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Abstract The online buffer management problem formulates the problem of queueing policies of network switches
supporting QoS (Quality of Service) guarantee. For this problem, several models are considered. In this paper, we

focus on shared memory switches with preemption. We prove that the competitive ratio of the Longest Queue Drop

(LQD) policy is g%:; in the case of N = 2, where N is the number of output ports in a switch and M is the size of

the buffer. This matches the lower bound given by Hahne, Kesselman and Mansour. Also, in the case of arbitrary

N, we improve the competitive ratio of LD from 2 to 2 — ﬁ minK:sz’N{[%J + K —1}.
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. packets to buffers, and process them when available. One of
1. Introduction o ; ) )
the key strategies in managing buffers is to decide an accep-

When we consider the performance of the Internet traf-
fic, one of the crucial problems is a buffer management for
routers or switches. The task of a switch is to receive a
packet, find its destination, and transmit it from an appro-
priate output port. However, when the arrival rate of packets
exceeds the transmission capacity of a switch, some packets
will be lost. To ease this situation, we introduce buffers;

when burst of packets happens, we temporary store those

tance of packets. For example, we are to decide whether to
accept the current packet, or to reject it for more important
ones that may arrive in the future.

Recently, this kind of problem is modeled as online prob-
lems, and a great amount of work has been done. There
have been proposed many kind of models, and the most ba-

sic model is the following [1]: A switch has a buffer (FIFO

queue) of bounded size B. An input is a sequence of events.
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Each event is an arrival event or a send event. At an arrival
event, one packet arrives at an input port. Each packet has
a value and a size. A switch can store packets provided that
the total size of stored packets does not exceed B. At an
arrival event, if there is a room for the new packet, an online
policy determines, without knowing the future, to accept it
or not. At each send event, the first packet of the queue is
transmitted. (If there are a lot of arrival events between two
send events, we can interpret it as a burst.) The goal of the
problem is to maximize the sum of the values of transmit-
ted packets. A goodness of an online policy is evaluated by
the competitive analysis [7],[18]. If, for any input o, an on-
line policy A obtains value at least 1/c of the optimal offline
policy for o, then we say that A is c-competitive.

Up to the present, several models have been considered.
Among them, Hahne et al. have introduced a shared mem-
ory switch model [11]. In this model, a switch has one input
port and N output ports, and each packet has a destination
port. Each output port has a buffer (FIFO queue), where
the length of each queue is variable but the total size of N
output queues is M. When a packet arrives, an online policy
determines to accept it (if the buffer has room for the new
packet), reject it, or preempt (namely, drop packets already
in the buffer to make space) and accept the new packet. At
each time unit, the switch sends first packet of each non-
empty queue. Hence it can send up to N packets at the
same time. When the value of any packet is 1, and the size
of any packet is 1, they showed that the Longest Queue Drop
(LQD) policy is 2-competitive [11]. They also showed that

no online algorithm can have competitive ratio better than

4M—4
3M-—-2"

Our Results. In this paper, we improve the upper bound

on the competitive ratio of LQD from 2 to
2 — ﬁmin1(=1727,,,7N{L%J + K -1} 2 — ﬁ(L%J + N)if
N <M, and 2— ﬁ(%/ M —1), otherwise. Moreover, when

4M—4
3M-—-2"

N = 2, we give a matching upper bound Usually, in
the computational complexity theory, performance of algo-
rithms is evaluated by its asymptotic behavior, e.g., when
N goes infinity. However, in our current case, it is natural
to assume that the number of output ports N is bounded,
and hence, it is significant to improve the competitive ratio
in the case that N is constant.

