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A remark on the generalized Toscani metric in
probability measures with moments

By
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and Tong YANG!

Abstract

Motivated by a pioneer work of Hiroshi Tanaka[22](1978) by means of the probabilistic
method, from the middle of 1990s, Toscani and his coauthors analytically studied the existence,
the uniqueness and the asymptotic behavior of solutions to the Cauchy problem for the non
cutoff spatially homogeneous Boltzmann equation of Maxwellian molecules, introducing the
so-called Toscani metric defined in the space of the Fourier image of probability measures.
By using the Toscani metric on probability measures with moments less than 2, Cannone-
Karch[5] studied infinite energy solutions to the above Cauchy problem, which include self-
similar solutions given by Bobylev-Cercignani[4]. The existence result of [5] for the mild singular
cross section of the Boltzmann collision term was extended to the strong singular case by [15],
and the smoothing effect for measure valued (finite and/or infinite energy) solutions has been
completely solved in [19, 16, 17] (see also [18] for the non-Maxwellian molecules case). In
[16, 17], the Toscani metric was generalized in order to characterize perfectly the Fourier
image of probability measures with moments less than 2. Furthermore, in [9] authors have
characterized the class of probability measures possessing finite moments of any positive order,
in terms of the symmetric difference operators of their Fourier transforms, simplifying an earlier
work[8] by the first author, where the forward difference operator and its iteration are used.
This simple generalized Toscani metric was applied in [9] to show the continuity of the solution
in LY, with respect to any positive time when the initial measure datum posses finite moment of
order a > 2, implicitly based on the equivalence between the generalized Toscani metric and the
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Monge-Kantorovich-Wasserstein metric. The purpose of this note is to give a supplementary
proof of this equivalence, after a short review about the research on measure valued solutions
to the spatially homogeneous non-cutoff Boltzmann equation of Maxwellian molecules.

§1. Introduction

Consider the spatially homogeneous Boltzmann equation,
(1.1) O f(t,v) = Q(f, f)(t,v) for t>0,veRS,

which arises as a physical model for describing the behavior of a dilute gas by its density
f under a simplified assumption that it depends only on the velocity v and time ¢. The
most interesting and important part of this equation is the collision operator given on
the right hand side that captures the change of rates of the density distribution through
elastic binary collisions:

(1.2 Qo) = [ [ B - Fwg(w.)] dod.

for scalar-valued functions f, g on R3, where

;

, v+ v — vy
= 0"
2 2
(13) 'U:k _ UV + Uy . ’/U — 'U*’ o,
2 2
\ |'U_'U>'<|7

the collision kernel B = B(|v — |, k- o) is a nonnegative measurable function and do
denotes the area measure on the unit sphere S2.

Of main interest are the inverse-power interacting potential models which specify
the collision kernels in the form

(1.4) B = |v — v.|" b(cos )

with v > —3. It is classified as soft potential if —3 < v < 0, Maxwellian if v =0 and
hard potential if v > 0. The angular part b, defined implicitly, is known to be continuous
or at least bounded away from 6 = 0 but develops a non-integrable singularity near
6 = 0 in the sense that

(1.5) b(cosh) sinf ~ 6717 for some 0 <v <2 as § — 0.

In this note we shall only consider the Boltzmann equation (1.1) of Maxwellian molecules.
As it is customary, replacing b(cos ) by

[b(cos 0) + b(cos(m — 6))] Lo, /2 (0),
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we shall assume b(cosf) is supported on [0,7/2] (see [26]). In addition, it will be
assumed to satisfy a weak integrability condition

/2 0
(1.6) / b(cos ) sin™° (5) sinfdf < oo for some 0<ap< 2,
0

which is verified by the singular kernel b described as in (1.5) when 0 < v < ay.
Therefore, the case 0 < v < 1 is called the mild singularity, and another case 1 < v < 2
is called the strong singularity, in view of the critical value ag = 1.

Our primary concern here is to study measure-valued solutions to the Cauchy prob-

lem for the Boltzmann equation (1.1) with the initial data possessing finite moments:
(1.7) F(0,0) = Fy € Pa(R%),

in view of the normalization, where we denote by P, (R%), a > 0, the set of all probability
measures F' on R?, d > 1, such that

(1.8) /]Rd |v|*dF(v) < 0.

