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Abstract

This survey article is an outline of author’s talk at the RIMS Workshop Algebraic Number
Theory and Related Topics (2017). We study arithmetic properties of K3 surfaces with complex
multiplication (CM) generalizing the results of Shimada for K3 surfaces with Picard number
20. Then, following Taelman’s strategy and using Matsumoto’s good reduction criterion for
K3 surfaces with CM, we construct K3 surfaces over finite fields with given L-function, up to
finite extensions of the base fields. We also prove the Tate conjecture for self-products of K3
surfaces over finite fields by CM lifts and the Hodge conjecture for self-products of K3 surfaces
with CM proved by Mukai and Buskin.
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7 : GSpin(Vy) — SO(Vp), g+~ (v— gvg_l)

0000000000007 (Frobs,) 0 X 00000000000000000I C
GSpin(V;) O Froby, 000000000
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ggbobobooodgbboo

00 F, 000000000000000 550 200000000000000
ooobs10000000 =20000000

CH?(X?) @z Q¢ — HA (X2 ,Qu(2))C41E/Fa)
00000 oooooooog

EndFmeq (Vo) :={f¢€ Enng(Vz) | fo Froqu = Froqu of }



ON THE ARITHMETIC OF K3 SURFACES WITH COMPLEX MULTIPLICATION 23

00000000000 Q 0000000000000 0000000000000
Chern 0 chy(#) 000000000000 0Endg, (V) O Endg, (HZ (X5, , Qe(1))) O
000000000000 H4(X2,Q(2)00000000000000

W(IZ(QK)) - SO(Vé) N EndFrOb]Fq (W)

0000000000 550000F, 00000000000000000000 Q
0000 T,...,T, C I 00000Endpoy, (V) 0 T:(Q) 00000 Q000000
000000000000000000 T,(Q) 0000000000 Q 000000
0000000000

00 520000X0000K3000000000000000 30000000
00 Brawer 0 Br:=Br(X) 000000 h<oo 000O0O0OOOOOOOOOO 5.6
000000051000 530000000

00 5.6. /000 QUOODO TCIODODOOXDODODO AOODODOODOO
00000F, 000000000000000000D000D000 K/KyO 0x 00
O00K3SOO x0 X00000000 £000 XeeF,=2X00000000
gooon

e 10 XARp,Fy=2X0 L, F, 0 2000000000000
e I00IDDOULID K—CUOUOODODOX®e, COCMODOO K3OODOOOO

e Vg := (ch(£))t c H3(X ®y, C,Q(1)) 00000000 QOOOOOOO T —
SO(Vp) 00Q, 0000000000000 T®yQ —SO(V,) 00000000
00000000 7(Q) 000 SO(VE) 000000 Ve O Q-Hodge 0OOOOO

00 56000000. X000 A0000000F 00000000 Vg, O
—1/h,0,1/h O slope 000000 [18, Proposition 6.17]0 0 O O

Ve EVoin @ Vo® Vi

000 FOOOOOOOOOOOOO0O0O0000 Vg (a€{-1/h,0,1/h}) 0 slope O
o0 K,O0O FOOOOODOOOOOOOBrOOODO0OOO0000 D(Br) [4, Définition
336/00000F00000000000 Vi, 2D(Br)g000000 [31, Proposition
70T ®eQ, 0 Vk, 0000000000000000000000007 ®yQ, O
Vi, 000000000 Q, 0000000 T®gQ, — (Endg, (Br)®z, Q,)* 0000

00 5.7. ﬁKDDDDDQDT®QQPDDDDDD]§;DDDDDDDDDDD
gboooooogn

00 57000. T®yQ, 00000 (Endg (Brg ) ®z, Q)% 000 Q, 00O
0 7, 00000 Endg (Brg,) ®2,Q, 0 Q000000 Q0000000000



24 oo oo

0 [7, Corollary 20.2.14] 000000000 @, 00 K’ C Endg, (Brg,) ®z, Q, OO
K™ =T,00000000000 Endg, (Brg,) O Endg (Brg,)®2,Q, 0000000
0 [7, Corollary 20.2.14]0 € C Endg (Brs,) 00000000 Ok O Bry, O F, O
0000000000000 O CEndg,(Br) 000000000 0% 0000000
0x 0000000000000 ¢™v0000000000000000 Ok [(Si)ien]
00000000 [7,(21.48)000000000000000 K/K,O K’ 00000
0000060k 0000 0 00 GOOOO O 00000 Br000000000
0000000000000000 O

