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Yang-Mills connections and the index bundles

Mk Ky —%{"?ﬁ; /f?%.-)ﬁ?g (Mitsuhiro Itoh)

1. Let P bea C° G-principal bundle over a compact
connected oriented Riemannian 4-manifold M ( G 1is compact and
semisimple ). The moduli space of Yang-Mills connections on P
which are anti-self-dual ( or self-dual ) carries a finite
dimensional space structure. As is known, it proposes an
effective machinery in studying the low dimensional topology
and complex manifold theory ( [ 41 [ 5] ).

We shall investigate in this paper certainly defined
finite dimensional vector bundles, namely index bundles, over
the moduli space and then develop geometry of them from .
a viewpoint of metric connection and curvature.

The motivation of this paper is to make a sufficient study
of the following conjecture: if the base manifold M is
a complex Kahler surface with an ample line bundle, then
the moduli space admits reasonably a holomorphic line bundle
of positive Chern class.

A Yang-Mills connection is to be defined.by a connection
which is stationary fo the variation with respect to the Yang-Mills
functionai. However any connection is in an original meaning

a first order differential operator ---- covariant differentiation.



Indeed, every connection. A on P gives a covariant

derivative V on any vector bundle E associated to P.

A
We suppose that there exist another real(or complex)vector bundle
V— M and also an elliptic operator ;I;) ; I‘l(V) —_— I'2(V) H
associating with V. V  is for example a holomorphic vector
bundle and @ is the operator associated to the twisted
Dolbeault complex. Then on the tensor product V ®E
a family of elliptic olﬂerators @A ; I‘l(V®1E) o I‘2(V®IE‘.)
is defined by coupling. ‘{13:} to A.

Obviously, subspaces  Ker @, Coker@A are of finite
dimension and from the Atiyah-Singer index theorem their difference,
the numerical index, is independent of a choice of connection.

If we move a connection in the space @ of connections on P,

we get a family of formal differences {Ind@A},‘ Ind @A =

Ker@A - Coker@A. © As the group @ of gauge transformations
of P acts equivariantly on @ , Ind @ = {Ind@ ; A é.’A\’}

can be regarded as an element of K(:Ig,'.‘) , @ = @/@ Thus
we can argue such virtual ( or probably proper ) vector bundles
over @ and also over the moduli space of anti-self-dual
connections @, the subspace of @

So we pose a question: how extent we are able to get
knowledge of the index bundle Ind @ -

The following is indeed known with respect to this question.
The index formula on a family Ind 3 = { Ind 3A } associated
to Dirac operators coupled to connections gives the Chern :
character formula in an integral form as ch(Ind 3) = jMQ(M)ch@}) ,

where Q(M) is the characteristic form of the spinor bundles
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so that J& Qdﬂ) is the ﬁ—genus and () is the wvector bundle

associated to the Poincaré bundle P —> M x(g)([Z 1). Therefore

the. Chern. forms are computable in principle. On the othe hand

the determinant line bundle det Ind@ = ( A%Ker @) ®/(AbCoker @)A)_
a = dim Ker(ﬁk, b = dim Ker Coker(D, , <defines a proper line
bundle ([ 31, [712]). Bismut and Freed apply superconnection
formalism and also a heat equation method - to:get a Her-

_ mitian connection and the curvature of det Ind@@ ([3], see also
(61, (121). Their method is rather analytical. However, the
method which we .adopt here is fully simple and accessible in a geo-
metrical sense. Namely, we stay the standpoint that the scheme
"of projection Q@-4%>Q§ presents a principal bundle structure
with infinite dimensional group (?) and it inherits a natural
connection. Regarding Ind(@} over (ﬁ) as a subbundle of
certain Hilbert space vector bundle associated to @9——9(3; we
restrict the connection to Ind(@} to define not only a connection,
but second fundamental form. So the vector bundle version of
Gauss equation on curvature is available.

