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Abstract

The growing scale of modern machine learning has intensiĄed the need for training
paradigms that can efficiently utilize distributed data and computational resources.
Among these paradigms, decentralized learning has attracted signiĄcant attention.
Despite its inherent communication sparsity, decentralized learning still faces fun-
damental challenges: the exchange of high-dimensional model parameters often
dominates the runtime, and convergence can signiĄcantly slow down as the number
of nodes increases or when local datasets differ greatly across nodes. Thus, im-
proving the communication efficiencyŮboth in terms of per-round communication
and the number of rounds required for convergenceŮremains a central problem in
decentralized optimization. This thesis develops new communication topologies and
optimization algorithms that advance the scalability and efficiency of decentralized
learning.

First, we introduce the Base-(k + 1) Graph, a novel topology that achieves
efficient parameter mixing while preventing communication costs from growing with
the number of nodes. We further propose Teleportation, a decentralized learning
method that entirely removes the communication overhead induced by the large
number of nodes and yields convergence rates that improve as the number of nodes
increases.

Next, we address inefficiencies arising from data heterogeneity, a deĄning charac-
teristic of decentralized systems. While classical methods such as Gradient Tracking
guarantee convergence regardless of data heterogeneity, they fail to exploit the
similarity among the datasets held by nodes. To remedy this, we propose Acceler-
ated Stabilized Proximal Decentralized Optimization (Accelerated SPDO), an
optimization method that beneĄts from inter-node dataset similarity. Acceler-
ated SPDO reduces communication costs when datasets are similar and achieves
communication complexity that is optimal up to logarithmic factors.

Overall, this thesis contributes new theoretical insights and practical method-
ologies that signiĄcantly enhance the communication efficiency of decentralized
learning.
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1

Introduction

Machine learning has achieved remarkable results by leveraging vast amounts of data.
Large-scale datasets such as C4 (Raffel et al., 2020) for natural language processing,
ImageNet (Deng et al., 2009) for computer vision, and CLIP (Radford et al., 2021)
have played a central role in this progress. The recent advances in machine learning
have been driven by the ability to leverage large-scale datasets. However, there still
remain vast amounts of data that have not yet been fully utilized. For instance,
pictures and messages stored on personal smartphones, as well as large collections
of clinical data maintained by medical institutions, are difficult to exploit due to
concerns over privacy preservation. Distributed learning, such as federated learning
and decentralized learning, offers a promising approach for leveraging such untapped
data (Kairouz et al., 2021).

Distributed learning allows nodes to train machine learning models without
sharing the training dataset with other nodes. The nodes correspond to personal
smartphones or medical institutions and possess their own training datasets. During
the training, nodes only exchange the model parameters with other nodes and do
not share the training datasets. In this manner, distributed learning can inherently
preserve the privacy of sensitive data while enabling model training by taking
advantage of a substantially larger amount of data stored across different nodes.

Distributed learning can be broadly classiĄed into federated learning and de-
centralized learning, based on the way communication is carried out. In federated
learning, the presence of a central server is assumed, and nodes exchange model
parameters via this central server. However, when the number of nodes becomes
large, signiĄcant communication overhead arises between the central server and the
nodes. By contrast, decentralized learning dispenses with a central server and instead
assumes that nodes are interconnected through an underlying network topology, such
as a ring. As each node communicates only with a limited number of neighboring
nodes, decentralized learning achieves higher communication efficiency than federated
learning. In this thesis, we focus on the study of decentralized learning.

Although decentralized learning is more communication-efficient than feder-
ated learning, communication efficiency is still important in decentralized learning.
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Machine learning models typically contain a large number of parameters, and trans-
mitting and receiving model parameters are generally more time-consuming than
performing local computations at each node (Lian et al., 2017; Wang et al., 2019).
Thus, reducing the communication costs is key to improving the overall efficiency of
decentralized learning. The communication costs are determined by the communi-
cation that occurs in each round and the number of rounds required to reach the
desired accuracy, i.e., convergence rate. While the sparse communication structure
of decentralized learning reduces per-round communication costs, it can signiĄcantly
degrade the convergence rate, especially when the number of nodes is large or when
local datasets are highly heterogeneous (Koloskova et al., 2020). Motivated by
these challenges, this thesis proposes novel communication topologies and optimiza-
tion methods that improve the convergence rate of decentralized learning while
maintaining low communication costs.

1.1 Topology Design for Communication-efficient Decen-

tralized Learning

In Chapters 3 and 4, we design a novel communication pattern to improve the
convergence rate of the decentralized learning methods. To reduce per-round com-
munication costs, sparse topologies such as a ring are commonly adopted. While
these sparse topologies are attractive from a per-round communication efficiency
perspective, they typically lead to slow information propagation across the network.
As a result, the convergence rate of decentralized learning methods deteriorates
signiĄcantly, especially as the number of nodes increases. This trade-off between
per-round communication efficiency and convergence rate motivates the development
of new communication patterns that preserve fast convergence rate while maintaining
low per-round communication costs.

In Chapter 3, we propose a novel graph called Base-(k +1) Graph. Base-(k +1)
Graph requires nodes to communicate with k nodes in each round. By choosing a
small k, e.g., 1, we can reduce the communication costs in each round. Despite such
sparsity, we can prevent the degradation of the convergence rate since Base-(k + 1)
Graph efficiently mixes the parameters held by the nodes.

In Chapter 4, we propose a novel decentralized learning method called Tele-
portation. Base-(k + 1) Graph can prevent the degradation of the convergence
rate even if the number of nodes is extremely large. However, its convergence rate
still deteriorates as the number of nodes increases. To address this issue, we propose
Teleportation. Teleportation is based on a totally different idea than Base-
(k + 1) Graph. For Base-(k + 1) Graph, we consider ways to connect nodes so
that we can efficiently mix the parameters, while for Teleportation, we propose
activating only a few nodes during training. By choosing an appropriate number
of active nodes, Teleportation can completely eliminate the degradation of the
convergence rate caused by increasing the number of nodes, and the convergence
rate is consistently improved as the number of nodes increases.

2



1.2. Optimizer for Communication-efficient Decentralized Learning 3

1.2 Optimizer for Communication-efficient Decentral-

ized Learning

In Chapter 5, we study communication efficiency from an algorithmic perspective
and propose new decentralized optimization methods that exploit similarities among
local datasets. A fundamental characteristic of decentralized learning is that each
node holds a different local dataset. In decentralized learning, nodes exchange model
parameters with neighboring nodes without directly sharing the training datasets,
enabling all nodes to train the same model. Therefore, decentralized learning methods
require more communication costs when the nodes have signiĄcantly different datasets,
which is called the heterogeneous setting.

A number of prior studies have addressed this issue (Lorenzo and Scutari, 2016;
Pu and Nedic, 2021; Lin et al., 2021; Yuan et al., 2021; Takezawa et al., 2023a; Aketi
et al., 2023). The most seminal decentralized learning method is Gradient Tracking
(Lorenzo and Scutari, 2016; Pu and Nedic, 2021), which can converge to a stationary
point with the same communication costs regardless of the data heterogeneity. While
this robustness is appealing, it also implies that the same communication cost is
incurred regardless of whether local datasets are nearly identical or completely
different. From an intuitive standpoint, this is unsatisfactory: when nodes have
highly similar datasets, decentralized learning should be possible with substantially
less communication.

Motivated by this observation, in Chapter 5, we propose Stabilized Proximal De-
centralized Optimization (SPDO) and Accelerated Stabilized Proximal Decentralized
Optimization (Accelerated SPDO). These methods explicitly exploit similarity
among local datasets and adapt their communication requirements accordingly. When
data heterogeneity is small, SPDO and Accelerated SPDO achieve signiĄcantly
reduced communication costs. Furthermore, we show that the communication com-
plexity of Accelerated SPDO is optimal up to logarithmic factors, establishing
its theoretical optimality in communication-efficient decentralized learning.

1.3 Contributions beyond this Thesis

In addition to the research detailed in this thesis, the author published the following
papers. In the Ąrst paper, we propose a novel decentralized learning method that
is robust to data heterogeneity. In the second paper, we investigate decentralized
learning methods that utilize communication compression to minimize communication
costs. In the third paper, we apply a sophisticated adaptive optimizer, called Muon,
to the Ąeld of federated learning.

• Yuki Takezawa, Anastasia Koloskova, Xiaowen Jiang, Sebastian Stich,
ŞFedMuon: Federated Learning with Bias-corrected LMO-based OptimizationŤ,
In International Conference on Learning Representations 2026
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• Yuki Takezawa, Han Bao, Kenta Niwa, Ryoma Sato, Makoto Yamada,
ŞMomentum Tracking: Momentum Acceleration for Decentralized Deep Learn-
ing on Heterogeneous DataŤ,
In Transactions on Machine Learning Research 2023

• Yuki Takezawa, Kenta Niwa, Makoto Yamada,
ŞCommunication Compression for Decentralized Learning with Operator Split-
ting MethodsŤ,
In IEEE Transactions on Signal and Information Processing over Networks
2023

Beyond decentralized learning topics, the author worked on a variety of research
topics. These papers are not included in this thesis as they are not connected to the
main topic of decentralized learning.

• Yuki Takezawa, Kenta Niwa, Makoto Yamada,
ŞNecessary and Sufficient Watermark for Large Language ModelsŤ,
In Transactions on Machine Learning Research 2025

• Yuki Takezawa, Han Bao, Ryoma Sato, Kenta Niwa, Makoto Yamada,
ŞParameter-free Clipped Gradient Descent Meets PolyakŤ,
In Advances in Neural Information Processing Systems 2024

• Yuki Takezawa, Ryoma Sato, Zornitsa Kozareva, Sujith Ravi, Makoto Yamada,
ŞFixed Support Tree-Sliced Wasserstein BarycenterŤ,
In International Conference on Artificial Intelligence and Statistics 2022

• Yuki Takezawa, Ryoma Sato, Makoto Yamada,
ŞSupervised Tree-Wasserstein DistanceŤ,
In Transactions on Machine Learning Research 2021
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Setup and Assumptions

In this section, we introduce the problem setting that is the focus of this thesis.

2.1 Notation

For any n ∈ N, let [n] := ¶1, · · · , n♢. The norm ∥ · ∥ without a subscript denotes the
Euclidean norm, and ∥ · ∥F denotes Frobenius norm. Id denotes the d-dimensional
identity matrix, 0 denotes a vector with all zeros, and 1 denotes a vector with all
ones.

2.2 Problem Setting

The problem we address is one where the loss functions are distributed among n

nodes:

min
x∈Rd



f(x) :=
1

n

n∑

i=1

fi(x)


, fi(x) := Eξi∼Di
[Fi(x; ξi)] , (2.1)

where x is a model parameter, Di is a training dataset that the i-th node has, ξi is a
data sample following Di, and the local loss function fi : Rd → R is deĄned as the
expectation of Fi(·; ξi) over data sample ξi. The nodes are connected by a graph, in
which Wij ∈ [0, 1] represents the edge weight between nodes i and j, and Wij > 0 if
and only if nodes i and j are connected.

2.3 Assumptions on Loss Functions

Following the previous work (Koloskova et al., 2020; Li et al., 2020; Murata and
Suzuki, 2021; Tian et al., 2022; Sun et al., 2022; Lin et al., 2023; Khaled and Jin,
2023; Jiang et al., 2024b), we use the following assumptions on the loss functions.

Assumption 1. There exists f⋆ > −∞ that satisfies f(x) ≥ f⋆ for any x ∈ R
d.

5



6 Chapter 2. Setup and Assumptions

Assumption 2. There exists L ≥ 0 that satisfies for any x, y ∈ R
d and i ∈ [n],

∥∇fi(x)−∇fi(y)∥ ≤ L∥x− y∥. (2.2)

Assumption 3. It holds that Eξi∼Di
[∇Fi(x; ξi)] = ∇fi(x) for any x ∈ R

d. Then,
there exists σ ≥ 0 that satisfies for any x ∈ R

d and i ∈ [n],

Eξi∼Di
∥∇Fi(x; ξi)−∇fi(x)∥2 ≤ σ2. (2.3)

The above three assumptions are quite common in the optimization literature,
e.g., (Nesterov, 2018). Furthermore, since each node has a different loss function, we
use the following assumption to measure their dissimilarity:

Assumption 4. There exists ζ ≥ 0 that satisfies for any x ∈ R
d,

1

n

n∑

i=1

∥∇fi(x)−∇f(x)∥2 ≤ ζ2. (2.4)

The quantity of ζ is often called data heterogeneity, and a large ζ implies that
nodes have different datasets. When ζ is large, it is called a heterogeneous setting,
and when ζ is close to 0, it is called a homogeneous setting.

In Chapter 5, we further assume that the loss function is (strongly) convex.

Assumption 5. There exists µ ≥ 0 such that for any x, y ∈ R
d and i, it holds that

fi(x) ≥ fi(y) + ⟨∇fi(y), x− y⟩+
µ

2
∥x− y∥2. (2.5)

2.4 Assumptions on Network Topology

We use the following assumption for the topology.

Assumption 6. Let λi be the i-th largest eigenvalue of W ∈ [0, 1]n×n. W is a
doubly stochastic matrix, and p := 1−max¶♣λ2♣, ♣λn♣♢2 satisfies p ∈ (0, 1]. That is, it
holds that

∥
∥
∥XW − X̄

∥
∥
∥

2

F
≤ (1− p)

∥
∥
∥X − X̄

∥
∥
∥

2

F
,

for any X ∈ R
d×n where X̄ := 1

nX11⊤.

The above assumption holds when the topology is connected. The quantity of p

is often called the spectral gap, and the quantity of
√

1− p is called the consensus
rate. The spectral gap measures how well the topology is connected, and as the
topology becomes sparse, p approaches zero. For instance, when the topology is
fully-connected, i.e., W = 1

n11⊤, p = 1. Additionally, we assume that the topology
is undirected, i.e., W = W ⊤, when necessary.

6



3

Communication-efficient Topologies for Decentralized

Learning via Finite-time Convergence

Abstract

Many recent studies stated that the underlying network topology with a
faster consensus rate (a.k.a. spectral gap) leads to a better convergence
rate and accuracy for decentralized learning. However, a topology with
a fast consensus rate, e.g., the exponential graph, generally has a large
maximum degree, which incurs significant communication costs. Thus,
seeking topologies with both a fast consensus rate and small maximum
degree is important. In this chapter, we propose a novel topology
combining both a fast consensus rate and small maximum degree called
the Base-(k + 1) Graph. Unlike the existing topologies, the Base-

(k + 1) Graph enables all nodes to reach the exact consensus after
a finite number of iterations for any number of nodes and maximum
degree k. Thanks to this favorable property, the Base-(k + 1) Graph

endows Decentralized SGD with both a faster convergence rate and more
communication efficiency than the exponential graph. We conducted
experiments with various topologies, demonstrating that the Base-

(k+1) Graph enables various decentralized learning methods to achieve
higher accuracy with better communication efficiency than the existing
topologies.

3.1 Introduction

In decentralized learning, each node only needs to communicate with a few nodes,
while this sparse communication characteristic may degrade the convergence rate
and accuracy (Koloskova et al., 2020; Zhu et al., 2022). Specifically, the smaller the
maximum degree of an underlying network topology is, the fewer the communication
cost becomes (Song et al., 2022; Wang et al., 2019); meanwhile, the faster the

7
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Table 3.1: Comparison among different topologies with n nodes. The deĄnition of
the consensus rate and Ąnite-time convergence is shown in Sec. 3.3.

Topology Consensus Rate Maximum Degree #Nodes n

Ring (Nedic et al., 2018) 1−O(n−2) 2 ∀n ∈ N

Torus (Nedic et al., 2018) 1−O(n−1) 4 ∀n ∈ N

Exp. (Ying et al., 2021) 1−O((log2(n))−1) ⌈log2(n)⌉ ∀n ∈ N

1-peer Exp. (Ying et al., 2021) O(log2(n))-Ąnite time conv. 1 A power of 2
1-peer Hypercube (Shi et al., 2016) O(log2(n))-Ąnite time conv. 1 A power of 2
Base-(k + 1) Graph (ours) O(logk+1(n))-Ąnite time conv. k ∀n ∈ N

consensus rate (a.k.a. spectral gap) of a topology is, the faster the convergence
rate of decentralized learning becomes (Koloskova et al., 2020). Thus, developing a
topology with both a fast consensus rate and small maximum degree is essential for
decentralized learning. Table 3.1 summarizes the properties of various topologies.
For instance, the ring and exponential graph are commonly used (Assran et al., 2019;
Cyffers et al., 2022; Koloskova et al., 2019; Lu and De Sa, 2020). The ring is a
communication-efficient topology because its maximum degree is two but its consensus
rate quickly deteriorates as the number of nodes n increases (Nedic et al., 2018). The
exponential graph has a fast consensus rate, which does not deteriorate much as n

increases, but it incurs signiĄcant communication costs because its maximum degree
increases as n increases (Ying et al., 2021). Thus, these topologies sacriĄce either
communication efficiency or consensus rate.

Recently, the 1-peer exponential graph (Ying et al., 2021) and 1-peer hypercube
graph (Shi et al., 2016) were proposed as topologies that combine both a small
maximum degree and fast consensus rate (see Sec. B.3.4 for examples). As Fig. 3.1
shows, in the ring and exponential graph, node parameters only reach the consensus
asymptotically by repeating exchanges of parameters with neighbors. Contrarily, in
the 1-peer exponential and 1-peer hypercube graphs, parameters reach the exact
consensus after a Ąnite number of iterations when n is a power of 2 (see Fig. B.12 in
Sec. B.6.2). Thanks to this property of Ąnite-time convergence, the 1-peer exponential
and 1-peer hypercube graphs enable Decentralized SGD (Lian et al., 2017) to converge
at the same convergence rate as the exponential graph when n is a power of 2, even
though the maximum degree of the 1-peer exponential and 1-peer hypercube graphs
is only one (Ying et al., 2021).

However, this favorable property only holds when n is a power of 2. When n

is not a power of 2, the 1-peer hypercube graph cannot be constructed, and the
1-peer exponential graph only reaches the consensus asymptotically as well as the
ring and exponential graph, as Fig. 3.1 illustrates. Thus, the 1-peer exponential and
1-peer hypercube graphs cannot enable Decentralized SGD to converge as fast as the
exponential graph when n is not a power of 2. Moreover, even if n is a power of 2,
the 1-peer hypercube and 1-peer exponential graphs still cannot enable Decentralized
SGD to converge faster than the exponential graph.

In this chapter, we ask the following question: Can we construct topologies that

8
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3.3 Preliminary and Notation

Notation. A graph G is represented by (V, E) where V is a set of nodes and E is a
set of edges. If G is a graph, V (G) (resp. E(G)) denotes the set of nodes (resp. edges)
of G. For any a1, · · · , an, (a1, · · · , an) denotes the ordered set. An empty (ordered)
set is denoted by ∅. For any n, a ∈ N, mod(a, n) is the remainder of dividing a by n.

Topology. Let G be an underlying network topology with n nodes, and W ∈
[0, 1]n×n be a mixing matrix associated with G. That is, Wij is the weight of the
edge (i, j), and Wij > 0 if and only if (i, j) ∈ E(G). Most of the decentralized
learning methods require W to be doubly stochastic (i.e., W 1 = 1 and W ⊤1 = 1)
(Lian et al., 2017; Lin et al., 2021; Nedić et al., 2017; Tang et al., 2018). Then, the
consensus rate of G is deĄned below.

Assumption 7. Let W be a mixing matrix associated with a graph G with n nodes.
There exists ρ ∈ [0, 1) such that for any X ∈ R

d×n, it satisfies

∥
∥
∥XW − X̄

∥
∥
∥

2

F
≤ ρ2

∥
∥
∥X − X̄

∥
∥
∥

2

F
,

where X̄ := 1
nX11⊤.

The quantity of ρ is called the consensus rate. Thanks to ρ ∈ [0, 1), xi asymp-
totically converge to consensus 1

n

∑n
i=1 xi by repeating parameter exchanges with

neighbors. However, this does not mean that all nodes reach the exact consensus
within a Ąnite number of iterations except when ρ = 0, that is, when G is fully
connected. Then, utilizing time-varying topologies, Ying et al. (2021) and Shi et al.
(2016) aimed to obtain sequences of graphs that can make all nodes reach the exact
consensus within Ąnite iterations and proposed the 1-peer exponential and 1-peer
hypercube graphs respectively (see Sec. B.3.4 for illustrations).

Definition 1. Let (G(1), · · · , G(m)) be a sequence of graphs with the same set
of nodes (i.e., V (G(1)) = · · · = V (G(m))). Let n be the number of nodes. Let
W (1), · · · , W (m) be mixing matrices associated with G(1), · · · , G(m), respectively.
Suppose that W (1), · · · , W (m) satisfy XW (1)W (2) · · ·W (m) = X̄ for any X ∈ R

d×n,
where X̄ = 1

nX11⊤. Then, (G(1), · · · , G(m)) is called m-finite time convergence or
an m-finite time convergent sequence of graphs.

Because DeĄnition 1 assumes that V (G(1)) = · · · = V (G(m)) holds, we often
write a sequence of graphs (G(1), · · · , G(m)) as (E(G(1)), · · · , E(G(m))) using a slight
abuse of notation. Additionally, in the following section, we often abbreviate the
weights of self-loops because they are uniquely determined due to the condition that
the mixing matrix is doubly stochastic.

10
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how all nodes reach the exact consensus. Let G(1) and G(2) denote the graphs in
Fig. 3.2a from left to right, respectively. After the nodes exchange parameters with
neighbors in G(1), nodes 1 and 2, nodes 3 and 4, and nodes 5 and 6 have the same
parameter respectively. Then, after exchanging parameters in G(2), all nodes reach
the exact consensus. We present the complete algorithms for constructing the k-peer
Hyper-hypercube Graph in Alg. 1.

3.4.2 Simple Base-(k + 1) Graph

As described in Sec. 3.4.1, when n does not have prime factors larger than k + 1,
we can easily make all nodes reach the exact consensus by the k-peer Hyper-
hypercube Graph. However, when n has prime factors larger than k + 1, e.g.,
when (k, n) = (1, 5), the k-peer Hyper-hypercube Graph cannot be constructed.
In this section, we extend the k-peer Hyper-hypercube Graph and propose the
Simple Base-(k + 1) Graph, which is Ąnite-time convergence for any number of
nodes n and maximum degree k. Note that the maximum degree of the Simple
Base-(k + 1) Graph is not k + 1, but at most k.

We present the pseudo-code for constructing the Simple Base-(k + 1) Graph
in Alg. 2. For simplicity, here we explain only the case when the maximum degree
k is one. The case with k ≥ 2 is explained in Sec. B.2. The Simple Base-(k + 1)
Graph mainly consists of the following four steps. The key idea is that splitting V

into disjoint subsets to which the k-peer Hyper-hypercube Graph is applicable.

Step 1. As in the base-2 number of n, we decompose n as n = 2p1 + · · ·+ 2pL in
line 1, and then split V into disjoint subsets V1, · · · , VL such that ♣Vl♣ = 2pl for
all l ∈ [L] in line 3.2

Step 2. For all l ∈ [L], we make all nodes in Vl obtain the average of parameters in
Vl using the 1-peer Hyper-hypercube Graph H1(Vl) in line 11. Then, we
initialize l′ as one.

Step 3. Each node in Vl′+1∪· · ·∪VL exchanges parameters with one node in Vl′ such
that the average in Vl′ becomes equivalent to the average in V . We increase l′

by one and repeat step 3 until l′ = L. This procedure corresponds to line 15.

Step 4. For all l ∈ [L], we make all nodes in Vl obtain the average in Vl using
the 1-peer Hyper-hypercube Graph H1(Vl). Because the average in Vl

is equivalent to the average in V after step 3, all nodes can reach the exact
consensus. This procedure corresponds to line 25.

Using the example presented in Fig. 3.3, we explain Alg. 2 in more detail. Let
G(1), · · · , G(5) denote the graphs in Fig. 3.3 from left to right, respectively. In step
1, we split V := ¶1, · · · , 5♢ into V1 := ¶1, · · · , 4♢ and V2 := ¶5♢. In step 2, nodes in
V1 obtain the average in V1 by exchanging parameters in G(1) and G(2). In step 3,

2Splitting Vl into Vl,1, · · · , Vl,al
becomes crucial when k ≥ 2 (see Sec. B.2).
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Ąnite-time convergence and becomes a redundant sequence of graphs in some cases,
e.g., (k, n) = (1, 6) (see the example in Fig. 3.4b and a detailed explanation in
Sec. B.3.2). To remove this redundancy, this section proposes the Base-(k + 1)
Graph that can make all nodes reach the exact consensus after fewer iterations than
the Simple Base-(k + 1) Graph.

The pseudo-code for constructing the Base-(k + 1) Graph is shown in Alg. 3.
The Base-(k + 1) Graph consists of the following three steps.

Algorithm 2 Simple Base-(k + 1) Graph Asimple
k (V )

1: Input: the set of nodes V and number of nodes n(= a1(k + 1)p1 + a2(k + 1)p2 + · · ·+
aL(k + 1)pL) such that p1 > p2 > · · · > pL ≥ 0 and al ∈ [k] for all l ∈ [L].

2: If all prime factors of n are less than or equal to k + 1 then return Hk(V ).
3: Split V into disjoint subsets V1, · · · , VL such that ♣Vl♣ = al(k + 1)pl for all l ∈ [L]. Then,

for all l ∈ [L], split Vl into disjoint subsets Vl,1, · · · , Vl,al
such that ♣Vl,a♣ = (k + 1)pl for

all a ∈ [al].
4: Construct k-peer Hyper-hypercube Graph Hk(Vl) for all l ∈ [L] and m1 = ♣Hk(V1)♣.
5: Construct k-peer Hyper-hypercube Graph Hk(Vl,a) for all l ∈ [L] and a ∈ [al].
6: Initialize bl as zero for all l ∈ [L], and initialize m as zero.
7: while b1 < ♣Hk(V1,1)♣ do
8: m← m + 1 and E(m) ← ∅.
9: for l ∈ ¶L, L− 1, · · · , 1♢ do

10: if m ≤ m1 then

11: Add E(Hk(Vl)
(m′)) to E(m) where m′ = mod(m− 1, ♣Hk(Vl)♣) + 1.

12: else if m < m1 + l then
13: for v ∈ Vl do
14: Select isolated node u1, · · · , uam−m1

from Vm−m1,1, · · · , Vm−m1,am−m1
.

15: Add edges (v, u1), · · · , (v, uam−m1
) with weight

♣Vm−m1 ♣

am−m1

∑
L

l′=m−m1
♣Vl′ ♣

to

E(m).

16: else if m = m1 + l and l ̸= L then
17: while There are two or more isolated nodes in Vl do
18: c← the number of isolated nodes in Vl.
19: Select min¶k + 1, c♢ isolated nodes V ′ in Vl.

20: Add edges with weights 1
♣V ′♣ to E(m) such that V ′ compose the complete

graph.

21: else
22: bl ← bl + 1.
23: if pl ̸= 0 then
24: for a ∈ [al] do

25: Add E(Hk(Vl,a)(m′)) to E(m) where m′ = mod(bl−1, ♣Hk(Vl,a)♣)+1.

26: else

27: Add E(Hk(Vl)
(m′)) to E(m) where m′ = mod(bl − 1, ♣Hk(Vl)♣) + 1.

