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ABSTRACT: It has been conjectured that duality cascade occurs in the N = 3 super-
symmetric Yang-Mills Chern-Simons theory with the gauge group U(N); x U(N + M) _y
coupled to two bi-fundamental hypermultiplets. The brane picture suggests that this dual-
ity cascade can be generalized to a class of 3d N' = 3 supersymmetric quiver gauge theories
coming from so-called Hanany-Witten type brane configurations. In this paper we perform
non-perturbative tests of the duality cascades using supersymmetry localization. We focus
on 53 partition functions and prove predictions from the duality cascades. We also discuss
that our result can be applied to generate new dualities for more general theories which
include less supersymmetric theories and theories without brane constructions.
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1 Introduction

Duality plays a prominent role in theoretical physics. It relates apparently different the-
ories in nontrivial ways. One of the most famous dualities for gauge theories is Seiberg
duality [1], which says that two 4d supersymmetric (SUSY) QCD’s with different ranks
flow to the same theory in IR. There are also various other dualities in diverse dimensions.
While duality in a narrow sense is a relation between two theories, there is a more exotic
phenomenon called duality cascade for a class of gauge theories. It was first discovered
by Klebanov and Strassler [2] in the 4d N' =1 SU(N) x SU(N + M) SUSY gauge theory



with (anti-)bi-fundamental chiral multiplets. It has been discussed in [2] that along the
RG flow, the theory flows to another theory with N — N — M, and repeating this gives
rise to the sequence of the Seiberg dualities (see [3] for a review). The gravity dual of the
Klebanov-Strassler theory has been also useful to construct models of string inflation [4-6].

In this paper we mainly study duality cascades in a class of 3d N/ = 3 SUSY Yang-Mills
Chern-Simons (YMCS) theories. The simplest case is the N’ = 3 SUSY YMCS theory with
the gauge group U(N); x U(N + M)_i coupled to two bi-fundamental hypermultiplets.
This theory with |M| < |k| is known to flow to the famous N = 6 superconformal Chern-
Simons theory called the ABJ theory with the same gauge group® [7, 8]. It is expected
that the ABJ theory enjoys the Seiberg-like duality [8, 9]. For M > 0, it is the duality
between the theories with the gauge groups?

UN)g x UN+M)_ and U(N + |k| — M) x U(N)_g. (1.1)

We can easily see that acting the duality transformation twice, we come back to the original
theory. This duality essentially comes from the Hanany-Witten effect [10] of the brane
configuration and has been tested in various ways [8, 11-16].

It has been expected® in [17, 18] that the duality (1.1) is extended to the case with
M > |k|. In this case, the big difference from the previous case is that the lower rank of
the two unitary gauge groups changes: it decreases from N to N + |k| — M. For this case,
acting the duality transformation once more does not get back to the original theory and
we go to another dual theory. This implies that the theory enjoys the following sequence
of the dualities, i.e. the duality cascade as in the 4d case:

(N, M) > (NO,MD) - (N® M@) — (NO MP) ... (1.2)

where N and M) > 0 denote the lower rank and the difference of ranks of the two
unitary gauge groups in the theory obtained by applying the duality transformation j
times.* The values of (N, M) are explicitly given by

NG = NG k| — MG M) = pG=1 g for MU= > |k|, (1.3)

with the initial condition
(N, M) = (N, M). (1.4)

This sequence of the dualities last until we encounter

N® < M™ |k, or MW <[k (1.5)

Tt has N = 8 SUSY for some special cases: (k, M) = (1,0),(2,0) and (1,1).

2The opposite case M < 0 is simply obtained by k — —k.

3Tt was argued in [8] that the ABJ theory, which is the superconformal theory, with M > |k| does not
exist as a unitary theory. However, this does not necessarily mean that the YMCS theory with M > |k|
never has a supersymmetric vacua. In [17, 18], the authors predicted that the duality cascade occurs, and
consequently, the SUSY breaking condition is different from M > |k|. We will review this point below and
in section 2.

4We have omitted the label of Chern-Simons level for simplicity of explanation. In the main text, we
will explicitly write it.



When N < pr(n) — |k|, the brane interpretation implies SUSY breaking. This is modified
version of s-rule as we will review. When M < |k|, the nth theory corresponds to
the previous case, thus the theory finally flows to the ABJ theory with the gauge group
UN®), x UN®™ 4+ M™)_,. Since it is the IR duality, all of the theories (1.2) should
finally flow to the same ABJ theory.

The above duality cascade can be generalized to more general N' = 3 SUSY theories
coming from the Hanany-Witten brane configurations on a circle [10] although it has not
been discussed explicitly in literature. This class includes N/ = 3 YMCS theories with
circular quivers (see e.g. [19-21]). We discuss this generalization from viewpoints of brane
constructions in section 2.3.1.

In this paper, we perform a non-perturbative test of the duality cascades (and SUSY
breaking) using SUSY localization [22]. We focus on S3 partition functions and prove that
the problem of showing the duality cascades is reduced to show a duality relation coming
from a worldvolume theory of a building block of Hanany-Witten type brane configurations
which we refer to as the local theory. Then we prove the fundamental duality relation for
the local theory and this amounts to prove the predictions from the duality cascades for
the S3 partition functions. This provides the strong evidence that the conjectured duality
cascades are indeed true (although it would be also important to perform further checks
by other observables). We also discuss that our result can be applied to generate new
dualities for more general theories which include less SUSY theories and theories without
brane constructions.

This paper is organized as follows. In section 2 we review the duality cascades and
SUSY breaking from the viewpoint of the brane constructions. We also discuss that the
duality cascade can be easily extended to more general N' = 3 SUSY theories coming
from the Hanany-Witten brane configurations on a circle. In section 3 we show that the
problem of showing the duality cascades and SUSY breaking for the S® partition functions
is reduced to show a duality relation for the local theory. We then prove the duality
relation. In section 4 we discuss that our result can be used to generate new dualities.
Section 5 is devoted to conclusion and discussions.

2 Review of the duality cascades in three dimensions

After the discovery of the Seiberg duality, various dualities which have natural interpreta-
tions from string theory have been found (see e.g. [9, 10, 23]). It was pointed out in [17, 18]
that the duality cascade for the ABJ theory also can be captured from the viewpoint of
the brane constructions, especially using the Hanany-Witten effect. Therefore, we start in
section 2.1 with explaining the brane configurations and their worldvolume theories. We
then review the Hanany-Witten effect in our setup in section 2.2. We also discuss a con-
dition of the SUSY breaking known as the (modified) s-rule by using the Hanany-Witten
effect. Finally, in section 2.3 we first review the duality cascade (and SUSY breaking) for
the ABJ theory from the viewpoint of the brane constructions. We see that this viewpoint
naturally leads to the duality cascade for general 3d SUSY gauge theories.
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Table 1. The ingredients of the type IIB brane configuration studied in this paper. The 6th
direction is taken to be a small circle. The symbol “/;;” for 5-branes means that the 5-branes are
oblique in the (x;,z;) plane with appropriate angles dependent on (¢, k).
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Figure 1. A generic Hanany-Witten type brane configuration. The horizontal direction is the S*
and therefore identified on the both ends. When ¢’s are 1, the worldvolume theory is a circular
quiver gauge theory with the gauge group U(N1)g, —k, X U(N2)ky—k; X -+ X U(Np)ky, —kp_y -

2.1 Brane configuration and gauge theory

Let us consider a class of SUSY theories given by the Hanany-Witten type brane configura-
tions [10, 19, 21] which are brane configurations in the type IIB superstring theory shown
in table 1 and figure 1. It is known that this type of brane configurations preserves N' =3
SUSY at least. Ingredients and their field theory interpretations are as follows:

e D3-brane

It gives vector multiplets with gauge group U(N) when the number of D3-branes
between adjacent two 5-branes is N. Since one of the longitudinal direction is the
small S', the world volume theory is effectively three dimensional.

e Db-brane

It gives Ny fundamental hypermultiplets when the number of D5-branes is Ny.

o NSbhH-brane
It gives bi-fundamental hypermultiples under the two gauge groups coming from
neighbor D3-branes.

e (¢,k) 5-brane

It is a bound state of £ NS5-branes and k D5-branes with ged(¢, k) = 1. (0,1) brane
denotes single D5-brane while (1,0) brane is single NS5-brane. (1,k) 5-brane gives
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Figure 2. [Left] The quiver diagram of the N’ = 3 U(N); x U(N + M)_, SUSY YMCS theory
coupled to two bi-fundamental hypermultiplets. This theory flows to the ABJ theory for |k| > M.
[Right] The corresponding type IIB brane configuration (N = 3 and M = 1 in the figure). The
horizontal direction is the S' and therefore identified on the both ends.

bi-fundamental hypermultiples as NS 5-brane and Chern-Simons term with Chern-
Simons level +k to left (—k to right) gauge group. When (¢, k) is neither (0, 1), (1, k)
nor (1,0), it gives non-Lagrangian theory meaning that we do not currently know its
Lagrangian.

As a simple example, figure 2 shows the type IIB brane configuration for the A’ = 3
U(N)gxU(N+M)_; SUSY YMCS theory with two bi-fundamental hypermultiplets, which
flows to the ABJ theory for |k| > M. Figure 1 shows a generic brane configuration in the
class. As we have mentioned, the Chern-Simons levels in each gauge group are determined
by differences between “k”s of the adjacent (1, k)-type 5-branes.

2.2 Duality and Hanany-Witten effect

It is known that the Seiberg-like dualities in the worldvolume theories of the Hanany-
Witten type brane configurations can be understood from the so-called Hanany-Witten
effect [10, 24]. The Hanany-Witten effect tells us that if two different types of 5-branes
pass through each other, then it creates new D3-branes stretched between them. More
precisely, when (¢, k)5 and (¢, k’)5-branes with ¢k — ¢’k # 0 pass through each other,

‘Zk’ - K’k| D3 — branes

are created. In addition, this move reverses the orientation of D3-branes that were initially
stretched and thus change them to anti-D3-branes. If there are more D3-branes than the
anti-D3-branes, then the anti-D3-branes are annihilated with them and completely vanish.
On the other hand, if the anti-D3-branes remain, then supersymmetry is broken. We will
elaborate this point shortly.
As an important example, let us consider the brane configuration shown in figure 3,
which we denote as
<N1 ° N2 o N3> s (2.1)

where o and o denote (¢,k)5-brane and an NS5-brane respectively while the numbers
represent the ones of D3-branes. In this setup, the Hanany-Witten effect tells us that
|0 x 0 — 1 x k| = |k| D3-branes are created after the move of the 5-branes as illustrated in
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Figure 3. [Left] The brane configuration of the local theory. Note that the horizontal direction is
not identified on the both ends unlike figure 2. [Right] The quiver diagram for £ = 1. For £ > 1, it
is non-Lagrangian theory.
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Figure 4. An illustration of The Hanany-Witten move for the local theory (N7 = 2, Ny = 4,
N3 = 3, k =1 in this figure). [Left] Ny D3-branes become anti-D3-branes (dotted lines) and ||
D3-branes are created. [Right] The Ny pairs of D3 and anti-D3-branes are annihilated. [Center]
The quiver diagram of the dual theory for £ =1 with N’ = Ny + N3 + |k| — Na.

figure 4. Therefore, taking annihilation of anti-D3-branes into account, the brane configu-
ration changes as

(N1 @ Nyo N3) — (NyoNy+ N3 — Ny + |k| e N3). (2.2)
Similarly, if we start with the configuration (Nj o N @ N3), then we have

(N1 0Ny e N3) — (Ny e Ny + N3 — Ny + |k| o N3). (2.3)
Note that although we displayed the Hanany-Witten move using the arrow, the move is

reversible. In other words, the combination of (2.2) and (2.3) result in the original brane
configuration.



