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Abstract

The growing scale of modern machine learning has intensified the need for training
paradigms that can efficiently utilize distributed data and computational resources.
Among these paradigms, decentralized learning has attracted significant attention.
Despite its inherent communication sparsity, decentralized learning still faces fun-
damental challenges: the exchange of high-dimensional model parameters often
dominates the runtime, and convergence can significantly slow down as the number
of nodes increases or when local datasets differ greatly across nodes. Thus, im-
proving the communication efficiency—Dboth in terms of per-round communication
and the number of rounds required for convergence—remains a central problem in
decentralized optimization. This thesis develops new communication topologies and
optimization algorithms that advance the scalability and efficiency of decentralized
learning.

First, we introduce the BASE-(k 4+ 1) GRAPH, a novel topology that achieves
efficient parameter mixing while preventing communication costs from growing with
the number of nodes. We further propose TELEPORTATION, a decentralized learning
method that entirely removes the communication overhead induced by the large
number of nodes and yields convergence rates that improve as the number of nodes
increases.

Next, we address inefficiencies arising from data heterogeneity, a defining charac-
teristic of decentralized systems. While classical methods such as Gradient Tracking
guarantee convergence regardless of data heterogeneity, they fail to exploit the
similarity among the datasets held by nodes. To remedy this, we propose Acceler-
ated Stabilized Proximal Decentralized Optimization (ACCELERATED SPDO), an
optimization method that benefits from inter-node dataset similarity. ACCELER-
ATED SPDO reduces communication costs when datasets are similar and achieves
communication complexity that is optimal up to logarithmic factors.

Overall, this thesis contributes new theoretical insights and practical method-
ologies that significantly enhance the communication efficiency of decentralized
learning.
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1

Introduction

Machine learning has achieved remarkable results by leveraging vast amounts of data.
Large-scale datasets such as C4 (Raffel et al., 2020) for natural language processing,
ImageNet (Deng et al., 2009) for computer vision, and CLIP (Radford et al., 2021)
have played a central role in this progress. The recent advances in machine learning
have been driven by the ability to leverage large-scale datasets. However, there still
remain vast amounts of data that have not yet been fully utilized. For instance,
pictures and messages stored on personal smartphones, as well as large collections
of clinical data maintained by medical institutions, are difficult to exploit due to
concerns over privacy preservation. Distributed learning, such as federated learning
and decentralized learning, offers a promising approach for leveraging such untapped
data (Kairouz et al., 2021).

Distributed learning allows nodes to train machine learning models without
sharing the training dataset with other nodes. The nodes correspond to personal
smartphones or medical institutions and possess their own training datasets. During
the training, nodes only exchange the model parameters with other nodes and do
not share the training datasets. In this manner, distributed learning can inherently
preserve the privacy of sensitive data while enabling model training by taking
advantage of a substantially larger amount of data stored across different nodes.

Distributed learning can be broadly classified into federated learning and de-
centralized learning, based on the way communication is carried out. In federated
learning, the presence of a central server is assumed, and nodes exchange model
parameters via this central server. However, when the number of nodes becomes
large, significant communication overhead arises between the central server and the
nodes. By contrast, decentralized learning dispenses with a central server and instead
assumes that nodes are interconnected through an underlying network topology, such
as a ring. As each node communicates only with a limited number of neighboring
nodes, decentralized learning achieves higher communication efficiency than federated
learning. In this thesis, we focus on the study of decentralized learning.

Although decentralized learning is more communication-efficient than feder-
ated learning, communication efficiency is still important in decentralized learning.
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Machine learning models typically contain a large number of parameters, and trans-
mitting and receiving model parameters are generally more time-consuming than
performing local computations at each node (Lian et al., 2017; Wang et al., 2019).
Thus, reducing the communication costs is key to improving the overall efficiency of
decentralized learning. The communication costs are determined by the communi-
cation that occurs in each round and the number of rounds required to reach the
desired accuracy, i.e., convergence rate. While the sparse communication structure
of decentralized learning reduces per-round communication costs, it can significantly
degrade the convergence rate, especially when the number of nodes is large or when
local datasets are highly heterogeneous (Koloskova et al., 2020). Motivated by
these challenges, this thesis proposes novel communication topologies and optimiza-
tion methods that improve the convergence rate of decentralized learning while
maintaining low communication costs.

1.1 Topology Design for Communication-efficient Decen-
tralized Learning

In Chapters 3 and 4, we design a novel communication pattern to improve the
convergence rate of the decentralized learning methods. To reduce per-round com-
munication costs, sparse topologies such as a ring are commonly adopted. While
these sparse topologies are attractive from a per-round communication efficiency
perspective, they typically lead to slow information propagation across the network.
As a result, the convergence rate of decentralized learning methods deteriorates
significantly, especially as the number of nodes increases. This trade-off between
per-round communication efficiency and convergence rate motivates the development
of new communication patterns that preserve fast convergence rate while maintaining
low per-round communication costs.

In Chapter 3, we propose a novel graph called BASE-(k+1) GRAPH. BASE-(k+1)
GRAPH requires nodes to communicate with k nodes in each round. By choosing a
small k, e.g., 1, we can reduce the communication costs in each round. Despite such
sparsity, we can prevent the degradation of the convergence rate since BASE-(k + 1)
GRAPH efficiently mixes the parameters held by the nodes.

In Chapter 4, we propose a novel decentralized learning method called TELE-
PORTATION. BASE-(k + 1) GRAPH can prevent the degradation of the convergence
rate even if the number of nodes is extremely large. However, its convergence rate
still deteriorates as the number of nodes increases. To address this issue, we propose
TELEPORTATION. TELEPORTATION is based on a totally different idea than BASE-
(k+ 1) GrapH. For BASE-(k + 1) GRAPH, we consider ways to connect nodes so
that we can efficiently mix the parameters, while for TELEPORTATION, we propose
activating only a few nodes during training. By choosing an appropriate number
of active nodes, TELEPORTATION can completely eliminate the degradation of the
convergence rate caused by increasing the number of nodes, and the convergence
rate is consistently improved as the number of nodes increases.
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1.2 Optimizer for Communication-efficient Decentral-
ized Learning

In Chapter 5, we study communication efficiency from an algorithmic perspective
and propose new decentralized optimization methods that exploit similarities among
local datasets. A fundamental characteristic of decentralized learning is that each
node holds a different local dataset. In decentralized learning, nodes exchange model
parameters with neighboring nodes without directly sharing the training datasets,
enabling all nodes to train the same model. Therefore, decentralized learning methods
require more communication costs when the nodes have significantly different datasets,
which is called the heterogeneous setting.

A number of prior studies have addressed this issue (Lorenzo and Scutari, 2016;
Pu and Nedic, 2021; Lin et al., 2021; Yuan et al., 2021; Takezawa et al., 2023a; Aketi
et al., 2023). The most seminal decentralized learning method is Gradient Tracking
(Lorenzo and Scutari, 2016; Pu and Nedic, 2021), which can converge to a stationary
point with the same communication costs regardless of the data heterogeneity. While
this robustness is appealing, it also implies that the same communication cost is
incurred regardless of whether local datasets are nearly identical or completely
different. From an intuitive standpoint, this is unsatisfactory: when nodes have
highly similar datasets, decentralized learning should be possible with substantially
less communication.

Motivated by this observation, in Chapter 5, we propose Stabilized Proximal De-
centralized Optimization (SPDO) and Accelerated Stabilized Proximal Decentralized
Optimization (ACCELERATED SPDO). These methods explicitly exploit similarity
among local datasets and adapt their communication requirements accordingly. When
data heterogeneity is small, SPDO and ACCELERATED SPDO achieve significantly
reduced communication costs. Furthermore, we show that the communication com-
plexity of ACCELERATED SPDO is optimal up to logarithmic factors, establishing
its theoretical optimality in communication-efficient decentralized learning.

1.3 Contributions beyond this Thesis

In addition to the research detailed in this thesis, the author published the following
papers. In the first paper, we propose a novel decentralized learning method that
is robust to data heterogeneity. In the second paper, we investigate decentralized
learning methods that utilize communication compression to minimize communication
costs. In the third paper, we apply a sophisticated adaptive optimizer, called Muon,
to the field of federated learning.

e Yuki Takezawa, Anastasia Koloskova, Xiaowen Jiang, Sebastian Stich,
“FedMuon: Federated Learning with Bias-corrected LMO-based Optimization”,
In International Conference on Learning Representations 2026

3
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e Yuki Takezawa, Han Bao, Kenta Niwa, Ryoma Sato, Makoto Yamada,
“Momentum Tracking: Momentum Acceleration for Decentralized Deep Learn-
ing on Heterogeneous Data”,

In Transactions on Machine Learning Research 2023

e Yuki Takezawa, Kenta Niwa, Makoto Yamada,
“Communication Compression for Decentralized Learning with Operator Split-
ting Methods”,

In IEEFE Transactions on Signal and Information Processing over Networks
2023

Beyond decentralized learning topics, the author worked on a variety of research
topics. These papers are not included in this thesis as they are not connected to the
main topic of decentralized learning.

e Yuki Takezawa, Kenta Niwa, Makoto Yamada,
“Necessary and Sufficient Watermark for Large Language Models”,
In Transactions on Machine Learning Research 2025

e Yuki Takezawa, Han Bao, Ryoma Sato, Kenta Niwa, Makoto Yamada,
“Parameter-free Clipped Gradient Descent Meets Polyak”,
In Advances in Neural Information Processing Systems 2024

e Yuki Takezawa, Ryoma Sato, Zornitsa Kozareva, Sujith Ravi, Makoto Yamada,
“Fixed Support Tree-Sliced Wasserstein Barycenter”,
In International Conference on Artificial Intelligence and Statistics 2022

e Yuki Takezawa, Ryoma Sato, Makoto Yamada,
“Supervised Tree-Wasserstein Distance”,
In Transactions on Machine Learning Research 2021
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Setup and Assumptions

In this section, we introduce the problem setting that is the focus of this thesis.

2.1 Notation

For any n € N, let [n] :== {1, -+ ,n}. The norm || - || without a subscript denotes the
Euclidean norm, and || - || denotes Frobenius norm. I; denotes the d-dimensional
identity matrix, 0 denotes a vector with all zeros, and 1 denotes a vector with all
ones.

2.2 Problem Setting

The problem we address is one where the loss functions are distributed among n
nodes:

min
reR4

f(z): Zfz ] fi(@) = Eeop, [Fi(w:61)], (2.1)

where x is a model parameter, D; is a training dataset that the i-th node has, &; is a
data sample following D;, and the local loss function f; : R* — R is defined as the
expectation of F;(-; ;) over data sample &;. The nodes are connected by a graph, in
which W;; € [0,1] represents the edge weight between nodes i and j, and W;; > 0 if
and only if nodes 7 and j are connected.

2.3 Assumptions on Loss Functions

Following the previous work (Koloskova et al., 2020; Li et al., 2020; Murata and
Suzuki, 2021; Tian et al., 2022; Sun et al., 2022; Lin et al., 2023; Khaled and Jin,
2023; Jiang et al., 2024b), we use the following assumptions on the loss functions.

Assumption 1. There exists f* > —oco that satisfies f(x) > f* for any x € R,

5
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Assumption 2. There exists L > 0 that satisfies for any ¢,y € R? and i € [n],

IVfi(z) = Vi(y)ll < Lijz -yl (2.2)

Assumption 3. It holds that E¢,.p,[VF;(x;&)] = Vfi(z) for any x € R%. Then,
there exists o > 0 that satisfies for any € € RY and i € [n],

Een, [V Fi(®: &) — Vfi)|? < 0*. (2.3)

The above three assumptions are quite common in the optimization literature,
e.g., (Nesterov, 2018). Furthermore, since each node has a different loss function, we
use the following assumption to measure their dissimilarity:

Assumption 4. There exists ( > 0 that satisfies for any € R,
IS 2 2
S IV fil) - V@) < ¢ (2.)
i=1

The quantity of ( is often called data heterogeneity, and a large ¢ implies that
nodes have different datasets. When ( is large, it is called a heterogeneous setting,
and when ( is close to 0, it is called a homogeneous setting.

In Chapter 5, we further assume that the loss function is (strongly) convex.

Assumption 5. There exists ju > 0 such that for any x,y € R? and i, it holds that

fil@) > fily) + (Vily).z —y) + Sl -yl (2:5)

2.4 Assumptions on Network Topology

We use the following assumption for the topology.

Assumption 6. Let \; be the i-th largest eigenvalue of W € [0,1]"*". W is a
doubly stochastic matriz, and p = 1 — max{| 2|, |\n|}? satisfies p € (0,1]. That s, it
holds that

Jxw - %[, < a-nx - x],.

d Y — 1 T
for any X € R¥™ where X == - X11".

The above assumption holds when the topology is connected. The quantity of p
is often called the spectral gap, and the quantity of /1 — p is called the consensus
rate. The spectral gap measures how well the topology is connected, and as the
topology becomes sparse, p approaches zero. For instance, when the topology is
fully-connected, i.e., W = %ll—r, p = 1. Additionally, we assume that the topology
is undirected, i.e., W = W', when necessary.

6



3

Communication-efficient Topologies for Decentralized
Learning via Finite-time Convergence

Abstract

Many recent studies stated that the underlying network topology with a
faster consensus rate (a.k.a. spectral gap) leads to a better convergence
rate and accuracy for decentralized learning. However, a topology with
a fast consensus rate, e.q., the exponential graph, generally has a large
maximum degree, which incurs significant communication costs. Thus,
seeking topologies with both a fast consensus rate and small maximum
degree is important. In this chapter, we propose a novel topology
combining both a fast consensus rate and small maximum degree called
the BASE-(k 4+ 1) GRAPH. Unlike the existing topologies, the BASE-
(k+ 1) GRAPH enables all nodes to reach the exact consensus after
a finite number of iterations for any number of nodes and maximum
degree k. Thanks to this favorable property, the BASE-(k + 1) GRAPH
endows Decentralized SGD with both a faster convergence rate and more
communication efficiency than the exponential graph. We conducted
experiments with various topologies, demonstrating that the BASE-
(k+1) GRAPH enables various decentralized learning methods to achieve
higher accuracy with better communication efficiency than the existing
topologies.

3.1 Introduction

In decentralized learning, each node only needs to communicate with a few nodes,
while this sparse communication characteristic may degrade the convergence rate
and accuracy (Koloskova et al., 2020; Zhu et al., 2022). Specifically, the smaller the
maximum degree of an underlying network topology is, the fewer the communication
cost becomes (Song et al., 2022; Wang et al., 2019); meanwhile, the faster the

7



8 Chapter 3. Communication-efficient Topologies

Table 3.1: Comparison among different topologies with n nodes. The definition of
the consensus rate and finite-time convergence is shown in Sec. 3.3.

Topology Consensus Rate Maximum Degree #Nodes n
Ring (Nedic et al., 2018) 1-0(n?) 2 Vn eN
Torus (Nedic et al., 2018) 1-0(n1) 4 Vn € N
Exp. (Ying et al., 2021) 1 — O((logy(n))~1) [logy(n)] Vn e N
1-peer Exp. (Ying et al., 2021) O(logy(n))-finite time conv. 1 A power of 2
1-peer Hypercube (Shi et al., 2016)  O(logy(n))-finite time conv. 1 A power of 2
Base-(k + 1) Graph (ours) O(logy, 41 (n))-finite time conv. k VYn eN

consensus rate (a.k.a. spectral gap) of a topology is, the faster the convergence
rate of decentralized learning becomes (Koloskova et al., 2020). Thus, developing a
topology with both a fast consensus rate and small maximum degree is essential for
decentralized learning. Table 3.1 summarizes the properties of various topologies.
For instance, the ring and exponential graph are commonly used (Assran et al., 2019;
Cyflers et al., 2022; Koloskova et al., 2019; Lu and De Sa, 2020). The ring is a
communication-efficient topology because its maximum degree is two but its consensus
rate quickly deteriorates as the number of nodes n increases (Nedic et al., 2018). The
exponential graph has a fast consensus rate, which does not deteriorate much as n
increases, but it incurs significant communication costs because its maximum degree
increases as n increases (Ying et al., 2021). Thus, these topologies sacrifice either
communication efficiency or consensus rate.

Recently, the 1-peer exponential graph (Ying et al., 2021) and 1-peer hypercube
graph (Shi et al., 2016) were proposed as topologies that combine both a small
maximum degree and fast consensus rate (see Sec. B.3.4 for examples). As Fig. 3.1
shows, in the ring and exponential graph, node parameters only reach the consensus
asymptotically by repeating exchanges of parameters with neighbors. Contrarily, in
the 1-peer exponential and 1-peer hypercube graphs, parameters reach the exact
consensus after a finite number of iterations when n is a power of 2 (see Fig. B.12 in
Sec. B.6.2). Thanks to this property of finite-time convergence, the 1-peer exponential
and 1-peer hypercube graphs enable Decentralized SGD (Lian et al., 2017) to converge
at the same convergence rate as the exponential graph when n is a power of 2, even
though the maximum degree of the 1-peer exponential and 1-peer hypercube graphs
is only one (Ying et al., 2021).

However, this favorable property only holds when n is a power of 2. When n
is not a power of 2, the 1-peer hypercube graph cannot be constructed, and the
1-peer exponential graph only reaches the consensus asymptotically as well as the
ring and exponential graph, as Fig. 3.1 illustrates. Thus, the 1-peer exponential and
1-peer hypercube graphs cannot enable Decentralized SGD to converge as fast as the
exponential graph when n is not a power of 2. Moreover, even if n is a power of 2,
the 1-peer hypercube and 1-peer exponential graphs still cannot enable Decentralized
SGD to converge faster than the exponential graph.

In this chapter, we ask the following question: Can we construct topologies that

8
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Figure 3.1: Comparison of consensus rate. See Sec. 3.6 for detailed experimental
settings. The number in the bracket is the maximum degree.

provide Decentralized SGD with both a faster convergence rate and better commu-
nication efficiency than the exponential graph for any number of nodes? Our work
provides the affirmative answer by proposing the BASE-(k + 1) GRAPH,! which
is finite-time convergence for any number of nodes n and maximum degree k (see
Fig. 3.1). Thanks to this favorable property, the BASE-2 GRAPH enables Decentral-
ized SGD to converge faster than the ring and torus and as fast as the exponential
graph for any n, while the BASE-2 GRAPH is more communication-efficient than the
ring, torus, and exponential graph because its maximum degree is only one. Fur-
thermore, when 2 < k < [logy(n)], the BASE-(k + 1) GRAPH enables Decentralized
SGD to converge faster with fewer communication costs than the exponential graph
because the maximum degree of the BASE-(k + 1) GRAPH is still less than that of
the exponential graph. Experimentally, we compared the BASE-(k + 1) GRAPH with
various existing topologies, demonstrating that the BASE-(k 4+ 1) GRAPH enables
various decentralized learning methods to more successfully reconcile accuracy and
communication efficiency than the existing topologies.

3.2 Related Work

Many prior studies indicated that topologies with a fast consensus rate improve the
accuracy of decentralized learning (Koloskova et al., 2020; Kong et al., 2021; Marfoq
et al., 2020; Wang et al., 2019). For instance, Decentralized SGD and Gradient
Tracking converge faster as the topology has a faster consensus rate (Lian et al.,
2017; Takezawa et al., 2023a). Zhu et al. (2022) revealed that topology with a fast
consensus rate improves the generalization bound of Decentralized SGD. Especially
when the data distributions are statistically heterogeneous, the topology with a
fast consensus rate prevents the parameters of each node from drifting away and
can improve accuracy (Koloskova et al., 2020; Takezawa et al., 2023a). However,
communication costs increase as the maximum degree increases (Song et al., 2022;
Ying et al., 2021). Thus, developing a topology with a fast consensus rate and small
maximum degree is important for decentralized learning.

'Note that the maximum degree of the BASE-(k + 1) GRAPH is not k + 1, but at most k.

9



10 Chapter 3. Communication-efficient Topologies

3.3 Preliminary and Notation

Notation. A graph G is represented by (V, E) where V is a set of nodes and F is a
set of edges. If G is a graph, V(G) (resp. E(G)) denotes the set of nodes (resp. edges)
of G. For any ay,--- ,an, (a1, - ,a,) denotes the ordered set. An empty (ordered)
set is denoted by ). For any n,a € N, mod(a,n) is the remainder of dividing a by n.

Topology. Let G be an underlying network topology with n nodes, and W &€
[0,1]"*™ be a mixing matrix associated with G. That is, W;; is the weight of the
edge (i,7), and W;; > 0 if and only if (i,j) € E(G). Most of the decentralized
learning methods require W to be doubly stochastic (i.e., W1 =1and W'1 =1)
(Lian et al., 2017; Lin et al., 2021; Nedi¢ et al., 2017; Tang et al., 2018). Then, the
consensus rate of G is defined below.

Assumption 7. Let W be a mizing matriz associated with a graph G with n nodes.
There exists p € [0,1) such that for any X € R¥™, it satisfies

[xw x|, <[ x - x].
where X = %Xll—r.

The quantity of p is called the consensus rate. Thanks to p € [0,1), x; asymp-
totically converge to consensus %Z?:l x; by repeating parameter exchanges with
neighbors. However, this does not mean that all nodes reach the exact consensus
within a finite number of iterations except when p = 0, that is, when G is fully
connected. Then, utilizing time-varying topologies, Ying et al. (2021) and Shi et al.
(2016) aimed to obtain sequences of graphs that can make all nodes reach the exact
consensus within finite iterations and proposed the 1-peer exponential and 1-peer
hypercube graphs respectively (see Sec. B.3.4 for illustrations).

Definition 1. Let (G(l),'-- ,G(m)) be a sequence of graphs with the same set
of nodes (i.e., V(GV) = ... = V(G™)). Let n be the number of nodes. Let
w o W) pe mizing matrices associated with GO, ... Ggm), respectively.
Suppose that WO ... W) satisfy XWOWE ... W) = X for any X € R¥>*",
where X = %XllT. Then, (G(l), e ,G(m)) s called m-finite time convergence or
an m-finite time convergent sequence of graphs.

Because Definition 1 assumes that V(G()) = ... = V(G™) holds, we often
write a sequence of graphs (G, .- G as (E(GW),--. | B(G™)) using a slight
abuse of notation. Additionally, in the following section, we often abbreviate the
weights of self-loops because they are uniquely determined due to the condition that
the mixing matrix is doubly stochastic.

10



3.4. Finite-time Sequence of Graphs 11

Algorithm 1 k-PEER HYPER-HYPERCUBE GRAPH Hp (V)

1: Input: the set of nodes V' = {vy,-- ,v,} and number of nodes n.
2: Decompose n as n = mnj X -+ X ny, with minimum L such that n; € [k + 1] for all I € [L].
3: for [ € [L] do
Initialize b; to zero for all i € [n] and E® to 0.
for i € [n] do
for m € [n;] do

J + mod(i 4+ m x Hé,_:ll ny —1,n)+ 1.

if b <n; —1and b; <n; —1 then
9: Add edge (v;,v;) with weight n% to E® and b; « b; + 1.

10: return (EMW, E®) ... EW@),

3.4 Construction of Finite-time Convergent Sequence of
Graphs

In this section, we propose the BASE-(k + 1) GRAPH, which is finite-time convergence
for any number of nodes n € N and maximum degree k € [n — 1]. Specifically, we
consider the setting where node ¢ has a parameter x; and propose a graph sequence
whose maximum degree is at most k that makes all nodes reach the exact consensus
%Z?:l x;. To this end, we first propose the k-PEER HYPER-HYPERCUBE GRAPH,
which is finite-time convergence when n does not have prime factors larger than &+ 1.
Using it, we propose the SIMPLE BASE-(k + 1) GRAPH and BASE-(k + 1) GRAPH,
which are finite-time convergence for any n.

3.4.1 k-peer Hyper-hypercube Graph

Before proposing the BASE-(k+1) GRAPH, we first extend the 1-peer hypercube graph
(Shi et al., 2016) to the k-peer setting and propose the k-PEER HYPER-HYPERCUBE
GRAPH, which is finite-time convergence when the number of nodes n does not have
prime factors larger than k + 1 and is used as a component in the BASE-(k + 1)
GRAPH. Let V be a set of n nodes. We assume that all prime factors of n are
less than or equal to k + 1. That is, there exists ni,ng, -+ ,ng € [k + 1] such that
n = ny X --- X ng. In this case, we can construct the L-finite time convergent
sequence of graphs whose maximum degree is at most k. Using Fig. 3.2a, we explain

_.'%_. ‘o

(a) n=6(=2x3) (b)n:12(:2><2><3)

Figure 3.2: Illustration of the 2-PEER HYPER-HYPERCUBE GRAPH.

11



12 Chapter 3. Communication-efficient Topologies

how all nodes reach the exact consensus. Let G and G®) denote the graphs in
Fig. 3.2a from left to right, respectively. After the nodes exchange parameters with
neighbors in GW nodes 1 and 2, nodes 3 and 4, and nodes 5 and 6 have the same
parameter respectively. Then, after exchanging parameters in G(?), all nodes reach
the exact consensus. We present the complete algorithms for constructing the k-PEER
HYPER-HYPERCUBE GRAPH in Alg. 1.

3.4.2 Simple Base-(k + 1) Graph

As described in Sec. 3.4.1, when n does not have prime factors larger than k + 1,
we can easily make all nodes reach the exact consensus by the k-PEER HYPER-
HYPERCUBE GRAPH. However, when n has prime factors larger than k£ + 1, e.g.,
when (k,n) = (1,5), the k-PEER HYPER-HYPERCUBE GRAPH cannot be constructed.
In this section, we extend the k-PEER HYPER-HYPERCUBE GRAPH and propose the
SIMPLE BASE-(k 4+ 1) GRAPH, which is finite-time convergence for any number of
nodes n and maximum degree k. Note that the maximum degree of the SIMPLE
BASE-(k 4+ 1) GRAPH is not k + 1, but at most k.

We present the pseudo-code for constructing the SIMPLE BASE-(k + 1) GRAPH
in Alg. 2. For simplicity, here we explain only the case when the maximum degree
k is one. The case with k > 2 is explained in Sec. B.2. The SIMPLE BASE-(k + 1)
GRAPH mainly consists of the following four steps. The key idea is that splitting V'
into disjoint subsets to which the k-PEER HYPER-HYPERCUBE GRAPH is applicable.