In [11],

the authors introduced an extra packet, which is defined as

Let us briefly explain an idea of improvement.

a packet sent from the sth queue of optimal offline policy
(OPT, for short) when LQD does not send a packet from
the ith queue at the same time slot. They showed that each
extra packet can be 1-to-1 matched (say, F-matching) with
a packet sent by LQD. Hence, the number of packets sent

by OPT is at most twice that of LQD. To guarantee this
matching, they showed the following. At time ¢, a packet p
located at the fth position in OPT"’s ith queue is called a
charged packet if at the same time slot ¢, LQD’s 1th queue
holds less than £ packets. They proved that at any time, ev-
ery charged packet can be 1-to-1 matched (say, T-matching)
with a packet in LQD’s queue. Since an extra packet is a
charged packet when it is sent, it is easy to see that if we can
construct a T-matching at any time, then we can construct
an F-matching.

To give a better upper bound, we introduce three new

ideas. First, we prove that in a T-matching, each charged
packet can be 1-to-X (> 1) matched with the packets sent
by LQD (say, b-matching), namely, X packets sent by LQD
are assigned for one extra packet (say, o-extra packet). Sec-
ond, in order to reduce the number of o-extra packets to be
b-matched, we introduce the matching between an o-extra
packet and a LQD’s extra packet (say, {-extra packet), which
is defined as a packet sent from the ith LQI’queue when
OPT does not send a pcket from the sth queue at the same
time slot. However, only these are not sufficient to give a
tight bound when N = 2 since the number of packets in the
current LQD buffer is not sufficient to construct a match-
ing. Finally, to resolve this problem, we “borrow” packets
from the future: We prove that, in the case where the pack-
ets current LQD buffer holds is insufficient to construct our
matching, we can guarantee that enough number of packets
will arrive in the future.
Related Results. The first and the most basic model of
online buffer management problem is a single non-preemptive
queue model introduced by Aiello, et al.[1]. In this model,
each packet has a unit size 1, and a packet can have one of two
values 1 and a(= 1) (which we call two-values model). They
showed that no online algorithm can be better than (2—1/a)-
competitive. Later, Andelman, et al. [4] gave a (2 — 1/a)-
competitive online algorithm, obtaining a tight bound. In
a model where a packet can take any value in [1,a] (multi-
values model), an upper bound In(«) + 2 4+ O(In*(«)/B) [3]
and a lower bound In(a) + 1[4] are presented. When pre-
emption is allowed, the current best upper and lower bounds
are 1.282[10] and 1.28[19] for two-values model, respectively,
and 1.732[10] and 1.419[15] for multi-values model, respec-
tively.

In a bounded delay model [4],[6], [8],[9], [12], [13], [16], each
packet has a deadline. A packet disappears when the dead-
line comes. Another popular model is a multiple FIFO queue
model [2],[5], [17]- In this model, at each send event, only one
packet located at the top of some queue can be transmitted.

So, the task of online algorithm is to select which queue to
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send the packet at each send event, as well as a conventional
accept/reject /preempt decision at an arrival event. Finally,
for the shared memory switch model, treated in this pa-
per, there are some other variations; non-preemptive queue

model, multi-values model, and so on[11],[14].
2. Preliminaries

In this section, we formally define a problem studied in
this paper, and LQD policy introduced in [11].

2.1 Online Buffer Management Problem for

Shared Memory Switches

A switch has one input port and N output ports. Each
output port has its own buffer (FIFO queue) whose size is
variable but the total size of N output queues is M. Each
packet has its destination port (1 through N). The size and
the value of each packet is one. Hence, the number of packets
switch can store simultaneously is at most M. We assume
that no more than one packets arrive at the same time.

An input is a sequence of events. An event is an arrival
event or a send event. At an arrival event, a packet (say, p)
arrives at an input port, and the task of an online algorithm
(or an online policy) is to select one of the following actions:
accept p, reject p, or drop a packet p’ existing in the current
buffer and accept p (preempt p'). If a packet is accepted, it is
stored at the tail of the corresponding output queue. When
a send event occurs, the first packets of all output queues
are sent. Without loss of generality, and for the simplicity of
analysis, we assume that a send event occurs at an integer
time, and arrival event occurs at non-integer time. The cost
of an algorithm is the number of sent packets. Therefore, our
goal is to maximize the number of packets eventually trans-
mitted. The cost of an online algorithm A for an input o is
denoted by Va(o). If Va(o) 2 Vopr(o)/c for an arbitrary
input o, we say that A is c-competitive, where OPT is an
optimal offline policy for o. Without loss of generality, we
can assume OPT never preempts packets (See[11], e.g.).

