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ABSTRACT. AFLHTIE, H5T A ML f OFBABDO IS ~OHIE K (g,9) & even %
Hecke-Maass 7 A 7T o OFOFEN2EBHET LI LIZX>THRONT “p DEAD SPHA
AN DWTHET 5. BN ARDINTE U T, even 72 Hecke-Maass 71 A 7T fIZxt L
T, L(1/2, f x F) BEERIZAD £ 57 GLs O IFKREB T AL Hecke FHEN F 2MERIZ
FIET 5 Z L 2 ERINTRT. AR ER K (R AR & OLFRsTIZIEDL.

1. INTRODUCTION

EOBE L > 413 LT, B b, LAV 1 OWEMA A TR %E S, (SLe(Z)) &35, Z
DZEMIFAERIRIE C R MVZEBTHD. k<12 DL S(SLa(Z)) = {0} TH DA, EAEHE
BA<k<12DGARIZBWYIDODT, 4<k<12DGELHEETS.

Sk(SL2(Z)) @ Petersson WAEIZE S % IEME AR ILKE Hy, %, Hecke EHEAN 5725 £ 5
12> TH K. Petersson MR Poincaré LM § LOBZZHOW T FO LS ICEHRS
n5:

<hh%iL@Mh@E@¢ﬁ? (f1. f2 € Sk(SLa(2)).

ZOWRUZBET 5 f D Petersson / IV A% || f|| &EL 2T 5. fec Hy bRVWEE: H— C
ZRLC,

B NNTFD pdxdy
ww—émmﬁmﬂﬁﬁyﬁ

EHEL py BHERNE L 25, ZOWEE Quantum Unique Ergodicity (BF—&T)L I —
Nk, L C QUE) O#ls TR I hTn 5.

INIT= R WS FSEIALTERL, ¥ ¥ v3ED ergon(T)L T {3 &) & hodos(A
R Z: 38, #%) %EE T Boltzmann (1884 4F) M- 72 £ O T, MatBH ¥z F$ 5. =
NIT=FHEENINVIZT VDARZ PUIZE > TRFIICHABLZbDERHFTILI—F
ME(ELTQE) &R, LT, QE £ & 512sWEE & LT QUE 2% %52 QUE & I3k D
FHTH 5 (cf. Rudnik-Sarnak [22] D F4H):

[l D FA Riemann Z#4K M D Laplacian A D A2 MVEFIZHEN D EAME 0 =
Ao <A< A < ST 2 EHBED 5752 ERELRE {9)52, £ T 5 Adj = Aoy
ZOWE, M ORREEFEE du L3258, BAMNEWE |¢;°du % Nj — oo & U 7= IKED G A
FRAELE L, & DMFRIE vol(M)tdy THEZO6ND7E55 )

VAT L T — RE, TUT— FMEX NS S0 LIRS 57, T T— K 25 LFlkRE 2 ¥ A%, 3
BAGE72 2 ergodic, ergodicity I & < HIZT 24, ergod &\ D HFEE H72 Z & 1E7W0

2ergodic 7279% uniquely ergodic T WX, QE 7275 QUE TARWMAlAH % . Hassell [3] THH 0 & < fifah X
nTwnd.



LA, NORFTHREE 1 OEE J 935 > T {|¢;]2dp}jes BBIDERT 2 &0 5 HE I,
QE X FiEN 5. QUE FAUZEE LTI, Lindenstrauss® [14] @Eﬁéﬁb“ﬁ%’@%% 5. ZDOFM
WU DERRIK, FHZEY 2 T — ik SLo(Z)\H DHAICHEFRNEETH D, T
EE ¢; 1F Maass WHIERIZ2 5. 554, a2 7 bOGEIZEKA RS VDAL
CHLERUTCTREEMET 2BENDH 5. Maass WHF A Z2 CHIREY 27 —-TBERACEE
P 2 7= [ (holomorphic analogue of QUE) 55 HAAHE X5 Z LW TE T, ZHIK M 2
V2T —%RED & 5 BRI IR SRR DG AT, R L BB ORI IRMED Y F5R, HiEE
fifi (subconvexity #Fffi) 2% crucial (2B 5 T< %. QUE % arithmetic QUE Df5EIZBE 3 %
JEHUZ DWW TIE Sarnak [23] # &Sz L

EVaT7 RO N 1 DEE D holomorphic QUE I, Holowinsky, Soundararajan
[5] 12 & > T 2010 I ffk S N7z

Theorem 1 (holomorphic Quantum Unique Ergodicity). k1 f € H, 2> THL. Z
D, HPERDOEIRT

NP IVACH

ZDRELUT, fOEFRES Ny D EIZBET 2600, Np 23 SLo(Z)\H DR THEICH S Z
EMND ([2 ]) RO PP B RTIZ, Luo [15] A% 2002 412 QUE O F-YahK % iRk
U 7. GEHE Zagier DA R [31] D Z iz bfL)l’CL‘é