Step 1. As in the base-2 number of n, we decompose n as n = 2P1 + ... 4 2PL in
line 1, and then split V' into disjoint subsets V1, -,V such that |Vj| = 2P for
all [ € [L] in line 3.2

Step 2. For all [ € [L], we make all nodes in V; obtain the average of parameters in
V; using the 1-PEER HYPER-HYPERCUBE GRAPH H;(V}) in line 11. Then, we
initialize " as one.

Step 3. Each node in V1 U- - UV}, exchanges parameters with one node in Vj such
that the average in V» becomes equivalent to the average in V. We increase [’
by one and repeat step 3 until I/ = L. This procedure corresponds to line 15.

Step 4. For all [ € [L], we make all nodes in V; obtain the average in V; using
the 1-PEER HYPER-HYPERCUBE GRAPH H;(V}). Because the average in V]
is equivalent to the average in V after step 3, all nodes can reach the exact
consensus. This procedure corresponds to line 25.

Using the example presented in Fig. 3.3, we explain Alg. 2 in more detail. Let
GW ... G®) denote the graphs in Fig. 3.3 from left to right, respectively. In step
1, we split V :={1,--- ,5} into V4 :== {1,--- ,4} and V5 := {5}. In step 2, nodes in
Vi obtain the average in V; by exchanging parameters in G0 and G®). In step 3,

2Splitting V; into Vi1, -+, Vi,q, becomes crucial when k > 2 (see Sec. B.2).

12
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® ® @ ® ®
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® ®_,0 i ®_, 0 ® _, Q ® _, O=}=—0

® © ®i0 ®@ o b & ®-1-0

Figure 3.3: SIMPLE BASE-2 GRAPH with n = 5(= 22 + 1). The value on the edge is
the edge weight, and the edges are colored in the same color as the line in Alg. 2
where they were added.

© @ ® ® P Q 1@
6 o - Q © 28 B omimo
® © ® & ® O i@
(a) BASE-2 GRAPH with n =6(=2 X (2+ 1))
© @ © @ ® O P Q Q
6 ©— @ oo M eoad B Q ®
@10 o o d & @10 ®

(b) SIMPLE BASE-2 GRAPH with n = 6(= 22 + 2)

Figure 3.4: Comparison of SIMPLE BASE-2 GRAPH and BASE-2 GRAPH with n = 6.
The value on the edge indicates the edge weight. The edges added in line 10 in Alg. 3
are colored black, and the edges added in line 6 are colored the same color as the
line in Alg. 2 where they are added.

the average in V] becomes equivalent to the average in V by exchanging parameters
in G®. In step 4, nodes in V; can get the average in V by exchanging parameters
in G® and G®). Because node 5 also obtains the average in V after exchanging
parameters in G®), all nodes reach the exact consensus after exchanging parameters
in GO,

Note that edges added in lines 20 and 27 are not necessary if we only need to make
all nodes reach the exact consensus. Nonetheless, these edges are effective in keeping
the parameters of nodes close in value to each other in decentralized learning because
the parameters are updated by gradient descent before the parameter exchange with
neighbors. For instance, edge (1,2) in G®) which is added in line 20, is not necessary
for finite-time convergence because nodes 1 and 2 already have the same parameter
after exchanging parameters in G® and G@. We provide more examples in Sec. B.3.

3.4.3 Base-(k+ 1) Graph

The SIMPLE BASE-(k + 1) GRAPH is finite-time convergence for any n and k, while
the SIMPLE BASE-(k + 1) GRAPH contains graphs that are not necessary for the

13



14 Chapter 3. Communication-efficient Topologies

finite-time convergence and becomes a redundant sequence of graphs in some cases,
e.g., (k,n) = (1,6) (see the example in Fig. 3.4b and a detailed explanation in
Sec. B.3.2). To remove this redundancy, this section proposes the BASE-(k + 1)
GRAPH that can make all nodes reach the exact consensus after fewer iterations than
the SIMPLE BASE-(k + 1) GRAPH.

The pseudo-code for constructing the BASE-(k + 1) GRAPH is shown in Alg. 3.
The BASE-(k + 1) GRAPH consists of the following three steps.

Algorithm 2 SIMPLE Bask-(k + 1) GrRaPH AJ™P°(V)

1: Input: the set of nodes V' and number of nodes n(= aj(k + 1)P* + as(k+1)P2 +--- +
ar,(k+ 1)PF) such that p1 > p2 > --- > pr, > 0 and q; € [k] for all | € [L].

2: If all prime factors of n are less than or equal to k 4+ 1 then return #H (V).

3: Split V into disjoint subsets V1, - -+, Vi such that |Vj| = a;(k + 1) for all [ € [L]. Then,
for all I € [L], split V; into disjoint subsets Vi 1,- -+, Vj 4, such that |V} .| = (k+ 1)P* for
all a € [a].

4: Construct k-PEER HYPER-HYPERCUBE GRAPH H;(V)) for all [ € [L] and mq = |Hk(V1)].

5: Construct k-PEER HYPER-HYPERCUBE GRAPH H (V) for all [ € [L] and a € [a].

6: Initialize b; as zero for all [ € [L], and initialize m as zero.

7: while b; < |Hg(V11)| do

8

9

m << m+1and E™ « (.
forle{L,L-1,---,1} do

10: if m < my then

11: Add E(Hx(V))™)) to E(™ where m’ = mod(m — 1, [Hx(V))]) + 1.

12: else if m < my + 1 then

13: for v € V; do

14: Select isolated node u1, -, uq,, ,,, from Vi, 1, Vineimy amm o, -

15:

16: else if m =my + [ and [ # L then

17: while There are two or more isolated nodes in V; do

18: ¢ <+ the number of isolated nodes in V.

19: Select min{k + 1, ¢} isolated nodes V' in V.

20: Add edges with weights ﬁ to E(™ such that V’ compose the complete
graph.

21: else

22: by < b+ 1.

23: if p; # 0 then

24: for a € [a] do

26: else

27: Add E(H(V)™)) to E(™ where m/ = mod(b; — 1, [Hx(V})|) + 1.

28: return (EMW, E?) ... Em),
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Algorithm 3 BASE-(k + 1) GRAPH Ag(V)
1: Input: the set of nodes V' and number of nodes n.
2: Decompose n as n = p x ¢ such that p is a multiple of 2,3,--- , (k4 1) and ¢ is prime to
273a"' 7(k+1)
Split V' into disjoint subsets Vi, - -,V such that |V;| = ¢ for all [.
Construct SIMPLE BASE-(k + 1) GraPH A}™'(V}) for all I € [p].
for m e {1,2,---, |AT™(1})|} do
E( < Ule ]E(Ailmple( )(m))
Split V' into disjoint subsets Uy, - - - , Uy such that |U;| = p and |[U;N V| =1 for all [,1'.
Construct k-PEER HYPER-HYPERCUBE GRAPH H(U;) for all [ € [q].
for m e {1,2,--- | |Hi(U1)|} do
§lmplc
10: E(m+| A (V1)\) — Ule d E(’Hk(Ul)(m))
11: €« (BEW, E@ ... pUATP () HUOD),
12: If |AJ™P(V)] < \5| then return A;™"'°(V) else return &.

Step 1. We decompose n as p X g such that p is a multiple of 2,--- | (k+ 1) and ¢ is
prime to 2,---, (k+ 1), and split V into disjoint subsets Vi,-- -,V such that
|Vi| = q for all [ € [p)].

Step 2. Forall [ € [p], we make all nodes in V; reach the average in V; by the SIMPLE
BASE-(k 4+ 1) GRAPH AS™'°(V}). Then, we take p nodes from Vi,--- .V,
respectively and construct a set U;. Similarly, we construct Us, - - -, U, such
that Uy, ---, U, are disjoint sets.

Step 3. For all [ € [q], we make all nodes in U; reach the average in U; by the k-PEER
HYPER-HYPERCUBE GRAPH Hj(U;). Because the average in U; is equivalent
to the average in V after step 2, all nodes reach the exact consensus.

Using the example in Fig. 3.4a, we explain the BASE-(k+1) GRAPH in more detail.
Let G, ... G™ denote the graphs in Fig. 3.4a from left to right, respectively. In
step 1, we split V into V; = {1,2,3} and V5 := {4,5,6}. In step 2, nodes in V;
and nodes in V5 have the same parameter respectively by exchanging parameters
on G ... GO because the subgraphs composed on Vi and Vs are same as the
SIMPLE BASE-(k + 1) GRAPH (see Fig. B.5a). Then, we construct U; = {1,4},
Us == {2,5}, and Us := {3,6}. Finally, in step 3, all nodes reach the exact consensus
by exchanging parameters in G4

Fig. 3.5 and Sec. B.6.1 compare the BASE-(k 4+ 1) GRAPH with the SIMPLE
BASE-(k + 1) GRAPH, demonstrating that the length of the BASE-(k + 1) GRAPH
is less than that of the SIMPLE BASE-(k + 1) GRAPH in many cases. Moreover,
Theorem 1 show the upper bound of the length of the SIMPLE BASE-(k + 1) GRAPH
and BASE-(k + 1) GRAPH. The proof is provided in Sec. B.4.

Theorem 1. For any number of nodes n € N and mazimum degree k € [n — 1], the
length of the SIMPLE BASE-(k + 1) GRAPH and BASE-(k + 1) GRAPH is less than or
equal to 2logy 1 (n) + 2.

15
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Figure 3.5: Comparison of length.

Corollary 1. For any number of nodes n € N and mazimum degree k € [n — 1],
the SIMPLE BASE-(k + 1) GRAPH and BASE-(k + 1) GRAPH are O(logy, 1(n))-finite
time convergence.

Therefore, the BASE-(k+1) GRAPH is a powerful extension of the 1-peer exponen-
tial (Ying et al., 2021) and 1-peer hypercube graphs (Shi et al., 2016) because they
are O(logy(n))-finite time convergence only if n is a power of 2 and their maximum
degree cannot be set to any number other than 1.

3.5 Decentralized SGD on Base-(k + 1) Graph

In this section, we verify the effectiveness of the BASE-(k+1) GRAPH for decentralized
learning, demonstrating that the BASE-(k + 1) GRAPH can endow Decentralized
SGD with both a faster convergence rate and fewer communication costs than the
existing topologies, including the ring, torus, and exponential graph. See Chapter 2
for the problem setting of decentralized learning.

We consider the case when Decentralized SGD (Lian et al., 2017), the most
widely used decentralized learning method, is used as an optimization method. Let
wO ... W be mixing matrices of the BASE-(k + 1) GRAPH. In Decentralized
SGD on the BASE-(k + 1) GRAPH, node i updates its parameter x; as follows:

n

r+1 Z 1+mod(rm ) (:Bg-r) —nVE; (my); fj(r))) , (3.1)

where 7 is the learning rate. In this case, thanks to the property of finite-time
convergence, Decentralized SGD on the BASE-(k + 1) GRAPH converges at the
following convergence rate.

Theorem 2. Suppose that Assumptions 1-4 hold. Then, for any number of nodes

n € N and mazimum degree k € [n — 1], there exists n such that & = % v

16
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2
generated by Eq. (3.1) satisfies %ﬂ Zf:oE HVf(a_c(’"))H < e after

R—O ( o2 Glogyii(n) + oy /logy 1 (n) N logk+1(n)) LR, (3.2)

_ _|_
ne2 €3/2 €

iterations, where Fy = f(z(©)) — f*.

The above theorem follows immediately from Theorem 2 stated in Koloskova et al.
(2020) and Corollary 1. The convergence rates of Decentralized SGD over commonly
used topologies are summarized in Sec. B.5. From Theorem 2 and Sec. B.5, we can
conclude that for any number of nodes n, the BASE-2 GRAPH enables Decentralized
SGD to converge faster than the ring and torus and as fast as the exponential graph,
although the maximum degree of the BASE-2 GRAPH is only one. Moreover, if we
set the maximum degree k to the value between 2 to [logy(n)], the BASE-(k + 1)
GRAPH enables Decentralized SGD to converge faster than the exponential graph,
even though the maximum degree of the BASE-(k 4 1) GRAPH remains less than that
of the exponential graph. It is worth noting that if we increase the maximum degree
of the 1-peer exponential and 1-peer hypercube graphs (i.e., k-peer exponential and
k-peer hypercube graphs with k > 2), these topologies cannot enable Decentralized
SGD to converge faster than the exponential graph because these topologies are no
longer finite-time convergence even when the number of nodes is a power of 2.

3.6 Experiments

In this section, we validate the effectiveness of the BASE-(k + 1) GRAPH. First, we
experimentally verify that the BASE-(k 4+ 1) GRAPH is finite-time convergence for
any number of nodes in Sec. 3.6.1, and we verify the effectiveness of the BASE-(k + 1)
GRAPH for decentralized learning in Sec. 3.6.2.

3.6.1 Consensus Rate

1 n

Setup. Let xz; € R be the parameter that node 7 has, and let z := - > " ; x;. For
each 4, the initial value of x; was drawn from Gaussian distribution with mean 0 and
standard variance 1. Then, we evaluated how the consensus error + Y7 (z; — z)?
decreases when x; is updated as x; + 2?21 Wijz; where W is the mixing matrix
associated with a given topology.

Results. Figs. 3.1 and 3.6 present how the consensus errors decrease on various
topologies. The results indicate that the BASE-(k + 1) GRAPH reaches the exact
consensus after a finite number of iterations, while the other topologies only reach
the consensus asymptotically. Moreover, as the maximum degree k increases, the
BASE-(k + 1) GRAPH reaches the exact consensus with fewer iterations. We also
present the results when n is a power of 2 in Sec. B.6.2, demonstrating that the 1-peer
exponential graph can reach the exact consensus as well as the BASE-2 GRAPH, but
requires more iterations than the BASE-4 GRAPH.

17



18 Chapter 3. Communication-efficient Topologies

3.6.2 Decentralized Learning

Next, we examine the effectiveness of the BASE-(k + 1) GRAPH in decentralized
learning.

Setup. We used three datasets, Fashion MNIST (Xiao et al., 2017), CIFAR-
{10,100} (Krizhevsky, 2009), and used LeNet (LeCun et al., 1998) for Fashion MNIST
and VGG-11 (Simonyan and Zisserman, 2015) for CIFAR-{10, 100}. Additionally, we
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Figure 3.6: Comparison of consensus rates among various topologies. The number
in the bracket indicates the maximum degree of a topology. Because the maximum
degree of the exponential graph depends on n, the three numbers in the bracket

indicate the maximum degree for each n.
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Figure 3.7: Test accuracy (%) of Decentralized SGD on various topologies with
n = 25. The number in the bracket indicates the maximum degree of a topology. We
also compared with dense variants of the 1-peer {U, D}-EquiDyn (Song et al., 2022)
in Sec. B.6.3, showing the superior performance of the BASE-(k + 1) GRAPH.
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present the results using ResNet-18 (He et al., 2016) in Sec. B.7. The learning rate was
tuned by the grid search and we used the cosine learning rate scheduler (Loshchilov
and Hutter, 2017). We distributed the training dataset to nodes by using Dirichlet
distributions with hyperparameter o (Hsu et al., 2019), conducting experiments in
both homogeneous and heterogeneous data distribution settings. As « approaches
zero, the data distributions held by each node become more heterogeneous. We
repeated all experiments with three different seed values and reported their averages.
See Sec. B.8 for more detailed settings.

Results of Decentralized SGD on Various Topologies. We compared
various topologies combined with the Decentralized SGD with momentum (Gao and
Huang, 2020; Lian et al., 2017), showing the results in Fig. 3.7. From Fig. 3.7, the
accuracy differences among topologies are larger as the data distributions are more
heterogeneous. From Fig. 3.7b, the BASE-{2,3,4,5} GRAPH reach high accuracy
faster than the other topologies. Furthermore, comparing the final accuracy, the
final accuracy of the BASE-2 GRAPH is comparable to or higher than that of the
existing topologies, including the exponential graph. Moreover, the final accuracy
of the BASE-{3,4,5} GRAPH is higher than that of all existing topologies. From
Fig. 3.7a, the accuracy differences among topologies become small when o = 10;
however, the BASE-5 GRAPH still outperforms the other topologies. In Fig. 3.8,
we present the results in cases other than n = 25, demonstrating that the BASE-2
GRAPH outperforms the 1-peer exponential graph and the BASE-{3,4,5} GRAPH
can consistently outperform the exponential and 1-peer exponential graphs for all n.
In Sec. B.6.3, we show the learning curves and the comparison of the consensus rate
when n is 21, 22, 23, 24, and 25.

Results of D? and QG-DSGDm on Various Topologies. The above results
demonstrated that the BASE-(k + 1) GRAPH outperforms the existing topologies,
especially when the data distributions are heterogeneous. Hence, we next compared
the BASE-(k+1) GRAPH with the existing topologies in the case where D? (Tang et al.,
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Figure 3.9: Test accuracy (%) of D? and QG-DSGDm with CIFAR-10, n = 25, and
a=0.1.

2018) and QG-DSGDm (Lin et al., 2021), which are robust to data heterogeneity,
are used as decentralized learning methods. From Fig. 3.9, the BASE-2 GRAPH
can achieve comparable or higher accuracy than the 1-peer exponential graph, and
the BASE-5 GRAPH consistently outperforms the exponential graph. Thus, the
Base-(k + 1) GRAPH is useful not only for Decentralized SGD but also for D?
and QG-DSGDm and then enables these methods to achieve a reasonable balance

between accuracy and communication efficiency.

3.7 Conclusion

In this chapter, we propose the BASE-(k + 1) GRAPH, a novel topology with both
a fast consensus rate and small maximum degree. Unlike the existing topologies,
the BASE-(k + 1) GRAPH is finite-time convergence for any number of nodes and
maximum degree k. Thanks to this favorable property, the BASE-(k + 1) GRAPH
enables Decentralized SGD to obtain both a faster convergence rate and more
communication efficiency than the existing topologies, including the ring, torus, and
exponential graph. Through experiments, we compared the BASE-(k + 1) GRAPH
with various existing topologies, demonstrating that the BASE-(k+ 1) GRAPH enables
various decentralized learning methods to more successfully reconcile accuracy and

communication efficiency than the existing topologies.
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4

Scalable Decentralized Learning with Teleportation

Abstract

Decentralized SGD can run with low communication costs, but its sparse
communication characteristics deteriorate the convergence rate, espe-
ctally when the number of nodes is large. In decentralized learning
settings, communication is assumed to occur on only a given topology,
while in many practical cases, the topology merely represents a pre-
ferred communication pattern, and connecting to arbitrary nodes is still
possible. Previous studies have tried to alleviate the convergence rate
degradation in these cases by designing topologies with large spectral
gaps. Howewver, the degradation is still significant when the number
of nodes is substantial. In this chapter, we propose TELEPORTATION.
TELEPORTATION activates only a subset of nodes, and the active nodes
fetch the parameters from previous active nodes. Then, the active nodes
update their parameters by SGD and perform gossip averaging on a
relatively small topology comprising only the active nodes. We show
that by activating only a proper number of nodes, TELEPORTATION can
completely alleviate the convergence rate degradation. Furthermore,
we propose an efficient hyperparameter-tuning method to search for
the appropriate number of nodes to be activated. Erperimentally, we
showed that TELEPORTATION can train neural networks more stably
and achieve higher accuracy than Decentralized SGD.

4.1 Introduction

While each node communicates with a limited number of nodes in every round, the
degradation of the convergence rate due to its sparse communication characteristics
is a trade-off (Koloskova et al., 2020). Especially, when the number of nodes is large,
the parameters held by each node are likely to be far away during the training, and
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22 Chapter 4. Scalable Decentralized Learning with Teleportation

gossip averaging deteriorates the convergence rate. This makes it challenging for
decentralized learning to scale to a large number of nodes.

In decentralized learning literature, it is commonly assumed that communication
can only occur on a given topology. However, in many practical cases, the topology
merely represents a preferred communication pattern, and connecting to arbitrary
nodes is still possible, e.g., in a data center or the case where nodes are connected on
the Internet. Since we can choose which topology to use in these cases, many prior
studies designed topologies to reconcile the communication efficiency and convergence
rate, attempting to alleviate the degradation of the convergence rate caused by a large
number of nodes (Wang et al., 2019; Ying et al., 2021; Ding et al., 2023; Takezawa
et al., 2023b). Specifically, the communication costs are determined by the maximum
degree of the topology, and the convergence rate is determined by its spectral gap
(Wang et al., 2019; Koloskova et al., 2020). Thus, the prior studies designed topologies
with large spectral gaps and small maximum degrees and proposed performing gossip
averaging on these topologies. However, the approximate average estimated by
gossip averaging deviates from the exact average of all nodes as the number of nodes
increases, and the convergence rate remains to degrade when the number of nodes is
substantial.

In this chapter, we ask the following question: Can we develop a decentralized
learning method whose convergence rate does not degrade as the number of nodes
increases? Our work yielded an affirmative answer with the proposal of TELEPORTA-
TION. TELEPORTATION can completely eliminate the degradation of the convergence
rate caused by increasing the number of nodes, and the convergence rate is consis-
tently improved as the number of nodes increases. Specifically, TELEPORTATION
activates only a subset of nodes and initializes their parameters with the parameters
of previous active nodes. Then, the active node updates its parameters by SGD and
performs gossip averaging on a relatively small topology comprising only the active
nodes. By activating only a proper number of nodes, gossip averaging can make the
parameters of each node reach the consensus fast, and the parameters of each node
can be prevented from being far away even when the total number of nodes is large.
We show that by activating an appropriate number of nodes, the degradation of the
convergence rate can be completely alleviated. Furthermore, we propose an efficient
hyperparameter-tuning method to search for the proper number of active nodes. For
an arbitrary number of nodes, the proposed hyperparameter-tuning method can
find the appropriate number of nodes to be activated within 27 iterations in total,
where 7' is the number of iterations to run TELEPORTATION once. Experimentally,
we demonstrated that TELEPORTATION can converge faster than Decentralized SGD
and train neural networks more stably.

Note: In this chapter, we consider a setting where any two nodes can exchange
parameters as required, similar to previous studies on topology design for decentralized
learning (Marfoq et al., 2020; Ying et al., 2021; Song et al., 2022; Takezawa et al.,
2023b; Ding et al., 2023). A data center is an example, and Assran et al. (2019)
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demonstrated that decentralized methods can train neural networks faster than
All-Reduce. In addition to a data center, when nodes are connected to the Internet,
any two nodes can communicate by specifying the IP address. TELEPORTATION is
not applicable in the presence of a pair of nodes that cannot communicate, as in
wireless sensor networks.

4.2 Problem Setup

Notation: A graph G is represented by (V, E') where V is a set of nodes and E is
a set of edges. For simplicity, we also write ({1, - ,n}, E) to represent a graph G
where n is the number of nodes.

Problem Setting: In this chapter, we assume that the following assumptions are
satisfied:

Assumption 1. There exists f* > —oo that satisfies f(x) > f* for any x € R,

Assumption 2. There exists L > 0 that satisfies for any z,y € R% and i € [n],
IV fi(x) = Vfi(y)ll < Ll -yl (2.2)

Assumption 3. It holds that E¢,.p,[VF;(z;&)] = Vfi(x) for any x € RY. Then,
there exists o > 0 that satisfies for any & € R and i € [n],

Ee,np, || VEFi(2;6) = V fi(2)||* < 0. (2.3)

Assumption 4. There exists ( > 0 that satisfies for any = € R?,
RS 2 2
- Do IVHi@) - Vi@)|* < ¢ (2.4)
i=1

Decentralized SGD: One of the most fundamental decentralized learning methods
to solve Eq. (2.1) is Decentralized SGD (Lian et al., 2017). Let z; € R? denote the
i-th node parameter. Once the topology comprising n nodes G,, = ({1,--- ,n}, E) is
specified, Decentralized SGD updates x; as follows:

# " = 3wy (o) - avEEe),
j=1

where 7 > 0 is the step size and W;; € [0, 1] is the weight of edge (i,j) € E that
satisfies > iy Wi = > Wi; = 1. The following assumption is commonly used to
represent how well the topology G, is connected (Yuan et al., 2021; Koloskova et al.,
2020, 2021; Aketi et al., 2023).
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24 Chapter 4. Scalable Decentralized Learning with Teleportation

Assumption 8. Let \; is the i-th largest eigenvalue of W € [0,1]™*". W is a
doubly stochastic matriz, and p, = 1 — max{|Xa|, |A\n|}? satisfies p, € (0,1]. That is,
it holds that

xw - X[, < -px - %[

d 1 T
for any X € R>™ where X = SX11'.

We write p,, to emphasize that p,, depends on n. A small p,, indicates that the
topology is poorly connected, and a large p,, indicates that the topology is well
connected. Generally, p, approaches zero as the number of node n increases. For
instance, when a ring is used as the underlying topology, p, is Q(n~2), which rapidly
decreases as n increases (Nedic et al., 2018). Under these assumptions, Decentralized
SGD converges with the following rate.

Proposition 1 (Koloskova et al. (2020)). Suppose that Assumptions 1, 2, 3, 4, and

8 hold. Let {{scl(-t) n YL, denote the parameters generated by Decentralized SGD.
Then, there exists the step size n) that satisfies:

1
<0 Lryo? n L*r§(pno® + 2) (1 —pn) | ? 4 Lry
- nT T2p2 Tpy )’

where ro = f(x0) — f* and 2V = Ly 1$(t)

As the number of nodes n increases, the first term O( L;‘lﬁQ) is improved, while

the second and third terms degrade since p,, reaches zero. Thus, as the number of
nodes n increases substantially, the second and third terms dominate the convergence
rate, and the convergence rate deteriorates. In many practical cases, G, merely
represents a preferred communication pattern, and any two nodes can communicate
as needed, as introduced in Sec. 4.1. Since we can choose which topology to use in
these cases, many recent studies have attempted to alleviate the convergence rate
degradation by proposing topologies with large p,, (Ying et al., 2021; Ding et al., 2023;
Takezawa et al., 2023b). However, their p,, still approach zero as n increases, and
the convergence rate degrades when n is substantially large. Table C.1 in Sec. C.4
lists the convergence rates of Decentralized SGD with various topologies.

