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On a problem in combinatorics.

W B K K # & & = (Ryuji Kaneiwa)

1. Introduction. | |

PROBLEM, There are n boys and n giflé. They are sitting at
table, the boys looking at the girls, and the girls the boys.
Each member of each group chooses one of the other group. A bofr
and a girl that choose each other, we call them a couple. i) What
is probability of that the numbér of couples is k(0 <k <n)? 1)
How behave the probability distribution of the random variable k,

for increasing n?

This problem was proposed. by Prof. Hisatsugux) in statistics. More
generally, we define the (fixed points) problem of A1x°--xAx by

the problem of counting the number
HAlx...xA)\(k) =.#{(fi,.-.,f>\) GAIX"'XAX; T(fxo...of‘l) -_:k},

where :
N

A A, CN =={f;‘f is a map from N into N},

e
P(f) =#{xe N; £(x)=x} (for feNV)

and N={1,...,n}. Let Hk(n,k)==H(NN)x(k)- It is plain that

Hx(n,n)=(n!)>\_1,r ZH (n, k)=n

Our ﬁrobability asked at i) is H (n,k)/nzn. We have explicit formula
"R b £
(—1) i+k
1.1 Ha(m,R) = 4
(1.1) X o o O

*) Otaru University of Commerce, Otaru, Hokkaido o047 Japan.
1



4t

where (x), =x(x-1)...(x=k+1), (x),= x0 =1, (For some values of
Hx(n,k), see the table in the appendix.) Especially in the case

of A=1, we have
H,(n,k) =(n)(n_1)n—k
1 k

We consider only the problem of (NN)X herein, however, we would
think that is not vacant to compare with the problem of (N!)A

where N! is symmetric group on N, We get following

TABLE I.

V 5 Poisson
roblem of vy | ) ) | d with| def.
|%
pm. 1
| i 1 A-1 |
number Hx(n, ) (n!) D(n,k)
, S ,

i (n, k) (—n‘ o Donk) _ 1 5D 1
probability ﬁ%—r' {;f:%} nd R/ {0 ¥ =T | P(K)
. - no wk) L )
j—th moment iS(J-:"U{ m} '2.:_03(4)”?) B, Tkdp

4 n i " n i m .
characteris- (e—1)™ [ (Wm)A (e'-1) it_ .
tic function ;2; m/ { n”} Z;‘“jzj“““ . & 1 elktp

[} m=0 .

*) The proBlem of (N!)A is reduced to the probrem of N!, that is
well known as 'probleme des rencontres' (see [1]);

*%) S(j,m) is a Stiriing number of the second kind, that is defined
by x) =] Jos(5,m)(x) =1 lo8G,m ()

+ %j is the j-th Bell number, that is defined by %j==2mios(j,m).

Our purpose 1is to get an asymptqtid expression Qf Hx(n,k) for incr-

easing n. We firstly obtain an infinite sum form
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an o
(1.2) Ha0u k) = == 5 Con(A,n) olum(k)
e k! m=0 ’
where
m m .
Con (O m) = -1 (~ty#(my [ (m)g A
mOm) = S 20 (1Y,

m
dm (k) = gac—r)“‘t(?)ck)t.

When we set

rm
(1.3) Cm(A,%)=Zo()(l,m)n’£,
=0
we have
(1.4) ax(o,o) =1,
Alm=-1) )
(1.5) Cm(A,m) = ) O (£,m) M (m>0)
| GlmEy

(for some values of ax(ﬁ;m), see the ‘appendix). Observing (1.2)

and (1.5), we may conjecture that

\

L~1 |
(1.6) M = . 'n-e 0(/\(€,m) dm(R) + O/\)L‘(’ﬂ—l’),
. ) TL"'" e-k/ ~ 5
=0 S¥ms2¢

We get following

THEOREM, For A =1,2, (1.6) is correct.

COROLLARY, If X =1 or 2, Hx(n,k)/nln converges to l/eck!,

ﬁniformly for k=0,1,2,..., as n tends to infinity,

EXAMPLE. By the theorem, we have the asymptotic expansion
' n2n .2
HZ(%,O) =~ ?(]~—n—.————~+.-_-)

If n=10, we have

H,(10,0) = 32845 29863 68548 28800,

an

mn 1 2 1
& (=% =3% " 2) |no1o = 0.32845 50277 x 1020,

3
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2. Proof of (1.1).

n n |
; f)H;(rnh)—Z_.(;)Z !
k= k=4 -, F e (N

- P (fyo-of)=k

>z 2
K':j' '(ﬁ,"',fA)E(NN)A A,‘C{ZEN;on---o)C,(Z):x}
P(fyo--of )~k  HA, =i

5 5 1
ACN (:F,,“'-,f,\)E(NN))
#A,=} {gc'eN;on-uoﬂ (x)=2} D Aq

=) ) . 1
A‘CN A/\CN_ (F1, =75 Ffa) € (NM)A .
HA=E HA=E £ (M) = Agey (i=1,-5 A1)

