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1 W~~~U c Piatetski-Shapiro ~U 

*M~~.~~O)~■m~~t~~-~~~-fflT0.k~3tT0.~~str>O 

t::;t,tL,--c, ~J (s + rj)J~t ~~~ k O)~~IHLl t 1,, -5. ~~~3'Llt::~T 0?XO)roilmiJ;~ 0: 

N = {1, 2, ... } O)g~~-~ A iJ;lJ..:z G :tLt~ t ~, A 0) q:i fU::':tL < G v':Rv'~~~YUiJtf¥ 

tET 0 iJ•? ~~~YU O)f¥tf ~ {!.j!;~iET 0-ff 15 tJ:JEJ:10) 1 -:J iJ\ ?XO) Szemeredi O)JEJ:lc' ~ 

0 [10]: N O)g~~-~ A 0)1:lliliW~iJ;iE, -:J 1 IJ, 

lim #(An [1,N]) > 0 
N-too N 

tJ: G, A /;:J:{f:~O);R;:;-O)~~~YU~~u. 7cO)f~/1), 1'1riliW~ 0 0)-~iJ;~~~YU~~u 

iJ, ~, -5 iJ,iJt@f~;:;- :tL--c ~ t~. ~iliW~ o 0)-~0)!li!~-WIH::*~~#;:O).~iJ;~ IJ, 7c:tLli 

{f:~O)*;:;-O)~~~YLl~~u [5]. it~, iti*M~~li~0'f.>O)O), N O)g~~-~ AO)~ 

~;fi□ iJ;~~T:tLli, A /i{f:JliO):R;:;- O)~~~YLl ~~u t ~t~ ;:;-:ti,--c1,, 0 (Erdos-Toran~ 

m). 

1ffiiliW~iJ; 0 ~~0 J: -5 t,t:5JLJO)•~~~.:z0. {f:JliO) o: > 1 r::.xtG--c, -~ PS(o:) := 

{ ln°' J : n EN} O)~JlIW~ 0 c'~ 0 . .::. O)•~/i, o: > 1 iJ;~~~tJ:\i' t ~, Piatetski­

Shapiro 91J t P3¥/i:tL, -~N tO)~{t!J!iJ;~DG:tL--Cv'0 [1,3,6,7]. L,iJ•:t, {f:~O) 
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a E (1,2) /:::J,fl,-C, ~i'i-PS(a) /i{fJ.iOJ:R~OJ~~~3'Ll~-@i-V [4]. ;J:;t;:, NOJ§'~:fr~i'i­

A OJJJi"ililfJi)'.l;iEt~ G, {f~O) a E (1, 2) /:::J,f l,-C, PS(a) 0)§'~:fr~-&'i- {ln°'J : n EA} 

:t{f~OJ:R ~ OJ~~~3'Ll ~-@it' [8]. .::. OJ J:. -5 /:::, Piatetski-Shapiro 3'Ll liri"ililf m'. 0 1: ~ 

o :t OJOJ, ~ < OJ~~~3'Ll~-@i-V. 

Jl;t#OJ-@f~ [4,8] -r:-~~~n,t;:~~~J!J/i, i'~OJMc-~·:d;:: (l(n+rj)°'J);:~- t;:t:!. 

l.,, n,r 2: 1 t k 2: 3 Wl12f~-C~o. >Citk [4] OJiiEa..§~~Vt, {f)liO) a E (1,2), {f)liOJ 

m~ r 2: 1 t k 2: 3 t:::J,f l,-C, JIJ (l(n + rj)°' J) ;:~ iJ{~~~JLl t t~ o J:. -5 t~m~ n 2: 1 

iJ;~~t:::#tEt" o .::. t iJ{:biJ• o. L, iJ, L,, .::C OJ J:. -5 t~ n OJi$rililf m'. li~O G n-c 1,, t~ iJ, ·::d;: 

t;:dJ, ~;jlr/iif§ t OJ~l'i'tJ,&f~ [9] -c, l1Wiililf m'.iJq/(k - 1) /:::~ L, 1,,.::. t ~ ~ L, t;:. 