28: return (E(1), E(2), · · · , E(m)).

14
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Algorithm 3 Base-(k + 1) Graph Ak(V )

1: Input: the set of nodes V and number of nodes n.
2: Decompose n as n = p× q such that p is a multiple of 2, 3, · · · , (k + 1) and q is prime to

2, 3, · · · , (k + 1).
3: Split V into disjoint subsets V1, · · · , Vp such that ♣Vl♣ = q for all l.
4: Construct Simple Base-(k + 1) Graph Asimple

k (Vl) for all l ∈ [p].

5: for m ∈ ¶1, 2, · · · , ♣Asimple
k (V1)♣♢ do

6: E(m) ← ⋃

l∈[p] E(Asimple
k (Vl)

(m)).

7: Split V into disjoint subsets U1, · · · , Uq such that ♣Ul♣ = p and ♣Ul ∩ Vl′ ♣ = 1 for all l, l′.
8: Construct k-peer Hyper-hypercube Graph Hk(Ul) for all l ∈ [q].
9: for m ∈ ¶1, 2, · · · , ♣Hk(U1)♣♢ do

10: E(m+♣Asimple
k

(V1)♣) ← ⋃

l∈[q] E(Hk(Ul)
(m)).

11: E ← (E(1), E(2), · · · , E(♣Asimple
k

(V1)♣+♣Hk(U1)♣)).
12: If ♣Asimple

k (V )♣ < ♣E♣ then return Asimple
k (V ) else return E .

Step 1. We decompose n as p× q such that p is a multiple of 2, · · · , (k + 1) and q is
prime to 2, · · · , (k + 1), and split V into disjoint subsets V1, · · · , Vp such that
♣Vl♣ = q for all l ∈ [p].

Step 2. For all l ∈ [p], we make all nodes in Vl reach the average in Vl by the Simple
Base-(k + 1) Graph Asimple

k (Vl). Then, we take p nodes from V1, · · · , Vp

respectively and construct a set U1. Similarly, we construct U2, · · · , Uq such
that U1, · · · , Uq are disjoint sets.

Step 3. For all l ∈ [q], we make all nodes in Ul reach the average in Ul by the k-peer
Hyper-hypercube Graph Hk(Ul). Because the average in Ul is equivalent
to the average in V after step 2, all nodes reach the exact consensus.

Using the example in Fig. 3.4a, we explain the Base-(k+1) Graph in more detail.
Let G(1), · · · , G(4) denote the graphs in Fig. 3.4a from left to right, respectively. In
step 1, we split V into V1 := ¶1, 2, 3♢ and V2 := ¶4, 5, 6♢. In step 2, nodes in V1

and nodes in V2 have the same parameter respectively by exchanging parameters
on G(1), · · · , G(3) because the subgraphs composed on V1 and V2 are same as the
Simple Base-(k + 1) Graph (see Fig. B.5a). Then, we construct U1 := ¶1, 4♢,
U2 := ¶2, 5♢, and U3 := ¶3, 6♢. Finally, in step 3, all nodes reach the exact consensus
by exchanging parameters in G(4).

Fig. 3.5 and Sec. B.6.1 compare the Base-(k + 1) Graph with the Simple
Base-(k + 1) Graph, demonstrating that the length of the Base-(k + 1) Graph
is less than that of the Simple Base-(k + 1) Graph in many cases. Moreover,
Theorem 1 show the upper bound of the length of the Simple Base-(k + 1) Graph
and Base-(k + 1) Graph. The proof is provided in Sec. B.4.

Theorem 1. For any number of nodes n ∈ N and maximum degree k ∈ [n− 1], the
length of the Simple Base-(k + 1) Graph and Base-(k + 1) Graph is less than or
equal to 2 logk+1(n) + 2.
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generated by Eq. (3.1) satisfies 1
R+1

∑R
r=0 E

∥
∥
∥∇f(x̄(r))

∥
∥
∥

2
≤ ϵ after

R = O



σ2

nϵ2
+

ζ logk+1(n) + σ
√

logk+1(n)

ϵ3/2
+

logk+1(n)

ϵ



 · LF0 (3.2)

iterations, where F0 := f(x̄(0))− f⋆.

The above theorem follows immediately from Theorem 2 stated in Koloskova et al.
(2020) and Corollary 1. The convergence rates of Decentralized SGD over commonly
used topologies are summarized in Sec. B.5. From Theorem 2 and Sec. B.5, we can
conclude that for any number of nodes n, the Base-2 Graph enables Decentralized
SGD to converge faster than the ring and torus and as fast as the exponential graph,
although the maximum degree of the Base-2 Graph is only one. Moreover, if we
set the maximum degree k to the value between 2 to ⌈log2(n)⌉, the Base-(k + 1)
Graph enables Decentralized SGD to converge faster than the exponential graph,
even though the maximum degree of the Base-(k + 1) Graph remains less than that
of the exponential graph. It is worth noting that if we increase the maximum degree
of the 1-peer exponential and 1-peer hypercube graphs (i.e., k-peer exponential and
k-peer hypercube graphs with k ≥ 2), these topologies cannot enable Decentralized
SGD to converge faster than the exponential graph because these topologies are no
longer Ąnite-time convergence even when the number of nodes is a power of 2.

3.6 Experiments

In this section, we validate the effectiveness of the Base-(k + 1) Graph. First, we
experimentally verify that the Base-(k + 1) Graph is Ąnite-time convergence for
any number of nodes in Sec. 3.6.1, and we verify the effectiveness of the Base-(k + 1)
Graph for decentralized learning in Sec. 3.6.2.

3.6.1 Consensus Rate

Setup. Let xi ∈ R be the parameter that node i has, and let x̄ := 1
n

∑n
i=1 xi. For

each i, the initial value of xi was drawn from Gaussian distribution with mean 0 and
standard variance 1. Then, we evaluated how the consensus error 1

n

∑n
i=1(xi − x̄)2

decreases when xi is updated as xi ←
∑n

j=1 Wijxj where W is the mixing matrix
associated with a given topology.

Results. Figs. 3.1 and 3.6 present how the consensus errors decrease on various
topologies. The results indicate that the Base-(k + 1) Graph reaches the exact
consensus after a Ąnite number of iterations, while the other topologies only reach
the consensus asymptotically. Moreover, as the maximum degree k increases, the
Base-(k + 1) Graph reaches the exact consensus with fewer iterations. We also
present the results when n is a power of 2 in Sec. B.6.2, demonstrating that the 1-peer
exponential graph can reach the exact consensus as well as the Base-2 Graph, but
requires more iterations than the Base-4 Graph.

17









4

Scalable Decentralized Learning with Teleportation

Abstract

Decentralized SGD can run with low communication costs, but its sparse
communication characteristics deteriorate the convergence rate, espe-
cially when the number of nodes is large. In decentralized learning
settings, communication is assumed to occur on only a given topology,
while in many practical cases, the topology merely represents a pre-
ferred communication pattern, and connecting to arbitrary nodes is still
possible. Previous studies have tried to alleviate the convergence rate
degradation in these cases by designing topologies with large spectral
gaps. However, the degradation is still significant when the number
of nodes is substantial. In this chapter, we propose Teleportation.
Teleportation activates only a subset of nodes, and the active nodes
fetch the parameters from previous active nodes. Then, the active nodes
update their parameters by SGD and perform gossip averaging on a
relatively small topology comprising only the active nodes. We show
that by activating only a proper number of nodes, Teleportation can
completely alleviate the convergence rate degradation. Furthermore,
we propose an efficient hyperparameter-tuning method to search for
the appropriate number of nodes to be activated. Experimentally, we
showed that Teleportation can train neural networks more stably
and achieve higher accuracy than Decentralized SGD.

4.1 Introduction

While each node communicates with a limited number of nodes in every round, the
degradation of the convergence rate due to its sparse communication characteristics
is a trade-off (Koloskova et al., 2020). Especially, when the number of nodes is large,
the parameters held by each node are likely to be far away during the training, and
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gossip averaging deteriorates the convergence rate. This makes it challenging for
decentralized learning to scale to a large number of nodes.

In decentralized learning literature, it is commonly assumed that communication
can only occur on a given topology. However, in many practical cases, the topology
merely represents a preferred communication pattern, and connecting to arbitrary
nodes is still possible, e.g., in a data center or the case where nodes are connected on
the Internet. Since we can choose which topology to use in these cases, many prior
studies designed topologies to reconcile the communication efficiency and convergence
rate, attempting to alleviate the degradation of the convergence rate caused by a large
number of nodes (Wang et al., 2019; Ying et al., 2021; Ding et al., 2023; Takezawa
et al., 2023b). SpeciĄcally, the communication costs are determined by the maximum
degree of the topology, and the convergence rate is determined by its spectral gap
(Wang et al., 2019; Koloskova et al., 2020). Thus, the prior studies designed topologies
with large spectral gaps and small maximum degrees and proposed performing gossip
averaging on these topologies. However, the approximate average estimated by
gossip averaging deviates from the exact average of all nodes as the number of nodes
increases, and the convergence rate remains to degrade when the number of nodes is
substantial.

In this chapter, we ask the following question: Can we develop a decentralized
learning method whose convergence rate does not degrade as the number of nodes
increases? Our work yielded an affirmative answer with the proposal of Teleporta-
tion. Teleportation can completely eliminate the degradation of the convergence
rate caused by increasing the number of nodes, and the convergence rate is consis-
tently improved as the number of nodes increases. SpeciĄcally, Teleportation
activates only a subset of nodes and initializes their parameters with the parameters
of previous active nodes. Then, the active node updates its parameters by SGD and
performs gossip averaging on a relatively small topology comprising only the active
nodes. By activating only a proper number of nodes, gossip averaging can make the
parameters of each node reach the consensus fast, and the parameters of each node
can be prevented from being far away even when the total number of nodes is large.
We show that by activating an appropriate number of nodes, the degradation of the
convergence rate can be completely alleviated. Furthermore, we propose an efficient
hyperparameter-tuning method to search for the proper number of active nodes. For
an arbitrary number of nodes, the proposed hyperparameter-tuning method can
Ąnd the appropriate number of nodes to be activated within 2T iterations in total,
where T is the number of iterations to run Teleportation once. Experimentally,
we demonstrated that Teleportation can converge faster than Decentralized SGD
and train neural networks more stably.

Note: In this chapter, we consider a setting where any two nodes can exchange
parameters as required, similar to previous studies on topology design for decentralized
learning (Marfoq et al., 2020; Ying et al., 2021; Song et al., 2022; Takezawa et al.,
2023b; Ding et al., 2023). A data center is an example, and Assran et al. (2019)
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demonstrated that decentralized methods can train neural networks faster than
All-Reduce. In addition to a data center, when nodes are connected to the Internet,
any two nodes can communicate by specifying the IP address. Teleportation is
not applicable in the presence of a pair of nodes that cannot communicate, as in
wireless sensor networks.

4.2 Problem Setup

Notation: A graph G is represented by (V, E) where V is a set of nodes and E is
a set of edges. For simplicity, we also write (¶1, · · · , n♢, E) to represent a graph G

where n is the number of nodes.

Problem Setting: In this chapter, we assume that the following assumptions are
satisĄed:

Assumption 1. There exists f⋆ > −∞ that satisfies f(x) ≥ f⋆ for any x ∈ R
d.

Assumption 2. There exists L ≥ 0 that satisfies for any x, y ∈ R
d and i ∈ [n],

∥∇fi(x)−∇fi(y)∥ ≤ L∥x− y∥. (2.2)

Assumption 3. It holds that Eξi∼Di
[∇Fi(x; ξi)] = ∇fi(x) for any x ∈ R

d. Then,
there exists σ ≥ 0 that satisfies for any x ∈ R

d and i ∈ [n],

Eξi∼Di
∥∇Fi(x; ξi)−∇fi(x)∥2 ≤ σ2. (2.3)

Assumption 4. There exists ζ ≥ 0 that satisfies for any x ∈ R
d,

1

n

n∑

i=1

∥∇fi(x)−∇f(x)∥2 ≤ ζ2. (2.4)

Decentralized SGD: One of the most fundamental decentralized learning methods
to solve Eq. (2.1) is Decentralized SGD (Lian et al., 2017). Let xi ∈ R

d denote the
i-th node parameter. Once the topology comprising n nodes Gn = (¶1, · · · , n♢, E) is
speciĄed, Decentralized SGD updates xi as follows:

x
(t+1)
i =

n∑

j=1

Wij

(

x
(t)
j − η∇Fj(x

(t)
j ; ξ

(t)
j )


,

where η > 0 is the step size and Wij ∈ [0, 1] is the weight of edge (i, j) ∈ E that
satisĄes

∑n
i=1 Wij =

∑n
j=1 Wij = 1. The following assumption is commonly used to

represent how well the topology Gn is connected (Yuan et al., 2021; Koloskova et al.,
2020, 2021; Aketi et al., 2023).
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Assumption 8. Let λi is the i-th largest eigenvalue of W ∈ [0, 1]n×n. W is a
doubly stochastic matrix, and pn := 1−max¶♣λ2♣, ♣λn♣♢2 satisfies pn ∈ (0, 1]. That is,
it holds that

∥
∥
∥XW − X̄

∥
∥
∥

2

F
≤ (1− pn)

∥
∥
∥X − X̄

∥
∥
∥

2

F
,

for any X ∈ R
d×n where X̄ := 1

nX11⊤.

We write pn to emphasize that pn depends on n. A small pn indicates that the
topology is poorly connected, and a large pn indicates that the topology is well
connected. Generally, pn approaches zero as the number of node n increases. For
instance, when a ring is used as the underlying topology, pn is Ω(n−2), which rapidly
decreases as n increases (Nedic et al., 2018). Under these assumptions, Decentralized
SGD converges with the following rate.

Proposition 1 (Koloskova et al. (2020)). Suppose that Assumptions 1, 2, 3, 4, and

8 hold. Let ¶¶x(t)
i ♢ni=1♢Tt=0 denote the parameters generated by Decentralized SGD.

Then, there exists the step size η that satisfies:

1

T + 1

T∑

t=0

E∥∇f(x̄(t))∥2 (4.1)

≤ O




√

Lr0σ2

nT
+

(

L2r2
0(pnσ2 + ζ2)(1− pn)

T 2p2
n

) 1
3

+
Lr0

Tpn



 ,

where r0 := f(x̄(0))− f⋆ and x̄(t) := 1
n

∑n
i=1 x

(t)
i .

As the number of nodes n increases, the Ąrst term O(
√

Lr0σ2

nT ) is improved, while
the second and third terms degrade since pn reaches zero. Thus, as the number of
nodes n increases substantially, the second and third terms dominate the convergence
rate, and the convergence rate deteriorates. In many practical cases, Gn merely
represents a preferred communication pattern, and any two nodes can communicate
as needed, as introduced in Sec. 4.1. Since we can choose which topology to use in
these cases, many recent studies have attempted to alleviate the convergence rate
degradation by proposing topologies with large pn (Ying et al., 2021; Ding et al., 2023;
Takezawa et al., 2023b). However, their pn still approach zero as n increases, and
the convergence rate degrades when n is substantially large. Table C.1 in Sec. C.4
lists the convergence rates of Decentralized SGD with various topologies.

4.3 Proposed Method

In this section, we propose Teleportation, which can completely eliminate the
degradation of the convergence rate caused by increasing the number of nodes. In
the remainder of this section, we describe Teleportation in Sec. 4.3.1 and analyze
its convergence rate in Sec. 4.3.2. Then, we propose an efficient hyperparameter
search method in Sec. 4.3.3 and analyze its convergence rate in Sec. 4.3.4.
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Algorithm 4 Simple version of Teleportation

1: Input: the number of nodes n, set of nodes Vn, number of active nodes k, total number
of iteration T , step size η, and topology comprising k active nodes Gk = (¶1, · · · , k♢, E).

2: for t ∈ ¶0, 1, · · · , T♢ do

3: sample next active k nodes V
(t)

active from Vn without replacement, and assign

¶1, 2, · · · , k♢ to variables ¶token_id
(t)
i ♣ vi ∈ V

(t)
active♢ randomly without overlap.

4: for i ∈ ¶1, 2, · · · , n♢ in parallel do

5: if vi ∈ V
(t)

active thena

6: if t > 0 then
7: Let vj ∈ V

(t−1)
active denote the node such that token_id

(t−1)
j = token_id

(t)
i .

8: receive x
(t)
j from vj ∈ V

(t−1)
active , and x

(t)
i ← x

(t)
j .

9: y
(t)
i ← x

(t)
i − η∇Fi(x

(t)
i ; ξ

(t)
i ).

10: receive y
(t)
j from vj ∈ ¶vj ∈ V

(t)
active ♣ (token_id

(t)
i , token_id

(t)
j ) ∈ E♢.

11: x
(t+1)
i ←∑

vj∈V
(t)

active

W
token_id

(t)
i

,token_id
(t)
j

y
(t)
j .

aThe update rule of the parameters of the inactive nodes is not described because the parameters
held by the inactive nodes are discarded and initialized with the parameters of the other active
nodes when they are activated in line 8. The parameters of inactive nodes do not affect the behavior
of active node parameters.

4.3.1 Teleportation

pn represents the speed at which the gossip averaging makes the parameter of each
node ¶xi♢ni=1 reach the average 1

n

∑n
i=1 xi. As the number of nodes n increases,

averaging all node parameters becomes difficult with gossip averaging, and pn reaches
zero. Thus, as n increases, the parameters of each node ¶xi♢ni=1 comes to be apart
during the training, and the convergence rate deteriorates, as discussed in Sec. 4.2.

To prevent the parameters in each node ¶xi♢ni=1 from being away when the
number of nodes n is large, we propose updating the parameters of only a small
subset of nodes and performing gossip averaging on a small topology. We refer to
the proposed method as Teleportation.1 Let k ∈ ¶1, · · · , n♢ denote the number
of active nodes and Gk = (¶1, · · · , k♢, E) be the topology comprising k active nodes.
Essentially, Teleportation consists of the following three steps:

(1) We sample k active nodes V
(t)

active from Vn without replacement and assign ¶1, 2, · · · , k♢
to variables ¶token_id

(t)
i ♣ vi ∈ V

(t)
active♢ without overlap.2

(2) The active node vi ∈ V
(t)

active fetches the parameters from the previous active node

vj ∈ V
(t−1)

active whose token_id
(t−1)
j stores the same value as that of token_id

(t)
i .

1We named our proposed method Teleportation to reflect the manner in which the active
nodes copy their parameters to the next active nodes.

2The first step can be performed in a decentralized manner by sharing the same seed value to
sample active nodes before starting the training.
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26 Chapter 4. Scalable Decentralized Learning with Teleportation

Then, the active node vi initializes its parameters with the fetched parameter and
updates them by SGD.

(3) The active node vi ∈ V
(t)

active exchanges its parameters with its neighbors ¶vj ∈
V

(t)
active ♣ (token_id

(t)
i , token_id

(t)
j ) ∈ E♢ and computes the weighted average with

them.

We show the pseudo-code and illustration in Alg. 4 and Fig. 4.1. In the above
implementation, the Ąrst step does not start until the third step is completed. We
can solve this issue so that gossip averaging in the third step is performed on the
next active node vj , and the Ąrst and third steps can be executed simultaneously.
We show the optimized version in Sec. C.1.

In Teleportation, gossip averaging is performed on a relatively small topology
Gk, which can make the parameters of k active nodes reach the average fast. Therefore,
using the proper number of active nodes k, we can mitigate the degradation of the
convergence rate by increasing the number of nodes n. In the next section, we analyze
the convergence rate and show that our proposed method successfully circumvents
the negative effect of increasing the number of nodes n.

Comparison with Client Sampling: Teleportation randomly samples a
subset of nodes and activates them, but Teleportation is different from the client
sampling (Liu et al., 2022). Teleportation can prevent the parameters of nodes
from being away by using the small k because gossip averaging is performed on
the small topology Gk. In contrast to Teleportation, client sampling incites the
parameters of nodes to drift away because gossip averaging is performed on the
topology comprising all nodes, and nodes can exchange parameters only when two
neighboring nodes are sampled simultaneously, which makes it more difficult for
gossip averaging to make the parameters reach the consensus. Thus, client sampling
cannot alleviate the degradation of the convergence rate caused by a large number of
nodes n and degrades the convergence rate as well as the vanilla Decentralized SGD
(see Sec. C.5 for more detailed discussion).

4.3.2 Convergence Analysis of Teleportation

We assume that the topology comprising k active nodes Gk satisĄes the following
assumption.

Assumption 9. Let λi is the i-th largest eigenvalue of W ∈ [0, 1]k×k. W is a doubly
stochastic matrix, and pk := 1−max¶♣λ2♣, ♣λk♣♢2 satisfies pk ∈ (0, 1]. That is, it holds
that

∥
∥
∥XW − X̄

∥
∥
∥

2

F
≤ (1− pk)

∥
∥
∥X − X̄

∥
∥
∥

2

F
, (4.2)

for any X ∈ R
d×k where X̄ := 1

k X11⊤.
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Figure 4.1: Illustration of Alg. 4 with n = 8 and k = 3. We use a line as the
topology consisting of active nodes Gk = (¶1, 2, 3♢, ¶(1, 1), (1, 2), (2, 2), (2, 3), (3, 3)♢).
The black nodes represent active nodes, and the number written on the node is

token_id
(t)
i . The blue nodes represent the next active nodes, and the number on

the node is token_id
(t+1)
i . The Ąrst and third graphs from the left represent the

communication in line 12, and the other graphs represent the communication in line
8.

Note that W is a k× k matrix, and pk depends on the number of active nodes k,
but is independent of the total number of nodes n. Under Assumptions 1, 2, 3, 4,
and 9, Theorem 3 provides the convergence rate of Teleportation for any number
of active nodes k.

Theorem 3. Suppose that Assumptions 1, 2, 3, 4, and 9 hold. Let ¶¶x(t)
i ♢ni=1♢Tt=0

denote the parameters generated by Alg. 4, and suppose that ¶x(0)
i ♢ni=1 is initialized

with the same parameter x̄(0). Then, for any number of active nodes k ∈ ¶1, 2, · · · , n♢,
there exists the step size η such that 1

T +1

∑T
t=0 E∥∇f(x̄

(t)
active

)∥2 is bounded from above
by

O




√

Lr0(σ2 + (1− k−1
n−1)ζ2)

kT
+

(

L2r2
0(σ2 + ζ2)(1− pk)

T 2pk

) 1
3

+
Lr0

Tpk



 , (4.3)

where x̄
(t)
active

:= 1
k

∑

vi∈V
(t)

active

x
(t)
i and r0 := f(x̄(0))− f⋆.

By tuning the number of active nodes k, we obtain the following theorem. To
determine the proper number of active nodes k, the explicit form of pk is necessary.
Here, we show the rates when we use a ring and exponential graph (Ying et al., 2021)
as Gk.

Theorem 4. Suppose that Assumptions 1, 2, 3, 4, and 9 hold. Let ¶¶x(t)
i ♢ni=1♢Tt=0

be the parameters generated by Alg. 4, and suppose that ¶x(0)
i ♢ni=1 is initialized with

the same parameter x̄(0).
Ring: Suppose that the active nodes are connected by a ring, i.e., pk = Ω(k−2).

Then, if we set the number of active nodes k as follows:

k = max






1, min







⌈(

T (σ2 + ζ2)

Lr0

) 1
7
⌉

, n












,
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28 Chapter 4. Scalable Decentralized Learning with Teleportation

there exists η such that 1
T +1

∑T
t=0 E∥∇f(x̄

(t)
active

)∥2 is bounded from above by

O






√

Lr0σ2

nT
+

(

Lr0(σ2 + ζ2)
3
4

T

) 4
7

+

(

Lr0(σ2 + ζ2)
2
5

T

) 5
7

+
Lr0

T




 ,

where x̄
(t)
active

:= 1
k

∑

vi∈V
(t)

active

x
(t)
i and r0 := f(x̄(0))− f⋆.

Exp. Graph: Suppose that the active nodes are connected by an exponential
graph, i.e., pk = Ω(log−1

2 (k)). Then, if we set the number of active nodes k as follows:

k = max






1, min







⌈(

T (σ2 + ζ2)

Lr0

) 1
3
⌉

,

⌈

T (σ2 + ζ2)

Lr0

⌉

, n












,

there exists η such that 1
T +1

∑T
t=0 E∥∇f(x̄

(t)
active

)∥2 is bounded from above by

O






√

Lr0σ2

nT
+




L2r2

0(σ2 + ζ2)

T 2
log2

(

T (σ2 + ζ2)

Lr0

) 1
3





1
3

+
Lr0

T
log2

(

T (σ2 + ζ2)

Lr0

)

+
Lr0

T

)

.

All proofs are presented in Sec. C.2. The Ąrst term in Eq. (4.3) is worse than the
Ąrst term in Eq. (4.1), but Theorem 4 indicates that the Ąrst term becomes the same
as that of Decentralized SGD by carefully tuning k. For both cases, only the Ąrst
term depends on the number of nodes n, which is improved as n increases. Therefore,
Teleportation can completely eliminate the negative effect by increasing the
number of nodes n, and its convergence rate is consistently improved as n increases.
As discussed in Sec. 4.2, several previous studies have attempted to avoid convergence
rate degradation caused by large n by designing topologies with large spectral gaps
(Ying et al., 2021; Song et al., 2022; Takezawa et al., 2023b). However, no prior
topology, except for a complete graph, can completely remove this degradation.
By comparing with the complete graph, Teleportation is more communication
efficient. For instance, if a ring is used as Gk, each node only needs to communicate
with three nodes per iteration. Therefore, Teleportation is the Ąrst method that
does not suffer from large n without sacriĄcing the communication efficiency.

4.3.3 Efficient Hyperparameter Search for Number of Active Nodes

Teleportation can eliminate the convergence rate degradation caused by a large
number of nodes n, while the number of active nodes k ∈ ¶1, · · · , n♢ needs to be
tuned carefully. If k is tuned by grid search, it requires nT iterations in total. This
hyperparameter-tuning becomes expensive as n increases. To alleviate this issue, we
further extend Teleportation by proposing an efficient hyperparameter-tuning
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method for the number of active nodes k. The key idea for efficient hyperparameter-
tuning is based on the following lemma.

Lemma 1. Let k⋆ ∈ ¶1, 2, 3, · · · , n♢ be the optimal number of active nodes. If k⋆ < n,
there exists k ∈ ¶1, 2, 4, 8, · · · , 2⌊log2(n+1)⌋−1♢ that satisfies k⋆

4 < k ≤ k⋆. Furthermore,

it holds that
∑⌊log2(n+1)⌋−1

i=0 2i ≤ n.

Lemma 1 shows that for any optimal number of active nodes k⋆ ≤ n−1, a similar
number of active nodes is contained in ¶1, 2, 22, · · · , 2⌊log2(n+1)⌋−1♢. This suggests that
we only need to search from ¶1, 2, 22, · · · , 2⌊log2(n+1)⌋−1, n♢ to obtain the appropriate
k and we do not need run Alg. 4 for all k ∈ ¶1, 2, 3, · · · , n♢. Moreover, Lemma 1
indicates that Alg. 4 can be run with various k ∈ ¶1, 2, 22, · · · , 2⌊log2(n+1)⌋−1♢ in
parallel because the total number of active nodes is less than or equal to n. Based
on these observations, we propose an efficient hyperparameter-tuning method. The
pseudo-code is shown in Alg. 5.