2.2.1 Supersymmetry breaking and s-rule

So far we have focused on the brane configurations preserving supersymmetry. However,
as we have briefly mentioned, there are sometimes cases where supersymmetry is broken
since some D3-branes have boundaries. The condition whether or not the supersymmetry
is broken depends on the number of D3-branes stretched between 5-branes. The Hanany-
Witten transition can be used to determine whether the supersymmetry breaking occurs
or not. In particular, N' = 3 SUSY in our brane configurations is completely broken when
there remain anti-D3-branes after the Hanany-Witten moves. This leads to the so-called s-
rule [10, 25, 26]: if a brane configuration is related to another one including anti-D3-branes
by the Hanany-Witten moves, neither configurations are supersymmetric.

Note that, when D3-branes do not have any compact directions, sometimes the s-
rule becomes simpler. For example, the Hanany-Witten effect relates (0o M e 0) and
(0@ |k| — M o0). Therefore, the s-rule says that the number of D3-branes stretched be-
tween the NS5-brane and (¢, k)5-brane should be less than or equal to k to preserve the
supersymmetry. On the other hand, when the D3-branes have compact directions, such a
rephrasing is not easy. For example, the case (o 3|k| e |k|) with the periodic identification,
namely the ABJ case, cannot be related to any configurations including anti-D3-branes
though the number of D3-branes stretched between the NS5-brane and the (¢, k)5-brane
is 2|k|. In this paper, therefore, we do not paraphrase it further. The s-rule in the case
when compact directions exist is also called modified s-rule and studied, for example,
in [17, 18, 27].

2.3 The duality cascades

In this section we see how the duality cascade is motivated by the brane dynamics. For
simplicity of explanations, we start with the N'=3 U(N); x U(N + M)_; SUSY YMCS
theory shown in figure 2. It is known that the theory for |k| > M flows to the N' = 6
superconformal theory called ABJ theory. It is expected that the ABJ theory enjoys the
Seiberg-like duality (1.1) between the theories with the gauge groups

U(N)g x UN +M)_p and U(N + |k| — M), x U(N)_4,

The duality can be understood from the Hanany-Witten effect as illustrated in figure 5. If
we apply the Hanany-Witten move to the brane configuration in figure 2, then we obtain
the brane configuration shown in figure 5, which gives the U(N + |k| — M), x U(N)_g
theory. If we parameterize the U(N)g x U(N + M)_j, gauge theory or the corresponding
brane configuration shown in figure 2 as (N, M, k) (more precisely, IV is the lowest rank,
M > 0 is the difference of ranks, and k is the Chern-Simons level corresponding to the
lowest rank), the duality can be expressed as

Duality : (N, M,k) — (N, |k| — M,—k) for M < |k|. (2.4)

We can easily see that acting the duality transformation (2.4) twice, we come back to the
original theory. This duality has been tested in various ways [8, 11].
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Figure 5. The brane configuration after applying the Hanany-Witten move to the brane configura-
tion of figure 2, which corresponds to the N = 3 U(N) g x U(N+M)_j, theory with |k| > M. (N = 3,
M =1, k = 3 in this figure). This implies the duality with the N' = 3 U(N+|k|—M )i x U(N)_, the-
ory.

What happens if we take M > |k| [17, 18]? Let us again consider the Hanany-Witten
effect.” In this case, after the Hanany-Witten move, the lowest rank becomes not N but
N + |k| — M. Therefore, the duality in the brane configuration is

Duality : (N, M, k) - (NO, MO k) for M > |k, (2.5)

where

NO =N+ |kl —M, MDD =M—|k|. (2.6)

The duality (2.5) implies that, as the M < |k| case, the corresponding SUSY YMCS
theories with (N, M, k) and (N, MM k) is Seiberg-like (IR) dual each other.

Now we have two questions. First, what happens if N < 0? In this case, there remain
anti-D3-branes in the description of brane construction, and this implies that supersymme-
try is broken for the gauge theory with (N, M, k). This is nothing but the modified s-rule
explained in section 2.2.1.

Second, can we apply the duality transformation once more for M) > |k| and N ® >
0?7 As in the first application of the duality transformation (2.5), there are differences on
parameters (N, M k) and the duality acts as

Duality : (N<1>,M<1>,k) - (N<2>,M<2>,k) for MD > |k, (2.7)
where
N® = NO k| =MD M@ = D — ||, (2.8)

When N < 0, the modified s-rule again suggests SUSY breaking for the worldvolume
theories with (N, M, k) and (N, MM k). Otherwise, when M®) > |k|, we can apply
the duality transformation further once more. to relate it to another apparently different
theory. Repeating the above reasoning leads us to the conclusion that the theory has the
duality cascade:

(N, M, k) = (N, MO k) — (N®, MP k) - (NO, MO k) - - (2.9)

®The Hanany-Witten move considered in (2.4) and (2.5) is tacitly for the sector where the number of
D3-branes are largest, in other words, the D3-branes stretched between 5-branes exist.
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Figure 6. Illustration of the sequence of the dualities among apparently different four theories.
(1) The brane configuration corresponding to the N' = 3 U(N), x U(N + M)_j theory with
2|k < M < 3|k| (N =4, M =3, k =1 in this figure). (2) After the 1st Hanany-Witten move.
(3) The same as the 2nd brane configuration since the both ends are identified. (4) After the 2nd
Hanany-Witten move. (5) The same as the 4th brane configuration. (6) After the 3rd Hanany-
Witten move. Applying the Hanany-Witten move once more gives the 4th brane configuration.

where the parameters (NU), MU) k() are given by

NU) = NU-1) ¢ k| — MUY ) = prG=b k| for MO-D < k|, (2.10)
or equivalently,
N©) :N+j(j;1)\k:]—jM, MUY) = M — j|k|. (2.11)
This sequence of the dualities lasts until we encounter
N® <« M™ k|, or M™ < |kl (2.12)

Note that when the ranks satisfy neither the first nor the second condition, the theory is
still in the process of the duality cascade. Furthermore, if the ranks satisfy the second
condition, then the first condition is not satisfied. Therefore, when the duality cascade
lasts, the ranks always satisfy either of the two cases.

Let us again consider the worldvolume theories corresponding to the sequence. For the
former case N < M) — |k|, the modified s-rule implies that SUSY breaking occurs for
the worldvolume theories because of N1 = N(") 4 |k| — M(™) < 0. For the latter case
M® < |k|, the theories finally flow to the superconformal theory, i.e. the ABJ theory with
the gauge group U(N), x U(N™ +M™))_,. Note that in this case, the rule of the duality
transformation we should apply finally changes to (2.4). This means that the sequence of
the dualities actually ends since after acting (2.4) twice, the theory comes back to itself
as explained. The figure 6 illustrates the case for 2|k| < M < 3|k| where we apply the
Hanany-Witten move twice to go to the theory with M < |k|. The third Hanany-Witten
move in the figure shows the famous Seiberg-like duality of ABJ theories (1.1).

The above dualities are IR dualities in the sense that apparently different theories flow
to the same theory in IR. Although in this paper we focus only on the IR limit, there are
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Figure 7. The brane configuration of the local theory for general 5-branes. Note that the horizontal
direction is not identified on the both ends unlike figure 2.

also arguments on behaviors of RG flows of the above theories from the ITA string/M-theory
viewpoint [17, 18]. We have seen that when the duality cascade seems to occur, the Hanany-
Witten effect decreases the lowest rank NU) (and also the difference MU)) of the gauge
group. The string computation of effective Yang-Mills couplings implies that the YMCS
theory with (NU), M©) k4)) flows to another YMCS theory with (NU+D AU+ EG+1)
before flowing to the superconformal CS theories. Therefore, one RG flow step corresponds
to one Hanany-Witten move.

2.3.1 Generalization and local theories

So far we focused on the U(N); x U(N + M)_; gauge theory and the corresponding
brane configuration in figure 2. This brane configuration is merely a specific case of the
generic Hanany-Witten type brane configurations discussed in section 2.1. As explained
above, the duality cascade with the modified s-rule can be clearly explained by using the
brane construction. Notice that we have essentially not used any specific property that
the quiver has only two nodes. Therefore, it is natural to propose that the same story
should holds for the generic Hanany-Witten type brane configurations although it has not
been explicitly discussed in literature.® We write this proposition more explicitly. The
worldvolume theories of the generic Hanany-Witten type brane configurations are N' = 3
SUSY YMCS theories with corresponding quiver diagrams. If the theories are related by
the Hanany-Witten moves, they are Seiberg-like dual, in other words, they flows to a same
IR theory.

Here we emphasize that all the Seiberg-like dualities considered here are related by
the sequence of single Hanany-Witten move. To see this explicitly, it is convenient to note
that the generic Hanany-Witten type brane configuration is a combination of the brane
configurations (N1, (¢, k), N, (¢/, k"), N3) given in figure 7, which we refer to as the local
theories. Then the dual theories are obtained by applying the Hanany-Witten move, which

amounts to apply the transformation

<N1, (6, k‘) , N, (6’,]6’) ,N3> — <N1, (6,, k,) ,N1 + N3 — Ny + ’gk/ — kﬁl‘, (6, ]ﬁ) ,N3>,
(2.13)

SFor the 4d case, the duality cascade was generalized to affine ADE quiver theories [28].
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Figure 8. Illustration of the duality cascade for the U(N)g X UN + M + M')_x X U(N + M)o
gauge theory with 2|k| < M < 3|k| and |k| < M’ < 2|k| (N =5, M =3, M' =2, k =1 in this
figure). Applying further Hanany-Witten moves to (7) gives (4), (5), (6) and (7) with the flipped k.

to one of the local theories in a given brane configuration. Therefore the dualities coming
from Hanany-Witten type brane configurations come from the duality of the local theory.
Figure 8 shows an illustration for the 3-quiver case.