(FalAx) o2 (£ A1) = 1a,
=G o

Jm
(Mm); ) A
an - 2w
¢ ’)‘L’ )

where fi‘Ai is a restriction of f. to A, and I, is the identity

1
map on Al‘ Thus we have

: L n A
(8) =+ (3)) [ Hhemo) e
Y B (™) HA(Inm) L {_@_)',ﬂ}"

n/ n"
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Since
() = (VT (8 ) (@) o™
‘\\ :‘ = ) (:) -(:]L) :'
O “s‘ . I.
. c0™"(3) )
we have .
R (M)
H;\(’ﬂ R) = Z = 1)* (&) ::}‘
Z - 1)'*"“ { (n);',},A _ T e { "”)i__“‘}/\
R Gl Lb ] Tk # Ui ]
q.e.d

3. Moments.

By (2.1), we have

;1 A o
ch) Patnk) {—”—i} (0<jsm).

mt
Since (k)j==0 (k <j), the right hand side may be replaced by Ekgo
instead of Zij-‘Let it be so. Then the both sides vanish if j >n.

Hence we have, for all non-negative integer i,
(n,R) (n); A
th«),,-'i’———— = {-7"—'}
R=0 n
Thus, for j=0,1,2,..., we have the j-th moment

n .
T gt Hamk) w SG,m) (R
(3'1) g:b " k=0 L zi ’

i . )
=) S(j,m)Z(k)m—————H"(n’ ’ ZS(;, ){(n)m

m=0 k=0



4. Characteristic function.

We consider the function ¢, n(t) that is called characteris-
3

‘tic function of the probability distribution
H)(njk)
o) (D) = Z 2 (1SN,

We have, by (2.1),

| £ & ikt Hatn,k) Ham,k) it m
(4.1) Py m (£) de? g_ et _Hi;:n_ - kZ—o Anm Z( )ce™=1)
=0 , =
= no m mn HA('"- R) (ez,t 1) (M A
= g%(ew;T) R:m(m) Z: { o }.

(3.1) could be deduced also from (4;1), by using the formula

(e*-1" ZZ_S(}fm) (see L11).

/
m: jom

Since ¢, n(t)/exp(e1 -1) is an entire function of elt—l, we méy
3

put
P ..2 o ‘ .t
(4.2) e Prm(t) = ) Cm(nM) 2™ (2=e~1),
n=0 ; .
Then, by (4.1), we have
min(m,m)
L S0P QDI S
Cm(x,n) = -Z 7{#} (-1) (m"j')./
j=o0
(—1)'"‘ s F/m ('n)}- A
= - -0 (7)) =4
(4.3) — g_oc OIS
'm.
(4.4) femO,m) |

5. Proof of (1.2).
In this section, we shall show (1.2) with error term, that

is the following
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LEMMA 1.
M-1 4 M
R € 4
H)"()':;": B CTR! Z Cml2A,m) oLm(R) + Eyq (|Eml YA ),

“m=0

where

< m-t /m
(4.5) d (k)= 0" ()R .

t=0

COROLLARY. (1.2) is valid.

PROOF. By Cauchy's theorem with (4.1), (4.2),

2o
My k) Pa,n(t) _cE
o T (21" Z CM(A " s e

-4 Mi.c (A ny Res 220" s f Lt f Cm(An) (2-1)" dR |
T e LY e Y 21t J(z|=P 2‘“‘

We have

’ Res e?z- " dm(R)
350 ‘ Zhﬂ R/

where dm(k) is defined by (4.5). On the other hand, by Taylor's

theorem with (4.4),
°° *" l2|™
2 2\x|
‘ L cmcmx"‘\ i e
m= M ‘ : o |

Therefore,

1 eRe? a1 (21z-10)M

: £ — = - [d2
[Eyl ame Jiz|=p @K™ M! |

M
< "‘k 3‘0"’1
<Xy (p+1)"

If we take p =1, we have |E e -AM/PH . q.e.d.

!
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6. On sx(j,ﬁ).

~ Let

. Y ’ oo
(6.1) (1= 2 a0zt =5 a0t
€=0 e=-—oo

Especially, s(j,ﬁ) =s1(j,2) is a Stirling number of the first kind.