4.3.4 Convergence Analysis of Teleportation with Efficient Hyper-

parameter Search

Under the same assumptions as in Theorem 4, Theorem 5 provides the convergence
rate of Alg. 5. The proof is deferred to Sec. C.3.

Theorem 5. Suppose that Assumptions 1, 2, 3, 4, and 9 hold. Let ¶¶x(t)
k,i♢vi∈V

(t)
active

♢Tt=0

denote the parameters of active nodes generated by Alg. 4 when the number of active
nodes is set to k, and we define

K := ¶1, 2, 22, 23, · · · , 2⌊log2(n+1)⌋−1, n♢.

Then, suppose that the parameters are initialized with the same parameter x̄(0).

Ring: If the active nodes are connected by a ring, i.e., pk = Ω(k−2), there exists

Algorithm 5 Efficient hyperparameter search for Teleportation.

1: Input: the total number of iteration 2T , and the number of nodes n.
2: run Alg. 4 for T iterations with number of active nodes n, and let ¶¶x(t)

n,i♢n
i=1♢T

t=0 denote
the generated parameters.

3: for k ∈ ¶1, 2, 22, 23, · · · , 2⌊log2(n+1)⌋−1♢ in parallel do
4: run Alg. 4 for T iterations with number of active nodes k.

5: let ¶¶x(t)
k,i♢vi∈V

(t)
active

♢T
t=0 denote the parameters generated by Alg. 4 with k active nodes.

6: return the bestb parameters among k ∈ ¶1, 2, 22, · · · , 2⌊log2(n+1)⌋−1, n♢.
bTheoretically, we select the parameters with the smallest gradient norm as in Theorem 4. In

practice, we can select k that achieves the best accuracy on the validation datasets as in the vanilla
grid search.
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η such that mink∈K
(

1
T +1

∑T
t=0 E∥∇f(x̄

(t)
active,k)∥2



is bounded from above by

O






√

Lr0σ2

nT
+

(

Lr0(σ2 + ζ2)
3
4

T

) 4
7

+

(

Lr0(σ2 + ζ2)
2
5

T

) 5
7

+
Lr0

T




 ,

where r0 := f(x̄(0))− f⋆ and x̄
(t)
active,k := 1

k

∑

vi∈V
(t)

active

x
(t)
k,i.

Exp. Graph: If the active nodes are connected by an exponential graph, i.e.,

pk = Ω(log−1
2 k), there exists η such that mink∈K

(
1

T +1

∑T
t=0 E∥∇f(x̄

(t)
active,k)∥2



is

bounded from above by

O






√

Lr0σ2

nT
+




L2r2

0(σ2 + ζ2)

T 2
log2

(

T (σ2 + ζ2)

Lr0

) 1
3





1
3

+
Lr0

T
log2

(

T (σ2 + ζ2)

Lr0

)

+
Lr0

T

)

.

Theorem 5 shows that Alg. 5 can achieve exactly the same convergence rate as
the one shown in Theorem 4 (i.e., the convergence rate with optimal k). Algorithm
5 requires only 2T iterations to Ąnd the proper number of active nodes, whereas grid
search requires nT iterations in total. Thus, Alg. 5 can Ąnd the appropriate number
of active nodes more efficiently than the vanilla grid search.

4.4 Related Work

Token Algorithm: Token algorithms (Johansson et al., 2007; Dorfman and Levy,
2022; Even, 2023; Hendrikx, 2023) are a variant of decentralized learning methods
different from consensus-based decentralized learning methods, such as Decentralized
SGD. In contrast to the consensus-based decentralized learning methods, a parameter
called token randomly walks on the topology and is updated on each node. Since token
algorithms have only one parameter, they do not suffer from the issue of parameters
held by each node drifting away. However, their convergence rates cannot achieve
linear speedup as that in Decentralized SGD (Even, 2023). In Teleportation, k

parameters randomly move from previous active nodes to the next active nodes and
are updated on the active nodes. Then, by carefully selecting k, Teleportation can
alleviate the issue of parameter drifting without sacriĄcing linear speedup property.

Client Sampling: Client sampling is widely studied in federated learning to reduce
the communication costs between the central server and nodes (McMahan et al., 2017;
Fraboni et al., 2021; Wu et al., 2023). McMahan et al. (2017) proposed sampling
a subset of nodes randomly. Cho et al. (2020) proposed selecting nodes according
to the loss values. Chen et al. (2022) and Wang et al. (2023) proposed sampling
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topology. The ring is one of the most commonly used topologies for decentralized
learning. The Base-2 Graph is the state-of-the-art topology for Decentralized SGD,
and Takezawa et al. (2023b) demonstrated that the Base-2 Graph can be superior to
the various topologies, e.g., an exponential graph, 1-peer exponential graph (Ying
et al., 2021), and EquiTopo (Song et al., 2022). Note that the Base-2 Graph assumes
that any two nodes can communicate as in Teleportation. For each setting, we
tuned the step size to reach the target accuracy as few iterations as possible. See
Sec. C.7 for a more detailed setting.

Results: We depict the results in Fig. 4.2. For all cases, Teleportation required
fewer iterations to reach the target accuracy than Decentralized SGD. By comparing
Decentralized SGD with a ring, Teleportation converged up to three orders of
magnitude faster than Decentralized SGD. Even in the case when the state-of-the-art
topology, Base-2 Graph, is used, Teleportation converged up to 10 times faster
than Decentralized SGD. Table 4.1 lists the number of active nodes k selected by
Alg. 5. Although the total number of nodes n is 100, a small number of nodes k was
selected. Therefore, activating only a few nodes can prevent the parameters from
being far away and lead to a faster convergence rate than that of Decentralized SGD.

4.5.2 Neural Networks

Setting: We used Fashion MNIST (Xiao et al., 2017) and CIFAR-10 (Krizhevsky,
2009) as datasets and used LeNet (LeCun et al., 1998) and VGG (Simonyan and
Zisserman, 2015) as neural networks, respectively. To use the momentum in Tele-
portation, the momentum is copied from the previous active nodes to the next
active nodes, as well as the parameters. We set the number of nodes n to 25 and
distributed the data to nodes using Dirichlet distribution with parameter α (Hsu
et al., 2019). As α approaches zero, each node comes to have a different dataset. We
repeated all experiments with three different seed values, reporting the averages. See
Sec. C.7 for a more detailed setting.

Results: We depict the results in Fig. 4.3. When α = 0.1, Teleportation
outperformed Decentralized SGD and trained the neural networks more stably.
When α = 10.0, all comparison methods achieved a competitive accuracy. By

Table 4.1: The number of active nodes k selected by Alg. 5 in Fig. 4.2. The left value
is the number of active nodes when the topology is a ring, and the right value is the
number when the topology is the Base-2 Graph.

ζ2 = 0 ζ2 = 10 ζ2 = 100

σ2 = 0 1 / 1 1 / 1 4 / 4
σ2 = 10 1 / 1 1 / 1 8 / 8
σ2 = 100 8 / 8 8 / 8 4 / 16
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Exploiting Similarity for Computation and

Communication-efficient Decentralized Optimization

Abstract

Reducing communication complexity is critical for efficient decentral-
ized optimization. The proximal decentralized optimization (PDO)
framework is particularly appealing, as methods within this framework
can exploit functional similarity among nodes to reduce communica-
tion rounds. Specifically, when local functions at different nodes are
similar, these methods achieve faster convergence with fewer commu-
nication steps. However, existing PDO methods often require highly
accurate solutions to subproblems associated with the proximal operator,
resulting in significant computational overhead. In this chapter, we
propose the Stabilized Proximal Decentralized Optimization (SPDO)
method, which achieves state-of-the-art communication and computa-
tional complexities within the PDO framework. Additionally, we refine
the analysis of existing PDO methods by relaxing subproblem accuracy
requirements and leveraging average functional similarity. Experimen-
tal results demonstrate that SPDO significantly outperforms existing
methods.

5.1 Introduction

One of the key techniques to reduce the communication complexity is for each node
to perform multiple local updates before the communication. The concept of multiple
local updates was initially applied for Decentralized Gradient Descent (Nedic and
Ozdaglar, 2009; Lian et al., 2017) and Gradient Tracking (Lorenzo and Scutari, 2016;
Pu and Nedic, 2021). However, increasing the number of local steps requires a smaller
learning rate, which ultimately requires the same communication cost to achieve
the desired accuracy level (Koloskova et al., 2020; Liu et al., 2024). This is because,
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36 Chapter 5. Communication-efficient Decentralized Optimization

Table 5.1: Summary of communication and computational complexities in the
strongly-convex setting. The results in the convex case are summarized in Sec. D.1.
Ş# communicationŤ represents the number of times that each node exchanges param-
eters with neighboring nodes to reach the target accuracy ϵ, and Ş# computationŤ
represents the number of gradient oracle queries required by each node. Since Tian
et al. (2022) only showed the convergence rate of Accelerated Exact/Inexact-PDO
with µ ≤ δmax, we show the convergence rates under the assumption that µ ≤ δmax

and µ ≤ δ for simplicity.

Algorithm Reference # Communication # Computation

Gradient Tracking Koloskova et al. (2021) Õ
(

L
µ(1−ρ)2 log(1

ϵ )
(a)

Õ
(

L
µ(1−ρ)2 log(1

ϵ )
(a)

Exact-PDO (SONATA) Sun et al. (2022), Th. 6(b) Õ
(

δ
µ(1−ρ) log(1

ϵ )
(b)

n.a.(c)

Inexact-PDO Th. 6, 7 Õ
(

δ
µ(1−ρ) log(1

ϵ )


Õ
( √

δL
µ(1−ρ) log

(
1
ϵ



log log
(

1
ϵ



Stabilized-PDO [new] Th. 8, 9 Õ
(

δ
µ(1−ρ) log(1

ϵ )


Õ
( √

δL
µ(1−ρ) log

(
1
ϵ



Accelerated SONATA Tian et al. (2022) Õ
(√

δmax
µ(1−ρ) log(1

ϵ )
(d)

n.a.(c)

Inexact Accelerated SONATA Tian et al. (2022) Õ
(√

δmax
µ(1−ρ) log(1

ϵ )
(d)

Õ
√

δmaxL
µ(1−ρ)

(

log(1
ϵ )
2
(d)

Accelerated Stabilized-PDO [new] Th. 10, 11 Õ
(√

δ
µ(1−ρ) log(1

ϵ )


Õ
(√

L
µ(1−ρ) log(1

ϵ )


(a) It holds that δ ≤ L, and δ ≪ L holds when nodes have similar datasets.
(b) Sun et al. (2022) showed that the communication complexity of SONATA is Õ( δmax

µ(1−ρ)
log( 1

ϵ
)),

while our new theorem, Theorem 6, shows that the dependence on δmax can be reduced to δ.
(c) “n.a.” represents that we need to solve the subproblem exactly.

(d) δ is smaller than δmax and can be at most
√

n times smaller than δmax.

in Decentralized Gradient Descent, each node tries to minimize its own local loss
function by performing gradient descent multiple times, but fully minimizing its local
loss function is not desirable. Gradient Tracking also has the same issue, and this
inconsistency hinders the use of multiple local updates to reduce communication
complexity. Thus, to take advantage of multiple local updates, we need to resolve
this inconsistency.

An effective approach to address this challenge is to develop decentralized op-
timization methods based on the proximal-point method, where nodes solve the
subproblem associated with the proximal operator in their local updates (termed
PDO framework in this work). Scutari and Sun (2019) demonstrated that combining
proximal-point updates with gradient tracking yields an efficient decentralized opti-
mization scheme, known as SONATA. This method effectively exploits the similarity
of local loss functions across nodes to signiĄcantly reduce communication complex-
ity (Sun et al., 2022; Tian et al., 2022). However, achieving such low communication
complexity requires solving the proximal subproblem with high accuracy at each
node, leading to suboptimal computational overhead during local updates.

In this chapter, we pose the following question: Can we develop a proximal
decentralized optimization (PDO) method that achieves low communication complexity
without sacrificing computational efficiency? We provide an affirmative answer by
introducing the Stabilized Proximal Decentralized Optimization (SPDO)
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method. SPDO improves upon existing approaches in several key aspects: (i) it
requires less accurate solutions to local subproblems, resulting in better computational
efficiency, and (ii) it leverages the average functional similarity across nodes, leading to
more effective optimization. Furthermore, (iii) the accelerated variant of our method,
Accelerated-SPDO, achieves state-of-the-art communication and computational
complexities among decentralized optimization methods, as summarized in Table 5.1.
More speciĄcally, we make the following contributions.

• We propose Accelerated-SPDO, which can attain the best communication and
computational complexities among the existing methods.

• We also propose non-accelerated methods, called SPDO, which can attain
the best communication and computational complexities among the existing
non-accelerated methods.

• To clarify the difference between (Accelerated-)SPDO and the existing method,
we provide a reĄned convergence analysis of PDO, which contains Exact-PDO,
also known as SONATA (Sun et al., 2022), as a special instance. SpeciĄcally,
Exact-PDO assumed that the subproblem was exactly solved, but PDO allows
us to solve it approximately. We then show that SPDO can solve the subproblem
more coarsely than Inexact-PDO.

• The existing analysis of Exact-PDO showed that the communication complexity
depends on the maximum dissimilarity of local functions δmax (Sun et al., 2022),
while we prove that it depends only on the average dissimilarity δ, which can
lead to signiĄcantly lower communication costs.

• Moreover, the prior papers on PDO analyzed the convergence rate only in the
strongly-convex case, while we analyze it in both convex and strongly-convex
cases.

Notation: We use Õ(·) and Ω̃(·) to hide polylogarithmic factors.

5.2 Related Work

Decentralized Optimization: The most basic decentralized optimization method
is Decentralized Gradient Descent (Nedic and Ozdaglar, 2009; Lian et al., 2017;
Koloskova et al., 2020), while due to the data heterogeneity, Decentralized Gradient
Descent cannot achieve the linear convergence rate in the strongly-convex case. Many
researchers have tried to achieve the linear convergence rate, proposing EXTRA
(Shi et al., 2015), NIDS (Li et al., 2019), Gradient Tracking (Lorenzo and Scutari,
2016; Pu and Nedic, 2021; Yuan et al., 2019; Takezawa et al., 2023a), and so on
(Scaman et al., 2017; Kovalev et al., 2021). These methods can achieve the linear
convergence rate, while they still involve a certain amount of communication cost
even though nodes have very similar loss functions. The concept of second-order
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38 Chapter 5. Communication-efficient Decentralized Optimization

Algorithm 6 Proximal Decentralized Optimization Method (PDO)

1: Input: The number of rounds R, and hyperparameters M and λ.
2: for r = 0, 1, . . . , R− 1 do
3: for i = 1, . . . , n in parallel do

4: x
(r+ 1

2 )
i ≈ arg min

x
Fi,r(x) where Fi,r(x) := fi(x) + ⟨h(r)

i , x⟩+ λ
2 ∥x− x

(r)
i ∥2.

5: x
(r+1)
i = MultiGossip

(

x
(r+ 1

2 )
i , W , M, i



.

6: h
(r+1)
i = MultiGossip

(

h
(r)
i +∇fi(x

(r+1)
i ), W , M, i



−∇fi(x
(r+1)
i ).

similarity was introduced to capture this phenomenon, in which δ and δmax measure
the similarity among the loss functions held by nodes (see DeĄnition 2 and Assumption
10) (Karimireddy et al., 2021; Murata and Suzuki, 2021; Kovalev et al., 2022). δ

and δmax are smaller than L, where L is the smoothness of the loss function (see
Assumption 2), and δ and δmax approach zero when the local loss functions come to
be similar. To exploit this similarity, many variants of the proximal decentralized
optimization method have been proposed, such as Network-DANE (Li et al., 2020),
SONATA (Sun et al., 2022), and Accelerated SONATA (Tian et al., 2022).

Proximal-point Methods: In this section, we brieĆy introduce Proximal-point
Method. Applying Proximal-point Method to minimize f yields the following update
rule:

x(r+1) = arg min
x∈Rd

{

Fr(x) := f(x) +
λ

2

∥
∥
∥x− x(r)

∥
∥
∥

2
}

,

where λ > 0 is hyperparameter. For the vanilla Proximal-point Method, we need to
solve the above subproblem exactly, which is infeasible in general. Many researchers
have tried to avoid the exact proximal evaluations (Rockafellar, 1976; Solodov and
Svaiter, 1999, 2001; Monteiro and Svaiter, 2013). Rockafellar (1976) analyzed the
condition to maintain the same convergence rate, showing Proximal-point Method
can attain the same convergence rate when ∥∇Fr(x(r+1))∥ ≤ O(λ

r ∥x(r+1) − x(r)∥) is
satisĄed. That is, we need to solve the subproblem more accurately as the number
of iterations increases. To mitigate this issue, Solodov and Svaiter (1999) proposed
Hybrid Projection Proximal-point Method, which can achieve the same convergence
rate if ∥∇Fr(x(r+1))∥ ≤ O(λ∥x(r+1)−x(r)∥) is satisĄed. This condition is signiĄcantly
weaker than the condition for the vanilla Proximal-point Method.

The accelerated Proximal-point Method (Güler, 1992) also has the same issue
as Proximal-point Method, and it requires a more accurate subproblem solution
as the number of iterations increases. Based on Hybrid Projection Proximal-point
Method, Monteiro and Svaiter (2013) proposed its accelerated method and relaxed
the condition for an approximate solution of the subproblem.

A recent line of work developed distributed versions of the Proximal-point Method
(Shamir and Srebro, 2014; Li et al., 2020; Sun et al., 2022; Jiang et al., 2024a,b). We
will further discuss these approaches in Sec. 5.6 below.
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Algorithm 7 Multiple Gossip Averaging

1: function MultiGossip(¶ai♢n
i=1, W , M , i)

2: a
(0)
i = ai for all i.

3: for m = 0, . . . , M − 1 do

4: a
(m+1)
i =

∑n
j=1 Wija

(r)
j .

5: return a
(M)
i

5.3 Problem Setup

In this chapter, we assume the following:

Assumption 1. There exists f⋆ > −∞ that satisfies f(x) ≥ f⋆ for any x ∈ R
d.

Assumption 2. There exists L ≥ 0 that satisfies for any x, y ∈ R
d and i ∈ [n],

∥∇fi(x)−∇fi(y)∥ ≤ L∥x− y∥. (2.2)

Assumption 5. There exists µ ≥ 0 such that for any x, y ∈ R
d and i, it holds that

fi(x) ≥ fi(y) + ⟨∇fi(y), x− y⟩+
µ

2
∥x− y∥2. (2.5)

To measure the similarity among the loss functions held by nodes, we use the
following notation as in the prior work (Jiang et al., 2024b,a).

Definition 2 (Similarity). Under Assumption 2, let δ ≥ 0 the the smallest number
such that it holds that

1

n

n∑

i=1

∥∇hi(x)−∇hi(y)∥2 ≤ δ2∥x− y∥2, (5.1)

for any x, y ∈ R
d where hi(x) := f(x)− fi(x).

Remark 1. If Assumption 2 holds, there exists δ such that δ ≤ L and Eq. (5.1)
holds.

Apart from DeĄnition 2, Assumption 10 is also commonly used in the existing
literature (Tian et al., 2022; Sun et al., 2022). While the existence of δ follows from
Assumption 2, Assumption 10 further needs to assume that fi is twice differentiable.
Furthermore, δ can be much smaller than δmax (see Remark 2). Thus, we use
DeĄnition 2 instead of Assumption 10 in this chapter.

Assumption 10. There exists δmax ≥ 0 such that for any x ∈ R
d and i, it holds that

∥
∥
∥∇2f(x)−∇2fi(x)

∥
∥
∥ ≤ δmax. (5.2)

Remark 2. It holds that δ ≤ δmax. Moreover, δ can be at most
√

n times smaller
than δmax.
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40 Chapter 5. Communication-efficient Decentralized Optimization

Then, we assume that edge weights ¶Wij♢ij satisfy the following assumption, in
which ρ represents how well the graph is connected.

Assumption 11. For any i and j, Wij = Wji and
∑n

i=1 Wij = 1. Then, there exists
ρ ∈ [0, 1) such that for any X ∈ R

d×n, it holds that

∥XW − X̄∥2F ≤ ρ2∥X − X̄∥2F , (5.3)

where X̄ := 1
nX11⊤.

Evaluation Metric: As we introduced in Sec. 5.1, the communication is often
more expensive than the local computation. Thus, the primary goal of developing
decentralized optimization methods is to reduce communication complexity. If
methods can achieve the same communication complexity, the method with less
computational complexity is superior.

5.4 Refined Analysis of Proximal Decentralized Opti-

mization Method

In this section, we brieĆy explain the framework of Proximal Decentralized Optimiza-
tion (PDO) methods and provide the convergence analysis. PDO contains SONATA
(Sun et al., 2022) as a special instance when the proximal subproblem is solved
exactly. The proofs are deferred to Sec. D.3 and D.6.2.

In decentralized optimization, each node would like to minimize f , but node i

can access only the local loss function fi. For PDO, each node approximates f as
follows:

f(x) = fi(x) + hi(x) (5.4)

≈ fi(x) + ⟨∇hi(x
(r)
i ), x⟩+

λ

2

∥
∥
∥x− x

(r)
i

∥
∥
∥

2
,

where λ ≥ 0 is the hyperparameter and we approximate hi(x) by linear approximation.

Furthermore, PDO cannot compute ∇hi(x
(r)
i ) since node i can exchange parameters

only with its neighbors. Thus, PDO estimates ∇hi(x
(r)
i ) by gradient tracking. We

show the pseudo-code in Alg. 6. In line 4, PDO solves the subproblem associated

with Eq. (5.4), and in lines 5 and 6, PDO estimates 1
n

∑n
i=1 x

(r+ 1
2

)

i and ∇hi(x
(r+1)
i )

by gossip averaging and gradient tracking.

Arbitrary Approximate Averaging Operators: While Alg. 6 is demonstrated
using Alg. 7 as a subroutine, it is important to emphasize that the PDO framework
is not limited to this speciĄc mechanism. Instead, PDO can be combined with any
arbitrary averaging operator that achieves a sufficient level of accuracy.
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Algorithm 8 Stabilized Proximal Decentralized Optimization Method (SPDO)
1: Input: The number of rounds R, and hyperparameters M and λ.
2: for r = 0, 1, . . . , R− 1 do
3: for i = 1, . . . , n in parallel do

4: x
(r+1)
i ≈ arg min

x
Fi,r(x) where Fi,r(x) := fi(x) + ⟨h(r)

i , x⟩+ λ
2 ∥x− v

(r)
i ∥2.

5: v
(r+ 1

2 )
i = arg min

v

{

⟨∇fi(x
(r+1)
i )+h

(r)
i+h
(r)
i , v⟩+ µ

2 ∥v − x
(r+1)
i ∥2 + λ

2 ∥v − v
(r)
i ∥2

}

.a

6: v
(r+1)
i = MultiGossip

(

v
(r+ 1

2 )
i , W , M, i



.

7: h
(r+1)
i = MultiGossip

(

h
(r)
i +∇fi(v

(r+1)
i ), W , M, i



−∇fi(v
(r+1)
i ).

aThis update rule can be rewritten as v
(r+ 1

2
)

i = 1
µ+λ

(
µx

(r+1)
i + λv

(r)
i − ∇fi(x

(r+1)
i ) − h

(r)
i

)
.

For instance, it is sufficient to use a single gossip averaging step (i.e., M = 1) if
the spectral gap parameter ρ satisĄes the condition

ρ ≤ δ

6L
, (5.5)

as we prove in Lemma 18 in the appendix. This Ćexibility extends to other averaging
mechanisms, provided they meet the same error guarantees.

In many practical scenarios, the choice M = 1 may not suffice, as it requires the
network topology to be sufficiently dense to ensure adequate communication accuracy.
When the network is sparse, a common approach is to perform multiple iterations
of gossip averaging (i.e., Alg. 7) to improve the averaging accuracy. SpeciĄcally, if
gossip averaging is performed M times, it holds that:

n∑

i=1

∥x̃i − x̄∥2 ≤ ρ2M
n∑

i=1

∥xi − x̄∥2 ,

where ¶xi♢ni=1 and ¶x̃i♢ni=1 are the input and output of Alg. 7, and x̄ := 1
n

∑n
i=1 xi.

Thus, if we perform gossip averaging more than M = 1
1−ρ log(6L

δ ) times, ρM is less

than or equal to δ
6L , and then PDO works for arbitrary ρ.

5.4.1 Convergence Analysis

We now present the convergence analysis of PDO. The proofs are deferred to Sec. D.3
and D.6.2.

Theorem 6. Consider Alg. 6. Suppose that Assumptions 5, 2, and 11 hold, and

h
(0)
i = ∇hi(x

(0)
i ), x

(0)
i = x̄(0), and

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

)

i )

∥
∥
∥
∥

2

≤ δ(4δ + µ)

4(r + 1)(r + 2)

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

. (5.6)

Strongly-convex Case: Suppose that µ > 0. When λ=4δ and M ≥ 1
1−ρ log(6L

δ ),

it holds that 1
WR

∑R−1
r=0 w(r)

(

f(x̄(r+1))− f(x⋆)


≤ ϵ after R = O(µ+δ
µ log(µ∥x̄(0)−x⋆∥2

ϵ ))
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rounds where w(r) := (1 + µ
4δ )r and WR :=

∑R−1
r=0 w(r). Thus, it requires at most

O
(

µ + δ

µ(1− ρ)
log


L

δ



log

(

µ∥x̄(0) − x⋆∥2
ϵ

))

communication where x̄(r) := 1
n

∑n
i=1 x

(r)
i .

Convex Case: Suppose that µ = 0. When λ = 4δ and M ≥ 1
1−ρ log(6L

δ ), it

holds that 1
R

∑R−1
r=0 f(x̄(r)) − f(x⋆) ≤ ϵ after R = O( δ∥x̄(0)−x⋆∥2

ϵ ) rounds. Thus, it
requires at most

O
(

δ∥x̄(0) − x⋆∥2
(1− ρ)ϵ

log


L

δ

)

communication.

Any optimization algorithm can be used to approximately solve the subproblem
so that Eq. (5.6) is satisĄed. For instance, if we use NesterovŠs Accelerated Gradient
Descent (Nesterov, 2018), we can achieve the following result.

Theorem 7. Consider Alg. 6. Suppose that Assumptions 5, 2, and 11 hold, and
we use the same initial parameters, λ, and M as in Theorem 6. Then, if we use

Nesterov’s Accelerated Gradient Descent with initial parameter x
(r)
i to approximately

solve the subproblem in line 4, each node requires at most

O
(√

L

µ + δ
log

(

L2(r + 2)2

δ(δ + µ)

))

iterations to satisfy Eq. (5.6).

5.4.2 Discussion

New Analysis with Inexact Subproblem Solution: The framework of PDO
was initially introduced by Li et al. (2020) and Sun et al. (2022), and Sun et al.
(2022) proposed SONATA. However, they assumed that the subproblem was exactly
solved, which is infeasible in general. Our new theorem signiĄcantly relaxes this
condition and shows that PDO can achieve the same communication complexity
without solving the subproblem exactly as long as Eq. (5.6) is satisĄed. To clarify
this difference from Sun et al. (2022), we refer to PDO with the inexact subproblem
solution as Inexact-PDO.