If anti-D3-branes remain after one Hanany-Witten move, the modified s-rule again
implies that the SUSY is broken for the worldvolume theory as with the two nodes example.
Since all the dual theories are related by the sequence of the Hanany-Witten moves, this
immediately means that SUSY is broken also for them.

Thus the problem of showing the duality cascade is boiled down to show the result
of the Hanany-Witten effect for the local theory shown in figure 3. This point will play a
crucial role when we perform non-perturbative tests of the dualities in the next section.

3 Non-perturbative tests of the duality cascades

In this section, we perform non-perturbative tests of the duality cascades by analyzing the
supersymmetric partition function on S3.

3.1 The prediction from the duality cascade on sphere partition function

Let us consider a N' = 3 supersymmetric theory 7 coming from a generic Hanany-Witten
type brane configuration described in section 2.1. Applying the Hanany-Witten moves to
the brane configuration associated with the theory 7, we can obtain various quantum field
theories that are apparently different from each other. Let us denote a set of such field
theories by HW (7):

HW (T = {theories obtained by Hanany — Witten moves of 7} . (3.1)
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Then according to the brane argument in the last section, we expect that all the theories
in ILTVV(T) are physically equivalent in IR.

Let us elaborate on the prediction from the duality cascade on S® partition functions.
It is known that S® partition functions of any A/ = 2 SUSY theories are the same as their
IR limits.” Therefore the duality cascade implies that the S® partition functions of all the
theories in HW(7) have the common absolute value:®

Zrl = |25 for YT, T; € AW(T). (3.2)

Furthermore, we have seen that supersymmetry may be broken due to the modified s-rule.
This implies that the theory has fermionic zero modes and the partition function vanishes:

Zr =0 for "T; € HW(T) if T, € HW(T) whose brane configuration involves D3.
(3.3)
Below we prove that the above identities indeed hold.

3.1.1 Reducing the problem to the local theory

The brane argument in section 2.3.1 suggests that the problem of showing the duality
cascade can be reduced to show the relation (2.13) (we further reduce it to (2.2) using
SL (2,7) duality later) coming from the Hanany-Witten effect for the local theory. This is
clearly true for the cases with Lagrangians while it is less obvious for the non-Lagrangian
cases. Furthermore, even if this is true, the problem is to show the relation (2.13) for
arbitrary configurations of the background vector multiplets of the flavor symmetries in
the local theory, which are essentially gauge symmetries of the left and right branes in the
whole system. Therefore it sounds still difficult. However, it will turn out that we do not
have to consider generic configurations of the background multiplets if we restrict ourselves
to the supersymmetric partition functions on S®. Below we explicitly see that our problem
is reduced to show the relation (2.13) for the local theory with only real masses of the
flavor symmetries.

Brane configurations giving Lagrangian theories and matrix models. As we have
seen in section 2.1, the Hanany-Witten type brane configurations consist of (¢, k)5-branes
and D3-branes. When the 5-branes are only (1, k) or (0, 1) types, the worldvolume theories
of the brane configurations are Lagrangian theories [10, 24]. Although physical observables
of these theories are originally expressed by infinite dimensional path integrals, we can
apply SUSY localization to the S partition functions, and then the path integrals are
dominated by saddle points and finally reduced to finite dimensional integrals [29-31]. The
saddle points for this case are so-called Coulomb branch configurations, which are constant

"Technically this can be understood from the fact that the actions of the N' = 2 super Yang-Mills and
matters are Q-exact. Therefore N’ = 2 sphere partition functions are independent of Yang-Mills couplings
and coupling constants appearing in superpotential.

81t was argued in [11, 29] that the phase depending on the Chern-Simons levels or the Fl-parameters is
attributed to using a framing which is different from the standard one due to the localization technique.
Therefore, we here do not take care of differences after the duality cascade. It would be interesting if one
can understand the phase from the view point of ‘t Hooft anomaly.
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configurations of adjoint scalar fields in the vector multiplets (up to gauge transformation),
and the partition functions are expressed as integrations over the Coulomb branch whose
dimensions are the rank of the gauge group.”

Let us write down the localization formula for the S® partition functions. Although
the localization formula exists for general Lagrangian A = 2 theories, here we focus on the
cicular quiver N' = 3 YMCS theory with the gauge group

U(Nl)kl_kn X U(N2)k2—k1 - X U( )kn—kn 1

which is generic Lagrangian theory coming from the Hanany-Witten brane configuration
in figure 1 with ¢; = --- = £, = 1. The localization formula of this theory is given by

Ztotalz (H/d ) ( )leoop( ) (3'4)

where Z.j(x) is the classical contribution:

_ H oim(kj—kj—1) Zgil(xg))k?ﬂ(@*(jfl) Zgii 2 , (3.5)

with kg = ky, and (o = (. (¢ — (j—1) is the Fl-parameter associated with the U(1) part of
U(N;)k;—k;_1- Z1l00p() is the one-loop contribution given by

T2, 4 sinh? (W(mm e ))

leoop 1;[ 1—[ J+1 2COSh ( ( ( ) _ ':U?(’,L]“rl))) (36)
where Nyy1 = Nyp, o (NH) = :c,(ll) and
N N N N-1 N
=11 II---=11 II - (3.7)
n n=1 n<n’ n=1 n'=n+1

Note that the localization formula is independent of Yang-Mills coupling because of Q-
exactness of the SYM terms. This implies that the localization formula captures the IR
limit: gynv — oo of theories under consideration even if we start with the action including
the SYM term.

We can recast the localization formula in a way that the connection to the brane
interpretation is transparent. An idea is that there is a natural one-to-one correspondence
between the branes and objects in the localization formula. Noting that the theory is given
by (1,k;)5-branes between N; D3-branes on left and N;i; D3-branes on right, we can
rewrite the localization formula as

Ztotal = (H/d ) HZ(lk )¢5 (N]7N]+la ()7 (j+1))7 (38)

9More details will be explained in section 4.1.
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where Z(q 1) ¢ is the factor corresponding to the (1, k)5-brane:!°

Z gy, (N1, N2, B) (0 @t =300 B7) g 2mi (0 am =300 )

[I0, 2sinh 7 (aum — ) TIA2,, 2sinh 7 (B, — o)
H%l ]_[7]1\/2 2cosh 7 (v, — Br) '

Generic brane configurations. In general, the Hanany-Witten type brane configura-

X

(3.9)

tions give non-Lagrangian theories!! and it seems harder to compute their partition func-
tions. Nevertheless, there is a reasonable proposal on generalization of the (1, k)5-brane
factor (3.9) to (¢, k)5-brane [32] (see also [33-35]). It has been obtained by considering
SL(2,7Z) dualities and has passed various nontrivial consistency checks.

The proposal on the factor corresponding to (Ni, (¢, k), Na) with ged(¢,k) =1 is

1 i N N. i N N
Z(Z’k)’c (Nl’N27a’ﬁ) = 76%(2 ! 2 Z 252) 2 C(Zml am_znzﬁn)

Hm<m’ 2sinh w Hn<n 92 sinh M
X .
JRs H;Vz 2 cosh (@m—Fn)

(3.10)

Thus, using the (¢, k)5-brane factor, the S? partition function of the worldvoluome theory
of the brane configuration in figure 1 is given by

dNJx(J n
Zrotal = (H/ ) 20,k (NjaN+1 $() (]—H)) (3.11)
7=1

In this paper we assume that the proposal (3.10) is true.

Extracting the local theory. In section 2.3, we have seen that it is sufficient to focus
on the local brane structure upon applying the Hanany-Witten move once and the problem
of showing the duality is reduced to show the relation (2.13) for the local theory. Now we
show that this is indeed true for the S® partition function. Let us decompose the partition
function (3.11) into the part involving 2" and the others:

Ztotal = (H / )( H Z(Kj,kj)ygj (Nj,NjJrl;;p(J)’x(J-H)))Zlocal (l'(] —1)’:13(] +1)) ,

J#J’ J#3' =15
(3.12)

where

-/ -/ d x(j) ;7 i/
(') (1)) — § @) ()
(x 7$ ) B N]/ Z(E]"—lvkj’—l)vcj’—l (N] 717N] 7:I: ,IE )

7 , (Nj,, Njii1: x(j’>,x<ﬂ“+1>) . (3.13)

Z local

k) G

10VWe specify the parameters for the factor of single 5-brane because these parameters are important to
show the Hanany-Witten effect.
"Tagurangian is defined even in this case for abelian theories. The Chern-Simons level on each interval

between a (¢, k)5-brane on the left side and a (¢, k’)5-brane on the right side is — (% — ';—:) [24, 26].
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The local matrix model Zj,c,1 has a natural brane interpretation. This can be regarded as
the partition function of the worldvolume theory associated to the local theory

<Nj/_17 (/6]/_1, kjl_l) ,Nj/’ (67/7 kj/) 7]V]/_)'_1> 3

explained in section 2.3.1. Therefore applying the Hanany-Witten move to this theory
generates the duality of the original theory.

While the above argument has already simplified the original problem drastically, we
can further simplify the problem by applying the SL (2,Z) dualities to Zjoca1 shown in [32].
Using this duality, one can fix either (¢;_1,kj_1) or (¢js,k;j) to a specific value that we
want without loss of generality. Here we change (¢;/, k;/) into (1,0). If £; = 0, we also use
the remaining duality to set ¢; # 0. Thus the original problem to show (3.2) and (3.3)
has been reduced to show that the local matrix model satisfies relations coming from (2.2)
with the modified s-rule.

3.1.2 The prediction for the local matrix model

Here we explicitly write down the predictions on the local matrix models coming from
the Hanany-Witten effect (2.2) and the modified s-rule, which are sufficient to prove the
relation (3.2) and (3.3) as explained in the previous section.

