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Delicate Determinant of the matrix of

Differential operators

REAE  &F  XH B
Yearning for Mr. Kawai's voise

§, 0 Introduction

I cannot, for my soul, remember preéisely when, I fifst
considered "determinant" cas non-commutatif. It was pérhéps;
towards October 1970, immediately after consolidating the
foundation of "non—commu;ative'Euclidean rings'", that I vaguely
defined the "determinant". That definition, however, was
abandoned, since it seemed strange and was unnecessary for me
at that time. Long time had since elapsed, and Prof. Sato
presented the definition of "determinant of matrices of ﬁseudo—,
differntial operators of finite order". It.coincidesvwifh"my‘
former definition, but more elegantly formulated. ’Inithe
following, I explain about it, and check the diversity against
the "uﬁcouth" definitions.  Unfortunately, we must say that
the first who defined the "det" for matrices over a skew-field
is, J. Dieudonne (cf.Artin [ ] pour details).

In §1 we define ''the determinant w.r.t. A" axiomatically,
and derive some properties. Our axioms are quite different

~

from those of J.Dieudonne, but actually "det" coincides with
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f Fo
ours. In §2, we define the det. for &, LTt (2, PrtD).

And the superiority of '"our det." over 'uncouth det." is made
clear. 1In 8§83, we give some applications, especially for
Cauchy-Kowalevskaja system, and refer to the canonical form of
matrices over ,@{; @f. Conjectures are listed.

I want to thank M. Sato for definition of det., and

M. Yamaguchi who informed me the work of S. Mizohata.

§. 1. Definition of  Determinant.
R: Aring with 1 R¥ = R—{o}
C' % Commutative msltsplictioe amemnod with. 0.
C= CUdol C and mees. mallliplicatidy cloud.
Mu (R)  the Tolod mmatiix lygpba /R
Tl (R) © uventible metieces o Mo (R)
‘j}A%{oms.
ANIR— C MAA? W%cazw—e .

ven” . ,
) Aleir) = Aaedhoe) M=, Awose &= A=1)

A I . )\|: /\ ) )M v My (R)— C

A 2. )\n(AB) =~/\h(A) /\h(B)
A3 )\p\(A 0 ):_ /\h‘(A) AM;(B) BT T
o B
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Dﬁf. ‘ I‘j’ /\2}/\3/“"' ej(n‘s‘t) M)\ /{ >V-lz
,,(:04 o_a/ééea/ « Aﬁxekm;'han't’ w.y-.(‘. >\l’ . »
Peh\ark g M)y = | | L./ 41, A2 |

%o rema . The AX1IOMS  4pe éd‘re}orc‘c A
}j( Rcawn be embedded W a (skew) -fu‘elol.
A‘\A "Eok Smgl,\ R p ﬂ(—‘l;()\ . e,(\‘sto .

Cor 1. Theorew also hilde for REI , Wlece R
(/l’ ao o~ i
I\f\’fc\.c.t; % /(QA; « /L%L(Ql) 'kD[fB,g; /1_,0 c‘x/@(a"/(y)
‘}MM&W &V&J—ea—. /1»17 a andl pe, LW"' |

Ao e owik Ot J«u mnwﬁ P% Sk
aaid bt Dowiom 1 Mudiled o M R.
The axtons being categericad ,
Cov. 2. Whew R=K & = sfiedd , J. Diewdonad 1
Ak’ etnccden with ours.
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2] Construction of dtx  for R=K (ofietd).
The wmirenoad plictio for X hotd 4o e
M&M«}X/l K —> KSfkx k3. , Am=o.
mz2. Mu (RO > A:(,?\) I A ostepda, dxAso,

— A -
L+ \v\{k’ AL:(QLU EL) " , BXbE-k) ZYVAV:U,:),--JO)

%—-m S TR ¢ = -B.' M, ( ;a{%
’"7 L (g::) € <)
/é ¢ f At ‘ ) éh
o dt e (X)) e, T

M’e‘f 777{4 %ﬂ-‘u’%ﬁ/i:t:"

©q m=2 )\z("‘(f - ) A Y=Y rto
| Ard A (ol &) Y=o,

I pre b, (2)= (88) (§ 1) jute
at (7)= /\c(w(u-/m Ay e dfiin
VMo‘( o e, e am,wé«

ACEAET )= A DA A TE T =TI p)
= )\((D/\(J‘(x‘“— Yo ™)\ ()
= A( /lé‘{)"a ~ pY¥)