Reducing Dependence on δmax to δ: Sun et al. (2022) showed that SONATA
can achieve Õ( δmax

µ(1−ρ) log(1
ϵ )) communication complexity in the strongly-convex case.

It suggests that the maximum dissimilarity δmax plays a signiĄcant role in the conver-
gence behavior. However, Theorem 6 shows that the communication complexity can
be improved to Õ( δ

µ(1−ρ) log(1
ϵ )). This improvement indicates a more favorable de-

pendence on the dissimilarity between functions ¶fi♢i, which can lead to signiĄcantly
lower communication costs since δ can be at most

√
n times smaller than δmax.
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New Analysis in Convex Case: SONATA was analyzed only in the strongly-
convex case (Sun et al., 2022). Our theorem is the Ąrst to provide the analysis in
both convex and strongly-convex cases.

5.5 Stabilized Proximal Decentralized Optimization

Method

Theorem 6 shows that PDO can achieve the best communication complexity among
the existing non-accelerated decentralized methods. However, Eq. (5.6) implies
that PDO needs to solve the subproblem more accurately as the number of rounds
increases, which involves the suboptimal computational complexity. In this section, we
propose Stabilized Proximal Decentralized Optimization (SPDO), which can
achieve the same communication complexity while enjoying a better computational
complexity than PDO.

For simplicity, we consider that case when µ = 0 and M = 1. To relax the condi-
tion for an approximate subproblem solution, we use the idea of Hybrid Projection
Proximal-point Method (Solodov and Svaiter, 1999). Straightforwardly adapting
Hybrid Projection-proximal Point Method to PDO yields the following update rules:1

x
(r+1)
i ≈ arg min

x∈Rd

{

fi(x) + ⟨h(r)
i , x⟩+

λ

2
∥x− v

(r)
i ∥2

}

,

v
(r+ 1

2
)

i = arg min
v∈Rd

{

⟨∇fi(x
(r+1)
i ), v⟩+

λ

2
∥v − v

(r)
i ∥2

}

,

v
(r+1)
i =

n∑

j=1

Wijv
(r+ 1

2
)

j ,

h
(r+1)
i =

n∑

j=1

Wij

(

h
(r)
j +∇fj(v

(r+1)
j )



−∇fi(v
(r+1)
i ).

However, we found that the above update rules do not work. In the above update

rule, v
(r+ 1

2
)

i ̸= x
(r+1)
i even though the subproblem is solved exactly. That is, the

above update rules do not recover PDO when the subproblem is exactly solved. This
discrepancy can hinder the convergence of the parameters to the optimal solution.

Intuitively, when we solve the subproblem exactly, v
(r+ 1

2
)

i should equal to x
(r+1)
i since

the above technique is not necessary. Motivated by this intuition, we modify the

update rule of v
(r+ 1

2
)

i as in Alg. 8, in which the modiĄcation is highlighted. We refer
to this method as Stabilized Proximal Decentralized Optimization (SPDO).
As a special instance of SPDO, we recover PDO. When the subproblem is exactly

solved, i.e., ∇Fi,r(x
(r+1)
i ) = 0, it holds

∇fi(x
(r+1)
i ) + h

(r)
i + λ

(

x
(r+1)
i − v

(r)
i



= 0,

1Note that arg min
v
(·) has the closed-form solution.
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and with this choice of h
(r)
i =λ

(
x

(r+1)
i −v

(r)
i

)−∇fi(x
(r+1)
i ), Alg. 8 recovers PDO.

5.5.1 Convergence Analysis

In this section, we show the convergence analysis of SPDO. The proofs are deferred
to Sec. D.4 and D.6.3. See also Lemma 22 as the result with M = 1.

Theorem 8. Consider Alg. 8. Suppose that Assumptions 5, 2, and 11 hold. Then,

suppose that h
(0)
i = ∇hi(v

(0)
i ), v

(0)
i = v̄(0), and

n∑

i=1

∥
∥
∥∇Fi,r(x

(r+1)
i )

∥
∥
∥

2
≤ λ2

10

n∑

i=1

∥
∥
∥v

(r)
i − x

(r+1)
i

∥
∥
∥

2
. (5.7)

Strongly-convex Case: Suppose that µ>0. When λ=20δ and M≥ 1
1−ρ log(5L

δ ),

it holds that 1
WR

∑R−1
r=0 w(r)

(

f(x̄(r+1))− f(x⋆)


≤ ϵ after R = O(µ+δ
µ log(µ∥v̄(0)−x⋆∥2

ϵ ))

rounds where w(r) := (1 + µ
20δ )r and WR :=

∑R−1
r=0 w(r). Thus, it requires at most

O
(

µ + δ

µ(1− ρ)
log


L

δ



log

(

µ∥v̄(0) − x⋆∥2
ϵ

))

communication where v̄(r) := 1
n

∑n
i=1 v

(r)
i .

Convex Case: Suppose that µ = 0. When λ = 20δ and M ≥ 1
1−ρ log(5L

δ ), it

holds that 1
R

∑R
r=1 f(x̄(r)) − f(x⋆) ≤ ϵ after R = O( δ∥v̄(0)−x⋆∥2

ϵ ) rounds. Thus, it
requires at most

O
(

δ∥v̄(0) − x⋆∥2
(1− ρ)ϵ

log


L

δ

)

communication.

Theorem 9. Consider Alg. 8. Suppose that Assumptions 5, 2, and 11 hold, and
we use the same initial parameters, λ, and M as in Theorem 8. If we use the

algorithm proposed in Remark 1 in Nesterov et al. (2018) with initial parameter v
(r)
i

to approximately solve the subproblem in line 4, each node requires at most O(
√

L
δ )

iterations to satisfy Eq. (5.7).

Remark 3. Suppose that the same assumptions hold as in Theorem 9. Then, if we use

Nesterov’s Accelerated Gradient Descent with initial parameter v
(r)
i to approximately

solve the subproblem in line 4, each node requires at most O(
√

L
µ+δ log(L

δ )) iterations

to satisfy Eq. (5.7).

Discussion: Eq. (5.6) shows that Inexact-PDO needs to solve the subproblem more
accurately as the number of rounds increases, whereas Eq. (5.7) indicates that SPDO
does not. Thus, as shown in Theorem 6, 7, 8, and 9, SPDO can attain the same
communication complexity as Inexact-PDO while enjoying a better computational
complexity.
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Algorithm 9 Accelerated Stabilized Proximal Decentralized Optimization Method
(Accelerated-SPDO)

1: Input: The number of rounds R, and hyperparameters γ, M , and λ.
2: A0 = 0 and B0 = 1.
3: for r = 0, 1, . . . , R− 1 do

4: Find ar+1 > 0 that satisĄes λ = (Ar+ar+1)Br

a2
r+1

.

5: Ar+1 = Ar + ar+1.
6: Br+1 = Br + µar+1.
7: for i = 1, . . . , n in parallel do

8: y
(r)
i =

Arx
(r)
i

+ar+1v
(r)
i

Ar+1
.

9: if r ≥ 1 then

10: h
(r)
i = FastGossip

(

h
(r−1)
i +∇fi(y

(r)
i ), W , M, γ, i



−
∇fi(y

(r)
i ).

11: x
(r+ 1

2 )
i ≈ arg min

x
Fi,r(x) where Fi,r(x) := fi(x) + ⟨h(r)

i , x⟩+
λ
2 ∥x− y

(r)
i ∥2.

12: v
(r+ 1

2 )
i = arg min

v

{

ar+1

(

⟨∇fi(x
(r+ 1

2 )
i ) + h

(r)
i , v⟩+ µ

2 ∥v − x
(r+ 1

2 )
i ∥2



+

Br

2 ∥v − v
(r)
i ∥2

}
a.

13: x
(r+1)
i = FastGossip

(

x
(r+ 1

2 )
i , W , M, γ, i



.

14: v
(r+1)
i = FastGossip

(

v
(r+ 1

2 )
i , W , M, γ, i



.

aThis update rule can be rewritten as v
(r+ 1

2
)

i = 1
Br+1

(
Brv

(r)
i +µar+1x

(r+ 1
2

)

i −

ar+1

(
∇fi(x

(r+ 1
2

)

i ) + h
(r)
i

))
.

5.6 Accelerated Stabilized Proximal Decentralized Opti-

mization Method

In this section, we propose Accelerated-SPDO, which can attain the best commu-
nication and computational complexities among the existing methods. We present
the pseudo-code in Alg. 9. We use Monteiro and Svaiter acceleration (Monteiro and
Svaiter, 2013) and accelerated gossip averaging (Liu and Morse, 2011) in Accelerated-
SPDO.

5.6.1 Convergence Analysis

We now provide the convergence analysis of Accelerated-SPDO. The proofs are
deferred to Sec. D.5 and D.6.4.

Theorem 10. Consider Alg. 9. Suppose that Assumptions 5, 2, and 11 hold. Then,

suppose that h
(0)
i = ∇hi(v

(0)
i ), x

(0)
i = v

(0)
i = v̄(0), and

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

)

i )

∥
∥
∥
∥

2

≤ λ2

352

n∑

i=1

∥
∥
∥
∥y

(r)
i − x

(r+ 1
2

)

i

∥
∥
∥
∥

2

. (5.8)
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Algorithm 10 Fast Gossip Averaging

1: function FastGossip(¶ai♢n
i=1, W , M , γ, i)

2: a
(0)
i = ai and a

(−1)
i = ai for all i.

3: for m = 0, . . . , M − 1 do

4: a
(m+1)
i = (1 + γ)

∑n
j=1 Wija

(m)
j − γa

(m−1)
i .

5: return a
(M)
i .

Strongly-convex Case: Suppose that µ > 0. When λ = 96δ, γ =
1−
√

1−ρ2

1+
√

1+ρ2
,

and M ≥ 4√
1−ρ

log(18L2(192δ+µ)
µδ2 ), it holds that f(x̄(R)) − f(x⋆) ≤ ϵ holds after

R = O(
√

µ+δ
µ log(1 +

√
min¶µ,δ♢∥x̄(0)−x⋆∥2

ϵ )) rounds. Thus, it requires at most

O




√

µ + δ

µ(1− ρ)
log

(

L2(µ + δ)

µδ2

)

log



1 +

√

min¶µ, δ♢∥x̄(0) − x⋆∥2
ϵ









communication where x̄(r) := 1
n

∑n
i=1 x

(r)
i .

Convex Case: Suppose that µ = 0. When λ = 208δ, γ =
1−
√

1−ρ2

1+
√

1+ρ2
, and

M ≥ 3
2
√

1−ρ
log(max¶12L

δ ,
20384δ∥x̄(0)−x⋆∥2

ϵ ♢), it holds that f(x̄(R))− f(x⋆) ≤ ϵ holds

after R = O(
√

δ∥x̄(0)−x⋆∥2

ϵ ) rounds. Thus, it requires at most

O






√
√
√
√δ

∥
∥x̄(0) − x⋆

∥
∥2

(1− ρ)ϵ
log

(

max

{

L

δ
,
δ∥x̄(0) − x⋆∥2

ϵ

})





communication.

Theorem 11. Consider Alg. 9. Suppose that Assumptions 5, 2, and 11 hold, and
we use the same initial parameters, γ, λ, and M as in Theorem 10. Then, if we use
the algorithm proposed in Remark 1 in Nesterov et al. (2018) with initial parameter

y
(r)
i to approximately solve the subproblem in line 12, it requires at most O(

√
L
δ )

iterations to satisfy Eq. (5.8).

Remark 4. Suppose that the same assumptions hold as in Theorem 11. Then,

if we use Nesterov’s Accelerated Gradient Descent with initial parameter y
(r)
i to

approximately solve the subproblem in line 12, it requires at most O(
√

L
µ+δ log(L

δ ))

iterations to satisfy Eq. (5.8).

5.6.2 Discussion

In this section, we compare Accelerated-SPDO with the existing state-of-the-art
method, (Inexact) Accelerated SONATA (Tian et al., 2022). Tian et al. (2022)
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Results: Fig. 5.1a indicates Accelerated-SPDO can achieve the best communication
and computational complexities. SPDO achieved the same communication complexity
as Inexact-PDO while enjoying a better computation complexity. These results are
consistent with Theorem 6 and 8. In Fig. 5.1b, we ran gradient descent for 10
times to solve the subproblem approximately. Accelerated-SPDO achieved the best
communication and computational complexities as in Fig. 5.1a. The results indicate
that SPDO outperforms Inexact-PDO in both communication and computational
complexities. This is because the condition for an approximate subproblem solution
Eq. (5.6) is not satisĄed when the number of rounds is sufficiently large, which makes
Inexact-PDO need to communicate more.

Effect of Similarity δ: Figure 5.2 compares the convergence behavior with different
α. As α increases, nodes come to have similar datasets. The convergence behaviors
of Gradient Tracking were almost the same in both cases, whereas SPDO can
converge faster as α increases. This observation was consistent with the comparison
in Table 5.1. Gradient Tracking is not affected by data heterogeneity, while it still
requires a certain amount of communication even though nodes have very similar
functions. In contrast, SPDO can exploit the similarity of local functions and reduce
the communication complexity when nods have similar functions.

5.8 Conclusion

In this chapter, we develop a communication and computation-efficient decentralized
optimization method. To achieve this, we Ąrst introduce the proximal decentralized
optimization (PDO) method and analyze the communication and computational
complexities. We then propose SPDO, which can achieve the same communication
complexity as PDO while enjoying a better computational complexity. Finally,
we propose Accelerated-SPDO, which can achieve the best communication and
computational complexities among the existing methods. Throughout the numerical
experiments, we conĄrmed that our proposed method can outperform the existing
methods as shown by our analysis.
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6

Conclusion and Future Directions

This thesis investigated communication efficiency in decentralized learning and pro-
posed novel network topologies and optimization methods to substantially reduce
communication costs. By jointly addressing communication structure and algo-
rithm design, this thesis contributed to improving the scalability and practicality of
decentralized learning.

In Chapters 3 and 4, we addressed the issue that the existing decentralized
learning methods require huge communication costs when the number of nodes
increases. In Chapter 3, we proposed a novel topology, Base-(k + 1) Graph. Base-
(k + 1) Graph is the Ąnite-time convergence for any number of nodes and maximum
degree, and can mix the parameters held by each node efficiently. Thanks to this
property, Base-(k + 1) Graph can suppress the increase in the total number of
communication rounds required for training, even when the number of nodes becomes
large. In Chapter 4, we proposed Teleportation. As we discussed in Chapter 3,
Base-(k + 1) Graph is more communication-efficient than the existing topologies,
such as 1-peer exponential graph, although the convergence rate of Decentralized
SGD still degrades when the number of nodes is substantially large. Teleportation
can totally mitigate this issue by activating only a few nodes, and its convergence
rate can be consistently improved as the number of nodes increases.

In Chapter 5, we proposed a novel optimization method, called Accelerated
SPDO, to reduce communication costs. One of the most important characteristics of
decentralized learning is that each node has a different dataset. Many optimization
methods, including Gradient Tracking, have been proposed to address this issue, and
their convergence rates are not affected by the data heterogeneity. However, Gradient
Tracking requires the same communication costs for both cases, where nodes have the
same datasets and have totally different datasets. Accelerated SPDO addresses
this issue and reduces the communication costs by exploiting the similarity among
the datasets held by nodes. Then, we showed that the communication complexity of
Accelerated SPDO is optimal up to logarithmic factors.
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6.1 Future Directions

This thesis opens up several promising directions for future research on communication-
efficient decentralized learning.

Further Advances in Communication Patterns: First, further advances in
communication topology design remain an important research direction. In particular,
establishing fundamental lower bounds on the convergence rate or communication
complexity would provide valuable insights. For example, Teleportation can
converge even when the number of nodes tends to inĄnity, yet it remains unclear
whether Teleportation is optimal.

Heterogeneous Communication Speeds: Second, it is important to consider
the case where communication speeds differ across pairs of nodes. In this thesis,
we assume that the communication speeds are the same for any pair of nodes, and
the per-round communication costs are governed by the maximum degree of an
underlying network topology. Relaxing these assumptions and explicitly modeling
pairwise communication delays or bandwidth constraints is an important step toward
bridging the gap between theory and real-world decentralized methods.

Optimizer for Neural Networks: The optimization methods proposed in this
thesis, including PDO, SPDO, and Accelerated SPDO, are currently limited
to convex objective functions. This limitation is not merely technical, as these
methods explicitly exploit convexity in their design. Extending these algorithms
to non-convex settings, incorporating stochastic gradients, and adapting them to
the training of deep neural networks are highly important and challenging future
directions. We believe that the principles underlying SPDO and Accelerated
SPDO provide valuable insights for developing communication-efficient optimization
methods beyond the convex regime.

Overall, this thesis represents an important step toward a deeper understanding
of communication-efficient decentralized learning. By combining novel algorithmic
ideas with rigorous theoretical analysis, it sheds light on both the potential and the
limitations of decentralized optimization. We hope that the ideas and techniques
developed herein will inspire further research in this area and contribute to the design
of decentralized learning algorithms that are both theoretically sound and practically
effective.
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A

Useful Lemma

We often use the following lemmas in the proofs.

Lemma 2. For any a, b ∈ R
d, it holds that for any α > 0

♣⟨a, b⟩♣ ≤ 1

2α
∥a∥2 +

α

2
∥b∥2. (A.1)

Lemma 3. For any a, b ∈ R
d and γ > 0, it holds that

∥a + b∥2 ≤ (1 + γ) ∥a∥2 +
(

1 + γ−1


∥b∥2. (A.2)

Lemma 4. For any a1, a2, . . . , an ∈ R
d, it holds that

∥ā∥2 ≤ 1

n

n∑

i=1

∥ai∥2, (A.3)

where ā := 1
n

∑n
i=1 ai.
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B

Appendix of Base-(k + 1) Graph

B.1 Detailed Explanation of k-peer Hyperhypercube

Graph

In this section, we explain Alg. 1 in more detail. The k-peer Hyper-hypercube
Graph mainly consists of the following Ąve steps.

Step 1. Decompose n as n = n1 × · · · × nL with minimum L such that nl ∈ [k + 1]
for all l ∈ [L].

Step 2. If L = 1, we make all nodes obtain the average of parameters in V by using
the complete graph. If L ≥ 2, we split V into disjoint subsets V1, · · · , VnL

such
that ♣Vl♣ = n

nL
for all l ∈ [nL] and continue to step 3.

Step 3. For all l ∈ [nL], we make all nodes in Vl obtain the average of parameters
in Vl by using the k-peer Hyper-hypercube Graph Hk(Vl).

Step 4. We take nL nodes from V1, · · · , VnL
respectively and construct a set U1.

Similarly, we construct U2, · · · , UnL
such that U1, · · · , UnL

are disjoint sets.

Step 5. For all l ∈ [nL], we make all nodes in Ul obtain the average of parameters
in Ul by using the complete graph. Because the average of parameter Ul is
equivalent to the average in V after step 4, all nodes reach the exact consensus.

When n ≤ k + 1, the k-peer Hyper-hypercube Graph becomes the complete
graph because of step 2. When n > k + 1, we decompose n in step 1 and construct
the k-peer Hyper-hypercube Graph recursively in step 3. Thus, the k-peer
Hyper-hypercube Graph can make all nodes reach the exact consensus by the
sequence of L graphs.

Using the example provided in Fig. B.1, we explain the k-peer Hyper-hypercube
Graph in a more detailed manner. When n = 12, we decompose 12 as 2 × 2 × 3.
In step 2, we split V := ¶1, · · · , 12♢ into V1 := ¶1, · · · , 4♢, V2 := ¶5, · · · , 8♢, and
V3 := ¶9, · · · , 12♢. Step 3 corresponds to the Ąrst two graphs in Fig. B.1b. As shown
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B.2 Detailed Explanation of Simple Base-(k + 1) Graph

with k ≥ 2

In Sec. 3.4.2, we explain Alg. 2 only in the case where maximum degree k is one. In
this section, we explain the details of Alg. 2 in the case with k ≥ 2.

The Simple Base-(k + 1) Graph mainly consists of the following Ąve steps.

Step 1. As in the base-(k + 1) number of n, we decompose n as n = a1(k + 1)p1 +
· · ·+ aL(k + 1)pL in line 1, and then split V into disjoint subsets V1, · · · , VL

such that ♣Vl♣ = al(k + 1)pl for all l ∈ [L].

Step 2. For all l ∈ [L], we split Vl into disjoint subsets Vl,1, · · · , Vl,al
such that

♣Vl,a♣ = (k + 1)pl for all a ∈ [al] in line 3.

Step 3. For all l ∈ [L], we make all nodes in Vl obtain the average of parameters in
Vl using the k-peer Hyper-hypercube Graph Hk(Vl) in line 11. Then, we
initialize l′ as one.

Step 4. Each node in Vl′+1 ∪ · · · ∪ VL exchange parameters with al′ nodes in Vl′(=
Vl′,1 ∪ · · · ∪ Vl′,al′

) such that the average in Vl′,a becomes equivalent to the
average in V for all a ∈ [al′ ]. We increase l′ by one and repeat step 4 until
l′ = L. This procedure corresponds to line 15.

Step 5. For all l ∈ [L] and a ∈ [al], we make all nodes in Vl,a obtain the average in
Vl,a using the k-peer Hyper-hypercube Graph Hk(Vl,a). Since the average
in Vl,a is equivalent to the average in V after step 4, all nodes reach the exact
consensus. This procedure corresponds to line 25.

The major difference compared with the case where k = 1 is step 4. In the case
where k = 1, each node in Vl′+1 ∪ · · · ∪ VL exchange parameters with one node in Vl′

such that the average in Vl′ becomes equivalent to that in V , while in the case where
k ≥ 2, each node in Vl′+1∪· · ·∪VL exchange parameters such that the average in Vl′,a

becomes equivalent to that in V for all a ∈ [al]. Thanks to this step, we can make all
nodes reach the exact consensus using k-peer Hyper-hypercube Graph Hk(Vl,a)
instead of Hk(Vl) in step 5, and we can reduce the length of a graph sequence.

Using the example provided in Fig. B.2, we explain Alg. 2 in a more detailed
manner. Let G(1), · · · , G(4) denote the graphs depicted in Fig. B.2 from left to right,
respectively. First, we split V := ¶1, · · · , 7♢ into V1 := ¶1, · · · , 6♢ and V2 := ¶7♢, and
then split V1 into V1,1 := ¶1, 2, 3♢ and V1,2 := ¶4, 5, 6♢. In step 3, all nodes in V1

obtain the same parameter by exchanging parameters in G(1) and G(2). In step 4,
the average in V1,1, that in V1,2, and that in V2 become the same as the average in
all nodes V by exchanging parameters in G(3). Thus, in step 5, all nodes reach the
exact consensus by exchanging parameters in G(4).
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B.4 Proof of Theorem 1

Lemma 5 (Length of k-peer Hyper-hypercube Graph). Suppose that all prime
factors of the number of nodes n are less than or equal to k + 1. Then, for any
number of nodes n ∈ N and maximum degree k ∈ [n− 1], the length of the k-peer

Hyper-hypercube Graph is less than or equal to max¶1, 2 logk+2(n)♢.

Proof. We assume that n is decomposed as n = n1×· · ·×nL with minimum L where
nl ∈ [k + 1] for all l ∈ [L]. Without loss of generality, we suppose n1 ≤ n2 ≤ · · · ≤ nL.
Then, for any i ≠ j, it holds that ni× nj ≥ k + 2 because if ni× nj ≤ k + 1 for some
i and j, this contradicts the assumption that L is minimum.

When L is even, we have

n = (n1 × n2)× · · · × (nL−1 × nL) ≥ (k + 2)
L
2 .

Then, we get L ≤ 2 logk+2(n).
Next, we discuss the case when L is odd. When L ≥ 3, nL ≥

√
k + 2 holds

because nL−2 × nL−1 ≥ k + 2. Thus, we get

n = (n1 × n2)× · · · × (nL−2 × nL−1)× nL ≥ (k + 2)
L−1

2 × nL ≥ (k + 2)
L
2 .

Then, we get L ≤ 2 logk+2(n) when L ≥ 3.
Thus, given the case when L = 1, the length of the k-peer Hyper-hypercube

Graph is less than or equal to max¶1, 2 logk+2(n)♢.

Lemma 6 (Length of Simple Base-(k + 1) Graph). For any number of nodes
n ∈ N and maximum degree k ∈ [n − 1], the length of the Simple Base-(k + 1)
Graph is less than or equal to 2 logk+1(n) + 2.

Proof. When all prime factors of n are less than or equal to k + 1, the Simple
Base-(k + 1) Graph is equivalent to the k-peer Hyper-hypercube Graph and
the statement holds from Lemma 5. In the following, we consider the case when
there exists a prime factor of n that is larger than k + 1. Note that because when
L = 1 (i.e., n = a1 × (k + 1)p1), all prime factors of n are less than or equal to k + 1,
we only need to consider the case when L ≥ 2. We have the following inequality:

logk+1(n) = logk+1(a1(k + 1)p1 + · · ·+ aL(k + 1)pL)

≥ p1 + logk+1(a1)

≥ p1.

Then, because ♣V1♣ = a1×(k+1)p1 , it holds that m1 = ♣Hk(V1)♣ ≤ 1+p1 ≤ logk+1(n)+
1. Similarly, it holds that ♣Hk(V1,1)♣ = p1 ≤ logk+1(n) because ♣V1,1♣ = (k + 1)p1 . In
Alg. 2, the update rule b1 ← b1 + 1 in line 22 is executed for the Ąrst time when
m = m1 + 2 because L ≥ 2. Thus, the length of the Simple Base-(k + 1) Graph is
at most m1 + ♣Hk(V1,1)♣+ 1 ≤ 2 logk+1(n) + 2. This concludes the statement.
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Lemma 7 (Length of Base-(k + 1) Graph). For any number of nodes n ∈ N and
maximum degree k ∈ [n− 1], the length of the Base-(k + 1) Graph is less than or
equal to 2 logk+1(n) + 2.

Proof. The statement follows immediately from Lemma 6 and line 12 in Alg. 3.
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B.5 Convergence Rate of DSGD over Various Topologies

Table B.1 lists the convergence rates of DSGD over various topologies. These
convergence rates can be immediately obtained from Theorem 2 stated in Koloskova
et al. (2020) and consensus rate of the topology. As seen from Table B.1, the Base-2
Graph enables DSGD to converge faster than the ring and torus and as fast as the
exponential graph for any number of nodes, although the maximum degree of the
Base-2 Graph is only one. Moreover, for any number of nodes, the Base-(k + 1)
Graph with 2 ≤ k < ⌈log2(n)⌉ enables DSGD to converge faster than the exponential
graph, even though the maximum degree of the Base-(k + 1) Graph remains to be
less than that of the exponential graph.

Table B.1: Convergence rates and maximum degrees of DSGD over various topologies.