Although the conjecture #s half solved as we shall ' see,
the main results which we obtain by the Gauss equation are the
following.

The index bundle over the moduli space has the curvature of
type (1,1) provided that A is a complex vector bundle over
a Kdhler surface M. with an Einstein Hermitian connection
(Theorem 5.3). Hence the complexified index bundle inherits
a holomorphic structure. Further the Ricci form & can be
éxpressed in terms of the second fundamental form and the ambient

Space curvature term ¢ (Theorem 6.1) so that the difference

1
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—

o has an estimation even if &

This note will appear glsewhere.

is not estimated by itself.
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2. Principal bundle with group @

‘We denote by @ the space of all irreducible connections
on P. The action of @ on @, (g, A) — gA) =

- -1
g ldg + g

A.g , defines the space of orbits of irreducible
connections on P, @ —>C]§,) which actually admits a principal
bundle structure. Since the stabilizer of each connection is
the center ZG of G, we should take the quotient group @/z
instead of @ in order that the action is free.

At each A €(A) the tangent space T@ splitss into

the sum of vertical and horizontal subspaces;
\ = /
T, @ @ & @.

This splitting is @-equivariant. The vertical space is isomor-
phic to Qo(ad‘ P), the space of adjoint bundle Valued O-forms,
which is the Lie algebra of @ So we have the distribution of
horizontal spaces defining a connection on the bundle. Its connection

form w : T@ — Qo(ad P) - has the following expression.

PROPOSITION 2.1, (i) The principal bundle (A — @;\1 with group

@ admits a natural connection whose connection form is

o 1
w(a) = G@* ), oeThlsy g (adP), (2.1)
. -1
*
Where GA is (DA DA) .
(ii) The curvature form QY = de + 1/ylwh wl, the
Q(_)(ad P)-valued 2-form on A, is represen'ted by

YXx,Y) = -2 G, ({X,Y}), (2.2)
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Y= vdl (@)

X, ¥ € 1,{B ( (Al € ®)), where we restrict it

to the origin of a slice S in Q@ at A

REMARKS. (i)  The bilinear operation {.,.} @ (ad P)xal(ad P)

—_— Qo(ad P) is defined by

ij _ i
{x, v} h [Xi,Yj], X=173 X, dx,

L5

(hij)-l, here h 1is the Riemannian

structure ) , | B

(ii) For each A in QD a slice S 1is defined to be
transversal to gauge orbits and hence gives a neighborhood centéred
at [A] in C@. Therefore each tangent vector to the Hilbert
manifold (E) is identified with Vecﬁor tangential to S at

a corresponding connection([7],§2 ).

Proof. (i) Because of the covariance of the gauge action,
* - * = *x

for any ge@  (RFw,() = w ) (R¥a) = g(6,D,%a)

so that w is the connection form, since m(DAw) = Y

for each vertical vector DAw.

(ii) Extending X and Y to fields 5{ and ?’> over S,
we ha&e Y (X,Y) = X¢(§3 - Yw(i),_ because X, Y € Ker DA*.
Since‘ Xw(?) is the derivétiﬁe at t=0. of w(§3 along the
line At = A+ tX, it reduces to - GA({X,Y}).

With respect to Proposition 2.1 we should mention about the
universal connection on the Poincaré bundle. In [2] Atiyah

and Singer defined the Poincaré bundle P with a connection A.
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Actually, the action of gauge group @ on the product . P X@

yi-elds a bundle over M x(®, P = (P x@&))/G — M x(B) =

G\P with structure group G by taking further a quotient of

the G-action on 4 x@. By making usev of the natural connection

w on @ —ﬁ@, " we can reformulate the connection A on

P as A equals A when restricted to M x [A] and
also equals evx(w) to {x}x @, here ev_ is the
evaluation map at x: Qo(ad P) ——>(ad P_)__x and further (ad P)x
is identified with the algebra CH

So, we obtain readily with respect to the product structure

of x(® the curvature TF of A; F = ]F2’0 + FLol 4

]Fo’z, where ]F2’0 = F(@), the curvature of A on P,

' ]FO’2 evx(g“’) = -2 evx(GA{. , o 1) and ]F]"l is represented
by ]F].,].(Y,a) - (!(Y) for (Y, U.) & T,(X [A])(M X@),

’ *
(Y € TXM' o€ Ker D,* )
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33 The index bqndle.

