O00000000000O0
199400 pp.132-147

MODULI SPACES OF PARABOLIC HIGGS BUNDLES AND
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1. INTRODUCTION

A deep result of Narasimhan and Seshadri states that, over a compact curve C, there
is a one-to-one correspondence between irreducible unitary representations of my(C)
and stable bundles with ¢,(E) = 0 [19]. This theorem was later extended to cover
arbitrary compact Kahler manifolds [8, 9, 27]. Hitchin then introduced Higgs bundles,
which are pairs (E, ®) consisting of a holomorphic bundle E and holomorphic map
®: F - E ® K called the Higgs field. The nonabelian Hodge theorem establishes a
correspondence between irreducible representations of 7, (X) and stable Higgs bundles
with ¢;(E) = 0 for X a compact, Kahler manifold [13, 10, 7, 23, 25].

For noncompact curves Cy with compactification C = CoU{p,, ... ,pn}, Mehta and
Seshadri proved a correspondence between stable parabolic bundles F, over C with
pardeg £, = 0 and unitary representations of m;(Cp) with fixed holonomy around
each p;, the so-called parabolic points [18]. For regular bundles, the space of Higgs
fields H°(End(E) ® K) is naturally dual to H'(End(E)), but because parabolic endo-
morphisms satisfy a vanishing condition at the parabolic points, duality implies that
Higgs fields of parabolic bundles can have poles of order one at those points. Allowing
the Higgs field to have either parabolic or nilpotent residues at the p;, we obtain the
two moduli spaces P, of parabolic K(D) pairs and N, of parabolic Higgs bundles.
The subscript a refers to a particular choice of weights. In [28], P, is constructed
using Geometric Invariant Theory and is proved to be a normal, quasi-projective vari-
ety. In [24], stable parabolic K(D) pairs are called filtered regular Higgs bundles and
are shown to correspond to filtered regular Dx modules. In [15], Konno constructs
N, using gauge theory and shows that stable parabolic Higgs bundles correspond
to irreducible parabolic Hermitian-Einstein Higgs bundles. In [22], the nonabelian
Hodge theorem for elliptic surfaces is used to show that parabolic Higgs bundles with
rational weights correspond to irreducible representations of 7,(Co) with holonomy
around each p; equal to some root of unity.

In this article, we study the topological properties of the moduli spaces of stable,
rank two parabolic Higgs bundles and parabolic K (D) pairs, using the approach of
Hitchin [13]. There is a circle action on N, which preserves its complex and symplectic
structure, and the associated moment map is a Morse function. Identifying the critical
submanifolds and their indices, we prove that N, is a noncompact, connected, simply
connected manifold and compute its Betti numbers, which turn out to be independent
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of the weights a. This behavior is in marked contrast to that exhibited by the moduli
space M, of parabolic bundles, where the Betti numbers do depend on « [4]. It
follows that the Euler characteristic of this moduli space vanishes for g > 2. All of
the main results in this article was done in a joint work [6] with Hans U. Boden.

2. DEFINITIONS AND PRELIMINARY RESULTS

2.1. Three moduli spaces. Let X be a smooth curve of genus g with n marked
points in the reduced divisor D = p, + - -+ +p, and E a holomorphic bundle over X.

Definition 2.1. A parabolic structure on E consists of weighted flags

E,=F(p)D>---DF,,(p) D0
0<a(p) < - <a,lp) <1

over each p € D. A holomorphic map ¢ : E' — E? between parabolic bundles is
called parabolic if al(p) > a?(p) implies $(F}(p)) C F?,(p) for all p € D. We call ¢
strongly parabolic if a}(p) > a?(p) implies ¢(F}(p)) C F},(p) for all p € D.

We use E, to denote the bundle together with a parabolic structure. Also, we use
ParHom(E!, E?) and ParHom(E!, E?) to denote the sets of parabolic and strongly
parabolic morphisms from E! to E?, respectively. (The decorative notation will
become clear in §2.2.) If af(p) # a?(p) for all i,5 and p € D, then a parabolic
morphism is automatically strongly parabolic. On the other hand, using the notation
ParEnd(FE,) = ParHom(E., E.) and ParEnd*(E,) = ParHom(E,, E.), then strongly
parabolic endomorphisms are nilpotent with respect to the flag data at each p € D.

Let K denote the canonical bundle of X and give £ ® K(D) the obvious parabolic

structure.

Definition 2.2. A parabolic K(D) pair is a pair (E,®) consisting of a parabolic
bundle E and a parabolic map ® : E — E ® K(D). Such a pair is called a parabolic
Higgs bundle if, in addition, ® is a strongly parabolic morphism.