Theorem 2 ([15]). A C SLy(Z)\H ZAEHO TS L § 2 (5L BT 2 TS 25 %
TWVW3). fFED e >0 c*ﬁbf
3 dxdy —1/2+¢
dln’lSk SL2 Z uf / y +O( )

%7z, Luo, Sarnak [16] 1 2004 fﬂ: pr D 2nd moment (2B DML AX ZFEHI U 7z

Theorem 3 ([16]). fliHD720, ¢ % L~V 1 D even Hecke-Maass 71 A TR & T 5. T3
De>0 Kﬂb’C

© 2 2 LSyt (D)l (6)F T wL(1/2,6) 6]
K<k<2Kf€Hk
Z T, L(s,Sym?(f)) (ZFESEMNFR 21k L BIET, L(s, ¢) EIESEMA X V& — R LT
H5.

Remark 4. L(1,Sym?(f)) &\ 5 KFEMBIZE S b L. LU “a little more
effort” 1IZ& D, ZTORFZMWMO RS ZEAHEETH D &\ D 2RV MAY[16, p.772] D Theorem
THEANCH S, FERIZHO R, TV TV b [24) O 5O A Z2 £RDBERH 5L *
LTCZDORFEIOBRL &, MEREIE C(o)rL(1/2,0)||0]|> ICiBEEHb D, ZZTC(9) &, ¢
DHEB p (2B 5 Hecke EHMHE Ay(p) ZHWT

1 I\

TEFEIND. \(p) IE— Ramanujan-Petersson T |Ay(p)| < 2 L FAMEIZZD & 51T
EHRALLTEL. ZOERBEHNET 5 Z ik Ramanujan-Petersson TRUZEEH T 5
Kim-Sarnak bound |\s(p)| < 2p™/%* ([11, Appendix 2]) 55375

3QUE & Z OHGHAOISFIZE LT, 2010 4£iZ Fields B2 5.

424) © 5 BT, GLy D AR ¥ & — FREL L B O BEOEEOFBICET 2 L AL 7 A2 b 39l [12] %5l
ALTWA. LirL, AAGIHTRE G [12] OFERZOHOTIEARL, [12] OFREABEEOES 7 A7 MRT
5. ZIT, MBRFEDNATA—R—ZEHTIT AR hEEITARY NEIFATWD, HI T ARY MR,
IR Z DRI T 2 E A R T IS T T I TURALT AR FOGG L IZIERBRICREI NS,
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ZORLHECHATORREMNT 5.

(1) n € N &L ~UL 1 @ even Hecke-Maass 1 A 7B ¢ (2B Y0,y pur(d)Ar(n)
D exact formula %52 % (Theorem 5) . Z#75* 5 Luo DL A X (Theorem 2) D
refinement (Theorem 7) £/ 5N 5.

(2) Luo-Sarnak D ARDHEMLLE U T Ist moment (ZBHT 3

2
Jdim o D0 (DY (A s(n)
K<k<2K feHy
DA% 5 2% (Theorem 8).
(3) AL LT L(1/2,6 x F) # 0 273 GL3(Ag) DIAKET I AN H A TR F
DIEBRIZIFET 5 2 & 2 ERMNIZRT (Corollary 9). FEEIZ FIEMFR 2K 7k
F=S8Sym?(f) (fe Hy) &> TEHEAOND.

2. MAIN RESULTS AND APPLICATIONS

ROBIIIAS S, LAV I TRIT 75T Y —y?( 2 + i 2 oEEEN A ©
» % even Maass 1 A TR ¢ Tdh > T, Hecke ﬁﬁ?iﬁk&ofb\é LD % OHX’)’CEB
. ZZTlEn =182 ¢ D Fourier RN 112725 L5 ICERELTEL. ¢ (T
WIS 5 GLa(Ag) DBRIMEIRD A =2) =MLV, vy € iIRU(-1,1) &7 5. Selberg ¥
Gis) (Ramanujan-Petersaon %,u@fﬂfﬁﬂi,ﬁ}%}i) BNV 1 ORIRHSONTED, LdoT
Voo € IR AED AL D. T AU Z 1K [4, Notes for chaper eleven] IZEHWTH 5. iz HHI 21X
20, §7] 12, SLa(Z)\$ D FEAFEIE D KD K/NBRZ F W 72 B 25 E R D3 - T, Z DFEIA 2
5 (1-v2)/4 > 372/2 =~ 14.8044066 > 1/4 D331 5. 72721 Z DFHIiEHL < T, [4, Appendix
Q] DEIZED L, |1/2i] DE/MEES £ % 13.7797513518007 Th 3 (7272 LERD FIT “the
last digit in each number is uncertain” & DFliEH D) 75, even Maass A TEAD 7 75
o7 v OREAED B/MER 189.6315... K 5WTH 5. ZHld 14.8044066 & 0 72K E W,

FEBp TR L T, BHEB v, %W T Hecke BIHEE \y(p) = p»/? +p~ /2 2K L THL
HEMRFZ R DB E L AR, v, € iRU(=1,1) 72 5.