Let V be a vector bundle over M with a fibre
metric. We suppose that V enjoys an elliptic operator Gﬁ:

rtevy—s 2.

For convenience’ sake we assume that Gb is the Atiyah-Hitchin-

Singer operator;

@= (v, a™ . odw — ®ohw,
{ V¥ 1is the adjoint of a metric connection V on V  and Qi
is the space of self-dual 2-forms ). We can of course consider
the case of Dirac operator on the spinor bundles.

Let E be a vector space on which G acts through op
and E the associated vector bundle P XDE' Then tensoring
V with E we get a new vector bundle V QE. It is equipped

with a family of connections Vys the connection V coupled to

connections VAF on E as A moves on P.
The representation p of @ on sections of V ®E induces

the action on coupled connections;

ey = PE D@, 5 @

Consider the first order elliptic operators

+ 1 0 2
= * .
@, = (V% 4, ) : 2 (VOE) — (2® a))(VROE)
parametrized by connections on P. Here dA+ is %(d, +.*dA).
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Since @A is @-equiVariant, the index bundle Ind{D)
= { Ind(@, 1}, Ind@ = Ker{(D)| — Coker (D makes a suitable sense
A A ; -
as an element of K@) .

From now on we assume  Coker @A = 0 for each connection A.
If M. is a complex Kihler surface, for example,and V = is
a Hermitian-Einstein vector bundle with positive Ricci field,
then from the Weitzenbbck formula Coker @A must vanish

for each anti-self-dual connection A,

The index bundle is ‘then from that assumption a finite dimensional
subbundle of an infinite dimensional Hilbert space vector bundle
@= A s Ql(V QE). So the Hilbert space bundle is decomposed
into @ = IndD @® Ind(® -L, Ind@Jh is the orthogonal
complement and is spanned by the eigenspaces of positive eigenvalues
with respect to the operator @"@ ‘

Letting V be the connection on@ induced from the bundle

@ —>3, we have
v, = Vv + o (3.1

where £ is a section of Ihd@ and X €& T[A]®'

PROPOSITION 3.1( Gauss equation ). Denote by & and @
the curvature of V and V, respectively and by < , >
the Lz—ir'mer product on Ql(V RE). Then
<§(X’Y)E; T1> = <Q(X:Y)E»n> + <0x£:0Yn> (3 2)
- <0Y£:0xn>
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g, neInd®, X Y & T[A_@)

We find this proposition for submanifolds in any ordinary

book on differential geometry ( see for example [8] ).

10
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4. The second fundamental form and the curvature formula.

We restrict the bundle @—9 @ to the moduli space @
of anti-self-dual connections on P.
Before getting the formula on the second fundamental form o,

we need the following C"(X)-bilinear mapping

a'(ad ) x o' (V @E) — @° @ o)) (v ®F)
(4.1)

(X, ) —> p(X)°% = (p(XLo,~(p(X)A$T)

where we regard p(X) as an eiement of Q-]'(End(V QE)).
Then we obtain
PROPOSITION 4.1.
og £ = B, Dy*(p(X)°F), (4.2)

X € T[A]® te Ker@A. Here (BA

denotes the Green operator of the operator @A"’@‘A

Proof. - Let A be ‘a curve of :anti—self-dual‘ connections with

t

initial velocity vector X, Ay =A. We extend £ & Ker@A
to E € Ker f)A along At Since dim Ker @A is

‘ t t .
. . . _ k i
independent of ¢t, E"t is ert‘ten as F’t = Ei=l £ (t)Bi(t)
with respect to an orthonormal basis { Bi'(t) , Lgig¢k } of
Ker ®A each of which depends smoothly on t.

c .

