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ABSTRACT

In this dissertation, some classes of stochastic problems are
studied for nonlinear dynamical systems subjected to a white Gaussian
random noise.

The existence of stationary response and theilr behaviors are
firstly considered for nonlinear systems subjected to random inpgts.
Two new approaches are developed to give sufficient conditions of
the existence of the stationary probability density function for
the response of nonlinear dynamical systems. The principal line of
attack is directed to show existence conditions of an invariant
measure related to the stationary probability density function.
Furthermore, in order to explore stochastic behaviors of nonlinear
dynamical systems of non-degenerate type, two theorems are demon-
strated giving sufficient conditions for the existence of the sta-
tionary response and for the convergence of sample trajectories to
the stationary state with a certain probability appraisal, based on
the knowledge of sample properties of positive recurrent type.

Secondly, emphasizing the influence of the initial state on
dynamic behaviors of a general class of nonlinear systems, a new
approach to analyze the asymptotic behavior is deﬁeloped. A new
type of stochastic Lyapunov function which plays a key role to
solve the problem 1s constructed, taking the dependence on the ini-
tial states into account. Several theorems are stated giving suf-

ficient conditions of the asymptotic stability. The approach pre-

sented here is directly extended to a class of nonlinear stochastic



systems involving a random parameter modeled by a finite state
Markov chain process.

Thirdly, we mainly discuss the noise stabilization of a gener-
al class of second order nonlinear dynamical systems. The theoret-
ical method is the application of the averaging principle due to
Khas’minskii as well as the properties of the singular points of
Markov process generated by the Ito0’s nonlinear stochastic differ-
ential equation. By choosing the stabilizing noise term in an ap-
propriate form, the singular point is obtained and sample path be-
haviors around the singular point are examined. Thus, the possi-
bility for realizing the noise stabilization on Duffing-type non-
linear dynamical systems is theoretically concluded. Furthermore,
based on the classification of the singular points, the general
rules are established for realizing the noise stabilization of a
general class of second order nonlinear dynémical systems.

Finally, a probabilistic approach is developed for the purpose
of exploring the jump phenomena occurring in the response of a gen-
eral class of nonlinear dynamical systems subjected to a narrow-
band random input. The key notion is to derive the relation be-
tween probability density functions with respect to the squared
values of the magnitudes of the response and the related narrow-
band input. Through the variational averaging principle, the multi-
valued response of the system is evaluated, including the theoret-

ical examination of generating mechanism of jump phenomena.
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CHAPTER [ INTRODUCTION

1.1 Introduction

Recent developments of dynamical and control system sciences
have given rise to new problems in mechanical and structural vibra-
tions and control system responses. The system response always
fluctuates in a random manner and contains a wide spectrum of fre-
quencies that may result in unwanted vibration in dynamical systems
or structural ones. For example, measurements of a ship motion on
the sea or an aircraft flying through turburent air reveal that
such motions may be described only by the stochastic method.
Earthquakes are also examples of random processes that can excite
severe vibration and failure in buildings. Many physical systems
encountered in the fields of aeronautical and ocean engineering and
the response of structures to earthquakes, etc. show the following
two aspects in common; (a) they involve a system response to random
excitation; (b) in general, they exhibit various kinds of nonlinear
behaviors such as 1limit cycles, jump phenomena, etc., because almost

all real systems exhibit nonlinear characteristics. Behaviors of



nonlinear systems under random excitation are of considerable im-
portance to those engaged in studies of system analysis and design

in structural fatigue and control engineering.

1:2 Scope of Problems

This thesis consists of some important problems of interests
in the response of nonlinear dynamical systems subjected to a ran-
dom excitation.

[Problem 1] Existence of Stationary Responses and Their Behaviors

In practical problems related to nonlinear stochastic systems,
an important topic is the analysis of the steady state behavior of
the system. This is the case in which, as time goes on, the transi-
tion probability density function or the conditional probability
density function tends to a stationary probability density function.
For the analysis of steady state behaviors, generally, the Fokker-
Planck equation for the transition probability density can be used,
which plays an important role to explore the behavior of Markov
processes. However, exact solutions are rarely known except for
simple systems under white Gaussian noise excitation. The purpose
of the reseach is directed to obtaining the condition for the exis-
tence of the stationary probability density function. New approach-
es to the analysis of nonlinear stochastic systems are developed,
based on the concept of an invariant measure related to the station-
ary probability density function.

[Problem 2] Asymptotic Stability

The problem of great importance is the asymptotic behavior of
nonlinear stochastic systems dependent on thelr initial states,

which shows an inherent characteristics due to the existence of



nonlinearities. As the procedure for examining the system stability,
the stochastic Lyapunov function approach has become well known. A
difficult step in the application of Lyapunov theory to analyse the
stability of stochastic systems 1s the construction of a suitable
Lyapunov function. There is indeed no general systematic procedure
for generating Lyapunov functions. This thesis 1s concerned with
developing a realizable approach to solve stochastic asymptotic sta-
bility for nonlinear systems, by constructing the stochastic Lyapu-
nov function taking into account the effect of the initial states,
associated with (1) a random parameter modelled by white Gaussian
random process and (2) two random parameters modelled by a white
Gaussian and a finite state Markov chain processes respectively.