PARND 2 D DRk 2 HRE T % (a €R).

2
)y 21 | Dk + 25 o
Ok (a) - F(k) F]R(lJrVi) Ch{|x|>1} sBVOO 1 ‘a‘

O;,(vw(a):;&i) ‘F(k:—i— 2_> sgn(a \/—{‘BM_I i;é(fw)}

ZZTIR(s) = %20 (s/2) 1& GL1(R) ® BHHEEIZXT 2 /it L K+, Ph(z) 135 &
Legendre BT H % (REFEMIE C — (—o0, 1]):

. /2 .,
B (z) = F(+—)(£> 2F1<—V,V+1;1—L )7 z€C—(—oc,1].

O p/2 FOHENE, WA —7 /205 7/2 DRENZRD E 5RO TEL. TOHE, 2> 112
HUTarg(2) =0&4%. 7z, chypy R LD {z e R | |2| > 1} ORHEEBTH 5.
a =0 ORHE 07" (a) REMF EEHSI N TR, lim,_o ZE 27 L XOMIEE o =0
TOMEE>HIZTS.

VAR A € ZIZ2DWTEZS (A = 0,1 (mod 4)). ZOR, 1 F2IFEARHHAT
HHEO 5B Dezl, BREf e NZHWT, A = Df? & ~EWNIHMTE 5. ZOH,
vin = (1p)p & AT LT,

Glm) Gl
B(vhin; A) = < Tl + 25—/l )
. H Lp( §+17XD) g Lp( p2+1’X ) :

8Ly(Z) DBGIF TR, T(2) OBAHEHLTH Y, ZOROEAMO T RI% 72 /2 ~ 49.34802201.




Bl

PUZ D Z2JAHRIRE U2 212, o DFIAPH(¢) ZBAT S, ZORMIE ¢ : SL2(Z)\H —
CPHEGEABRTHNIXERETELDT, ¢ & U TERBI 1 DI Eisenstein MEPHE M
TV - T4 E2EZTHRWS

9 F(D) T, ZRBOFEIEN 2 REATHHAR D THELOHBEDL2EKDOE, #
RN (negative-definite) TRWH DKL TS, ZOERAITIE PSLe(Z) 25 (Q[25])(z,y) =
Qax +by,cx +dy) T L VIET 5. F(D)/PSLy(Z) I3EREESTH 0, IREIE Q(\/_) Dk
BEHE -T2 LMo NT WS, F(D)/PSLy(Z) DER2MREKR {Q1,Qs,...,Qn}t 20
EDREEL, & Q; TN LT, TDEERDHEZ Stab(Q;) = {y € PSLa(Z) | Q;7v = Q;} &
5.

(1) D < 0 D&, Qi(2,1) D2ODRD S5 §ILBFNDIES & 2, LT 5.

h
1
®) = ; m¢(zc§j)

LEDD.
(2) D<0DHHIER, Qi(2,1) D2 DDOMITFERHTH Y, 2D 2 D% HAEDMNE T2 LS

&#Pﬂf?%( tﬁ*f%é FHDSH H }:,\x_uﬁﬁj\%:%’) 5% Q; &L

\/—dz
Stab( Q])\Q Q](Z 1)

93

LREDS. ZITQ DIAIEE, Qj(z,1) D 2* DRENIEDRHZKIFFHE D | BRI
RiEHE D &9 5.
Z DI, IRD exact formula 23K D 3D,

Theorem 5. k > 4 13 U, ne N & T 5. DR, AR D LD,

Tl S (6 ()

k
feH
]. Voo
= 1L1/20) Y Bl (i - )0 (4
(dl,dz)ENQ
n=dyds, di#ds
1 S(D 0 sgn(t?—4n),(veo) t
+5 3 2P<0Ps(g) N B(ugi 2 — 4n) O} =)
2 DeD teT(n D) o

TIZTL(s,0) X DEMAZR Y X =R LEKTH Y, §(D < 0) i DHADKHZ 1, 5 TRV
H0%2 L5, DIFHEARHPREARDESGTHY, T(n,D)={t €Z|3f € N,t>?—4n = D f?}
LBz F7z, 5 2 HOMRFNIAE IR T 5.