Topology Convergence Rate Maximum Degree #Nodes n

Ring (Nedic et al., 2018) O
(

σ2

nϵ2
+

ζn2 + σn

ϵ3/2
+

n2

ϵ

)

· LF0 2 ∀n ∈ N

Torus (Nedic et al., 2018) O
(

σ2

nϵ2
+

ζn + σ
√

n

ϵ3/2
+

n

ϵ

)

· LF0 4 ∀n ∈ N

Exp. (Ying et al., 2021) O
(

σ2

nϵ2
+

ζ log2(n) + σ
√

log2(n)

ϵ3/2
+

log2(n)

ϵ

)

· LF0 ⌈log2(n)⌉ ∀n ∈ N

1-peer Exp. (Ying et al., 2021) O
(

σ2

nϵ2
+

ζ log2(n) + σ
√

log2(n)

ϵ3/2
+

log2(n)

ϵ

)

· LF0 1 A power of 2

1-peer Hypercube (Shi et al., 2016) O
(

σ2

nϵ2
+

ζ log2(n) + σ
√

log2(n)

ϵ3/2
+

log2(n)

ϵ

)

· LF0 1 A power of 2

Base-(k + 1) Graph (ours) O



σ2

nϵ2
+

ζ logk+1(n) + σ
√

logk+1(n)

ϵ3/2
+

logk+1(n)

ϵ



 · LF0 k ∀n ∈ N
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Table B.3: Hyperparameter settings for CIFAR-¶10, 100♢ with ¶VGG-11, ResNet-18♢.

Dataset CIFAR-¶10, 100♢
Neural network architecture ¶VGG-11 (Simonyan and Zisserman, 2015), ResNet-18 (He et al., 2016)♢
Data augmentation RandomCrop, RandomHorizontalFlip, RandomErasing of PyTorch
Step size Grid search over ¶0.1, 0.01, 0.001♢.
Momentum 0.9
Batch size 32
Step size scheduler Cosine decay
Step size warmup 10 epochs
The number of epochs 500
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C

Appendix of Teleportation

C.1 Teleportation with Communication Overlap

In the implementation shown in Alg. 4, line 7 in Alg. 4 does not start until line 12
is completed. We can modify Alg. 4 so that the exchanges of parameters in lines 7
and 12 are performed simultaneously. We show the pseudo-code and illustration in
Alg. 11 and Fig. C.1. The communication in lines 7 and 12 in Alg. 4 corresponds to
that in lines 9 and 13 in Alg. 11.

Algorithm 11 Teleportation

1: Input: the number of nodes n, set of nodes Vn, number of active nodes k, total number
of iteration T , step size η, and topology comprising k active nodes Gk = (¶1, · · · , k♢, E).

2: sample active k nodes V
(0)

active from Vn without replacement.

3: assign ¶1, 2, · · · , k♢ to variables ¶token_id
(0)
i ♣ vi ∈ V

(0)
active♢ randomly without overlap.

4: for t ∈ ¶0, 1, · · · , T♢ do

5: sample next active k nodes V
(t+1)

active from Vn without replacement, and assign

¶1, 2, · · · , k♢ to variables ¶token_id
(t+1)
i ♣ vi ∈ V

(t+1)
active ♢ randomly without overlap.

6: for i ∈ ¶1, 2, · · · , n♢ in parallel do

7: if vi ∈ V
(t)

active thenc

8: y
(t)
i = x

(t)
i − η∇Fi(x

(t)
i ; ξ

(t)
i ).

9: send y
(t)
i to vj ∈ ¶vj ∈ V

(t+1)
active ♣ (token_id

(t)
i , token_id

(t+1)
j ) ∈ E♢.

10: if vi ∈ V
(t+1)

active then

11: receive y
(t)
j from vj ∈ ¶vj ∈ V

(t)
active ♣ (token_id

(t+1)
i , token_id

(t)
j ) ∈ E♢.

12: x
(t+1)
i =

∑

vj∈V
(t)

active

W
token_id

(t+1)
i

,token_id
(t)
j

y
(t)
j .

cThe update rule of the parameters of the inactive nodes is not described because the parameters
held by the inactive nodes are discarded and initialized with the parameters of the other active nodes
when they are activated in line 13. The parameters of inactive nodes do not affect the behavior of
active node parameters.
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3

1

1

3

2

2

3

1

2

3

21

Figure C.1: Illustration of Alg. 11 with n = 8 and k = 3. We use a line as the
topology consisting of active nodes Gk = (¶1, 2, 3♢, ¶(1, 1), (1, 2), (2, 2), (2, 3), (3, 3)♢).
The black nodes represent active nodes, and the number written on the node is

token_id
(t)
i . The blue nodes represent the next active nodes, and the number on

the node is token_id
(t+1)
i .

C.2 Proof of Theorems 3 and 4

C.2.1 Notation

In this section, we introduce the notation used in the proof. Teleportation has n

parameters, ¶x(t)
i ♢ni=1, while the parameters of inactive nodes are not used and do

not affect the behavior of the parameters of active nodes. To simplify the notation,

we introduce the variables ¶z(t)
m ♢km=1 that correspond to the active nodes parameters.

From line 5 in Alg. 11, text_id
(t)
i has a different value for each active node

vi ∈ V
(t)

active. That is, there is one-to-one correspondence between ¶i ♣ vi ∈ V
(t)

active♢ and

¶1, 2, · · · , k♢. Let g(t) : ¶i ♣ vi ∈ V
(t)

active♢ → ¶1, 2, · · · , k♢ be the function that takes

node index i and returns token_id
(t)
i . Since g(t) is a bijection function, there exists

an inverse function (g(t))−1 : ¶1, 2, · · · , k♢ → ¶i ♣ vi ∈ V
(t)

active♢. Using this inverse

function, we deĄne variable node_id
(t)
m as follows:

node_id
(t)
m := (g(t))−1(m),

for any m ∈ ¶1, 2, · · · , k♢. node_id
(t)
m stores the node index i whose token_id

(t)
i

stores m. Using this notation, we deĄne z
(t)
m ∈ R

d as follows:

z(t)
m = x

(t)

node_id
(t)
m

,

for all m ∈ ¶1, 2, · · · , k♢ and t. From the deĄnition of z
(t)
m , we can get its update rule
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as follows:

z(t+1)
m = x

(t)

node_id
(t+1)
m

=
∑

vj∈V
(t)

active

W
token_id

(t+1)

node_id
(t+1)
m

,token_id
(t)
j

(

x
(t)
j − η∇Fj(x

(t)
j ; ξ

(t)
j )


=
∑

vj∈V
(t)

active

W
m,token_id

(t)
j

(

x
(t)
j − η∇Fj(x

(t)
j ; ξ

(t)
j )


=
k∑

l=1

Wm,l



x
(t)

node_id
(t)
l

− η∇F
node_id

(t)
l

(x
(t)

node_id
(t)
l

; ξ
(t)

node_id
(t)
l

)



=
k∑

l=1

Wm,l



z
(t)
l − η∇F

node_id
(t)
l

(z
(t)
l ; ξ

(t)

node_id
(t)
l

)



.

In the next section, we analyze the convergence behavior of ¶z(t)
m ♢km=1. Note that sets

¶z(t)
m ♢km=1 and ¶x(t)

i ♣ vi ∈ V
(t)

active♢ are equivalent, and their averages are equivalent,
i.e.,

1

k

k∑

m=1

z(t)
m =

1

k

k∑

m=1

x
node_id

(t)
m

=
1

k

n∑

i=1

x
(t)
i 1

vi∈V
(t)

active

=
1

k

∑

vi∈V
(t)

active

x
(t)
i , (C.1)

where 1
vi∈V

(t)
active

is an indicator function. Furthermore, let Z ∈ R
d×k, G ∈ R

d×k, and

∇f(Z) ∈ R
d×k as follows:

Z(t) :=
(

z
(t)
1 , z

(t)
2 , · · · , z

(t)
k



,

G(t) :=



∇F
node_id

(t)
1

(z
(t)
1 ; ξ

(t)

node_id
(t)
1

), · · · ,∇F
node_id

(t)
k

(z
(t)
k ; ξ

(t)

node_id
(t)
k

)



,

∇f(Z(t)) :=
(

∇f(z
(t)
1 ),∇f(z

(t)
2 ), · · · ,∇f(z

(t)
k )


.

By using the above notation, Alg. 11 can be rewritten as follows:

Z(t+1) =
(

Z(t) − ηG(t)


W ⊤.

C.2.2 Main Proof

Lemma 8. Suppose that Assumptions 2, 3, 4, and 9 hold. If the step size satisfies
η ≤ 1

4L , then it holds that

Ef(z̄(t+1))

≤ Ef(z̄(t))− η

4
E

∥
∥
∥∇f(z̄(t))

∥
∥
∥

2
+ L2ηΞ(t) +

Lσ2

2k
η2 +

Lζ2

2k



1− k − 1

n− 1



η2,

where z̄(t) := 1
k

∑k
i=1 z

(t)
i and Ξ(t) := 1

k

∑k
i=1 E∥z

(t)
i − z̄(t)∥2.
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Proof. By calculating the average of the update rule of z
(t)
i , we obtain

z̄(t+1) =
1

k

k∑

m=1

k∑

l=1

Wm,l



z
(t)
l − η∇F

node_id
(t)
l

(z
(t)
l ; ξ

(t)

node_id
(t)
l

)



= z̄(t) − η

k

k∑

l=1

∇F
node_id

(t)
l

(z
(t)
l ; ξ

(t)

node_id
(t)
l

),

where we use
∑k

m=1 Wm,l = 1. Using Assumption 2, we get

Et+1f(z̄(t+1))

= Et+1f



z̄(t) − η

k

k∑

j=1

∇F
node_id

(t)
j

(z
(t)
j ; ξ

(t)

node_id
(t)
j

)





≤ f(z̄(t))− η

〈

∇f(z̄(t)),
1

k

k∑

j=1

Et+1∇F
node_id

(t)
j

(z
(t)
j ; ξ

(t)

node_id
(t)
j

)

〉

+
Lη2

2
Et+1

∥
∥
∥
∥
∥
∥

1

k

k∑

j=1

∇F
node_id

(t)
j

(z
(t)
j ; ξ

(t)

node_id
(t)
j

)

∥
∥
∥
∥
∥
∥

2

= f(z̄(t))− η

〈

∇f(z̄(t)),
1

k

k∑

j=1

∇f(z
(t)
j )

〉

︸ ︷︷ ︸

T1

+
Lη2

2
Et+1

∥
∥
∥
∥
∥
∥

1

k

k∑

j=1

∇F
(t)

node_id
(t)
j

(z
(t)
j ; ξ

(t)

node_id
(t)
j

)

∥
∥
∥
∥
∥
∥

2

︸ ︷︷ ︸

T2

,

where we use the fact that active nodes are randomly selected, i.e., node_id
(t)
j is

randomly assigned to ¶1, 2, · · · , n♢, in the last equality. T1 and T2 are bounded as
follows:

−T1 = −
∥
∥
∥∇f(z̄(t))

∥
∥
∥

2
+

〈

∇f(z̄(t)),
1

k

k∑

j=1

∇f(z
(t)
j )−∇f(z̄(t))

〉

≤ −1

2

∥
∥
∥∇f(z̄(t))

∥
∥
∥

2
+

1

2

∥
∥
∥
∥
∥
∥

1

k

k∑

j=1

∇f(z
(t)
j )−∇f(z̄(t))

∥
∥
∥
∥
∥
∥

2

≤ −1

2

∥
∥
∥∇f(z̄(t))

∥
∥
∥

2
+

1

2k

k∑

j=1

∥
∥
∥∇f(z

(t)
j )−∇f(z̄(t))

∥
∥
∥

2

≤ −1

2

∥
∥
∥∇f(z̄(t))

∥
∥
∥

2
+

L2

2k

k∑

j=1

∥
∥
∥z

(t)
j − z̄(t)

∥
∥
∥

2
.
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T2 = Et+1

∥
∥
∥
∥
∥
∥

1

k

k∑

j=1

∇f
(t)

node_id
(t)
j

(z
(t)
j )

∥
∥
∥
∥
∥
∥

2

+ Et+1

∥
∥
∥
∥
∥
∥

1

k

k∑

j=1

∇F
node_id

(t)
j

(z
(t)
j ; ξ

(t)

node_id
(t)
j

)−∇f
node_id

(t)
j

(z
(t)
j )

∥
∥
∥
∥
∥
∥

2

≤ Et+1

∥
∥
∥
∥
∥
∥

1

k

k∑

j=1

∇f
node_id

(t)
j

(z
(t)
j )

∥
∥
∥
∥
∥
∥

2

+
σ2

k

≤
∥
∥
∥
∥
∥
∥

1

k

k∑

j=1

∇f(z
(t)
j )

∥
∥
∥
∥
∥
∥

2

+ Et+1

∥
∥
∥
∥
∥
∥

1

k

k∑

j=1

∇f
node_id

(t)
j

(z
(t)
j )−∇f(z

(t)
j )

∥
∥
∥
∥
∥
∥

2

+
σ2

k

≤
∥
∥
∥
∥
∥
∥

1

k

k∑

j=1

∇f(z
(t)
j )

∥
∥
∥
∥
∥
∥

2

+
ζ2

k



1− k − 1

n− 1



+
σ2

k

≤ 2

∥
∥
∥
∥
∥
∥

1

k

k∑

j=1

∇f(z
(t)
j )−∇f(z̄(t))

∥
∥
∥
∥
∥
∥

2

+ 2
∥
∥
∥∇f(z̄(t))

∥
∥
∥

2
+

ζ2

k



1− k − 1

n− 1



+
σ2

k

≤ 2L2

k

k∑

j=1

∥
∥
∥z

(t)
j − z̄(t)

∥
∥
∥

2
+ 2

∥
∥
∥∇f(z̄(t))

∥
∥
∥

2
+

ζ2

k



1− k − 1

n− 1



+
σ2

k
,

where we use the fact that the active nodes V
(t)

active are sampled from Vn without
replacement in the third inequality. Using the above inequalities, we obtain

Et+1f(z̄) ≤ f(z̄(t))− η

2

∥
∥
∥∇f(z̄(t))

∥
∥
∥

2
+

L2η

2k

k∑

j=1

∥
∥
∥z

(t)
j − z̄(t)

∥
∥
∥

2

+
L3η2

k

k∑

j=1

∥
∥
∥z

(t)
j − z̄(t)

∥
∥
∥

2
+ Lη2∥∇f(z̄(t))∥2 +

Lζ2

2k



1− k − 1

n− 1



η2 +
Lσ2

2k
η2.

Using η ≤ 1
4L , we obtain the desired result.

Lemma 9. Suppose that Assumptions 2, 3, 4, and 9 hold. If the step size satisfies
η ≤ pk√

24L
, then it holds that

Ξ(t+1) ≤ (1− pk

4
)Ξ(t) +

6(1− pk)η2

pk
E

∥
∥
∥∇f(z̄(t))

∥
∥
∥

2
+ (1− pk)(σ2 + ζ2)η2,

where z̄(t) := 1
k

∑k
i=1 z

(t)
i and Ξ(t) := 1

k

∑k
i=1 E∥z

(t)
i − z̄(t)∥2.

87



88 Appendix C. Appendix of Teleportation

Proof.

Et+1

∥
∥
∥Z(t+1) − Z̄(t+1)

∥
∥
∥

2

F

= Et+1

∥
∥
∥(Z(t) − ηG(t))W ⊤ − (Z̄(t) − ηḠ(t))

∥
∥
∥

2

F

≤ (1− pk)Et+1

∥
∥
∥(Z(t) − ηG(t))− (Z̄(t) − ηḠ(t))

∥
∥
∥

2

F

≤ (1− pk)Et+1

∥
∥
∥(Z(t) − ηG(t))− Z̄(t)

∥
∥
∥

2

F

≤ (1− pk)
∥
∥
∥(Z(t) − η∇f(Z(t)))− Z̄(t)

∥
∥
∥

2
F + (1− pk)η2

Et+1

∥
∥
∥G(t) − f(Z(t))

∥
∥
∥

2

≤ (1− pk)
∥
∥
∥(Z(t) − η∇f(Z(t)))− Z̄(t)

∥
∥
∥

2

F
+ (1− pk)k(σ2 + ζ2)η2

≤ (1− pk

2
)
∥
∥
∥Z(t) − Z̄(t)

∥
∥
∥

2

F
+

3(1− pk)η2

pk

∥
∥
∥∇f(Z(t))

∥
∥
∥

2

F
︸ ︷︷ ︸

T

+(1− pk)k(σ2 + ζ2)η2.

T is bounded as follows:

T ≤ 2
∥
∥
∥∇f(Z(t))−∇f(Z̄(t))

∥
∥
∥

2

F
+ 2

∥
∥
∥∇f(Z̄(t))

∥
∥
∥

2

F

≤ 2L2
∥
∥
∥Z(t) − Z̄(t)

∥
∥
∥

2

F
+ 2k

∥
∥
∥∇f(z̄(t))

∥
∥
∥

2
,

where Z̄(t) := 1
k Z(t)11⊤. Then, we get

Et+1

∥
∥
∥Z(t+1) − Z̄(t+1)

∥
∥
∥

2

F

≤ (1− pk

2
)
∥
∥
∥Z(t) − Z̄(t)

∥
∥
∥

2

F
+

6(1− pk)L2η2

pk

∥
∥
∥Z(t) − Z̄(t)

∥
∥
∥

2

F

+
6(1− pk)kη2

pk

∥
∥
∥∇f(z̄(t))

∥
∥
∥

2
+ (1− pk)k(σ2 + ζ2)η2.

Using η ≤ pk√
24L

, we obtain the desired result.

Lemma 10. Suppose that Assumptions 2, 3, 4, and 9 hold, and ¶x(0)
i ♢ni=1 is initialized

with the same parameter x̄(0). If the step size satisfies η ≤ pk√
24L

, then it holds that

1

T + 1

T∑

t=0

Ξ(t) ≤ 24(1− pk)

p2
k(T + 1)

η2
T∑

t=0

E∥∇f(z̄(l))∥2 +
4(1− pk)(σ2 + ζ2)

pk
η2,

where z̄(t) := 1
k

∑k
i=1 z

(t)
i and Ξ(t) := 1

k

∑k
i=1 E∥z

(t)
i − z̄(t)∥2.
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Proof. From Lemma 9, we get

Ξ(t+1)

≤ 6(1− pk)η2

pk

t∑

l=0

(1− pk

4
)t−l

E∥∇f(z̄(l))∥2 + (1− pk)(σ2 + ζ2)η2
t∑

l=0

(1− pk

4
)t−l

≤ 6(1− pk)η2

pk

t∑

l=0

(1− pk

4
)t−l

E∥∇f(z̄(l))∥2 +
4(1− pk)(σ2 + ζ2)

pk
η2.

By summing up the above inequality from t = 0 to T − 1, we obtain

1

T + 1

T∑

t=1

Ξ(t)

≤ 6(1− pk)η2

pk(T + 1)

T∑

t=1

t−1∑

l=0

(1− pk

4
)t−l

E∥∇f(z̄(l))∥2 +
4(1− pk)(σ2 + ζ2)

pk
η2

=
6(1− pk)η2

pk(T + 1)

T −1∑

l=0

E∥∇f(z̄(l))∥2
T∑

t=l+1

(1− pk

4
)t−l +

4(1− pk)(σ2 + ζ2)

pk
η2

=
6(1− pk)η2

pk(T + 1)

T −1∑

l=0

E∥∇f(z̄(l))∥2
T −l∑

t′=1

(1− pk

4
)t′

+
4(1− pk)(σ2 + ζ2)

pk
η2

≤ 24(1− pk)η2

p2
k(T + 1)

T −1∑

l=0

E∥∇f(z̄(l))∥2 +
4(1− pk)(σ2 + ζ2)

pk
η2.

Using Ξ(0) = 0 and E∥∇f(z̄(T ))∥2 ≥ 0, we obtain the desired result.

Lemma 11. Suppose that Assumptions 2, 3, 4, and 9 hold, and ¶x(0)
i ♢ni=1 is initialized

with the same parameter x̄(0). If the step size satisfies η ≤ pk√
192L

, then it holds that

1

T + 1

T∑

t=0

E∥∇f(x̄
(t)
active

)∥2 (C.2)

≤ 8(f(x̄(0))− f⋆)

(T + 1)η
+

32L2(σ2 + ζ2)(1− pk)

pk
η2 +

4L

k



σ2 +



1− k − 1

n− 1



ζ2


η,

where x̄
(t)
active

:= 1
k

∑

vi∈V
(t)

active

x
(t)
i .

Proof. Rearranging Lemma 8, we obtain

E∥∇f(z̄(t))∥2

≤ 4(Ef(z̄(t))− Ef(z̄(t+1)))

η
+ 4L2Ξ(t) +

2Lσ2

k
η +

2Lζ2

k



1− k − 1

n− 1



η.
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Using Lemma 10, we get

1

T + 1

T∑

t=0

E∥∇f(z̄(t))∥2

≤ 4(f(z̄(0))− f⋆)

(T + 1)η
+

4L2

T + 1
Ξ(t) +

2Lσ2

k
η +

2Lζ2

k



1− k − 1

n− 1



η

≤ 4(f(z̄(0))− f⋆)

(T + 1)η
+

96L2(1− pk)

p2
k(T + 1)

η2
T∑

t=0

E∥∇f(z̄(l))∥2

+
16L2(1− pk)(σ2 + ζ2)

pk
η2 +

2Lσ2

k
η +

2Lζ2

k



1− k − 1

n− 1



η.

Using η ≤ pk√
192L

and x̄
(t)
active = z̄(t) (see Eq. (C.1)), we obtain the desired result.

Lemma 12. Suppose that Assumptions 2, 3, 4, and 9 hold, and ¶x(0)
i ♢ni=1 is initialized

with the same parameter x̄(0). There exists a step size η that satisfies

1

T + 1

T∑

t=0

E∥∇f(x̄
(t)
active

)∥2 (C.3)

≤ O




√

Lr0(σ2 + (1− k−1
n−1)ζ2)

kT
+

(

L2r2
0(σ2 + ζ2)(1− pk)

T 2pk

) 1
3

+
Lr0

Tpk



 ,

where x̄
(t)
active

:= 1
k

∑

vi∈V
(t)

active

x
(t)
i and r0 := f(x̄(0))− f⋆.

Proof. Choosing the step size as follows:

η = min

{√

2kr0

L(T + 1)(σ2 + ζ2)
,


r0pk

4L2(T + 1)(1− pk)(σ2 + ζ2)

 1
3

,
pk√
192L

}

,

we have three cases:

• When η =
√

2kr0

L(T +1)(σ2+(1− k−1
n−1

)ζ2)
, 1

T +1

∑T
t=0 E∥∇f(x̄

(t)
active)∥2 is bounded from

above by
√
√
√
√

128Lr0

(

σ2 + (1− k−1
n−1)ζ2



k(T + 1)
+

(

2048L2r2
0(1− pk)(σ2 + ζ2)

(T + 1)2pk

) 1
3

.

• When η =
(

r0pk

4L2(T +1)(1−pk)(σ2+ζ2)

 1
3 , 1

T +1

∑T
t=0 E∥∇f(x̄

(t)
active)∥2 is bounded

from above by
√
√
√
√

32Lr0

(

σ2 + (1− k−1
n−1)ζ2



k(T + 1)
+

(

16384L2r2
0(1− pk)(σ2 + ζ2)

(T + 1)2pk

) 1
3

.
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• When η = pk√
192L

, 1
T +1

∑T
t=0 E∥∇f(x̄

(t)
active)∥2 is bounded from above by

√
12288Lr0

(T + 1)pk
+

√
√
√
√

32Lr0

(

σ2 + (1− k−1
n−1)ζ2



k(T + 1)

+

(

2048L2r2
0(1− pk)(σ2 + ζ2)

(T + 1)2pk

) 1
3

.

Lemma 13. Suppose that Assumptions 2, 3, 4, and 9 hold, and ¶x(0)
i ♢ni=1 is initialized

with the same parameter x̄(0). Then, if the active nodes are connected by a ring,
i.e., pk = Ω(k−2), there exists a step size η > 0 and the number of active nodes
k ∈ ¶1, 2, · · · , n♢ that satisfies

1

T + 1

T∑

t=0

E∥∇f(x̄
(t)
active

)∥2

≤ O






√

Lr0σ2

nT
+

(

Lr0(σ2 + ζ2)
3
4

T

) 4
7

+

(

Lr0(σ2 + ζ2)
2
5

T

) 5
7

+
Lr0

T




 ,

where x̄
(t)
active

:= 1
k

∑

vi∈V
(t)

active

x
(t)
i and r0 := f(x̄(0))− f⋆.

Proof. From Lemma 12, we obtain

1

T + 1

T∑

t=0

E∥∇f(x̄
(t)
active)∥2

≤ O




√

Lr0(σ2 + (1− k−1
n−1)ζ2)

kT
+

(

L2r2
0(σ2 + ζ2)k2

T 2

) 1
3

+
Lr0k2

T



 . (C.4)

For simplicity, let A, B, and C denote as follows:

A =
Lr0(σ2 + ζ2)

T
, B =

(

L2r2
0(σ2 + ζ2)

T 2

) 1
3

, C =
Lr0

T
.

Using these notations, we obtain

1

T + 1

T∑

t=0

E∥∇f(x̄
(t)
active)∥2 ≤ O





√

A

k
+ Bk

2
3 + Ck2



 . (C.5)

We choose k as follows:

k = max






1, min







⌈
(

A3

B6

) 1
7 ⌉

, n












.
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Note that it holds that k ∈ ¶1, 2, 3, · · · , n♢.
When r0(σ2 + ζ2) = 0, it holds that k = 1, A = 0, and B = 0. In this case,

1
T +1

∑T
t=0 E∥∇f(x̄

(t)
active)∥2 is bounded from above by

O


Lr0

T



.

When r0(σ2 + ζ2) > 0, it holds that

k = min







⌈
(

A3

B6

) 1
7 ⌉

, n






.

In this case, we have three cases:

• When k =
⌈(

A3

B6

 1
7
⌉

, we have

√

A

k
= O

(

A
2
7 B

3
7



, Bk
2
3 = O

(

A
2
7 B

3
7



, Ck2 = O
(

CA
6
7 B

−12
7



.

By using the above inequalities, 1
T +1

∑T
t=0 E∥∇f(x̄

(t)
active)∥2 is bounded from

above by

O
(

A
2
7 B

3
7 + A

6
7 B

−12
7 C



.

• When k = n, we have

√

Lr0(σ2 + (1− k−1
n−1)ζ2)

kT
=

√

Lr0σ2

nT
,

Bk
2
3 ≤ O

(

A
2
7 B

3
7



, Ck2 ≤ O
(

CA
6
7 B

−12
7



,

where we use k ≤
⌈(

A3

B6

 1
7
⌉

. By using the above inequalities, we have

1

T + 1

T∑

t=0

E∥∇f(x̄
(t)
active)∥2 ≤ O





√

Lr0σ2

nT
+ A

2
7 B

3
7 + A

6
7 B

−12
7 C



 .

By summarizing the above inequalities, we obtain the desired results.

Lemma 14. Suppose that Assumptions 2, 3, 4, and 9 hold, and ¶x(0)
i ♢ni=1 is ini-

tialized with the same parameter x̄(0). Then, if the active nodes are connected by
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an exponential graph, i.e., pk = Ω(log−1
2 k), there exists a step size η > 0 and the

number of active nodes k ∈ ¶1, 2, · · · , n♢ that satisfies

1

T + 1

T∑

t=0

E∥∇f(x̄
(t)
active

)∥2

≤ O






√

Lr0σ2

nT
+




L2r2

0(σ2 + ζ2)

T 2
log2

(

T (σ2 + ζ2)

Lr0

) 1
3





1
3

+
Lr0

T
log2

(

T (σ2 + ζ2)

Lr0

)

+
Lr0

T

)

,

where x̄
(t)
active

:= 1
k

∑

vi∈V
(t)

active

x
(t)
i and r0 := f(x̄(0))− f⋆.