2.2 Longest Queue Drop (LQD) Policy

Longest Queue Drop (LQD) policy acts in the following
way when a packet p arrives: If the buffer is not full, it ac-
cepts p. If the buffer is full, it drops a packet at the tail
of the longest queue and accepts p. (If there are more than
one longest queues, it selects one arbitrarily.) Hence, if p is

destined for a longest queue, then it is rejected.

3. z_ﬁ ming—j 2. . N {L%J + K- 1} Up-
per Bound

For analyses, we give some definitions. For a time ¢ when
an event occurs, t— represents a moment before ¢ and after
the previous event occurred. Similarly, ¢+ is the moment af-
ter ¢t and before the next event occurs. The jth queue of the
switch is denoted as QW) (1 £ 5 < N). For apolicy A, hg)(t)
denotes the number of packets Q(J) holds at time ¢. For a
policy A and a packet p arriving at an A’s queue, if p is sent
at time ¢, then we write sa(p) = ¢t. If p is rejected or pre-
empted, sa(p) is defined to be the time when the next send
event happens for convenience, namely, sa(p) = [t]. For a
policy A and a packet p, if p is located at the kth position in
a queue, then we write £a(p, t) = k, and if p is not stored in
a queue, we write £4(p,t) = 0.

3.1 Overview of the Analysis

In order to improve an upper bound, let us classify pack-
ets sent by LQD or OPT into three categories: A packet
sent from Q(J) of OPT when LQD does not send a packet
from Q(J) is called an o-extra packet. A packet sent from
QY of LQD when OPT does not send a packet from QU
is called an f-extra packet. A packet sent from Q(J) of LQD
when OPT also sends a packet from Q) is called a common
packet. Let Tog, Trg and T be the numbers of o-extra
packets, f-extra packets and common packets, respectively.
Then, it is easy to see that Vopr(o) = Toym + Tor and
Vigp(o) =Tem + Trog for any o. In the following sections,
we evaluate the upper bound of Tog — Trg. For this pur-
pose, we will show that each o-extra packet is a-matched or b-
matched at the end of input. a-matching is 1-to-1 matching of
an OPT packet p with an f-extra packet p’. If p is a-matched
with p’, we write m(p,a) = p’. If p is not a-matched with p',
we write m(p,a) = ¢. b-matching is 1-to-AM/S(NN) matching
of an OPT packet p with an LQD packets, where S(N) =
maxr=1.2,. N{M— L%J —K+1}. In this case, we divide each
L@QD packet into S(N) fragments which have 1/S(N) size
for descriptive purposes. The fragments of an L.QD packet p
are denoted by p(l) 7]3(2)7 ...,p(S(N)). Then, if an OPT packet
pis b-matched with M fragments q1, g2, ...,qm of LQD pack-
ets, we write m(p,b) = {q1,q2,....,qm}. (If ¢ £ 7, ¢ differs
from g;.) If p is not b-matched with p’, we write m(p,b) = ¢.
We write Ve, m(p, €) = ¢ when p is neither a-matched or b
matched. Note that an {-extra packet can be both a-matched
and b-matched. Let TOE be the number of o-extra pack-
ets a-matched. Then Tog — TOE packets are b-matched.
Therefore, Tog < Trp and Top — Tor < S(N)/MVigp
hold, from which, we have Tog — Trg £ S(N)/MVigp.