11
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By its definition

ox £ = @) = (d/g Bt pENDT -
( d/dt gtlt=0)J.' since X €& Ker @A"? ..and hence w(X) vanishes.
So, it reduces to X gi(O)(éi(O))¢ = 2 gi(O) GA(ﬁk*(ﬁi)(éi(O))

by observing that GA(:%*(ﬁg) gives just the orthogonal projection

to the orthogonal complement. ( ’ means the differentiation with
respect to t ). On the other hand we differentiate @@EQ)A Bi(t)
t

= 0 and set .t =0 to get

©F @, (8500 + (@ )o@ Oy ;0 =0, (4.3)
t
1l ¢<i<k. As B = Bi(O) € Ker @A is in the ambient
space Ql(V QE), the second term in RHS éf (4.3) 1is reduced

to  @,*(-p(X)Ls, (p(X)AB)")  from which (4.2) follows.

Since we have from Prop.3.2 QaX, g = -2 p((DA*DA)-l{X,Y})g,

we derive the curvature formula from the Gauss equation.

PROPOSITION 4.2. Let V  the connection on Ind D naturally
defined. Then its curvature is represented as -
@, DE, 1> = =2 < p((0,*D) X, YDE, n>
(4.4)

- <GA@’A*9(X) °Z, GA®A*O (Y)°n> + <GA@A*O (Y)OE’ GA®A*Q (X)°n>

12
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REMARK. We should mention on the canonical Riemannian structure

on the moduli space (M defined in [7]. The Riemannian

structure was defined by the crucial aid of the Kuranishi map,

a map linearizing the moduli space and also the Hodge theory relating

the deformation complex. Also;there are diffrent definitions of it and

... different ways to define. Indeed S. Kobayashi applied in [9]
the method of submersion due to O’Neill to discuss it. Although

the curvature formula was obtained in [7/] by tedious calculation,

we can apply in a direct way thus described curvature formula of

the index bundle to the trivial situation that V 1is the trivial

bundle M xR and = (a%, a ): o — o’ @0,  and
E is ad P with the adjoint representation as op. Indeed,
since p(X)LY = {X,Y}, (p(X)AY)+ = [XAY]+, we get

immediately the formula ( Theorem 5.1 in [7]).

13
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5. Holomorphic structure on the index bundle.

We assume that the base 4-manifold M is complex Kdhler.
Then the moduli space of anti-self-dual connections over M
carries in a natural sense a complex manifold structure and
a Kihler structure([71). In fact, the almost complex structure
at each tangent space of @@ defining the complex structure is
given by the bundle endomorphism I : Ql(ad P) — Ql(ad P)
which is induced from the base space almost complex structure

I: Ql-—> Ql.

The first observation is the following

®  of the natural connection

PROPOSITION 5.1. The curvature form @
W on the bundle @@ —e>@§ restficting to (ﬁ) is of type (1.1).
Hence any finite dimensional complex vector bundle associated to it

is endowed with a holomorphic structure compatible with the connection.

REMARK . Choose a point x in M and consider the E-framed

moduli space @f}; i.e.,the G-quotient of the set {CA¢); A 1is
x which is

anti-self-dual and ¢ E?Ex }, a vector bundle over (ﬁb with fibre

E. Since é@x associates to the bundle (§D~€> (E) and

the curvature of the induced connection is seen to be p(evx(Qw)),

thecomplexified framed moduli space becomes from the proposition

a holomorphic vector bundle.

Proof. At (A] €@ o“(,Y) =-26, {X,Y}, X, Y € T[A]@

which is identified with the first cohomology Hl( ad P; A).