The local matrix model (3.13) corresponding to (N, ¢ N o Ng) is

dN
Z(xﬂy) = T{LZ(Z,]C),C (NL7N7 IL’,,M) Z(l,O),T] (N7 NR;IU’J y)7 (314)

and corresponding to <NL oNe NR> where N = Ni, + Ng — N + |k| is

dNy - - '
ZHW(-T;y) = WZ(LO)J7 (NL,N,[IZ,I/) Z(f,k)( (N,NR,I/, y) . (315)
We omitted the word of “local” since hereafter we focus only on these local matrix models.
The required relation is

B e® Zuw (z,y) (N > O)
Z(z,y) = {0 (N < 0) : (3.16)

The explicit form of the phase ¢© when ¢ > 0 and k& > 0 is in (3.58). In the next section,
we prove this identity.'? Before that, we prepare for the proof and make a few comments.
First, we focus on the case when ¢ > 0 and k > 0 because the results in the other
cases can be easily derived from this case. In fact, { — —¢ corresponds to take complex
conjugate and multiply a constant phase factor while k — —Fk corresponds to take complex
conjugate with ( — —(.
Second, we introduce symbols M and L satisfying

N—-Ny=M=k+L, N=N,-L. (3.17)

12This has been partially done in [32] for N > 0.
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Using these symbols, the Hanany-Witten move (2.2) can be written as

<NLONONR>:<NLONR+MONR>:(NL.NR-FIC-FLONR)
= <NLONL_L.NR>:<NLON.NR>. (3.18)

This notation helps us to prove smoothly.

Third, we are interested in the case when N > Np, + k and N > Ny + k because in
this case N < Ng and N < Np, so that at least locally the lowest rank indeed decreases.
However, we loosen the former restriction because there is no reason to restrict from the
technical point of view. Therefore, we prove in the case when M > k, or equivalently,
L>0.

3.2 Proof of the prediction

In this section we prove (3.16) when ¢ > 0, £ > 0 and L > 0.
We start with rewriting the partition function as

itk L 2
Z(z,y) = W/dNﬂ e T (S0F #h=08) ZFIL (N, Ny, 1) 2% (N, N 1)
' (3.19)

where ZF IL is the combination of the FI factors and the one-loop factors
1 am*ZNQ /Bn) 1_Im<m 2sinh W(Oém ) Hfl\fin/ 2sinh == W(Bn nt)
I Hf:b 2cosh 7“0‘"2 Bn) '

21 N
Zy & (N1, Noyo, B) = e (B

(3.20)

3.2.1 Quantum mechanics representation

It is known that for this type of integrals, we can apply the technique developed in [36],
which regards the partition function as the one of an ideal Fermi gas system.'? In this
technique, we regard the factor (3.20) as a combination of objects appearing in one particle
quantum mechanics with the canonical commutation relation

[G.p] = ih, with A : (3.21)

=ih, wi = —, .

@ P 2k
where ¢ and p are Hermitian operators corresponding to position and momentum operators
respectively. We take normalizations of their eigenstates as

(@1a2) =0(1—q2), (p1lp2) =0 (p1 —p2),

]. i i
(alph = —m=em", {pla) = e~ P, (3.22)

1
\V21h

where |-) denotes position eigenstate while |-)) denotes momentum one.

13 After the original work,the computation technique was gradually improved in [37-39]. This approach
for local matrix model with general ranks was studied in [40, 41].
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In terms of the quantum mechanics notation, we prove in appendix A that the fac-
tor (3.20) can be written as

Zyd" (N1, Noj o, B) = Zi ¢t (N1, Noj , ) (3.23)
where
Zj " (N, Nasav, 3)
[félm,n]glnﬂv2

det ’ﬁn>] —N1)xNa (N1 < Ny)

[\/ﬁ« 220 (it Ny Ny —

N1 x(N1—Nz)
dot (Al [Vanh | -2 o (it watON T s )
mmn — Qm n />
2 cosh (%ﬁ (N17+7r()
M+1
tg=—7—=J (3.24)

and [fq, b]AXB denotes an A x B matrix whose (a,b) element is f, ;. We apply this formula
to both Z' in the integral (3.19).
Next, we rewrite the Gaussian factors in (3.19) in terms of operators in the quantum

mechanics:
Z(x,y)
1 N N N, Al i 52 FIL
NN 1 /d vad® pd™ B [ (wnl ez |an) Zi " (NL, N a, )
N'E 2 n
i NxNr ; NxM
_ i 452 _ i 52 .
Xdet<{<ﬂm e 2rY 2COSh(ih _l‘_mM_F "7) 6n>}mn [<Mm‘€ 24 ’_g(ZtM7j+n)>>}m,j )
Ngr
< T (Bnlun), (3.25)
n

where we have inserted

Ny, Nr
1:/dNLaH<xn|an>, 1:/dNRﬂH<Bn]yn>. (3.26)

3.2.2 Applying similarity transformations
Now, all the integrals have the form of the identity

Jarm =1 (3.27)

and therefore the integral is invariant under the similarity transformations:

452 2 i 52 i 2

lon) (an| — ea? lon) (o e 2h P s in) (pn] — e2? |fin) {fin] € 2R P )
74
— g

1Ba) (Bal = €30 e3” 8,) (8] e 58" ™300 (3.28)
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The similarity transformations (3.28) slightly affect the first FI and 1-loop factor Z FéL since

it does not contain the position operator. It produces only the phase factor eFifen- N

where 1
- 3 _ 2
b = =75 (M3 = M) + M2, (3.29)
On the other hand, they drastically change the components of the second determinant.
Using
e o el f () e en = £ (q), e-%ﬁevwzp»zx}e%ﬁu», (3:30)
i

all the momentum operators and the momentum eigenvectors become the position operators

and the position eigenvectors, respectively. Note that this operation also provides the phase
. Lpr o imly M
17 2Mek UnM |

Using the identity

%/dNoz dot ([f (an)JVFIXN [ ;nj} (Ner)xM) det ([gn (am)]ZZN)

m,j
= [¥ager (@ 7] VLot @

we can diagonalize the second determinant, and then we apply the determinant for-
mula (3.23) to ZFIL backwards. As a result, we find

1
Z'—gMe%ﬁg N—NLe 000
Z(w,y) = NL+NR

2

/dNLadNRﬂ (ﬁ &n 62,iq e D” ‘an>) Z(a, ) (ﬁ<ﬁn‘e;ﬁﬁ2e;ﬁﬁ2 ‘yn>) ’

where

/dNM Z{& (N, Nya, p)
x <H<un

3.2.3 Computation of Z(a, )

1

2 cosh (ih

Here we rewrite Z(«, ) in a way that a connection to the duality is transparent. The
final results will be (3.40) and (3.54). In order to compute Z(«, ), we should perform the
integration over u,. At first sight, one might think that we could perform the integration
simply using the delta functions appeared in the second line. This is indeed true for u,
(1 <n < Ng). After the integration, all the u, are replaced with §,. On the other hand,
it is no longer true for pn,4; (1 < j < M) because the arguments of the delta functions
are now complex numbers and need to shift the integral contour appropriately. We see this
point carefully.
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The subtlety on integrating over pn,+;. The last factor in (3.33) is

M

H <MNR+j

J

125
~Z (itar; + 77)> ,

which gives M delta functions with complex variables. To make it the standard delta
functions, we should shift the integral contour from R to R — %tMyjz'. If there are poles
inside the region surrounded by the integral contour, then we have to take account of
their residues.

Let us elaborate on this point for a moment. We are interested in the following type
of integral'*

/R dof (z) (x| a+ib) | (3.34)

where a and b are real numbers.!> We consider the case when f (x) has poles in 0 <
Im(z) <borb<Im(z) <0 when b >0 or b < 0 respectively. z; denotes the position of
poles, and R; denotes its residue. Exceptionally, if Im (z;) = b, R; denotes the half of its
residue. We can perform the integration by inserting the identity operator [ dp|p)) (p|
and shifting the integration contour from R to R + ¢b so that we can use the property of
the delta function:

/R dz f (z) <x|a+ib>=% /R dpdz f (z) eP@=a=0)

— i / dpdzx f (x+1ib) eip(mfa)_|-27risgn (b) ZRj/ dpeip(zf*a*ib)
2w R 7 R
= f(a—{—z'b)—|—27risgn(b)ZRj (zj|a+ib). (3.35)
J

Coming back to the integral (3.33), we should study the structure of the distribution of
the poles. The part of the function of upny,+; having poles is
NL 1

n 2cosh L(a"_‘;NRH) ’

which has poles at puny4; = o + (m - %) il with residues (—1)™ % with an integer m.

Thus the residue terms actually appear since we are considering M > k.

Integrating over pupn,4; for even L. First, we integrate over u, where ¢,/ ; satisfies
ltar ] < % This is straightforward because the integral contour does not pass any poles.
Therefore, all u, are replaced with —% (itar,j + ). Second, we perform the integration over
fin, with & < |tar;] < 35, However, when there exist ty; such that [t ;| = £, additional
subtleties appear although it is not essential. To avoid this, we assume that L is even for

1A similar integral was studied in [32].

15Strictly speaking, we should assume that f (z) = o (e“’”'), otherwise we can not control the behavior
at the infinity. To avoid this, we implicitly give k a small negative imaginary part and take it to zero in
the end.
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a while, and we study the odd L case soon later. For t satisfying % <|t| < %, using (3.35)
and (z|y) = (x + z|y + z), we obtain

/dunﬁhzcﬁg)ﬂ(%ﬂ <“’_Ii<“+”)>
Tt o o)
) n

[ 2cosh (Fan+F (it+m) 7 [N, 9cosh T —0r%0)

(o))

(3.36)

where sgn (t) = £1. This identity tells us that integrating over p, under consideration
is the same as summing over all the cases where u,, is replaced with —% (itar; +m) and
o,y F 3¢ with multiplying the appropriate factors. However, not all the terms in the
summation survive. We therefore focus on which terms survive for a while and postpone
the concrete calculation until (3.42).

We first realize that even if one p,, is replaced with —% (itar,; +m), the term vanishes
thanks to the factor Han, 2sinh W at the numerator of Zgg“ (N, N;a, p) in (3.33).
This is because there must exist yu, that is replaced by —% (ttarj+k +n) with £ = sgn (tar ;)
since |tas j+k] < %, and |tas; — taj+x| = k. Therefore, it is sufficient to consider the cases
where all u,’s are replaced by a, F %E. Among these cases, there are further cases that
give vanishing contributions. As a conclusion, nonzero contributions come from only the
cases where all the chosen «,,’s are different. This is because when pu, is replaced with
o, F %E, all the trigonometric functions including «,,s cancel with the denominator and
the numerator of ZgéL (NL, N;a, p) in (3.33), thus there are no longer poles at a,, F %E.

Third, let us perform the integration over p,, with % < |tm, ] < % The only difference
from the previous case is that u, can be also replaced with a,, F %E because the integration
contour passes new poles. However, these cases do not contribute because of the following
reason. When pu, is replaced with «, F %E, tn+t should have been replaced with a,,» F %E
since corresponding t,s j+1 satisfies % < |tar x| < % There is also the case in which pu, is
replaced with a,,» F %6, W+t is replaced with o,y F %Z and another part is the same. These
two cases actually cancel out. In fact, the remaining «,, dependence and the remaining
a,, dependence are

(o (03800 o () )
o2 (s 20 15 0) ) s | (o S 0) ). 03

so that this part is symmetric under the exchange of o, and «,~. On the other hand, the

factor (—1) appears from the trigonometric functions under the exchange.

