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We have found 1/ f fluctuations in the Fermi-Pasta-Ulam equation, which
is one of the simplest lattice models to describe fundamental properties éf
lattice vibrations of real substances. The crossover frequency f, between the
1/.f and f° behavior of the power spectrum'density varies as a function of the
strength of the non-linear interaction A and the system size N as f. ~ VA/N.
Our result indica:tes that small non-linearity A < 1 in the system generates
1/ f fluctuations even in a very small system N = 8. The large number of
.degree-s of freedom cannot be the origin of 1/ f fluctuations even in the rea.listic‘
systems like Ferini-Pasta-Ula.m equation.

1/f fluctuations have been seen over a wide variety of phenomena éuch as those in
several devices, human activities, and social phenomena [1-5]. Phenomena which show 1/ f
fluctuations cover a lot of different scales. The name “1/f fluctuations” has been given
- to these phenomena since 1/f dependence is 6bserved in the lowest frequency range of the
power spectrum density (PSD). When the time sequence is sta,tio‘na;ry, its PSD integrated
all over the frequency range is equal to the variance. On the other hand, 1/f fluctuations
cause the divergénce of variance, which implies non-stationarity. No one has succeeded in
explaining the origin of this non-stationarity. There is no established explanation of 1/f
PSD so far. |

It is knowﬁ that 1/f PSD is observed in one dimensional maps which have the intermit-
tency chaos [6-8]. Slow motions through ‘a narrow channel even in one dimensional fnaps
generate 1/f ’PSD. However the relation between these models and real substances remains
unclear. We must investigate 1/f PSD based upoh more realistic and general models.

Statistical physics based upon approximations using harmonic potentials can explain a lot

of properties such as specific heat for realistic substances, but such systems are not ergodic.
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Assuming that small non-linearity in the system recovers ergodigity, Fermi, Past@, and Ulam
investigated the energy transfers between eigenmodes in one dimensional anharmonic lattices
in 1950’s [9], which is known as the first computer experiment. The FPU (Fermi, Pasta,
and Ulam) equation théy adopted is composed of harmonic linear terms and small non-
linear terms (quadratic, cubic, and broken linear forces). The FPU equation is simple and
general enough to describe the fundamental properties Which non-linear lattices have. It
also satisfies the energy coﬁservation and translational invariance.

In this letter we investigate the FPU equation with non-linear cubic terms in one dimen-
sion. This equation is so general and simple that our result well reflects essential properties
of real substances. The FPU equation investigated here has 1/ f PSD, in the sufficiently low
frequency region and white noise in the higher frequency region. The crossover frequency
between these two types of behaviors depends on a non-linear parameter and the system
size N. Since the whole shape of PSD does not change for 8 < N < 32, it is concluded that
the fﬁndamental mechanism to generate 1/f PSD does not require large degreés of freedom
even in realistic models. This new feature of 1/ f fluctuations has been clarified in this letter.

The general form of the equation of motion for a one-dimensional ring of classic atoms is
Bzui/6t2 = ¢'(u,-+1 — u,-) —,¢'(u,- - u,~_1) . ) (1)

where ¢’ represents the derivative of the potential .. When the .displacement of u; is suf-
ficiently small, we may approximate the potential as ¢(z) o 22/2 + Az%/4, where ) is a
parameter for non-linearity. After an appropriate renormalization, we obtain the following

FPU equation:
| 82u,-/3t2 = Uit — 2u; + uicg + A{ (%1 — ui)Q — (u; — ui—l)Q} ‘ (2)

where @) is 3 in our case and ¢ runs from 1 to N. We adopt the periodic boundary condition.
This FPU system is a Hamilton system and has the energy conservation, and translational
and reflective invariance (u; — —u;). This property is more physical than mathematical

maps [7,8].