So, Vopr = Tem +Tos £ Tomr +Tee + S(N)/MVigp =
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(14 S(N)/M)Vigp. Hence, we have the following theorem:
0 Theorem 3.10 The competitive ratio of LD is at most
(2 - ﬁ ming=12,. N {L%J + K — 1})
3.2 The Matching Routine
We will show that each o-extra packet sent at time ¢ is a-
matched or b-matched at ¢, in order to guarantee that each
o-extra packet 1s a-matched or b-matched at the end of input.
We give the following definition. For a queue Q) such that
h(ojivT(t) — h(L]é)D(t) > 0, a packet p in OPT’s queue satisfy-
ing h(L]é)D(t) +1< lgp(p,t) £ hg}:,T(t) is called a charged
packet at time t. Packets in OPT’s queues that are not
charged are called uncharged packets. Note that for an inte-
ger t, if a charged packet is located at the head of an OPT"s
queue at t—, it 1s an o-extra packet that is sent at t. Now,
we execute the following Matching Routine at time ¢t when a
send event occurs. This routine matches each charged packet
which does not construct any matching at t— by a-matching
or b-matching. Here we will give some definitions for the
routine. g(¢) denotes the number of charged packets at time
t, namely, g(t) = 2,_,  y max{h@po(t) — R, (4),0}. At
time ¢ when a send event occurs, let fog(t), fre(t) and
fou(t) be the numbers of o-extra packets sent by OPT at ¢,
{-extra packets sent by LQD at ¢ and common packets sent
by LQD at t, respectively. P(t) is defined as follows,

0 (t=0)
max{P(t—1) — for(t—1)
+fre(t—1),0}

P(t) =

(t=1,2,..).

The intuitive meaning of P(t) is as follows, which will be
proved later in Lemma 3.4: In Matching Routine at time
t, there are at least P(t) packets of LQD available for a-

matching.

Matching Routinel at time ¢{ when a send event

occurs]

Step 1: For each OPT packet p which is a uncharged packet
in Q(i)

If 3¢ € {a,b} m(p,€) F ¢ and a charged packet p’

exists in Q¥ such that Vy € {a,b} m(p',v) = ¢,

then m(p',€) := m(p, €) and m(p,e€) := ¢.
Step 2: For each LQD packet p dropped at time between
(t—1)+ and t—

If 3¢ p € m(p',€), then m(p’,€) := &.

Let K(t) be the set of charged packets that are

b-matched at this moment.
Step 3:
If there is a charged packet such that
Ve m(p,€) = ¢, then we execute one of the following

steps depending on the value of g(t—).

Case 3.1: g(t—) £ S(N)
We construct S-matching for g(t—) — |K(t)|
unmatched charged packets.
Case 3.2: g(t—) > S(N)
Step 3.2.1:
We construct a-matching for g(t—) — S(N)
unmatched charged packets.
Step 3.2.2:
We construct 3-matching for S(N) — |K(t)]
unmatched charged packets.

Constructing a-matching:
Let ¢p be an unmatched charged packet to be a-
matched. By Lemma 3.5, there is an a-unmatched (-

extra packet such that {1op(sp, t—) = 1. We a-match
cp with sp, i.e. m(cp,a) := {sp}.

Constructing #-matching:
Let z be the number of unmatched charged packets
to be S-matched.

Step 3.a:

We construct a-matching for min{z, P(¢)}
unmatched charged packets.

Let ¢p be an unmatched charged packet to be
a-matched, and let sp be an a-unmatched £-extra
packet such that {1gp(sp,t—) =0.

We a-match cp with sp i.e. m(ep,a) := {sp}
(say, B.a-matching).

Step 3.b:
We construct b-matching for max{z — P(t),0}
unmatched charged packets.
Let ¢p be an unmatched charged packet
to be b-matched.
By the proof of Lemma 3.7, there are M/S(N)
fragments of packets R such that
sopr(cp) 2 srop(p) (p € R).
We b-match cp with R i.e. m(cp,b) :={R}

(say, B.b-matching).

Constructing matchings is executed only in the routine.
Therefore, if an o-extra packet p is matched with R when p
is sent, p remains matched R until the end of input. Hence,
if we show the feasibility of the routine at any send event
time ¢, then we can show that each o-extra packet can be
a-matched or b-matched at the end of input.

Now, we show the following lemma concerning the routine.

