
™ zeR? J|z—y|<3r |m - y|

dy < rr||wl|pee-
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As for Ly and L3, we use the mean value theorem. Then,
1
|K(x—y) - K(z' —y)| < 7‘/ (VE)(z —y + (2’ —x))| dr.
0

Iflxe—y|>2r |z —y+7(x —x)| > |r—1y|/2. Thus, we find

1
Ly < CQTHWHLOO/ Sdrdy

1
2r§|m—y<2/0 |:B -y + T(wl - iB)|
1
< earllwl o= / Ly
2

r<|lez—y|<2 ’CB - y’2
< cpp(r)[[w] e

Finally, it follows that

1
Ly < cor / ()| dy < sl
2<|z—y| ’33 - y|

Combining three estimates, we obtain the desired result. ]

The following lemma is a modified estimate of the singular kernel, which was
proven in [, 50].

Lemma A.2. Let w € LY(R?) N L*(R?) and ¢ be an area preserving measurable
transformation on R%. Then

. K (xz—y) - K(z - ¢(y))| |w(y)|dy < ¢ sup ¢ (lz = ¢(@)]) (lwllzr + llwllz=) -

Proof. Set r = sup,epe | — ¢(x)| and suppose that r > 0 is sufficiently small. we
split the integral in the same way as (A.1). The first term L, is estimated as follows.

1 1 1
e N = ) i
27 |z—y|<2r |z — y| |z — ¢(y)|

1 1
<ol [y
™ |e—y|<2r |$ y|

< arl|wlpe-
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Here, we have used the inequality,

1 1
S S
/:t—y|<2r ‘m - ¢(y>| |le—y|<2r |3’J - y|

since ¢ is area preserving and the symmetric rearrangement about & maximizes the
integral. Applying the mean value theorem and the fact that

1
lx—y+7(y—o(y))| > §|w—y|+7’—7|y—¢(y)|
1
Z§|w—y|+r(1—7)
> iz -y
_m_
25 yl,

for | — y| > 2r. Thus, based on the proof of Lemma A.1, we find

1
Ly, < 02r||w||Loo/ dy

2r<|e—y|<2 ‘.’13 - y‘2

< cop(r)[|wllzee

It is also easy to see that Lz < c37||wl|r:. We achieve the conclusion.
[

B Fundamental lemmas related to ordinary dif-
ferential problems

We prove the lemma about the global existence and uniqueness of the solutions to
the ordinary differential equation. The proof is based on that in [19].

Lemma B.1. Consider the initial value problem for x(t) € R™, t € [0, 00).

d
) =b@(t).1),  x(0) =, (B.1)

where b € C (R™ x [0,00); R™) is uniformly bounded and quasi-Lipschitz continuous
i space, namely
|b(£8, t) - b(wlat>’ < cp (‘fB - wl‘) )

and c is independent of t. Then, (B.1) has a global unique solution x(-) € C[0, o).
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Proof. We use the classical iterative method. We define a sequence of approximate
solutions for 0 <t < T,

xn(t) :/0 b(x,—1(s),s)ds + zo, x,(0) = xo. (B.2)

Then, we have

@ (t) — s |</|b Z1(5),5) — b (@nos(s), 5)| ds
s/o (201 (5) — s (s)]) ds

t
<e / L(0) | 1(5) — @_a(s)| ds + cT0, (B.3)
0
in which we have used the inequality,
o(r) < L(0)r + 0, L(0) = —logd,
for 0 < § < 1. By iterating the inequality (B.3), we obtain
ctL(d))"~ (ctL(o
|, () — 2,1 ()] < % sup |x1(t) — xo| + cTéz J
(n - 1)~ 0<t<T =0
Since b is uniformly bounded, we have

sup |1 (t) — xo| < T[] Lo (rnx[0,00))
0<t<

Thus, it follows that

'c"’IT"HbHLoo + ¢T6eTLO)

@ (t) — @0a ()] <

~ (n—1)!
Suppose that T is sufficiently small such that 1 — ¢T" > 1/2 and 2c¢Te® < 1, and
remember the Stirling formula n™ < nle“*. Then,

2, () — Tp_y (1) < (¢Te)" LT ||| o + T2

" MTM|b|| Lo 4 cTe T,

1 n—1
< (5) e“T||b| o + cTe /2.
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Hence, {x,(t)}>°, for t € [0,7] is a uniformly convergent Cauchy sequence. We
denote the limit function by x(¢) and find that it satisfies (B.1) in integral form/
Indeed, we have (B.2) and

/ " b(aas), s — / b(a(s), s)ds| < c / T o (n(s) — ()] ds

< T (s [2(s) ~a(9)]).

0<t<T

Taking the n — oo limit, we find that @(¢) satisfies (B.2). Finally, it follows from
the continuity of b(x(t),t) in time that x(t) € C1[0,T). Since T does not depend on
xy, the result can be extended to arbitrary large times.

Regarding the uniqueness, suppose that (t) and y are solutions to (B.1). Using
the same method in the existence part, we find

|uw—y@ﬂsA|MM@aw—wwgsnm
Sgéwﬂﬂ@—y®bw

1 n—1
< sup |x(t) — y(t)| (—) eT 4 cTe ™2,

0<t<T
For sufficiently large n, we obtain

sup |2(t) — y(t)| < 2cTe™?,
0<t<T

and conclude that = y on [0, 7] in the n — oo limit.