— 484 —



(MR 2 —WEIOGEY - #L F—oA~—]

Let us first consider the computational technique for Hamilton systems. In a Hamilton

system, it is important to calculate a time development with conserved several physical
quantities such as the total energy and the total momentum. From the view point of
differential geometry, a Hamilton system is symplectic two forms [10]. The Symplectic
Infegra.tor (SI) is known as an effective computational method for symplectic forms [11].
The fundamental formalism of the SI consists of a Trotter decomposition of symplectic two
forms. The SI conserves symplectic two forms with high accuracy. When we use the SI to
té,ke a time development of our system, the typical relative truncation error can be estimated
phenomenologically by systematic time step changes (e.g., 0.01, 0.02, 0.04..) as about 10~°
for time sequences of u; when the time step is 0.01. This accuracy is sufficient to estimate
the PSD up to 10~3 ~ 10~ Hz.
" Inthe following we investigate phonon number fluctuations defined as folloWs.v The FPU
equation with the periodic boundary condition starts from the initial condition that the
initial amplitude of u; is set as a random number between —1 and 1 and the initial velocity
is set to zero at all sites. We expand the amplitude u; as u;. = ¥, aexp(27winy/—1/N).
When X = 0, the ampiitu’de of the nth eigenmode of lattice vibrations is a,, where |a,|? is
identified with the number of excited phonon. We have iﬁvestigatéd la,)? at a fixed n to
study the phonon number fluctuations. The |a,|? oscillates regularly but sometimes bursts.
We can observe similar phenomena in intermittency chaos [7,8]. We take PSD of len(t)|?
by Fast Fourier Tra.nsform [12] using 23 points picked up in a single time sequence. To
drop the dependence of PSD upon the initial cpnditions, we renormalize PSD so that it has
the same variance obtained from time sequence of |an|?. The variance obtained frém time
sequence of |a,|? yields a good estimate of the renomalizaion of PSD since [ S (f)df is equal
to the variance of |an(t)|> when stationary. In other words, we renormalize PSD, S(f), as
S(f)] 1 S( f)df for each initial condition. After this renormalization, the sample average
runs over the PSDs which have different initial conditions for each parameter set.

The PSD at sufficiently low frequency shows 1/f dependence (see Fig. 1). 1/f at the

lowest frequency does not saturate with f — 0 to the white noise in our computation, which
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is coincident with observé,tion in real phenomena [1]. Fig. 1 shows that the PSD varies
smoothly from 1/ f to white noise as the frequency becomes larger. It is a érossover between
1/f and f° PSD. This is also often observed in real phenomena [1].

Let us consider the dependence of the crossover frequency upon the.non-linear parameter
and the system size. We define the crossover frequéncy as follows: Let us assume that PSD,
S(f), behaves as S(f)~ a/f + b where a and b are constants. This implies S(f) ~ a/f for
f~0and S(f) ~ bas f — oo. The two extrapolated lines a/f and b cross each other at
fe =a/b. 0InS(f)/0Inf is .—l‘in the 1/f region and 0 in the white noise region.(Aqtually
the 0InS(f)/0Inf varies smoothly)‘. The above-defined dependence a/f + b yields that
dlnS(f.)/dInf. = —0.5 for f, = a/b. We also. obtain dln(f.S(f.))/0Inf. = 0.5 for f. = a/b.
We define th;a crossover frequency f. as the frequency where both dinS(f.)/dInf. = —0.5
and 9ln(f.S(f.))/0Inf. = 0.5 are satisfied. It is useful to define the crossover frequency in
two Ways to obtain a better estimation of crossover and to compute the crossover frequency
automatically. |

Fig. 2 shows: how f, varies With. the non-linear parameter A under the condition that
the system size is fixed. The ling in Fig. 2vreprésents f. ~ /X, which fits data points v'vell.
Thé smaller non-linea,rity. becomes,Athe more difficult it becomes to see 1/f PSD since fe
becomes too small.