In P,(R?) with a > 0 we define the Monge-Kantorovich-Wasserstein distance W, (F, G)
as follows: For F,G € P,(R%),

1/c
WL (F,G) = < inf /\v —w[o‘dL(v,w)) , if a>1,
LEeTI(F,G)

= inf /|v—w|°‘dL(v,w), if 0<a<l,
LeTI(F,G)

where TI(F, G) denotes the set of all probability distributions L in P,(R¢ x R?) having
F and G as marginal distributions, that is,

dF(v) = /R AL ), dG(w) = / dL (v, w).

Rd

We first recall a historical work given by the probabilist H. Tanaka[22].

Tanaka Theorem [Existence, Uniqueness and Asymptotic Behavior].
If an initial datum Fy € Py(R3) then there erists a unique solution Fy € Py(R3) to the
Cauchy problem (1.1)-(1.7) and we have

Wy(Fi,w) — 0, t — oo,

where w(v) = (20 E) =32~ /2E for 3F = [ |[v]?dFy.
This result has been analytically treated by Toscani and his coauthors|7, 12, 21, 24],

based on the Toscani metric

|l — @lla = sup £—2, ¢, @ are Fourier images of F, G € P»(R?),
0#£EER3 €|
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and the Fourier transform representation of the Boltzmann equation given by Bobylev
[2, 3);

Bobylev formula. If ¢(t,£) and ¢o(§) are Fourier transforms of f(t,v) and f(0,v) =
Fy, respectively, then the Cauchy problem (1.1)-(1.7) is reduced to

op(t.6) = [ (57 (91660606 - plt.10(0.0)) o
(1.9)

§

©(0,€) = po(&), where ¢ = > |

i’—a.
2

It is known ([24, Theorem 1]) that Ws(-, -) distance and Toscani metric are equiva-
lent on the subset of P»(R?) with a fixed energy ( [ |v|?dF(v) = Ed) and zero mean vec-
tor ([vjdF(v) = 0)!. Recently Cannone-Karch [5] extended the existence and unique-
ness of solution for the initial datum in P, with v < (o <)a < 2, motivated by the
self-similar solution with infinite energy

(1.10) forc(v,t) = e 31t g (ve™Heot)
given by Bobylev-Cercignani[4]. Here for any fixed a € (v,2) and K > 0,

A

/2 0 0
fo = — 0<)\a:27r/ b (cosb) (Coso‘—+sina——1) sin fdf < oo,
« 0 2 2

and ¥, i (v) is a radially symmetric probability measure satisfying

A

. 1-9,
U, x €K lim 1= Var() _ g

el=o [g]e
Following [13, 5], we call the Fourier transform of a probability measure F' € Py(R%),
that is,

o(€) = F(¢) = F(F)(¢) = / e EdF(v),

Ra
a characteristic function. Denote the set of all characteristic functions by K. In [5], a

subspace K for v > 0 was defined as follows:

(1.11) K*={p e K; || — 1o < o0},
where
1
(1.12) lo = 1o = sup L& =1
cerd  [€]*

Lzero mean vector condition is not restrictive because of Proposition 2.2.
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The space K% endowed with the distance

(1.13) | — @lla = sup (&) — 2(0)] _f)(@'
(ERY |f

is a complete metric space (see [5, Proposition 3.10]). It follows that K* = {1} for all
a > 2 and the following embeddings (Lemma 3.12 of [5]) hold

{l}C/CO‘CICBCICole forall2>a > 3>0.

However, even though the inclusion F(P,(R?)) C K% holds (under the zero mean
condition when o > 1, see [5, Lemma 3.15] and Proposition 2.3 below), the space
K< is strictly larger than F(P,(R%)) for a € (0,2), in other word, F~1(K%) 2 P, (R%).
Indeed, for each a € (0,2), v (€) = e €l” belongs to £, which is the Fourier transform
of the probability density p,(v) of a-stable Lévy process. It is known ([5, Remark 3.16])
that 0 < pa(v) < C(1 + |v|)~ @+ and moreover

pa(v)
‘U|a+d

— ¢o when |v| — oo,

where ¢y = a2 1x=(d+2)/2 4jp (%)F(#)F(%)