2 Hardy field 

frT 0) Section c' Ii, ± t::: Piatetski-Shapiro JIJ t ~~~JIJ /:::-:JI,' -C ~ .,-.:;_ f;:. :::. 0) Section 

-c Ii, Piatetski-Shapiro 3'Ll OJJE~/:::{9!:btL o 00~ x°' ~ -Ji&{tt" o t;: dJ 1:::, [9] -c Jt.11,, t;: 

15~~~.,-.:;_o. ::k~'!Ue!t:::§-5 t, [9] -Cli, f(x) OJm:fJ□ v- 1--iJ; xlogx t x2 OJri::ric-~o 

Hardy field OJ5'G f t:::-!i&{t L, t;:. PJT, Hardy field /:::-:::, 1,,-clmH..§t" o. 

B ~+:fr::k ~ 1,, x > 0 t:::M l.,-CJE~~ ntdi~~{IOO~ f(x) ~{.;f,:O)~i';-t t" o. B 0)5'G 

Ji t h i:::J,f l.,-C, ['i'tj{@:00{* fiRh ~{'~O) J:. -5 /:::JEdJ o: 

fiRh ~ ::lxo E lR, '<Ix 2: xo, fi(x) = h(x). 

~-&';- B ~ R -C!U·:d;:~-&';- B/R Ii, ['i'tj{@:001* Rt::: J:.-::i-C~~~no1JO~t*~'= J:. tJ, ~ 

~t~t". PJT, mELO)t~1,,~,&t), f E B t [J] E B/R ~l'i'tJ-tJ!t"o. 

Definition 1 (Hardy field). ~ B / R 0)§'~:fr{;ils:O) -5 'I:,, ~:fr/::: 00 L, -CM~ -C I,' o :t 0) ~ 

Hardy field t 1,, -5. Hardy field ~-COJfO~-&'i-~ H -C*t"-

~-&'i-H Ii, OO~OJm:fJ□ .7-. ~ 0
- 1'' ~~.,-.:;_o ~t:::Jffi1JtJt.11,, o J:. -5 t~OO~~-@i- A.,,1:1,,0. ~~, 

~ffiic%+,-,x,7 t00~!c%log(·) t exp(·)~, ~~~x t~JE~t:::~~N@J{'FJt.l~it 

f;:00~/i~-C 1l 0)5'G-C~ o. :::. 0) J:. -5 t~OO~li, logarithmico-exponential function t ~ 
lino. t;: t ~ Ii, {fJ.iOJ a, (3, 1 E lR /:::J,f l,-C, PJ TOJOO~/i logarithmico-exponential 

-c~o: 

x°', x(logx)'8, 
x2 x2 

(log x )1 ' (log log x )1 · 

;Jj' :,t "7 00~-? Riemann 0) 1±'-?? 00~/i logarithmico-exponential -C Ii t~ \,' :t 0) 0), ~-g­
H 0)5'G-C ~ o. -15, cos x -? sin x 0) J:. -5 t:::, ffil!Jt" o 00~/i 1l 0) 5'G-C /it~ I,'· 
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3 Hardy field t 5! l -C-0)-~~~'ti 

flt/41' Ii, f E 1i 0) t ~ /::, fU&ff~5:t lf(n)J ~f]k1,,f:: 1,,. tN&ff~5:t {f(n)} := f(n) -

lf(n)J ~m1,,-c, lf(n)J = f(n) - {f(n)} tif <. ~{* f E 1i lJ"iboO)"C, f(n) /iJ:t~ 

1¥Jrlklt'-?Tlt'. ~fJ O)tJ\~ff~5:t {f(n)} ~M,:E!"totdb/::, $11.'0)-~,}ffi•ti~ffllt'o. 

Definition 2 (¥! 1 -C0)--5:t;fp•t!). {f~O)~~ 0 :s:; a< b :s; 1 /::J,J"l,-C, 

. 1 
hm N#{n:S::N:a:S::{xn}<b}=b-a 

N--+= 
(1) 

flt /41' Ii, IZrsi [no, oo) J:: c·JE~ ~ :ht:: 00~ f i::J,t l., -C, 71J (f ( n) )':=no 7J"¥! 1 -C--/:: 

5:t;f[5To~~?~~-~~ibo.~~,Y!l-C0)-•5:t;tptt~-~o~~ffi~ffl~~~G 

t_t it :h/it.t G t_t \, \ 7J", f E 1i O)~i't /:: /iPJ. r 0)$'.~?J"~P G n-c \, \ 0. 

Proposition 1 (Boshernitzan [2]). no~ 1 ~filf~tTo. IZrsi [no,oo) 1::-CJE~~:ri, 

t::{f~O) subpolynomial 00~ f E 1i /::J,J"l.,-C, PX-fliicu{i-cibo. 

• (f(n))'::'=no il"Y! 1 c·-•1::5:t.:$T o. 