Remark 6. (1) ¢ WEBBIEL D8 11y (0) = || f|| =1 &2 DY, ZOHED Y oy Ap(n)
DRARBHSNTWS. 55 A Eichler-Selberg #i /A I M7 & 2.
(2) ¢ DYFESENTIY Eisenstein kAL
E(z,7) = Z Im('yT)(Z+1)/2, TESH
ve{£[§ $1N\SL2(2)

6D < 0 DL, ¢ HEMBIE 1 DI Kronecker-Hurwitz S Z 1N, ¢ 2% j — 744 ORI RE Y 25 A
D kL — A (trace of singular moduli) X IFIE 5.
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DHED Y ey, i (E(2)Ap(n) DRRIZ Zagier DAXR 31T £ LTHSNTWS. T
D Zagier DRAD 2z =1 TOREEIHT D &, ¢ WEBEE 1 OO AR (Fichler-
Selberg i R) BF 5N 5.

(3) ¢ WA ATRDLEDFEX DANIK, LElOBISRN S Eichler-Selberg iR X° Zagier
DRAXD—fibE VWA S.

A PEAHBIR EIER S 2 WVHRIADBE, A = D2 IZRUTPA(¢) = Pp(p) 8K
Theorem 5 5> SR DWHLANRDFFEH N 5.

Theorem 7. k> 4 3% U, ne N T 5. ZOK, AFHBED LD,

DR Y (@ = —P 1n(0)B(Vgin; —4n)
feHy
% Z P an(6)B(vn: * ~ )m{p( 2)4/2 4 ()2} + O(k 1),

0<t<2nl/2

TIT, p= VIR p g,

FRDKRTn =1 & U2 T dim Si,(SLa(Z)) THIAE, T A NEHELH A TTEADE S
D Luo DR (Theorem 2) I[ZHX$ 2L ARG 51 5. & 5T Theorem 7 13 Luo [15] D
FEAEWZ D (0IZPURT 2 A — FA2H0 %), FHZ 2nd main term OIRENEIK, ARFZEIC
FotHonzbDTH 5.

X o745 )5H L LT, Luo-Sarnak Diifiir A X (2nd moment) @ 1st moment i % 5-2 5.

Theorem 8. k(34 LA EOEBOHFTH AT LTS, AEDn e NIZHLUT, A2 2D,

2 K—oo 1 _
= 2 DY ps@)p(n) == 507 PP (6) B (vin; —4n).
K<k<2K feH,

Z ®D 1st moment D A7 (Theorem 8) & Luo-Sarnak @ 2nd moment Ofiir A3 (The-
orem 3) ZHMlAADED &, L(1/2,¢ x Sym?(f)) #0755 f € Upsy Hr PIEBRICIFET 5 2

LERERIMNIEZDZENTES. 2T L(s,¢x Sym?(f)) 1% GLy x GL3 ® Rankin-Selberg
LEHTHY, MFDEIITERIND:

»,,/ a
L(s, ¢ x Sym?(f H det(16 — ’ _Vp/g] ® Sym® ( ’ ay?! ))

p<co

ZIT (o0, ) X fORBp BT BERNTA—X—TH 5. ZOMEBIE Re(s) 2 15

REWVFHIINKR T 5. &7z,

ﬁ(s,(b x Sym?(f)) =T'r(5 + Voo /2 + 1)TR(5 — veo/2 + 1)Tc(s + Voo + k — 1)lc(s — voo + k — 1)
L(s, ¢ x Sym®(f))

EBTIE, 2N C EOBBBUMTEE X 1, L(s, ¢ x Sym?(f)) = L(1 — s,¢ x Sym?(f))

LS R RE D (ot [2], [8]).
xT,

Xo={neN| —dneD & L(1/2,¢® Xx_4n) # 0},
Non(K):=#{fe |J HxlL(1/2,6 x Sym®(f))A(n) # 0}

K<k<2K

EBE, dn) =Ygl ET 5. O, WY L.

T [25) TT T v 2 o b DIZOWTHRE LT WS, [25] D p.58 DT A S 3 17H T, 56k L s e &
WCH 5N, EL < IRIESEH L EScAadniEns v, EEIhzl.



Corollary 9. L(1/2,¢) # 0 Z{KET 5. ZOW, (THED n € Xy EATED e > 0IZH LT, &
5 Kpne>0DFELT, AEED K > Kgp WS LT,

1—¢ 1 L(1/2,¢ ® X—4n)
167 n1/2d(n)? C(¢)L(1, Sym>(¢))

FORDIENZEE LFEERD R WVER L 2> TUES D, ROMEZEMT ¢ & niE, Fig
DY MEUAFAET DI RO NT VWS,

Remark 10. (1) 1992 FDAHE [18, Theorem 2] Dl 22 A

L(1 27 2 2T2 1
2 COSh(TE\V/OO|/¢2))||¢||2 T2 <10gT+ Y5~ log(%)) +O0(T(log 7))

Nd),n(K) >

Voo /2I<T

CED, L(1/2,¢) # 0 245 ¢ EIRBICHAET 5. BARMIELICHNS HE,
plI> = 271 L(1, Sym?(¢)) &

Loo(1, Sym?(¢)) = Tr(1)Tr(1 + veo)Tr(1 — veo) = {cos (gyoo) }71

ZHWS &
cosh(n|ve| /2)[|0]|* = 271 L(1, Sym*(g))
LEEIMZOND . vy €IR EVWIMEL > TWS Z & IZIEE.