Continuing the above arguments, we conclude that pu, with g < |tar;| should be
replaced with o, F %6, and all the chosen «,, should be different. In other words, cases
not satisfying this condition vanish. It is worth noting that the number of u, where
corresponding t,r,; satisfies % < |tm,| is L. Therefore, if N < 0, the above condition is
never satisfied, which means that Z(«, ) = 0. This is, in fact, also true for the odd L
case, as we will see just below. We assume that N > 0 for a while and return to this point
soon later.
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Integrating over pun,4; for odd L. When L is odd, there exist tp;; = i% and
we should be careful on these cases. We denote the corresponding jing+; by p+. First,
the cases where py = —% (:I:%k —|—17) vanish by virtue of [[Y.,., ZSinhw at the

numerator of ZFIL (N, N;a,p). The terms where py is replaced with oy, F %E also

n<n

vanish even if all the chosen «, are different. This is because there is cancellation between
this type of term, and the one where fi+ is replaced with o, F 5 i¢. The only remaining
terms are the terms where p = oy — 3¢ and p_ = +35 ¢ and the terms where jy = —16
and p— = ayy+ %6. We should also notlce that the 3 factor appears in this case as explained
above (3.35). However, the contributions from these two cases are equal, thus the weight
of the contribution of the odd L case is the same as the even L case.
We show that the two types of contributions are indeed equal. The first case
Yo, ul= +%£, (3.38)

= X,/ —
M+ n 92

accords with the second case

1
oy = —if, e = Qpr + 56, (3.39)

by two operations, namely p4+ — p+ and j:%@ — $%€. The first operation provides (—1)
since Z(a, ) is anti-symmetric under the exchange of two p,. The second operation also
provides many (—1) factors from the cosh and sinh factors in ZFIL Although the number
of the cosh and sinh factors related to py_ = a,y — E = ay + ZE and p_ = —1—%6 — —%K
is almost the same, the former is smaller than the latter by 1 due to the absence of the
n = n' in the denominator in (3.36). Therefore, the two types of contributions are equal.
Hereafter we focus on the second case (3.39) without the half factor.

The N < 0 case. Again, we should choose L different «,,/’s and replace pu,, with c,,s + %6
as is the case with even L. Therefore, regardless of whether L is even or odd, if N < 0,
we find

2(a,8) =0 (N<0). (3.40)

This immediately leads to
Z(,y)=0 (N <0). (3.41)

This is nothing but the case when N < 0 in (3.16), which embodies the modified s-rule.
Hereafter we again assume that N > 0.

Substitution for p,. So far we have learned that there are contributions only from the
terms where f, is replaced with S, for 1 < n < Ng, —£ (ita; +n) for [tar;] < & (and
one [ty ;| = & for odd L) and o, F ¢ for [tar;| > & (and the other |tar ;| = £ for odd L).
Therefore, we obtain

(am*am’)

oL Z = 2mic (ZTIZL am_zg M) Hm<m 2sinh ——",—m= Hn<n, 2 sinh w

3

N! €S, (HNL I ) 92 cosh M

Z(a, f) =

Ngr 1

L
* 1;[ 2 cosh (%571 ”M + 7T77) 1;[<

Ii (itrj + 7])> (3.42)
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where

_% (( k,anR7£+cL+CL>Z'+77) (NR‘l‘%_CL"Fl <n< NR"‘%—CL—F,IC)
' L
Clg(n—NR—k—f—N) + %f (NR + 5 —cr+ k+1<n< N)
(3.43)
and
0 L
o = (even L) . 1)
1 (0odd L)

/
The symbol (H%L qu\f ) means that m and n do not run where the factor

n—_ n i[ . . o . N T
2 cosh W appears. Sy, is the permutation group and we have divided by N!
because of the over-counting.

It is convenient to express all the subscripts of « in terms of o:

Z(a,B)
271 . T( Qo (m) =% (! ) —
_C sgn(o)e ?C (0 ooy =0 1) T QSmhw Il 251“%
/ 7« —pn
N!GESNL (H:\ZLL Hi’) 2COShM
Nr L
1 0.
‘ v | =5 (Lt 4
Xl;[ 2cosh (g7 Bn+ 2L +7n) H<a0'(N+]) ‘ k (itr,;4m) (3.45)

J
Surprisingly, after substituting (3.43) into (3.45) and calculation, all the trigonometric
functions including an; — 1.4 at the denominator and the numerator completely cancel out,
and all the FI factors including an; — 145 also completely cancel out. Therefore, a,r appears
only at the argument of the delta functions coming from (3.36).

Although we have not treated the phases in detail, from now on we also study the

phases carefully. First, the factor i * appears in the Hﬁ;n/ QSinhW with one

. 1
—% (it +n) and one a £ 5. Second, (—1)71L2 appears for even L in the same factor

. . L—-1L
with one o — 5/ and one a + /. (—1)TITH also appears for odd L though this is equal

to 1. Third, (—1)%L(L_1) appears when all the trigonometric functions including only
an; —1+j at the denominator and the numerator cancel out. Fourth, for odd L, N1
and i~V® appear in the denominator and the numerator respectively since in this case the
number of the trigonometric functions including only « — %E is one smaller than that of

: ; : : : i : —IL24ln(n-1) _
the trigonometric functions including only a + §¢. Using (1) 1% 72 = 1 for even
L and (—1)%(L_1)+%L(L_1) =1 for odd L, all the phases are
Q = kL (—1)er(N=Nr) (3.46)

Finally, we obtain the phase from the FI factor. Note that the summation of the imaginary
part of u, completely cancels out.
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We then obtain

Qe—2mi¢nyL _2mi¢ Naam MR N
Z(a,ﬁ):; Z Sgn(a)e Z (Zm (m) Zn B)

|
N! O'ESNL

QAo (m) =% (m!
Hm<m/2smh ( ) el )) e, ZSlnhM
X

l n<n’

N 1N (o (m)—Bn
HmHnRQCOShi( (Z) )

T I05 2sinh [F80 — F (b — cn) i+ n)] Ty 25imh (b — th)
HNHk2cosh[£a( %((tkj—cL)z—Fn)}

Ng L

1 < 12

X | I (o | =7 (itoj + 77)> . (3.47)
- 92 cosh (%Bn z7rM + 7”7) 1;[ (N+5) k J

We can rewrite this expression using the following identities shown in appendix B,

H 2 sinh 27 (s = i) _ - kion) b (3.48)
2k
i<y’
and
i us 1y m M
H2sinh [E k((t;”—cL)H—n)} =i k(-1)2 CL2cosh( B+ +7ﬂ7),
J

k
1 L
[[2cosh BO‘ - % ((try —cr)i+ ﬁ)} = (~1)257* 2 cosh (%a +—+ 7777) (3.49)

coming from

— 2mit itk — 2mity
2(:osh— HZcosh mkj i*kZCoshx+2m :H2sinhw. (3.50)

2k . 2k
J
Then we find
Q/e—QﬂiCnng%k
Z(O{,ﬁ) = N'
> (o) 11 : I f
X sgn (o) ‘ < (itr, +77)>
oESN, n 2cosh (%ag(n)+%+wn) i K
x Z{ (N, Nr; a0, 8) (3.51)
where
() — jkL—kNr—5k(k=D)+L(N-Nr) _ ;5(NZ-N>~N?+Ng+k) (3.52)

We insert the integration

N 1 . N
H inL :/dNVH<aa(n

2cosh( "(") + 5 —i—m]

1
2 cosh (2% ”TL + 7r77)

yn> . (3.53)
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The summation over the permutation can be expressed by the determinant. Using (3.23)
to the second factor, we obtain

Z(a,8) =

O'e 727T’LCT7k,2M£2 /dN

i [fo

1

] [V {an]| g )] )

2cosh(%+igL +7T77) mon J
x 71 (N,NR;I/,,B) (N > 0) .
(3.54)
3.2.4 Return to the whole part
Now we return to Z(z,y) in (3.32). By substituting the above result, we obtain
Ql-flM %GC,N—N %&LM —2miln - Ny, i o i
Z(x,y) = L NL:; < /dNLadNVdNRﬁH<xn‘eﬁq2eﬁp2 04n>
N n
NLXN N XL
det 1 v
e ( Kaa(n) 2C03h(2h+ML+T"’) Vn>} m,n [ 27Fh<01m‘ ZtL]_H?)ﬂmJ )
> NR i A2 i A2
x 75 (N,NR; v, 5) I1 <ﬁn ‘ BTl ’yn> (3.55)
n

After the similarity transformations

) {an] = I e o) {an| BT €I, i) (va] = €I I 1) | T eI,

1Ba) (Bn| = 758350 |B,) (B, ] €70 57, (3.56)
and using
enl el f (g e wl e md = f(p),  emlem? |g) = Vie T |g), (3.57)

g /Cgl/zuow (Mo, Ns2,0) Ziga ¢ (N, Vi) (¥z0). @59

This identity and (3.40) are what we expected (3.16).

4 Gluing SUSY theories and new dualities

In this section, we propose new dualities motivated by the structures of supersymmetric
partition functions and brane construction.
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Figure 9. Gluing two theories 77 and 73 by identifying and gauging the common flavor symmetry F'.

4.1 Gluing N' = 2 SUSY theories

Let us consider a 3d N' = 2 supersymmetric theory 7 with a flavor symmetry F which
may or may not have a Lagrangian. We also turn on the background vector multiplet Vg
of the symmetry F. If the theory 7 has Lagrangian, then the partition function of T is
schematically written as

Z7 (Vi) = / D@ ¢~ STI®VE] (4.1)

where ® is dynamical fields in 7 and S7[®, VF] is the action of 7 in the presence of the
background vector multiplet Vz. When the theory 7 is a non-Lagrangian theory, we do
not have a path integral representation of the partition function but we can still denote
the partition function as a functional of V.

Suppose that we have two theories 71 and 72 with a common flavor symmetry F'. Then
we can glue the two theories by identifying and gauging F' (see also figure 9):

Zrom = [ DVe eSS 2,1V - 21 Vi) (1.2

where Synmcs[Vr] is the action of 3d N =2 SUSY YM CS theory with the gauge group F
promoted from global symmetry.!® The path integral is over all the possible configuration
of the vector multiplet Vr and therefore gluing the two theories in general seems to require
information on the two theories for any configuration of Vz. This sounds technically
difficult to do since Vr may take non-supersymmetric configuration. However, it is known
that for a class of problems including S partition functions, we can restrict Vi to a class
of supersymmetric configurations.