< G

A-;'. row vel 0V

(A y
A (A ) = (d’\\, ) @y ) O'(J‘.' Culunn vellon
“
Al .
Prp ! da ( "f;.w/;,i): Ak (80,7, Gt oy p - o) = it A
A. et
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PV"FZ M/AW ) M<£q0‘(u-.} ‘p\ﬁn)): 8IT‘MA

\
Aﬁ )/ oo} = *-ZL( \--/u.‘r\,‘d‘)

3 Aee [V T0) = Aa(sy
A,ﬂ ( A )

3] E:‘R embaddealble o AS{(‘WLA-
K =R®RYR = R(RHT A%Mc/ oA gostiont of R.

o%w Tk e N K SQulel
“(K)— Q) Uio} ol W%‘ HMa(R).

%WMMMWM

PWPS er(MH(R)) C Z (/U"""/'\'j‘/ ?//)

= )\'(RX), Q(‘C/) o oo W ,o»wd-acm/, ¢’
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§2. “ad” fur 8%, PP, S0, Py,
3 R= 8%
F <z, 314770 gam 3380,

C= g{ *B“:%é., 513, £7=§03%t,
Te3x i A3 principal symbel 2 FEIF.
gf'z"m CETFENSPGE T 1 - (M= 13 easy

ef. TNauil 3, 422 M. Kashinaya C 1)l % EF
Tth3 | |

Levay s Ak e SE VI Axi~3 t uhIT
¥ Cd«&'fo/ae@&mas £y, Lem/3h7'1: Be 2
Yt Fhrhatdsr k32t rlbhn3 s —-Flzone
INTEX, L-eku7£§-> T4 1 ¥ s,

P=(C(pjm005) 5 = oden (pj)

N= mox Z Xy r1hd’ ¥y < Se+ ¢
2 (s:+t)=N 7z M},ﬂd (s) (fj) ~%3
F;j (x,0)= ( Py o ndo S+ t,}' | afh’u.',d,aw't)
]°>(x.o)= ((Of-j) t Po rl‘:hc-‘{J ra-d' = L
Liy) = dut (F:j(xf)) ¢ eqix', Yl
act LP;J:(I,})) 2 §i RI73 Lom. NX 2 pre
~B (70l N= sut-odf Pt DTS
( owtimrdt d\oLm > ?%‘))

1
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TR T B v E At P s nde b
ewo-nder P (ewwentiod adden) £ B <. gr-ada< N
750 LEO0 «%A. 7 (F) ~ 7" FH207,
Fheorwm ph-odet P= ers~onder P

@ L(Y)§)=M)\’P.

od= adoa PR gao-ode P a8 17, M(M 1,3 &
,&Pig’" 'Eﬁliré; ”;233171 w-mdhf,i") Aozt
Azttt iy, 41zt adlpjinn) z:h"%é"‘i%’-‘r'ﬂ

2) r= At)

:g_frft) 2 % |= ,Newton pely sm (Ei=B) t 3k
b3z, Aty Flz 272035 £ 7 APt to
19110 143, 0 WFEtizrsltts $#TFL)
Yhs1a, 4% B 7"'z>T:.t-z~r4a\'/~”iu1~zw'
Frs(tt~1 %1 y ’/'?17/ Wufzé); g%t

C *% 3 tP+ xf + 32 — tH+E

(t—1)(t-F)=t =G+t +3 — 1'+7t+}
A7, jf(t) % T ¢, 17 1 # W;”I‘/Jf“j_e‘r.-
Sk b, b A323 72100 BT Shhiz -

7&‘@'&;« o 1275 3
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Tl 2 Co-) LYy dd % EEH TR 4313
M,\(‘fI-P) I=fy PP 5 %M‘LM
W,.,we s &4 rh3.
C »3)S%, Newten w pely g & #IﬁdiuzT# Cot»
(.‘~e. dot +a,th - ant *an 7 adea <)
EE T pudmonoid $75F FhE O & 32 Kovalewshin
plnomiale T AL 33 Yo hdizir 1208 217 5, (no#5
2 fE3 | WTE ZV &0
deby (tT —Pa,m) & Cp 1z4&73 =tt, dd(t1-Po.}y)
X Ceri: AFF7zcev?, Gz (F& (7B (-A=17)
duk (£T — Poud)) (3 22 #F1=(2 ¢ 1Eh 3,
Pe Ma(8) K=QW" . K"t mw-k
Simodede £ 285, B3z €ty e, Pe., PR, --
433 AdK7e bt ~ P ‘e + P e.a, -+ Pe@r€a,)=0
Y, Yl 7/17;,:.~ (% /u// /WL‘?,“‘? 2T a7
(donict tme—d 123> FE 00 %) 2 €, Lty @, P, --
o ndidim oy -~ 20, FEFLEY
(th"'-th - +ah)(th*'th6\, .. rq"‘)(t -
TANTIT L, FeHdtanng) ch2fd )
(G0 s FFCT{>45 .
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% ? ‘f’;}ll‘s ﬁ%'(( . CMJw/— (vad;’evskajs fy;‘fe-.