(2) mp & P ITHIET D GLy(Ag) DEREIKBLE U & 5. my IFBEKY, ORI HI, 37X
TDHEFT spherical, L\NOMWEEFHED. ¢ 1ZL )V 1D even Maass 7 A THRIRD
T, e(1/2,m) =1 THD. FHZ x4 1[THIET D 21k Hecke fatfe 4 : QX\AX — {£1}
IZHUT, e(1/2,myQes) =1 5005, 1995% D Friedberg-Hoffstein [1] IZ& D, 2
KRR : Q\Ag — {£1} T 1y = (6-a)u (v =00,2) & L(1/2,ms @) # 0 279
HDOWPIEUAAET D, n1ddH D n € Xy 1239 D Kronecker HikE x—ap DT TV v 2
V7 N THENS, Xy FEREGTHD. L(1/2,1,0n) > 0720TS, XD RsIE
DETH 5.

Luo-Sarnak @ 2nd moment 7 51%, L(1/2,¢ x Sym®(f)) #0 £ 75 f € Uy Hy 7 HER
BAEAES 5 Z D35, —J5, Corollary 91, 12D & 5 MRS D f1F Ucpaorn Hi
OHTK DEBHEULEDZ | LWV ERNZFTMETEATVS. HEDFTMZ T 5121,
M+£K) IO BENRD BN, Frr OFERIX N¢+(K) D lower bound #5-ZTWVWb & W5 Z &
HERLTHL.

GLg x GL3 ®¥® L B O A H 2 72 WA RO R IZ DWW T, FRLDIE Y,
HxDH DL IFBNZREE W ODPHENT NS,

Remark 11. (1) 2009 iz Li [13, Theorem 1.1] i& L~V SL3(Z) O Hecke-Maass 71 A
THAF ZFEEL, LRIV SLy(Z) DESYEE 17z even Hecke-Maass 71 A TR ¢ %

B U 7 I Oiiin A=
7|VOQ|2/(4T2)L(1/27¢)L(1/27¢ x I) _ 12L(1’F)L(1’F) 2 11/6+€
2 7T cosh(lvcl DT w0 O

#5ZTWVW5. ZZTFEF® dual TH%. [13, Theorem 1.1] & ORI, —R
TBHLIEAHEES>TVWD LS IMA BN, HEAUTHS. [13] D u; (ONB D)

D Fourier (R¥1 p;(n) B#% D oo (ONBDIE) DD ﬁ% ZHIELTWS

SHIREF AR D FEIZ £ 2 Jacquet, Chen [7, Theorem 1] @ L(1/2,74)L(1/2, 75 @) > 0 & Katok, Sarnak
[10, Corollary 1] @ L(1/2,¢) > 0 &bt 2 2, L(1/2,¢) #0751 L(1/2,¢ ® X—an) = 0 THD. I T
FEAZBIRRNER 228, [7) D E Hervé Jacquet, Chen Nan £78 5 T\W5 DT Nan 2347722 b 53, X
BRCHIA SN BIHZIE N, Chen £ 25 TWAZ &5 H D, Chen BHFDESILERAD. B S5BHFRONT
FHOHEBAATET 2 L AH<FLET.
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DT, [13] D a;(n) & 2D(L) ITHIE LTV, Z ORI & D [13] O L
EBEHEZDED LR D XL TWEDT, X DS E2HAVTRRT 2 & Lo &
S35,

FOWREARDFRE LT, FRBET 28I, L(1/2,¢ x F) #0 & 723 ¢ D3RI
FAET B2 DN 5. Fx DBE L XHZY | F X Gelbart-Jacquet V 7 b Sym?(f)
OFELTVWRLSTHRY. &8, Lild#nt AR %2EE T 2812, GLy D Kuznetsov
A, GLy @ Voronoi R &, IMBEEHEREZH WD WS FiEEZ L 5TV 5.