4.3 Proposed Method

In this section, we propose TELEPORTATION, which can completely eliminate the
degradation of the convergence rate caused by increasing the number of nodes. In
the remainder of this section, we describe TELEPORTATION in Sec. 4.3.1 and analyze
its convergence rate in Sec. 4.3.2. Then, we propose an efficient hyperparameter
search method in Sec. 4.3.3 and analyze its convergence rate in Sec. 4.3.4.
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4.3. Proposed Method 25

Algorithm 4 Simple version of TELEPORTATION

1: Input: the number of nodes n, set of nodes V,,, number of active nodes k, total number
of iteration T, step size n, and topology comprising k active nodes Gy, = ({1,--- ,k}, E).
for t € {0,1,---,T} do

sample next active k£ nodes Va(ct)lve

{1,2,--- ,k} to variables {token_ 1d v e v

active

N

from Vn without replacement, and assign

w

} randomly without overlap.

4: forie {1,2,---,n} in parallel do

5: if v; € V)., then®

6: if ¢ > 0 then

7 Let v; € V;Cme) denote the node such that token_ 1d( D= token_idz(-t).
8: receive ac( ) from v; € V;gﬁvle), and mz(-t) §.t).

9: y( ) as(t) nVFi(a:Z(-t);ﬁ(t )

10: receive y]( ) from vj € {v; € Va(ctc)wc | (token_ idgt),token_idg-t)) € E}.

11: m§t+l) = Z V(t) Wtoken 1d(t) token_ 1d<t)yJ( )

active

“The update rule of the parameters of the inactive nodes is not described because the parameters
held by the inactive nodes are discarded and initialized with the parameters of the other active
nodes when they are activated in line 8. The parameters of inactive nodes do not affect the behavior
of active node parameters.

4.3.1 Teleportation

Py, represents the speed at which the gossip averaging makes the parameter of each
node {x;}!"; reach the average 13" @;. As the number of nodes n increases,
averaging all node parameters becomes difficult with gossip averaging, and p,, reaches
zero. Thus, as n increases, the parameters of each node {z;}?_; comes to be apart
during the training, and the convergence rate deteriorates, as discussed in Sec. 4.2.

To prevent the parameters in each node {x;}!'; from being away when the
number of nodes n is large, we propose updating the parameters of only a small
subset of nodes and performing gossip averaging on a small topology. We refer to
the proposed method as TELEPORTATION.! Let k € {1,--- ,n} denote the number
of active nodes and Gy, = ({1,--- ,k}, E) be the topology comprising k active nodes.
Essentially, TELEPORTATION consists of the following three steps:

(t)

(1) We sample k active nodes Vdcme from V,, without replacement and assign {1,2,--- , k}
to variables {token_ 1d \ v; € Va(ctwe} without overlap.?

(2) The active node v; € V(Ct)1ve fetches the parameters from the previous active node
v € A -1

ctive stores the same value as that of token_id,gt).

whose token_id jt

'We named our proposed method TELEPORTATION to reflect the manner in which the active
nodes copy their parameters to the next active nodes.

2The first step can be performed in a decentralized manner by sharing the same seed value to
sample active nodes before starting the training.
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26 Chapter 4. Scalable Decentralized Learning with Teleportation

Then, the active node v; initializes its parameters with the fetched parameter and
updates them by SGD.

(3) The active node v; € A exchanges its parameters with its neighbors {v; €

active
Vggt)ive | (token_idz(t),token_idg.t)) € E} and computes the weighted average with
them.

We show the pseudo-code and illustration in Alg. 4 and Fig. 4.1. In the above
implementation, the first step does not start until the third step is completed. We
can solve this issue so that gossip averaging in the third step is performed on the
next active node v;, and the first and third steps can be executed simultaneously.
We show the optimized version in Sec. C.1.

In TELEPORTATION, gossip averaging is performed on a relatively small topology
G, which can make the parameters of k active nodes reach the average fast. Therefore,
using the proper number of active nodes k, we can mitigate the degradation of the
convergence rate by increasing the number of nodes n. In the next section, we analyze
the convergence rate and show that our proposed method successfully circumvents
the negative effect of increasing the number of nodes n.

Comparison with Client Sampling: TELEPORTATION randomly samples a
subset of nodes and activates them, but TELEPORTATION is different from the client
sampling (Liu et al., 2022). TELEPORTATION can prevent the parameters of nodes
from being away by using the small k& because gossip averaging is performed on
the small topology Gj. In contrast to TELEPORTATION, client sampling incites the
parameters of nodes to drift away because gossip averaging is performed on the
topology comprising all nodes, and nodes can exchange parameters only when two
neighboring nodes are sampled simultaneously, which makes it more difficult for
gossip averaging to make the parameters reach the consensus. Thus, client sampling
cannot alleviate the degradation of the convergence rate caused by a large number of
nodes n and degrades the convergence rate as well as the vanilla Decentralized SGD
(see Sec. C.5 for more detailed discussion).

4.3.2 Convergence Analysis of Teleportation

We assume that the topology comprising k£ active nodes Gy, satisfies the following
assumption.

Assumption 9. Let \; is the i-th largest eigenvalue of W € [0,1]***. W is a doubly
stochastic matriz, and py, == 1 —max{|Aa|, |Ax|}? satisfies pr € (0,1]. That is, it holds
that
HXW—XH2 < (1— py) HX—XH2 (4.2)
F— F’
for any X € R&>* where X = %XllT.
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Figure 4.1: Hlustration of Alg. 4 with n = 8 and £ = 3. We use a line as the
topology consisting of active nodes Gy, = ({1,2,3},{(1,1),(1,2),(2,2),(2,3),(3,3)}).
The black nodes represent active nodes, and the number written on the node is
token_idl(t)
the node is token_idl(-tﬂ). The first and third graphs from the left represent the
communication in line 12, and the other graphs represent the communication in line

8.

. The blue nodes represent the next active nodes, and the number on

Note that W is a k x k matrix, and p; depends on the number of active nodes k,
but is independent of the total number of nodes n. Under Assumptions 1, 2, 3, 4,
and 9, Theorem 3 provides the convergence rate of TELEPORTATION for any number
of active nodes k.

Theorem 3. Suppose that Assumptions 1, 2, 3, 4, and 9 hold. Let {{wgt) ",

denote the parameters generated by Alg. 4, and suppose that {ccgo) v, is initialized

with the same parameter ). Then, for any number of active nodes k € {1,2,---,n},

there exists the step size n such that %ﬂ ST, EHVf(aEffgtive)Hz is bounded from above
by

o (\/Lr0(02+(1— E=1)E) N <L2r8(02+62)(1—pk)>?1’ N LTO), (4.3)

kT T2py, Tpk

where & = £, o @) andr = f(@0) - 7.

(2
active
By tuning the number of active nodes k, we obtain the following theorem. To
determine the proper number of active nodes k, the explicit form of pg is necessary.
Here, we show the rates when we use a ring and exponential graph (Ying et al., 2021)
as Gy,.

Theorem 4. Suppose that Assumptions 1, 2, 3, 4, and 9 hold. Let {{mgt) Y,

be the parameters generated by Alg. 4, and suppose that {wgo)}?zl 1s initialized with
the same parameter z),

Ring: Suppose that the active nodes are connected by a ring, i.e., pp = Q(k™2).
Then, if we set the number of active nodes k as follows:

) T(02+C2) %
kzmax{l,mm{{(l;m) -‘,n}},
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28 Chapter 4. Scalable Decentralized Learning with Teleportation

there exists n such that T+1 SLOE|Vf(z |2

acme) is bounded from above by

4 5
o JEro? | (Lo + )\ ((Lro(e? + )2\ T Lo |
nT T T T

where asztwe. kZ v iBgt) and ro == f(zV) - f*.

Exp. Graph: Suppose that the active nodes are connected by an exponential
graph, i.e., pr, = Qlogy * (k)). Then, if we set the number of active nodes k as follows:

_ (T2 ] [T+ )
k-max{l,mm{’r<m> -‘,{Lm-‘,n}}v

there exists 1 such that TL—H L, E||Vf(§2(t)

active

1
1\ 3
Lryo? LQ’I“(%(O'Q +¢%) T(o?+¢%)\?
1 t\@ T5)
© ol ( T2 82 Lro

Lro log T(0? 4 ¢?) Lrg
2\ )T )

All proofs are presented in Sec. C.2. The first term in Eq. (4.3) is worse than the
first term in Eq. (4.1), but Theorem 4 indicates that the first term becomes the same
as that of Decentralized SGD by carefully tuning k. For both cases, only the first
term depends on the number of nodes n, which is improved as n increases. Therefore,
TELEPORTATION can completely eliminate the negative effect by increasing the
number of nodes n, and its convergence rate is consistently improved as n increases.
As discussed in Sec. 4.2, several previous studies have attempted to avoid convergence
rate degradation caused by large n by designing topologies with large spectral gaps
(Ying et al., 2021; Song et al., 2022; Takezawa et al., 2023b). However, no prior
topology, except for a complete graph, can completely remove this degradation.
By comparing with the complete graph, TELEPORTATION is more communication
efficient. For instance, if a ring is used as Gy, each node only needs to communicate
with three nodes per iteration. Therefore, TELEPORTATION is the first method that
does not suffer from large n without sacrificing the communication efficiency.

)||? is bounded from above by

4.3.3 Efficient Hyperparameter Search for Number of Active Nodes

TELEPORTATION can eliminate the convergence rate degradation caused by a large
number of nodes n, while the number of active nodes k € {1,--- ,n} needs to be
tuned carefully. If k& is tuned by grid search, it requires nT iterations in total. This
hyperparameter-tuning becomes expensive as n increases. To alleviate this issue, we
further extend TELEPORTATION by proposing an efficient hyperparameter-tuning
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method for the number of active nodes k. The key idea for efficient hyperparameter-
tuning is based on the following lemma.

Lemma 1. Let k* € {1,2,3,--- ,n} be the optimal number of active nodes. If k* < n,
there exists k € {1,2,4,8, - - -, 2l082(+DI=1Y 4hat satisfies % < k < k*. Furthermore,

it holds that Y821 ol <

Lemma 1 shows that for any optimal number of active nodes k* < n —1, a similar
number of active nodes is contained in {1,2,22, - - . , 2llog2(n+1)I=11 " This suggests that
we only need to search from {1,2,22 ... , 2llogy(n+1)]—1 n} to obtain the appropriate
k and we do not need run Alg. 4 for all k € {1,2,3,--- ,n}. Moreover, Lemma 1
indicates that Alg. 4 can be run with various k € {1,2,22,--- ,2U°g2(”+m*1} in
parallel because the total number of active nodes is less than or equal to n. Based
on these observations, we propose an efficient hyperparameter-tuning method. The
pseudo-code is shown in Alg. 5.

4.3.4 Convergence Analysis of Teleportation with Efficient Hyper-
parameter Search

Under the same assumptions as in Theorem 4, Theorem 5 provides the convergence
rate of Alg. 5. The proof is deferred to Sec. C.3.

Theorem 5. Suppose that Assumptions 1, 2, 3, 4, and 9 hold. Let {{:B,(f)l}v cv® W,
’ i< Vactive

denote the parameters of active nodes generated by Alg. 4 when the number of active
nodes is set to k, and we define

,C = {]_’ 2’ 227 23’ . ’2L10g2(n+1)J_1’n}‘

Then, suppose that the parameters are initialized with the same parameter &(©) .
Ring: If the active nodes are connected by a ring, i.e., p = Q(k™2), there exists

Algorithm 5 Efficient hyperparameter search for TELEPORTATION.

1: Input: the total number of iteration 27, and the number of nodes n.
2: run Alg. 4 for T iterations with number of active nodes n, and let {{5’35:)1 n ., denote
the generated parameters.
for k € {1,2,22,23,... 2llog:(n+1)]=11 in parallel do
run Alg. 4 for T iterations with number of active nodes k.
let {{az,(f)z}v EV;fgive}tho denote the parameters generated by Alg. 4 with k active nodes.

return the best’ parameters among k € {1,2,22, ... 2llos2(n+1)]=1 51

*Theoretically, we select the parameters with the smallest gradient norm as in Theorem 4. In
practice, we can select k£ that achieves the best accuracy on the validation datasets as in the vanilla
grid search.
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n such that mingex (T%H s, E||Vf(:ﬁgtgtive’k)||2) is bounded from above by

. 4 5
o[l 1 (1t x (1 re

nT T T T
_ _(t ¢
where 1o = f(fB(O)) — [* and wgc)tive,k = %Zviev(” ml(c)z

Exp. Graph: If the active nodes are connggtzgd by an exponential graph, i.e.,
pr = Qlogy L k), there exists n such that mingex (%H S, E||Vf(:i:gtc)me’k)ﬂ2> is
bounded from above by

0 Lroo? N (LZT(Q)(O'Q +¢?) log, (T(02 + (2)> i) :

nT T2 Lrg

Lrg T(U2 + CQ) Lrg
0o, (TS B0
tT Og?( Lro T

Theorem 5 shows that Alg. 5 can achieve exactly the same convergence rate as
the one shown in Theorem 4 (i.e., the convergence rate with optimal k). Algorithm
5 requires only 27 iterations to find the proper number of active nodes, whereas grid
search requires nT iterations in total. Thus, Alg. 5 can find the appropriate number
of active nodes more efficiently than the vanilla grid search.

4.4 Related Work

Token Algorithm: Token algorithms (Johansson et al., 2007; Dorfman and Levy,
2022; Even, 2023; Hendrikx, 2023) are a variant of decentralized learning methods
different from consensus-based decentralized learning methods, such as Decentralized
SGD. In contrast to the consensus-based decentralized learning methods, a parameter
called token randomly walks on the topology and is updated on each node. Since token
algorithms have only one parameter, they do not suffer from the issue of parameters
held by each node drifting away. However, their convergence rates cannot achieve
linear speedup as that in Decentralized SGD (Even, 2023). In TELEPORTATION, k
parameters randomly move from previous active nodes to the next active nodes and
are updated on the active nodes. Then, by carefully selecting k, TELEPORTATION can
alleviate the issue of parameter drifting without sacrificing linear speedup property.

Client Sampling: Client sampling is widely studied in federated learning to reduce
the communication costs between the central server and nodes (McMahan et al., 2017;
Fraboni et al., 2021; Wu et al., 2023). McMahan et al. (2017) proposed sampling
a subset of nodes randomly. Cho et al. (2020) proposed selecting nodes according
to the loss values. Chen et al. (2022) and Wang et al. (2023) proposed sampling
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nodes according to their gradient norms. In decentralized learning, Liu et al. (2022)
studied client sampling and analyzed the convergence rate. However, as discussed in
Sec. 4.3.1, the client sampling cannot alleviate the degradation of the convergence
rate caused by a large number of nodes.

4.5 Experiments

4.5.1 Synthetic Experiment

Setting: We followed the experimental setting in Koloskova et al. (2020) and set
the number of nodes n to 100 and loss function as f;(z) = 3| A;(x — b;)||* with

A; = ﬁId and d = 50. b; was drawn from N/ (0, g—de) for each node. We defined the

stochastic gradient as VF;(x; &) = V fi(x) + € where € was drawn from N (0, %Id)
at each iteration. We used a ring and Base-2 Graph (Takezawa et al., 2023b) as the

Teleportation (Ring) —m— Decentralized SGD (Ring)
—e— Teleportation (Base-2 Graph) Decentralized SGD (Base-2 Graph)
¢?=0,02=0 ¢?=10,02=0 ¢?=100,0%=0

Error

10t 10? 103 10* 10°

¢2=100,0% =10

Error
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1074
10t 10? 10° 104 10° 10t 102 10° 104 10° 10t 10? 10° 104 10°

¢*=10,0% =100 ¢* =100, 0% =100

Error
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Figure 4.2: Convergence of the error to the target accuracy 0.001 for different
stochastic noise o2 and heterogeneity (2. We plotted %Zv.ev(t) ||ar:l(-t) — x*||?
? activi

e

and 2377 ||azl(t) — x*||? as the error for TELEPORTATION and Decentralized SGD,
respectively. TELEPORTATION consistently reached the target accuracy faster than
Decentralized SGD.
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32 Chapter 4. Scalable Decentralized Learning with Teleportation

topology. The ring is one of the most commonly used topologies for decentralized
learning. The Base-2 Graph is the state-of-the-art topology for Decentralized SGD,
and Takezawa et al. (2023b) demonstrated that the Base-2 Graph can be superior to
the various topologies, e.g., an exponential graph, 1-peer exponential graph (Ying
et al., 2021), and EquiTopo (Song et al., 2022). Note that the Base-2 Graph assumes
that any two nodes can communicate as in TELEPORTATION. For each setting, we
tuned the step size to reach the target accuracy as few iterations as possible. See
Sec. C.7 for a more detailed setting.

Results: We depict the results in Fig. 4.2. For all cases, TELEPORTATION required
fewer iterations to reach the target accuracy than Decentralized SGD. By comparing
Decentralized SGD with a ring, TELEPORTATION converged up to three orders of
magnitude faster than Decentralized SGD. Even in the case when the state-of-the-art
topology, Base-2 Graph, is used, TELEPORTATION converged up to 10 times faster
than Decentralized SGD. Table 4.1 lists the number of active nodes k selected by
Alg. 5. Although the total number of nodes n is 100, a small number of nodes k was
selected. Therefore, activating only a few nodes can prevent the parameters from
being far away and lead to a faster convergence rate than that of Decentralized SGD.

4.5.2 Neural Networks

Setting: We used Fashion MNIST (Xiao et al., 2017) and CIFAR-10 (Krizhevsky,
2009) as datasets and used LeNet (LeCun et al., 1998) and VGG (Simonyan and
Zisserman, 2015) as neural networks, respectively. To use the momentum in TELE-
PORTATION, the momentum is copied from the previous active nodes to the next
active nodes, as well as the parameters. We set the number of nodes n to 25 and
distributed the data to nodes using Dirichlet distribution with parameter o (Hsu
et al., 2019). As a approaches zero, each node comes to have a different dataset. We
repeated all experiments with three different seed values, reporting the averages. See
Sec. C.7 for a more detailed setting.

Results: We depict the results in Fig. 4.3. When a = 0.1, TELEPORTATION
outperformed Decentralized SGD and trained the neural networks more stably.
When a = 10.0, all comparison methods achieved a competitive accuracy. By

Table 4.1: The number of active nodes k selected by Alg. 5 in Fig. 4.2. The left value
is the number of active nodes when the topology is a ring, and the right value is the
number when the topology is the Base-2 Graph.

=0 ¢2=10 (¢%2=100

0 1/1 1/1 4/4
=10 1/1 1/1 8/8
1000 8/8 8/8 4 /16

Q 9 Q9
I
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4.5. Experiments 33

comparing the results with a = 0.1 and 10.0, the accuracy curves of Decentralized
SGD became unstable in the heterogeneous setting, whereas the accuracy curves
of TELEPORTATION were stable in both cases. This is because Decentralized SGD
suffers from client drift, while TELEPORTATION can suppress it by initializing the
parameters of active nodes by using the parameters of other nodes.

4.5.3 Comparison under Heterogeneous Networks

Next, we examine the effectiveness of TELEPORTATION in terms of wallclock time. In
TELEPORTATION, active nodes send the parameters to the next active nodes, which
are randomly sampled from the entire set of nodes. Thus, the communication may
happen between distant nodes, e.g., nodes located in distant regions. In this section,
we evaluate TELEPORTATION under the heterogeneous networks where communication
costs differ between pairs of nodes.

Setting: We used Fashion MNIST and LeNet as with Sec. 4.5.2. To simulate a
heterogeneous network, we added 7 x mod(|i — j|,24) us delay when nodes ¢ and j
communicate, where mod(a, b) is the remainder of dividing a by b. We constructed a
ring by connecting node i to node (1+ mod(4,25)). This ring is the optimal topology

Fashion MNIST CIFAR-10
. Teleportation (Ring)
90 e 90 5
//"«"“ pe gt = —a— Teleportation (Base-2 Graph)
5 P ! )

e —— Decentralized SGD (Ring)
>,85 >,85 ’ 7 Decentralized SGD (Base-2 Graph)
g / g
3 80 3 80
o Q
< <

75 75
70 70
0 50 100 150 200 0 100 200 300 400 500
Epoch Epoch
(a) @ = 10.0 (homogeneous case)
Fashion MNIST CIFAR-10
90 90 Teleportation (Ring)
—a— Teleportation (Base-2 Graph)
80 —— Decentralized SGD (Ring)
.. 80 -~ Decentralized SGD (Base-2 Graph)
g g0
5 E
o jo)
g70 260
50
60
40
0 50 100 150 200 0 100 200 300 400 500
Epoch Epoch

(b) a = 0.1 (heterogeneous case)

Figure 4.3: Test accuracy of TELEPORTATION and Decentralized SGD for different
heterogeneity. All methods achieved competitive accuracy in the homogeneous case,
while TELEPORTATION outperformed Decentralized SGD in the heterogeneous case.

33



34 Chapter 4. Scalable Decentralized Learning with Teleportation

a=10.0 a=0.1
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Figure 4.4: Test accuracy of TELEPORTATION and Decentralized SGD under the
heterogeneous networks with 7 = 5. Decentralized SGD with the ring reached
a high accuracy faster than the other methods in the homogeneous case, while
TELEPORTATION reached a high accuracy faster in the heterogeneous case. Note that
the number of epochs was set the same for all methods.

in terms of the communication delay, and the communication in Decentralized SGD
with the ring was delayed by 7 us, whereas the communication in TELEPORTATION
was delayed by at most 247 us. The communication in Decentralized SGD with the
Base-2 Graph was also delayed by at most 247 us since the Base-2 Graph assumes
that any two nodes can communicate, and communication occurs between various
nodes.

Results: We depict the results with 7 =5 in Fig. 4.4. In the Appendix, we also
show the results with 7 = 0 in Fig. C.3. Decentralized SGD with the ring finished the
training faster than Decentralized SGD with the Base-2 Graph and TELEPORTATION.
However, when o = 0.1, the accuracy of Decentralized SGD with the ring increased
very slowly, and TELEPORTATION reached a high accuracy faster than Decentralized
SGD. When a = 10.0, Decentralized SGD with the ring reached a high accuracy faster
than the other methods. Therefore, Decentralized SGD with a sparse topology is the
preferred method when the data distributions are homogeneous, while when the data
distributions are heterogeneous, TELEPORTATION can be a preferred method even
if the network is heterogeneous since the methods that can prevent the parameter
drifting are necessary to achieve high accuracy.

4.6 Conclusion

In this chapter, we propose TELEPORTATION, which activates a subset of nodes
and performs gossip averaging on a relatively small topology comprising only active
nodes. We showed that TELEPORTATION converges to the stationary point without
suffering from a large number of nodes by activating a proper number of nodes.
Furthermore, we proposed an efficient hyperparameter tuning method to search for
this appropriate number of nodes. We experimentally investigated the effectiveness
of TELEPORTATION, demonstrating that TELEPORTATION can converge faster than
Decentralized SGD and train neural networks more stably in the heterogeneous case.
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Exploiting Similarity for Computation and
Communication-efficient Decentralized Optimization

Abstract

Reducing communication complexity is critical for efficient decentral-
ized optimization. The proximal decentralized optimization (PDO)
framework is particularly appealing, as methods within this framework
can exploit functional similarity among nodes to reduce communica-
tion rounds. Specifically, when local functions at different nodes are
stmilar, these methods achieve faster convergence with fewer commu-
nication steps. However, existing PDO methods often require highly
accurate solutions to subproblems associated with the proximal operator,
resulting in significant computational overhead. In this chapter, we
propose the Stabilized Proximal Decentralized Optimization (SPDO)
method, which achieves state-of-the-art communication and computa-
tional complezities within the PDO framework. Additionally, we refine
the analysis of existing PDO methods by relaxing subproblem accuracy
requirements and leveraging average functional similarity. FExperimen-
tal results demonstrate that SPDO significantly outperforms existing
methods.

5.1 Introduction

One of the key techniques to reduce the communication complexity is for each node
to perform multiple local updates before the communication. The concept of multiple
local updates was initially applied for Decentralized Gradient Descent (Nedic and
Ozdaglar, 2009; Lian et al., 2017) and Gradient Tracking (Lorenzo and Scutari, 2016;
Pu and Nedic, 2021). However, increasing the number of local steps requires a smaller
learning rate, which ultimately requires the same communication cost to achieve
the desired accuracy level (Koloskova et al., 2020; Liu et al., 2024). This is because,
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36 Chapter 5. Communication-efficient Decentralized Optimization

Table 5.1: Summary of communication and computational complexities in the
strongly-convex setting. The results in the convex case are summarized in Sec. D.1.
“# communication” represents the number of times that each node exchanges param-
eters with neighboring nodes to reach the target accuracy €, and “# computation”
represents the number of gradient oracle queries required by each node. Since Tian
et al. (2022) only showed the convergence rate of Accelerated Exact/Inexact-PDO
with ¢ < dmax, we show the convergence rates under the assumption that p < dpax
and p < § for simplicity.

Algorithm Reference # Communication # Computation
Gradient Tracking Koloskova et al. (2021) 9] (“(1 o=z og(%))(a) 1) (ﬁlog(%))(a)
Exact-PDO (SONATA) Sun et al. (2022), Th. 6(®) (‘ -z log g)) n.a.(©
Inexact-PDO Th. 6, 7 19 ( ( ) og(1) O (#@) log (%) log log (— )
Stabilized-PDO [new] Th. 8,9 O (i los(L) O (%5 10g (1))

4 s T N@ o
Accelerated SONATA Tian et al. (2022) 9] ( i) Iog(;)) n.a.\

- d ~ [ —T 2\ (9

Inexact Accelerated SONATA Tian et al. (2022) o (,/ lgl p) log(%))( ) o ( u‘()‘l“j;f (log(%)) )
Accelerated Stabilized-PDO [new] Th. 10, 11 (5( u(l ) log(%)) (’_)( /‘(ILL/)) log(%))

(a) It holds that 6 < L, and § < L holds when nodes have similar datasets.

(b) Sun et al. (2022) showed that the communication complexity of SONATA is O( o log( ),
while our new theorem, Theorem 6, shows that the dependence on dmax can be reduced to (5
(c¢) “n.a” represents that we need to solve the subproblem exactly.

(d) ¢ is smaller than dmax and can be at most y/n times smaller than dmax.

in Decentralized Gradient Descent, each node tries to minimize its own local loss
function by performing gradient descent multiple times, but fully minimizing its local
loss function is not desirable. Gradient Tracking also has the same issue, and this
inconsistency hinders the use of multiple local updates to reduce communication
complexity. Thus, to take advantage of multiple local updates, we need to resolve
this inconsistency.

