Stokes geometry for the quantized Hénon map
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Our motivations to investigate Stokes geometry of the quantized Hénon map are; (1)
to establish the theory of chaotic tunneling [1, 2|, (2) to clarify orbit correlations in
complex semiclassical treatment of chaotic systems. The Hénon map is a polynomial
diffeomorphism given by:
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An alternative familiar form is obtained by making an affine change of variables as
(p,q) = (y — z,x — 1) together with a parameter c =1 —a,
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Here the potential function V/(gq) is given as V(g) = —¢3/3 — cq.

A standard recipe to formulate quantum mechanics of the symplectic mapping is
first to construct the unitary operator generating the time evolution of quantum states.
This is achieved by introducing discrete analog of the Feynman-type path integral:
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Here we take the coordinate representation. The function S(qo,q1,: - ,qn) represents
the discretized Lagrangian or the action functional given by
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The action functional is derived so that applying the variational principle to S(qo, g1, - - -
generates the symplectic map (2). In fact, we can easily see that the condition 05/0¢; =
0, (1 <j<n-—1) yields the classical map (2).

A usual (complex) semicalssical scheme is just to take the leading order contri-
bution in evaluating the multiple integral < g¢,|U™|gy > Dby the stationary phase(or
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saddle point) method. The resulting semiclassical formula is expressed as a sum over
contributions of classical trajectories connecting the initial and final states:

< ulU"g0 >~ " Ary(an, o) exp{3 Sy (gn 00) + ibtn 5}, (5)
v

where A,(gn, go) stands for the amplitude factor associated with quantum fluctuation
around each classical path . S,(gn, o) is given by putting the data of the correspond-
ing classical path v into the action functional S(qo,q1, - ,¢n), and u, represents the
Maslov index. The summation is taken over such classical orbits that are located ini-
tially on the manifold ¢p = «, and finally on ¢, = 3, where both « and [ should take
real values since they are observables in the representation under consideration.

We remark that even if there exist no real orbits connecting the initial and final
manifolds go = « and g9 = 3, we always have complex orbits, which appear as saddle
point solutions of 05/0g; = 0, (1 < j < n — 1) with the conditions «, 3 € R. Physi-
cally, such complex orbits can be and should be regarded as tunneling orbits since the
transition between initial and final manifolds is forbidden within real classical orbits.
This type of tunneling transition is often called dynamical tunneling in the literature
[3].

A special advantage to employ the Hénon map is that the theory of complex dy-
namical systems has well been developed for polynomial diffeomorphisms [4]. This is
important because the saddle point solutions of the quantum propagator are just the
classical trajectories in the complex plane, especially tunneling transitions are in ques-
tion. It is thus crucial to know the nature of complex classical dynamics, and also in
this respect, the Hénon map would be most suitable.

On the other hand, as is well known, in applying the saddle point method, one
must take into account Stokes phenomena, that is, not all the saddle point solu-
tions(=complex classical orbits) do not contribute to the final semiclassical superposi-
tion (5), but only the solutions controlled by the connection through Stokes phenomena
do so. The aim of our work is to find a recipe to introduce proper Stokes geometry to
the quantum propagator (3) of the Hénon map and how it should be treated.

The Stokes phenomenon for the 1-step quantum propagator is almost trivial, since
the single integral I(gs) can be transformed into a canonical form of the Airy integral by
an appropriate change of variables. For n > 3, the object we have to analyze is multiple
integrals. As easily anticipated, difficulties to understand Stokes phenomena in multiple
integrals much escalate. Recent progresses in the exact WKB analysis, however, provide
us promising approach to such issues [5]. In particular, we should mention the work
by Aoki, Kawai and Takei [6], in which they have provided a prescription to analyze
Stokes phenomena in higher-order differential equations, say P(x,n~'d/dx)y(x) = 0,
within the exact WKB framework [6]. Their work contains not only a mathematical
justification of the preceding work [7] in which new Stokes curves should be introduced
in order to recover the univaluedness around crossing points of ordinary Stokes curves
in an ad-hoc way, but also claims that virtial turning points (they are originally called
new turning points in [6]) should first be taken into account to construct complete
Stokes geometry. They also clarified that new Stokes curves play essentially the same
part in the Stokes geometry.