(2) Reznikov [19] 1% 2001 41, PGLy D ARZ MVHEERZH WA Z LIZXoT, ¢ €
L*(PGL2(Q)\PGL2(Ag))¥(Z 2T K = [[, K, 1& PGLy(Ag) DFEHER 725 A 2 >
N NIRRT LT,

¢* = ch¢j

J

LWHRME B U, T T {¢;}; 1 L*(PGLy(Q)\PGLy(Ag))¥ D IEMIHE KL
T 5. R e e = (92, 0)) 2 EEE DT LITHRE. ¢ ST D vy &y EL
Z2izd B, Reznikovld, H2TEc>00dH-T

Z |Cj|26ﬂ/2><|yj/2‘ x e~ Wi/2l > ¢|loge|, e —+0
J

Ll ZlERL, R LT ERMED j Te; #£ 0] 25272, ZORKEE LT,
spherical 7% ¢ % EET BT, L(1/2, pxdxd;) = L(1/2,¢;)L(1/2, p;xSym?(¢)) # 0
%% ¢ BWIBMEGAEST 2 Z L 28 H U7z, ZOFHEIFARY PIVER & SLy(R) ©
class one RELDOMEEIZEBLTE Y, BAXNOEMY A NIZHYT 2L DR FbONT
WARY,

LR 2 OO IR Y, He OFERIE TL(1/2,0) #0 X745 MaassTER ¢ % 110
BHHT, L(1/2,¢ x fx f) = L(1/2,¢)L(1/2, ¢ x Sym?(f)) # 0 72 % IEHI 72 R R f
MERIAGFET 51 LW REDTH S, FEBE, LiDFEHRIE [GLy EORIE A
FEBEETDEIZ, L(1/2,0)L(1/2,¢ x F) #0 £ 7% Maass o2\ ¢ ¥R 7153
%] TH5U, Reznikov DAERIE T Maass TR f 2EET B2, L(1/2,6x fxf) #0
725 Maass TR ¢ BEBMEGAET 5] ThH 5. FEET 2 HEUBADN T2 O E L
2o TWD. BEUCAET 25 DR EA R XD h, 21 e b Maass B R
DPrEVIEVEH 5.

—
w
=

3. SKETCH OF PROOF

Theorem 5 »* 5 Theorem 7, Theorem 8 % /=3 121, (’),f’(y‘x’) DOHRARZ HONIER .
Z 2Tl Theorem 5 DFEAH & TTheorem 8 = Corollary 9] DFEIHIZDOWTDAZEZ 5.

¥ 9 [Theorem 8 = Corollary 9] IZDWT7EAH, ZHiEF % D 1st moment, Luo-Sarnak
@ 2nd moment, Waldspurger [28] D refinement (22472 %2 Martin-Whitehouse [17] D23

|P—4n(¢)) ? _ \/HL(l/Q, ¢)L(1/27 PR X—4n)
9112 4 L(1, Sym*(¢))

&, ZNh o 3EMDO AN (Watson [29], T [6])

(@) _ , L(1/2,6)L(1/2,6 x Sym®(f))
ralli L(1,Sym?(¢)) L(1, Sym*(f))?

ERHONERNS. 22T, 3EBLERODME L(s,¢ x f x f) = L(s,¢)L(s, ¢ x Sym?(f))
EHWTWS. ¥T, ne X, 95 &, Hix D Ist moment DA & Cauchy-Schwarz D A5E

(C#0)




A&kD,
[P_4n ()] 2 k/2
— < (1) pp(@)Ar(n)
Vian K Ké;ﬂ( fezf;k ! !

K<k<2K feHy K<k<2K  feH,
p(9)Af(n)70

LY LD 1 DOHDIV— hDOHFEIZIE 2nd moment 234, 2 DHDIV— b DHEIE N, (K)
12725 T\ 5. implicit constant % & & NI Corollary 9 33515,

Bxf%(Z Theorem 5 DFEHIZ DWWl S . D7D Af(n) BHETIHNVWESIZn=1¢7
5. ZORTA NI f = ®,f, € C°(PGL2(Ag)) & UT, MEBRIEMES foo 1N Oo(R) &
1 7Dk D PGLy(R) DHEBCRIIEBL Dy, DIFFIRIUZ 25 £ 5128 55 foo(9) = (Di(9)u, u).
BRFER v =p T, f, B PGLy(Z,) DRMERBICRZ K S5122 5. ZDIR, f 13 smooth 7273,
supp(f) &3 2287 M TIRARWD T, X MRA ORI E T 2 8E R H 5. f O HIT
£ 0, HERIRE» SFEI N5 L2(PGLy(Q)\PGL2(Ag)) ~® f DIEM R(f) 1% Sk(SLa(Z))
ANOFHEIZ R 5 TO B, FHIBDH K (g,h) BAATRRTH 5. 4, ¢ : PGLy(Ag) — C %
TR TDOH AT spherical R AT LT 5L,

<2 me(qsw S Y tdm

/ Ky(9,9)¢(9)dg
PGL5(Q)\PGLa(Ag)

EWIBESIRT B, Kf(g,9) DANZ MIVIRR & EMKEIIZL > TZ OB EZNTNT
WZTBZENAEETH Y, ZO—HDFHRIZ L > THE SN D ANITHA XD variant & A7
5. ZZTRBARLFATLESS. Ki(g,g) DAY MVEBTIRER AT ML E R
ARZ MVBFLELBRWDT, ART MUY A ROFHRT Y,y py(0) DL S RADNEL 5.
— /i T, AT RER

/ Kf(g,g)go(g)dg = Jiq + Junip + Jhyp + Jen
PGL2(Q)\PGL2(Ag)

BT, AL L BYITE DR G Jig + Junip (3T 5. KB, Jiq 130 A TR & 5K
DEZMEC LD LEIZRD U, Junip & ¢ DEBERHTL 206 TICHR 5.