On the other hand, we remark that F(P»(R%)) = K2. Indeed, this can be proved
by contradiction. If there exists a p(£) € K2 such that FF = F~1(p) ¢ P, then we may
assume there exist wg € S?'and A > 0 such that

[v]*dF (v) > 100]|1 = |2,
{7 —wol<10-10}{le] <4}

from which we have a contradiction because

Re(1 — ¢(£))

e
11— ¢ll2 > sup
; €2

: 2{|v||s| (. &

S 2 R |£\)} ¢ -
> 9 / WPdE W) for = =w, €] = =

(I —wol<10-10}n{[v] <A} v]2[€]2 €] A
2 v ,

> — (— - wo) [v[*dF(v) > 50||1 — @2,

2
T2 J{ 2 —wol<10-10}n(juj <A} V]

by using

. 2z T
sinz > — when 0§z§§.
T

Since K D F(P,(R?)) for a € (0,2), we introduce P, = F~1(K®) endowed also
with distance (1.13). In [5], the existence and uniqueness in the mild singularity case
are discussed only in the space P, D P, even when its initial datum belongs to P,. The

=
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restriction of mild singularity was removed in [15], by rewriting the right hand side of
the first equation of (1.9) as

! /S K (%’) (0t 6%) + 0(t,€) — 20(t,€) ) o(t, 0)do

# L0 (S) et (o0t = o0.0)) o

where £F is symmetric to £t on S? (see [15, Figure 1]). The gap between P, and Py,
0 < a < 2, was filled in [16, 17] by introducing spaces M*, M, which are defined by

M*={p e K; [l = 1||pma < o0},

M* ={p e ; ||[Re ¢ — 1| pma + [[p — 1]|a < 0},

where

R I =T

and Re ¢ stands for the real part of ¢(§). Namely, we have

KEDF(P)=M*=M*2KYif0<a<a <2,a#l,
KIDM'DF(P)=MDKY ifl<o/ <2

The characterization of probability measures by their Fourier transforms in [16, 17],
together with the smoothing effect of measure valued solutions proved in [19], lead us
to the following;

Theorem 1.1.  Assume that b(cos6) satisfies (1.6) for some ap € (0,2) and
let a € [ag,2]. If Fo € Po(R3), then there exists a unique measure valued solution
Fy, € O([0,00), Py (R?)) to the Cauchy problem (1.1)-(1.7), where the continuity with
respect to t is according to the weak topology deduced by one of equivalent conditions
stated in Theorem 2.1 below. Ifb(cos 0) satisfies (1.5) and if Fy € Py (R3) for a € (v,2] is
not a single Dirac mass then Fy admits the probability density dFy(v) = f(t,v) satisfying

f(t,0) € C((0,00); Lg, (R?) N H>(R?)).

As pointed out in [6], the smoothing effect of this theorem solves the Bobylev-
Cercignani conjecture in [4, Remark on page 1055];

Corollary 1.2.  If b(cos ) satisfies (1.5) and if v < a < 2, then the Bobylev-
Cericignani self-similar solution (1.10) is defined by a radially symmetric function ¥, k(v)
belonging to Ly(R*) N H>(R?), VB < a.
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Theorem 1.1 was extended in [9] to the case for initial data Fy € P,(R3) for
arbitrary a > 2, by characterizing the class of probability measures possessing finite
moments of any positive order, in terms of the symmetric difference operators of their
Fourier transforms, which will be detailed in the next section (see the space M (R9)
defined by (2.11) and Theorem 2.4). At the end of this introduction, we remark that
the asymptotic behavior of the Bobylev-Cercignani self-similar solution is studied by [6]
and [20], in different topologies each other. Furthermore, as for the existence and the
smoothing effect of measure valued solutions for the spatially homogeneous non-cutoff
Boltzmann equation of non-Maxwellian molecules, we refer [18] and references therein.
As it is customary, we shall write (v) = /1 + |[v|2 for v € R? and use the notation
A < B to indicate the inequality A < c¢B for a generic constant c.

§ 2. Generalized Toscani metric

First we recall the equivalence between the weak convergence in P,(R?) and the
Monge-Kantorovich-Wasserstein metric (see [27, Theorem 7.12], [28, Theorem 6.9]). The
notation F,, — F in Py(R?) means that F,, converges weakly to F, that is, [¢dF —
[ dF for any bounded continuous 1.