Proof. From Lemma 12, we obtain

1

T + 1

T∑

t=0

E∥∇f(x̄
(t)
active)∥2

≤ O




√

Lr0(σ2 + (1− k−1
n−1)ζ2)

kT
+

(

L2r2
0(σ2 + ζ2) log2(k)

T 2

) 1
3

+
Lr0 log2(k)

T



 .

For simplicity, let A, B, and C denote as follows:

A =
Lr0(σ2 + ζ2)

T
, B =

(

L2r2
0(σ2 + ζ2)

T 2

) 1
3

, C =
Lr0

T
.

Using these notations, we obtain

1

T + 1

T∑

t=0

E∥∇f(x̄
(t)
active)∥2 ≤ O





√

A

k
+ B log

1
3
2 (k) + C log2(k)



 .

We choose k as follows:

k = max

{

1, min

{⌈ A

B2

⌉

,
⌈ A

C2

⌉

, n

}}

.

When r0(σ2 + ζ2) = 0, it holds that k = 1, A = 0, and B = 0. In this case,
1

T +1

∑T
t=0 E∥∇f(x̄

(t)
active)∥2 is bounded from above by

O


Lr0

T



.

When r0(σ2 + ζ2) > 0, it holds that

k = min

{⌈ A

B2

⌉

,
⌈ A

C2

⌉

, n

}

.

In this case, we have three cases:
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• When k =
⌈

A
B2

⌉

, 1
T +1

∑T
t=0 E∥∇f(x̄

(t)
active)∥2 is bounded from above by

O


B log
1
3
2


A

B2



+ C log2


A

C2



.

• When k =
⌈

A
C2

⌉

, 1
T +1

∑T
t=0 E∥∇f(x̄

(t)
active)∥2 is bounded from above by

O


B log
1
3
2


A

B2



+ C log2


A

C2



.

• When k = n, 1
T +1

∑T
t=0 E∥∇f(x̄

(t)
active)∥2 is bounded from above by

O




√

Lr0σ2

nT
+ B log

1
3
2


A

B2



+ C log2


A

C2




 .

By summarizing the above inequalities, we obtain the desired result.

C.3 Proof of Theorem 5

Lemma 1. For any k⋆ < n, there exists k ∈ ¶1, 2, 4, 8, · · · , 2⌊log2(n+1)⌋−1♢ that

satisfies k⋆

4 < k ≤ k⋆. Furthermore, it holds that
∑⌊log2(n+1)⌋−1

i=0 2i ≤ n.

Proof. We deĄne K := ¶1, 2, 4, 8, · · · , 2⌊log2(n+1)⌋−1♢. We have two cases:

• When 1 ≤ k⋆ < 2⌊log2(n+1)⌋, there exists k ∈ K that satisĄes k ≤ k⋆ < 2k.

• When 2⌊log2(n+1)⌋ ≤ k⋆ < n, it holds that k < k⋆ for all k ∈ K. Then, we have

k⋆ < n < 4× 2⌊log2(n+1)⌋−1.

Thus, there exists k ∈ K that satisĄes k < k⋆ < 4k.

By combining the above two cases, we obtain the desired result.

Lemma 11. Suppose that Assumptions 1, 2, 3, 4, and 9 hold. Let ¶¶x(t)
k,i♢vi∈V

(t)
active

♢Tt=0

denote the parameters of active nodes generated by Alg. 11 when the number of active
nodes is set to k and define

K := ¶1, 2, 22, 23, · · · , 2⌊log2(n+1)⌋−1, n♢.

Then, suppose that the parameters are initialized with the same parameter x̄(0).
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Ring: If the active nodes are connected by a ring, i.e., pk = Ω(k−2), there exists

η such that mink∈K
(

1
T +1

∑T
t=0 E∥∇f(x̄

(t)
active,k)∥2



is bounded from above by

O






√

Lr0σ2

nT
+

(

Lr0(σ2 + ζ2)
3
4

T

) 4
7

+

(

Lr0(σ2 + ζ2)
2
3

T

) 3
5

+
Lr0

T




 ,

where r0 := f(x̄
(0)
active,k)− f⋆ and x̄

(t)
active,k := 1

k

∑

vi∈V
(t)

active

xk,i.

Exp. Graph: If the active nodes are connected by an exponential graph, i.e.,

pk = Ω(log−1
2 k), there exists η such that mink∈K

(
1

T +1

∑T
t=0 E∥∇f(x̄

(t)
active,k)∥2



is

bounded from above by

O






√

Lr0σ2

nT
+




L2r2

0(σ2 + ζ2)

T 2
log2

(

T (σ2 + ζ2)

Lr0

) 1
3





1
3

+
Lr0

T
log2

(

T (σ2 + ζ2)

Lr0

)

+
Lr0

T

)

.

Proof. By combining Lemmas 1, 13, and 14, we obtain the statement.
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C.4 Convergence Rate of Decentralized SGD with Vari-

ous Topologies

Table C.1: Convergence rates of DSGD over various topologies.

Topology Convergence Rate

Ring (Nedic et al., 2018) O
(
√

Lr0σ2

nT +
(

L2r2
0n2(σ2+n2ζ2)

T 2

(

1− 1
n2

 1
3

+ Lr0n2

T

)

Torus (Nedic et al., 2018) O
(
√

Lr0σ2

nT +
(

L2r2
0n(σ2+nζ2)

T 2

(

1− 1
n

 1
3

+ Lr0n
T

)

Exponential Graph (Ying et al., 2021) O
(
√

Lr0σ2

nT +
(

L2r2
0 log3(n)(σ2+log2(n)ζ2)

T 2

(

1− 1
log2(n)

 1
3

+ Lr0 log2(n)
T

)

Base-2 Graph (Takezawa et al., 2023b) O
(
√

Lr0σ2

nT +
(

L2r2
0 log2(n)(σ2+log2(n)ζ2)

T 2

 1
3

+ Lr0 log2(n)
T

)

C.5 Convergence Rate of Decentralized SGD with Client

Sampling

Proposition 2 (Liu et al. (2022)). Suppose that Assumptions 1, 2, 3, 4, and 8

hold. Let k be the number of active nodes and ¶¶x(t)
i ♢ni=1♢Tt=0 denote the parameters

generated by Decentralized SGD with client sampling. Then, there exists the step size
η that satisfies:

1

T + 1

T∑

t=0

E∥∇f(x̄(t))∥2

≤ O




√

Lr0(σ2 + (1− k−1
n−1)ζ2)

kT
+

(

n

k

Lr0(σ
√

pn + ζ2)

Tpn

) 2
3

+
Lr0

Tpn



 ,

where r0 := f(x̄(0))− f⋆ and x̄(t) := 1
n

∑n
i=1 x

(t)
i .

Remark 5. The convergence rate in Proposition 2 consistently deteriorates as k

decreases.

Unlike Teleportation, the convergence rate shown in Proposition 2 depends
on pn, and the second and third terms degrade as n increases.
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C.7 Experimental Setup

Table C.2: Experimental setups for Fig. 4.2.

Step size Grid search over ¶0.1, 0.075, 0.05, 0.025, 0.01, · · · , 0.0001♢
Computational resources AMD Epyc 7702 CPU or Intel Xeon Gold 6230 CPU

Table C.3: Experimental setups for Fashion MNIST in Fig. 4.3.

Model LeNet
Step size Grid search over ¶0.1, 0.01, 0.001♢
Batch size 32
Momentum 0.9
Epoch 200
Computational resources Titan × 8

Table C.4: Experimental setups for CIFAR-10 in Fig. 4.3.

Model VGG
Step size Grid search over ¶0.1, 0.01, 0.001♢
Scheduler Cosine decay
Batch size 32
Momentum 0.9
Epoch 500
Computational resources A6000 × 8 or RTX 3090 × 8

Table C.5: Experimental setups for Figs. 4.4 and C.3.

Model LeNet
Step size Grid search over ¶0.1, 0.01, 0.001♢
Batch size 32
Momentum 0.9
Epoch 200
Computational resources A6000 × 8
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D

Appendix of Stabilized Proximal Decentralized

Optimization

D.1 Comparison of Communication and Computational

Complexities in Convex Case

Table D.1: Summary of communication communication and computational complexi-
ties in the convex setting.

Algorithm Reference # Communication # Computation Assumptions

Gradient Tracking Koloskova et al. (2021) Õ
(

Ld2
0

(1−ρ)2ϵ

(a)
Õ
(

Ld2
0

(1−ρ)2ϵ

(a)
5, 2, 11

Exact-PDO (SONATA) Theorems 6, 7(b) Õ
(

δd2
0

(1−ρ)ϵ



n.a.(c) 5, 2, 11

Inexact-PDO Theorems 6, 7 Õ
(

δd2
0

(1−ρ)ϵ



Õ
√

δLd2
0

(1−ρ)ϵ log(1
ϵ )

(b)

5, 2, 11

Stabilized-PDO [new] Theorems 8, 9 Õ
(

δd2
0

(1−ρ)ϵ



Õ
√

δLd2
0

(1−ρ)ϵ

(b)

5, 2, 11

Accelerated SONATA Tian et al. (2022) - n.a.(c) -
Inexact Accelerated SONATA Tian et al. (2022) - - -

Accelerated Stabilized-PDO [new] Theorems 10, 11 Õ
(√

δd2
0

(1−ρ)ϵ

)

Õ
(√

Ld2
0

(1−ρ)ϵ

)

5, 2, 11

(a) It holds that δ ≤ 2L, and δ ≪ 2L holds when nodes have similar datasets.
(b) Sun et al. (2022) did not analyze the communication complexity of SONATA in the convex
case, while our new theorem, Theorem 6, is the first to analyze it.
(c) “n.a.” represents that we need to solve the subproblem exactly.

(d) δ is smaller than δmax and can be at most
√

n times smaller than δmax.
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D.2 Technical Lemmas

D.2.1 Useful Lemmas

Lemma 12. For any a1, . . . , an ∈ R
2 and b ∈ R, it holds that

1

n

n∑

i=1

∥ai − b∥2 = ∥ā− b∥2 +
1

n

n∑

i=1

∥ai − ā∥2. (D.1)

Proof. See Lemma 14 in Jiang et al. (2024a).

Lemma 13. Let x1, x2, . . . , xn be vectors in R
d and W ∈ R

n×n be a matrix that
satisfies

∑n
i=1 Wij = 1. Let x̃i :=

∑n
j=1 Wijxj. Then, it holds that

n∑

i=1

xi =
n∑

i=1

x̃i.

Proof. We have

n∑

i=1

x̃i =
n∑

i=1

n∑

j=1

Wijxj =
n∑

j=1

(
n∑

i=1

Wij

)

xj =
n∑

j=1

xj .

This concludes the statement.

Lemma 14. For any matrix X ∈ R
n×d and any matrix W ∈ R

n×n that satisfies
Assumption 11, it holds that

∥(W − I)X∥F ≤ 4 ∥X∥F . (D.2)

Proof. We have

∥(W − I)X∥F ≤
∥
∥
∥
∥



W − 1

n
1n1⊤

n



X

∥
∥
∥
∥

F
+

∥
∥
∥
∥


1

n
1n1⊤

n − I



X

∥
∥
∥
∥

F

(5.3)

≤ (ρ + 1)

∥
∥
∥
∥


1

n
1n1⊤

n − I



X

∥
∥
∥
∥

F

≤ 2

∥
∥
∥
∥I −

1

n
1n1⊤

n

∥
∥
∥
∥

op
∥X∥F ,

where 1n is n-dementional vector with all ones and we use ρ ≤ 1 in the last inequality.
Let D(1 − 1

n , 1 − 1
n) ∈ R be a closed disc centered at 1 − 1

n with radius 1 − 1
n .

From Gershgorin circle theorem, every eigenvalue of I − 1
n1n1⊤

n lies within the discs
D(1− 1

n , 1− 1
n). This implies that the absolute values of eigenvalues are less than 2.

This concludes the statement.
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Lemma 15. Let fi : R
d → R be a function that satisfies Assumptions 2 and

W ∈ R
n×n be a matrix that satisfies Assumption 11. Let ¶¶x(r)

i ♢ni=♢Rr=0 be a set of

vectors in R
d and define the update rule of ¶h(r)

i ♢ni=1 as follows:

h
(r+1)
i =

n∑

j=1

Wij

(

h
(r)
j +∇fj(x

(r)
j )


−∇fi(x
(r)
i ).

Then, when
∑n

i=1 h
(0)
i = 0, it holds that for all r

n∑

i=1

h
(r)
i = 0, (D.3)

and

E(r+1) ≤ 4ρ2E(r) + 4ρ2δ2
∥
∥
∥x̄(r+1) − x̄(r)

∥
∥
∥

2
+ 32L2Ξ(r+1)

x , (D.4)

where E(r) := 1
n

∑n
i=1 ∥h

(r)
i −∇hi(x̄

(r))∥2 and Ξ
(r+1)
x := 1

n

∑n
i=1 ∥x

(r+1)
i − x̄(r+1)∥2.

Proof. We have

n∑

i=1

h
(r+1)
i =

n∑

i=1





n∑

j=1

Wij

(

h
(r)
j +∇fj(x

(r+1)
j )



−∇fi(x
(r+1)
i )





=
n∑

j=1

(
n∑

i=1

Wij

)
(

h
(r)
j +∇fj(x

(r+1)
j )



−
n∑

i=1

∇fi(x
(r+1)
i )

=
n∑

i=1

h
(r)
i .

Since
∑n

i=1 h
(0)
i = 0, it holds that

∑n
i=1 h

(r)
i = 0 for any r. For the second statement,
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we have

1

n

n∑

i=1

∥
∥
∥h

(r+1)
i −∇hi(x̄

(r+1))
∥
∥
∥

2

(A.1)

≤ 2

n

n∑

i=1

∥
∥
∥
∥
∥
∥

n∑

j=1

Wij

(

h
(r)
j +∇fj(x̄(r+1))



−∇f(x̄(r+1))

∥
∥
∥
∥
∥
∥

2

+
2

n

n∑

i=1

∥
∥
∥
∥
∥
∥

n∑

j=1

(Wij − ✶i=j)
(

∇fj(x
(r+1)
j )−∇fj(x̄(r+1))



∥
∥
∥
∥
∥
∥

2

≤ 2

n

n∑

i=1

∥
∥
∥
∥
∥
∥

n∑

j=1

Wij

(

h
(r)
j +∇fj(x̄(r+1))



−∇f(x̄(r+1))

∥
∥
∥
∥
∥
∥

2

+
32

n

n∑

i=1

∥
∥
∥∇fi(x

(r+1)
i )−∇fi(x̄

(r+1))
∥
∥
∥

2

≤ 2

n

n∑

i=1

∥
∥
∥
∥
∥
∥

n∑

j=1

Wij

(

h
(r)
j +∇fj(x̄(r+1))



−∇f(x̄(r+1))

∥
∥
∥
∥
∥
∥

2

+
32L2

n

n∑

i=1

∥
∥
∥x

(r+1)
i − x̄(r+1)

∥
∥
∥

2
,

where ✶i=j is an indicator function. Using Eq. (D.3), we obtain

1

n

n∑

i=1

∥
∥
∥h

(r+1)
i −∇hi(x̄

(r+1))
∥
∥
∥

2

(5.3)

≤ 2ρ2

n

n∑

i=1

∥
∥
∥h

(r)
i −∇hi(x̄

(r+1))
∥
∥
∥

2
+

32L2

n

n∑

i=1

∥
∥
∥x

(r+1)
i − x̄(r+1)

∥
∥
∥

2

(A.2)

≤ 4ρ2

n

n∑

i=1

∥
∥
∥h

(r)
i −∇hi(x̄

(r))
∥
∥
∥

2
+

4ρ2

n

n∑

i=1

∥
∥
∥∇hi(x̄

(r+1))−∇hi(x̄
(r))
∥
∥
∥

2

+
32L2

n

n∑

i=1

∥
∥
∥x

(r+1)
i − x̄(r+1)

∥
∥
∥

2

(5.1)

≤ 4ρ2

n

n∑

i=1

∥
∥
∥h

(r)
i −∇hi(x̄

(r))
∥
∥
∥

2
+ 4δ2ρ2

∥
∥
∥x̄(r+1) − x̄(r)

∥
∥
∥

2

+
32L2

n

n∑

i=1

∥
∥
∥x

(r+1)
i − x̄(r+1)

∥
∥
∥

2
.

This concludes the statement.
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D.3 Proof of Theorem 6

Lemma 16. Suppose that Assumptions 5 and 11 hold, and
∑n

i=1 h
(0)
i = 0 and M = 1.

Then, it holds that

f(x⋆) +
λ

2n

n∑

i=1

∥
∥
∥x

(r)
i − x⋆

∥
∥
∥

2
+

1

2δ
E(r) (D.5)

≥ f(x̄(r+1)) +
µ + λ

2n

n∑

i=1

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2

+


1

ρ2


µ + λ

2
− δ



− µ + λ

2



Ξ(r+1)

+


λ

4
− δ

2

∥
∥
∥x̄(r+1) − x̄(r)

∥
∥
∥

2
+

λ

4n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

+
1

n

n∑

i=1

〈

∇Fi,r(x
(r+ 1

2
)

i ), x⋆ − x
(r+ 1

2
)

i

〉

,

where Ξ(r) := 1
n

∑n
i=1 ∥x

(r)
i − x̄(r)∥2 and E(r) := 1

n

∑n
i=1 ∥h

(r)
i −∇hi(x̄

(r))∥2.

Proof. We have

fi(x
⋆) +

λ

2

∥
∥
∥x

(r)
i − x⋆

∥
∥
∥

2

(2.5)

≥ fi(x
(r+ 1

2
)

i ) +

〈

∇fi(x
(r+ 1

2
)

i ) + λ



x
(r+ 1

2
)

i − x
(r)
i



, x⋆ − x
(r+ 1

2
)

i

〉

+
λ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

+
µ + λ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x⋆

∥
∥
∥
∥

2

(2.5)

≥ fi(x̄
(r+1)) +

〈

∇fi(x̄
(r+1)), x

(r+ 1
2

)

i − x̄(r+1)
〉

+

〈

∇fi(x
(r+ 1

2
)

i ) + λ



x
(r+ 1

2
)

i − x
(r)
i



, x⋆ − x
(r+ 1

2
)

i

〉

+
λ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

+
µ + λ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x⋆

∥
∥
∥
∥

2

,

where we use the fact that fi(x) + λ
2∥x − x

(r)
i ∥2 is (µ + λ)-strongly convex in the

Ąrst inequality. From the deĄnition of Fi,r(·), we have

∇Fi,r(x
(r+ 1

2
)

i ) = ∇fi(x
(r+ 1

2
)

i ) + h
(r)
i + λ



x
(r+ 1

2
)

i − x
(r)
i



.
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Using the above equality, we obtain

fi(x
⋆) +

λ

2

∥
∥
∥x

(r)
i − x⋆

∥
∥
∥

2

≥ fi(x̄
(r+1)) +

〈

∇fi(x̄
(r+1)), x

(r+ 1
2

)

i − x̄(r+1)
〉

+

〈

h
(r)
i , x

(r+ 1
2

)

i − x⋆
〉

+

〈

∇Fi,r(x
(r+ 1

2
)

i ), x⋆ − x
(r+ 1

2
)

i

〉

+
λ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

+
µ + λ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x⋆

∥
∥
∥
∥

2

.

By summing up the above inequality from i = 1 to i = n, we obtain

f(x⋆) +
λ

2n

n∑

i=1

∥
∥
∥x

(r)
i − x⋆

∥
∥
∥

2

≥ f(x̄(r+1)) +
1

n

n∑

i=1

[〈

∇fi(x̄
(r+1)), x

(r+ 1
2

)

i − x̄(r+1)
〉

+

〈

h
(r)
i , x

(r+ 1
2

)

i − x⋆
〉

+

〈

∇Fi,r(x
(r+ 1

2
)

i ), x⋆ − x
(r+ 1

2
)

i

〉

+
λ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

+
µ + λ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x⋆

∥
∥
∥
∥

2
]

= f(x̄(r+1)) +
1

n

n∑

i=1

[〈

hi −∇hi(x̄
(r)), x

(r+ 1
2

)

i − x̄(r+1)
〉

+

〈

∇hi(x̄
(r))−∇hi(x̄

(r+1)), x
(r+ 1

2
)

i − x̄(r+1)
〉

+

〈

∇Fi,r(x
(r+ 1

2
)

i ), x⋆ − x
(r+ 1

2
)

i

〉

+
λ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

+
µ + λ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x⋆

∥
∥
∥
∥

2
]

,

where we use Eq. (D.3) in the last equality. Then, we have

1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x⋆

∥
∥
∥
∥

2

(D.1)
=

∥
∥
∥x̄(r+1) − x⋆

∥
∥
∥

2
+

1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x̄(r+1)

∥
∥
∥
∥

2

(D.1)
=

1

n

n∑

i=1

(
∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2
−
∥
∥
∥x

(r+1)
i − x̄(r+1)

∥
∥
∥

2
+

∥
∥
∥
∥x

(r+ 1
2

)

i − x̄(r+1)

∥
∥
∥
∥

2
)

(5.3)

≥ 1

n

n∑

i=1

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2
+


1

ρ2
− 1

∥
∥
∥x

(r+1)
i − x̄(r+1)

∥
∥
∥

2


,

104



D.3. Proof of Theorem 6 105

where we use the fact that
∑n

i=1 x
(r+ 1

2
)

i =
∑n

i=1 x
(r+1)
i in the Ąrst equality (see

Lemma 13). Using the above inequality, we have

f(x⋆) +
λ

2n

n∑

i=1

∥
∥
∥x

(r)
i − x⋆

∥
∥
∥

2

≥ f(x̄(r+1)) +
µ + λ

2n

n∑

i=1

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2
+

1

n

n∑

i=1

[〈

hi −∇hi(x̄
(r)), x

(r+ 1
2

)

i − x̄(r+1)
〉

+

〈

∇hi(x̄
(r))−∇hi(x̄

(r+1)), x
(r+ 1

2
)

i − x̄(r+1)
〉

+

〈

∇Fi,r(x
(r+ 1

2
)

i ), x⋆ − x
(r+ 1

2
)

i

〉

+
λ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

+
µ + λ

2


1

ρ2
− 1

∥
∥
∥x

(r+1)
i − x̄(r+1)

∥
∥
∥

2
]

.

Then, using Eq. (A.1) with α = δ, we obtain

f(x⋆) +
λ

2n

n∑

i=1

∥
∥
∥x

(r)
i − x⋆

∥
∥
∥

2

(5.1,5.3)

≥ f(x̄(r+1)) +
µ + λ

2n

n∑

i=1

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2

+
1

n

n∑

i=1

[

− 1

2δ

∥
∥
∥hi −∇hi(x̄

(r))
∥
∥
∥

2
− δ

2

∥
∥
∥x̄(r) − x̄(r+1)

∥
∥
∥

2

+

〈

∇Fi,r(x
(r+ 1

2
)

i ), x⋆ − x
(r+ 1

2
)

i

〉

+
λ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

+


µ + λ

2


1

ρ2
− 1



− δ

ρ2

 ∥
∥
∥x

(r+1)
i − x̄(r+1)

∥
∥
∥

2
]

(A.3)

≥ f(x̄(r+1)) +
µ + λ

2n

n∑

i=1

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2

+
1

n

n∑

i=1

[

− 1

2δ

∥
∥
∥hi −∇hi(x̄

(r))
∥
∥
∥

2
+


λ

4
− δ

2

∥
∥
∥x̄(r) − x̄(r+1)

∥
∥
∥

2

+

〈

∇Fi,r(x
(r+ 1

2
)

i ), x⋆ − x
(r+ 1

2
)

i

〉

+
λ

4

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

+


µ + λ

2


1

ρ2
− 1



− δ

ρ2

 ∥
∥
∥x

(r+1)
i − x̄(r+1)

∥
∥
∥

2
]

.

This concludes the statement.

Lemma 17. Suppose that Assumptions 5, 2 and 11 hold,
∑n

i=1 h
(0)
i = 0, M = 1,

and

ρ ≤ δ

6L
.
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Then, when λ = 4δ, it holds that

f(x⋆) +
2δ

n

n∑

i=1

∥
∥
∥x

(r)
i − x⋆

∥
∥
∥

2
+

1

δ
E(r) (D.6)

≥ f(x̄(r+1)) +



1 +
µ

4δ


2δ

n

n∑

i=1

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2
+

1

δ



1 +
µ

4δ



E(r+1)

+
δ

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

+
1

n

n∑

i=1

〈

∇Fi,r(x
(r+ 1

2
)

i ), x⋆ − x
(r+ 1

2
)

i

〉

.

Proof. Since δ ≤ L, ρ ≤ δ
6L implies that ρ ≤ 1

4 . Using ρ ≤ 1
4 and Lemma 15, we

obtain

E(r+1) ≤ ρE(r) + δ2ρ
∥
∥
∥x̄(r+1) − x̄(r)

∥
∥
∥

2
+ 32L2Ξ(r+1), (D.7)

Using λ = 4δ and Eq. (D.5) +1
δ (1 + µ

4δ )× Eq. (D.7), we obtain

f(x⋆) +
4δ

2n

n∑

i=1

∥
∥
∥x

(r)
i − x⋆

∥
∥
∥

2
+


1

2δ
+

ρ

δ



1 +
µ

4δ



E(r)

≥ f(x̄(r+1)) +
µ + 4δ

2n

n∑

i=1

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2
+

1

δ



1 +
µ

4δ



E(r+1)

+

[

1

ρ2


µ + 4δ

2
− δ



− µ + 4δ

2
− 32L2

δ



1 +
µ

4δ

]

Ξ(r+1)

+


δ

2
− δρ



1 +
µ

4δ

∥
∥
∥x̄(r+1) − x̄(r)

∥
∥
∥

2

+
δ

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

+
1

n

n∑

i=1

〈

∇Fi,r(x
(r+ 1

2
)

i ), x⋆ − x
(r+ 1

2
)

i

〉

.

Using the assumption on ρ, we have

1

2δ
+

ρ

δ



1 +
µ

4δ



≤ 1

δ
,

1

ρ2


µ + 4δ

2
− δ



− µ + 4δ

2
− 32L2

δ



1 +
µ

4δ



≥ 0,

δ

2
− δρ



1 +
µ

4δ



≥ 0,

where we use µ ≤ L and δ ≤ L. This concludes the statement.

Lemma 18. Suppose that Assumptions 5, 2 and 11 hold, M = 1, x
(0)
i = x̄(0),

h
(0)
i := ∇f(x̄(0))−∇fi(x̄

(0)), and

ρ ≤ δ

6L
,

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

)

i )

∥
∥
∥
∥

2

≤ er+1

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

.
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Then, when λ = 4δ and
∑R

r=1 er ≤ δ(4δ+µ)
4 , we obtain

1
∑R

r=1
1
qr

R∑

r=1

f(x̄(r))− f(x⋆)

qr
≤ µ

(1 + µ
4δ )R − 1

∥
∥
∥x̄(0) − x⋆

∥
∥
∥

2

≤ 4δ

R

∥
∥
∥x̄(0) − x⋆

∥
∥
∥

2
.