Jhyp & Jen DEFMEIZDWTHIHL TH L. v € PGLy(Q) i hyperbolic % 7213 elliptic &9
5.y DEIEHETEBREI NG Q LD 2k étale [REX E 1T LT, T'= EX % GLy DI HEL A
729, Waldspurger D EHME 1 EFLEZ W5 &, T\PGLy /K IZBI 3 25K ¥ =[], ¥, %
WTC, p DEAD N f OER X

/ Flo™ v9){ / o(tg)dt} dg
T(Ag)\PGLs(Ag) T(Q\T(Aqg)

! p(t)dt x U(g)} dg

- / F(g7 vg) { /
T(Ag)\PGL2(Ag) T(Q)\T(Ag)

= {/ o(t)dt} x / flg™ vg) ¥ (g)dg
T@Q\T(Ag) T(Ag)\PGL2(Ag)

LRED. oD TITH- 7R L, v Y hyperbolic 22 elliptic A2 U TAMIC 1L(1/2, ¢)
MPp (o) IZFL . E72, g 12BIT 515 1% Eulerian 72D T, local 72 A BT & #LiER 5 O
FEICREI NS, ZOPREINETIKARVEHEETH S.

AWFZED NN DEH L, o DEMITHY Eisenstein FEE DY E DA R DFHH [26] 236 L 12
o TW5. o WEMHTI Eisenstein A DIfE, A AT ADLE L B2V, Jia, Junip (ZHH
MIZRITBHOMAREFAMICAEEES. ULAEEECHBELTLESE Ju=0 5T
5 F < Whrew. [26] T pseudo Eisenstein S D & 5 B E AL AR GHA O 1E 402 %

21
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TCdH - 7z (EBUZIE pseudo Eisenstein #Z T 1372 <, smoothed Eisenstein #&% % F\729).
e 3N AT RO LR OMHIFRE T, Jig = Junip = 0 2785, — T Juyp, Jon DIV
local BB ITRAESINLEDT, o WAATIEATH 2 EDPIZED 53 Jiyp, Jon DA [26,
8] B ZDE XM ARETH 5.

CITHIICHETLEZALEWHIREIZDWTIAY PLTHEL. k> 2080, 72
NEEE f DR S foo 1, BT LD PCLy(R) EC2R/ATENTHS. 22T, f DY K-
M3 280 N TRWDT, O PHOUFMEIC XK Z T D BERD 0, KB foo DATTES
WABETH L. UzhoT, EOTA T4 T7Tldhk=205&8134kS 2N TE RV, k=2
DD Z S5V 2 HEIX Bl I RN Z 2 iciERLTHEL.

Zagier [31], &8 [27], Jacquet, Zagier [9] 125 535 & 512, Hecke fEHIZE DB $ & L~
V1 DEFENTHY Eisenstein S DD/ % 5183 2 BT, unfolding 23 {TH 1 N DFIHEIC
BETHY, TS DEBUN SPARDEMY A FOFROEFERLTWVWS. 2O LD
74 global 72 F ik TlE, FEMNTHY Eisenstein f# % even 72 Hecke [E4 Maass JFENE N2 E S
AT E MY A REFHET 222D TERV. LLL, AR TIRT 7 — VO RE RO
HFUTRILE 5 D U, Waldspurger € 7OV O EEE 1 B & 2R 2 Z & T, HRIGAET
HaaEeIc Lo,

Remark 12. 20184 10 H 24 HIZ Han Wu DS arXiviZ 7L 70 v b [30] AL, Zoh
T, Jacquet & Zagier ¥ [9] TRAFRL TWzEf AT ML S U B8 L WEH (Jacquet-
Zagier puzzle) W58 7 U, Jacquet-Zagier B2 R & Selberg A RBEILTE D Z L3P o L
AEIH X 7.

4. APPENDIX

ZOMETIE, Bx OBAREISH LT, ¢ DAX Y X — K LERODME L(1/2,4) £ =
R () DIHDORIDBIR %, Watson [29], 1 [6] DA R % b FIZ AT 5.

Theorem 13. ¢ % L X)L 1 D even Hecke-Maass 7 AT & § 5. DU I FAH:
(1) L(1/2,¢) =0
(2) (EREDEE L > 4 LERD ER I N Hecke EATEX f € B (U T, ps(¢) =0.
(3) 2N DEEDMIBE N EES LITRHUT, k€ LPFIELT, £ED f € B izl T
pf(d) = 0 AL D NED.