Theorem 2.1 ([27, Theorem 7.12]).  Let a > 0, let {F,} C P.(R?), and let
F € Py(R%). Then the following four statements are equivalent:
(i) For {F,} C P,(R%), F € Py(R%) we have

(2.1) Wa(F,, F) — 0.

(ii) We have F,, — F in Py(R?) and

(2.2) lim lim sup/ |v|*dF,,(v) =0, (tightness condition).
lv|>R

—X0 p—oo

(iii) We have F,, — F in Py(R?) and

(2.3) / [v|*dFy, (v) — / |v|*dF.
R? R4
(iv) Whenever ¢ € C(R?) satisfies the growth condition [1(v)| < (v)®, then

n—oo

(2.4) lim [ (v)dF,(v) = / V() dF(v).

The following proposition shows that zero mean vector condition, [v;dF(v) =0,
in P,(RY) with a > 1 is not restrictive.
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Proposition 2.2.  Let « > 1. Let {F,} be a sequence of probability measures in
P,(RY), and let F € Py(RY). If Wo(F,,, F) = 0 (n — o) then F,(- + a,) — F(- + a)
in Py(R?), and {F, (- + a,)} satisfies the tightness condition:

(2.5) lim limsup/ [v|*dF,(v+a,) =0,
{lv|>R}

R—o0 nooco

where a, = [vdF,(v),a = [vdF(v).

Proof. By means of Theorem 2.1, (2.3) in (iii) implies F' € P, with o > 1, and
hence a = [ vdF(v) is well-defined. (iv) assures the convergence of a,, — a, which leads
to

an-€o, (&) = e Cp(€), pointwise in R?,

€ 2
where ¢,, = F(F,),p = F(F). Therefore, we obtain that F,(- + a,) — F(- + a).
The tightness condition (2.5) is a direct consequence of the original tightness condition
(2.2). O

Since [wvdF, (v + a,) = [vdF(v+ a) = 0, zero mean vector condition can be
supposed in the convergence for a sequence in P, (R?) if a > 1. Conversely, if {G,} C
P,(RY) with a > 1 satisfies zero mean vector condition and

lim limsup/ [v|*dG,(v) =0,
R=00 m—oo J{ju|>R}
then for any sequence {a,} C RY satisfying a,, — a we have
Wa(Gn(- —an),G(- —a)) — 0.

In what follows we assume zero mean vector condition for P,(R?) when o > 1.
Under this condition, the inclusion F(P,(R%)) C K% holds (see [5, proof of Lemma
3.15]), while we have

Proposition 2.3. Let 1 < a < 2. If (&) belongs to K then F = F~1(p)

satisfies
(2.6) /vde(v) 0, j=1,.d

Proof. Suppose that there exists a F(F) = ¢ € K such that [vdF(v) = a # 0.
Since |1 — p(&)] < [|1 — ¢|||€|¥, for any 1 < 8 < « we have

/ %df < wdg < 2d8 + |1 — cpHa/ de
Rd |

[€]+7 ra  |E[TP gl>r [§]97 ¢l<r |77

ST = pll2.
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Noting

1 —Rey(§) 8 2 sin’ (”/g")‘(
— T2 df = ——=_d(C)dF
/Rd i </Rd s 6)dF

we have [(v)PdF(v+a) < co. Since [vdF(v+a) =0, we see @, (&) = e'Cp(€) belongs
to K?, by means of [5, Lemma 3.15]. Therefore, we have

Loe 9] 1) fe(€) —ei€e
T A N T
1@ . |eale) — 1]

TR T TR g

This gives a contradiction to the fact that if 3 > 1,a # 0, then e~%¢ ¢ KP.
O

The rest of this note is devoted to characterizing the Fourier images of spaces
Py 24 5(R?), writing, for a > 0;

a=2k—-2+6, keNt §€[0,2),k+6>1.