Viewing a as a vector-valued function on D, we use it as an index to indicate the
parabolic structure on E.. Let m;(p) = dim(Fi(p)) — dim(Fi41(p)), the multiplicity
of ai(p), and f, = 3(r? — 2, (mi(p))?), the dimension of the associated flag variety.

Define the parabolic degree and slope of E. by

Sp
pardeg B, = degE+ Y Y mi(p)ai(p),
p€ED i=1

pardeg E,
E) = ———.
wE.) rank E

If L is a subbundle of E, then L inherits a parabolic structure from E by pullback.
We call the bundle E, stable (semistable) if, for every proper subbundle L of F, we
have pu(L.) < p(E.) (respectively p(L.) < p(E.)). Likewise, we will call a parabolic
K (D) pair (E.,®) stable (or semistable) if the same inequalities hold on those proper
subbundles L of F which are, in addition, ®-invariant.
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Denote by M, the moduli space of a-semistable parabolic bundles, by A, the
moduli space of a-semistable parabolic Higgs bundles, and by P, the moduli space
of a-semistable parabolic K (D) pairs. By [18], M, is a normal, projective variety of
dimension

dimM, =(g—-1)r* +14+ ) _ f,.
peD
(If g = 0, this holds only when M, # @.) Further, in [28, 29], P, is shown to be a

normal, quasi-projective variety of dimension
dimP, = (2g—2+n)rf +1
which contains NV, as a closed subvariety of P, of dimension

dimMN, =2(g—1)r*+2+2)_ f,
p€D

For generic a, a bundle (or pair) is a-semistable < it is a-stable. In these cases,
the moduli spaces M,, N, and P, are smooth and can be described topologically as
certain quotients of the gauge group G€ = ParAut(E.). The same is true for M, N0
and P2, the moduli spaces with fixed determinant and trace-free ®. In this way, it is
shown in [15] that A2 is, for generic «, a smooth, hyperkahler manifold of complex
dimension

dimAN] =2(g—-1)(r* =1)+2>_ f,.
peD
2.2. Parabolic sheaves and Serre duality. Suppose now that F is a locally free
sheaf on X and D = p; + --- + p, is a reduced divisor.

Definition 2.3. A parabolic structure on E consists of a weighted filtration of the
form

EFE=FEy=E, D---DFE, DE,,, = E(-D),
0=y < - <ag<aoy; =1

Arqy

We can define E, for z € (0,1} by setting E; = E,, if o;-1 < z < o, and then eztend
tox € R by setting Ey; = E.(—D). We call the resulting filtered sheaf E. a parabolic
sheaf. ~
We define the coparabolic sheaf E., by
Bo= E. ifz# a;
T E0.+1 ifl! = Q.

A morphism of parabolic sheaves ¢ : E} — E? is a called parabolic if $(E;) C E7 and
strongly parabolic if $(EL) C E? for all z € R.

We shall denote by PatHom(E!, E2) and ParHom(E!, £?) the sheaves of parabolic
and strongly parabolic morphisms, and by ParHom(E!, E?) and ParHom(E!, E?)
their global sections. We now show that there is an equivalence of the categories of
parabolic bundles on X and parabolic sheaves on X.
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Given a parabolic bundle £ with flags and weights as in Definition 2.1, we define
the filtered sheaf E, following Simpson [26]. For p € D and a;_1(p) < =z < a;(p), set

B2 = ker(E = E,/Fi(p)),
E. = () EE
peD
Now extend to all £ by E,, = E.(—D).

Conversely, given a parabolic sheaf E., the quotient E/FE; is a skyscraper sheaf
with support on D and, for each p € D, we get weighted flags in E, by intersecting
with the filtration at p. To be precise, let a;(p),... ,a,(p) be the subset of weights
such that

(1) a;i-1(p) < z < ai(p) & (Ez/Er)p = (Eai(p)/ Er )y

Setting Fi(p) = (Ea;(p)/ E1)p, we obtain a parabolic bundle in the sense of Definition
2.1.

Suppose now E! and E? are parabolic bundles and ¢ € ParHom(FE', E?). We want
to show that ¢ induces a morphism of the parabolic sheaves. So, suppose a!_,(p) <
z < a}(p) and oZ_,(p) < 7 < a(p). Since a}(p) > a?_y (), H(F(p)) C Fi(p) and
we see that ¢ maps ker(E' — E, /F}(p)) to ker(E* — E}/F?(p)) for all p € D, from
which it follows that ¢ induces a map ¢ : E} — EZ2.

Suppose conversely that E! and E? are parabolic sheaves, ¢ € ParHom(FE}, E?)
and a}(p) > ak(p). Set z = of(p) and y = o}, (p) for notational convenience. Then
#(EL) C E?. Since z > a?(p), it follows from (1) that (EZ/E}), C (EZ/E}), and
hence (F}(p)) C Fly,(p).