[2) = oiE 3)) IFEHHTHS. £7z, ZHRIZET 5 Watson, 1O RS AKX [29],

6] % VUL, pp(p) DIEEBME L(1/2,0)L(1/2, ¢ x Sym?(f)) DIEX O MILFAETH 2 H
S5, T) 56X (2)) & (1) 251E (3)] & Watson, HiTFORARL VS L THD. 72 [(3)
72513 (1)) 1% Luo-Sarnak DE M Z FHOWNIXES IZHEA/RE 5. 2 Z T Luo-Sarnak D AKX
@ main term 2 L(1/2,¢) N5 Z & DFEHAT, Watson, HiIFD AR & Petersson B X%
AEMIZHNTWS Z 2 IZERI L.

EFEO# D Watson, TTIFDO AR Z AWVIIE EOEIILT IZFEHT E 255, KR BA
Kz WS Z 2IZ& o T, Watson, DO AXEZHWTIZ (1), (2), (3) DFEMEMEARES.

ZZT, 1(3)TARVWASIE (1) TRV U T L3 Iigkahns.

Corollary 14. L'~V 1 D even 72 Hecke [E45 Maass 71 A TTER ¢ 5 L(1/2,¢) # 0 % {7z
TETD. O, HLMRES L = {kj}jen CINDVELEL, FRED j e NIHLTHD
fi € B, WFAELT, py (o) # 0 DK D LD,

Z D&M Luo-Sarnak DML AR (L7225 T Watson, TEHOAR) 2 IXEHIIHR SN
50T, #ERARITH U 1ERWAHY, Watson, HEOAXNZE MO TITIIHTE 5 Z 2R A > b
Thb. £, ZOR%EHFH%T Watson, HIFOARZHYIO THEHT 22 LT, L(1/2,¢) #0

9[26] Tl Paley-Wiener BIETI37 <, 8(z) = 2(z° — 1)2P(Z)ezz (P 13Z AR 27, 0l [26] 28
TEAUE Eisenstein & > TWa Z & &, BAHE B R OAM7ZFTHL, Elics 7 hEdznlen
EELTWS. 3% 5 < pseudo Eisenstein iz AW CTHFH 4 OFEIEMA TaE & lbh s,

10Jacquet-Zagier BB A A D ESR, Ji7 21303 [25] I HBIS TV,



W7z ¢ REET BT, L(1/2,¢ x Sym*(f)) # 0 &7z S f € Uy Hi DEEMEELES
52 EhRES.

[EEPA]: BAR, Watson, Hi¥#fD AR % WY (L7255 T Lou-Sarnak D AR H i3 12
Theorem 13 ZFEH L TA LS. 1y 2 ¢ DT TV v 27 ) 7 b DERKT % PGLy(Ag) DERELFE
Wedb.

o [(1)7251F (2)] FBFAK (Theorem 5) & RAVFEB IZH» 5. FEEE, (1) 2IKESTH
iE, L(1/2,¢) =0 TH 0, LD EEAYHI A D 12X U T, Waldspurger DA [28] &
AW, [Pp(8))2 = C L(1/2,74)L(1/2, 74 ® ep) = 0 (C 33k D) THEH 5, %
4 KT RTOEBE 25, £oTC, ap(n) (n € N) O—YIIHED S (2) B3
WS

o [(2) 2513 (3)) BHMTHS.

o HABIZ [(3) 72 51F (1)) &R 7201, Wl T(1) TAWwa s (3) TR\ ZFEHT 5.
£9, L(1/2,¢) # 0 ZIKET H. ZOW, EHEGEIZED, €(1/2,¢0 @ x_4) = +1 D35
5. ZOW, L(1/2,0@x_4) 0P EI PR SBRWDA, 4 TEH->T1IRDERE
WHOT, X4y DT TV Y7 VT b gy Q\AG = {£1} EEEE L(1/2,mp®
€ an) 0DV ID. TIZT, An BEAHHATH 2L n2 bl e TE
%. ZhE Friedberg-Tloffstein OFEHE [1] 2 SHEW, FEE, EOME % KD n 38HUC
f7AE$ 5. Waldspurger DARIZE D | [P_y,(¢)]? = C L(1/2,¢)L(1/2, ¢ D X—an) # 0.
& 5T, Theorem 8 DAXDIRIIIEL T THL. ZDI Db, up(p) #0 &45
f € Upsg He DERMEZRNENS. ZHT (1) TRWARSIE (3) TRV bRt

BLEO#E#RIZE D, (1), (2), (3) ORMEMEASRS Nz, EOFERTIE, Br OHAROMIZ
Waldspurger D22\ é: Friedberg-Hoffstein O EHA LN T W2
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