In [8], the Fourier images of probability measure having finite moment, without zero
mean vector condition was characterized, in terms of the forward difference operator
and its iterates. As a modification of this result, we introduce a new classification of
characteristic functions defined in terms of the symmetric central difference operator
and its iterates as follows: Let A denote the symmetric central difference operator
which acts on each characteristic function ¢ on R, ¢ = F with F € Py(R%), by the
rule

Ap(§) =

(2.7) = /Rd sin? (”—25) dF (v).
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To define the iteration of A, we introduce a more general notation

= / e~ gin? (S) dF(v).
R 2

Then we have Ap(€) = Agp(0), and we can define the kth iterate A*p(€) by Alggo(O),
where A’ggo(()) is defined inductively by A’ggp(:ﬁ) = Ag(A]g_lgo)(m) for k =2,3,---. As
for the second iterate A%p(€) we note

A2p() = 2(Agp)(z) — (Asw)(af §) — (Agp)(z —¢§)

Qe—vT _ —iv-(xz+€) _ ,—iv-(xz—&) .
= / € ¢ ¢ sin? (U—§> dF(v)
iy 4 2

= / e sin? (S) dF(v).
R4 2

v

8%(6) = Atp(0) = [ st (455) aro)

_ 3—4Re p(§) + Re ¢(2€)
8
_ 6(0) — 4p(8) — dip(—€) + 9(2€) + p(—2€)
16 ’

Furthermore, the kth iterate of A can be written as

TR f) 4P (o)

Aggo
k

:Z ; Re ¢(jé) = chg (7€) + o(=39)] .-
=0

Therefore

(2.8) Ap(€) =

It follows from the definition of Fourier transform that the ¢ ; coincide with the coef-

ficients of the trigonometric identity

(2.9) sin? (g) = i%’j cos(jz) (x € R)

and an inductive calculation gives

22k (2:) for 5 =0,

(_1)]’272k+1 (k;Q-f ) for j=1,--- k.
J

(2.10) Chj =
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We are now in a position to introduce the spaces of characteristic functions in
question. For each positive integer k and § € [0,2) with &+ 6 > 1, we put o* = ¢ if
k=1, o* =2 if k> 2 and define

k
(2.11) ME(RY) = {goEIC(]Rd) / miQ—k(i)de—kHcp 1Ha*<oo}.

For each 0 < 8 < a*, we also introduce the metric

disks,8(0,0) = |l — SEHMg +llp —@ll;  where

Ak o Ak ~
(2.12) o= dllag = [ A9 S e

Concerning the image spaces of the Po;,_515(R?) under the Fourier transform and

complete metric structures, we have the following result.

Theorem 2.4.  For each positive integer k and § € [0,2) with k+ 6 > 1,

(2.13) M (RY) = F (Po—o4s(R?)) .
Moreover, the space Mi(Rd) is complete with respect to each metric disy sz and the
condition
(2.14) lim disy.s.5(¢n,0) =0 with @,, p € M(R?)
n—oo

18 equivalent to
(2.15) Wag—245(Fn, F) = 0,

where Fy,, F € Pop_o,5(R?) defined by E, = on, F = ¢.

Remark.
(1) In the case k = 1,0 < § < 2, the newly defined space M¢ coincides with MO,

(2) For a probability measure F' on the real line, it has been shown in [14] that, if
[ |z|?*=2H9dF(x) < oo, then there exists Ck s > 0, which depends only on k,d,
such that

k—1
S| 23 (23) oo 3
[, i Re s+ 2S5 D= s [~ ah2r0ar i)
0 —00

where ¢ = F(F'). However, this characterization is different from the one given
n (2.11). We also remark that the family of metric (2.12) with £ = 1 in one
dimensional case was introduced earlier by [1] in their probabilistic work on random

convex combinations.
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(3) It was proved in [24, Theorem 1] that
Wy (Fp, F) — 0, Wasserstein metric < |, — ¢|l2 — 0, Toscani metric,

therefore, we have moreover, for any 5 € (0,2)

A20,(6) — A2p(0) o) — o(e)]
TS S TZE

& disz0,8(on, P) :/ — 0.