It is not hard to see the same correspondence for strongly parabolic morphisms.
Thus, we have an equivalence of the categories of parabolic bundles and parabolic
sheaves. We use the definitions interchangeably and denote by F, a parabolic bundle
or sheaf, reserving E = F; for the underlying holomorphic bundle.

For the convenience of readers, we briefly summarize the results in [29] dealing with
exact sequences and tensor products of parabolic sheaves. This is necessary for the
statement of Serre duality for parabolic bundles, which is a tool we use throughout
the article.

E E
L Ey, R E,.,
E. L E = E. P E
. =" |E(-D L =8 | E(-
: Q—~—Q ) ; ; v—-——E—gJ D)
. : : o— ; i : o
0 ‘al' Q9 [0 £ 1 1 + ) 0 (23] a9 Qa3 1 1 + g

FIGURE 1. The simple relationship between E, and E..
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The category of parabolic sheaves P is not abelian, but is contained in an abelian
category P as a full subcategory. Objects in P are also written by E, and a morphism
f: E! - E?is afamily of morphisms f, : E! — E2. A coparabolic sheaf E, is realized
in P. The set ParHom(E!, Ez) is just the set of morphisms in P.InP,a sequence

(2) 0—L.—E,— M —0
is exact if and only if the induced sequence at z is exact for all z € R.

Remark. If the sequence (2) is exact, then so is the sequence obtained by tensoring
(2) with any parabolic bundle (cf. Proposition 3.3 of [29]) and

pardeg E. = pardeg L. + pardeg M..

We can define dual parabolic sheaves E, parabolic tensor products L. ® M,, Hom-
parabolic sheaves ParfHom(L., M.)., and cohomology groups Ext*(L., M,). Clearly,

pardeg( L. ® M.) = rank(M) pardeg L. + rank(L) pardeg M.,.
In addition, we have
Ext’(L.,M,) = H°L)!® M.) = H°(BatHom(L., M.)) = ParHom(L., M.),
Ext'(L.,M.) = HY(L!® M.)= H'(BarHom(L., M.)).
We can identify Ext' (M., L.) with the set of equivalence classes of exact sequences

of type (2).
The Serre duality theorem is generalized as follows (see Proposition 3.7 of [29]).

Proposition 2.4. For parabolic sheaves L. and M., there is a natural isomorphism
0 : H'(LY @ M. ® K(D)) =+ H' (M) ® L.)".
Given E, and 8 € R", define E.[f]., the parabolic sheaf E, shifted by 3, by
E.[fl: =) EZy.-

Ezample. The Picard group of parabolic line bundles.

A holomorphic bundle F is regarded as a parabolic bundle with the trivial parabolic
structure E, D 0,a,(p) = 0 at each p € D. We call this the special structure on E.
Note that every parabolic line bundle L. is gotten by shifting the special structure on
the underlying bundle L, i.e., there is a unique 8§ € [0,1)" with L. = L[#]. Viewing
Ox as a parabolic bundle with the special structure, then it is not difficult to verify
that

(3) E.[8]. = E. ® Ox[f].
Let e; denote the standard basis vector in R™. From (3) we have
E.[6". ® EX[*). = E.® EB'+ 5.,
E.[sl: = E![-f.,
E.le]. E.® Ox(—p:).
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These three formulas determine the Picard group of parabolic line bundles on X.

Remark. For any parabolic line bundle L., the stability (or semistability) of E.® L.
is equivalent to that of E.. Similarly, the stability (or semistability) of (E.® L., ®?®1)
is equivalent to that of (E., ®).

In particular, apply this to the case of a rank two parabolic bundle E, with full
flags at each p; and weights 0 < a;(p;) < az(pi) < 1. Using equation (3) with
B; = 3(an(pi) + c2(pi) — 1) notice that E.[3]. has weights 0 < a)(p;) < 1—ai(p;) <1
at p;, where ai(p;) = %(al(p;) — az(pi) + 1).

3. A ToPOLOGICAL DESCRIPTION OF N? IN RANK Two

3.1. The function spaces of Biquard and construction of Konno. We begin
with a brief overview of the gauge theoretical description of N, following [15].

It is convenient to think of the parabolic bundle separate from its holomorphic
structure, so we use E, to denote the underlying topological parabolic bundle (weights
a) and Jg its holomorphic structure. By tensoring with an appropriate line bun-
dle, we can always assume that u(E.) = 0. We shall also restrict our attention to
generic weights, i.e., weights « for which a-stability and a-semistability coincide.
Let C denote the affine space of all holomorphic structures on F, and G¢ the group
of smooth bundle automorphisms of E preserving the flag structure. Introduce a
metric k adapted to E (s is unitary and smooth on E|x\p, but singular at p € D
in a prescribed way, see Definition 2.3 {3]), and let A denote the affine space of «-
unitary connections. Define G to be the subgroup of G¢ consisting of k-unitary gauge
transformations. Letting C,, and Ag, be the subspaces of a-semistable holomorphic
structures and the flat connections, respectively, Biquard proved that

Ma d=ef Cu/gC = Aﬁat/g

by introducing the norms || || pr, defining the weighted Sobolev spaces C? and A? of
D? holomorphic structures and DY k-unitary connections, and taking quotients by
the groups G and G* of D} gauge transformations for a certain p > 1 [3].