Localization formula for S3 partition functions of 3d A/ = 2 theories. Let us
focus on S? partition functions of 3d A = 2 SUSY theories with Lagrangians. Using SUSY
localization, the path integral is dominated by a saddle point where matter fields are trivial
and vector multiplet takes the configuration

o =const., D= —o, (others)=0, (up to gauge transformation), (4.3)

161f we would like to preserve larger supersymmety, then we replace the YMCS theory with the one with
that supersymmetry. For example, if we would like to preserve ' = 3 SUSY, then we should also add the
adjoint chiral multiplet of F' with U(1)r charge 1.
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where ¢ is the adjoint scalar and D is the auxiliary field in the vector multiplet.!” Therefore
the exact result can be written as integration over constant configurations of o.

As a result, the localization formula of the theory with the gauge group G is given
by [29-31]

1
Zgs = W /d|G|x ch(x)leoop(l‘)v (44)
where |G| is the rank of G and |W| is rank'® of the Weyl group of G. If the gauge group
has the structure G = G; X GGo X - - -, then the classical contribution Z is
ch(.%') — H eiﬂ'kjtrgj ($2)—27Tigjtrcj (IE) (45)

J
where k; and (; are the Chern-Simons level and FI-parameter!? of the gauge subgroup Gj,
and this part is independent of matters. When the theory is coupled to chiral multiplets in

representations {Ri, Ra, -} with U(1)g charges {A1, Ay, - -}, the one-loop determinant
Z1loop is given by

Ha6r00t+ 4Sinh2 (7TOé ’ J)

Zloop(T) = - , (4.6)
oop IL, preRp s1(pp -0 —i(l1=Ap))
where « is root vector of G, p,, is weight vector of representation R, and
00 00 —1 1 .
pb+agb "+ (b+b"")/2 —iz
so(z) =[] ] (4.7)

00 PO T g '+ O+ Y/2+ iz

Note that the localization formula is independent of Yang-Mills couplings because of -
exactness of the SYM terms. This implies that the localization formula captures the IR
limit corresponding to the large YM coupling limit of the theories even if we start with
actions including the SYM term.

When we have a flavor symmetry F, one can also turn on the background vector
multiplet Vg of the symmetry F while preserving SUSY by taking the fields in Vg to be
the configuration (4.3). For this case, the one-loop determinant becomes

Ha6r00t+ 4sinh? (71'0( ’ U)

I I,er, 1 (Pp- o+ pf - m—i(1 = A,))

Zloop(x,m) = , (4.8)

where m is the background value of o in VF (often called real mass) and pg is the weight
vector of a representation in F' to which the p-th chiral multiplet belongs. Then the
partition function becomes dependent on m.

The above formula is for Lagrangian theories. For non-Lagrangian theories, it is harder
to compute their partition functions but we can still denote them as functions of m. For
instance, this is true for the partition function (3.13) of the local theory even for the cases
without Lagrangians.

"More precisely, here we are applying so-called Coulomb branch localization. There is also another type
of localization called Higgs branch localization [42, 43].

8In particular, |W| = N! for G = U(N).

19Tf G does not contain a U(1) part, then ¢; is zero.
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tries. Gluing the two theories with two common flavor symmetries.

Gluing two theories for S3 partition functions. The above localization formula
indicates that for the S® partition functions of 3d N = 2 SUSY theories, we can glue two
theories by integrating over only the SUSY configurations (4.3):

Zriem, = [ d¥lm 2y (m) Zrs(m) - Zgs (m), (49)

where Zy, (m) is the classical and one-loop contribution of the 3d N = 2 YMCS theory.
Thus the gluing procedure is much simplified for the supersymmetric S partition functions.

4.2 New dualities from gluing the local theory to another theory

The above structure motivates us to find new dualities as follows. Let us prepare the two
theories: a theory 7 with U(Np) x U(Ng) global symmetry and the local theory described
in figure 3. Then we glue them and obtain the S partition function of the glued theory by
the procedure (4.9). This procedure is illustrated on the left of figure 10. Let us replace the
local theory with its dual theory as illustrated on the right of figure 10. Then the duality
for the local theory proven in the last section and the gluing structure implies that the two
glued theories are dual to each other in IR.

We can generate another type of new dualities in a similar way. For this time, we
glue the three theories: a theory T with U(Np) global symmetry, a theory Tr with U(Ng)
global symmetry and the local theory. We can obtain the S? partition function of the glued
theory as well Then the duality of the local theory implies the new duality for the glued
theory. This is illustrated on the left of figure 11. Although we have shown the above two
types of dualities only for the S® partition functions, we conjecture that these are true for
more general observables.

Brane viewpoint. In the brane configuration shown in table 1, we have taken the 5-

branes to be oblique in the 2® — 27, 2* — 2% and 2° — 2° planes with the same angle. The

_97 —



W@ @ W W@ @

Nf——(N)——| Ny N ()| Ng

dual
gluing -_ gluing

) Ny (V) W) (Ty) () (W) (W) W) (T)

Figure 11. Gluing the three theories. The duality of the local theory implies the duality of the
glued theory as well.

condition on the angles is required to preserve N = 3 supersymmetry. If we relax this
condition, then the preserved supersymmetry is reduced [24, 26]: we have N’ = 2 SUSY if
two of the three angles are the same, and N’ = 1 SUSY if all of them are independent.

Let us consider the less supersymmetric type of brane configurations which includes
the one for the local theory drawn in figure 7. Although the total system generically has
only 3d N/ =1 SUSY, applying the Hanany-Witten move to the local theory part implies
another duality for the total system. For the N > 2 cases, the duality for the S® partition
functions of the total system is reduced to the one of the local theory because of the
structure of the S3 partition functions which we have explained. For the A/ = 1 cases,
it is unclear whether or not the S partition functions have similar structures as in the
N > 2 cases, and therefore showing the duality for the local theory may not be sufficient
to show the one for the total system. So we leave it as only a conjecture. Similarly, if there
remain anti-D3-branes after the Hanany-Witten move of the local theory, we expect that
supersymmetry of the total system is broken.

4.3 New duality cascades?

In section 2.3, we have seen that generic Hanany-Witten type brane configuration is a
combination of the brane configuration for the local theory and applying the Hanany-
Witten move for 5-branes along the circle leads us to the duality cascades for a range of
the parameters. In section 3.1, we have seen the similar structures for the S® partition
functions purely from the viewpoint of the field theories.

In the current case, generic theory cannot be regarded as a combination of the local
theory and therefore only the duality for the local theory is not sufficient to discuss duality
cascades. In other words, we may be able to find examples of new duality cascades if we
have some duality relations beyond the local theory. A natural example of such dualities
is the one coming from the Hanany-Witten move generalized to the less supersymmetric
brane configurations explained above. We expect that theories coming from the generalized
brane configurations can be regarded as a combination of something like the local theory
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extended to the less supersymmetric case. A first step to see this would be to focus on the
N = 2 case and extract a kind of N' = 2 version of the local theory.

5 Conclusion and discussions

In this paper we have studied the conjectural duality cascades in the 3d N = 3 super-
symmetric gauge theories coming from the Hanany-Witten brane configurations. We have
made the non-perturbative tests of the duality cascades using supersymmetry localization.
We have focused on the S2 partition functions and show that the duality cascades are
generated by the duality relation coming from the Hanany-Witten effect for the local the-
ory. Then we have proven the fundamental duality relation for the local theory and this
amounts to show the predictions from the duality cascades for the S partition functions.
We have also discussed that our result for the local theory can be used to generate the
new dualities for more general theories including less supersymmetric theories. It would
be interesting to extend our results to other observables.

Our non-perturbative tests for the partition functions have been done for the brane
configurations consisting of 5-branes and D3-branes. However, there are more general con-
figurations, such as including orientifold 3-planes [8, 44]. It would be interesting if one can
generalize our analysis to these cases (see e.g. [45] for the 4d case). In addition, the authors
in [46] have recently proposed that a duality cascade occurs in a 4d non-supersymmetric
gauge theory. It would be illuminating to seek a 3d counterpart of this story.

In this paper, we have focused primarily on the IR structure of the dual theories.
On the other hand, the duality cascade for the Klebanov-Strassler theory was originally
studied by directly seeing the behavior of the mass and the coupling constants along the
RG flow [2]. They also found its gravity dual, which indeed describes the smooth RG
flow. The similar analysis was performed for 3d ABJ-type theories from the string and the
supergravity viewpoint [17, 18]. Therefore, it is important to perform the same analysis
for generic cases we studied in this paper to find the structure of RG flow in detail.

It is known that the matrix models associated to a class of brane configurations pos-
sessing N' = 4 SUSY are characterized by operators called quantum curves [41, 47] by
using the Fermi gas formalism [36]. The quantum curves with genus one are expected to
have affine Weyl symmetry of exceptional type Lie algebra because this type of quantum
curves is related to g-Painlevé equations [48]. In fact, the Weyl symmetry was explicitly
constructed for these quantum curves [49, 50|, and they are related to dualities between
different rank theories related by the Hanany-Witten effect [40, 51]. On the other hand,
the translation symmetry, which plays a crucial role in lifting the Weyl symmetry to affine
version, has not been found yet. Because the duality cascade relates an infinite number of
ranks, there is a possibility that the duality cascade is related to the translation symmetry.
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A Proof of the determinant formula (3.23)

In this appendix we prove the determinant identity (3.23). We write down the both side
for convenience:

25 (51 0,500 ) Dl 25ih =2 T 2y =P o)
]_[%1 HT]:L" 2 cosh 7”(0‘"2 Bn)

[l

_ det [ 57 <<27rh (ZtN2 o — ‘ﬁnﬂ | 2—N1)X No (Nl < N2) ’

N1 x(N1—N2)
det ([Amm]zf;N? [V2rh  aum ] —2zh (thl,NQ,j + <)>>]m1j o ) (N1 > No)
(A.1)
where
M+1 1
tM,j et 2 — ], Amyn == E <am 0 A 7r( NQ) /BTL> .
2cosh (g7p + =550 +7(

Note that although we relate ¢ and £ in (3.20), they are independent of each other in this
formula. We only derive the first case N7 < Ny because the second case N1 > Ns can be
easily derived from the first identity.