Rd
For the proof of Theorem 2.4 we prepare

Proposition 2.5. Let k € N,§ € [0,2),k+ 8 > 1 and let M2 be a subspace of
K = F(Py(R%)) defined by (2.11). Then we have the formula (2.13). Furthermore, for
M € [1,00], if we put
sin?*(e; - ¢/2)

(2.16) ckoN (¢l<ay  [QlaF2R=240 “=0

and if F = F~Y(p) for ¢ € M2, then for any R > 0 we have

2k—2+6 1 Aksﬁ(f)
(2.17) /“M} P2 g (v) < —/ 2ol e

Ca ko1 Jyei<1/ry 1192720
Moreover,
1 AFp(€)
2.18 2k=248 1 (1)) < / "
(2.18) » |v] (v) < Pl BT e, ¢
Proof. Note
AFp(g) sin?* (v - £/2)
g i = / — o4& | dF (v).
/{|£|§M/R} g FH2h—2e R:f( flel<m/ry [E[THRRT2H0 )

By the change of variable |v|¢ = ¢ and by using the invariance of the rotation, we have

/ sin2k(v.§/2)d£ _ M%_M/ sin?* (e, .g/z)dC
{ {Ic|<M|v|/R}

|§|<M/R} |§|d+2’f—2+5 K|d+2k—2+5

> |20 s Ry Ca ks
which yields (2.17), with the choice of M = 1. By letting M — oo and R — 0, we

obtain (2.18). The formula (2.13) is now obvious since

Ak%’(f) 2k—2
. i —— ) ge< —2+9 .
(2 19) ]\/}li)noo (lel< |§|d+2k72+5 d€ > Cd,k,5,00 / |U| dF(U)
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Proof of Theorem 2.4. Suppose that {p,}52, C Mi satisfies
disk 5,5(¢ns Pm) = 0 (n,m — 00) .

Since it follows from [5, Proposition 3.10] that K? is a complete metric space, we have
the limit (pointwise convergence)

(&) = lim p,(§) e K7 C K.

n—oo

For any fixed R > 1 we have

A% (6)]
/{Rl<|§|<R} e ar-zes < Suplionllag < oo

Taking the limit with respect to n and letting R — co, we have ¢ € Mi. Now it is easy
to see that disk s 3(¢n, ) — 0, so that Mi is a complete metric space.
We show (2.14) implies (2.15). Suppose that, for F,,, F' € P,(R?), we have

on =F(F,),p=F(F) € Mi, and li_)m disk,s,8(¢n,p) =0.

The weak convergence F,, — F in Py(R?) follows from the fact that ||p, — @]z — 0,
because ¢,, — ¢ in &’'(R%) and so F,, — F in &'(R%). Note that for R > 1

Ak, (&) Akp()
—dés/ d€ + o — @llags -
/{|£§1/R} ]9+ fel<i/ry €17 M

It follows from (2.17) that for any € > 0 there exist R > 1 and N € N such that

/ v[?F 204 E, (v) +/ W22t F(v) < & ifn > N,
{Iv]>R} {Iv]>R}

which shows the tightness condition (2.2) of Theorem 2.1. The equivalence in Theorem
2.1 gives (2.15).
Conversely, we first show (2.15) implies

(2:20) lon —@llms — 0.

Indeed, it follows from (2.2) that

Ve > 0, 3K, > 1 independent of n;

(2.21) / 0|62 (dF, (v) + dF(v)) < ————.
lv|>K. 2¢4,k,8,00
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For any R > 1 we have, with a = 2k — 2 + ¢,

| AR (€) = AFp(8)|
Jn(R) = d
) /|£|s1/R €]t ¢
sin%* %
———=d¢ ) (dF, dF =
= /Rg </£|S1/R |€]d+e €>( W)+ ) /|v|2K5 +/|’U|<Ka
sin2k €<
5 e, T )0 5000

Hence we can take a large R. > 1 such that J,(R.) < €. Since |p,],|¢] < 1, by taking

another large R, if necessary, we may assume

[ et
1€]>Re

’f’d+2k—2+6

The weak convergence F,, — F implies ¢,, — ¢ uniformly on any compact set in R?
because {¢, } are equi-continuous (see, for example, [15, (19)]). Therefore we have

[AF @, (€) — AFp(€)]
dé¢ — 0,
/1/R€§§|§RE |4 +2k—2+0 :

which concludes the proof of (2.20).