The same approach works for parabolic Higgs moduli, at least for generic weights,
as was shown by Konno. The arguments in [15] are given for moduli with fixed
determinant, but remain equally valid without this condition. We set

H = {(9g,®)€C x Q" (EndE)|dg® =0o0n X \ D and at each p € D,
® has a simple pole with nilpotent residue with respect to the flag}.
Note that # (this is denoted by D in [15]) is just the differential geometric definition
of the space of parabolic Higgs bundle structures on F,, for example, the nilpotency
condition implies that @ is strongly parabolic.
For A € A, we use d4 for its covariant derivative, F)4 for its curvature, and d’j for
the (0,1) component of da, so d’y € C. Define £ = A x Q% (End F) and £ as its

completion with respect to the norms || ”va and set

gﬂat = {(dA, q)) (S gp l dljlxq) = 0, FA + [(I>, (I)*] foeeed 0}
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(This last space is denoted D} by Konno.) Using the usual definition of stability on
H, Theorem 1.6 of [15] shows that for some p > 1,

Na Ci_gf Has/gC = gﬂat/gp-

The advantage of the second quotient is that it endows A, with a natural hyperkahler
structure, namely by viewing it as a hyperkahler quotient of £7 (in the sense of [14]),
whose hyperkahler structure is given by the metric

9((6,9), (6,9) = 2i [ Te(E€ +99")
which is Kahler with respect to each of three complex structures

1(¢,¢) = (16,49), J(£,8) = (1¢",—1if7), K(§,¢) = (—¢7,¢).

3.2. The Morse function for the moduli space of parabolic Higgs bundles.
Assume that F, is a rank two parabolic bundle with generic weights a; and 1 — a; at
p; and that u,(E,) = 0. Write @ = (ay,... ,a,). We will always assume n > 1. We
consider the moduli with fixed determinant and trace-free Higgs fields, requiring the
following minor modifications in the definitions of the previous section:

(i) the induced connection dy or holomorphic structure 85 on A?E be fixed;

(ii) the Higgs field be trace-free, i.e. ® € Q'°(End, E).

We denote the corresponding spaces by A° C°, £°, and H°.

As in [13], we consider the circle action defined on £° by € - (d4, ®) = (d4, € ®).
This action preserves the subspace 8}’1(1‘ and commutes with the action of the gauge
group GP, thus it descends to give a circle action p on V2. This action commutes with
the complex structure defined by I and preserves the symplectic form w;(X,Y) =
g(IX,Y), so the associated moment map u,(ds, ®) = 4%(”4)”%{, renormalized for
convenience, is a Bott-Morse function and can be used to determine the Betti numbers
of V2.

We introduce some notation which will be used throughout the rest of this section.
For any line subbundle L. of E,, let e;(L) = dim L,, N F3(p;) € {0,1}. The weight
inherited by L. is then Bi(L) = e; + (—1)* ;. We will often suppress the dependence
on L and simply write e = (e1,...,€,) and 8 = (B1,...,0,). We will also write
O(a,e) when we want to emphasize the functional dependence of 8 on a and e. We
also use |e| = 30 e

Theorem 3.1.  (a) The map p, : N2 — R is a proper Morse function.
(b) Whenever nonempty, M?% is the unique critical submanifold corresponding to
the minimum value p, = 0. The other critical submanifolds are given by My,
for an integer d and e € Z7 satisfying

(4) —zn:ﬂ,-(a,e)<d§g—1—le|/2.

i=1

Along My., p, takes the value d + 7, Bi.
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(c) The critical submanifold Mg, is Shae X the 229 cover of the symmetric product
Sha.e X under the map = v 2z on Jx. Here, hy, = 2g — 2 — 2d — |e|.
(d) The Morse index of My, is given by Ay = 2(n 4+ 2d+g— 1+ [e]).

Remark. If g =0, there are always a with M% = @ (but AP # 0). For these a, the

minimum value is achieved along some M., which we identify in the next section.

Proof. Properness of u, follows from the global compactness result for parabolic bun-
dles of Biquard (Theorem 2.14 in [3]). This proves (a). All the other statements rely
on the following correspondence between the circle action and the moment map given
in [11].
(1) Critical submanifolds are connected components of the fixed point set of p.
(2) The Morse index of a critical submanifold equals the dimension of the negative
weight space of the infinitesimal circle action on its normal bundle.