Proof. From Eq. (D.6), we have

f(x̄(r+1))− f(x⋆)

+



1 +
µ

4δ

[

2δ

n

n∑

i=1

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2
+

1

δ
E(r+1)

]

+
δ

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

≤
[

2δ

n

n∑

i=1

∥
∥
∥x

(r)
i − x⋆

∥
∥
∥

2
+

1

δ
E(r)

]

+
1

n

n∑

i=1

〈

∇Fi,r(x
(r+ 1

2
)

i ), x
(r+ 1

2
)

i − x⋆
〉

≤
[

2δ

n

n∑

i=1

∥
∥
∥x

(r)
i − x⋆

∥
∥
∥

2
+

1

δ
E(r)

]

+

√
√
√
√

(

1

n

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

)

i )

∥
∥
∥
∥

2
)(

1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x⋆

∥
∥
∥
∥

2
)

,

where we use CauchyŰSchwarz inequality in the last inequality. Using E(0) = 0 and
dividing the above inequality by 4δ+µ

2 , we obtain

2

4δ + µ

(

f(x̄(r+1))− f(x⋆)


+
1

n

n∑

i=1

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2
+

2δ

4δ + µ

1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

≤ 4δ

4δ + µ

1

n

n∑

i=1

∥
∥
∥x

(r)
i − x⋆

∥
∥
∥

2

+
2

4δ + µ

√
√
√
√

(

1

n

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

)

i )

∥
∥
∥
∥

2
)(

1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x⋆

∥
∥
∥
∥

2
)

,

Using the following notation,

Ar+1 :=
1

n

n∑

i=1

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2
,

Br+1 :=
1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

,

Cr+1 :=
1

n

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

)

i )

∥
∥
∥
∥

2

,

q :=
4δ

4δ + µ
,
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we can simplify the above inequality as follows:

2

4δ + µ

(

f(x̄(r+1))− f(x⋆)


+ Ar+1 +
2δ

4δ + µ
Br+1 ≤ qAr +

2

4δ + µ

√

Cr+1Ar+1.

Dividing the above inequality by qr+1 and summing up the above inequality from
r = 0 to r = R− 1, we get

2

4δ + µ

R∑

r=1

f(x̄(r))− f(x⋆)

qr
+

AR

qR
+

2δ

4δ + µ

R∑

r=1

Br

qr
≤ A0 +

2

4δ + µ

R∑

r=1

√
CrAr

qr
.

DeĄne QR as follows:

QR := A0 +
2

4δ + µ

R∑

r=1

√
CrAr

qr
.

The above inequality implies that AR ≤ qRQR for any R. Using this inequality, we
get

QR+1 −QR =
2

4δ + µ

√
CR+1AR+1

qR+1

≤ 2

4δ + µ

√

CR+1QR+1

qR+1
.

Since we now get the recursive inequality about QR, we obtain the following by using
Lemma 12 in Jiang et al. (2024a).

QR ≤ 2A0 +
8

(4δ + µ)2

(
R∑

r=1

√

Cr

qr

)2

.

Then, by using
∑n

i=1 ∥∇Fi,r(x
(r+ 1

2
)

i )∥2 ≤ er+1
∑n

i=1 ∥x
(r+ 1

2
)

i − x
(r)
i ∥2, we have

2

4δ + µ

R∑

r=1

f(x̄(r))− f(x⋆)

qr
+

AR

qR
+

2δ

4δ + µ

R∑

r=1

Br

qr

≤ 2A0 +
8

(4δ + µ)2

(
R∑

r=1

√

erBr

qr

)2

≤ 2A0 +
8

(4δ + µ)2

(
R∑

r=1

er

)(
R∑

r=1

Br

qr

)

,

where we use CauchyŰSchwarz inequality in the last inequality. Using the assumption
that

∑R
r=1 er ≤ δ(4δ+µ)

4 , we get

1

4δ + µ

R∑

r=1

f(x̄(r))− f(x⋆)

qr
≤ 1

n

n∑

i=1

∥
∥
∥x

(0)
i − x⋆

∥
∥
∥

2
.
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Thus, we have

1
∑R

r=1
1
qr

R∑

r=1

f(x̄(r))− f(x⋆)

qr
≤ µ

(1 + µ
4δ )R − 1

1

n

n∑

i=1

∥
∥
∥x

(0)
i − x⋆

∥
∥
∥

2

≤ 4δ

R

1

n

n∑

i=1

∥
∥
∥x

(0)
i − x⋆

∥
∥
∥

2
.

This concludes the statement.

Lemma 19. Suppose that Assumptions 5, 2 and 11 hold, and x
(0)
i = x̄(0), h

(0)
i :=

∇f(x̄(0))−∇fi(x̄
(0)), and

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

)

i )

∥
∥
∥
∥

2

≤ δ(4δ + µ)

4(r + 1)(r + 2)

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x
(r)
i

∥
∥
∥
∥

2

.

Then, when λ = 4δ and M ≥ log( 6L
δ

)

1−ρ , we obtain

1
∑R

r=1
1
qr

R∑

r=1

f(x̄(r))− f(x⋆)

qr
≤ µ

(1 + µ
4δ )R − 1

∥
∥
∥x̄(0) − x⋆

∥
∥
∥

2
≤ 4δ

R

∥
∥
∥x̄(0) − x⋆

∥
∥
∥

2
.

Proof. When M ≥ log( 6L
δ

)

1−ρ , it holds that

ρM ≤ δ

6L
,

where we use log(x) ≥ 1− 1
x . Furthermore, it holds that

R∑

r=1

δ(4δ + µ)

4r(r + 1)
=

δ(4δ + µ)

4

R∑

r=1


1

r
− 1

r + 1



≤ δ(4δ + µ)

4
.

Thus, from Lemma 18, we obtain the desired result.
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D.4 Proof of Theorem 8

Lemma 20. Suppose that Assumptions 5 and 11 hold and the following inequality is
satisfied:

n∑

i=1

∥
∥
∥∇Fi,r(x

(r+1)
i )

∥
∥
∥

2
≤ λ2

10

n∑

i=1

∥
∥
∥v

(r)
i − x

(r+1)
i

∥
∥
∥

2
, (D.8)

Then, when
∑n

i=1 h
(0)
i = 0 and M = 1, it holds that

f(x⋆) +
λ

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2
+

1

2δ
E(r) + 2δΞ(r) (D.9)

≥ f(x̄(r+1)) +
µ + λ

2n

n∑

i=1

∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2
+

λ + µ

2


1

ρ2
− 1



Ξ(r+1)

+
λ

8

∥
∥
∥v̄(r) − v̄(r+1)

∥
∥
∥

2
+


λ

12
− 3δ

2

∥
∥
∥v̄(r) − x̄(r+1)

∥
∥
∥

2
,

where Ξ(r) := 1
n

∑n
i=1

∥
∥
∥v

(r)
i − v̄(r)

∥
∥
∥

2
and E(r) := 1

n

∑n
i=1

∥
∥
∥h

(r)
i −∇hi(v̄

(r))
∥
∥
∥

2
.

Proof. We have

f(x⋆) +
λ

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2

=
1

n

n∑

i=1



fi(x
⋆) +

λ

2

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2


(2.5)

≥ 1

n

n∑

i=1

(

fi(x
(r+1)
i ) +

〈

∇fi(x
(r+1)
i ), x⋆ − x

(r+1)
i

〉

+
µ

2

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2
+

λ

2

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2


(2.5)

≥ 1

n

n∑

i=1

(

fi(x̄
(r+1)) +

〈

∇fi(x̄
(r+1)), x

(r+1)
i − x̄(r+1)

〉

+
〈

∇fi(x
(r+1)
i ), x⋆ − x

(r+1)
i

〉

+
µ

2

∥
∥
∥x

(r+1)
i − x̄(r+1)

∥
∥
∥

2
+

µ

2

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2
+

λ

2

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2


.

Using the following equation,

n∑

i=1

〈

∇fi(x̄
(r+1)), x

(r+1)
i − x̄(r+1)

〉

=
n∑

i=1

〈

−∇hi(x̄
(r+1)), x

(r+1)
i − x̄(r+1)

〉

,
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we get

f(x⋆) +
λ

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2

≥ f(x̄(r+1)) +
1

n

n∑

i=1

[
〈

−∇hi(x̄
(r+1)), x

(r+1)
i − x̄(r+1)

〉

+
〈

∇fi(x
(r+1)
i ), x⋆ − x

(r+1)
i

〉

+
µ

2

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2
+

λ

2

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2

︸ ︷︷ ︸

T ⋆
i

+
µ

2

∥
∥
∥x

(r+1)
i − x̄(r+1)

∥
∥
∥

2
]

.

Note that hi(x) := f(x)− fi(x). Using Eq. (D.3), we obtain

1

n

n∑

i=1

T ⋆
i

(D.3)
=

1

n

n∑

i=1

[〈

∇fi(x
(r+1)
i ) + h

(r)
i , x⋆

〉

+
〈

∇fi(x
(r+1)
i ),−x

(r+1)
i

〉

+
µ

2

∥
∥
∥x

(r+1)
i − x⋆

∥
∥
∥

2
+

λ

2

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2


.

We deĄne Gi,r(v) := ⟨∇fi(x
(r+1)
i ) + h

(r)
i , v⟩ + µ

2∥v − x
(r+1)
i ∥2 + λ

2∥v − v
(r)
i ∥2. By

using that fact that Gi,r is (µ + λ)-strongly convex, we get

1

n

n∑

i=1

T ⋆
i

(2.5)

≥ 1

n

n∑

i=1

〈

∇fi(x
(r+1)
i ) + h

(r)
i , v
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Using the above inequality, we obtain

f(x⋆) +
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From the deĄnition of Fi,r, we have

∇Fi,r(x) = ∇fi(x) + h
(r)
i + λ(x− v

(r)
i ).

By using the above equality, T ⋆⋆
i can be rewritten as follows:
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Then, T ⋆⋆⋆
i can be bounded as follows:

T ⋆⋆⋆
i

(A.1)

≥ − 2

3λ

∥
∥
∥∇Fi,r(x

(r+1)
i ) + λ(v

(r)
i − x

(r+1)
i )

∥
∥
∥

2
− 3λ

8

∥
∥
∥
∥v

(r+ 1
2

)

i − v
(r)
i

∥
∥
∥
∥

2

= − 2

3λ

∥
∥
∥∇Fi,r(x

(r+1)
i )

∥
∥
∥

2
− 4

3

〈

∇Fi,r(x
(r+1)
i ), v

(r)
i − x

(r+1)
i

〉

− 2λ

3

∥
∥
∥v

(r)
i − x

(r+1)
i

∥
∥
∥

2
− 3λ

8

∥
∥
∥
∥v

(r+ 1
2

)

i − v
(r)
i

∥
∥
∥
∥

2

.

112



D.4. Proof of Theorem 8 113

Using the above inequality, we get
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Using the above inequalities, we get
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T ⋆⋆⋆⋆
i can be bounded by blow as follows:
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Using the above inequality, we obtain
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Using Eq. (D.3), we get the desired result.

Lemma 21. Suppose that Assumptions 5 and 11 hold and the following inequality is
satisfied:
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Then, when λ = 20δ,
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By calculating Eq. (D.9) + Eq. (D.12) ×1
δ (1 + µ

λ), we obtain
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By inserting λ = 20δ, we obtain
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ρ ≤ δ
5L implies that
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Thus, we can get the desired result.

Lemma 22. Suppose that Assumptions 5 and 11 hold and the following inequality is
satisfied:
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Then, when λ = 20δ, M = 1, v
(0)
i = v̄(0), h

(0)
i = ∇f(v̄(0))−∇fi(v̄
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Proof. From Eq. (D.11), we have

f(x̄(r+1))− f(x⋆)

≤ 10δ

[

1

n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2
+

1

10δ2
E(r) +

1

5
Ξ(r)

]

− 10δ



1 +
µ

20δ

[

1

n

n∑

i=1

∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2
+

1

10δ2
E(r+1) +

1

5
Ξ(r+1)

]

.
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We deĄne w(r) := (1 + µ
20δ )r. We obtain

1

WR

R−1∑

r=0

w(r)
(

f(x̄(r+1))− f(x⋆)


≤ 10δ

WR

[

1

n

n∑

i=1

∥
∥
∥v

(0)
i − x⋆

∥
∥
∥

2
+

1

10δ2
E(0) +

1

5
Ξ(0)

]

,

where WR :=
∑R−1

r=0 w(r). Using E(0) = 0 and Ξ(0) = 0, we obtain

1

WR

R−1∑

r=0

w(r)
(

f(x̄(r+1))− f(x⋆)


≤ 10δ

WR

∥
∥
∥v̄(0) − x⋆

∥
∥
∥

2
.

Using WR = 20δ
µ (
(
1 + µ

20δ

)R − 1), we obtain

1

WR

R−1∑

r=0

w(r)
(

f(x̄(r+1))− f(x⋆)


≤ µ

2((1 + µ
20δ )R − 1)

∥
∥
∥v̄(0) − x⋆

∥
∥
∥

2

≤ 10δ

R

∥
∥
∥v̄(0) − x⋆

∥
∥
∥

2
.

Lemma 23. Suppose that Assumptions 5, 2, and 11 hold and the following inequality
is satisfied:

n∑

i=1

∥
∥
∥∇Fi,r(x

(r+1)
i )

∥
∥
∥

2
≤ λ2

10

n∑

i=1

∥
∥
∥v

(r)
i − x

(r+1)
i

∥
∥
∥

2
. (D.14)

When v
(0)
i = v̄(0), h

(0)
i = ∇f(v̄(0)) −∇fi(v̄

(0)), λ = 20δ, and M ≥ log( 5L
δ

)

1−ρ it holds
that

1

WR

R−1∑

r=0

w(r)
(

f(x̄(r+1))− f(x⋆)


≤ µ

2((1 + µ
20δ )R − 1)

∥
∥
∥v̄(0) − x⋆

∥
∥
∥

2

≤ 10δ

R

∥
∥
∥v̄(0) − x⋆

∥
∥
∥

2
,

where w(r) := (1 + µ
20δ )r and WR :=

∑R−1
r=0 w(r).

Proof. When M ≥ 1
1−ρ log(5L

δ ), it holds that

ρM ≤ δ

5L
,

where we use log(x) ≥ 1− 1
x . From Lemma 22, we obtain the desired result.
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D.5 Proof of Theorem 10

D.5.1 Useful Lemmas

Lemma 24. When µ ≤ 4λ, it holds that for any r ≥ 0

Ar ≥
1

4µ



1 +

√
µ

4λ

r

−


1−
√

µ

4λ

r2

≥ r2

4λ
.

Otherwise, for any r ≥ 1, it holds that

Ar ≥
1

4λ



1 +

√
µ

4λ

2(r−1)

.

Proof. See Lemma 12 in Jiang et al. (2024b).

Lemma 25. When µ = 0, it holds that for any 0 ≤ r ≤ R,

Ar ≤
r2

λ
. (D.15)

Proof. Denote Cr :=
√

Ar. From the deĄnition of Ar and ar, it holds that

C2
r+1 = λ(C2

r+1 − C2
r )2 = λ(Cr+1 − Cr)2(Cr+1 + Cr)2 ≥ λ(Cr+1 − Cr)2C2

r+1.

Thus, we have

Cr+1 − Cr ≥
√

1

λ
.

This concludes the statement.

Lemma 26. It holds that for any r ≥ 1,

2



1 +
µ

λ

−1
(

1 +

√

1 +
4λ

µ

)−1

≤ Ar

ar+1
≤ 2λ

µ
. (D.16)

Furthermore, when µ = 0, it holds that for any r ≥ 1,

r

5
≤ Ar

ar+1
≤ r. (D.17)

Note that the inequalities on the right-hand side also hold when r = 0 since A0
a1

= 0.

Proof. From the deĄnition of ar+1, we have

ar+1 =
1 + µAr +

√

(1 + µAr)2 + 4λAr(1 + µAr)

2λ
≥ µAr

2λ
,

ar+1 =
1 + µAr +

√

(1 + µAr)2 + 4λAr(1 + µAr)

2λ
≤ 1 + µAr

2λ

(

1 +

√

1 +
4λ

µ

)

.
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When µ = 0, we have

ar+1 =
1 +
√

1 + 4λAr

2λ
≥ Ar√

λAr
≥ Ar

r
,

ar+1 =
1 +
√

1 + 4λAr

2λ
≤ Ar

√

5

λAr
≤ 5Ar

r
,

where we use Lemma 24 and 25. This concludes the statement.

Lemma 27. For all r ≥ 0, it holds that

ar+2

ar+1
≤ 1

2



1 +
µ

λ



1 +
2λ

µ

(

1 +

√

1 +
4λ

µ

)

. (D.18)

Furthermore, when µ = 0, it holds that for all r ≥ 0,

1 ≤ ar+2

ar+1
≤ 4. (D.19)

Proof. From Lemma 26, we get

ar+2

(D.16)

≤ Ar+1

2



1 +
µ

λ

(

1 +

√

1 +
4λ

µ

)

=
Ar + ar+1

2



1 +
µ

λ

(

1 +

√

1 +
4λ

µ

)

(D.16)

≤ ar+1

2



1 +
2λ

µ



1 +
µ

λ

(

1 +

√

1 +
4λ

µ

)

.

When µ = 0, we get

ar+1

ar
=

√

Ar+1

Ar
≤
√
√
√
√

(r + 1)2

r2

4

=
2(r + 1)

r
≤ 4,

ar+1

ar
=

√

Ar+1

Ar
≥ 1,

where we use Ar+1 = Ar + ar+1 ≥ Ar. This concludes the statement.

D.5.2 Main Proof

Lemma 28. Suppose that Assumptions 5 and 11 hold and the following inequality is
satisfied:

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

i )

∥
∥
∥
∥

2

≤ λ2

352

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

.
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Then, when M = 1, it holds that

Arf(x̄(r)) + ar+1f(x⋆) +
Br

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2
(D.20)

+
Ar+1

δ
E(r) + Ar


33λ

16
+ δ



Ξ(r)
x + δar+1Ξ(r)

v

≥ Ar+1f(x̄(r+1)) +
Br+1

2n

n∑

i=1

∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2
+

µAr+1

2ρ2
Ξ(r+1)

x

+
Br+1

2


1

ρ2
− 1



Ξ(r+1)
v +

Ar+1

n


λ

32
− 2δ

 n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

+
Br

12n

n∑

i=1

∥
∥
∥
∥v

(r+ 1
2

)

i − v
(r)
i

∥
∥
∥
∥

2

+
µar+1

2n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − v
(r+ 1

2
)

i

∥
∥
∥
∥

2

,

where Ξ
(r)
x := 1

n

∑n
i=1

∥
∥
∥x

(r)
i − x̄(r)

∥
∥
∥

2
, Ξ

(r)
v := 1

n

∑n
i=1

∥
∥
∥v

(r)
i − v̄(r)

∥
∥
∥

2
, and E(r) :=

1
n

∑n
i=1

∥
∥
∥h

(r)
i −∇hi(ȳ

(r))
∥
∥
∥

2
.

Proof. We have

Arf(x̄(r)) + ar+1f(x⋆) +
Br

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2

(2.5)

≥ Ar+1

n

n∑

i=1

fi(x
(r+ 1

2
)

i ) +
1

n

n∑

i=1

〈

∇fi(x
(r)
i ), Arx̄(r) −Ar+1x

(r+ 1
2

)

i + ar+1x⋆
〉

+
Br

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2
+

µAr

2n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x̄(r)

∥
∥
∥
∥

2

+
µar+1

2n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x⋆

∥
∥
∥
∥

2

=
Ar+1

n

n∑

i=1

fi(x
(r+ 1

2
)

i ) +
1

n

n∑

i=1

〈

∇fi(x
(r)
i ), Arx̄(r) −Ar+1x

(r+ 1
2

)

i

〉

+
ar+1

n

n∑

i=1

(
〈

∇fi(x
(r)
i ) + h

(r)
i , x⋆

〉

+
µ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − x⋆

∥
∥
∥
∥

2
)

+
µAr

2n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x̄(r)

∥
∥
∥
∥

2

+
Br

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2

(a)

≥ Ar+1

n

n∑

i=1

fi(x
(r+ 1

2
)

i ) +
1

n

n∑

i=1

〈

∇fi(x
(r)
i ), Arx̄(r) −Ar+1x

(r+ 1
2

)

i

〉

+
ar+1

n

n∑

i=1

(〈

∇fi(x
(r)
i ) + h

(r)
i , v

(r+ 1
2

)

i

〉

+
µ

2

∥
∥
∥
∥x

(r+ 1
2

)

i − v
(r+ 1

2
)

i

∥
∥
∥
∥

2
)

+
µAr

2n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x̄(r)

∥
∥
∥
∥

2

+
Br

2n

n∑

i=1

∥
∥
∥
∥v

(r)
i − v

(r+ 1
2

)

i

∥
∥
∥
∥

2

+
Br+1

2n

n∑

i=1

∥
∥
∥
∥v

(r+ 1
2

)

i − x⋆

∥
∥
∥
∥

2

,
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where we use the fact that ar+1(⟨∇fi(x
(r+ 1

2
)

i ) + h
(r)
i , v⟩+ µ

2∥v−x
(r+ 1

2
)

i ∥2) + Br

2 ∥v−
v

(r)
i ∥2 is Br+1-strongly convex in (a). By using the above inequalities,

Br+1

2n

n∑

i=1

∥
∥
∥
∥v

(r+ 1
2

)

i − x⋆

∥
∥
∥
∥

2

(D.1)
=

Br+1

2

∥
∥
∥v̄(r+1) − x⋆

∥
∥
∥

2
+

Br+1

2n

n∑

i=1

∥
∥
∥
∥v

(r+ 1
2

)

i − v̄(r+1)

∥
∥
∥
∥

2

(D.1)
=

Br+1

2n

n∑

i=1

∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2
− Br+1

2n

n∑

i=1

∥
∥
∥v

(r+1)
i − v̄(r+1)

∥
∥
∥

2

+
Br+1

2n

n∑

i=1

∥
∥
∥
∥v

(r+ 1
2

)

i − v̄(r+1)

∥
∥
∥
∥

2

(5.3)

≥ Br+1

2n

n∑

i=1

∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2
+

Br+1

2n


1

ρ2
− 1

 n∑

i=1

∥
∥
∥v

(r+1)
i − v̄(r+1)

∥
∥
∥

2
,

we get

Arf(x̄(r)) + ar+1f(x⋆) +
Br

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2

≥ Ar+1

n

n∑

i=1

fi(x
(r+ 1

2
)

i ) +
Ar+1

n

n∑

i=1

〈

h
(r)
i , x

(r+ 1
2

)

i

〉

+
Br+1

2n

n∑

i=1

∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2

+
1

n

n∑

i=1

〈

∇fi(x
(r)
i ) + h

(r)
i , Arx̄(r) −Ar+1x

(r+ 1
2

)

i + ar+1v
(r+ 1

2
)

i

〉

︸ ︷︷ ︸

T ⋆

+
µAr

2n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − x̄(r)

∥
∥
∥
∥

2

+
µar+1

2n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − v
(r+ 1

2
)

i

∥
∥
∥
∥

2

+
Br

2n

n∑

i=1

∥
∥
∥
∥v

(r)
i − v

(r+ 1
2

)

i

∥
∥
∥
∥

2

+
Br+1

2n


1

ρ2
− 1

 n∑

i=1

∥
∥
∥v

(r+1)
i − v̄(r+1)

∥
∥
∥

2
.

From the deĄnition of Fi,r, we have

∇Fi,r(x) = ∇fi(x) + h
(r)
i + λ(x− y

(r)
i ).
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Using the above equality, we get

T ⋆ =
1

n

n∑

i=1

〈

∇Fi,r(x
(r+ 1

2
)

i ) + λ



y
(r)
i − x

(r+ 1
2

)

i



,

Arx̄(r) −Ar+1x
(r+ 1

2
)

i + ar+1v
(r+ 1

2
)

i

〉

=
1

n

n∑

i=1

〈

∇Fi,r(x
(r+ 1

2
)

i ) + λ



y
(r)
i − x

(r+ 1
2

)

i



,

Ar

(

x̄(r) − x
(r)
i



+ Ar+1



y
(r)
i − x

(r+ 1
2

)

i



+ ar+1



v
(r+ 1

2
)

i − v
(r)
i

〉

=
1

n

n∑

i=1

〈

∇Fi,r(x
(r+ 1

2
)

i ),

Ar

(

x̄(r) − x
(r)
i



+ Ar+1



y
(r)
i − x

(r+ 1
2

)

i



+ ar+1



v
(r+ 1

2
)

i − v
(r)
i

〉

+
λ

n

n∑

i=1

〈

y
(r)
i − x

(r+ 1
2

)

i , Ar

(

x̄(r) − x
(r)
i



+ ar+1



v
(r+ 1

2
)

i − v
(r)
i

〉

+
λAr+1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

(A.1)

≥ 1

n

n∑

i=1

〈

∇Fi,r(x
(r+ 1

2
)

i ),

Ar

(

x̄(r) − x
(r)
i



+ Ar+1



y
(r)
i − x

(r+ 1
2

)

i


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

v
(r+ 1

2
)

i − v
(r)
i

〉

− 2λAr

n

n∑

i=1

∥
∥
∥x̄(r) − x

(r)
i

∥
∥
∥

2
− Br

3n

n∑

i=1

∥
∥
∥
∥v

(r+ 1
2

)

i − v
(r)
i

∥
∥
∥
∥

2

+
λAr+1

8n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

.

We have

Ar

〈

∇Fi,r(x
(r+ 1

2
)

i ), x̄(r) − x
(r)
i

〉
(A.1)

≥ −4Ar

λ

∥
∥
∥
∥∇Fi,r(x
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2

)

i )
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∥

2

− λAr
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∥
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2
,

Ar+1

〈
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2
)

i ), y
(r)
i − x
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2

)

i

〉
(A.1)

≥ −4Ar+1

λ

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

)
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∥
∥
∥
∥

2

− λAr+1

16
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i − y
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∥

2

,
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ar+1

〈

∇Fi,r(x
(r+ 1

2
)

i ), v
(r+ 1

2
)

i − v
(r)
i

〉
(A.1)

≥ −3Ar+1

λ
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2

)
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i
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∥
∥
∥

2

,

where we use λ = Ar+1Bra−2
r+1 in the last inequality. By using the above inequalities,

we get

T ⋆ ≥ −11Ar+1

λ

∥
∥
∥
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∥
∥
∥
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.

Then, using 1
n
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∥
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Using the following inequality,
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we get
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Using the following inequality, we obtain
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where we use JensenŠs inequality in the last inequality. Using the above inequality,
we get
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By summarizing the above inequality, we obtain
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This concludes the statement.

Lemma 29. Suppose that Assumptions 2 and 5.3 hold. Then, when M = 1, it holds
that
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This concludes the statement.

Lemma 30. Suppose that Assumptions 5 and 11 hold. Then, when M = 1, it holds
that
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Substituting γ1 = γ2 = min¶1,
√

Ar+1
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− 1♢, we obtain
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where we use Ar+1 ≥ Ar and Ar+1 ≥ ar+1. Using the above inequalities, we obtain
the statement.
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∥

2

+



1 +
1

γ


ρ2ar+1

nAr+1

n∑

i=1

∥
∥
∥v

(r)
i − v̄(r)

∥
∥
∥

2
− ρ2

∥
∥
∥x̄(r+1) − ȳ(r)

∥
∥
∥

2
,

where we use JensenŠs inequality in the last inequality. Substituting γ = ρ
1−ρ , we

obtain the statement.