We start with the formula which can be regarded as the combination of the Cauchy
determinant formula and the Vandermonde determinant formula [14, 32]:

Wéw (Otnl _571) :| Nl XNZ

m= B =B, [W*m@)
Hzl<m, 2sinh M Hn<n, 2sinh ¥ B Ni(Na—N1) q 2cosh ; mn
N1 N22 hﬂ'(ocm Bn) _(_1) et 2 (N2—N1) %X Na
Hm Hn cosh ————— [ étkl,jﬁn‘|
e
j7n

(A.2)
Using the Fourier transform formula
1 1 et

—=— | dp—— A3
2 cosh 7z 27T/R p2 cosh £’ (A-3)

the upper part of the matrix in the right-hand side can be written as

Qcoshw o Jr 2cosh &

1 eip(a_ﬁ) 27
= — dp—————+ J+1 a tM,j(Oé_ﬁ)_ A4
27 /R p2 cosh & +12WM ZJ: ¢ (A4)

At the second line, we shlfted the integration contour from R to R +ém M. In this process,
the residues of (2cosh % ) , which has poles at p = (2j —1)7i with residues (—1)’4,
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appeared. However, these terms do not contribute to the determinant in (A.2) because

these terms are just the linear combinations of the lower part of the matrix. Now, all the

elements can be expressed in terms of vectors and operators in the quantum mechanics
1

using (3.22):
1 / d e%p(a_ﬁ) £< ﬁ >
Py P «Q )
2T R 2coshw n 2COSh( hp+ ’LTI'M) m

et ibm — 27rﬁ<<27;htMJ ,Bm>. (A.5)

2mi¢

N- N-
Next, we take the FI terms e ¢ (" am=3,7 6n) into account. We put all the FI
terms between the bras and the kets, which is equal to change all the position eigenvectors

as follows:
_ 27i¢ 27iC A
(o] = (am|e” T 9, |Bn) — et

71 Bn) - (A.6)

Since these operators can be used to shift the momentum operators and the momentum
eigenvectors using

Za

R (p) el = f(p+a), eTl|p)=|p+a), (A7)

we finally arrive at (A.1), or equivalently, (3.23).

B Useful formula on trigonometric functions

In this section, we prove the two types of the identities of the trigonometric functions. The
first identities are (3.50):

— 2mit
2cosh— HQCOSh T0ksj

2k
ik : — 2rity,
%2 cosh = +2m = 1;[ 2sinh %, (B.1)

and the second identity is (3.48):

H 9 sinh 2mi ( tkék t) _ i_%k(k_l)kg,

J<j’

where k is a positive integer.
We start with the well-known identity

1= H (z — e%i) . (B.3)

By substituting z = e%(““”'), we obtain
k .
—e2c0sh T =[] (rlezlk(xw“mﬁz cosh ””FQZZ’”> . (B.4)

J
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This identity immediately leads to the first line of (B.1). The second line of (B.1) can be
obtained by replacing x to x + iwk.
Next, we focus on (B.2). The second line of (B.1) leads to

k . r—27ity ;
2 sinh —— =2

1 -
xz+ink
2 cosh =57

Substituting « = 2mity, ; + € and multiplying j' = 1,2,...,k, we obtain

2
k ) k )
2sinh & 1 27 (b — tr ) + €
yes =k(k : k, k,
L=i 9 h 2ty j/2i’—€|-i7rk+€ X(_1)2 (k+1) | I 2sinh : 2% : . (BG)
j 2cosh =l —— i<i

Taking € — 0, we arrive at (B.2).
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References

[1] N. Seiberg, Electric-magnetic duality in supersymmetric non-Abelian gauge theories, Nucl.
Phys. B 435 (1995) 129 [hep-th/9411149] InSPIRE].

[2] LR. Klebanov and M.J. Strassler, Supergravity and a confining gauge theory: Duality
cascades and chi SB resolution of naked singularities, JHEP 08 (2000) 052
[hep-th/0007191] [INSPIRE].

[3] M.J. Strassler, The Duality cascade, in Theoretical Advanced Study Institute in Elementary
Particle Physics (TASI 2003): Recent Trends in String Theory, (2005) [DOI]
[hep-th/0505153] [INSPIRE].

[4] S.B. Giddings, S. Kachru and J. Polchinski, Hierarchies from fluzes in string
compactifications, Phys. Rev. D 66 (2002) 106006 [hep-th/0105097] [NSPIRE].

[5] S. Kachru, R. Kallosh, A.D. Linde and S.P. Trivedi, de Sitter vacua in string theory, Phys.
Rev. D 68 (2003) 046005 [hep-th/0301240] [INSPIRE].

[6] S. Kachru, R. Kallosh, A.D. Linde, J.M. Maldacena, L.P. McAllister and S.P. Trivedi,
Towards inflation in string theory, JCAP 10 (2003) 013 [hep-th/0308055] INSPIRE].

[7] O. Aharony, O. Bergman, D.L. Jafferis and J. Maldacena, N = 6 superconformal
Chern-Simons-matter theories, M2-branes and their gravity duals, JHEP 10 (2008) 091
[arXiv:0806.1218] [INSPIRE].

[8] O. Aharony, O. Bergman and D.L. Jafferis, Fractional M2-branes, JHEP 11 (2008) 043
[arXiv:0807.4924] [INSPIRE].

[9] A. Giveon and D. Kutasov, Seiberg Duality in Chern-Simons Theory, Nucl. Phys. B 812
(2009) 1 [arXiv:0808.0360] [INSPIRE].

[10] A. Hanany and E. Witten, Type IIB superstrings, BPS monopoles, and three-dimensional
gauge dynamics, Nucl. Phys. B 492 (1997) 152 [hep-th/9611230] [INnSPIRE].

[11] A. Kapustin, B. Willett and 1. Yaakov, Tests of Seiberg-like dualities in three dimensions,
JHEP 08 (2020) 114 [arXiv:1012.4021] [INSPIRE].

~32 -


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0550-3213(94)00023-8
https://doi.org/10.1016/0550-3213(94)00023-8
https://arxiv.org/abs/hep-th/9411149
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9411149
https://doi.org/10.1088/1126-6708/2000/08/052
https://arxiv.org/abs/hep-th/0007191
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0007191
https://doi.org/10.1142/9789812775108_0005
https://arxiv.org/abs/hep-th/0505153
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0505153
https://doi.org/10.1103/PhysRevD.66.106006
https://arxiv.org/abs/hep-th/0105097
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0105097
https://doi.org/10.1103/PhysRevD.68.046005
https://doi.org/10.1103/PhysRevD.68.046005
https://arxiv.org/abs/hep-th/0301240
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0301240
https://doi.org/10.1088/1475-7516/2003/10/013
https://arxiv.org/abs/hep-th/0308055
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0308055
https://doi.org/10.1088/1126-6708/2008/10/091
https://arxiv.org/abs/0806.1218
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0806.1218
https://doi.org/10.1088/1126-6708/2008/11/043
https://arxiv.org/abs/0807.4924
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0807.4924
https://doi.org/10.1016/j.nuclphysb.2008.09.045
https://doi.org/10.1016/j.nuclphysb.2008.09.045
https://arxiv.org/abs/0808.0360
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0808.0360
https://doi.org/10.1016/S0550-3213(97)00157-0
https://arxiv.org/abs/hep-th/9611230
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9611230
https://doi.org/10.1007/JHEP08(2020)114
https://arxiv.org/abs/1012.4021
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1012.4021

[12]

[13]

[14]

[15]

[16]

[17]

[21]

[22]

[23]

[24]

H. Awata, S. Hirano and M. Shigemori, The Partition Function of ABJ Theory, PTEP 2013
(2013) 053B04 [arXiv:1212.2966] [INSPIRE].

M. Honda, Direct derivation of “mirror” ABJ partition function, JHEP 12 (2013) 046
[arXiv:1310.3126] [INSPIRE].

S. Matsumoto and S. Moriyama, ABJ Fractional Brane from ABJM Wilson Loop, JHEP 03
(2014) 079 [arXiv:1310.8051] [INSPIRE].

M. Honda and K. Okuyama, Fzact results on ABJ theory and the refined topological string,
JHEP 08 (2014) 148 [arXiv:1405.3653] [INSPIRE].

S. Hirano, K. Nii and M. Shigemori, ABJ Wilson loops and Seiberg duality, PTEP 2014
(2014) 113B04 [arXiv:1406.4141] [INSPIRE].

O. Aharony, A. Hashimoto, S. Hirano and P. Ouyang, D-brane Charges in Gravitational
Duals of 2+1 Dimensional Gauge Theories and Duality Cascades, JHEP 01 (2010) 072
[arXiv:0906.2390] [INSPIRE].

J. Evslin and S. Kuperstein, ABJ(M) and Fractional M2’s with Fractional M2 Charge, JHEP
12 (2009) 016 [arXiv:0906.2703] [INSPIRE].

D. Gaiotto and E. Witten, Janus Configurations, Chern-Simons Couplings, And The
theta-Angle in N = 4 Super Yang-Mills Theory, JHEP 06 (2010) 097 [arXiv:0804.2907]
[INSPIRE].

K. Hosomichi, K.-M. Lee, S. Lee, S. Lee and J. Park, N = 4 Superconformal Chern-Simons
Theories with Hyper and Twisted Hyper Multiplets, JHEP 07 (2008) 091 [arXiv:0805.3662]
[INSPIRE].

Y. Imamura and K. Kimura, N =4 Chern-Simons theories with auxiliary vector multiplets,
JHEP 10 (2008) 040 [arXiv:0807.2144] INSPIRE].

V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops,
Commun. Math. Phys. 313 (2012) 71 [arXiv:0712.2824] [InSPIRE].

S. Elitzur, A. Giveon, D. Kutasov, E. Rabinovici and A. Schwimmer, Brane dynamics and
N =1 supersymmetric gauge theory, Nucl. Phys. B 505 (1997) 202 [hep-th/9704104]
[INSPIRE].

T. Kitao, K. Ohta and N. Ohta, Three-dimensional gauge dynamics from brane configurations
with (p,q)-fivebrane, Nucl. Phys. B 539 (1999) 79 [hep-th/9808111] [INSPIRE].

O. Bergman and A. Fayyazuddin, String junction transitions in the moduli space of N = 2
SYM, Nucl. Phys. B 535 (1998) 139 [hep-th/9806011] [INSPIRE].

O. Bergman, A. Hanany, A. Karch and B. Kol, Branes and supersymmetry breaking in
three-dimensional gauge theories, JHEP 10 (1999) 036 [hep-th/9908075] [INSPIRE].

K. Dasgupta and S. Mukhi, Brane constructions, fractional branes and Anti-de Sitter domain
walls, JHEP 07 (1999) 008 [hep-th/9904131] [INSPIRE].

F. Cachazo, B. Fiol, K.A. Intriligator, S. Katz and C. Vafa, A Geometric unification of
dualities, Nucl. Phys. B 628 (2002) 3 [hep-th/0110028] [INSPIRE].

A. Kapustin, B. Willett and I. Yaakov, Fzact Results for Wilson Loops in Superconformal
Chern-Simons Theories with Matter, JHEP 03 (2010) 089 [arXiv:0909.4559] [INSPIRE].