Suppose that (d4, ®) is a fixed point of the circle action upstairs in £gqe. Then & =0
and this shows that one component of the fixed point set in M2 consists of M2, the
moduli of stable parabolic bundles with fixed determinant.

The other fixed points arise from when €' - (d4, ®) is gauge equivalent to (d4, ),
i.e., when there is a one parameter family g¢ € G? such that

g0_l¢g9 = ei&q)’
9;'dage = da.

By the first equation, gg is not central, and by the second, we see that d4 is reducible
and consequently the holomorphic parabolic bundle splits according to the eigenvalues
of gs. Write E. = L.® M. as a direct sum of parabolic bundles. We assume (wlog) that
pa(Ls) > 0 > po(M.). Let d = deg L and e = (ey, ... , €,) where ¢; = dim L, N F3(p;).
Then L inherits the weight 3; = e; + (—1)%a; at p; as a parabolic subbundle of E,
and

(5) 0<pa(Ls) =d+) B

Since g¢g is diagonal with respect to this decomposition, ® is either upper or lower
diagonal, which means either L or M is ®-invariant. But a-stability of the pair

(E.,®) implies that
00
*=(40):

where 0 # ¢ € ParHom(L., M. ® K(D)). Thus

0# H(LY ® M. @ K(D)) = H(LY @ M ® K(T%,(1 - e)pi))-
Let le] = I, €&, then a necessary condition is that
(6) 0 < deg(L¥ ® M @ K(L,(1—e)p:)) =2(9 — 1) = 2d — [e].
Now (4) follows from (5) and (6).
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We can use the defining equations for £3,, to determine the associated critical
values. Take (E.,®) as above, then

Using the Chern-Weil formula for parabolic bundles (Proposition 2.9 of [3]), we get

1 2_,i __L' __L' _
Ho(da, @) = ll@l? = = [ Te(@07) = = [ 6¢7 = — [ Fi = pardeg(L.).

This completes the proof of (b).
Given E, = L.@® M, and ® as above, then the zero set of ¢ is a nonnegative divisor
of degree

hd,e = deg(LV OM® K( ?:1(1 - 6,’)p,')) =29—2—-2d— |e|

on X, which is just an element of S*4<X. Conversely, given a nonnegative divisor of
degree h4., then we obtain a line bundle U of degree 2d + n along with a section of
UY® K(3T (1 — €)p:)) vanishing on that divisor. There are 2%¢ choices of L so that
U = L®? ® A’E, and each choice gives a stable parabolic Higgs bundle (E.,®). The
line subbundle L, is canonically determined from E., but ® is only determined up to
multiplication by a nonzero constant. However, it is easy to see that (E,, ®) is gauge
equivalent to (E., A®) for A # 0, and (c) now follows.

We now calculate the index A4, of the critical submanifold M., which is given
by the negative weight space of the infinitesimal action of p, or equivalently, of the
gauge transformation gy. Letting H°(ParEndo(E)) - ® be the subspace of Higgs fields
of the form [¥, ®] for ¥ € H°(ParEndy(E)), then the subspace

W = H°(ParEnd)(E) ® K(D))/H°(ParEnd,(E)) - ®

is Lagrangian with respect to the complex symplectic form

W((61,41), (2 82)) = [ Te(bats — b12).

So once we determine the weights on W, the weights on the dual space W* are
given by 1 — v for some weight v on W (since p(8)*w = e*w). With respect to the
decomposition E, = L, & M,, we have

e—i0/2 0
9s = 0 10/2
with weights (0,1, —1) on

ParEnd{(E.) = ParHom(L., E_) @ ParHom(L., M:) @ ParHom(M,, L.).

Further, there are no negative weights on H°(ParEndo(E))-® and the weights on W*
are (1,0,2), so we get

Mie = 20°(MY QL. @ K(D)) =2(n+2d+g—1+le|).
This completes the proof of (d). O
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3.3. The topology of N?. Using the results of the previous section, we deduce the
following theorem.

Theorem 3.2. (a) Ifg> 0 or g =0 and n > 3, then N? is noncompact.
(b) The Betti numbers of N depend only on the quasi-parabolic structure of E..
(c) If g >0 or g =0 and n > 3, then N? is connected and simply connected.

Proof. Notice that, whenever dim A2 > 0, then for all (d,e), Age < dimN?. Thus,
the Morse function y, has no maximum value and (a) follows. The only case where
dim N2 = 0 is, of course, g = 0 and n = 3.