128



D.5. Proof of Theorem 10 129

D.5.3 Convex Case

Lemma 32. Suppose that Assumptions 5, 2, and 11 hold with µ = 0, and the
following inequality is satisfied:

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

i )

∥
∥
∥
∥

2

≤ λ2

352

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

.

Then, when λ = 208δ, M = 1, and

ρ ≤ min

{
9

1600
,

δ

6L
,

5

48(R + 1)3

}

,

it holds that

Arf(x̄(r)) + ar+1f(x⋆) +
1

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2

+
2Ar+1

δ
E(r) + 990δArΞ(r)

x + δar+1Ξ(r)
v +

Rρ

24(R + 1)2

∥
∥
∥v̄(r) − x̄(r)

∥
∥
∥

2

≥ Ar+1f(x̄(r+1)) +
1

2n

n∑

i=1

∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2

+
2Ar+2

δ
E(r+1) + 990δAr+1Ξ(r+1)

x + δar+2Ξ(r+1)
v

+
Rρ

24(R + 1)2

∥
∥
∥v̄(r+1) − x̄(r+1)

∥
∥
∥

2
,

where Ξ
(r)
x := 1

n

∑n
i=1

∥
∥
∥x

(r)
i − x̄(r)

∥
∥
∥

2
, Ξ

(r)
v := 1

n

∑n
i=1

∥
∥
∥v

(r)
i − v̄(r)

∥
∥
∥

2
, and E(r) :=

1
n

∑n
i=1

∥
∥
∥h

(r)
i −∇hi(ȳ

(r))
∥
∥
∥

2
.

Proof. Using ρ ≤ 1
4 , we can simplify Lemmas 29 and 31 as follows:

ρE(r) ≥ E(r+1) − 8ρ2δ2 ar+2

Ar+2

∥
∥
∥v̄(r+1) − x̄(r+1)

∥
∥
∥

2

− 8ρ2δ2 1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

(D.25)

− 32L2 Ar+1

Ar+2
Ξ(r+1)

x − 32L2 ar+2

Ar+2
Ξ(r+1)

v ,

ρArΞ(r)
x ≥ Ar+1Ξ(r+1)

x − 4

3
ρ2Ar+1

1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

(D.26)

− 4

3
ρ2ar+1Ξ(r)

v .
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Using Lemma 26, we can simplify Lemma 30 as follows:

R

R + 1

∥
∥
∥v̄(r) − x̄(r)

∥
∥
∥

2
≥
∥
∥
∥v̄(r+1) − x̄(r+1)

∥
∥
∥

2
− 4Ar+1

ar+1

1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

− 2Ar+1

ar+1

1

n

n∑

i=1

∥
∥
∥
∥v

(r+ 1
2

)

i − v
(r)
i

∥
∥
∥
∥

2

. (D.27)

From Eq. (D.20) +2Ar+2

δ × Eq. (D.25) + ρ
24(R+1)× Eq. (D.27) +560δ

ρ × Eq. (D.26)
and λ = 208δ, we obtain

Arf(x̄(r)) + ar+1f(x⋆) +
1

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2
+



1 +
2Ar+2

Ar+1
ρ


Ar+1

δ
E(r)

+ 990δArΞ(r)
x + δar+1Ξ(r)

v +
Rρ

24(R + 1)2

∥
∥
∥v̄(r) − x̄(r)

∥
∥
∥

2

≥ Ar+1f(x̄(r+1)) +
1

2n

n∑

i=1

∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2
+

2Ar+2

δ
E(r+1)

+

(

560δ

ρ
− 32L2

δ

)

Ar+1Ξ(r+1)
x

+

[

1

2ar+2


1

ρ2
− 1



− 32L2

δ
− 2240ar+1

3ar+2
δρ

]

ar+2Ξ(r+1)
v

+


ρ

24(R + 1)
− 16ar+2ρ2δ

∥
∥
∥v̄(r+1) − x̄(r+1)

∥
∥
∥

2

+


9

2
δ − 16Ar+2

Ar+1
ρ2δ − ρ

6ar+1(R + 1)
− 2240

3
δρ


Ar+1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

+


1

12
− Ar+1

12ar+1(R + 1)
ρ


1

n

n∑

i=1

∥
∥
∥
∥v

(r+ 1
2

)

i − v
(r)
i

∥
∥
∥
∥

2

,

where we use that fact that Br = 1 for all r when µ = 0. From Lemmas 25, 26, 26,
and 27, we have

Ar+1

ar+1

(D.17)

≤ 1 + R,
Ar+2

Ar+1

(D.17)

≤ 4,
ar+1

ar+2

(D.19)

≤ 1,

1

ar+2

(D.19)

≤ 1

a1
= 208δ,

1

ar+1

(D.19)

≤ 1

a1
= 208δ, ar+2

(D.17),(D.15)

≤ R + 1

40δ
.
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Using the above inequalities, we obtain

Arf(x̄(r)) + ar+1f(x⋆) +
1

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2
+ (1 + 8ρ)

Ar+1

δ
E(r)

+ 990δArΞ(r)
x + δar+1Ξ(r)

v +
Rρ

24(R + 1)2

∥
∥
∥v̄(r) − x̄(r)

∥
∥
∥

2

≥ Ar+1f(x̄(r+1)) +
1

2n

n∑

i=1

∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2
+

2Ar+2

δ
E(r+1)

+

(

560δ

ρ
− 32L2

δ

)

Ar+1Ξ(r+1)
x

+

[

104δ


1

ρ2
− 1



− 32L2

δ
− 750δρ

]

ar+2Ξ(r+1)
v

+


ρ

24(R + 1)
− 2(R + 1)

5
ρ2
∥
∥
∥v̄(r+1) − x̄(r+1)

∥
∥
∥

2

+


9

2
δ − 16ρδ − 35

(R + 1)
δρ− 2240

3
δρ


Ar+1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

+


1

12
− 1

12
ρ


1

n

n∑

i=1

∥
∥
∥
∥v

(r+ 1
2

)

i − v
(r)
i

∥
∥
∥
∥

2

,

Then, using the assumption on ρ, we have

1 + 8ρ ≤ 2,

560δ

ρ
− 32L2

δ
≥ 900δ,

104δ


1

ρ2
− 1



− 32L2

δ
− 750δρ ≥ δ,

ρ

24(R + 1)
− 2(R + 1)

5
ρ2 ≥ Rρ

24(R + 1)2
,

9

2
δ − 16δρ− 35

R + 1
δρ− 2240

3
δρ ≥ 0.
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Thus, we can simplify the above inequality as follows:

Arf(x̄(r)) + ar+1f(x⋆) +
1

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2

+
2Ar+1

δ
E(r) + 990δArΞ(r)

x + δar+1Ξ(r)
v +

Rρ

24(R + 1)2

∥
∥
∥v̄(r) − x̄(r)

∥
∥
∥

2

≥ Ar+1f(x̄(r+1)) +
1

2n

n∑

i=1

∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2

+
2Ar+2

δ
E(r+1) + 990δAr+1Ξ(r+1)

x + δar+2Ξ(r+1)
v

+
Rρ

24(R + 1)2

∥
∥
∥v̄(r+1) − x̄(r+1)

∥
∥
∥

2
.

Thus, we obtain the desired result.

Lemma 33. Suppose that Assumptions 5, 2, and 11 hold with µ = 0, and the
following inequality is satisfied:

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

i )

∥
∥
∥
∥

2

≤ λ2

352

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

.

Then, when λ = 208δ, M = 1, and

ρ ≤ min

{
9

1600
,

δ

6L
,

5

48(R + 1)3

}

,

it holds that f(x̄(R))− f(x⋆) ≤ ϵ after

R = O




√

δ
∥
∥x̄(0) − x⋆

∥
∥2

ϵ





rounds.

Proof. From Lemma 32, we have

Ar+1

(

f(x̄(r+1))− f(x⋆)


≤ Ar

(

f(x̄(r))− f(x⋆)


+
1

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2
− 1

2n

n∑

i=1

∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2

+
2Ar+1

δ
E(r) − 2Ar+2

δ
E(r+1) + 990δ

(

ArΞ(r)
x −Ar+1Ξ(r+1)

x



+ δ
(

ar+1Ξ(r)
v − ar+2Ξ(r+1)

v



+
R(1− ρ)

24(R + 1)2

∥
∥
∥v̄(r) − x̄(r)

∥
∥
∥

2
−
∥
∥
∥v̄(r+1) − x̄(r+1)

∥
∥
∥

2


.
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Telescoping the sum from r = 0 to r = R− 1 and using Ξ
(0)
x = Ξ

(0)
v = E(0) = 0 and

v
(0)
i = x

(0)
i , we have

f(x̄(R))− f(x⋆) ≤ 1

2AR

∥
∥
∥v̄(0) − x⋆

∥
∥
∥

2
.

Using Lemma 24, we obtain the desired result.

Lemma 34. Suppose that Assumptions 5, 2, and 11 hold with µ = 0, and the
following inequality is satisfied:

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

i )

∥
∥
∥
∥

2

≤ λ2

352

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

.

Then, when λ = 208δ, there exists γ and M = Ω̃( 1√
1−ρ

) such that it holds that

f(x̄(R))− f(x⋆) ≤ ϵ after

R = O




√

δ
∥
∥x̄(0) − x⋆

∥
∥2

ϵ





rounds.

Proof. DeĄne W̃ (m) as follows:

W̃ (−1) = I

W̃ (0) = I

W̃ (m+1) = (1 + γ)W̃ (m)W − γW̃ (m−1).

Then, the output of Alg. 10 is equivalent to

n∑

j=1

W̃
(M)
ij aj .

From Proposition 1 in Yuan et al. (2022), there exists γ such that it holds that for
any a1, a2, . . . , an ∈ R

d

n∑

i=1

∥
∥
∥
∥
∥
∥

n∑

j=1

W̃
(M)
ij aj − ā

∥
∥
∥
∥
∥
∥

≤
√

2
(

1−
√

1− ρ
M

n∑

i=1

∥ai − ā∥ ,

where ā := 1
n

∑n
i=1 ai. Thus, there exists M = Ω̃( 1√

1−ρ
) that satisĄes the condition

on ρ in Lemma 33. From Lemma 33, we obtain the desired result.
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D.5.4 Strongly Convex Case

Lemma 35. Suppose that Assumptions 5 and 11 hold and the following inequality is
satisfied:

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

i )

∥
∥
∥
∥

2

≤ λ2

352

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

.

Then, when λ = 96δ, M = 1 and

ρ ≤ min

[√

µδ

1728L2
,

√

48δ2µ

260L2(192δ + µ)
,

(

4 + 2



1 +
µ

96δ

(

1 +

√

384δ

µ

))−1

,

µ

4δ

(

1 +
96δ

µ



1 +
192δ

µ

(

1 +

√

1 +
384δ

µ

))−1]

,

it holds that

Arf(x̄(r)) + ar+1f(x⋆) +
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2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2
(D.28)

+
2Ar+1

δ
E(r) + 200δArΞ(r)

x + δar+1Ξ(r)
v

≥ Ar+1f(x̄(r+1)) +
Br+1

2n

n∑

i=1

∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2

+
2Ar+2

δ
E(r+1) + 200δAr+1Ξ(r+1)

x + δar+2Ξ(r+1)
v ,

where Ξ
(r)
x := 1

n

∑n
i=1

∥
∥
∥x

(r)
i − x̄(r)

∥
∥
∥

2
, Ξ

(r)
v := 1

n

∑n
i=1

∥
∥
∥v

(r)
i − v̄(r)

∥
∥
∥

2
, and E(r) :=

1
n

∑n
i=1

∥
∥
∥h

(r)
i −∇hi(ȳ

(r))
∥
∥
∥

2
.

Proof. From Lemma 15, ρ ≤ 1
4 and ȳ(r+1) = Ar+1x̄(r+1)+ar+2v̄(r+1)

Ar+2
, we have

ρE(r) ≥ E(r+1) − 2ρδ2 ar+2

Ar+2

∥
∥
∥v̄(r+1) − x̄(r+1)

∥
∥
∥

2
(D.29)

− 2ρδ2 1

n

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

− 32L2 Ar+1

Ar+2
Ξ(r+1)

x − 32L2 ar+2

Ar+2
Ξ(r+1)

v ,
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From Eq. (D.20) +2Ar+2

δ × Eq. (D.29) and λ = 96δ, we have

Arf(x̄(r)) + ar+1f(x⋆)

+
Br

2n

n∑

i=1

∥
∥
∥v

(r)
i − x⋆

∥
∥
∥

2
+

Ar+1

δ



1 +
2Ar+2ρ

Ar+1



E(r)

+ 200δArΞ(r)
x + δar+1Ξ(r)

v

≥ Ar+1f(x̄(r+1)) +
Br+1

2n

n∑
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∥
∥
∥v

(r+1)
i − x⋆

∥
∥
∥

2
+

2Ar+2

δ
E(r+1)

+ δAr+1

[

µ
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− 64L2
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]
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x

+ δar+2

[
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2δar+2


1
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

− 64L2

δ2

]

Ξ(r+1)
v

+
Br

12n

n∑

i=1

∥
∥
∥
∥v

(r+ 1
2

)

i − v
(r)
i

∥
∥
∥
∥

2

+
δ

n

[

Ar+1 − 4ρAr+2

]
n∑
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∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

+
1

n


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2
− 4ρδar+2

 n∑
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∥
∥
∥
∥x

(r+ 1
2

)

i − v
(r+ 1

2
)

i

∥
∥
∥
∥

2

.

Using Lemmas 26, and 27, δ ≤ 2L, and the condition of ρ, we have

1 +
2Ar+2

Ar+1
ρ = 1 + 2



1 +
ar+2

Ar+1



ρ ≤ 2,

µ

2δρ2
− 64L2

δ2
≥ 200,

Br+1

2δar+2


1

ρ2
− 1



− 64L2

δ2
=

48ar+2

Ar+2


1

ρ2
− 1



− 64L2

δ2
≥ 1,

Ar+1 − 4ρAr+2 ≥ 0,

µar+1

2
− 4ρδar+2 ≥ 0.

Using the above inequalities, we obtain the desired result.

Lemma 36. Suppose that Assumptions 5, 2, and 11 hold and the following inequality
is satisfied:

n∑
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∥
∥
∥
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∥
∥
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,
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Then, when λ = 96δ, M = 1, and

ρ ≤ min

[√

µδ

1728L2
,

√

48δ2µ

260L2(192δ + µ)
,

(

4 + 2



1 +
µ

96δ

(

1 +

√

384δ

µ

))−1

,

µ

4δ

(

1 +
96δ

µ



1 +
192δ

µ

(

1 +

√

1 +
384δ

µ

))−1]

,

it holds that f(x̄(R))− f(x⋆) ≤ ϵ after

R = O




√

δ + µ

µ
log



1 +

√

min¶µ, δ♢∥x̄(0) − x⋆∥2
ϵ









rounds.

Proof. We have
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(
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

+
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v

≥ Ar+1

(
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+
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∥
∥
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∥
∥
∥

2

+
2Ar+2

δ
E(r+1) + 200δAr+1Ξ(r+1)

x + δar+2Ξ(r+1)
v .

Telescoping the sum from r = 0 to r = R− 1 and using Ξ
(0)
v = Ξ

(0)
x = E(0) = 0, we

have

AR

(

f(x̄(R))− f(x⋆)


≤ B0

2n

n∑

i=1

∥
∥
∥v

(0)
i − x⋆

∥
∥
∥

2
=

1

2

∥
∥
∥x̄(0) − x⋆

∥
∥
∥

2
.

From Lemma 24, we obtain

f(x̄(R))− f(x⋆) ≤







2µ
[

(1+
√

µ
384δ )

R−1

]2

∥
∥
∥x̄(0) − x⋆

∥
∥
∥

2
if µ ≤ 384δ,

96δ
4R−2

∥
∥
∥x̄(0) − x⋆

∥
∥
∥

2
if µ > 384δ

,

for any R ≥ 1. Then, we obtain the desired result.

Lemma 37. Suppose that Assumptions 5, 2, and 11 hold and the following inequality
is satisfied:

n∑

i=1

∥
∥
∥
∥∇Fi,r(x

(r+ 1
2

i )

∥
∥
∥
∥

2

≤ λ2

352

n∑

i=1

∥
∥
∥
∥x

(r+ 1
2

)

i − y
(r)
i

∥
∥
∥
∥

2

,
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Then, when λ = 96δ, there exists γ and M = Ω̃( 1√
1−ρ

) such that it holds that

f(x̄(R))− f(x⋆) ≤ ϵ after

R = O




√

δ + µ

µ
log



1 +

√

min¶µ, δ♢∥x̄(0) − x⋆∥2
ϵ









rounds.

Proof. DeĄne W̃ (m) as follows:

W̃ (−1) = I

W̃ (0) = I

W̃ (m+1) = (1 + γ)W̃ (m)W − γW̃ (m−1).

Then, the output of Alg. 10 is equivalent to

n∑

j=1

W̃
(M)
ij aj .

From Proposition 1 in Yuan et al. (2022), there exists γ such that it holds that for
any a1, a2, . . . , an ∈ R

d

n∑

i=1

∥
∥
∥
∥
∥
∥

n∑

j=1

W̃
(M)
ij aj − ā

∥
∥
∥
∥
∥
∥

2

≤
√

2
(

1−
√

1− ρ
M

n∑

i=1

∥ai − ā∥2 ,

where ā := 1
n

∑n
i=1 ai. Thus, there exists M = Ω̃( 1√

1−ρ
) that satisĄes the condition

on ρ in Lemma 36. From Lemma 36, we obtain the desired result.
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D.6 Analysis of Computational Complexity

D.6.1 Useful Lemmas

Lemma 38. Let F : Rd → R be a µ-strongly convex function and x⋆ be a minimizer
of F . If the following is satisfied for some α ≤ µ and x, y ∈ R

d

∥∇F (x)∥ ≤ α ∥y − x⋆∥ ,

it holds that

∥∇F (x)∥ ≤ αµ

µ− α
∥x− y∥ .

Proof. We have

∥x− y∥ ≥ ∥y − x⋆∥ − ∥x− x⋆∥

≥ ∥y − x⋆∥ − 1

µ
∥∇F (x)∥ ,

where we use the strongly-convexity of F in the last inequality. Using ∥∇F (x)∥ ≤
α ∥y − x⋆∥, we obtain the desired result.

Lemma 39. Let F : Rd → R be a µ-strongly convex and L-smooth function and x⋆

be a minimizer of F . If we use Nesterov’s Accelerated Gradient Descent with initial
parameter x(0) ∈ R

d, it holds that for any β > 0
∥
∥
∥∇F (x(T ))

∥
∥
∥ ≤ β

∥
∥
∥x(0) − x(T )

∥
∥
∥

after

T = O
(√

L

µ
log

(

L(µ + L)(µ + β)2

µ2β2

))

iterations where x(T ) is the output of Nesterov’s Accelerated Gradient Descent.

Proof. From Theorem 3.18 in Bubeck (2015), it holds that

F (x(T ))− F (x⋆) ≤ µ + L

2

∥
∥
∥x(0) − x⋆

∥
∥
∥

2
exp



−T

√
µ

L



.

Using the L-smoothness, we have

∥
∥
∥∇F (x(T ))

∥
∥
∥

2
≤ L(µ + L)

∥
∥
∥x(0) − x⋆

∥
∥
∥

2
exp



−T

√
µ

L



.

Thus, when T ≥
√

L
µ log(L(µ+L)

α2 ), it holds that

∥
∥
∥∇F (x(T ))

∥
∥
∥ ≤ α

∥
∥
∥x(0) − x⋆

∥
∥
∥ .

Thus, using Lemma 38, we obtain the desired result.
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D.6.2 Proof of Theorem 7

Lemma 40. Consider Alg. 6. Suppose that Assumptions 5, 2 and 11 hold, and

h
(0)
i = ∇f(x

(0)
i )−∇fi(x

(0)
i ), x

(0)
i = x̄(0), and we use the same λ and M as in Lemma

19. Then, if we use Nesterov’s Accelerated Gradient Descent with initial parameter

x
(r)
i to approximately solve the subproblem in line 4, each node requires at most

O
(√

L

µ + δ
log

(

L2(r + 2)2

δ(δ + µ)

))

iterations to satisfy Eq. (5.6).

Proof. Fi,r is Ω(µ + δ)-strongly convex and O(L + δ)-smooth. Thus, using Lemma
39, µ ≤ L, and δ ≤ 2L, we obtain the desired result.

D.6.3 Proof of Theorem 9

Lemma 41. Consider Alg. 8. Suppose that Assumptions 5, 2, and 11 hold, and

h
(0)
i = ∇f(v

(0)
i )−∇fi(v

(0)
i ), v

(0)
i = v̄(0), and we use the same λ and M as in Lemma

23. Then, if we use Nesterov’s Accelerated Gradient Descent with initial parameter

v
(r)
i to approximately solve the subproblem in line 4, each node requires at most

O
(√

L

µ + δ
log


L

δ

)

iterations to satisfy Eq. (5.7).

Proof. Fi,r is Ω(µ + δ)-strongly convex and O(L + δ)-smooth. Thus, using Lemma
39, µ ≤ L, and δ ≤ 2L, we obtain the desired result.

D.6.4 Proof of Theorem 11

Lemma 42. Consider Alg. 9. Suppose that Assumptions 5, 2, and 11 hold, and

h
(0)
i = ∇f(v

(0)
i ) − ∇fi(v

(0)
i ), v

(0)
i = v̄(0), and we use the same γ, M , and λ as

Theorem 10. Then, if we use Nesterov’s Accelerated Gradient Descent with initial

parameter y
(r)
i to approximately solve the subproblem in line 12, each node requires

at most

O
(√

L

µ + δ
log


L

δ

)

iterations to satisfy Eq. (5.8).

Proof. Fi,r is Ω(µ + δ)-strongly convex and O(L + δ)-smooth. Thus, using Lemma
39, µ ≤ L, and δ ≤ 2L, we obtain the desired result.
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D.7 Experimental Setup

D.7.1 Setup for Adaptive Number of Local Steps

In Fig. 5.1a, we ran gradient descent until the following condition was satisĄed.

• Inexact SONATA: ∥∇Fi,r(x
(r+ 1

2
)

i )∥ ≤ λ(λ+µ)
(r+1)(r+2)∥x

(r+ 1
2

)

i − x
(r)
i ∥.

• Stabilized SONATA: ∥∇Fi,r(x
(r+1)
i )∥ ≤ λ∥x(r+1)

i − v
(r)
i ∥.

• Inexact Accelerated SONATA: ∥∇Fi,r(x
(r+1)
i )∥ ≤ (1−

√
µ
β )r(16

17)t∥x(r+1)
i −

x
(r)
i ∥ where t is the number of inner loop.

• Accelerated Stabilized SONATA: ∥∇Fi,r(x
(r+ 1

2
)

i )∥ ≤ λ∥x(r+ 1
2

)

i − y
(r)
i ∥.

D.7.2 Hyperparameter Setting

In Fig. 5.1, we tuned the hyperparameters by grid search. SpeciĄcally, we ran grid
search over the hyperparameters listed in Table D.2 and chose the hyperparameter
that minimizes the norm of the last gradient.

Table D.2: Experimental setups. Note that for Inexact Accelerated SONATA, δ

is the coefficient of the additional L2 regularization in the subproblem, and it is
different from DeĄnition 2.

Gradient Tracking
η ¶0.05, 0.01, 0.005, 0.001♢
M ¶10, 20, 30♢

Inexact SONATA
η ¶0.05, 0.01, 0.005, 0.001♢
λ ¶1, 10♢
M ¶10, 20, 30♢

(Accelerated) Stabilized SONATA

µ We set the same value as the coefficient of L2 regularization.
η ¶0.05, 0.01, 0.005, 0.001♢
λ ¶1, 10♢
M ¶10, 20, 30♢

Inexact Accelerated SONATA

η ¶0.05, 0.01, 0.005, 0.001♢
β ¶1, 10♢
M ¶10, 20, 30♢

The number of inner loop T ¶1, 2, 3, 4, 5♢
The coefficient of the regularizer δ ¶0.1, 1, 10♢

140


	Introduction
	Topology Design for Communication-efficient Decentralized Learning
	Optimizer for Communication-efficient Decentralized Learning
	Contributions beyond this Thesis

	Setup and Assumptions
	Notation
	Problem Setting
	Assumptions on Loss Functions
	Assumptions on Network Topology

	Communication-efficient Topologies for Decentralized Learning via Finite-time Convergence
	Introduction
	Related Work
	Preliminary and Notation
	Finite-time Sequence of Graphs
	k-peer Hyper-hypercube Graph
	Simple Base-(k+1) Graph
	Base-(k+1) Graph

	Decentralized SGD on Base-(k+1) Graph
	Experiments
	Consensus Rate
	Decentralized Learning

	Conclusion

	Scalable Decentralized Learning with Teleportation
	Introduction
	Problem Setup
	Proposed Method
	Teleportation
	Convergence Analysis of Teleportation
	Efficient Hyperparameter Search for Number of Active Nodes
	Convergence Analysis of Teleportation with Efficient Hyperparameter Search

	Related Work
	Experiments
	Synthetic Experiment
	Neural Networks
	Comparison under Heterogeneous Networks

	Conclusion

	Exploiting Similarity for Computation and Communication-efficient Decentralized Optimization
	Introduction
	Related Work
	Problem Setup
	Refined Analysis of PDO
	Convergence Analysis
	Discussion

	Stabilized Proximal Decentralized Optimization Method
	Convergence Analysis

	Accelerated Stabilized Proximal Decentralized Optimization Method
	Convergence Analysis
	Discussion
	Discussion on Federated Learning

	Experiments
	Conclusion

	Conclusion and Future Directions
	Future Directions

	Useful Lemma
	Appendix of Base-(k+1) Graph
	Detailed Explanation of k-peer Hyperhypercube Graph
	Simple Base-(k+1) Graph
	Illustration of Topologies
	Examples
	Illustrative Comparison between Simple Base-(k+1) and Base-(k+1) Graphs
	Additional Examples
	1-peer Hypercube Graph and 1-peer Exponential Graph

	Proof of Theorem 1
	Convergence Rate of DSGD over Various Topologies
	Additional Experiments
	Comparison of Base-(k+1) and Simple Base-(k+1) Graphs
	Consensus Rate
	Decentralized Learning

	Results with Other Neural Network Architecture
	Hyperparameter Setting

	Appendix of Teleportation
	Teleportation with Communication Overlap
	Proof of Theorems 3 and 4
	Notation
	Main Proof

	Proof of Theorem 5
	Convergence Rate of Decentralized SGD with Various Topologies
	Convergence Rate of Decentralized SGD with Client Sampling
	Additional Experiment
	Experimental Setup

	Appendix of Stabilized Proximal Decentralized Optimization
	Comparison of Communication and Computational Complexities in Convex Case
	Technical Lemmas
	Useful Lemmas

	Proof of Theorem 6
	Proof of Theorem 8
	Proof of Theorem 10
	Useful Lemmas
	Main Proof
	Convex Case
	Strongly Convex Case

	Analysis of Computational Complexity
	Useful Lemmas
	Proof of Theorem 7
	Proof of Theorem 9
	Proof of Theorem 11

	Experimental Setup
	Setup for Adaptive Number of Local Steps
	Hyperparameter Setting