L4
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1t suffices::to. show that {Z,W} = 0 for any pair of complex vectors
z, W of type (1,0) or of type (1,0). = Since each vector of
type (1,0) ( or of type (0,1) ) is a + /-1 eigenvector of I,
respectively.-and also {X,IY} 1is given by the inner product of
[XAY]+ -with the Kahler form and hence is symmetric with respect to
real X, Y, {Z, W} ob&iously vanishes. Since the curvature

condition on type is just the integrability of holomorphic structure

(L1 L, the proposition holds.

PROPOSITION 5.2. Let P —> M x(M)  be the Poincaré bundle
related with the bundle P over M. Then the

connection A has curvature whose type is (1,1) and hence any

complex vector bundle associated to P  admits a holomorphic

structure compatible with the induced connection.

This follows proposition 5.1 by observing the expression of
the curvature T.

The Poincaré bundle with the connection corrsponds to the algebro-
geometrical notion of universal bundle which might impose interesting

problems on us([10],[4111]).

The following asserts the integrable condition on holomorphic

structure of the index bundle.

THEOREM 5.3. Assume that the vector bundle V carries an Einstein-
Hermitian connection V with positive Ricei form.  Then, (i)

the complexified index bundle Ind(® T decomposes into subbundles
Indﬁbl”o and Ind(:ﬁ)o’1 with respect to the almost complex

Structure I defined on @@, (ii) the curvature form Q

15
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restricting to Ind@)]”o ( or Ind@@(hl‘ ) is a (1,1)-form
and hence (iii) IndC@ 1,0 ( or Ind(ﬁ)o’l ) is equipped with

a holomorphic structure which is consistent with the connection V.

REMARKS. (i)Since the Einstein-Hermitian connection has curvature of
type (1,1), the operator (D) : al(v) —s QO@ 93_) (V)

naturally associates to the twisted Dolbeault complex

" V"
v d
RN QO,I(V)

QO(V) > QO’Z(V) - and consequently by

coupling anti-self-dual connections on P so‘does the coupled
operator @A to
vy d"

LR —— Olyver) —— 2 eR.
Therefore the subbundle Ind(§)0’1 is regarded as the bundle
over (ﬁ) with fibre Hl(V ®FE, dA"), the first cohomology
of the above coupled Dolbeault complex.

) (ii) Quillen examines a new metric and its curvature od the
determinant line bundle of the index bundle over a Riemann surface
associated with operators (:% = VA" : QO(E) —_ QO’loE)
([31,061,012]1). The metric defined by the Ray-Singer analytic

torsion is of interest. However, he argues it only over (:)

Proof. From Proposition 4.2 and. Proposition: 5:1. it:usuffices to

prove that .
<oz(g—/31g),dw(n+/1_11n)> = 0 for Z, W € T

and g, n & Ind(ﬁk.

16
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We assert first the formulas:

og £ = BV, (LY + I €7, (p(INLE) — 8,d, " ([p(x)n£1?)

(5.1)

oxIE = = 8,7, (p(INLE) + I 47, (p(XILE)~ &y, ™ ([p(1x) 151 %)

(5.2)

o1xE = GuUAG(INLE) = T €7, (LY — &4, ((o(x)aE1%)

(5.3)
vhere we set [p()AEIZ = [oae12 % + [px)ae1?:2,
Indeed [p(AE]T =  [p)AE1% + [pX)4E1°  with
el = ¥(®LIDB w,. S0 &d, T (emnn® =
* .
5 d," € ((p(NLIDO wy)  reduces to I 6,7, (p(NDLIE) (  wy is

the Kahler from ). By the aid of the formula p(IX)LIg =
p(X)Lg which is caused by the naturality of I, we obtain (5.1).

(5.2) and (5.3) also follow from the formula [p(_X)AIg]2 =
[p(IX) AE)Z.