0 Lemma 3.20 If an OPT packet p; is matched with ps i.e.
p2 € m(p1,¢€), then sopr(p1) 2 sLgp(p2).
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Proof. First we will show that the statement holds when
matching is constructed, and then show that the condition
of the statement is not broken in other steps. In the rou-
tine, the steps constructing matchings are only Step 3.2.1
(a-matching), Case 3.1 and Step 3.2.2 (8-matching). In con-
structing a-matching, since a charged packet p’ becomes a-
matched with an LQ D packet p located at the top of a queue,
sopr(p') 2 stop(p). In constructing 8.a-matching, since a
charged packet p’ becomes a-matched with an LQD packet
p which has already been sent at the time executing the rou-
tine, sopr(p’) 2 srop(p). In constructing B.b-matching an
OPT packet p’ with an LQD packet p, sopr(p') = sLgp(p)
by the condition in constructing 3.b-matching. Therefore, in
constructing matchings the statement holds. Next, we con-
sider other steps in the routine. At Step 1, we analyze the
case where m(p', €) := m(p, ). Since p is uncharged and p' is
charged in the same queue, {(p,t—) < h(Li)QD(t—) < AL(p', t—).
Hence, since the statement holds in constructing matchings,
the statement still holds after the execution of Step 1. At
Step 2, the statement holds since we only break existing

matchings. O

Using Lemma 3.2, we prove the following lemma.
0 Lemma 3.30 Let p; be an OPT packet which has been sent
before t and matched with an LQD packet p2. Then, p; has

been sent before .

Proof.

sent before ¢, the statement is true. ]

Since s(p1) 2 s(p2) by Lemma 3.2 and p; has been

Then, we show the property of P(t).
0 Lemma 3.40 The number of f-extra packets which have
been sent before time t— and are not a-matched or a-matched

with charged packets at time ¢— is at least P(¢).

Proof. We prove the lemma by induction on time. At the
beginning, the statement is true since P(0) = 0. We as-
sume that the statement is true at time k& and show that
it is true at k + 1.
least P(k) f-extra packets that satisfy the statement of the

By induction hypothesis, there are at

lemma at k—. Also, there are frg(k) {-extra packets sent at
k. We classify those f-extra packets sent at k and the P(k)
{-extra packets into three types according to their statuses
in a-matchings at k: An {-extra packet a-matched with an o-
extra packet sent at k is called an a-packet. An f-extra packet
a-matched with a charged packet is called an a’-packet. An
{-extra packet a-unmatched is called an n-packet. Since the
number of a-packets is at most fogr(k), there are at least
P(k) + fre(k) — for(k) a'-packets and n-packets, which is
clearly at least P(k+1). We have shown that the statement
holds at k + 1. O

a’-packets at time t and n-packets at time ¢ are the pack-
ets used to construct a-matching in the routine executed at
t. Hence, this lemma shows that P(¢) is the lower bound on
the number of f-extra packets that can be used to construct
a-matching in the routine executed at ¢.

3.3 Feasibility of the Matching Routine

In this section, we guarantee the feasibility of Matching
Routine. In particular, we show that a-matching (at Step
3.2.1) and B-matching (at Case 3.1 and Step 3.2.2) can be
constructed at any time. First, we prove the feasibility of a-
matching. Let (t) denote the set of indices j such that
LQD has at least one packet in Q(J) at time ¢, namely,
H(t)=1{j | h¥hp(t)>0, 1<5< N}
0 Lemma 3.50 Let ¢’ be a time when a send event happens.

Suppose that between (¢’ — 1)+ and ¢'—, there arises an un-

matched charged packet. Then, g(t'—) — fre(t') < S(N).