An effective approach to address this challenge is to develop decentralized op-
timization methods based on the proximal-point method, where nodes solve the
subproblem associated with the proximal operator in their local updates (termed
PDO framework in this work). Scutari and Sun (2019) demonstrated that combining
proximal-point updates with gradient tracking yields an efficient decentralized opti-
mization scheme, known as SONATA. This method effectively exploits the similarity
of local loss functions across nodes to significantly reduce communication complex-
ity (Sun et al., 2022; Tian et al., 2022). However, achieving such low communication
complexity requires solving the proximal subproblem with high accuracy at each
node, leading to suboptimal computational overhead during local updates.

In this chapter, we pose the following question: Can we develop a proximal
decentralized optimization (PDO) method that achieves low communication complexity
without sacrificing computational efficiency? We provide an affirmative answer by
introducing the STABILIZED PROXIMAL DECENTRALIZED OPTIMIZATION (SPDO)
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5.2. Related Work 37

method. SPDO improves upon existing approaches in several key aspects: (i) it
requires less accurate solutions to local subproblems, resulting in better computational
efficiency, and (ii) it leverages the average functional similarity across nodes, leading to
more effective optimization. Furthermore, (iii) the accelerated variant of our method,
ACCELERATED-SPDO, achieves state-of-the-art communication and computational
complexities among decentralized optimization methods, as summarized in Table 5.1.
More specifically, we make the following contributions.

e We propose Accelerated-SPDO, which can attain the best communication and
computational complexities among the existing methods.

e We also propose non-accelerated methods, called SPDO, which can attain
the best communication and computational complexities among the existing
non-accelerated methods.

o To clarify the difference between (Accelerated-)SPDO and the existing method,
we provide a refined convergence analysis of PDO, which contains Exact-PDO,
also known as SONATA (Sun et al., 2022), as a special instance. Specifically,
Exact-PDO assumed that the subproblem was exactly solved, but PDO allows
us to solve it approximately. We then show that SPDO can solve the subproblem
more coarsely than Inexact-PDO.

o The existing analysis of Exact-PDO showed that the communication complexity
depends on the maximum dissimilarity of local functions dpax (Sun et al., 2022),
while we prove that it depends only on the average dissimilarity d, which can
lead to significantly lower communication costs.

e Moreover, the prior papers on PDO analyzed the convergence rate only in the
strongly-convex case, while we analyze it in both convex and strongly-convex
cases.

Notation: We use O(-) and Q(-) to hide polylogarithmic factors.

5.2 Related Work

Decentralized Optimization: The most basic decentralized optimization method
is Decentralized Gradient Descent (Nedic and Ozdaglar, 2009; Lian et al., 2017;
Koloskova et al., 2020), while due to the data heterogeneity, Decentralized Gradient
Descent cannot achieve the linear convergence rate in the strongly-convex case. Many
researchers have tried to achieve the linear convergence rate, proposing EXTRA
(Shi et al., 2015), NIDS (Li et al., 2019), Gradient Tracking (Lorenzo and Scutari,
2016; Pu and Nedic, 2021; Yuan et al., 2019; Takezawa et al., 2023a), and so on
(Scaman et al., 2017; Kovalev et al., 2021). These methods can achieve the linear
convergence rate, while they still involve a certain amount of communication cost
even though nodes have very similar loss functions. The concept of second-order
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38 Chapter 5. Communication-efficient Decentralized Optimization

Algorithm 6 Proximal Decentralized Optimization Method (PDO)

1: Input: The number of rounds R, and hyperparameters M and \.
2: forr=0,1,...,R—1do

3: for : = 1,...,n in parallel do

4: a:(T+§) ~ argming F; (x) where F; .(x) = fi(x) + <h§r),w> + 3z — mET)HQ.
5 ! = MuLTiGossip (m(ﬂr 2 WM, z)

6: h(”l) MULTIGOSSIP ( O L), W, M, z) V().

similarity was introduced to capture this phenomenon, in which § and 0y, measure
the similarity among the loss functions held by nodes (see Definition 2 and Assumption
10) (Karimireddy et al., 2021; Murata and Suzuki, 2021; Kovalev et al., 2022). ¢
and dpax are smaller than L, where L is the smoothness of the loss function (see
Assumption 2), and § and dpnax approach zero when the local loss functions come to
be similar. To exploit this similarity, many variants of the proximal decentralized
optimization method have been proposed, such as Network-DANE (Li et al., 2020),
SONATA (Sun et al., 2022), and Accelerated SONATA (Tian et al., 2022).

Proximal-point Methods: In this section, we briefly introduce Proximal-point
Method. Applying Proximal-point Method to minimize f yields the following update

rule:
'}

where A > 0 is hyperparameter. For the vanilla Proximal-point Method, we need to
solve the above subproblem exactly, which is infeasible in general. Many researchers
have tried to avoid the exact proximal evaluations (Rockafellar, 1976; Solodov and
Svaiter, 1999, 2001; Monteiro and Svaiter, 2013). Rockafellar (1976) analyzed the
condition to maintain the same convergence rate, showing Proximal-point Method
can attain the same convergence rate when |VF,(z*+D)| < O(2 ||z — 21)|)) is
satisfied. That is, we need to solve the subproblem more accurately as the number
of iterations increases. To mitigate this issue, Solodov and Svaiter (1999) proposed
Hybrid Projection Proximal-point Method, which can achieve the same convergence
rate if || VF,(zD)|| < O(A||2"*+Y —2()||) is satisfied. This condition is significantly
weaker than the condition for the vanilla Proximal-point Method.

The accelerated Proximal-point Method (Giiler, 1992) also has the same issue
as Proximal-point Method, and it requires a more accurate subproblem solution
as the number of iterations increases. Based on Hybrid Projection Proximal-point
Method, Monteiro and Svaiter (2013) proposed its accelerated method and relaxed
the condition for an approximate solution of the subproblem.

A recent line of work developed distributed versions of the Proximal-point Method
(Shamir and Srebro, 2014; Li et al., 2020; Sun et al., 2022; Jiang et al., 2024a,b). We
will further discuss these approaches in Sec. 5.6 below.

x(r-i—l) — argmin {Fr(x) = f( Hx - T v

xER4
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Algorithm 7 Multiple Gossip Averaging
function MurLTiGossip({a;}*,, W, M, 7)

1:

2: al(o) = a; for all 7.

3: form=0,...,.M —1do
4

5

m—+1 ’ n r
aE— ) = j=1 WijaE- )

(M)

return a;

5.3 Problem Setup

In this chapter, we assume the following:
Assumption 1. There exists f* > —oco that satisfies f(x) > f* for any x € R,

Assumption 2. There exists L > 0 that satisfies for any x,y € R? and i € [n],
IVfi(z) = Vi)l < Lz — yl. (2.2)

Assumption 5. There exists j > 0 such that for any x,y € R% and i, it holds that

fil@) = fily) + (V). —y) + Slle =yl (2:5)

To measure the similarity among the loss functions held by nodes, we use the
following notation as in the prior work (Jiang et al., 2024b,a).

Definition 2 (Similarity). Under Assumption 2, let 6 > 0 the the smallest number
such that it holds that
1 n
~ > IVhi(x) = Vhi(y)|* < 8*lx —y]?, (5.1)
i=1

for any x,y € RY where hi(x) = f(x) — fi(x).

Remark 1. If Assumption 2 holds, there exists 6 such that 6 < L and Eq. (5.1)
holds.

Apart from Definition 2, Assumption 10 is also commonly used in the existing
literature (Tian et al., 2022; Sun et al., 2022). While the existence of ¢ follows from
Assumption 2, Assumption 10 further needs to assume that f; is twice differentiable.
Furthermore, 6 can be much smaller than .. (see Remark 2). Thus, we use
Definition 2 instead of Assumption 10 in this chapter.

Assumption 10. There exists Opmqe > 0 such that for any € R? and i, it holds that
Hv2f(m) - VQf'L(m)H < 5mam- (52)

Remark 2. [t holds that 6 < §yay. Moreover, 6 can be at most \/n times smaller
than 6maz.
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40 Chapter 5. Communication-efficient Decentralized Optimization

Then, we assume that edge weights {W;; },; satisfy the following assumption, in
which p represents how well the graph is connected.

Assumption 11. For any i and j, Wi; = Wy and Y 2; 1 Wij = 1. Then, there exists
p €[0,1) such that for any X € R¥>™ it holds that

IXW — X |7 < 2?1 X - X||2, (5:3)

where X = 1X117.

T n

Evaluation Metric: As we introduced in Sec. 5.1, the communication is often
more expensive than the local computation. Thus, the primary goal of developing
decentralized optimization methods is to reduce communication complexity. If
methods can achieve the same communication complexity, the method with less
computational complexity is superior.

5.4 Refined Analysis of Proximal Decentralized Opti-
mization Method

In this section, we briefly explain the framework of Proximal Decentralized Optimiza-
tion (PDO) methods and provide the convergence analysis. PDO contains SONATA
(Sun et al., 2022) as a special instance when the proximal subproblem is solved
exactly. The proofs are deferred to Sec. D.3 and D.6.2.

In decentralized optimization, each node would like to minimize f, but node ¢
can access only the local loss function f;. For PDO, each node approximates f as
follows:

f(x) = fi(x) + hi(z) (5.4
o) + (Vhutel”)) + o ol

)

where A > 0 is the hyperparameter and we approximate h;(x) by linear approximation.
Furthermore, PDO cannot compute Vhi(acy)
only with its neighbors. Thus, PDO estimates Vhi(acz(r)) by gradient tracking. We
show the pseudo-code in Alg. 6. In line 4, PDO solves the subproblem associated
with Eq. (5.4), and in lines 5 and 6, PDO estimates 2 37 :EETJF%) and Vhi(acl(-rﬂ))
by gossip averaging and gradient tracking.

) since node ¢ can exchange parameters

Arbitrary Approximate Averaging Operators: While Alg. 6 is demonstrated
using Alg. 7 as a subroutine, it is important to emphasize that the PDO framework
is not limited to this specific mechanism. Instead, PDO can be combined with any
arbitrary averaging operator that achieves a sufficient level of accuracy.

40



5.4. Refined Analysis of PDO 41

Algorithm 8 Stabilized Proximal Decentralized Optimization Method (SPDO)

1: Input: The number of rounds R, and hyperparameters M and .
2: forr=0,1,...,R—1do

3: for : =1,...,n in parallel do

4: ml(-TH) ~ argming F; .(x) where F; .(x) = fi(z) + <h§r),w) + 3x - vlm||2.

5 ol = argminv{<sz~<:c<’”“>>+h“> o)+ &llo - a2 + 3o — 072 )0
6: v = MuLTiGossip ('v WM, z)

7: hl(”l) = MULTIGOSSIP (h(r) + VLT, WM, z) Vi ).

1
“This update rule can be rewritten as vEH?) =1 (meTH) + 20" — Vi) - hgr)).

Pt

For instance, it is sufficient to use a single gossip averaging step (i.e., M = 1) if
the spectral gap parameter p satisfies the condition

< — .
P=5L (5:5)

as we prove in Lemma 18 in the appendix. This flexibility extends to other averaging
mechanisms, provided they meet the same error guarantees.

In many practical scenarios, the choice M = 1 may not suffice, as it requires the
network topology to be sufficiently dense to ensure adequate communication accuracy.
When the network is sparse, a common approach is to perform multiple iterations
of gossip averaging (i.e., Alg. 7) to improve the averaging accuracy. Specifically, if
gossip averaging is performed M times, it holds that:

n n
YollE —2|® < pM Y i — ]|,
i=1 i=1

where {x;}"; and {&;}], are the input and output of Alg. 7, and z=13" x,
Thus, if we perform gossip averaging more than M = 1 log( ) times, pM is less

than or equal to &, and then PDO works for arbitrary ,0.

5.4.1 Convergence Analysis

We now present the convergence analysis of PDO. The proofs are deferred to Sec. D.3
and D.6.2.

Theorem 6. Consider Alg. 6. Suppose that Assumptions 5, 2, and 11 hold, and
h(o) Vhi(x; © )) mgo) =z, and

n

>

=1

2 n

(r+3)
Fir i 2
VEi(; ) —4(r+1 r+2

(5.6)

=1

Strongly-convea: Case: Suppose that u > 0. When A\=49 and M > li—p log(%),

)

*HQ

it holds that 37— ZR Law() (f(a_c(r*l)) — f(zv*)) < eafter R = O(“T+(S log(M
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42 Chapter 5. Communication-efficient Decentralized Optimization

rounds where w") == (1 + i5)" and Wg = Rl w). Thus, it requires at most
5 L ~(0) _ .x[|2
o 1F0 10 () log [ #12= — "I
u(l—p) 0 €
communication where () = % —1 :cgr).

Convex Case: Suppose that p = 0. When A = 40 and M > 1%plog(%), it
holds that £ YF f(20) — f(x*) < € after R = 022212y ounds. Thus, it

requires at most
5”:5(0) —x*|]? L
Lo B | -
0( =pe e (5)

Any optimization algorithm can be used to approximately solve the subproblem
so that Eq. (5.6) is satisfied. For instance, if we use Nesterov’s Accelerated Gradient
Descent (Nesterov, 2018), we can achieve the following result.

communication.

Theorem 7. Consider Alg. 6. Suppose that Assumptions 5, 2, and 11 hold, and
we use the same initial parameters, A\, and M as in Theorem 6. Then, if we use

(r)

Nesterov’s Accelerated Gradient Descent with initial parameter x;

solve the subproblem in line 4, each node requires at most

L L%(r + 2)?
O( u+5log< 50+ 1) ))

iterations to satisfy Eq. (5.6).

to approximately

5.4.2 Discussion

New Analysis with Inexact Subproblem Solution: The framework of PDO
was initially introduced by Li et al. (2020) and Sun et al. (2022), and Sun et al.
(2022) proposed SONATA. However, they assumed that the subproblem was exactly
solved, which is infeasible in general. Our new theorem significantly relaxes this
condition and shows that PDO can achieve the same communication complexity
without solving the subproblem exactly as long as Eq. (5.6) is satisfied. To clarify
this difference from Sun et al. (2022), we refer to PDO with the inexact subproblem
solution as Inexact-PDO.

Reducing Dependence on 0pax to §: Sun et al. (2022) showed that SONATA
can achieve @(#‘Effj’; ) log()) communication complexity in the strongly-convex case.
It suggests that the maximum dissimilarity dmax plays a significant role in the conver-
gence behavior. However, Theorem 6 shows that the communication complexity can
be improved to @(u(%p) log(1)). This improvement indicates a more favorable de-
pendence on the dissimilarity between functions { f;};, which can lead to significantly

lower communication costs since 0 can be at most y/n times smaller than dpax.
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5.5. Stabilized Proximal Decentralized Optimization Method 43

New Analysis in Convex Case: SONATA was analyzed only in the strongly-
convex case (Sun et al., 2022). Our theorem is the first to provide the analysis in
both convex and strongly-convex cases.

5.5 Stabilized Proximal Decentralized Optimization
Method

Theorem 6 shows that PDO can achieve the best communication complexity among
the existing non-accelerated decentralized methods. However, Eq. (5.6) implies
that PDO needs to solve the subproblem more accurately as the number of rounds
increases, which involves the suboptimal computational complexity. In this section, we
propose Stabilized Proximal Decentralized Optimization (SPDO), which can
achieve the same communication complexity while enjoying a better computational
complexity than PDO.

For simplicity, we consider that case when p = 0 and M = 1. To relax the condi-
tion for an approximate subproblem solution, we use the idea of Hybrid Projection
Proximal-point Method (Solodov and Svaiter, 1999). Straightforwardly adapting
Hybrid Projection-proximal Point Method to PDO yields the following update rules:!

r T A
CEE )~ arg min {fz(w) + (hz( ),$> —Ha: - ” HQ}
rcER4

1
vgr+2)=argmin{<vfz( T+1))7'U> 7“”_” ||2}
ve]Rd

(r+1 r—l—
ZWw v

RO z”:mj ( e r+1))) Y (o).
=1

However, we found that the above update rules do not work. In the above update

rule, U( r+3) =+ m(TH even though the subproblem is solved exactly. That is, the

above update rules do not recover PDO when the subproblem is exactly solved. This
discrepancy can hinder the convergence of the parameters to the optimal solution.

Intuitively, when we solve the subproblem exactly, Ui(r+2) should equal to as( ™1 gince
the above technique is not necessary. Motivated by this intuition, we modify the

1
update rule of v£r+2) as in Alg. 8, in which the modification is highlighted. We refer
to this method as Stabilized Proximal Decentralized Optimization (SPDO).
As a special instance of SPDO, we recover PDO. When the subproblem is exactly

solved, i.e., VFj . (x (TH)) = 0, it holds

Vi) + B 4 (2 - 0l) =0,

'Note that argmin, (-) has the closed-form solution.
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and with this choice of hz(-T) :)\(:UETH) - ( ) — Vfi(x TH)) Alg. 8 recovers PDO.
5.5.1 Convergence Analysis

In this section, we show the convergence analysis of SPDO. The proofs are deferred
to Sec. D.4 and D.6.3. See also Lemma 22 as the result with M = 1.

Theorem 8. Consider Alg. 8. Suppose that Assumptions 5, 2, and 11 hold. Then,
suppose that hl(o) Vhi(v (0)) vfo) =99, and

> [rtel ) < 55 2 ol

Strongly-convex Case: Suppose that 1>0. When A=206 and M > 1— log( Ly,
*“2

it holds that ¢ "= w() (f(a:<r+1>) — f(z* )) < e after R = O(“2 1o (M))

rounds where w(" ) = (14 555)" and Wg = R 01 w"). Thus, it requires at most

ptd (L) plo® — a*|?
O|——log|~=)log| ———
(u(l —p) B\§) €

. . — r
communication where v = ,11 =1 'U( )

Convex Case: Suppose tha,t uw=0. When X = 206 and M > — log( Ly, it

(0) *|2
%”) rounds. Thus, it

holds that SR | f(&7) — f(2*) < € after R = O(°I2
requires at most
3o — a*|” L
| e I | -
O( (I—pe Og((S)

Theorem 9. Consider Alg. 8. Suppose that Assumptions 5, 2, and 11 hold, and
we use the same initial parameters, X, and M as in Theorem 8. If we use the

(r)

algorithm proposed in Remark 1 in Nesterov et al. (2018) with initial parameter v;

“’“’H : (5.7)

communication.

to approximately solve the subproblem in line 4, each node requires at most (’)(\/%)
iterations to satisfy Eq. (5.7).

Remark 3. Suppose that the same assumptions hold as in Theorem 9. Then, if we use

(r)

Nesterov’s Accelerated Gradient Descent with initial parameter v; ' to approximately

solve the subproblem in line 4, each node requires at most O(4/ ﬁ log(%)) iterations
to satisfy Eq. (5.7).

Discussion: Eq. (5.6) shows that Inexact-PDO needs to solve the subproblem more
accurately as the number of rounds increases, whereas Eq. (5.7) indicates that SPDO
does not. Thus, as shown in Theorem 6, 7, 8, and 9, SPDO can attain the same
communication complexity as Inexact-PDO while enjoying a better computational
complexity.
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Algorithm 9 Accelerated Stabilized Proximal Decentralized Optimization Method
(Accelerated-SPDO)

1: Input: The number of rounds R, and hyperparameters v, M, and .

2: AOZOaDdBozl.

3: forr=0,1,...,R—1do

4: Find a,;1 > 0 that satisfies A = (‘4"227*“)&‘.
r+1
5: Ar+1 =A, + Apy1-
6: BT+1 = BT + /,LG/T+1.
T for i =1,...,n in parallel do
. (7‘) A, m(T)—Q—a +1v§7')
8. T-
9: 1f r > 1 then
10: hgr) = FasTGossIp (hgr_l) +Vfi(y§T)),W,M,’y,i) —
Vhi").
11: w§r+§) ~ argming, F, . (z) where Fj . (x) == f;(z) + (b{", ) +
M — | 1
12 o "% = argmin, {ar 41 (Vi) + B0, 0) + bl — 2l )2) 4
Bllo— o7 pe.
13: o) = FastGossip ($(7‘+ W, M, ~,i )
14: (T“) FASTGOSSIP( (r+3) W, M, v, )
“This update rule can be rewritten as UEHL%) = ﬁ( ( RS ( +2)_

ar i1 (Vfi(a! (rt+3 ))+h‘7(ir)))'

5.6 Accelerated Stabilized Proximal Decentralized Opti-
mization Method

In this section, we propose Accelerated-SPDO, which can attain the best commu-
nication and computational complexities among the existing methods. We present
the pseudo-code in Alg. 9. We use Monteiro and Svaiter acceleration (Monteiro and
Svaiter, 2013) and accelerated gossip averaging (Liu and Morse, 2011) in Accelerated-
SPDO.

5.6.1 Convergence Analysis

We now provide the convergence analysis of Accelerated-SPDO. The proofs are
deferred to Sec. D.5 and D.6.4.

Theorem 10. Consider Alg. 9. Suppose that Assumptions 5, 2, and 11 hold. Then,
suppose that hz(o) = Vhi('vgo)), 2" = vgo) =09, and

3
n
s o

n

>

=1

<r+>2

(rt ‘ . (5.8)

VEF,(x;

45



46 Chapter 5. Communication-efficient Decentralized Optimization

Algorithm 10 Fast Gossip Averaging

function FastGossip({a;}? 1, W, M, v, i)

aZ(O) — a; and agfl) = a; for all 3.

1:
2:
3: form=0,...,M —1do
4
5

7 ) S Wl el
(M)

)

return a

1—4/1—p2
14++4/1+4p2’

and M > —Alog(BEUS) it holds that f(zR) — f(z*) < e holds after

R=0( “TJ”S log(1 + \/min{“’a}”f(m_w*lp)) rounds. Thus, it requires at most

0 ( T 5,) Slog (LQ% 5>> log (1 + \/ min{y, 6}u:z-<0> - x*H?))

(r)

i .

Convexr Case: Suppose that p = 0. When A = 2086, v = ;7 ”;pz, and
o

M > 53— log(max{ 12k, 230I22-2"y) Sy polds that f(2(7) — f(x*) < ¢ holds

~(0) _.x||2 3 3
after R = O(y/ M) rounds. Thus, it requires at most

5 & ® — | L o)z — |
O J(lp)elog max g,f

communication.

Strongly-convexr Case: Suppose that i > 0. When A\ = 969, v =

communication where (") = % 1T

Theorem 11. Consider Alg. 9. Suppose that Assumptions 5, 2, and 11 hold, and
we use the same initial parameters, v, A\, and M as in Theorem 10. Then, if we use
the algorithm proposed in Remark 1 in Nesterov et al. (2018) with initial parameter

ylm to approximately solve the subproblem in line 12, it requires at most O(\/%)

iterations to satisfy Eq. (5.8).

Remark 4. Suppose that the same assumptions hold as in Theorem 11. Then,
(r)
to

if we use Nesterov’s Accelerated Gradient Descent with initial parameter y,

approzimately solve the subproblem in line 12, it requires at most (’)(,/ﬁ log(%))
iterations to satisfy Eq. (5.8).

5.6.2 Discussion

In this section, we compare Accelerated-SPDO with the existing state-of-the-art
method, (Inexact) Accelerated SONATA (Tian et al., 2022). Tian et al. (2022)
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Figure 5.1: Convergence of the gradient norm with a = 0.1. In (a), we ran gradient
descent until the condition for an approximate subproblem solution was satisfied for
all methods except for Gradient Tracking. For Gradient Tracking, we ran gradient
descent for 10 times. In (b), we ran gradient descent for 10 times to approximately
solve the subproblem. See Sec. D.7 for a more detailed setting.

assumed that f; is strongly convex and p < dpax. Thus, in the following, we discuss
the case when f; is strongly-convex, u < 0, and g < dpax. See Table 5.1 for the
results.

Computational Complexity: Accelerated-SPDO can achieve the best compu-
tational complexity among the existing decentralized optimization methods. Ac-
celerated SONATA needs to solve the subproblem exactly, which is infeasible in
general. Inexact Accelerated SONATA solves the subproblem approximately and
can achieve O((log(1))?) computational complexity. Compared with these results,
Accelerated-SPDO can achieve (’N)(log(%)) computational complexity. This is because
Inexact Accelerated SONATA requires a more precise subproblem solution as the
number of rounds increases, while Accelerated-SPDO does not.

Communication Complexity: Accelerated-SPDO can achieve the best com-
munication complexity among the existing methods. In the worst case,  can be
equal to dpax, and Accelerated-SPDO attains the same communication complexity as
(Inexact) Accelerated SONATA. However, § can be significantly smaller than dpax.
In this case, Accelerated-SPDO can achieve better communication complexity.

Acceleration in Convex Case: (Inexact) Accelerated SONATA has been shown
to accelerate the rate only in the strongly-convex case, whereas Accelerated-SPDO
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Gradient Tracking SPDO (ours)
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Figure 5.2: Convergence of the gradient norm with different ae. We set the coefficient
of L2 regularization to 0.01. For SPDO, we approximately solve the subproblem as
in Fig. 5.1a.

can accelerate it in both convex and strongly-convex cases.

5.6.3 Discussion on Federated Learning

In this section, we discuss the relationship between our PDO-based methods and
the existing methods developed for federated learning. Decentralized optimization
generalizes federated learning, and when the underlying network is a complete graph,
decentralized learning becomes equivalent to federated learning. PDO recovers DANE
(Shamir et al., 2014) when the graph is fully-connected (i.e., W;; = 1). SPDO and
Accelerated-SPDO contain S-DANE and Accelerated-S-DANE (Jiang et al., 2024b)
as a special instance, respectively. Note that when the graph is fully-connected, p = 0
and multiple gossip averaging is not necessary. Furthermore, since " ; hZ(T) =0,
the technique we proposed in Sec. 5.4.2 is also not required (see the discussion in
Sec. 5.4.2). However, in decentralized optimization, the network is generally not fully
connected; hence, these techniques become essential to ensure convergence.