By the definition (6;1) of sx(j,z), we have recurence formulae
> - AV iR, i
G+, D = Y 0 g(&)gr 25(4,0-3) (§20),
$=0

- A .
(6.2)  py(j+1,AGHD-E) = <—1)3(§) ¥ 8a(4,A0--2)  (§20).
%=0

The latter implies that s,(j,Aj-1%) is a polinomial of degree 2%

in Q[j]; for 2 3 0. So we may define a, (£,m) by
o e ‘ .‘ ,
(6.3) 5,(3,2j-£) = ) dx(g,m) (§),,
m=0 7
We define ak(l,no =0 outside 23>0, O0smg2¢8., (6.2) leads us to

A : :
(6.4) (m+1)oly(4m+1) = %Z 0F(3) 2 o (6-3,mu) Yy o (m-w)
=1 v

u;o
where -

Yz,u(m§= éu (%) M S tw e ZImd,

We now show the following

LEMMA 2. i) ,(0,0) =1, i) If £>0, then o, (%,0) =0, iii) For

m>0, if £>A(m=-1) then a,(%,m) =0,

PROOF. i) It is clear from (6.1) and (6.3). i) If & >0, by
the definition (6.1) of sx(j,l),we have<x%0,—£)=0;AWhen we substi—
tute ] =0 in the both hand sides of (6.3), we obtain ax(2,0)=(L

i) Induction on m. If m=1 and % >0, we have, by (6;4),



oy (2,1) = Z( ¥ (3) o (€-3,0) 74,0(0).
Since qq>0(0)==s(q O)==O (q}>0), we have ax(z 1) =0. Suppose
oa)\(Q,,u)=O, for 2> Xx(p~-1) and u-l,...,m Let IL>>\m If lgq

and Ostlsq, we have
L=-q>xm-q2 k(m—u)-q A(m=-u) =X
and ax(ﬂ-q,m-u)==0. By (6.4) we get ax(l,m-+1)=?0. q.e.d.

COROLLARY, If & >0, then

(6.5) By (i Nj—L) = 2 % (6,M) (Gl
+ismg2¢

>~

7. On cm(X,n).

We have
(M1 _ 1 L VM CGovi-pyn~?
{7;?} = ;o »(h e n’ ;Aﬁ bA3-0)
By (4.3),

Cm(Am) = = en” Z'_ -1 (M)Z Br(§,Ap-2) 7t

m An .
_ oY ) nt 1) (:‘) 5 (3,0-2),

m/ — -
0‘0 s;nsm

>l

If 2 =0, we have

Il

m o v '
2 () = due.

) e (T) gm0

$shem
If 2>0,
o 3 m . s ‘ o~
P (3) 22G>24-0) = Z_ (1)*(’") 2 abt) (e
TSEEm -;1 £+1<t<2£
- IZ higt) ) nh (;") e,
fH1gtg2¢ £<iim
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since (j)t=0' (if m<t, jgm),

- T w@ny el a,,
fugee  fejem |

here the parameter t runs in the range t >4%/)X, so that,

m . .
- > byt ) —o¥(T)(F)

§+1$tsze_ =T

tim
= Gttt Fme
§+1stsze

tim

= (-1)™ m!VQX(R;m).

We have

rm
Com(A,0) = Z nt oy (4,m),
£=0

Thus (1;3)-(1.5) are consistent with (6.1)-(6.5).

8. Inequalities.

We provide several inequalities for proving the theorem.

LEMMA 3.
(8.1)  ldmCR)| € 2™R!
(8.2) [CmC,m) | < w7 ,
(8.3) [eme2,m)| < ﬁ—[mg]cmn!'.

PROOF, (8.1) is clear from (4.5). To prove (8.2) and (8.3),

we 1introduce functions

. Am

= 12

£y, n(® = eZ oy (4m) x
=0

of x. Then we have cm(k,n)==fk’m(l/n). Since

10
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L

la, (2,m) | = (=107 @, (2,m) (see (6.4) ),

if m> 0, we have

Alm-1) [m+ ]
lemOum € ) [aem)|n Fom 1)
t,_[m;—'l]‘ ’ .
Let 8, —=f, (-1). By (6.4), we have

A %
(m+1) fr,meq () = Z("X,) ( )Z__ g, u (M= W) Fmu (%),
%=1

u=0

| (8.4) m Bl,m = Bl,m—Z + (m-1) Bl,m-l s

, . o _ 2
(8.5) ’ m B2,m = Bz,m_3+(2m I)BZ,m—2+ (m 1)8'2,m—1

It is enough to show B <1 and 82 pS(m+1)l It follows from
3

1,m~
(8.4) that

ﬁi -1
= L

We now prove 82 ms(m+1)! by induction. =1<1! =0g2!,
3

Ba.0 » By 1
82 2=3/2$3!. Suppose m > 3 and 62 ps(u+1)! for uw <m. Thus, by
, .

(8.5), we have

Bom S 7171{ m-2)1 + (2m—=1) (m=1)] + (m-1) (vn+1).’}

1
27w, ome
' +
= ! { Griorn) T amnm
1 2 L, A
< me)! { 73am T m T, }
= min! { 1-% (G -w)) < men)!