In the same way we have investigated the system size N dependence of f; at a fixed non-
linear parameter A = 1 (Fig. 3). The full line in Fig. 3 represents the relation f. = 0.06/N,
which fits data points. Our interest is dependence of f, on system sizes and non-linearity
in the limit of large system sizes and small non-linearity. Under such a conditioﬁ properties
of low excited modes should be 'importa.nt, so_we consider only low excited modes. We
investigate the lowest first mode to fourth mode. f,. is evaluated for each system size N.at
this fixed non-linear parameter and .the fixed rﬁode. Since the numbér of knots is fixed, the
wave number varies as 1/N with the system size N. For small wave numbers, the phonon
wave number is linear to the phonon frequéncy. Hence the characteristic structure of PSD

such as eigen frequencies shifts as 1 /N. The whole structure of PSD including 1/f structure
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. may shift as 1 /N, but it is not apparent. The whole structure of our PSD behaves roughly
like 1/N shift. Fig. 3 shows the trend of the 1 /N shift. Low excited modes contribute to
only the lowest frequency region of PSD. This fast indicates that it is in general difficult
to observe 1/f PSD in the limit of large system sizes and small non-linearity, which limit
corresponds to the condition of real substances. |

Our resul_t suggests that increase of the number of degfees of freedom does not affect
qualitative properties of 1/ f PSD very much. Hence 1/f fluctuations do not come from the
large numbér of degrees of freedom.

In summary we have investigated the FPU equation to find that it shows the 1/f fluc-
tuations at sufficiently lox;v frequencyb and the crossover frequency obeys‘ fo ~VA/N. No
qualitative diffgrence appears among investigated parameter ranges. Our result suggests
that 1/f fluctuations do not come from the large number of degrees of freedom. We may be
able to understand the fundamental mechanism of 1/f fluctuations based on theories like
intermittency chaos where systems have been investigated in small degreeé of freedom.

Lastly we consider the relation to experiments. One of the famous samples which show
1/ f fluctuations is quartz oscillators. Musha et al. (2] 6bse;ved the fluctuation of the imagi-
" nary part of qﬁa.rtz dielectric response to find that it shows 1/f fluctuations. They suggested
that 1 /f mechanism is closely related to fluctuations of thermally activated phonons. For
the direct observation of phonon fluctuations, Musha et al. [3] took a laser-light-scattering
experiment where the flux fluctuations directly represent the phonon number fluctuations.
They found that the phonon number fluctuates as 1 / f. Our computation agrees with their -
experimental results. |

In this computation we haveinvestigat.ed the FPU equation in one dirﬁension. We should
investiga,te qualitative and quantitative change of the PSD structure in higher dimensions.
It is also important whether the specific forms of non-linear terms are essential or not. The
fact that we can see 1/f PSD even for small degreés of freedom may enable us to investigate
motions in the phase space directly.

This work was supported by the Grant-in-Aid for Scientific Research on Priority Areas
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FIG. 1. A typical power spectrum density(PSD) for N = 12,A = 1. The PSD has 1/f in the lowest
frequency region and leads to the white noise as the frequency becqmes large. The diamonds show a line
spline-interpolated with a set of local cubic spline functions by locally optimizing the spline fitting.
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FIG. 2. The dependence of f. on the non-linear parameter A for N = 12. We estimate the errorbar by
sample average over five data of f.. One datum of f, is evaluated using a PSD already sample-averaged
over ten PSDs with other initial conditions. The line represents the relation f. ~ v/A. The experimental
data is taken at A = 0.2 ~ 1 from the second mode data. This result suggests that it is difficult to observe
1/f fluctuations in realistic phenomena which must have small non-linearity. -
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FIG. 3. The dependence of f. on the system size N for A = 1. Data are taken at N = 8,12, 16,24,
and 32 from the second mode data. In the same way mentioned above, we estimate the errorbar by sample
average over three data of f.. One datum of f, is evaluated using a PSD already saxﬂple—averaged over five
PSDs with other initial conditions. The line f. ~ 1/N is just a guide for the eye. In thermodynamic limit
fe becomes ~ 0, so it must be difficult to observe the 1/ f fluctuations.
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