iy v oKL
K= chf) 13 C/Z&. /»ﬁ Iz MalK) 1220 =

1) AZ

Fat. BRI GaBZoR» S 47T B s (7Yl 1)
- ,_/}‘1‘5;'( “4) Ah 4 Hidate" P b P._
EMTCT4Y 4D 4 N /(P-..;,) ("p)

X+ (—102)

P .’:‘%l?}; Y EFA AL §4 £ -2 17) (CJ P-‘Pf‘;)
IR E Y AEE SN PO S 99 P
(l o+1) ° (‘ ‘D)

‘f4'\ 7y , JMM & DU DRI Janer ants T
7oy, A D o fy BT S~z 0MWa
<3~ 3 %whif( %t‘{} fhinesr T3> K = 2z & ID

O R 3
14
PeMalk), VU €GL, (k)
= Q
PU"UQ Q:( \QLOB
o g, ).

TReorem
r
}L \ « §%, .

|

Qe (1.. ;,, |
5/
.y p
RI17 Unajas =12 2357, {l 529) ‘c

p) 17 BY iz 3osTl 33 9% 1T T

(726 3% Ch7n

- t )"lt/

olli-

£
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-23 CCu“—l?» [co wa.‘evskqje S),{'IL«.‘, - . xm
JoR=b

P= (% o, 6)) 23t nel b € Wjompt] o
T3y D= (n,, -",D.,-.) £37 Ayze 7 iniTed dete 17,

Dy, = PO, D) =217 c-K »Rg F=210 £¢
Zhib 13 BRe dit ~¥UIS UK} E —H5I1=1T,
Por >mt FL B CTE,
dt (t— POv)) ¥ Qe 1= Ad3=%, Dy—Pono)
e 3% (7 C-K=aeEFIz o CIHETH2
kvihzal (el &2 - v237 Ao Y hiz,
F Q) iz e F414573 3 (30y40)
Tlacorvem.
Dn—Pty,p) 1z 27 (2 (- 4

6—"> dfj (t"' P(Y/D’>) & C|,< (dw to o
PO, p

y o dot (Da= P 0) f Futzonz Bt € Qi
th71 & (ywi7.

M. Cashiners, A3 T Ti-AUBHF F+%IB

-r‘ Yw A’kalyf:" L'j,«—w'}t-u_::l.‘- Mg b, ‘%).y I""

/0
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SEO7 e U, TS 3wt &Y FT29DF 27 %
e .‘%tﬂ)i’i aftE v HE R e TELH TR

CTX BUNEE s, Sytels BF ? C“K"ﬂﬁft (= >t

7a%FE A A5 4R ez, P AEETHIRE

TE 3. $a T, W53
2 3 _
P= (D -(-0D \ D= 5
K\%cbg' —p3/
Dt ~ P(x,b) =S T g ame” (~K Z"“v':ft (Pt
307 T 3 La o ( J“'ffﬁg %‘6':@321
?(/‘zi): )\2 ' -2 K°k,c.!cus(ct‘e\_“v~/: 2 2 3 t: 3$
s L -
dot (XT — Pasdy= A\ « = A <, HiaE-t
T3 Kowelewsloe 7 3+

2. P ey < D-L*—OH(D Q-X) D}
50+ D HaLD

2\~ 2

> a= 34 - 1ﬁ-(t-\:u'/e

l |
A=t L #é( -l

De — POUDY 1=vn2 0 (R ¥RTF )by ITfrrtigo 3 L4
l .

'/G)O\K): A= S ‘\Tkxv** 27T

lowclevsleton V= 2870 S ey TS 2y,

it (OT=PouD)= AP+ 0 £ 9T’ Qi et

707, (Cclevshir @ T v 2