9. Proof of the theorem.

We devide the series (1.2) into three parts as

11
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H)(‘"’k) — ' C +
R kl Z Con(2, ) donC(R) + w 7%_:_2)“1 w1 dmCR) + Egq41 .

By Lemma 1, we have

xX+1
4

' 4
(9.1) [Ewawml S € =55 -

By (1.4),(1.5) and (8.1), we obtain

2L .
Z Con (2, %) dm(R) = —1—‘}: n S oAa(hm) dmCk) + O, (i)

(9.2) =
¢=0 fgm<2e

ek/

By Lemma 3, for A =1,2, we have

[x] . . Lxl
' ~ i -1 = (AL
9.3) L | T tmOmdn(e)| < et TS 2" Avem),
€ R/ =oAL+ L

where A,(m) =1 if A=1, = (m+1)! if A= 2.
Suppose A =1. Then

& &) )
_ - -1 X1 ~CLt1)
m=0 ‘
For a sufficiently large n, there exists x =x(n) > 0 such that ’
2:(
Fe+1) 2

(9.5) n=
where y=L+1., If we set x=x(n) as (9.5), by Stirling's formula,
M= 27 ) = 275w 2T T e T (1 o) (M=),

plogn= 3 AogaT + (x+7)log X —x(1+Leg2) + 0 (1),

p Loy m ~ xdony X,
(9.6) los p + Log Loy 1 = log x +Loglog x +o(1),
Hence we get
(9.7) log log n ~ log X.

12
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Let x=y(n) logn . Then by (9.6),

logy = Lg T~ Ly logm = Lo p ~Log oz + o(1),

i
logx
Ry (9.7), we have
Log M
(9.8) 1 ~ M 9
by lozm -
(9.3)-(9.5) and (9.8) lead us to
{ Lx]
Yy, Cm(1,n)dm(R) = O (mH2%)
T om=2L.+1

O(n-“z"‘@fa? “°‘”>) O< "‘*°“’)=0,,(n*),

Similarly by (9.1),(9.5),(9.8), we have

Ecaer = 0 (n2%) = 0L (nh),

In the case of A=1, we get the theorem.

Suppose A =2, We have

[x] [x]
S 2momen) € 2% [2e11y Z 27 < 27 (xr2),
Let set
X
nH - (u=2L+1),

T (x+ 1)TT(x+1)

for large n. On a similar way, we shall get

{gm
log-eog"n :

NS

xXx o~

Thus we obtain

13
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LT
1 _
-e_h/ Z;_%*_" Cm(2,n)Ydm(R) = O(’YL “Zx I—(.Z‘f'Q))

L 1 | —mf2 +o(1) [ & _

= O(wE g™ 7)) = O, (T R0 ) = Ou(nh),
#“ Log Loy
4_1 i iz —L
Etar = O(F(xﬂ)) = O(”l M/222 \/—S{) 201_.('” ).
q.e.d
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APPENDIX

Table of H,(n,k).

Hy(n,k)
0 1 2 3 4 5 6 7 8

n

0 1

1 0 1

2 1 2 1

3 8 12 6 1

4 81 108 54 12 1

5 1024 1280 640 160 20 1

6 15625 18750 9375 - 2500 375 30 1

7 | 279936 326592 163296 45360 7560 756 42 1

8 15764801 6588344 3294172 941192 168070 19208 1372 56 1
Hz(n,k)

n 0 1 2 3 4 5 6

0 1

1 0 1

2 2 12 2

3 156 423 144 6

4 16920 33185 13968 1440 24

5 2764880 4581225 2088800 316200 14400 120

6 1650696400 973830816 460350000 85521600 6231600 151200 720
Hy(n,k)

B 0 1 2 3 4 5

0 1

1 0 1

2 4 56 4

3 2880 13959 2808 36

4 3392064 10139392 3100032 145152 576

5

17258985600 16544150125 6178856000 526644000 8928000 14400

15
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Table of qx(ﬂ,m).

‘OL]_(vQ",vm‘)
mlo 1 2 3 &4 5 6 7 8 9
1
21
11
o o o 3 &
11 1
0 0 0 0 -3 -5 ~is
1013 1 1
6 0 0 0 0 5 3 2z 38
2111 17 _ 1
0 0 0 0 0 0 =% ~50 ~288 ~14&
az(l,m)
m| 0 1 2 3 4 5 6 7 8
1
0o 0 -1
1l 5 1
o 0 7 3 3
- - 2 21
0o 0o o0 -2 -4 - -1
2 59 337 185 2 1
0 0 0 3 “F 30 36 6 24
11 _83 _827 _241 29 . A1
o 0 0 0 -3 3 A 15 9 8 ~120
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