Next, we show the useful integral inequality. This proof is also based on [19].

Lemma B.2. Let x € C([0, T];R"), RT =[0,00), and f € C(RT;R") be a nonde-

creasing function, such that

x®§ﬂ®+ﬂf@®wa

fort €[0,T]. Suppose that y = y(t) is a solution of the initial value problem,

Sy = T, w(0) = 2(0), (B4)

91



that is continuous with respect to the initial data. Then, we have
z(t) < y(t), (B.5)
for any t € [0,T7].

Proof. Let ys(t) be a solution of (B.4) with the initial data y(0) = z(0) + 4 for § > 0.
Owing to the continuity of the solution, there exists a time t* defined by

t* =sup{t € [0,T] | z(t) < ys(t)}-

We show that t* = T'. Indeed, if t* < T, we have

t*
0= us(t") = olt) 2 6+ [ [£(us(s)) = Fla(s))]ds 25
0
since f is nondecreasing. This is a contradiction. Thus, it follows that
l’(t) < y&@)?
for ¢ € [0,T] and, taking the 6 — 0 limit, we obtain (B.5). O

The following lemma is a concrete example of the application of Lemma B.2. The
proof is given in [50].

Lemma B.3. Suppose that x € C*([0,T];R") satisfies

£(t) < / e+ ¢ (2(s))] ds,

for 0 < < 1. Then, we have

—t
-1 v e —¢
e +e .
e —loge

z(t) < (B.6)

Especially, x(t) < ¢(T)e " fort € [0,T].
Proof. Using the tangent approximation of ¢(r), namely
o(r) < @'(6)(r = 6) + @) = (—logd)r + 4,

for any 0 < 6 < 1, we find
t
z(t) < / [(—logd)x(s) + 6 + €] ds.
0
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Consider the ordinary differential equation,

%y(t) = (—logd)y(t) +0 + ¢, y(0) =0,

with 6 = e~ ", Then, it is easy to confirm that the solution is given by

t_ 1 _ et
y(t) = S p et —C
e —loge

Applying Lemma B.2, we obtain (B.6). Note that it follows from (B.6) that

T_ T
el —1 L€ ) et € o o(T)e"
—loge

o(t) < (

e —loge

which is the desired result. O]

C Properties of some auxiliary functions

Here, we introduce several functions and their properties that are often used in this
paper.

1. The function ¢ (z): The function ¢(z) is defined by

1 1/T T 1/T2
w(x):(l—i—x) <1+:c) ’

where I';, I's > 0. Then, we easily find that ¢(0) = 0 and ¢¥(z) — 0 as * — +oc.
Moreover, since 9'(z) > 0 for 0 < z < I'y /T’y and ¢'(x) < 0 for x > I'; /'y, ¢(x) has
a maximal value at = = I'; /T's. Hence, we have

0<¢(x) <9 (E) : (C.1)

for0<x < Fl/rg and x > Fl/rg.
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2. The function Ky(z) and Kj(x): As for the modified Bessel function of the
second kind Ky(z) and K;(x), we know

Ki() = ~Ka(a),  Ki(n) = —Ki(o) — Ka(a). (2)

Thus, both functions are monotone decreasing and downward-convex. Moreover, we

have
1

Ko(z) ~ — (ﬁ + log %x) , Ki(z) ~ é + (ﬁ + log %x) %:c il (C.3)

as * — 0, where ( is the Euler’s constant[05].

3. The function Bg(y/z): The function Bg(y/r) is monotone increasing and
upward-convex. Indeed, owing to Bk (z) = 1 — xK;(z) and (C.2), we have

/ ]- 1 1
(BeV®) = 5 KoV >0, (Be(Vm)' =~ ZKa(Wa) <0, (G4

4. The function hy(z): The function hy(x) = v/xK;(y/r) is monotone decreasing
and downward-convex, since
1 1

M) = —3Ko(Va) <0, W) = oKV 0. (C.5)

5. The function hx(x): The function hx(x) is defined by

Then, hg(z) is monotone decreasing and downward-convex. Differentiating it, we
have

1 7 1

hi(x) = _Phﬂ(m), ho(z) = Bg(Vx) — éa:Ko (Vz),
and hj(x) = LIk, (VI) > 0. With p(0) = 0, we obtain ho(z) > 0, and so
R (z) < 0. Moreover, its second derivative becomes

W) = Sn@), Pue) = B(VE) — 5ok (V) - 322K (V).

Since we have hy(0) = 0 and 7 (z) = t2Ko (v/x) > 0, it follows that I (z) > 0.
Thus, we conclude that

ho(x) < 0, h(x) > 0. (C.6)
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Figure 5: The graphs of the functions ¢ (z), hx(z), ho(z) and hy(z) in Appendix C.

6. The function ho(z): The function ho(z) = log+/z + Ky (y/x) is monotone
increasing and upward-convex, since we have

1 1
hy(x) = EhK(x) > 0, ho(x) = §h/K<ZL') < 0. (C.7)
Moreover, it follows from (C.3) that
ho(0) = =3 + log 2. (C.8)
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