• {=f:~O)~JJtitp(x) E Q[x] /::Jj"l,-C, 

lim f(x) - p(x) = ±oo. 
x--+= logx 

tdi.G, ±oo O)f~%/ip /::{&.(¥"to. 

::. ::. "C, 00~ f lJ" subpolynomial t Ii, +5:t::k~\,' x > 0 /::Jil"G-C lf(x)l/xn lJ"~Wt 

t.t o J: 5 t.tlf~ n ~ o il"f¥1±T o::. t ~ 1,, 5. Proposition 1 O)~UJE'.~{4/i, ffi~fp O)~ 

~ J: rJ ~il•t::M$-c.:Ji) o. t:: t ~Ji, PJ. r0)1'J~~M$1::~il•i1t> G no: 

• {=f:~O)~fl~ a /::Jt G -C, ( an )':!=1 Ii¥! 1 -c--/:: 5:t:fflT o; 

• lf~-Ct.t1,,{=f:~O) a> o /::JtG-c, (n°')':!= 1 Ii¥! 1 c·-•i::5:t.:$To; 

• (logn)':'=1 Ii¥! 1 -c-•1::5:t;$L,t_t1,,_ 

~ L' 00~ f E 1i O);[ftm v- r ?J" X logx t x2 O)rs,ti. t TO: 

lim f(x) - oo lim f(x) = 0. 
x--+= x log x - ' x--+= x2 
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::. (1) t ~' ~00~ f' (!)m:tm v- 1' Ii X log X t x2 (1) rai-c &i Q (Hardy field (!)•f'!i!i). ~ (1) 

t::.t!>, 0 -Ct~i.,,ff:~(1) (ao, ai) E ~ 2 t:J,f V-C, :JIJ (aof(n) + aif'(n))':'=no ii;i! 1 -c~~ 
1:1.t11i'to:::.tiJ;t>iJ•o. :::.nti, [9] (!)iiEsm:asttoit~t~-lJ~(!) 1 ·::rr:-&io. 

00~ f E 1{ (!)m1Jo v- r iJ; X log X t x2 (1) ra, ti: t 9 Q. Section 1 c'J£"" t::. J:: -5 t:' 7Ll 

(lf(n + rj)J);:~ iJ;~~~YLl t t~ o J:: -5 t~:m~ n 2 1 ~{*(!)j$Jj-ilii$m'.li 1/(k - 1) -C&l 

o. ~ti, "~~~1U" :a:: "~:rl~-c~i±o1'fmHu" 1:'to:::.tn;-c~o. PJ~, :::.nt:-:J1,, 
-Cfffi~t:J£,.,Z Q. 

f¾Jffl.fr~Jt In Z :a:: Iz t ~9. ~~ d 2 1 t k 2 d + 2 t:J,t L, -C, ffi~ Pk,d :a::11((1) J:: -5 
t:.n::tJ> Q: 

P ._ { (a(j))t:J C N . =lp(x) E (Q[x] of degree:<::; d, } 
k,d .- strictly increasing · \/j E [O, k)z, a(j) = p(j) · 

-:J t 1J, Pk,d (!)nti, ;,x~ d PJ~(!)~JJ!~-c~i±o1'f~N:JIJ-c&i o. ~1:, Pk,1 (!)nti:R~ 
k (1)~~~71J-C &i o. ¥:;g /ijfjj'j. t (!)f¾!AJ-@f~ [9] -C, PJ ~ :a:: jf- L, t::.. 

Theorem 1. no,d 2 1 :a:::m~, f: [no,oo)---+ ~ :a:: 1{ t:.~'to1t:1.tAJi~t~OO~c', PJ~ 

iJ;fflG IJ fL-:J t 'to: 

• OO~J(!)m1Jov-1'1ixdlogx t xd+l (!)rai; 

• infx>no f'(x) 2 1. 

::. (1) t ~, {f:~(1):m~ k 2 d + 2 t r 2 1 t:J,t L, -C, 

J~(X) !#{n E [no,N]z: (lf(n+rj)J)j~J E Pk,d} = µ(Ck,d+1) 2 nt=l\kil). (2) 

ck,d+l = { (Yi)f=o E ~d+l : 0 :'::: Yo < 1, 0 :'::: t, G) Yi < 1 (\/j E [1, k)z)} 

-c&io. d = 1 t~ G, (2) (1)::f~-%ti~-%t:t~o: µ(Ck,2) = 1/(k - 1). 
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