5.7 Experiments

Experimental Setup: We used MNIST (Lecun et al., 1998) and logistic loss with
L2 regularization. We set the coefficient of L2 regularization to 0 and 0.01 and the
number of nodes n to 25. We used the ring as the underlying network topology and
distributed the data to nodes by using Dirichlet distribution with parameter o > 0
(Hsu et al., 2019). For Inexact-PDO, Inexact Accelerated SONATA, SPDO, and (4)
Accelerated-SPDO, we used gradient descent with stepsize 17 to solve the subproblem
approximately. We set the number of communications to 2000 for all methods and
tuned other hyperparameters, e.g., A, M, and 7, to minimize the norm of the last
gradient for each method. See Sec. D.7 for a more detailed setting.
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Results: Fig. 5.1a indicates Accelerated-SPDO can achieve the best communication
and computational complexities. SPDO achieved the same communication complexity
as Inexact-PDO while enjoying a better computation complexity. These results are
consistent with Theorem 6 and 8. In Fig. 5.1b, we ran gradient descent for 10
times to solve the subproblem approximately. Accelerated-SPDO achieved the best
communication and computational complexities as in Fig. 5.1a. The results indicate
that SPDO outperforms Inexact-PDO in both communication and computational
complexities. This is because the condition for an approximate subproblem solution
Eq. (5.6) is not satisfied when the number of rounds is sufficiently large, which makes
Inexact-PDO need to communicate more.

Effect of Similarity §: Figure 5.2 compares the convergence behavior with different
a. As « increases, nodes come to have similar datasets. The convergence behaviors
of Gradient Tracking were almost the same in both cases, whereas SPDO can
converge faster as « increases. This observation was consistent with the comparison
in Table 5.1. Gradient Tracking is not affected by data heterogeneity, while it still
requires a certain amount of communication even though nodes have very similar
functions. In contrast, SPDO can exploit the similarity of local functions and reduce
the communication complexity when nods have similar functions.

5.8 Conclusion

In this chapter, we develop a communication and computation-efficient decentralized
optimization method. To achieve this, we first introduce the proximal decentralized
optimization (PDO) method and analyze the communication and computational
complexities. We then propose SPDO, which can achieve the same communication
complexity as PDO while enjoying a better computational complexity. Finally,
we propose Accelerated-SPDO, which can achieve the best communication and
computational complexities among the existing methods. Throughout the numerical
experiments, we confirmed that our proposed method can outperform the existing
methods as shown by our analysis.
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6

Conclusion and Future Directions

This thesis investigated communication efficiency in decentralized learning and pro-
posed novel network topologies and optimization methods to substantially reduce
communication costs. By jointly addressing communication structure and algo-
rithm design, this thesis contributed to improving the scalability and practicality of
decentralized learning.

In Chapters 3 and 4, we addressed the issue that the existing decentralized
learning methods require huge communication costs when the number of nodes
increases. In Chapter 3, we proposed a novel topology, BASE-(k + 1) GRAPH. BASE-
(k+1) GRAPH is the finite-time convergence for any number of nodes and maximum
degree, and can mix the parameters held by each node efficiently. Thanks to this
property, BASE-(k 4+ 1) GRAPH can suppress the increase in the total number of
communication rounds required for training, even when the number of nodes becomes
large. In Chapter 4, we proposed TELEPORTATION. As we discussed in Chapter 3,
BASE-(k + 1) GRAPH is more communication-efficient than the existing topologies,
such as 1-peer exponential graph, although the convergence rate of Decentralized
SGD still degrades when the number of nodes is substantially large. TELEPORTATION
can totally mitigate this issue by activating only a few nodes, and its convergence
rate can be consistently improved as the number of nodes increases.

In Chapter 5, we proposed a novel optimization method, called ACCELERATED
SPDO, to reduce communication costs. One of the most important characteristics of
decentralized learning is that each node has a different dataset. Many optimization
methods, including Gradient Tracking, have been proposed to address this issue, and
their convergence rates are not affected by the data heterogeneity. However, Gradient
Tracking requires the same communication costs for both cases, where nodes have the
same datasets and have totally different datasets. ACCELERATED SPDO addresses
this issue and reduces the communication costs by exploiting the similarity among
the datasets held by nodes. Then, we showed that the communication complexity of
ACCELERATED SPDO is optimal up to logarithmic factors.
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6.1 Future Directions

This thesis opens up several promising directions for future research on communication-
efficient decentralized learning.

Further Advances in Communication Patterns: First, further advances in
communication topology design remain an important research direction. In particular,
establishing fundamental lower bounds on the convergence rate or communication
complexity would provide valuable insights. For example, TELEPORTATION can
converge even when the number of nodes tends to infinity, yet it remains unclear
whether TELEPORTATION is optimal.

Heterogeneous Communication Speeds: Second, it is important to consider
the case where communication speeds differ across pairs of nodes. In this thesis,
we assume that the communication speeds are the same for any pair of nodes, and
the per-round communication costs are governed by the maximum degree of an
underlying network topology. Relaxing these assumptions and explicitly modeling
pairwise communication delays or bandwidth constraints is an important step toward
bridging the gap between theory and real-world decentralized methods.

Optimizer for Neural Networks: The optimization methods proposed in this
thesis, including PDO, SPDO, and ACCELERATED SPDO, are currently limited
to convex objective functions. This limitation is not merely technical, as these
methods explicitly exploit convexity in their design. Extending these algorithms
to non-convex settings, incorporating stochastic gradients, and adapting them to
the training of deep neural networks are highly important and challenging future
directions. We believe that the principles underlying SPDO and ACCELERATED
SPDO provide valuable insights for developing communication-efficient optimization
methods beyond the convex regime.

Overall, this thesis represents an important step toward a deeper understanding
of communication-efficient decentralized learning. By combining novel algorithmic
ideas with rigorous theoretical analysis, it sheds light on both the potential and the
limitations of decentralized optimization. We hope that the ideas and techniques
developed herein will inspire further research in this area and contribute to the design
of decentralized learning algorithms that are both theoretically sound and practically
effective.
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A

Useful Lemma

We often use the following lemmas in the proofs.

Lemma 2. For any a,b € R?, it holds that for any o > 0
1 «
b)| < —|la|> + =|b|). Al
@, b)] < 5—llall” + S [Ib] (A.1)

Lemma 3. For any a,b € R? and v > 0, it holds that

la+ B2 < (1+7) flalP + (147" [bl]. (A.2)
Lemma 4. For any a1, as,...,a, € R%, it holds that
_2_ 1 2
lal* < =" llail, (A.3)
n -
=1
where a == 137" a;.
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B

Appendix of Base-(k 4+ 1) Graph

B.1 Detailed Explanation of k-peer Hyperhypercube
Graph

In this section, we explain Alg. 1 in more detail. The k-PEER HYPER-HYPERCUBE
GRAPH mainly consists of the following five steps.

Step 1. Decompose n as n =nj X - -+ X ny, with minimum L such that n; € [k + 1]
for all [ € [L].

Step 2. If L =1, we make all nodes obtain the average of parameters in V' by using
the complete graph. If L > 2, we split V' into disjoint subsets Vi,---,V,,, such
that [V;| = ;* for all [ € [n.] and continue to step 3.

Step 3. For all [ € [ny], we make all nodes in V; obtain the average of parameters
in V; by using the k-PEER HYPER-HYPERCUBE GRAPH Hy(V)).

Step 4. We take ny, nodes from Vp,---,V,,, respectively and construct a set Uj.
Similarly, we construct Us, --- ,U,, such that Uy,---,U,, are disjoint sets.

Step 5. For all [ € [ny], we make all nodes in U; obtain the average of parameters
in U; by using the complete graph. Because the average of parameter U is
equivalent to the average in V after step 4, all nodes reach the exact consensus.

When n < k + 1, the k-PEER HYPER-HYPERCUBE GRAPH becomes the complete
graph because of step 2. When n > k 4+ 1, we decompose n in step 1 and construct
the k-PEER HYPER-HYPERCUBE GRAPH recursively in step 3. Thus, the k-PEER
HYPER-HYPERCUBE GRAPH can make all nodes reach the exact consensus by the
sequence of L graphs.

Using the example provided in Fig. B.1, we explain the k-PEER HYPER-HYPERCUBE
GRAPH in a more detailed manner. When n = 12, we decompose 12 as 2 x 2 x 3.
In step 2, we split V = {1,---,12} into V§ = {1,--- ,4}, Vo := {5,---,8}, and
Vi :=1{9,---,12}. Step 3 corresponds to the first two graphs in Fig. B.1b. As shown
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64 Appendix B. Appendix of Base-(k + 1) Graph

in Fig. B.1a, the subgraphs consisting of Vi, V5, and V3 in the first two graphs in
Fig. B.1b are equivalent to the k-PEER HYPER-HYPERCUBE GRAPH with the number
of nodes 4. Thus, all nodes reach the exact consensus by exchanging parameters in
Fig. B.1b.

R @/@‘%_.@’g@%

® .'
(a) n = 4(= 2 x 2) (b)n:12(:2><2><3)

Figure B.1: Illustration of the 2-PEER HYPER- HYPERCUBE GRrAPH. In Fig. B. la all
edge weights are . In Fig. B.1b, edge weights are 2 in the first two graphs and
the last graph.
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B.2 Detailed Explanation of Simple Base-(k + 1) Graph
with £ > 2

In Sec. 3.4.2, we explain Alg. 2 only in the case where maximum degree k is one. In
this section, we explain the details of Alg. 2 in the case with k& > 2.
The SIMPLE BASE-(k + 1) GRAPH mainly consists of the following five steps.

Step 1. As in the base-(k 4+ 1) number of n, we decompose n as n = aq(k + 1)P* +
-+ +ar(k+ 1)PL in line 1, and then split V into disjoint subsets Vp,---, Vg
such that |Vj| = a;(k 4+ 1)Pt for all | € [L].

Step 2. For all [ € [L], we split V; into disjoint subsets Vj 1, -,V 4, such that
Vi.e| = (k+ 1)Pt for all a € [¢] in line 3.

Step 3. For all | € [L], we make all nodes in V; obtain the average of parameters in
V; using the k-PEER HYPER-HYPERCUBE GRAPH Hj(V}) in line 11. Then, we
initialize I’ as one.

Step 4. Each node in Vi1 U--- UV} exchange parameters with ay nodes in V(=
VebaUd---U V/,al,) such that the average in Vs, becomes equivalent to the
average in V for all a € [ay]. We increase I by one and repeat step 4 until
" = L. This procedure corresponds to line 15.

Step 5. For all [ € [L] and a € [¢;], we make all nodes in Vj , obtain the average in
Vi, using the k-PEER HYPER-HYPERCUBE GRAPH Hjy(V]4). Since the average
in V, 4 is equivalent to the average in V' after step 4, all nodes reach the exact
consensus. This procedure corresponds to line 25.

The major difference compared with the case where kK = 1 is step 4. In the case
where k = 1, each node in V1 U--- UV} exchange parameters with one node in Vy
such that the average in V;» becomes equivalent to that in V', while in the case where
k > 2, each node in Vjr 1 U---UV], exchange parameters such that the average in Vj/ ,
becomes equivalent to that in V for all a € [q;]. Thanks to this step, we can make all
nodes reach the exact consensus using k-PEER HYPER-HYPERCUBE GRAPH Hy (V)
instead of Hy (V) in step 5, and we can reduce the length of a graph sequence.

Using the example provided in Fig. B.2, we explain Alg. 2 in a more detailed
manner. Let G, ... G® denote the graphs depicted in Fig. B.2 from left to right,
respectively. First, we split V := {1,---,7} into V; == {1,--- ,6} and V5 := {7}, and
then split V7 into Vi1 := {1,2,3} and Vi = {4,5,6}. In step 3, all nodes in V;
obtain the same parameter by exchanging parameters in G and G®). In step 4,
the average in Vi 1, that in Vj 2, and that in V5 become the same as the average in
all nodes V' by exchanging parameters in G). Thus, in step 5, all nodes reach the
exact consensus by exchanging parameters in G®).
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© O @ O @@)& @

©, ©® © Lo /4

Figure B.2: k =2,n = 7(= 2 x 34 1). The value on the edge indicates the edge

weight. For simplicity, we omit the edge value when it is %

B.3 Illustration of Topologies

B.3.1 Examples

Fig. B.3 shows the examples of the SIMPLE BASE-(k 4+ 1) GRAPH. Using these
examples, we explain how all nodes reach the exact consensus.

We explain the case depicted in Fig. B.3a. Let GV, G?), GB) denote the graphs
depicted in Fig. B.3a from left to right, respectively. First, we split V = {1,--- 5}
into V1 == {1,2,3} and V, := {4,5}, and then split V; into V51 := {4} and V52 :== {5}.
After exchanging parameters in G(!), nodes in V; and nodes in V5 have the same
parameter respectively. Then, after exchanging parameters in G2, the average in Vi,
that in V5 1, and that in V52 become same as the average in V. Thus, by exchanging
parameters in G| all nodes reach the exact consensus. Note that edge (4,5) in G®),
which is added in line 27 in Alg. 2, is not necessary for all nodes to reach the exact
consensus because nodes 4 and 5 already have the same parameter after exchanging
parameters in G?); however, it is effective in decentralized learning as we explained
in Sec. 3.4.2.

® ®

® ®_, o—i—0 _, ®

® ® o4 ®

(a) k=2,n=5(=3+2)
. ® ® ®. .

% © ®@ O o_ o @* © o] o
. N®—D®~l~ ~®—’@ 7 ®—D@\\) N‘J“""@—.@m N@
® ® ® ® @0 ® ® @

M) k=1,n=7=22+2+1)

Figure B.3: Illustration of the SIMPLE BASE-(k + 1) GRAPH. The edge is colored in
the same color as the line of Alg. 2 where the edge is added. The value on the edge

indicates the edge weight. For simplicity, we omit the edge value when it is %
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B.3.2 TIllustrative Comparison between Simple Base-(k + 1) and
Base-(k + 1) Graphs

In this section, we provide an example of the SIMPLE BASE-(k+1) GRAPH, explaining
the reason why the length of the BASE-(k+1) GRAPH is less than that of the SIMPLE
BASe-(k + 1) GRAPH.

Let G, ... G®) denote the graphs depicted in Fig. B.4 from left to right, respec-
tively. (G, G?, GG GW, GO)) is finite-time convergence, but (G, G2, G3), G©))
is also finite-time convergence because after exchanging parameters in G| nodes
3 and 4 already have the same parameters. Then, using the technique proposed in
Sec. 3.4.3, we can remove such unnecessary graphs contained in the SIMPLE BASE-
(k+1) GrRAPH (see Fig. 3.4a). Consequently, the BASE-(k + 1) GRAPH can make all
nodes reach the exact consensus faster than the SIMPLE BASE-(k + 1) GRAPH.

® ©® ® © ® © O @ Q®
Sy K\g K\g Ny Y o o
® ®—= @ v @20 w ® =3 b+ @ 1 B
K\g Vi o
®:0 ® 0 ® 0O @10 ®

Figure B.4: Illustration of the SIMPLE BASE-2 GRAPH with n = 6(= 22 + 2). The
edge is colored in the same color as the line of Alg. 2 where the edge is added.
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B.3.3 Additional Examples
Simple Base-(k + 1) Graph

®
— —
® o—o0 ®

(a)n—=3 e
H;@
@/D@_,\.X @%*@/@®*@\@X

RA/RRSEES

a.rj(. @ -~ 1=

(@n=7
{32
(f)n =8
7 :*%Z?@ iﬁ;*: AEE RS EE s
?/**g\}*% REE P RS

Figure B.5: Illustration of the SIMPLE BASE-2 GRAPH with the various numbers of
nodes.
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(a) n=3

o—=0 @

® QO @ ® QO
® AN f ® OTANES
® — & Y© —» P — & O
@ @ @

SN__A3 SN __)
OO A, O OO
5% 5

h) n =10

Figure B.6: Illustration of the SIMPLE BASE-3 GRAPH with the various numbers of
nodes. 69
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Base-(k + 1) Graph

(a)n=3
H*I
AR f;@”“ﬂ
f\q%/.qf\_.@:@
(d)n=6
R PR T
(e)n:7

£33

f)n=28

RSO Eﬁ;*: b b9 - dle

b, :_’QBY’_'%M:_’% .""?f\""’_’

(h) n =10

Figure B.7: Hlustration of the BASE-2 GRAPH with the various numbers of nodes.
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*iﬁ**

)n =10
Figure B.8: Illustration of the BASE-3 GRAPH with the various numbers of nodes.
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B.3.4 1-peer Hypercube Graph and 1-peer Exponential Graph

For completeness, we provide examples of the 1-peer hypercube Shi et al. (2016) and
1-peer exponential graphs Ying et al. (2021) in Figs. B.10 and B.9, respectively.

— 7 ¢ % g ] - 2
o R

(a)yn=4 (b)n=28

Figure B.9: Illustration of the 1-peer hypercube graph. All edge weights are 0.5.

Figure B.10: Illustration of the 1-peer exponential graph. All edge weights are 0.5.
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B.4 Proof of Theorem 1

Lemma 5 (Length of k-PEER HYPER-HYPERCUBE GRAPH). Suppose that all prime
factors of the number of nodes n are less than or equal to k + 1. Then, for any
number of nodes n € N and mazimum degree k € [n — 1], the length of the k-PEER
HYPER-HYPERCUBE GRAPH is less than or equal to max{1,2log;  o(n)}.

Proof. We assume that n is decomposed as n = nj X - - - X ny, with minimum L where
ny € [k+1] for all I € [L]. Without loss of generality, we suppose ny < ng < --- < np.
Then, for any ¢ # j, it holds that n; x n; > k4 2 because if n; x n; < k+ 1 for some
7 and j, this contradicts the assumption that L is minimum.

When L is even, we have

nz(nlxng)X---X(nL_lan)Z(k+2)%.

Then, we get L < 2log,5(n).
Next, we discuss the case when L is odd. When L > 3, ny > vk + 2 holds
because ny_o X ny_1 > k + 2. Thus, we get

L—1 L
2 2,

n:(mXng)x---X(nL_gan_l)anz(k—&—Q) XnLZ(k—i-Q)

Then, we get L < 2log;, (n) when L > 3.
Thus, given the case when L = 1, the length of the k-PEER HYPER-HYPERCUBE
GRAPH is less than or equal to max{1,2log;,(n)}. O

Lemma 6 (Length of SIMPLE BASE-(k + 1) GRAPH). For any number of nodes
n € N and mazimum degree k € [n — 1], the length of the SIMPLE BASE-(k + 1)
GRAPH s less than or equal to 2log; . (n) + 2.

Proof. When all prime factors of n are less than or equal to k + 1, the SIMPLE
BASE-(k 4+ 1) GRAPH is equivalent to the k-PEER HYPER-HYPERCUBE GRAPH and
the statement holds from Lemma 5. In the following, we consider the case when
there exists a prime factor of n that is larger than k + 1. Note that because when
L =1 (ie.,, n=aj x (k+ 1)P1), all prime factors of n are less than or equal to k + 1,
we only need to consider the case when L > 2. We have the following inequality:

logy.1(n) =logp (a1 (k+1)P* +---+ar(k+ 1)PL)
> p1 + logy 1 (a1)
> p1-

Then, because V1| = a1 x (k+1)P', it holds that mi = |H(V1)| < 14+p1 < logy,q(n)+
1. Similarly, it holds that |Hy(Vi1)| = p1 < logg1(n) because |V 1| = (k+ 1)P1. In
Alg. 2, the update rule b; < b; + 1 in line 22 is executed for the first time when
m = mj + 2 because L > 2. Thus, the length of the SIMPLE BASE-(k + 1) GRAPH is
at most mq + [Hi(Vi,1)| + 1 < 2logy,1(n) + 2. This concludes the statement. [
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Lemma 7 (Length of BASE-(k + 1) GRAPH). For any number of nodes n € N and
mazimum degree k € [n — 1], the length of the BASE-(k + 1) GRAPH is less than or
equal to 2log; 1 (n) + 2.

Proof. The statement follows immediately from Lemma 6 and line 12 in Alg. 3. [
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B.5 Convergence Rate of DSGD over Various Topologies

Table B.1 lists the convergence rates of DSGD over various topologies. These
convergence rates can be immediately obtained from Theorem 2 stated in Koloskova
et al. (2020) and consensus rate of the topology. As seen from Table B.1, the BASE-2
GRAPH enables DSGD to converge faster than the ring and torus and as fast as the
exponential graph for any number of nodes, although the maximum degree of the
BASE-2 GRAPH is only one. Moreover, for any number of nodes, the BASE-(k + 1)
GRAPH with 2 < k < [logy(n)] enables DSGD to converge faster than the exponential
graph, even though the maximum degree of the BASE-(k + 1) GRAPH remains to be
less than that of the exponential graph.

Table B.1: Convergence rates and maximum degrees of DSGD over various topologies.

Topology Convergence Rate Maximum Degree #Nodes n
2 02 o 2
Ring (Nedic et al., 2018) @] 0—2 tn Jzan ). LF, 2 vn €N
ne € €
2
Torus (Nedic et al., 2018) (@] % + n ‘:/‘;ﬁ +2). LFy 4 Vn e N
ne € €
2 logy(n. V/Iog. log:
Exp. (Ying et al., 2021) @] :L% + ¢ logy(n) +3/Z oga(n) + oga(n) - LFy [logy(n)] Vn € N
€ € 3
2 oo (n) )
1-peer Exp. (Ying et al., 2021) 9] U—Z + ¢ logy(n) E/Z logy(n) + logy(n) - LFy 1 A power of 2
ne € €
2 7 Moo () e
1-peer Hypercube (Shi et al., 2016) olZ + Clogy(n) + 7 /logy(n) + logy(n) - LFy 1 A power of 2

ne2 53/2 €

2 Clogu(n) + o\ loger () log,
Base-(k + 1) Graph (ours) (@] (% + i 372 i + 0g+1() -LFy k Vn e N
€ € €
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B.6 Additional Experiments

B.6.1 Comparison of Base-(k + 1) and Simple Base-(k + 1) Graphs

Fig. B.11 shows the length of the SIMPLE BASE-(k + 1) GRAPH and BASE-(k + 1)
GRAPH. The results indicate that for all k, the length of the BASE-(k + 1) GRAPH is
less than the length of the SIMPLE BASE-(k + 1) GRAPH in many cases.
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Figure B.11: Comparison of the length of the SiMPLE BASE-(k 4+ 1) GRAPH and
BASE-(k + 1) GRAPH.

B.6.2 Consensus Rate

In Fig. B.12, we demonstrate how consensus error decreases on various topologies
when the number of nodes n is a power of 2. The results indicate that the BASE-2
GRAPH and 1-peer exponential graph can reach the exact consensus after the same
finite number of iterations and reach the consensus faster than other topologies. Note
that the BASE-2 GRAPH is equivalent to the 1-peer hypercube graph when n is a
power of 2.
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Figure B.12: Comparison of consensus rates among different topologies when the
number of nodes n is a power of 2. Because the BASE-{3,5} GRAPH are the same as
the BASE-{2,4} GRAPH, respectively, when n is a power of 2, we omit the results of
the BASE-{3,5} GRAPH.

B.6.3 Decentralized Learning
Comparison of Base-(k + 1) Graph and EquiStatic

In this section, we compared the BASE-(k 4+ 1) GRAPH with the {U, D}-EquiStatic
Song et al. (2022). The {U, D}-EquiStatic are dense variants of the 1-peer {U, D}-
EquiDyn, and their maximum degree can be set as hyperparameters. We evaluated
the {U, D}-EquiStatic varying their maximum degrees; the results are presented
in Fig. B.13. In both cases with & = 10 and a = 0.1, the BASE-2 GRAPH can
achieve comparable or higher final accuracy than all {U, D}-EquiStatic, and the
Base-{3,4,5} GRrRAPH outperforms all {U, D}-EquiStatic. Thus, the BASE-(k + 1)
GRAPH is superior to the {U, D}-EquiStatic from the perspective of achieving a
balance between accuracy and communication efficiency.
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Figure B.13: Test accuracy (%) of DSGD with CIFAR-10 and n = 25. The number
in the bracket is the maximum degree of a topology.

Comparison with Various Number of Nodes

In this section, we evaluated the effectiveness of the BASE-(k + 1) GRAPH when
varying the number of nodes n. Fig. B.15 presents the learning curves, and Fig B.14
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shows how consensus error decreases when n is 21, 22, 23, 24, and 25. From Fig. B.15,
the BASE-2 GRAPH consistently outperforms the 1-peer exponential graph and can
achieve a final accuracy comparable to that of the exponential graph. Furthermore,
the BASE-{3,4,5} GRAPH can consistently outperform the exponential graph, even
though the maximum degree of the BASE-{3,4,5} GRAPH is less than that of the
exponential graph.

Fig. B.16 presents the learning curve for n = 16. When the number of nodes is a
power of two, the 1-peer exponential graph is also finite-time convergence, and the
1-peer exponential graph and BASE-2 GRAPH achieve competitive accuracy.

n=23
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Figure B.14: Comparison of consensus rates among different topologies. The number
in the bracket denotes the maximum degree of a topology. We omit the results of
the BASE-5 GRAPH when n = 24 because the BASE-5 GRAPH and BASE-4 GRAPH
are equivalent when n = 24.
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Figure B.15: Test accuracy (%) of DSGD with CIFAR-10 and a = 0.1. The number
in the bracket denotes the maximum degree of a topology. When n = 24, we omit
the results of the BASE-5 GRAPH because the BASE-5 GRAPH and BASE-4 GRAPH
are equivalent. When n = 25, we omit the results of the BASE-6 GRAPH because the

BaAse-6 GRAPH and BASE-5 GRAPH are equivalent.
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Figure B.16: Test accuracy (%) of DSGD with CIFAR-10 and n = 16. The number
in the bracket is the maximum degree of a topology. We omit the results of the
BaAse-3 GrAPH and BASE-5 GRAPH because these graphs are equivalent to the

BASE-2 GrRAPH and BASE-4 GRAPH, respectively.
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B.7 Results with Other Neural Network Architecture

In this section, we evaluate the effectiveness of the BASE-(k + 1) GRAPH with other
neural network architecture. Fig. B.17 shows the accuracy when we use ResNet-18
He et al. (2016). The results are consistent with the results with VGG-11 shown in
Sec. 3.6.
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Figure B.17: Test accuracy (%) of DSGD with n = 25, CIFAR-10, and ResNet. The
number in the bracket denotes the maximum degree of a topology.

B.8 Hyperparameter Setting

Tables B.2 and B.3 list the detailed hyperparameter settings used in Secs. 3.6 and
B.6.3. We ran all experiments on a server with eight Nvidia RTX 3090 GPUs.

Table B.2: Hyperparameter settings for Fashion MNIST with LeNet.