00 57000060 00000 GOOT®eQ, 100000 BrO00O00000
0000000000 p>5000000000 [25, Proposition 5.5 000 0 00
K3OO X0 X0O Vg, ®kx, KOOODO Hodge 0000000000 GO Vg, @k, K
000000000000000000000D00000X 00 Kuga-Satake 01000
000 A=A8(X)00000000 X00 Ok 00 Kuga-Satake 10000000
AO0000D0DDAQO HY (A/Ky)) ®k, KODODODO Hodge 0O DODOOO00000O00O
ooo0

ik, @K, K: Vi, K, K — Endg (HL, (A/Ky)" @k, K)

D0000000000000Vk, ®k, K O Hodge 0000000000 Fil' OO
00 100000000000000 e0 100000000 (ig, ®x, K)(e) 100
O0ig, 000000000 (ig, ®x, K)(e) 00000000000 dimAD000O
000000000 (ix, ®k, K)(e) 000 HL (A/Ko)Y @k, K O Hodge 0000
D00000 FI°000000000000000 TO HLY(A/K)Y @k, K 000
00 Hodge 1000000000000 00O000O0000 TC (Endp,(A)®zQ)* 0
T C (Endg, (A) ®,Q)* 0000000000000 O00O000 X000 5600
D00000000000000000 [16, Theorem 2.2.3) 00000000000 O

0058 XOOO0O0OODOOO 2000000 (¥?0p000000000000
O000000X 000000 000000000000DO00DODOODODOODOO
00000 A0DDQOOO0OOO0ODOOO0O0O00DODOO000O00DODODOOO Madapusi
Pera K3OODOOOO TateJOODODODOOOODOODOODOMOOOODOO
000 560000 p0 500000000000 [25, Proposition 5.5 000000
O00p=230000000000000 ADODDOOOOOOOOOOOOOOO [11]
gboobooogn

OO0 5.9. 005600 KismOOOOHodgeOOODODOODODOOODODOOODDOOOO
00000000 CM O0OOspecial point00 0000000000000 [16, Theorem
223|00000000000000000000D0K sin0000K300000000
000000000000000000000TO00000000 HL (A/Ky)®k, K
O00000000000b0bO000bb00nn HodgeOOODOOOoOoooooonO



ON THE ARITHMETIC OF K3 SURFACES WITH COMPLEX MULTIPLICATION 25

0000 Okg 00 Kuga-Satake 00000000 A0 Hodge ODODOOODOODOOO
O00Kuga-Satake 00000000 ADODODOOOD ADODODOODOOODOO
goo

0000 5600000000 57000000000 Brawer D Br 0000000
O0000000000000000 [7, Corollary 20.2.14) 00000 O, 00O ODOO
000 [7,(2148)) 000000000 Br0 700000000000000000
gooooobobbobbbbtbddodoooooooooooooooooooon
goo

HEN

201700 RIMSOODOOODOOOOOOOOODOOOODOOOODOOOObODOOooOooo
gbb oogobbb ooboboboo obobbuooooboboooo

gooo

[1] Andreatta, F., Goren, E, Z., Howard, B., Madapusi Pera, K., Faltings heights of abelian
varieties with complex multiplication, Ann. of Math. (2) 187 (2018), no. 2, 391-531.

[2] Artin, M., Mazur, B., Formal groups arising from algebraic varieties, Ann. Sci. Ecole
Norm. Sup. (4) 10 (1977), no. 1, 87-131.

[3] Bayer-Fluckiger, E., Embeddings of mazimal tori in orthogonal groups, Ann. Inst. Fourier
(Grenoble) 64 (2014), no. 1, 113-125.

[4] Berthelot, P., Breen, L., Messing, W., Théorie de Dieudonné cristalline. II, Lecture Notes
in Mathematics, 930.

[5] Bhatt, B., Morrow, M., Scholze, P., Integral p-adic Hodge theory, preprint, 2016, arXiv:
1602.03148.

[6] Buskin, N., Every rational Hodge isometry between two K3 surfaces is algebraic, J. Reine
Angew. Math. (2017) (published online), https://doi.org/10.1515/crelle-2017-0027.