We first recall Theorem 3.1 of [4]. Let W = {a | 0 < a; < }} be the weight
space and for any (d,e), define the hyperplane Hy, = {a | d + B(a,e) = 0}. The
set W \ Ug.Ha. consists of the generic weights, i.e., those for which stability and
semistability coincide. Suppose § € Hy,, then stratifying M by the Jordan-Holder
type of the underlying parabolic bundle, we see that

MY = (MZ\ Z5) U Zs,

where X5 consists of strictly semistable bundles, i.e., semistable bundles E. with
gr E. = L, ® M, for two parabolic line bundles of parabolic degree zero. Suppose
that a and o are generic weights on either side of Hy. and that pardeg,(L.) < 0.
If both M? and M2, are nonempty, then Theorem 3.1 of [4] states that there are
canonical, projective maps
M2 M?,
PN ¢
Mg

which are isomorphisms on M$ \ L5 and are P* and P*" bundles along X5, where
a = h' (M) ®L,) —1and o’ = A (LY ® M,) — 1. In particular, since £5 = Jx,
Corollary 3.2 of [4] gives

P (M) — P(M3) = (P(P?) — P(P*)P.(Jx).

To prove (b), we must show that P,(N?) = P,(N?) for weights on either side of
a hyperplane Hy.. Note that d = degL and e = e(L), and set d = —n — d and
é; =1 — e;. Since

d + f(a, ) = pardeg, (L) < 0 < pardeg,(L) = d + B(<!, ¢),

and d + f(’,é) < 0 < d+ f(a, &), it follows that the indexing sets of (d, e) satisfying
(4) for N? and N2, are identical except for (d, e) and (d, €) listed above; the pair (d, €)

~

satisfies (4) for a but not for o’ and vice versa for (d, €). Thus, we claim
0 = P(M]) = R(MQ) + M P(Ma,) = 142 P(My,),
which, setting A = thae Pt(Md-’é) — tre P(My,) is equivalent to

(t2a’+2 _ t2a+2)(1 + t)2g
1 —¢2 ’

(7) A=
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First, we compute
hd,e=29"2_2d_‘|ela ’\d,e:2(n+2d+g“1+le|)a
hijs=29~24+n+2d+]el, Aj;=2(g—1-2d—|e]).

Next, notice that if A > 2g — 2, then P,(S*(X)) = P,(§*(X)) (see p. 98 of [13]). But
both kg . and hd‘,e are greater than 2g—2, which we see as follows. Since § < fi(a,e) <
i we have l%l <¥r, Bia,e) < 5"—;1‘-[ It now follows that 2d+|e| < 2d+283(a,e) <0
and 2d +n + |e] > 2d + 23, B(a’,€) > 0.

Now use the result of [16] to interpret P,($*X) as the coefficient of z* in

(1+zt)*
=2)1 ==t?)’

and compute in terms of residues to see

A = theP(ShaeX) - P4 P(She< X)

thae tre 14 zt)20
= Resl -~ L) :
=0 \ phast ghaetl (1-2z)(1— zt?)

This last function is analytic at z = co and has a removable singularity at z = 1/¢2,

thus
traa 1A d,e 1 A
A = —Res - - (1+zt)
s=1 \ ghaetl  ghaetl | \ (1 — 1)(1 — zt?)
(t'\é.e — t'\d,e)(l + t)29
1-1¢2 '

But we can compute directly that 2a’+2 = ,\d-,é and that 2a+2 = Ay, and (7) follows.
This proves (b) in case both M2 and M2, are nonempty. In case one of the moduli
is empty, we use the following lemma (see the remark).

To prove (c), we use the fact that M2 is connected and simply-connected, which
follows for g = 0 from [2] and for g > 1 from [5]. Since A4, is always even, (c) will
follow if Ay, > 0 for all (d,e). This is true if M2 # 0. However, if ¢ = 0 we must
be careful since there are weights o with M, = 0. In that case, we must show that
there is a unique pair (d, e) with Ay, = 0, and also that M. is connected and simply
connected. This is the content of the following lemma. [

Lemma 3.3. (i) If g > 1, then Ay > 0 for every (d,e) satisfying (4).
(ii) If ¢ = 0 and n > 3, then there is at most one pair (d,€) satisfying (4) with
Age = 0. Such a pair (d,e) ezists if and only if M, = 0, and in that case,
My, =P" 3 Here, M = M° since g = 0.

Remark. We now explain why this lemma proves part (b) of the Proposition when
one of the moduli is empty. Suppose M, = 0, then it follows that the moment map
U, is positive with minimum value d + Y%, O(a, e) for the pair (d,e) identified in
part (ii) of the lemma. Since (d,€) does not satisfy (4) for o', Hy. is the relevant
hyperplane. This identifies the birth and death strata as M, and My, and thus
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all the other strata for & and o' are identical. The rest follows from the fact that

M = P"73) first proved by Bauer [2].