Dataset Fashion MNIST

Neural network architecture  LeNet (LeCun et al., 1998)

Data augmentation RandomCrop of PyTorch

Step size Grid search over {0.1,0.01,0.001}.
Momentum 0.9

Batch size 32

Step size scheduler Cosine decay

Step size warmup 10 epochs

The number of epochs 200
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Table B.3: Hyperparameter settings for CIFAR-{10, 100} with {VGG-11, ResNet-18}.

Dataset CIFAR-{10, 100}

Neural network architecture {VGG-11 (Simonyan and Zisserman, 2015), ResNet-18 (He et al., 2016)}
Data augmentation RandomCrop, RandomHorizontalFlip, RandomErasing of PyTorch
Step size Grid search over {0.1,0.01,0.001}.

Momentum 0.9

Batch size 32

Step size scheduler Cosine decay

Step size warmup 10 epochs

The number of epochs 500
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C

Appendix of Teleportation

C.1 Teleportation with Communication Overlap

In the implementation shown in Alg. 4, line 7 in Alg. 4 does not start until line 12
is completed. We can modify Alg. 4 so that the exchanges of parameters in lines 7
and 12 are performed simultaneously. We show the pseudo-code and illustration in
Alg. 11 and Fig. C.1. The communication in lines 7 and 12 in Alg. 4 corresponds to
that in lines 9 and 13 in Alg. 11.

Algorithm 11 TELEPORTATION

1: Input: the number of nodes n, set of nodes V,,, number of active nodes k, total number
of iteration T, step size 7, and topology comprising k active nodes G, = ({1,--- ,k}, E).

2: sample active k nodes V;((?t)ivc from V,, without replacement.
3: assign {1,2,---,k} to variables {token_idl(-o) |v; € V;(St)ive} randomly without overlap.
4 forte{0,1,---,T} do
5. sample next active k£ nodes ijjjg from V,, without replacement, and assign
{1,2,--- ,k} to variables {token_idl(-tﬂ) |v; € V;Ct;vlc)} randomly without overlap.
6: forie{l,2,---,n} in parallel do
T if v; € V;(ft)ive then®
¢ ¢ 1), ot
8: yi)Z?ﬁ)E)—nVFi(wE);fg))-) " )
¢ t+1 L (t L (1

9: send y; * to vj € {vj € Vi | (token_id;”’, token_id; ') € E}.
10: if v; € V;gfvlg then
11: receive yj(-t) from v; € {v; € Va(ctt)ive (token_idl(-t+1)7token_id;-t)) € E}.

. (t+1) _ (t)
12: T, = Zvjevefc‘give Wtoken_id§‘+1),token_id§‘)yj :

“The update rule of the parameters of the inactive nodes is not described because the parameters
held by the inactive nodes are discarded and initialized with the parameters of the other active nodes
when they are activated in line 13. The parameters of inactive nodes do not affect the behavior of
active node parameters.
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Figure C.1: Ilustration of Alg. 11 with n = 8 and k = 3. We use a line as the
topology consisting of active nodes G = ({1,2,3},{(1,1),(1,2),(2,2),(2,3),(3,3)}).
The black nodes represent active nodes, and the number written on the node is

token_idgt). The blue nodes represent the next active nodes, and the number on

(t+1)

the node is token_id; " .

C.2 Proof of Theorems 3 and 4

C.2.1 Notation

In this section, we introduce the notation used in the proof. TELEPORTATION has n
parameters, {:c,(;t)}?zl, while the parameters of inactive nodes are not used and do
not affect the behavior of the parameters of active nodes. To simplify the notation,
we introduce the variables {z,(v?},kn:l that correspond to the active nodes parameters.

(

From line 5 in Alg. 11, text_idit) has a different value for each active node

v; € Va(st)ive. That is, there is one-to-one correspondence between {i | v; € Va((ft)ive} and

{1,2,--- ,k}. Let g : {i|v; € v } —{1,2,--- ,k} be the function that takes

active
node index ¢ and returns token_idgt). Since ¢ is a bijection function, there exists

an inverse function (¢")~1: {1,2,--- k} — {i | v; € v

ctivet- Using this inverse

function, we define variable node_idgfl) as follows:
node_id{) == (¢®)~1(m),

(t)

)

(t)

for any m € {1,2,--- ,k}. node_id;; stores the node index i whose token_id

stores m. Using this notation, we define zg? € R? as follows:

t) _ (1)
Z7(n) o mnode_idi,?’
for all m € {1,2,--- ,k} and ¢. From the definition of zfﬁ), we can get its update rule
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as follows:
t+1) _ (8
zT(nJr ) B a:node_idgﬁ'l)

_ () (®).

- Z Wtoken_id(H'l)‘ (t+1)° ,token_ 1d(t) ( B UVF ( § ))
BVl —

= (®) (). ()

- z(:) Wm,token_id§.t) (mj —UVP}(ﬂ?j ’g]' )>
v;eV

active

t) ()
=S Wy, (' —nVF x
; ml node_idl(t> U node_idgt) ( node_idl(i) ! gnode 1d(t>)

k
= Z Wm,l (zl(t) B 77V'Fnode_idl< )(zl(t)7 r(lo)de_id;t))) )

In the next section, we analyze the convergence behavior of {zni 1k _,. Note that sets

{zm k _, and {z; (0 | v; € Vamve} are equivalent, and their averages are equivalent,
ie.,
1 F (t) 1 & _ 1 (t) c1
XA =LY g = p 1 ey, = X e (D
m=1 m=1 vlev;ctt)lve
where 1 is an indicator function. Furthermore, let Z € R¥** G € R¥*_ and

ev®

active

Vf(Z)e Rka as follows:
Z( ) = (zgt)’zé )’ PN ,Z]E:t)> ,

G(t) = <VFnode 1d(t) (zgt)a ) .d(t))’ e ’VFnode_id(t ( 7€(t du))) ’

node_id; node_i
VHZY) = (Vi) VED), - ViED).
By using the above notation, Alg. 11 can be rewritten as follows:

Z(t+1) _ (Z(t) _ nG(t)) wr.

C.2.2 Main Proof

Lemma 8. Suppose that Assumptions 2, 3, 4, and 9 hold. If the step size satisfies

n < 4=, then it holds that

Ef(z+)

_ N —w , Lo? L2 k—1
§Ef(z(t))—ZEHVf(z(t))H + L2nE® + T +2§€(1—n_1>n2,

where i(t) — %Ef:l zz(t) and E( ) — % §:1E‘|Z¢(t) _ g(t)HZ
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Proof. By calculating the average of the update rule of z,

1 & t
- % Z Z Wm,l <zl( = TIVFnode 1d(t)<zl 75node 1d<t)))

S(t+1)
m=1[=1
k
_ g(t) _n ZV
k =1

(t)

, we obtain

OO

node_idgt) ( l

where we use an:l W, = 1. Using Assumption 2, we get

Eer f(20FD)

k
_ n
- Et+1f (z( E 2_: node_ :Ld(t) gnode 1d(t)))
) 1 (). 0
S f(Z ) - 77 % Z:: t+1v node_ 1d(t)(zj ;Enode_idg.t))
2
Ln? 1 (t)
+7Et+1 k; node._ 1d<t)( i af ode_ m(t))
1 )
= f(g(t)> -1 <Vf(z(t))7 7 Z Vf(zj >>
j=1
Ty
2
Ln? t
Ty 2 Et+1 % — vFxfo)de 1d ( 5 ode_ 1d(t)) ’
T>

where we use the fact that active nodes are randomly selected, i.e., node_id;
n}, in the last equality. 77 and T, are bounded as

randomly assigned to {1,2,---,
follows:

-1y = ||V +
< —2|wrz0)
=72
< 1 Vf(z®)
=72
<1 Vf(z®)
=72

. ()

is

k
<Vf(z(t))7 I Vi) - Vf(z(“)>
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2
1
Ty =Eiq T Z Vfrg?de e (z](t))
Jj=1 -
k 2
+ Et—H k Zv node_id| )(zj(t);gr(lto)de 1d(t)) fnode 1a® (z](t))
j=1
2
Ly ON I
SEt+1 %zvfnode 1d(t>(zj ) +?
j=1
1 ? 1k 2 2
< %ZVf(z](t)) +Ei %vanode_id(.t)(z‘;t))—Vf(Z§t)) 4+
J=1 j=1 J
2
1< (t) ¢? k—1 o?
< ||= \ 2 — p—
< B VE) +5 (1-:59)+5
<9 1 vz —vrz® 2 9|l £(z® 2 (2 1_k:—l o2
<2 L VIE) - VIED) + [vrED| +> (1-2=) + %
20> & 2 2 (2 k—1\ o
il _z® >(t) S (11— 7
e N e IR\ E Ul (1 n—1)+ K

where we use the fact that the active nodes V.. are sampled from V,, without

active
replacement in the third inequality. Using the above inequalities, we obtain

Boaf@) € 120 - 3[rEnff + S5 s

L37]2 i 112 B LC2 E—1 Lo2
+ELS o0 — 20+ w0 + e (1 250 ) S
1

Using n < ﬁ, we obtain the desired result. O

Lemma 9. Suppose that Assumptions 2, 3, 4, and 9 hold. If the step size satisfies

n < \/giL, then it holds that

1 — pe)n? 2
=0 < (1= 220+ LI [7:0) [+ (1= )0 + P,
k

where 20 = 138 2 and 20 = L TF E|2l) - 202,
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Proof.

s 50

B (20 - @)W — (26— GO
< (1= p)Busa (29 = 9G0) — (200 = nGO) |

< (1= p)Ben (20 06 - 20

< (1-p) (29 =4V F(Z0) = 20 3+ (1 = p)rBea]| GO - £(20)]

< (1-p) (29 =59 7(29) = 2O + (1= p)k(o® + )
<(1-2 |20 - 20| 4 2p” P |91 (20)], +1 = pok(e? + ¢
T

T is bounded as follows:

T <2|vi(z®) - Vf(Z(t))Hi +2 va(Z@))Hi

T e
where Z(®) := 1 Z®117. Then, we get

oA HZ(t—i-l) _ Z(thrl)Hj7

< (-5 |20 - 20 4 SELIE 70 g0

F Pk F
6(1 — pr)kn?
+¥HW N+ @ = pk(e> + ¢
Pk
Using n < \/’;—ZL, we obtain the desired result. O

Lemma 10. Suppose that Assumptions 2, 3, 4, and 9 hold, and {:13(0)}?:1 is initialized

with the same parameter &0 If the step size satisfies n < \/piL, then it holds that

1 & 24(1 — pi) o _ 401 = pr)(0® + %)
= N2t « 2 TP 2N iy 2012 & k 2
o< B0, ;::o V0] o+,

where 2t = %Zle zft) and =) — Ly EHZ _ s,
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Proof. From Lemma 9, we get
E(t+1)

6(1 — pi)n?
Pk

]~

t
p _ _
< (A= EIV )P + (1 =)o + )P Y-
=0

N
~ |l
o

< 6(1 _pk)UQ (1 o %)tflEva(g(l))HQ + 4(1 —pk)(o' + C2)772
Pk 0 Pk

~

By summing up the above inequality from ¢t = 0 to T — 1, we obtain

T

LZE@)

T+1 p—
6(1 = P)n® ==y Do oz L A =pR)(0® +¢P)

(1==")EIVIEI"+ U

pr(T+1) ;lzo 4 Pk
6(1 — pr)n® <~ D2 S Pryi—r , AL —pr)(@® +¢?)

= Y EIVAED)P YD -2 U
pe(T+1) = t= l+1 4 Pk

= 6(1 _Pk)n2 = |vf ” Z t 4(1 — pk)(UQ + C2)772
pe(T+1) = =1 Pr
24(1 — pp)n? = Oy)12 1 AL —pr)(o* +¢3)
22 PRT ONTRIVF(20

< S EVSE T

Using 2 = 0 and E||[V£(2™)|> > 0, we obtain the desired result. O

Lemma 11. Suppose that Assumptions 2, 3, 4, and 9 hold, and {sc ©) *, is initialized
with the same parameter 0. If the step size satisfies n < , then it holds that

\/FL
2
T +1 ZEHVf actzve)” (02)
8(f(:13 N 3200 + )L ) o 4L< 2 ( k—1> 2)
< i 1— ——
- (T+1)n " Pk T\ n=1)% )"
here 8, 0
where T olype k Z Zev(fft)we L,
Proof. Rearranging Lemma 8, we obtain
E[Vf(z")|?
)y _ S (t+1) 2 2 _
ARSI |y 2007 2C (koL
n k k n—1
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Using Lemma 10, we get

- ZEHW Ik

4(f(z ) — ) —@ , 2Lo® 2L¢* (0 k-1
ST Ty +T+1“ T Tt (1 n—1>77
A(F(Z2O) — ) 96L2%(1
: (IZ“ +)1)77 ) ((T+1 QZE”V‘f Rl
16L2(1 — pi)(0? +¢2) , 2L02 2L¢? k—1
+ Dk T <1_n1)n'

Using n < \/@L and jg:)tive = 2 (see Eq. (C.1)), we obtain the desired result. [

Lemma 12. Suppose that Assumptions 2, 3, 4, and 9 hold, and {:1350)}?:1 is initialized
with the same parameter &0 . There exists a step size n that satisfies

T+ 1 ZEHV.}C actwe)HZ (03)
1
<o \/Lro(a +(1— Ll)@) LPrg(o* + ) (1 —pi) \® + Lro
= kT T2py, Tpr |’
where i'gtc)tive =z L s v wgt) and o = f(@0) — f*.
Vi€ active

Proof. Choosing the step size as follows:

— min \/ 2kro ( TODk )3 Dk
O LT+ 1)(0?+ ) \ 42T+ )1 —pe)(0? + &))" Vi2L [’

we have three cases:

o When n = \/L(TH)((;QQZ&?:H)CQ ’ T+1 SEOE|Vf(z ffc)twe)H2 is bounded from
above by
128Lrg (02 + (1 — £=1)¢2 2,2 2 2\ 5
0\9 1 n 2048 L*r5(1 — pi) (o= + ¢*)
E(T+1) (T +1)%px

=

° When n = (4L2(T+1){ffzk)(02+g2)> ) %HZ?:OE‘|Vf(jg?tive)H2 is bounded

from above by

J 32Lrg (02 +(1 "“—1)(2) 16384L%r3(1 — pi) (02 + ¢?) 3
k(T +1) - (T + 1)%py,
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91
e When n = %, T-l‘rl SLOE|Vf(z actwe)||2 is bounded from above by
VI2088Lry 82Lro (0% + (1 - £4)¢?)
(T + 1)p k(T +1)
1
N 2048L°r5(1 — pi) (0 4+ (%) \ ?
(T +1)%py,
O

Lemma 13. Suppose that Assumptions 2, 3, 4, and 9 hold, and {mgo)}?zl is initialized
with the same parameter 0. Then, if the active nodes are connected by a ring,

i.e., pr = Q(k™?), there exists a step size n > 0 and the number of active nodes
ke {1,2,---,n} that satisfies

T—l— 1 ZEva actwe)”2

4
Lroo? Lro(o? —l—CQ)% Lro(o? + ¢?)
< -~ 2 7
0 nT + ( T + T

_|_
ﬂ\?

where igc)me =z Zv v :cl(-t) and o = f(20) — f*.

active

Proof. From Lemma 12, we obtain

T—|- 1 ZEva actlve H2

Lro(o? + (1 L)Qﬂ) L2r2(02+cz)k2 3 Lrok?
go(\/ T 1 < 0 e ) + . (C4)

For simplicity, let A, B, and C denote as follows:

1

2 | 2 2,202 +2\\3

A:LTU(O' +C)’ B Lr§(o* + ¢*) 7 C:LTO'
T T2 T

Using these notations, we obtain

L § v (z® 2 A 2 9
— : < p— . ]
T 1 gEH f(mactlve)H — @ L Bks Ck (C 5)

We choose k as follows:
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Note that it holds that k € {1,2,3,--- ,n}.
When ro(0? + ¢2) = 0, it holds that £ = 1, A = 0, and B = 0. In this case,
%ﬂ S, E||Vf(:igtc)tive)||2 is bounded from above by

o (L),

When ro(c? + ¢2) > 0, it holds that

k:min{mgzy],n}.

In this case, we have three cases:

e When k = R%Z)%-‘, we have

-0 (A?B?) . Bk3i=0 (A?B?) . CK =0 (CAgB’T”) .

e

sctive) |2 is bounded from

By using the above inequalities, T%rl ST E|V£(
above by

6] (A%B% +A$B_TIQC).

e When k = n, we have

\/LT0(02 + (1 - %)CQ) Lr002
kT nT '’

1
where we use k < [(2—2) ﬂ. By using the above inequalities, we have

T
1 —(t) 2 Lroo? 2 3 6 12
7 2_ElIV i <0 A7B7 4+ A7B 7 C|.
T + 1 ; H f(xactlve)” —= nT + +
By summarizing the above inequalities, we obtain the desired results. ]

Lemma 14. Suppose that Assumptions 2, 3, 4, and 9 hold, and {mgo)}?zl 15 1ni-
tialized with the same parameter ). Then, if the active nodes are connected by
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an exponential graph, i.e., pp = Q(log;1 k), there exists a step size n > 0 and the
number of active nodes k € {1,2,--- ,n} that satisfies

T 4 1 ZEHVf actwe)H2

1
1\ 3
Lroo® [ L*r5(0® +¢?) T(*+¢))?
< 1 29 Th)
=0 nT T ( T2 082 Lro
+L7~0 log T(o* + (%) L Lro
L?“() T ’

where sﬁfltc)me =z Zv cv® ml(-t) and ro = f(20) — f*

active

Proof. From Lemma 12, we obtain
T + 1 ZEHVf act1ve)||2

o ( Wo(a Hu-EDe) (L%%(a? i 42)10g2<k>>% L Lo 1og2<k>) |

kT T2

For simplicity, let A, B, and C denote as follows:

1
_ Lro(o® +¢?) NS GRS _ Lrg
A= T B= T2 ) C==

Using these notations, we obtain

_(t) 2 A 3
T +1 ZEva Lactive ” S O (\/;—i_ Blogg (k) + CIOgQ(k)) .
We choose k as follows:

b= max {1min {[ 2], [ 5]}

When ro(0? + (%) = 0, it holds that £k = 1, A = 0, and B = 0. In this case,
T%rl S, EHVf(zES?tive)HQ is bounded from above by

Lry
o—).
(7)
When ro(0? + ¢2) > 0, it holds that
. A A
b= mm{[m]’ [CJ”}
In this case, we have three cases:
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o When k = [%-‘, = ST E|VF(ZD.. )2 is bounded from above by

active

L7 A A

o When k = [AW, T%rl ST, EHVf(:E(t) )||? is bounded from above by

c? active
(@) <B logQ% (;2) + C'log, (;)) .
o When k = n, TLH S, ]EHVf(ic;?ﬁve)HQ is bounded from above by
O ( L;‘]z‘fz + Blog} (;2) + Clog, (é)) .
By summarizing the above inequalities, we obtain the desired result. O

C.3 Proof of Theorem 5

Lemma 1. For any k* < n, there exists k € {1,2,4,8, ... 2log(n+D)I=11 ¢p4qy
satisfies % < k < k*. Furthermore, it holds that ZZL:(%Q(RH)J_I 2! < n.

Proof. We define K := {1,2,4,8, - - ,2llog2(n+DJ=11 " We have two cases:
e When 1 < k* < 2U°g2(”+1“, there exists k € IC that satisfies & < k* < 2k.
e When 2U0g:(n+1] < p* < it holds that k < k* for all k € K. Then, we have
k* < n <4 x 2llog2(n+1)]—1
Thus, there exists k € K that satisfies k < k* < 4k.

By combining the above two cases, we obtain the desired result. O

Lemma 11. Suppose that Assumptions 1, 2, 3, 4, and 9 hold. Let {{a:,(:z}v v W
’ i active

denote the parameters of active nodes generated by Alg. 11 when the number of active
nodes is set to k and define

K= {17 27 22’ 237 . 72[10g2(n+1”,1’ n}
Then, suppose that the parameters are initialized with the same parameter z(0),
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Ring: If the active nodes are connected by a ring, i.e., pr = Q(k™2), there exists
N such that mingex (T%rl ST, E||Vf(ic(t) )Hz) is bounded from above by

active,k

O

g 4 2
Lroo? N Lro(o® + ()1 7+ M 5+%
nT T T T

Ny (1) x —(t) 1 ,
where 1y = f(:nam.ve’k) — f* and T otivek = % Zvie‘/{fctt)ive T ;-

Exp. Graph: If the active nodes are connected by an exponential graph, i.e.,
e = Q(logy ' k), there exists n such that mingex (T%rl ST, E[\Vf(:ﬁfltc)meyk)HQ) is
bounded from above by

ol [Ero (L%«g(a? FE) (T(02 + g2)> é) ’

nT T2 Lry
Lro T(e*+¢*)\  Lro
—1 _ — .
T o8 ( Lro T
Proof. By combining Lemmas 1, 13, and 14, we obtain the statement. O
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C.4 Convergence Rate of Decentralized SGD with Vari-
ous Topologies

Table C.1: Convergence rates of DSGD over various topologies.

Topology Convergence Rate

Ring (Nedic et al., 2018) 0 ( Lrgg? - (Lrirtlo tic) (4 - #))% + %”)

Torus (Nedic et al., 2018) (@) ( LT”“ + <727°"(}7;+n<2) (l — %))% + DT°”>
Exponential Graph (Ying et al., 2021) O ( L:IOT”Q + (LZ logg(n)g:’;“ogﬂn)(z) (1 — 103;( >>>% + Lro k}gZ(n))
Base-2 Graph (Takezawa et al., 2023b) O ( L%T"Z + (LQTO log2(71)(7r3'2+10g2(n)c )> + Lo k}gz(n))

C.5 Convergence Rate of Decentralized SGD with Client
Sampling

Proposition 2 (Liu et al. (2022)). Suppose that Assumptions 1, 2, 3, 4, and 8

hold. Let k be the number of active nodes and {{wgt) n_ Y, denote the parameters
generated by Decentralized SGD with client sampling. Then, there exists the step size
n that satisfies:

THZEHW GOk

-0 (\/Lro(a2 +(1— %)CQ) N (nL?“o(cr\/pTL—i—C2)>g N Lro) ’

kT k Tpy Tpn

where o == (&) — f* and 2 = le m lw(t)
Remark 5. The convergence rate in Proposition 2 consistently deteriorates as k
decreases.

Unlike TELEPORTATION, the convergence rate shown in Proposition 2 depends
on p,, and the second and third terms degrade as n increases.
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Fig. 4.2. Note that when the optimal number of active nodes k is one, we did not
plot the consensus error. See Table 4.1.
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heterogeneous networks with 7 = 0. The experimental setup was the same as in
Fig. 4.4.
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C.7 Experimental Setup

Table C.2: Experimental setups for Fig. 4.2.

Step size Grid search over {0.1,0.075, 0.05,0.025,0.01, - - - ,0.0001}
Computational resources AMD Epyc 7702 CPU or Intel Xeon Gold 6230 CPU

Table C.3: Experimental setups for Fashion MNIST in Fig. 4.3.

Model LeNet

Step size Grid search over {0.1,0.01,0.001}
Batch size 32

Momentum 0.9

Epoch 200
Computational resources Titan x 8

Table C.4: Experimental setups for CIFAR-10 in Fig. 4.3.

Model VGG

Step size Grid search over {0.1,0.01,0.001}
Scheduler Cosine decay

Batch size 32

Momentum 0.9

Epoch 500

Computational resources A6000 x 8 or RTX 3090 x 8

Table C.5: Experimental setups for Figs. 4.4 and C.3.

Model LeNet

Step size Grid search over {0.1,0.01,0.001}
Batch size 32

Momentum 0.9

Epoch 200
Computational resources A6000 x 8
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D

Appendix of Stabilized Proximal Decentralized
Optimization

D.1 Comparison of Communication and Computational
Complexities in Convex Case

Table D.1: Summary of communication communication and computational complexi-
ties in the convex setting.

Algorithm Reference # Communication # Computation Assumptions
~ (a) ~ 2\ (@)
Gradient Tracking Koloskova et al. (2021) (@] (%) @] ((1]:';‘;’26) 5,2, 11
: : ®) A (248 a.©@

Exact-PDO (SONATA) Theorems 6, 7' O (e n.a. 5,2, 11
~ N ()

Inexact-PDO Theorems 6, 7 o ((16:];2;)() o (@d)‘(‘ 10g(%)> 5,2, 11
- . (b)

Stabilized-PDO [new] Theorems 8, 9 O (455) 0 <@§3> 52,11

Accelerated SONATA Tian et al. (2022) - n.a.(©) -

Inexact Accelerated SONATA Tian et al. (2022) - - -

Accelerated Stabilized-PDO [new] Theorems 10, 11 O < (l{idi)5> 19 ( (161‘%)6) 5,2, 11

(a) It holds that 6 < 2L, and § < 2L holds when nodes have similar datasets.

(b) Sun et al. (2022) did not analyze the communication complexity of SONATA in the convex
case, while our new theorem, Theorem 6, is the first to analyze it.

(c) “n.a represents that we need to solve the subproblem exactly.

(d) ¢ is smaller than dmax and can be at most \/n times smaller than dmax.
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D.2 Technical Lemmas

D.2.1 Useful Lemmas

Lemma 12. For any aq,...,a, € R? and b € R, it holds that

1 & 1 &
= llai=b*=lla—bl>+ > la; —al> (D.1)
n “ n “
=1 =1
Proof. See Lemma 14 in Jiang et al. (2024a). O
Lemma 13. Let @, o, ..., %, be vectors in R and W € R™ ™ be a matriz that

satisfies 37y Wiy = 1. Let &; == 37 Wiz . Then, it holds that

n n
domi=) @i
i=1 i=1
Proof. We have
n n n n n n
IEES S UTIED DI POl PR oe
i—1 i=1j=1 j=1 \i=1 j=1
This concludes the statement. O

Lemma 14. For any matriz X € R™*? and any matric W € R™" that satisfies
Assumption 11, it holds that

(W =) X|[p < 4] X[ (D.2)

Proof. We have

(W - DX|p <

n

1
‘(W — 1n1T) X
n

1
+ H <1n1,f — I) X
F n F
(5.3)

1
< (p+1) H (n1n12 - I> X

F
1

<2 HI ——1,1)
n

1 X
op

where 1,, is n-dementional vector with all ones and we use p < 1 in the last inequality.
Let D(1 — %, 1-— %) € R be a closed disc centered at 1 — % with radius 1 — %
From Gershgorin circle theorem, every eigenvalue of I — %lnl;r lies within the discs
D(1— %, 1-— %) This implies that the absolute values of eigenvalues are less than 2.