[7] Hazewinkel, M., Formal groups and applications, Corrected reprint of the 1978 original.
AMS Chelsea Publishing, Providence, RI, 2012.

[8] Huybrechts, D., Lectures on K3 Surfaces, Cambridge Studies in Advanced Mathematics
158 (2016).

9] Ito, K., Unconditional construction of K3 surfaces over finite fields with given
L-function in large characteristicc Manuscripta Math. (2018) (published online),
https://doi.org/10.1007/s00229-018-1066-4.

[10] Tto, K., On the supersingular reduction of K3 surfaces with complex
multiplication,  Int. Math. Res. Not. IMRN (2018) (published online),
https://doi.org/10.1093/imrn/rny210.

[11] Tto, K., Ito, T., Koshikawa, T., CM liftings of K3 surfaces over finite fields and their
applications to the Tate conjecture, preprint, 2018. arXiv 1809.09604.

[12] Jang, J., Some remarks on non-symplectic automorphisms of K3 surfaces over a field of
odd characteristic, East Asian Math. J. 30 (2014), no. 3, 321-326.

[13] Jang, J., The representations of the automorphism groups and the Frobenius invariants of
K3 surfaces, Michigan Math. J. 65 (2016), no. 1, 147-163.



26

[14]
[15]
[16]
[17]

[18]

oo oo

Kim, W., Madapusi Pera, K., 2-adic integral canonical models, Forum Math. Sigma 4
(2016), €28, 34 pp.

Kisin, M., Integral models for Shimura varieties of abelian type, J. Amer. Math. Soc. 23
(2010), no. 4, 967-1012.

Kisin, M., Mod p points on Shimura varieties of abelian type, J. Amer. Math. Soc. 30
(2017), no. 3, 819-914.

Lang, S., Elliptic functions, With an appendix by J. Tate. Second edition. Graduate Texts
in Mathematics, 112. Springer-Verlag, New York, 1987.

Liedtke, C., Lectures on supersingular K3 surfaces and the crystalline Torelli theorem, K3
surfaces and their moduli, 171-235, Progr. Math., 315, Birkhauser/Springer, 2016.
Liedtke, C., Matsumoto, Y., Good reduction of K3 surfaces, Compos. Math. 154 (2018),
no. 1, 1-35.

Madapusi Pera, K., Integral canonical models for spin Shimura varieties, Compos. Math.
152 (2016), no. 4, 769-824.

Madapusi Pera, K., The Tate conjecture for K8 surfaces in odd characteristic, Invent.
Math. 201 (2015), no. 2, 625—668.

Matsumoto, Y., Good reduction criterion for K3 surfaces, Math. Z. 279 (2015), no. 1-2,
241-266.

Mukai, S., Vector bundles on a K3 surface, Proceedings of the ICM, Beijing 2002, vol. 2,
495-502.

Nikulin, V., Integer symmetric bilinear forms and some of their geometric applications,
Math USSR-Izv. 14 (1979), no. 1, 103-167 (1980).

Nygaard, N., Ogus, A., Tate’s conjecture for K3 surfaces of finite height, Ann. of Math.
(2) 122 (1985), no. 3, 461-507.

Ogus, A., Supersingular K3 crystals, Journées de Géométrie Algébrique de Rennes
(Rennes, 1978), Vol. II, pp. 3-86, Astérisque, 64, Soc. Math. France, Paris, 1979.

Rizov, J., Kuga-Satake abelian varieties of K3 surfaces in mixed characteristic, J. Reine
Angew. Math. 648 (2010), 13-67.

Rudakov, A., Shafarevich, 1., Surfaces of type K3 over fields of finite characteristic, (Rus-
sian) Current problems in mathematics, Vol. 18, pp. 115-207, Akad. Nauk SSSR, Vsesoyuz.
Inst. Nauchn. i Tekhn. Informatsii, Moscow, 1981.

Shimada, I., On normal K3 surfaces, Michigan Math. J. 55 (2007), no. 2, 395-416.
Shimada, 1., Transcendental lattices and supersingular reduction lattice of a singular K3
surface, Trans. Amer. Math. Soc. 361 (2009), no. 2, 909-949.

Taelman, L., K3 surfaces over finite fields with given L-function, Algebra Number Theory
10 (2016), no. 5, 1133-1146.

Zarhin, Yu., Hodge groups of K3 surfaces, J. Reine Angew. Math. 341 (1983), 193-220.