Proof. Suppose that A\;. = 0 for a pair (d, €) satisfying (4). We first show that g = 0.
Recall that B;(a,e) = e;+ (—1)%a;. Using the fact that 0 = Ay, = n+2d+g+|e| -1,
the condition (4) and the inequality ﬁ;(a, e) < 43l we see that

n+e+ n+e

This is only possible if g = 0, which we now assume.
Setting v; = 1 - i = (1 — &)(1 — a;) + e;a, then equation (8) is equivalent to

<E

Writing v = 15% + (1 — €:)(3 — i) + eici, we get immediately

n——|e| n——|e|+1

(9) O<Zl—e. ——a;)+e,~a,~<—;-.
=1
The advantage of the (9) is that each summand is positive.

We now prove uniqueness of the pair (d,e). If Ay » = 0 for (d', €') # (d, €), then it
follows that |e| — |e'| = 2(d' — d) is even, which implies that e; # €} for at least two
1, which we assume (wlog) to include : = 1,2. Now (o, e) and (a, €') both satisfy the
inequality (9). Add them together and notice that since e; # €] and e, # €}, the sum
of the left hand sides is at least &y + (1/2 — 1) + a2 + (1/2 — a2) = 1, which violates
the (summed) inequality and therefore gives a contradiction.

It follows from Aq. = 0 and g = 0 that n + |e| — 1 is even and hy, = n — 3. Thus
My, =StX = SPP! = P™=3, The rest of the lemma follows from the the inequality
(8), together with the following proposition, which we have chosen to state as it is of
independent interest.

Proposition 3.4. If g = 0, then the moduli space M, # 0 &

" —1
(10) >t (~1)ag < PHAZL

=1
for every e = (ey,... ,€n), € € {0,1}, withn — |e| + 1 even.
Remark. For n = 3, M, is either empty or a point. In this case, the proposition

can be verified directly by comparing the inequalities (10) to the well-known fusion
rules (or the quantum Clebsch-Gordan conditions):

M, #0 & |ar — ;] € a3 <min(a; + 2,1 — a3 — a3).

Proof. Like the proof of part (b) of the theorem, we shall use the techniques of [4].
Recall the weight space W = {a | 0 < a; < 1/2} and the hyperplanes Hy. = {a |
d + f(a,e) = 0} defined earlier. We call connected components of W \ Uy Hy,
chambers. A chamber C is called null if the associated moduli space M, is empty
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in genus 0 for every a € C. The proposition follows once we show that every null
chamber is given by Cy. = {a | d + 8(a,€) > 0}, where 2d =1 — n — |e|.

Associated to the configuration of hyperplanes in W is a graph with one vertex
for each chamber and an edge between two vertices whenever the two chambers are
separated by a hyperplane. We shall see that in terms of this graph, null chambers
have valency one. The (unique) hyperplane separating a null chamber from the rest
of W is called a vanishing wall. If § € Hy., a vanishing wall, and «a, o' are nearby
weights on either side of Hy,., then the proof of Proposition 5.1 of [4] shows that
M; = X5 and, assuming that M, = (), the map ¢ is a fibration with fiber %, where
a = hY(MY ® L.) — 1. Moreover, h'(L} ® M,) = 0 and this last equation in fact
characterizes vanishing walls.

We claim now that every vanishing hyperplane is given by Hy, for 2d = 1 —n —|e].
Now if d = deg L and e = e(L), then direct computation shows that h'(L} @ M,) =
2d + n + |e] — 1. On the other hand, if n + |e] — 1 is even and d = l_—";lfl, then Hy,
is a vanishing hyperplane.

Along H,., the relevant line bundles of parabolic degree 0 are given by L, =
Ox (2=~ 8], and M. = Ox(=t=2)[—]., where § € Hy., = B(4,¢) and
4 = 1 — f;. Since A (LY ® M.) = 0 and A} (MY ® L.) = n — 2, it follows that the
null chamber is defined by Cy, = {a | B(a,e) > "—t%ti} To verify this is indeed a
chamber, we prove that no other hyperplane cuts through Cy.. This will also show
that null chambers have valency one in the graph associated to the configuration of
hyperplanes.

So suppose to the contrary that a € Hy . NCgy.. Then we have }(—~1)%a; > 1'—_—[%[:‘1-
and Y (—1)%a = —|e/| —d' =k € Z. If ¢; = €. = 0, then ((—1)% + (—=1)%)e; < 1 and
in all other cases, ((—1)% + (—1)%)a; < 0. Using a similar property for ¢’ = 1 — ¢/,
we see

__...""1;31'1+k < ij((—1)°‘+(—1)°")a-< 2L
"—'n—l-;{*l-k < i;((—l)""+(—1)"“')af< b

These are strict inequalities of integers, so after adding one to the left hand sides
and summing the two inequalities (which are no longer strict), we see n — |e| + 1 <
Y=ol = n —|e|, a contradiction. [