This concludes the statement. O
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D.2. Technical Lemmas 101

Lemma 15. Let f; : RY — R be a function that satisfies Assumptions 2 and
W € R™ ™ be a matriz that satisfies Assumption 11. Let {{ccgr)}?: R, be a set of
vectors in R® and define the update rule of {hgr)}?zl as follows:

RO = YWy (B0 + V) - Vi),
7j=1

Then, when Y i hgo) = 0, it holds that for all v

S h" =o, (D.3)

and

g(r+1) < 4p2g(7“) 4 4/)2(52 Ha—:(r—i-l) - :I_Z(T) 2 + 32L2Eg+1), (D.4)

where g(r) _ % n ' Hh Vh (x(r))HQ and = (r+1) — lywm a H r+1) _ :i'(H'l)HQ.

n

Proof. We have

I
M=

= R+
2

Sy (B + VAl - sz-<w£"+”>)

7=1

(Z Wz]) r + Vf] r+1 ) Z vfz r+1
h

@
Il
—

I
M:

.
Il
—
—

1=

Il
M:

ﬁ
Il
—

Since > it h@(o) =0, it holds that >~i"; hl(r) = 0 for any r. For the second statement,
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102 Appendix D. Appendix of Stabilized PDO

we have

=1
2
(A1) 9 ™ || ™ . , .
< =X wy (A 4+ VA@TH)) - V)
i=1||j=1

2

i=1||j=1
2
2 n n T
= 52 ZWZJ ( —|—Vf ( 7"+1))) Vf( 7"+1))
i=1||j=1
32 & ” (r
o e
2 n 1:177/ 2
< S W (B 4 V@) - @)
i=1 j:l
3 (T+1 _ 0+ H2 7
where 1,—; is an indicator function. Using Eq. (D.3), we obtain
Z Hh r+1) — Vh; ( (r+1))H2
§3 Z(r+D) H 32L 7"+1 r+1)H
P — Vhi(&") \ L Z HVh 41y — hy(&") (2
=1
B2L% |1 (rt1) ()2
(551) — Vhi(&™) 2 + 4627 Ha—:(r-s-l) _ ™ 2
32L% {N| (D) —(r+1) |2
+ i Z H:C’ —x ’
This concludes the statement. O

102



D.3. Proof of Theorem 6 103

D.3 Proof of Theorem 6

Lemma 16. Suppose that Assumptions 5 and 11 hold, and > 7 hgo) =0and M =1.
Then, it holds that

’f‘_x*

+ 255< ) (D.5)

+2Ani‘w<>

2
*

A
Zf( r+1) :U'_’_ Z‘ .

+[1 (/“LA 5>_W]E<r+1>

P 2 2
A O I o2 L A =Ly 7
N v (r+1) _ =(r) N r+3) _ ()
+<4 2)”33 x +4n;’xz T,
N (+3)) (r+1>>
. ET 3 2 ) - 4y ? 9
+ - ; <V r(x; ), ¥ —x,
where 2 = 711 A Ha: — :E(T)H2 and ) = % A th(»r) — Vhi(i(r))\\Q.
Proof. We have
2
fi(z*) + % ’ :c§” —z*
(2 r - . r4+1
= pa@ )+ (Vi) (o <2l ot - )
2 L 2
+;‘y+) ﬁﬂ +u;ﬂ‘émg_m*

2 far) + <Vf< ). Y s

€T
1
+ (Vi) ((T+ ) al )

A‘ (r+3) m(r) u+>\‘ 2

5 +

where we use the fact that fi(z) + 5|z — :1:5”“2 is (i + A)-strongly convex in the

first inequality. From the definition of Fj,(-), we have
1 il . ral .
VE (@ ) = Vi@ )+l 4 (az( T2 g >) .
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104 Appendix D. Appendix of Stabilized PDO

Using the above equality, we obtain

2
ar:zm —x*

A

. * —

fi@) + 5|
> fi(i(r+1)) + <Vfi(j(r+1)),$7(;r+;) . a—:(r+1)>

1 il il
+ <h§r),xgr+2) — :v*> + <VF“«(:B£ +2)),:c* — wz( +2)>

7

1 2 el 2
(r+3) _ () +MT+>\ 5'35 +3)

7 %

By summing up the above inequality from ¢ = 1 to ¢ = n, we obtain

n A ‘ x(r+§) ) 2 L +A ’ (r+3) o 2
2 7 7 2 7
_ RS )y TR - >
(r+1)y 4 = , My £\ 2 (r+1)
f(z )—i—n;Khz Vhi(z\"),x T
+ <VF1'7~(£U(T+§)),£U* . w(r+§)>
+s Hw“%) o0 4 BEAG) _ g 1
2 2 2 2 2 ?

1| rad 2

Dol M

nia

(D) || — (pi1 LN e+~
2 ot - o[+ 255 af D - g

on s (ngw —a - el g o o R g )
i=1
(523) ii (HCBETH) L <p12 _ 1) “w§r+1) _ w(rJrl)H2> 7

=1
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where we use the fact that > /" (r+ ) =y w§r+1) in the first equality (see

Lemma 13). Using the above mequahty, we have

o A L)
(:1:)—1—27“':1 T

[t Ao

> f(@tY) + mg’"“) — oz

2. 1 ZKh —Vhi(@"), 2! (r+3 )_x(r+1)>

L 1
< :E ) Vhi(x (r+1)) §r+§) _a—:(r+1)> + <VE,T(m§T+2)),m*_m§T+z>>

ptA

Then, using Eq. (A.1) with a = §, we obtain

7

(r+1) _ 2 (r4D) HQ] ‘

i

Zl WA

1 2
<VFM( (r+3 )) T — ac(wr )> + % ' a:EHE) — :L'Er)
A/ 1 1) r _ 2
[ G )Rl el
9 P2 e i
This concludes the statement. O

Lemma 17. Suppose that Assumptions 5, 2 and 11 hold, > i, hgo) =0, M =1,
and

<8
P=5%L
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Then, when A = 46, it holds that

2
* *

4+ Lem (D.6)

2 5
S(r4) IAEES 2 1 (r+1)

> f(z )+(1+ ) Z‘wz +5 (1t 45 £
L Z<VFM T+5)),m*—m§’"+§)>.

(7”+ (r)
—x:

Proof. Since 6 < L, p < (TL implies that p < 1 7- Using p < i and Lemma 15, we
obtain

") —

)

£t < pe) 4 52, Hj(m) _ 20| 4 320250+, (D.7)

Using A = 46 and Eq. (D.5) +3(1 + £)x Eq. (D.7), we obtain

L. NN o)
+<26+5(1+45)>5

*

46 2 1
> F(@rH) M+ 2D _ g ( M) (r41)
> f(x 2 —x"|| + = 5 1—1—45 &
u+45 ) 4 32L2( " ) —(r+1)
NiY T
( < N’)) —(r+1) —7“) 2
9
n r+ (r) 2 < (r+ ) (r+é)>
Z —x, Z N, x" —x; .
=1 =1

Using the assumption on p, we have
P % 1
— a1 2 )<
2% ( * 45) =%
1 46 46 32L2
(252322 )
02 2 2 o 40

) 7
- L >
5 5p<1+45>_0,

where we use u < L and § < L. This concludes the statement. O

v

0,

Lemma 18. Suppose that Assumptions 5, 2 and 11 hold, M = 1, azgo) = z0),
h{" = V(@) - V@), and

0
P o
u -+ “oe+h @l?
DAVEz )| <ead |lw T -

1=1 1=
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Then, when A = 46 and ZR: er < M, we obtain

1 f(x f( ") p (0 2
s S —
’r‘ lq r=1 40
20150 _ p+?
=R Hw *
Proof. From Eq. (D.6), we have
F(@) = fa)
. O e+d o

— &

2 1
< e(r+1)
+ 55

+Ei§

1w |26 &

1 RS Ly D) >
* (r) 2/ %
+ﬁ? +n;va, ), z; x
2§ *2+1gﬂ
T | n & ! 1)
=1
(3 [ornta D) (25 el e
ni:l m ni:l ’ ’

where we use Cauchy-Schwarz inequality in the last inequality. Using £© =0 and
dividing the above inequality by 45%, we obtain

2
—(r+1)y *
i @) = @)
1 - (r+1) _ % 2 ?
+nZHm’ v 45+,un
_45—1-,un
2 RS (r+1) LN+ h) 2
Fzr - i 2 —x* )
+45+“$( z:zl Vhtes ) )(nizl o ’

Using the following notation,

A LN D) e
r+1 -— — Z €T; - )
n =1

n 1
B = l Z :B(-TJFQ) — CL'Z(T)

i=1
1 & 11 2
Cry1 = HZ VFz‘m(iEET 2)) ;
i—1
W
17 45+ w
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we can simplify the above inequality as follows:

2
40 + p

(f(i(rﬂ)) - f(iﬂ*)) + Arg1 + Bri1 < qA, Cry14r1.

5
©B+p T

Dividing the above inequality by ¢"*! and summing up the above inequality from
r=0tor=R—1, we get

2 f(a f(ac*) Ap 20 & B, 2 \/C A
—+——) — < A
45—1—,uz + 45+u;q”_ 40 + p Z
Define Qg as follows:
2 \/C A
@r =4y BT, + A Z

The above inequality implies that Ar < ¢®Qp for any R. Using this inequality, we
get

2 /Cri14rs

< 2 Cr+1QRr+1
— 46 + 1 qR+1 ’

Since we now get the recursive inequality about QQr, we obtain the following by using
Lemma 12 in Jiang et al. (2024a).

Qr<2A0+ 45+'u (Z )

2

(r+

1
Then, by using Sy [VE (@ )2 < ei1 S1 ot 2 — a2, we have

2 f(z f(:c*) AR 25 &
45+MZ s 46+u7,21?

2
< f: 4

3 R R g
§2Ao+m (Zer> (7;“)7

r=1

where we use Cauchy—Schwarz inequality in the last inequality. Using the assumption
< 8(40+p)
that ZT 16r < =, we get

1 flx f( M) 1
45+,uz SEZ‘
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Thus, we have

1 3 f@") — far) _ u 1 m(m P
SarE N S AL
46 1
S
This concludes the statement. O

Lemma 19. Suppose that Assumptions 5, 2 and 11 hold, and ar;(o) =z, R0 —
V(@) - V@), and

n

>

=1

1 2
VE, @) < W ¢ >

“A(r+1)(r+2)

=1

6L
Then, when X\ = 45 and M > 1"%&; ), we obtain

2 2
* *

" fat f(w*) p
%g SOl

|

s

7’:

6L
Proof. When M > 1°§£g ) it holds that

0
M

< —
M <

where we use log(z) > 1 — 1. Furthermore, it holds that

i (46 + 1) 5(45+u)§:<1 1 >§5(45+u)'

r(r+1) 4 ror+1 4

r=1

Thus, from Lemma 18, we obtain the desired result. ]
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D.4 Proof of Theorem 8

Lemma 20. Suppose that Assumptions 5 and 11 hold and the following inequality is
satisfied:

> [vr | < 5 3 ol —at 0s)

Then, when Y1, hgo) =0 and M =1, it holds that

)\ n

f@) + 5 ; o — 2|’ 255( r) 4 262) (D.9)
> f(z0D) u + A ZX: H ) _ 4 )\—;7,& (p12 _ 1) =(r+1)
w5l o (- ) ot -0+,
where 21 == 130 H N )H and ) =1 =i Hh (1?(7"))”2.

Proof. We have

- 15 (st + 3 ol - )
<2§> }é(f (! “))+<Vf (@), z* <+1)>
Al 43T
& ié (@) + (VA@T), 2l = 000 4 (V£ (@), 2 — 2l
a2 o)
Using the following equation,
f:<Vfi(§;(r+1))7wz(r+1) _arin) = fx hi(a0 ), D g0
=1 =
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we get

* A )
(a:)—i-%i:l v, —

2+ 1 & Fr+D) D _ 2+1)
- + n Z l< ) T, T >

<sz( (T+1)),£U — $5r+1)> + g ’ QSZ(T_H) —* 2
T*

7

2

2|

Note that h;(x) = f(x) — fi(x). Using Eq. (D.3), we obtain

%27;* (D:3) %Z [ Vfi(m§T+1)) n hl(r)7 > <sz( r+1))’ (r+1)>
i=1 i=1
+%‘w§”1)—w* +§"v —x* 2].

We define G, (v) == <Vfi(a:l(.r+1)) + hgr),'v> + Ellv — wErH)HQ + 3w — ’UZ(T)HQ. By
using that fact that G, is (1 + A)-strongly convex, we get

1 .
527?

) 1« . (4l , .
Z[<sz (+1) | pl7) Z(+2)> (V&) —a D)
nz:l

1|2 re1y]12 2
+% ’w§r+1)_U§T+2) +% o _ D) +>\+Tu e b ]

(D.1) 1 - (T D) (r)  (r+3) (1) (r+1)
0. n;Km(mi )+ R oY (V) el )

N
L ’ (r+D) _ Ui(r+5)
2
2 2
+é MONS v(r+%) n At p o 3 S Ganl Atp H,l—)(r-&-l) I 21
2 1 (3 2 ’L 2
1)1 & , N | . .
(D-1) 72 vaz(mg +1)) +h£ )mz( +1 )> <sz( +1))7_w§ +1)>
s
11|12 e 1y]12 . 2
+% ’ (D) Ui(r+2) +% o) — ’Uf |7 )‘*7” H ) o)
+)\;—M vi(r+1) o 2 v§7‘+1) _ D) H } ‘
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Using the above inequality, we obtain

2
+1
i(T )—CL'*

> f@ )+ EE2 S o

Y 2
L1 [< Vhi(@+D), 2D (r+1)> L H ngrﬂ) —v§T+%)

Th 2
2 2
+ % 'vlm — vi(r+§) 4 M'T“ va’*%) _ | _ A+p Hvi(rﬂ) _ ,B(T‘+1)H2
r+ " .
(VA B o) (Tl ), *”ﬂ.

T**

k3

From the definition of F;,, we have
VEp(x) = Vfi(x) + h{" + Mz — v).

By using the above equality, 7,* can be rewritten as follows:

T <vfz( )y (r+3) _ (r+1>> +<h(r) (r+3 >>
<VFH«( 41y 4z — gD, 3 _ (r+1)>+<h<r>7 (7‘+1)>
— (VE (@) — o) 2|+ (R )

1
+ <VFZ @) 4 A — 2, p ) U§T>> .

*kKk
7;

Then, 7, can be bounded as follows:

(A1) 2
7;*** > _3 HVszr(:B(H_l)) + )\(’U(T) _ w(r—f—l))’ _ %

’VFW r+1 H <VF”( (r+1))’v2(r)_wz(r+1)>

2>\ 2

) m<v~+1>H2 N %
3

1
(r) _ L) )
3 (2 8 3

)
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Using the above inequality, we get

2 o ) & g
1 <VFZ-,,(91:(T+1)) oM m(r+1)> _3A Hv§r+é) — " 2
SR 81 l
B X o)~ ol (W, 40) - v )
3\ ?

1
Uz-(r+§) —UZ(T) .

8

Using the assumption that >i; "VFi,r(SBZ(-T+1))“2 < /1\% 2lic Hvz‘(r) - 5'31('T+1)H27 we

get

n n
DT
=1 1=1

A var) B w(r+1)”2 N <h(7") w(r+l)> _3A vaé) N0
2% v 8 % ’

|

Using the above inequalities, we get

A ) 2
* *
f(m)+2n;H’U -
_ + A L2
> f( (+1)) /‘2n ZH (r+1) _
1 - M| (r+1) (r+3) 2 Al o+ 2

Atp Hv(“ré) _ pr+D) LAt Hv(rﬂ) _ 6(r+1)H2
7 2 (2

+ T/\Q H'UZ(T) — :B,ET—&-I)HQ + <h§T),;I;2(T+1)> + <—Vhi(j(r+1))’w§7“+1) . j(7~.;_1)>‘|

KKK K
7;
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114

T7.7** can be bounded by blow as follows:
1 n
- Z 7;****
nia
3) 1< r r D
(D:3) *Z<h( ) Vhi(:i(r+1))7wz( +1) v(’“)>
i

[h V- Vhi(eM), 2 — o)
((r+1)) (T+1)_6(r)>}

(4D 1
N
_iHVh. )y — (2 Y) H }

E M B R I LR §

LS [~ IO 25 o 25 o 500

QH,—,m_g—c(m)H? '
Using the above inequality, we obtain
o A ) () SN2 1 258 [, _ 0|
f@)+ 50 3| mZHh @+ 5 X" -2
> f(j(r-i-l)) + M;;L)‘Xn:HvZ(T—H) — p* 2
=1
+i§§§H“” o Ao oD
e I M

(-—%)H< I %H*”—iW”W
=)+ A2 o A (1) ol - o
20\
+= Z + =
(—%MW o - 5 o -

8
114

NG
,U(T) - ,UZ(H'Q)

i

( +1) _ 0 r+3)
(2

i(r+1)m .
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Using Eq. (D.3), we get the desired result. O

Lemma 21. Suppose that Assumptions 5 and 11 hold and the following inequality is
satisfied:

zn: "VFi,T(:BETJrl H2 < i\;z": ‘ W) _ r+1)H ' (D.10)
— pat

Then, when A = 206, 7 b\ =0, M =1, and p < &, it holds that

5L7

106

* *

2
— P Le®) 4 o5=0)

J

> f(i:(r+1))+ (1+> 1052" r+1) 2 2

200

+ %5““) + 255(”1)1 , (D.11)

‘ 2

Proof. Since 6 < L, p < 5% implies p < i. Thus, using Lemma 15, we obtain

2
(r) _ ™

1
n =1

and ) =Ly §” — Vhi(a™)

=(r) —
where =Z\") == =

pEM) > g+l _ 52 Hﬁ(”ﬂ — 50| — 32220+, (D.12)

By calculating Eq. (D.9) + Eq. (D.12) x1(1+ &), we obtain

A (r) _ || 1(1 ( M)) (") 4 952
f(a:)+2n§1‘vi 2| +5(5+e(1+5))EN +202
A 2 1
> —(r+1) W+ (r+1) _ _* + ( M) (r+1)

> f( )+ 5 E ‘vl x —|—5 l—i-)\ &

()G -)=
(- ()0 -0+ (55 - 7)o -0

By inserting A = 206, we obtain

* 10(5 (T) =

2 1/1
1) (2 p(l 205))5 202

106 " 2 1
S flar+D) ( M) (r1) _ % ( ﬂ) (r-+1)
> f@ )+ = (14 555 ;‘vl | 5 (14 505 ) €
H 1 32L (r+1)
1+ (106(=—1)—
+<+205><05<p2 ) 5 )
50 2
e el (7”+1)
+ ( 2 (1 + 105> p‘s) H H '
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p < % implies that

1
+p<1+“>§1,

2 200
2
100 ( — 1) 32L > 26,
p? )
5§ 7
— >
5 <1+205>p5_0,

where we use ¢ < L and p < L. Using the above inequalities, we get

) 1052’

*

"4 %5“) + 262

—x
_ 106 v — 2
S p(mr+D)y . 100 (1 ) ok
1
N gD o <1 ) S(r+1)
+<s(+2()5>5 +28 (1 565
Thus, we can get the desired result. O

Lemma 22. Suppose that Assumptions 5 and 11 hold and the following inequality is
satisfied:

> [vr el < 55 3 o7 -

("t H : (D.13)

Then, when A = 206, M =1, vfo) = 5(0); hEO) = Vf('v(o)) sz@ )z and p < 5%’
we obtain

1 R-1

L ) (f(a(rH1)y _ © _(0) _ |2
WR;)@U (£(@+0) f(a;*))SQ((lJng&)R_l)’v -
106 ) 412
ST et

where w") = (1 + 505)" and Wg = SR L),
Proof. From Eq. (D.11), we have
@) = fla)
< 108 ll
niz

=1
—105(1 206)

1 ey lzm
+10525 5= ]

2
1
v7”+) z*

nzl
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We define w(™ := (1 + )". We obtain

i}ilw(v“) (f( (r+1)) f(:c*))
WR r=0
106 |1 & (0) 0 1_0
< |Z 0) _ p* 75() —=(0)
_WRLI;‘ O =+ e 520
where Wy = 5;01 w. Using £ = 0 and 2 = 0, we obtain
1 = 106 2
_ ) (£(z+tDY — f(g* el | P () BT
Ve 2 (F@ ) = j@) < g [0 —
Using Wg = 2706((1 + QLO(S)R — 1), we obtain
LS 0 ( (a0 L 0 _ g+’
- 7" ~(r+ _ * < T _aex
Wng (f(w ) f(x))_Z((l—i—Q’&s)R—l)Hv T
106
20|50 —
<%l

O]

Lemma 23. Suppose that Assumptions 5, 2, and 11 hold and the following inequality
s satisfied:

)\2

ZHVF” s H - 10

oM — gt H (D.14)

5L
When v = 50, h® = Vf(©©0) - V,(5©), A =206, and M > 25 it holds
that

1 R—1 2
= (r) —(r+1)y _ * K =(0) _ %
T (F@) — f(@")) < 2((1+ﬁ)h1 L A

where w(™ = (1 + 206)T and Wg == YR ™).
Proof. When M > ~— log( L), it holds that

)
M

< —
p T

where we use log(z) > 1 — % From Lemma 22, we obtain the desired result. O
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D.5 Proof of Theorem 10

D.5.1 Useful Lemmas
Lemma 24. When p < 4\, it holds that for any r > 0

1 m r m r12 7“2
A, > — (1 2y (11— /= >
= 1 K * 4A> ( 4AH =

Otherwise, for any r > 1, it holds that

1 m 2(r—1)
> = .
Arz 4\ <1 + 4>\>

Proof. See Lemma 12 in Jiang et al. (2024Db). O

Lemma 25. When p =0, it holds that for any 0 <r < R,

7,2

A < —. D.15
<2 (D.15)

Proof. Denote C). := +/A,. From the definition of A, and a,, it holds that

02-1-1 = A(Cf-s-l - CE)Q = )‘(Cr+1 - CT)Q(CrJrl + Cr)2 > A(CrJrl - Cv")ch-f—l-

1
Cr+1 _Cr > \/:

This concludes the statement. O

Thus, we have

Lemma 26. It holds that for any r > 1,

-1
-1 4\ A 22
2(1+“> <1+ 1+-2) < <= (D.16)
A jz ary1 ~ H
Furthermore, when p =0, it holds that for any r > 1,
Ar
T < <. (D.17)
5 Qr41
Note that the inequalities on the right-hand side also hold when r = 0 since ’2—? =
Proof. From the definition of a,41, we have
o L pA 4 VO 4 pA)? + AN (T pAr) | pA
r+1 — 2\ = o )
1 A, 1 Ar)? +4XA(1 A, 1 A, 4N
Groy = L +V( +M2)\) + A+ pA) _ +2;; <1+ 1+>.
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When p = 0, we have

14+ 1 +4)A, A, A,
Ar41 = Z Z -
2\ AA, T
14+ 1 +4)A, 5 5A,
1 = ——— < A, < )
2\ AA, T
where we use Lemma 24 and 25. This concludes the statement. O

Lemma 27. For all r > 0, it holds that

2 4
%*2<]O:%“><1+A> 1 1+ 2. (D.18)
ary1 ~ 2 A 7 %

Furthermore, when p =0, it holds that for all r > 0,

Qyr42

1< <4 (D.19)

Qr41

Proof. From Lemma 26, we get

(D.16) A, 4
ar42 < 2“(1-1—‘;)(1—!— 1—1—:\

N——

When = 0, we get

Gyt _ (A (P12 2r 4 1)
ay A~ % r -
Qr41 _ Ar—l—l >1
ar A, T

where we use A,+1 = A, + a1 > A,. This concludes the statement. O

D.5.2 Main Proof

Lemma 28. Suppose that Assumptions 5 and 11 hold and the following inequality is
satisfied:

n

>

=1

1 n ral 2
§r+2) wE +2)_y(r)

2 )\2
Fir < 0= ;
v ) (a: 352 (2

=1
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Then, when M =1, it holds that

BT " T * 2
Af@D) + ar @) + 50 Y ||o” — @ (D.20)
=1
L ALew) 4 g, (33A 4 5) =)+ Ga, 20
o 16
BT - * AT =(r
> Ay f(@HD) WH Z ’ v, ) _ + ﬁ62p2+1_§C +1)
r+1 1 >~r+1 Ara ( ) - ("+ ) ?
— 1) st ZEL (29
(02 n Zl
Br Z": r+3) _ 0, Kars 3 o+ — oD ?
nz 1 2n i=1 ' ' 7
2
where Z7) = le‘ )z , =1 = 1 ?:1"01-(7")—'0(7") , and E7) =
iy |- Vh,( U)]
Proof. We have
B
A f( )+ar+lf 2 Z
(25) A, & ") ol
B LG Z<sz ) A = AP )
i=1
Br 5™ Ay parcy || ) P
+2n;‘vi nZHm —l— o ;wl T
A n

|
=i
LR
]
b
+
M
N
<
bﬁ

1
r) )7 & ()_AT+1$§7~+2)>

n 2
Ar41 (r) (r) « 12 (T+§) *
Gr+1 ) h! Ll | PR _
+ - ;<<Vf( )+ x>+2‘wz T )
pA; - (7"5‘*) —(r r
* 2n ; ¥ () Yi

i=1 i=1
Qr . r r T+ r+ T
¥ n“Z<<Vf<§)>+h§>,f DER CasEtias )
=1
pA e+ P L B sl
+ on lZ::l x; T + 2n; i
Bri1 r+h L1
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1
where we use the fact that aT+1(<Vfi(xET+2)) + hgr), )+ 5lv— H )+
’U(T)HQ is By41-strongly convex in (a). By using the above 1nequahtles,