-By making use of these formulas, we have

< oxglg, ogIn > = < opygE opyn > (5.4)
and hence

< 0zE , ogn > + < cZIg, owIn > =0 (5.5)
for Z = X -/-1IX, W=1Y —/:1IY ‘éE Tl’?ﬁﬂ

17
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Therefore

< oz(g+/:ilg), ow(n-/:TIn) > = < cZE, o > + < oZIg, cWIn >

- /1 { < czg, o}

W

In >

I
o

_<OZI€; UWTI>}

18
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6. The Ricci form.

To get an expression of the Ricci form on the index bundle,
we recall the defi\nition of the Ricci form of a holomorphic bundle.
Let F be a holombrphic vector bundle with a Hermitian fibre
metric over a complex manifold M. Then the Ricci form o)
of F which is a (1,1)-form over M is defined by |
trace of the endomorphism Q(X,Y)X : Fx — Fx’ X &M,
where Q is the curvature form of the fibre metric.

The 2-form 1/2“‘/71 ® represents the first Chern class of F.

We consider now the index bundle Ind@ over the moduli
space @ of anti-self-dual connections. . We already observed
that Ind@ 1,0 carries a holomorphic structure with

a Hermitian fibre metric. Thus, if we let '{E;i} be an

1gigk
orthonormal basis of 1Ind @A, then the Ricci form Lo} of

Ind@)l’0 is by the definition written as ?(X,Y) =
P e ve., b >, 6y = (& -/118)/,,, X, Y € T (0
i=1 ’ i’ "1 7 i i i’ vy2’ ' [AT™

We denote by ® the 2-form on B and hence on @ defined by
§i1=<1< G(X,Y)¢;, $;>.  The 2-form &  is just the trace of

the curvature endomorphism Q(X,Y) restricted to Ind @
) v. - - _ _ k ‘
THEOREM 6.1. 8(2,2) - o(z,2) = 4 §5{leyv,(cmLIg) +

18,7, (o OLED 1 — fo,d (oone D12 3. 60

19
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Proof. By the Gauss equation we have < (X, Y)E, £ > =

< QX, Vg, £ >. On the other hand the pair (X,Y) generates
a gauge transformétion 8¢ which preserves the Lz—innér
product < , > on Ql(V ®E) so that < QX,Y)g, € > =

% d/dt|t=0 <’p(gt)£, p(gt)g > vanishes. Hence
< oX,Y)E, E> = 0, ¥ e Ind@A (6.2)
Therefore from this
<X, V)¢5, ,>=%/1{ <@(X, ;T8> — <X, Y)1g;,E;> )
= /1/, <A, DE,IE> — <@, VIEE»> 2 <oy 1E;,0yE;>
+ 2 <0YIgi,0X§i> }.

Here we used the fact that QX,Y)IE = I(Q(X,Y)E).

Thus the Ricci form is represented as

°(X,Y) = /-1 J; <@X,¥)g;, 15> — /-1], { <ogls,oyE;> =
<UYI£i,oX£i> } ‘ (6.3)
Therefore we see for Z =X — /-1 IX €& T%A? M that
(Z,Z) = 2/-1 o(X,IX) is given by
0(z,Z) = - 2], <Q(X,IX)E;, 15> +2 [ {<oyIg;,0048,>
- <cIXIgi, oxEs> } : (6.4)

20
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By making use of formulas (5.1), (5.2), (5.3), we can reduce

the terms <cXIgi,OIXgiS - <GIXIgi’0X€i>‘ to
-2 { <GAVA(é(X)LI£i), GAVA(D(X)LIEi)>
+ <8V, (p(OLES), €7, (p(X)LE,)>

+2 <87, ((OLIE) , T(8,T, (G(LED> 1+ 208,47 (e0ra12I
B 2 4 292
= =2 18,7, (cLIg,) + I(G,V,(pRLe I NT+ 208y, (Lo 221 A"

Thus, (6.1) is shown.

21
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