3.4. The Betti numbers of the moduli space of parabolic Higgs bundles.
The results of the previous section show that the Betti numbers of V0 depend only on
the genus ¢ and number n of parabolic points. In this section, we give a formula for
the Poincaré polynomial of M. Such a general calculation is not possible for P;(M?)
without first specifying a, so take a = (:1;, ,3%)- Using Proposition 3.4 (taking
e=(0,1,...,1)) it is clear the a lies in a null chamber. We could calculate P,(MY)
using the Atiyah-Bott procedure for parabolic bundles as in [5], but there is an easier

method which exploits the fact that a lies in a null chamber. First of all, using the
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results of §6.4 in [5], we get

(1+t2)n—1(1 +t3) (1 +t thdAc

Pt(Mg) = (1 _ t2)2 1 _t2

Note that dy. depends on g (dy. = dy.(g = 0) + g), but the indexing set {), e} is
independent of g. Since M%(g = 0) = 0, this determines the sum and we see that

. ((1 +3)%9 —¢29(1 + t)zg).

Pt(Mg) = (1 + tz)n_ (1 _ t2)2

It follows from Theorem 3.1 that

Pi(ND) = P(M2) + Yt P(Ma,),

d,e

where the sum is taken over (d, e) satisfying (4), which, for our choice of a, is simply
e1—lef <d<fg-1- ]%1], where [z] is the greatest integer less than z. Setting
j =2d+ n+ |e] =1, then j satisfies:

n+2;—lel—1<7j<2g4+n—-3 and j—n-—lel+1iseven.

Also Ay =2(¢g+J) and hge =29g+n—3-3. ‘
Fixing e, and |e|, for each d, there are (I:I::n> strata given by the choice of e. Thus,

for each j, there are ¢; = Y0, (";1) strata (note that ¢; = 27! for j > n — 1) and
we see

. nofpo \bllA
S P (Mge) = Y. Yo e P(SMeX)
1

dye e]=0 lej —e d=ey~le|
29+n-3
= Z qjt2(9+j)P,(§2g+"_j_3X)
1=0
29-2
— Z qj t2(g+J)P(S2g+n 73— SX + E on-— lt2(g+'n+_1 I)P(S2g—-] 2x)
- 0 '_o

We refer to the last two sums by ~§1 and S;. Using the Binomial Theorem and the
general formula (p. 98 of [13]) P,(S"X) = (2% — 1) (29,1_2) th 4+ P,(S*X), we see that

n—2
Sy = Y gttt p(SPtiTiX) = g,

j=0

~ 92 . : 2972 29 — 2

Sy, = Z 2"‘1t2(9+"+1‘1)}7,(329‘]‘2)() + Z 2n—1(22g —1) ( 9 ' )t4g+2n+j—4
=0 3=0 J

= S+ 2n—l(22g _ 1)t2(2g+n—2)(1 + t)2g—2’
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where 5, and S; are the sums obtained by removing the tildes from the summa.nds
of Sy and S;. According to a result of [16], P,(S"X) is the coefficient of z* in

(1 + zt)*
(1 —z)(1 —zt?)

This allows us to evaluate S; as follows:

n-2 2(9+3) (] )2
S = Res(z A (Lt 2t) )
i

2=0 \ & 2290+7-i-2(1 — z)(1 — zt?)

s 2n—1t2(g+n—l)(1 + mt)Zg
? z=0 \ g29-1(1 — z)(1 — zt?)?

But each of these rational functions is analytic at £ = oo, so we can use the Cauchy
Residue Formula to evaluate instead at the poles z = land z = 1/t2. Letting Q,(t) =
Y222 gkt?* and noticing that Q,(1) = Y322 gx = 2" %(n — 1), we get

(1+1)%

(1-)°

(1+)%

(1—1t2)2

But since Q,.(¢)(1 — t?) + 2"~142(*-1 = (1 4 ¢*)*!, it follows that

P(N7) P(MQ)+ 5+ 5,
P(MO) + Sy + S, + 271 (2% — 1)1220+n=2)(] 4 1)202

S = (Qu(t)t® — 27 (n — 1)i20s¥n=2)

S, = o1 (t2(g+n-1) + tA9+2n-3 (29— 1)t — 29))

(14 3)29(1 + 2)"1 4 2n—12n+49=3(1 4 1)29[(2g — 1)t — 2g]
(1 —1t2)?
9n~2(n — 1) HI4(] 4 ¢)%
N 1-¢2

Evaluating this at ¢ = —1 shows that the Euler characteristic of N? is given by

(n—1)(n—-2)2"* ifg=0,

x(ND)=<3.2 ifg=1,

0 ifg>2

+ 211—-1(22_(] _ 1)t4g+2n—4(1 + t)2g—2‘
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