Proof. Lett € (t'—1,t) be the time when the arrival event
occurs, and suppose that an unmatched charged packet arises
in QW and no such event happens in (t,t"). Note that such
event occurs when OPT' accepts a new packet and LQD re-
jects it, or LQ D preempts a packet. In any case, OPT has at
least L%J uncharged packet by the definition of LQD.
Hence, g(t+) £ M — L%J Since LQD does not drop
any packet between t and ¢, the number of charged pack-
ets does not increase, namely g({+) = g(t'—). By the above
two inequalities, we have that g(t'—) < M — L%J First,
suppose that N < M. By the definition of LQD, it does
not drop a packet located at the head of a queue. Hence,
|H(t+)| £ |H(¢'=)|. On the other hand, if N > M, a packet
p located at the head of a queue at time {4+ may be dropped
between t and t'. However, in such a case, a new packet is
accepted at the head of another queue instead of p by the def-
inition of LQD. So, |H(t+)| £ |H(t'—)|. Hence, we have that
g(t'=) £ M — | i) Now, for QU (j € H(¢'=),5 % 1),
let y be the number of queues such that h(OJZDT(t'—) > 0, and
let  be the number of queues such that h(OJZDT(t'—) = 0.
By the definition of x and y, x +y = |H(¢'=)| — 1. By the
definition of y, OPT has at least y uncharged packets at t'—
and these packets do not include packets in Q(l). Hence,
gt =y < M — LW(QJ—,_)'J — y. By the definition of » and t’,
LQD holds x f-extra packets at the head of queues, namely
fre(t') = x. By the above two inequalities, we have that

M

g(t'=) = fre(t) £ M — Lmj e
M I
= M_LWJ_H{U—H—I—I
< max (M |47 - K+1}
= S(N).
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Now, we prove that a-matching can be constructed using
Lemma 3.5.

0 Lemma 3.600 We can construct a-matching.

Proof. We show that a-matching can be constructed at
time ¢’ when a send event occurs. When a-matching needs
to be constructed, g(t'—) > S(N) holds at Step 3.2.1 in the
routine. Therefore, the number of packets to be a-matched
in constructing a-matching is at most g(t'—)—.S(N). On the
other hand, since g(t'—) — fre(t’) £ S(N) by Lemma 3.5,
LQ@D holds at least g(t'—) — S(NN) f-extra packets at the
head of queues at time t'—. In addition, they are not a-
matched with o-extra packets which have been sent before
t'— by Lemma 3.3. Hence, we have shown that the statement

is true. O

Next, we will show that S-matching can be constructed.
Let gs(t—) denote the number of packets to be matched in
constructing S-matching at time ¢ when a send event occurs.

0 Lemma 3.70 We can construct #-matching.

Proof. We show that @-matching can be constructed at
time t' when a send event occurs. According to the rule
of Matching Routine, gg(t'—) is at most S(N) — [K(t')].
Then, we consider LQD packets available for constructing
B.b-matching. Let p be an arbitrary LQD packet in a queue
at t'—. Then, by the definition of LQD, £opr(cp,t'—) 2
Lrop(p,t'—) holds for each packet cp becoming charged be-
tween ¢ — 1 and ¢, and hence sopr(cp) 2 srop(p). In
addition, by Lemma 3.3, p is not matched with a packet
which has been sent before t'—. Hence, 3.7\ | h(Li)QD(t'—) —
|K(t")|M/S(N) b-unmatched packets in the queues at ¢'— can
be used for constructing 3.b-matching. Since LQD drops at
least one packet between (¢ —1,¢') when there exist charged
packets to be matched at t’, Zfil h(Li)QD(t'—) = M by the
definition of LQD. Secondly, we consider LQD packets for
constructing f.a-matching. At least P(t') {-extra packets
exist for constructing 8.a-matching by Lemma 3.4. Now, we
check that M/S(N) LQD packets can be assigned to each
charged packet to be matched in constructing 3.b-matching
at time ¢'. Note that we can use P(t') {-extra packets exists
for constructing 3.a-matching, whose existence is guaranteed

as mentioned above. We have that

N

> (=) - e
— St 9st'=) = K = P(E)
2 M~ 2 (500 = P 20,
which completes the proof. O

4. g%:g Upper Bound for N = 2

4.1 Overview of the Analysis

In this section, we assume that M is even for simplicity.
In the case of N = 2, we can give a better bound. To this
end, we use c-matching instead of b-matching. The defini-
tion of a-matching is the same to that of previous section.
c-matching denotes the 1-to-(3M — 2)/(M — 2) matching an
OPT packet p with LQD packets. Therefore, we have that
Tog — T £ ;\f/[—__éVLQD(J). Hence, we have the following
theorem:
0 Theorem 4.10 When N = 2, the competitive ratio of LQD
is at most g%:;.