Brii x| r+d) 2
T GRS
i=1
(D) Brit (| -rr1) a2, Brat = || 4D ]
= 5 H'v x —1—72” z:l v; v
i
(D_l) BT+1 - (r+1) r+1 r+1) —(r+1)
=1
By x| 48 i)
T
=1
(5-3 2 B 1 " 2
r+1 Zlvi(rﬂ) _ Py P (2 _ 1) ZvaT—Fl) _E(TH)H ’
i=1 2Zn \p i=1

we get,

Af( )+ar+1f +7

Ay & (r+d) Ar+1 < ) (r+)> Bri1 <~ _(r+1)
[ . _— h s . 2 —_— A —
1 r T+
—l-nz:<VfZ 5 )—l—h()Am() Ariq az(+)+ar+v(+2)>
=1
7'*
pAr N+ ol
o™ ; T T
n n 2
+ /“;T-H Z $§T+§) _ ’U( Z (7’) — v, (r+3 )
(- =1
Bri1 (1 [l _ ()
+ o <p2_1>;Hv2 - H .
From the definition of Fj,., we have
VF;r(x) = Vfi(x)+ hgr) + Az yfr)).
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Using the above equality, we get

n 1

1 , . il
T =-— Z<VF”( ;e ))+A<y§>—m§*2)),

nzl

1
Ari(r) —Ar+1w( +3) + a1 U( r+3 )>

- 1
12<VF 2 +A< ") wgrﬂ))’
nz*l
1 i1 )
Ar <$ >+A+1( ()_m§r+2)>+aT+1 (’UZ( +2)—'v§ )>>
1 " .
Z<VF 27,
n
=1
1 il )
A, (2 - r)+Arﬂ( ()_w§r+2)>+ar+1 <v§+2)—v§ )>>
A& L
(1) _ (") (+3) (’")>>
+nzzl< ) T(m x; )+ar+1( v;
M | 0
[t
(A1) 1 ™ .
Z<VFZ’T( £+2))7
ni4
1 1 )
4, (2 - af >>+A+1 <yf)_m§r+2))+ar+1< W )>>
QAATZn:H B, & (r+1) Nt
£ —m _ \
i=1 3n
Mot 5L+ o
* &n ; Zi Yi
We have
r41 r (A.l) - il 2
AT <vﬂ,r(wz( +2))’:i,(1“) — illl( )> > _4‘;\1 VFz,r(CCE +2))
- )\Ar :i(r) —CCZ(-T) 27
r r rl (A.1) . 1 9
At <VF““( U - +2)> > —%H VE, (")
ol AR B
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r4l r4i r (Al) , 2
Ar41 <VE7T($1( +2)),’U,§ +2) o 'U,L( )> N _3A)\+1

,,,l

B,

12

1 2
U§T+2) — "

Y

where we use A = ATHBTCLT_fl in the last inequality. By using the above inequalities,
we get,

2 33)\A4,

s A (r+3) 20 _ 0|
o M Jor, (b - e
5Br ||, 45 @, M s et o
T | T T en ; T
12 , 2
Then, using + 377" ivr(wgwﬂ < % A w( *3) yi(r) , we obtain
)\Ar+1 " (r4+31) (r) 33)\/1
x> 2l ) (r) _
7= 5 ; i i “16n ZH
5Br = ( +2 (r) 2
12n ; Y ‘
We have
Af( ())+ar+1f +7
Arp1 & (r+2) Ar+1 < () (r+)> Brii N (r41) 2
> T NT p) ) p DL NT (R0 )y Pl (1) _ g
)\ArJrl = (T+%) (r 33>\A
T 30 ; i ' “16n ZZH
pA S|+ d)
o Z:ZI x; x
HaAr41 ~ (r+3) _ ( BT‘ - (r) . %) 2
o ; i Y 12n; i
B, 1 " _ 2
() el e
N =
Using the following inequality,
fr T Ar " T 1 —
Ar41 Zfl (r+3 )) > Ay 1f( (r+1) )+ HZ<sz(w(r+l)),m§ +3) m(r+1)>
i=1 (L
,UArJrl < (7"+%) =) ?
+ on 12::1 x; T
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we get
Arf( (r )) + ar+1f

> Ar+1f(a_3(T+1

LB

%
n
2

T 2|

n 2

<vfz @) + n{", (” ) 53<’"+1>>

=
gl R
A31412;12“:1 2 0 3?2: Z | ==
MQI;IZT zil 2D _ g i
+ “Z’;lg 27 o) z”;
TG xl e
Using the following inequality, we obtain
o — Aria Xn: <Vf @)+ B - V@), g(r)>
-
E i}wan v
(A_.3) _2&:%;:; mlm%) e 2 %gm N MM; g —g® 2
. _251;1;“ ;:; m§r+ ) ylgr) _ %g(ﬂ — ‘SnA’“é a;l(.’") _ g0’
B 6@:1 zn: ‘ Ui(T) _s™ 27
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where we use Jensen’s inequality in the last inequality. Using the above inequality,
we get,

A f(@) + apgr (%) + % Zn) o — 2| + %5(”
=1
> A f(EHY) + Lz;rl; o g ?
5a7“+1 _ 50 Mf;lrnﬂ ; w§T+%) ) 2
Arsa (_25)Xn: 2! 7“)2
n _
(s R
e Sl b Z |
+ B <—1>iw“ i
> A1 f(2TD) + B;;l 2:: D) g 2
(5ar+1 ) + L;z;l);;lg; wgrﬂ) B 53(T+1)H2
+ A* = 25) ety
(S ) gyt a0 + Sl a0
i Sk
5t () i e
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By summarizing the above inequality, we obtain

—(7r BT “ (7‘) AT+1 r
Arf@0) +arnf@) 5050 [0 = ||+ =5 e
> A f(&0FY) 1 Bt ol 2|

2

ArJrl i . = (r+3) ()
+ n (32 26) ; i Yi
- 2 Br+l - (r+1) 7«+1)
12%21 + 2n (p_l)z f 'v H
33)\A 12 daryr " (r)
( 16n )ZHCB -] - n ZH”Z B

o e T

2

l\.’:\»—‘
~

This concludes the statement. O

Lemma 29. Suppose that Assumptions 2 and 5.8 hold. Then, when M =1, it holds
that

4p2E™ > glr+1) _ 8p252w H,B(Hl) _ j(rﬂ)HQ (D.21)
o Ar+2
1 & (r+1) (r) QAT‘+1 = 2 Ar+42 —(p41
— 80282 =% " |la, Y — || —32L g0+ _ 39p2 T2 5(r+1)
r n ; ! Yi Ar+2 Ar+2
2 2
where 2 = %E?:l ET) —zM|, Eﬁf) = % A ’ v, ) 5 , and E0) =
r —(r 2
Ly || = Vi)
Proof. From Lemma 15, we have
2
D) < 4,260 4 4262 Hg“*l) — g + 322220+, (D.22)
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Using (" +Y) = Ar g8 ta, 00D

h
T , we have

2
(r+1) 2 (1) 252 ( Gr+2 _(r41) =D ]2
£ < 4ge ) 8% (42 ) [olr ) — ol

2 A
n 8p252 H:E(H_l) . g(r) ‘ + 32L2T7+15g+1) 4 32L2w5g+1)
’!’+2 7‘+2
< 4p2) 4 8p252w ‘ prth) — glr+1) H2
AT+2
2 A,
+ 8202 Ha—c(ru) _ g™ ‘ n 32L2A L) 32L2%Eg+1)
r+2 42
< 426 +8p252m‘1—,<r+1> _g—c<r+1)H2

r+2
Zm%) _ y(r>

1 A, ,
+80%62-3 @ N 4 320220l m (D) oy 392 8082 m(r1),
n r+2 r+2

=1

This concludes the statement. O

Lemma 30. Suppose that Assumptions 5 and 11 hold. Then, when M = 1, it holds
that

[otr+t) — g0 H2 (D.23)
< Ay H (r) _53(7") 2 4Ar+1 1 (7"+ ) y,r
Ar+1 Ar41 n ¢
24rm Ly | o+ o
+ P nzzzl v, * -,

Proof. For all 1,72 > 0, it holds that

"D
L e o - a0 (1 L) o a0
al

(A.2)
< (1 m)(1+72) o) — g

+(1+m) (1 + ) |20 — g

(r+1) _ Z(r+1) H2

B
[Ny}

2

A

2

g (1 + 1) [otr+ — 5 ’
At

2

A \? _
<1 +7)(1+72) <A +1> Hv(’") —z)

g (1 + 1) [otr+) — 5 ’
gi!

+(1+m) (1 + o ) |20 — g
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Substituting 1 = 2 = min{1, A;Jl — 1}, we obtain
A
(1+7)(1+72) < =5,
Ar

1
<1 + > = max {2,
gi!

VA1 (VA + VA }
ArJrl - Ar
< max {2’ 2Ar+1} _ 2A7”+1,
Ar+1 ar+1
4Ar+1} _4An
Q41 B Qr41 ’

(14+m) (1 + 1> < max {4,

V2

where we use A,41 > A, and A,4+1 > a,+1. Using the above inequalities, we obtain

the statement.

O

Lemma 31. Suppose that Assumption 11 holds. Then, when M =1, it holds that

24 1 1 2 2
A B0HD < A, =0 4 %ﬁz SBZ('rJrQ) _yi(r) 4 %ES}"), (D.24)
p n= P
=) _ 15w [0 = =) _ 15 [0 =
where Zg” == > i1 H:UZ -z and Zy’ = >0 HvZ -
Proof. 1t holds that for all v > 0,
US|, _ =i |2
w2 = -2
=1
. 2 "N
(5j>) &Z xz(r—i—%) 21
L
(D1) PP |+ D) 2 1 2
= ZZ x, 2 —g| —p Ha—,,(r+)_g(r)
i=1
(A2) (1 4 ~)p? 1 2 1\ p? & o2
& LA D)y +(1+)Pz‘y§r>_y<r>
n i=1 TS
_ a2
pQHw(rH) g
1 2 1 12 1\ P24, & 2
P kel (r+3) _ ) +(1+> PA m 3 [l - )
n =1 Y/ NArgn i=1
1\ pPari1 N () —1? 2 _(r) |2
1 - (r) _ &(r _ r+1) _ =(r)
+( +7) nArq1 ;‘vl v p Ha: Y ’
where we use Jensen’s inequality in the last inequality. Substituting v = ﬁ, we
obtain the statement. O
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D.5.3 Convex Case

Lemma 32. Suppose that Assumptions 5, 2, and 11 hold with = 0, and the
following inequality is satisfied:

n

>

i=1

2 2

V(o y"

)\ n
sl

Then, when A = 2085, M =1, and

<min{ ) i o }
p= 1600° 6L" 48(R + 1)3 J ’

it holds that

A f (@) + apgr f ZH

24r 11 o) =(r) (1) Bp 50— g0
+ D 199004,ED + 60 E +24(R+1)2Hv z

1 n
>Ar+1f( (r+1) )‘F%Z‘
i=1

2
r+1 *
'U,L( ) — X

4 A0 4 0003, Z0H 4 0=
Rp (1) (1)
TR 1) o v ’ ’
2
where 28 = 1y 2 — 20", =) = 1 ;;1\1;5” —o™|°, and £M) =

=1 thm - Vhi@(r))H2~

n
Proof. Using p < %, we can simplify Lemmas 29 and 31 as follows:

pEM > glr+1) _ g ;252 Or42 Hf)('f’"‘l) _ CE(7»+1)H2

r+2
. 8/)252% Zn; o=y (D.25)
p
- 32L2A::5¥+1) - 32L2%E£}’+1),
PAEY) > A S - S 3 o5 — g0 (D.26)
=1
1 ()

2 =(r
- gp Ar4+1=y
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Using Lemma 26, we can simplify Lemma 30 as follows:

2

n i 9
_ %l Z w§T+2) _ yi(T‘)

Ar41 M52

Ri 1 o — & 2

> H{)(rJrl) _ :i(r+1)H

Z(r+§) - vzgr) 2

- 2Ar+ll zn: v

D.27
D (D.27)

From Eq. (D.20) +2%+2 x Eq. (D.25) +arcn % Ea. (D.27) +552x Eq. (D.26)

and A = 2089, we obtain

x*

Arf(@D) + apg1 f(a* +—Z\

2 24,02 \ Arqr
14 22 ) 2l o)
w1 A ) e

R 2
(r) (r) P 5(r) _ &)
+ 9906 A, 2 + da, 412y + AR+ 1) Hv T

> Ar+1f j r+1 r+1) —x* 2 + %‘7&28@4_1)
5608  32L7? _
! ( p 0 ) ATﬂ:gH)
1 1 32L%  2240a,41
——1) - - r o om(r D)
* 20,42 <P2 ) 0 3ary2 0| a2 v
(L _16a 2p°6 H’I_J(T—H) - a?;““‘””Q
24(R+ 1) m
9 16AT‘+2 2 P 2240 r+1 (r+ ) 2
+ |26 — 6 — -
{2 A L 6ar+1(R+1) 3 Z}

l 2
U§T+2) . vgr)

1 A 1
G )i
12 12a,41(R+1)") n &

where we use that fact that B, =1 for all » when y = 0. From Lemmas 25, 26, 26,
and 27, we have

Ar+1 (D§17) ’ Ar+2 (D§17) : Ar41 (D<19) 17
Ar41 Arga Ar4-2
1 (D19) 1 1 (D19) 1 (DA7)(D.15) R 4+ 1
< = =2080, < = =208, ario < atl
Ar42 al Qr4-1 aq 400
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131

Using the above inequalities, we obtain

) x|

A
o) —z*||" + (14 8p) Fe™

)
2

A f@D) 4 apaf (@) + 5> |
1

Rp
24(R +1)2

2
r—+1 *

+ 9906 4,2 + 5a, 1 =) + [ot) — &

2Ar+2

(r+1)
5 E

1 n
> A f@ETT) + = ‘ *
2n =

5606  32L2 —(r
' (p N 6) A EHY

)

14 C2(R+1) 2) Sr+1) _ = (r+1)||?
* (24(R+ 1) 5 F |2 sl
35 2240, ] A1 &

P 2

(R+1 P

1 32L7
1046 ( - 1) - - 7505/)] PN )
p

a:E“L%) B ygr)

n

Then, using the assumption on p, we have

1+8p <2,
5606  32L*

1) 1)

1 1) 3217

P o
P 2(R+1)p2 - By
24(R+1) 5 ~ 24(R+1)%’
9 35 . 2240

25— 166p — 5
50 ~160p = =00 = =3

> 9006,

1048 ( —7506p > 0,

op>0
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Thus, we can simplify the above inequality as follows:

2

x*

A f@) + arpi f(a* +fZ\

24, 2
+ D 1000042 + 60,2 + __fp |o) - 2

24(R+1)2
1 r 2
> Arpif(@ r+1)4-§ﬁ': v -z
24,
+ T“e“"“) + 9906 A, 20+ + §a, 4020+
Rp (1) A (r+1)
T uRT 12 50 — a0,
Thus, we obtain the desired result. O

Lemma 33. Suppose that Assumptions 5, 2, and 11 hold with u = 0, and the
following inequality is satisfied:

n

>

=1

R oY NS BT
352 2

% 7

1
VFi, ($§T+ *)

Then, when X = 2085, M =1, and

p= 1600’ 6L° 48(R + 1)3

it holds that f(x(®)) — f(x*) < € after

_(0)_ " 2
R:O( Mmfzwn)

Proof. From Lemma 32, we have
Arir (F@) = f(2¥))
< A, (f@) = f(@) + o

rounds.

1
2n i

2

1
vi(T+ R —

n 21467%15@) _

+6 (ar—l—lEvr) - ar+2~(r+1))

24,
T2 4+ 9906 (4,2 — A, ELTY)

+

24R+32w 2_H#MU_ﬂHMW)
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Telescoping the sum from r =0 to r = R — 1 and using Eg)) = E,(,O) =& =0 and
(0) (0)

=x; ', we have

2

1
(R _ * —— |l5©®
@) = @) < 5 o
Using Lemma 24, we obtain the desired result. O
Lemma 34. Suppose that Assumptions 5, 2, and 11 hold with yn = 0, and the
following inequality is satisfied:

n

D

i=1

l 2
VE,(z " )

A n
Sl

Then, when A = 2080, there exists v and M = Q(
f(@®) = f(@*) < e after

) such that it holds that

(0) __ ok
R:O( 6||w wll

rounds.

Proof. Define W™ as follows:

Then, the output of Alg. 10 is equivalent to

>

From Proposition 1 in Yuan et al. (2022), there exists v such that it holds that for
any ai,as,...,a, € RY

>

=1

<v2(1- 1—) ZHal ,

é ;- a

where a = 711 w1 a;. Thus, there exists M = Q( p) that satisfies the condition

on p in Lemma 33. From Lemma 33, we obtain the deSHed result. O
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D.5.4 Strongly Convex Case

Lemma 35. Suppose that Assumptions 5 and 11 hold and the following inequality is
satisfied:

n 2

>

=1

2 )\2

(r)
< —
=352 & -y

)

1
VEF;, (wETJr %)

Then, when A =960, M =1 and

< min 1 480%
p= 172822 \| 26022(1926 + p1)’
<4+2(1+%5 ( ET ))

1 965
1 -
46 (( " u

)]

it holds that

A (@) + argi f (= +5-. Z H (D.28)
24,
+ 6“ M) +2006A,2) + da, 4,2
Br " , 2
> Ar—l—lf( 7"+1 Wﬂ /Uz( +1) _ z*
24, .
+ 5+28(T+1) + 2005A7a+1._.( ) + 6CLT+2"'(T+1),
=) — 1y ‘ " _=m|° =) . 1y ’ ") _ 50| (")
where Zg’ = x, —T , Byl o= oy |lvp — , and EV) =
STt b - @)
Proof. From Lemma 15, p < 7 and g+ = ATHE(MX::T*?‘G(TH), we have
42
2L~ ||+ d) (r) 2Ar+1ﬁ( +1) 2 Or+2 —(r+1)
—2p6°=> la; ¥ —y"|| —32L =yt — 3202 =BT
n r+2 Apyo

=1
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From Eq. (D.20 4 2Are2 o Eq. (D.29) and A = 966, we have
9

A f(@")) + apsr f(2¥)
B, &
o ; \

+ 2006 A,Z) + da, 12

2. Ariq (1 n 2Ar+2p) £

d Ar+1

'vi(T) —x*

> A (@) B ; ol a4 2rzgeey
4+ 0A, 41 %{)2 — 64(1552] Eg‘*'l)
o gt (1) - =
e e S ol
+ % Apyr — 4pAT+2] Zz: 2 _ g ?

(+) _ (+) 2

:I:l (2

>

=1

Har41

— 4pdar2

1
n

Using Lemmas 26, and 27, § < 2L, and the condition of p, we have

24
1+ T+2,o:1+2(1+jf+2)p§2,

A'f‘+1 r+1
U 641>
%E 2 > 200,
B ( 1 1) 64L%  48ay2 ( 1 1) 6422 _
20a,42 \ p? 62 Ao \p? 62 =

AT+1 - 4PAr+2 > 07

% —4pdar42 > 0.

Using the above inequalities, we obtain the desired result. ]
Lemma 36. Suppose that Assumptions 5, 2, and 11 hold and the following inequality
is satisfied:

n

D
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Then, when X\ =960, M =1, and

- ) 480211
p =M\ oosr2\ 26022(1925 + 1)
-1
3846
a2t ) (e /222
(re2(eais) (45°))
-1
ad <1+965> (1+1925> 14 14 3880 :
46 Ju I I

it holds that f(z®)) — f(x*) < € after
; 7(0) _ px||2
h o ( 4m, (1+\/mm{u,5}llw z*| ))
,u €
rounds.

Proof. We have

* 2+ 2AT+1

(r)
5 &

A, (F@D) = f(@) +
+ 2006 4,2 + da, 1 E)

> A,y (f(a—:(T—‘rl)) — f(= ) 7"+1 Z‘

2Ar+2
o

2

m*

Er+H) 120004, 120 + ba,, 20D,

Telescoping the sum from » =0 to r = R — 1 and using 55,0) ES,?) =£0) = 0, we
have

By & 2 1 2
—(R)\ _ * £0 (0) | | =Y (0) IS
AR(f(m )— f(=x ))§ 2n;’vz x 2Ha: x*|| .
From Lemma 24, we obtain
2“R . if p < 3846,
@) - pay < |0V ] :
2
966 Hw —x* if p > 3846

for any R > 1. Then, we obtain the desired result. O

Lemma 37. Suppose that Assumptions 5, 2, and 11 hold and the following inequality
1s satisfied:

n

>

=1

VF; r(m(r+2 ’ (T+ ) _ ,’") ?

)\ n
“am |
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Then, when X\ = 960, there exists v and M = Q(\/ll_ip) such that it holds that
F(@) = f(*) < e after

; 7(0) _ 5|2
R:O< /aZulog (1+\/mm{u,5}Hw | ))
€

Proof. Define W™ as follows:

rounds.

w =1
wO =1
W) — (1 4 ) WmW — 4w (m=1),

Then, the output of Alg. 10 is equivalent to
i (M)
> W;'a;.
j=1

From Proposition 1 in Yuan et al. (2022), there exists v such that it holds that for
any ai,as,...,a, € R¢

2
n no ) - M i
Z ZWij a;—a gﬁ(l—\/l—p> Z||ai—a|| ,
i=1 ||j=1 i=1
where @ :== 1 """ | @;. Thus, there exists M = Q( \/1177) that satisfies the condition

on p in Lemma 36. From Lemma 36, we obtain the desired result.
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D.6 Analysis of Computational Complexity

D.6.1 Useful Lemmas

Lemma 38. Let F : R* = R be a p-strongly convex function and x* be a minimizer
of F. If the following is satisfied for some o < p and z,y € R?

IVF(z)|| < ally — 27|,

it holds that

o
w—

IVE ()| < [l —yl|-

Proof. We have
lz =yl = ly — || — [lo — =7

o 1
> |ly — =" - L IVE(@)],

where we use the strongly-convexity of F' in the last inequality. Using |V F ()| <
a|ly — x*||, we obtain the desired result. O

Lemma 39. Let F : R? = R be a p-strongly convex and L-smooth function and x*
be a minimizer of F. If we use Nesterov’s Accelerated Gradient Descent with initial
parameter ©0 € R?, it holds that for any B > 0

[vEED)| < 8] -2

ol [T, (Bt D)+ 87
reof 28

iterations where ©T) is the output of Nesterov’s Accelerated Gradient Descent.

after

Proof. From Theorem 3.18 in Bubeck (2015), it holds that

F(zM) - F(z*) < % Ha:(o) -z 2exp (—T Z) .
Using the L-smoothness, we have
HVF(:;;(T))H2 < Lp+L) |2 - 93*H2 exp <—T Z) .

Thus, when T > \/%log(%), it holds that

fortam)] < s o

Thus, using Lemma 38, we obtain the desired result. ]
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D.6.2 Proof of Theorem 7

Lemma 40. Consider Alg. 6. Suppose that Assumptions 5, 2 and 11 hold, and
hgo) = Vf(xgo)) —Vf,'(xgo)), :BZ(O) = 2 and we use the same A and M as in Lemma
19. Then, if we use Nesterov’s Accelerated Gradient Descent with initial parameter

)

to approximately solve the subproblem in line 4, each node requires at most

L L3(r +2)?
O( M+5log< 3(5 + p) ))

iterations to satisfy Eq. (5.6).

(r
T,

Proof. F;, is Q(p + 6)-strongly convex and O(L + §)-smooth. Thus, using Lemma
39, u < L, and § < 2L, we obtain the desired result. ]

D.6.3 Proof of Theorem 9

Lemma 41. Consider Alg. 8. Suppose that Assumptions 5, 2, and 11 hold, and
hl(-o) = Vf('vfo)) —Vfi('vi(o)), vi(o) =09, and we use the same \ and M as in Lemma
283. Then, if we use Nesterov’s Accelerated Gradient Descent with initial parameter

)

to approximately solve the subproblem in line 4, each node requires at most

o(Ew(4)

iterations to satisfy Eq. (5.7).

(r
v;

Proof. F;, is Q(p + d)-strongly convex and O(L + §)-smooth. Thus, using Lemma
39, u < L, and § < 2L, we obtain the desired result. O

D.6.4 Proof of Theorem 11

Lemma 42. Consider Alg. 9. Suppose that Assumptions 5, 2, and 11 hold, and
hgo) = Vf(vz-(o)) — Vfi(vgo)), v = 20 and we use the same v, M, and X as

(2
Theorem 10. Then, if we use Nesterov’s Accelerated Gradient Descent with initial

(r)

;. to approximately solve the subproblem in line 12, each node requires

oL (%))

iterations to satisfy Eq. (5.8).

parameter y
at most

Proof. F;, is Q(p + d)-strongly convex and O(L + §)-smooth. Thus, using Lemma
39, u < L, and § < 2L, we obtain the desired result. O
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D.7 Experimental Setup

D.7.1 Setup for Adaptive Number of Local Steps

In Fig. 5.1a, we ran gradient descent until the following condition was satisfied.

(r+3) (r+3) r
+ Inexact SONATA: |VF;, (" 7)) < A5 x> — 2.

. Stabilized SONATA: |VF;,(z{"™)| < Az — o).

7

+ Inexact Accelerated SONATA: |[VF, () ™)| < (1 /§)"(19)[l2{""" -

)

a:l(-r)” where ¢ is the number of inner loop.

(7‘+%)

1
« Accelerated Stabilized SONATA: ||VF, . (z\ 2| < Allz\" "2 — y{].

D.7.2 Hyperparameter Setting

In Fig. 5.1, we tuned the hyperparameters by grid search. Specifically, we ran grid
search over the hyperparameters listed in Table D.2 and chose the hyperparameter
that minimizes the norm of the last gradient.

Table D.2: Experimental setups. Note that for Inexact Accelerated SONATA, ¢
is the coefficient of the additional L2 regularization in the subproblem, and it is
different from Definition 2.

Gradient Tracking n {0.05,0.01,0.005, 0.001}

M {10, 20, 30}
7 {0.05,0.01,0.005,0.001}
Inexact SONATA A {1,10}
M {10,20,30}
o We set the same value as the coefficient of L2 regularization.
5 5
(Accelerated) Stabilized SONATA Z {0.00‘0.0{11‘ ol.g(}m,o.om }
M {10,20, 30}
7 {0.05,0.01,0.005,0.001}
B {1,10}
Inexact Accelerated SONATA M {10,20,30}
The number of inner loop T' {1,2,3,4,5}
The coefficient of the regularizer & {0.1,1,10}
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