It remains to show |¢, — ¢|/g — 0 for 8 = min{e, 2}. The case § = 2 means that
(i) of Theorem 2.1 holds with o« = 2k — 2+ § > 2. Then it follows from (2.2) that there
exists a strictly increasing function ¢(¢) in (0, 00) independent of n such that ¢(t)/t is
decreasing in (0, c0) and

M = sup /R 020((o]) (dF, + dF (1)) < oo, (see 24, Lemma 2))

The proof of ||¢, — ¢|l2 — 0 is quite the same as in [24, p. 624-625]. For the sake of
convenience of readers, we give it here. As in the proof of [12, Lemma 3.1], we have

0;0k9n (&) — 050kpn(n)] < /Rd 2

sin%‘ lv|2dF,, (v)

<2( [ WPollohar, o)) sup s -2

1
=2MSeE =y
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because min{zy, 1}/¢(x) < 1/¢(1/y). Since

son@')g'; &) _ /0 (V6 Veulte) - ¥ 0 Vo (0) (% . %) (1— t)dt
+ 3 (Vo0 - Vo vp0) (£ - )
- /01 (V@ Ve(te) -V © Vi(0) (é—‘ : %) (1 - t)dt,

the equi-continuity of {9;0kp,(£)} and the condition (iv) of Theorem 2.1 equivalent to
(i) show that Ve > 0, 36 > 0;

| 00 (€) — 0(€)
1
T

because of |0;0kpn(0) — 0;0k0(0)| = | [ vjvpdF, (v) — [vjudF(v)]. On the other hand,
it is obvious that for a large R. > 1 we have

[on(§) — p(§)]

sup < €.
€1>R. €12

<e,

Since the pointwise convergence of {¢,, } follows from the weak convergence of { F},} and
{en} C K2 is equi-continuous on any compact set in R?, we see that

b a2l = (©)

=0.
n=o0 5<|£|<R. |€|2

Therefore we have showed that (i) with a = 2k — 2 4+ § > 2, that is, (2.15) implies

lon — ¢ll2 = 0.
We show that the condition (i) with 0 < a < 2, (i.e. a = §,k = 1), implies
|on — ¢©|la — 0. Noting that

en (&) — 0(§) e -1 ,
s ES) o L |*(dF,(v) — dF(v)), f 0,1),
= o Ty (@)~ dE ) Haeoh
en(§) — (€ et —1+ig-v :
_— = an - dF 9 f Y Y
o L e (@ —are). tae o
le™* — 1 : 1-|al e — 1 +iz] : 2—|a
and T < min{|z| 2} (e < 1), e < min{|z| 3} (a > 1),
we have, for any 1 < R < R,
[0 (&) — (&)l IHel=a
dF, dF
it N = ks /{|v|<R} (\va!) " ( w (U))

o <an(v) + dF(v))

+3/ o
{lv|=R}

= I1(R,R) + I1(R).
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It follows from (2.2) that for any € > 0 there exists a R. > 1 such that Ir(R.) < e. If
R. > 1 is fixed as above, then we have

51+l

Ii(R,R.) <2 —0, R— .

e
Rl+[a]—«
Consequently, for any € > 0 there exists R > 1 such that

a(&) 2O _,

sup = 28,
E|<R-1 €]
which leads us to ||¢n — ¢|la — 0. This completes the proof of Theorem 2.4 O

As stated in Introduction and Remark (3) of Theorem 2.4, the equivalence between
the metric Ws(-, ) and Toscani metric with o = 2 was proved in [24, Theorem 1] under
a fixed energy condition ([ |v|*dF(v) = Ed) and zero mean vector ([ v;dF(v) = 0),
however the former condition is unnecessary since one has an equivalent condition (iii)
in Theorem 2.1. The condition (iii) is also useful to show that the measure valued
solution F; in Theorem 1.1 belongs to C([0,0), P, (R?)), directly (, not through the
Bobylev formula,) after proving F; € L2 ([0, 00); Py (R?)) (see [16, Proposition 3.5] and
[17, Corollary 1.7]). Though the Toscani metric was applicable in [24], to show the
uniqueness of solutions in Maxwellian case, as the same as Wh(-,-) in [23] (cf., [22,
Theorem 4.1]), it is an open problem whether Toscani metric or its generalization is
applicable for non Maxwellian case, like W, (+,-) with a = 1,2, respectively, working in
[11, 10], respectively.
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