Though the lower bound on the competitive ratio of LQD

given in [11] is at least 4/3, we can show that the lower bound

4M—4

18 33—

if we analyze it in more detail. Similarly to the pre-
vious section, we use the matching routine in order to prove
that each o-extra packet can be a-matched or c-matched at
The rou-

tine in this section (Routine 2) is the same to Matching

the end of input. Let ¢t be a send event time.
Routine in the previous section by replacing P(t) by P(¢')
(t'(> t) is specified later) in Step 3.2.2 and changing the
number of packets b-matched in Step B.b from M/S(N) to
(BM —2)/(M —2).

4.2 Feasibility of the Matching Routine

In this section, we will show that the feasibility of Rou-
tine 2. Since the feasibility of a-matching can be proved
by the same proof as in the previous section, we only prove
the feasibility of B-matching. If we try to apply the same
proof as the previous section for N = 2, then P(t) cannot
be a lower bound on the number of LQD packets available
for constructing 3.a-matching because we have replaced b-
matching by c-matching. Hence, we prove the relation be-
tween P(t) and the number of packets OPT and LQD hold.
Using this relation, we can evaluate the number of packets
available for matching, by a technique stronger than ones in
the previous section.

OLemma 4.20 At any time ¢, Z?zlh(Li)QD(t) + P([t]) =
Siei hGer(t).

Proof. The proof is by induction on time. At the begin-
ning, obviously the statement is true. Next, for a time ¢ when
an event happens, we assume that the statement is true at
time t—, and show that it is true at time t+, namely, we
assume that Y27_; h{p(t=) + P([t=1) 2 S0, hpr(t-),
and prove 320, bty p (t+) + P([t+]) 2 i, hGpr(t+).

Case 1. OPT and LQD send packets. We have that

STRCL () =3RS, L (=) = fou(t) = fLe(b),

i=1 =1
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and

2
ZhOPT (t+)

=1

— feu(t) = for(t).

2
§ :hOPT
=1

From the above equations and by the definition of P([t+]),
2

SRS, () + P[] = Y ASp (t4)
=1 =1

2
= Zh%p
2

= > G (t-
=1

Now, we have two cases. First, if P([t—

)+ max{P([t—]) — for(t) + frr(t),0}

— fre(t)+ for(t).

D=foe(t)+fre(t) 2

SThEp(t=) + P([t=1) = for(t) + fre(t)

=2 hSer(t=) -

and the statement holds.
fre(t) <0

Next, if P([t=]) — for(t) +

— fre(t)+ for(t)

2
zhOPT 0

=1 =1
Again, the statement holds.
Next, suppose that the event at ¢ is an arrival event. Let p
be the packet arrived at ¢. Note that, in this event, P([t—])

never changes i.e. P([t—]) = P([t+]).

Case 2. LQ@QD accepts. Since OPT accepts or re-
jects p, S, h3pr(t4) £ X2 Albp(t—) + 1. On the
other hand, LQD accepts p and hence, Z QD(H—)
P h(Li)QD( t—) + 1. We have that

2
STRCL () + P(TE]) = D hGp(t4)

i=1 =1
: :hOPT

2
2 (YL =)+ 1) +P([t

i=1 =1

=0

)+ 1)

Case 3. LQD rejects or preempts. Since LQD is

greedy, when it rejects or preempts, its buffer is full, i.e.,
Zf L h(Li)QD(t—l—) = M. On the other hand, by the definition
of OPT, Z OPT(H—) < M. We have that

2 2
STRYL () + P([E4]) = > ASr (4

i=1 =1

- MZz=o0.

In each case, we have shown that the statement holds at ¢+.