N. Hama, K. Hosomichi and S. Lee, Notes on SUSY Gauge Theories on Three-Sphere, JHEP
03 (2011) 127 [arXiv:1012.3512] [INSPIRE].

— 33 —


https://doi.org/10.1093/ptep/ptt014
https://doi.org/10.1093/ptep/ptt014
https://arxiv.org/abs/1212.2966
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1212.2966
https://doi.org/10.1007/JHEP12(2013)046
https://arxiv.org/abs/1310.3126
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1310.3126
https://doi.org/10.1007/JHEP03(2014)079
https://doi.org/10.1007/JHEP03(2014)079
https://arxiv.org/abs/1310.8051
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1310.8051
https://doi.org/10.1007/JHEP08(2014)148
https://arxiv.org/abs/1405.3653
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1405.3653
https://doi.org/10.1093/ptep/ptu156
https://doi.org/10.1093/ptep/ptu156
https://arxiv.org/abs/1406.4141
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1406.4141
https://doi.org/10.1007/JHEP01(2010)072
https://arxiv.org/abs/0906.2390
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0906.2390
https://doi.org/10.1088/1126-6708/2009/12/016
https://doi.org/10.1088/1126-6708/2009/12/016
https://arxiv.org/abs/0906.2703
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0906.2703
https://doi.org/10.1007/JHEP06(2010)097
https://arxiv.org/abs/0804.2907
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0804.2907
https://doi.org/10.1088/1126-6708/2008/07/091
https://arxiv.org/abs/0805.3662
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0805.3662
https://doi.org/10.1088/1126-6708/2008/10/040
https://arxiv.org/abs/0807.2144
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0807.2144
https://doi.org/10.1007/s00220-012-1485-0
https://arxiv.org/abs/0712.2824
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0712.2824
https://doi.org/10.1016/S0550-3213(97)00446-X
https://arxiv.org/abs/hep-th/9704104
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9704104
https://doi.org/10.1016/S0550-3213(98)00726-3
https://arxiv.org/abs/hep-th/9808111
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9808111
https://doi.org/10.1016/S0550-3213(98)00553-7
https://arxiv.org/abs/hep-th/9806011
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9806011
https://doi.org/10.1088/1126-6708/1999/10/036
https://arxiv.org/abs/hep-th/9908075
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9908075
https://doi.org/10.1088/1126-6708/1999/07/008
https://arxiv.org/abs/hep-th/9904131
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9904131
https://doi.org/10.1016/S0550-3213(02)00078-0
https://arxiv.org/abs/hep-th/0110028
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0110028
https://doi.org/10.1007/JHEP03(2010)089
https://arxiv.org/abs/0909.4559
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0909.4559
https://doi.org/10.1007/JHEP03(2011)127
https://doi.org/10.1007/JHEP03(2011)127
https://arxiv.org/abs/1012.3512
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1012.3512

[31] D.L. Jafferis, The Exact Superconformal R-Symmetry Extremizes Z, JHEP 05 (2012) 159
[arXiv:1012.3210] [INSPIRE].

[32] B. Assel, Hanany- Witten effect and SL(2, Z) dualities in matriz models, JHEP 10 (2014)
117 [arXiv:1406.5194] [INSPIRE].

[33] S. Benvenuti and S. Pasquetti, 3D-partition functions on the sphere: exact evaluation and
mirror symmetry, JHEP 05 (2012) 099 [arXiv:1105.2551] [INSPIRE].

[34] D.R. Gulotta, C.P. Herzog and S.S. Pufu, From Necklace Quivers to the F-theorem, Operator
Counting, and T(U(N)), JHEP 12 (2011) 077 [arXiv:1105.2817] [INSPIRE].

[35] T. Nishioka, Y. Tachikawa and M. Yamazaki, 8d Partition Function as Overlap of
Wavefunctions, JHEP 08 (2011) 003 [arXiv:1105.4390] [INSPIRE].

[36] M. Marino and P. Putrov, ABJM theory as a Fermi gas, J. Stat. Mech. 1203 (2012) P03001
[arXiv:1110.4066] [INSPIRE].

[37] S. Moriyama and T. Suyama, Instanton Effects in Orientifold ABJM Theory, JHEP 03
(2016) 034 [arXiv:1511.01660] [INSPIRE].

[38] S. Moriyama and T. Suyama, Orthosymplectic Chern-Simons Matriz Model and Chirality
Projection, JHEP 04 (2016) 132 [arXiv:1601.03846] [INSPIRE].

[39] S. Moriyama and T. Nosaka, Orientifold ABJM Matriz Model: Chiral Projections and
Worldsheet Instantons, JHEP 06 (2016) 068 [arXiv:1603.00615] [INSPIRE].

[40] N. Kubo and S. Moriyama, Hanany- Witten Transition in Quantum Curves, JHEP 12 (2019)
101 [arXiv:1907.04971] [INSPIRE].

[41] N. Kubo, Fermi gas approach to general rank theories and quantum curves, JHEP 10 (2020)
158 [arXiv:2007.08602] [INSPIRE].

[42] M. Fujitsuka, M. Honda and Y. Yoshida, Higgs branch localization of 3d N = 2 theories,
PTEP 2014 (2014) 123B02 [arXiv:1312.3627] [INSPIRE].

[43] F. Benini and W. Peelaers, Higgs branch localization in three dimensions, JHEP 05 (2014)
030 [arXiv:1312.6078] [INSPIRE].

[44] K. Hosomichi, K.-M. Lee, S. Lee, S. Lee and J. Park, N =5, 6 Superconformal Chern-Simons
Theories and M2-branes on Orbifolds, JHEP 09 (2008) 002 [arXiv:0806.4977] [INSPIRE].

[45] R. Argurio and M. Bertolini, Orientifolds and duality cascades: confinement before the wall,
JHEP 02 (2018) 149 [arXiv:1711.08983] [INSPIRE].

[46] A. Karasik and Z. Komargodski, The Bi-Fundamental Gauge Theory in 3+1 Dimensions:
The Vacuum Structure and a Cascade, JHEP 05 (2019) 144 [arXiv:1904.09551] INSPIRE].

[47] R. Kashaev, M. Marifio and S. Zakany, Matriz models from operators and topological strings,
2, Annales Henri Poincaré 17 (2016) 2741 [arXiv:1505.02243] [INSPIRE].

[48] G. Bonelli, A. Grassi and A. Tanzini, Quantum curves and q-deformed Painlevé equations,
Lett. Math. Phys. 109 (2019) 1961 [arXiv:1710.11603] [NSPIRE].

[49] N. Kubo, S. Moriyama and T. Nosaka, Symmetry Breaking in Quantum Curves and Super
Chern-Simons Matriz Models, JHEP 01 (2019) 210 [arXiv:1811.06048] [INSPIRE].

[50] S. Moriyama, Spectral Theories and Topological Strings on del Pezzo Geometries, JHEP 10
(2020) 154 [arXiv:2007.05148] [INSPIRE].

[61] T. Furukawa, S. Moriyama and T. Nakanishi, Brane Transitions from Exceptional Groups,
arXiv:2010.15402 [InSPIRE].

— 34 —


https://doi.org/10.1007/JHEP05(2012)159
https://arxiv.org/abs/1012.3210
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1012.3210
https://doi.org/10.1007/JHEP10(2014)117
https://doi.org/10.1007/JHEP10(2014)117
https://arxiv.org/abs/1406.5194
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1406.5194
https://doi.org/10.1007/JHEP05(2012)099
https://arxiv.org/abs/1105.2551
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1105.2551
https://doi.org/10.1007/JHEP12(2011)077
https://arxiv.org/abs/1105.2817
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1105.2817
https://doi.org/10.1007/JHEP08(2011)003
https://arxiv.org/abs/1105.4390
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1105.4390
https://doi.org/10.1088/1742-5468/2012/03/P03001
https://arxiv.org/abs/1110.4066
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1110.4066
https://doi.org/10.1007/JHEP03(2016)034
https://doi.org/10.1007/JHEP03(2016)034
https://arxiv.org/abs/1511.01660
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1511.01660
https://doi.org/10.1007/JHEP04(2016)132
https://arxiv.org/abs/1601.03846
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1601.03846
https://doi.org/10.1007/JHEP06(2016)068
https://arxiv.org/abs/1603.00615
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1603.00615
https://doi.org/10.1007/JHEP12(2019)101
https://doi.org/10.1007/JHEP12(2019)101
https://arxiv.org/abs/1907.04971
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.04971
https://doi.org/10.1007/JHEP10(2020)158
https://doi.org/10.1007/JHEP10(2020)158
https://arxiv.org/abs/2007.08602
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.08602
https://doi.org/10.1093/ptep/ptu158
https://arxiv.org/abs/1312.3627
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.3627
https://doi.org/10.1007/JHEP05(2014)030
https://doi.org/10.1007/JHEP05(2014)030
https://arxiv.org/abs/1312.6078
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.6078
https://doi.org/10.1088/1126-6708/2008/09/002
https://arxiv.org/abs/0806.4977
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0806.4977
https://doi.org/10.1007/JHEP02(2018)149
https://arxiv.org/abs/1711.08983
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.08983
https://doi.org/10.1007/JHEP05(2019)144
https://arxiv.org/abs/1904.09551
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1904.09551
https://doi.org/10.1007/s00023-016-0471-z
https://arxiv.org/abs/1505.02243
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1505.02243
https://doi.org/10.1007/s11005-019-01174-y
https://arxiv.org/abs/1710.11603
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1710.11603
https://doi.org/10.1007/JHEP01(2019)210
https://arxiv.org/abs/1811.06048
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1811.06048
https://doi.org/10.1007/JHEP10(2020)154
https://doi.org/10.1007/JHEP10(2020)154
https://arxiv.org/abs/2007.05148
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.05148
https://arxiv.org/abs/2010.15402
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2010.15402

	Introduction
	Review of the duality cascades in three dimensions
	Brane configuration and gauge theory
	Duality and Hanany-Witten effect
	Supersymmetry breaking and s-rule

	The duality cascades
	Generalization and local theories


	Non-perturbative tests of the duality cascades
	The prediction from the duality cascade on sphere partition function
	Reducing the problem to the local theory
	The prediction for the local matrix model

	Proof of the prediction
	Quantum mechanics representation
	Applying similarity transformations
	Computation of Z(alpha,beta)
	Return to the whole part


	Gluing SUSY theories and new dualities
	Gluing N = 2 SUSY theories
	New dualities from gluing the local theory to another theory
	New duality cascades?

	Conclusion and discussions
	Proof of the determinant formula (3.23)
	Useful formula on trigonometric functions