— 547 —



The argument of [6] starts with defining virtual turning points as self-intersection
points of bicharacteristic curves for the Borel transformed differential equation. Here
self-intersection points are obtained by projecting full bicharacteristic curves onto (z, y)
plane, where the variables y denotes the variable dual to a large parameter . Then
new Stokes curves are defined as the ones emanating from virtual turning points.

The first task in our multiple-integrals was to establish the definition of turning
points and Stokes curves, which are the most relevant ingredients to construct the
Stokes geometry. In order to do this, we have connected our problem to the treatment
of Stokes phenomena in higher-order differential equations by deriving differential op-
erators acting on our multiple integrals. We can show, though not explicitly presented
here, that deriving differential equaitons is equivalent to solving an nitial value problem
of the Hénon map (8. Virtual turning points as well as new Stokes curves were then
introduced.

This looks somewhat a redundant way. since in usual cases integral representations
carry much more information than differential equations. However, in multiple inte-
grals, even if they certainly take integral forms it is not trivial at all to see how the
saddle point method should be applied or in which co-dimensional space Stokes phe-
nomena occurs. In particular, although what we need is to know how the connection
occurs in I(gn) as a function of g, little is known about how the Stokes geometry
should be constructed in such a situation.

With these settings, Stokes graphs for 2 and 3 step Hénon map propagators were
drawn, and the corresponding Stokes geometry was discussed under the priciple of the
univaluedness condition on given Stokes graphs [8]. Several concrete examples provide
unique geometry althouth, in principle, arbitrary combinations of turning points and
Stokes lines do not necessarily fix Stokes geometry uniquely.

In order to verify that resulting Stokes geometry is correct, hyperasymptotic ex-
pansions were considered [8]. A set of algebraic equations with controllable errors was
used to explore the Riemann sheet structure of the Borel transform or equivalently
adjacency relation of saddles of our multiple integrals [9]. The results were entirely
consistent with those determined through the univaluedness condition.

We should mention that our study is still a first step towards our final goal, and a lot
of significant but unsolved problems remain. The most urgent issue would be to make
clear the relation between classical dynamics generating chaos and the corresponding
Stokes geometry. In the classical side, stretching and folding is a key mechanism gen-
erating chaos, and the number of folding points of the Lagrangian manifold increases
exponentially as a function of time. The folding points of the Lagrangian manifold man-
ifest themselves as the turning points in Stokes geometry. Three Stokes curves emanate
from a simple turning point, and local Stokes geometry in the vicinity of folding points
can be well understood within conventional arguments. However, because of the cross-
ing of Stokes curves and resulting complicated Stokes graphs, we cannot avoid taking
into account global aspects of geometry, and it is difficult to give an intuitive mapping
relation connecting the structure of Lagrangian manifolds and the corresponding Stokes
geometry.

In order to go beyond it, analyzing Stokes geomety in the anti-integrable limit would
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be the first target to be investigated. If the situation for the anti-integrable limit is
understood, one way to step forward is to trace Stokes geometry as a function of the
system parameter, and focus on bifurcation phenomena {10, 8]. In the horseshoe case,
all the turning points are located on the real plane, but as the nonlinear paremeter ¢
decreases, some of them fall into purely imaginary plane. Such an event occurs as a
result of coalescence of turning points. If we know how the Stokes graph changes when
such a bifurcation phenomenon occurs, the Stokes geometry in a generic parameter
value can be traced from the anti-integrable limit in principle. This is exactly the same
strategy to study the pruning of the horseshoe structure.

The author is grateful to T. Aoki, A. Olde Daalhais, C.J. Howls, T. Kawai. T. Onishi,
Y. Takei, and A. Voros for their valuable comments and discussions. This report is
based on the collaboration with K.S. Ikeda, which is announced as ref. [8].
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