O

Now, we prove the following lemma using LLemma 4.2.

0 Lemma 4.30 Let ¢t be a time when a event does not hap-
pen, and B([t]) be the number of packets which LQD
does not hold in queues at ¢ and sends between [t] and
[t -|+ma’xk1{hOPT( )} =1 Let t' = [t -|+ma’xk2{hLQD(t)}
1. Then B([t]) + P(t' +1) 2 max{maxkl{hOPT(t)}
maxkz{hLQD( )}, 0}

Proof. If maku{hLQD( )} = maxkl{hOPT( )}, it is not
hard to see that the statement is true since the right
hand side of the inequality is 0. Then, in the following,
we consider the case maku{hLQD( )} < maxkl{hOPT(t)}
holds. o

Without loss of generality, we assume hjpp(t) =

2
maxg, {hG (1)}
Since OPT never preempts a packet,

Using Lemma 4.2,

2
STRCL(E+) + P + 1)

=1

2
Z OPT t+

By the above two inequalities, we have that

2
Y hSLp () + P(E +1) 2 hGhy

=1

(1) = max{h{3p (1)}

Let C be the number of packets which LQD holds at t'+
and sends after ([t] —|—maxk1{hOPT( -1+ I C=0,itis
easy to see that the statement holds since Z L)QD (t'+) <
B([t]). Next, if C > 0, LQD holds more than hO (1) —
maxk, {hLQD( )} packets at time ¢'+. Since all packets LQD
holds at t have been sent before t'+ by the definition of ¢, we
have that B([t]) = h(olj:,T( t) — maxy, {hLQD( )}, and since
P(t' + 1) 2 0, the statement is true. O

We are ready to prove the main lemma.

0 Lemma 4.40 When N = 2, we can construct #-matching.

Proof. We show that g-matching can be constructed at
time ¢ when a send event happens. gs(¢'—) is at most
S(2) — |K(t")| by the condition of Step 3.2.2. Similarly to the
proof of Lemma 3.7, LQD holds at least M — |[KC(¢')|M/S(2)
b-unmatched packets in the queues at t'— which can be used
for constructing 3.b-matching. Since LQD is greedy, it can-
not be the case that new charged packets arise in both queues
at the same time. Therefore, we assume that there are
charged packets in Q) at t'—. Let ¢ € (' —1,t") be the time

when the arrival event occurs and an unmatched charged
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packet arises and no such event happens in (¢ —1, ¢'). Then,
hELr(t4) — hCL, (t+) = g(t+) 2 g(t'=) = ga(t'~) holds.
And using Lemma 4.3, if we let ¢/ =t/ + h(L%D(t—l—)7 then
B(t') + P(t") 2 hGh(t+) — hC)  (t+) holds. We consider
packets in B(¢t'). If we let p be a charged packet at ¢+, an
LQD packet p’ exists in B(¢') such that s;.op(p") £ sopr(p).
Next, let us consider P(t"). Using Lemma 3.4, P(¢") denotes
the number of f-extra packets which can be a-matched at t”.
Since the charged packets in queues at t'— are not sent until
¢, we can use {-extra packets in P(t") for constructing 3.a-

. ' e 3M—2
matching at t'. Now, we check if 7= LQD packets can be

assigned to each charged packet to be matched in construct-
ing 3.b-matching at time ¢'. Note that we can use P(¢")

{-extra packets for constructing 3.a-matching. We have that

2

> HEhp(r =) - 2kl + B
= 2 2 (gs( =) — K ()] — PG

3M -2

=M +gp(t'—) —P(t") m(gﬁ(t/—) - P(t")

2M 1
> M- M—-=-M-1-0)=0
= w—2M=3 )=0
which completes the proof. ]

5. Concluding Remarks

In this paper, we studied the performance of LQD policy
in buffer management for shared memory switches. We im-

proved the competitive ratio of LQD to g%:; when N = 2,

which matches the lower bound. Also, in the case of arbi-
trary N, we gave an upper bound on the competitive ratio
LM
2- w1+ N).
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