[Problem 3] Noise Stabilization

The problem of stabilization of nonlinear dynamical systems
through the introduction of noise sources appears to be of great
practical significance. It is well known that unstable systems can
be stabilized by the introduction of a deterministic signal, in
particular, a sinusoidal one of sufficiently high frequency[36].

It has also been observed that deterministic systems operating in a
random environment possess stable characteristics and yet, when the
randomness is taken out of the environment, the system becomes un-
stable. From the viewpoint mentioned above, our final goal is to
clarify the situation in order to allow us to predict when an arbi-
trary random environment will stabllize an otherwise unstable state
of a nonlinear system, or under what conditions an unstable state
will be made stable by the introduction of noise.

[Problem 4] Jump Phenomenon

In nonlinear dynamical or control systems, it is well known



that the jump resonance may often occur with a consequent worsening
of control performances. Hence, in analysis and synthesis of non-
linear dynamical or control systems, it is very important to find
whether jump resonance can occur or not.

In deterministic systems, the jump phenomenon implies that the

amplitude and phase angle of the output exhibit jump response, as

the amplitude or frequency of the input is varied. On the other
hand, for systems with random inputs, in the past publications, the
jump phenomenon occurs between the input and the output variances
of the system response and the theoretical approach to analize the
jump phenomenon was based on the statistical linearization method
to stationary random input. However, the approach described above
can not give enough explanation of the response when jump phenome-
non occurs, because it becomes difficult to comprehend stochastica-
1ly sample path behaviors of the response. The main purpose of the
study is to clarify the generating mechanism of jump resonance
occurring innonlinear dynamical or control systems by evaluating
the probability density functions of input and output, in which
sample path behaviors will be shown with a digital simulation ex-
periment. Here, 1t is assumed that the random input to nonlinear
systems is a narrow-band random process whose signal power is re-
stricted to a very narrow frequency range. The results are com-
pared with the jump phenomenon in nonlinear dynamical systems sub-
jected to a sinusoidal input which has been already investigated

in detail.

1.3 Historical Background

For convenience of present descriptions, the historical back-



ground is separately retrospected into the four versions.

1.3.A On the Stationary Response of Nonlinear Stochastic Systems

The investigation of evaluating the response‘of dynamical or
control systems subjected to random inputs was first developed by
the statistical theory. Many studies have appeared on responses of
linear systems with random noise by Laning & Batten[1l], Crandoll[2],
Davenport & Root[3] and Lee[4], et al. On the other hand, in the
case of nonlinear systems, such approximate methods as the perturb-
ation and the statistical linearization have been developed in
order to extend a linear method of analysis to certain systems con-
taining small nonlinearities by Booton[5], Caughy[6], Pervonzvanskii
[7] and Sawaragi, Sugai and Sunahara[8]. These studies were made
by computing various response statistics such as mean-square res-
ponse, correlation function and response spectral density.

An area where more results are expected 1s the Fokker-Planck
equation associlated with nonlinear stochastic systems. Although
there are a few papers with respect to the analysis of Fokker-
Planck equation by Fuller[9], Stratonovich[10], et al., it is diffi-
cult to solve directly the Fokker-Planck equation for nonlinear
systems. The analysis of stationary responses of nonlinear dynami-
cal systems is to explore the existence of the stationary probabil-
ity density function of the Fokker-Planck equation. Recently, as a
useful analytical method for the existence of stationary responses,
the concept of an invariant probability measure[11],[12],[13] was
introduced which was related to the stationary probability density
function. Using the concept of an invariant measure, necessary and

sufficient conditions for the existence of a unique invariant mea-



sure were first given by Khas’>minskii[11] with respect to recurrent

s 5 . : T n in-
diffusion processes. Existence and uniqueness conditions of a

variant measure of the solution process to a scalar stochastic dif-
ferential equation of It&-type were shown by Itd and Nisio[1L4].
Following the results by Khas’minskii, Wonham[15],[16] established
existence conditions of an invariant measure of vector stochastic
differential equations of Itd-type, where the solution process was
restricted to the strongly Feller process. An extensive study was
reported by Bene§[12] and Foguel[13] on the existence of an invari-
ant measure of Markov processes. Following the results of Bene§
and the mean ergodic theorem, Zakai[17] established the condition
for the existence of an invariant probability measure for Feller
process. From the practical point of view, Sunahara, the Author
and Morital[18] has developed two new approaches to give sufficient
conditions of the existence of the stationary probability density
function for the response of nonlinear dynamical systems, based on
the concept of an invarilant measure.

The stochastic stability[19] has been studied by many investi-
gators. Pinsky[20] has given various conditions for the asymptotic
stability of the origin for a linear stochastic differential equa-
tion in both degenerate and non-degenerate cases, with a slight
different concept of the stochastic Lyapunov stability. For nonli-
near stochastic systems in the non-degenerate case, Wonham[16] de-
fined the weak stochastic stability corresponding to Lagrange sta-
bility[21] in the deterministic system, based on the concept of
positive recurrent for the diffusion process. He showed that suffi-
cient conditions for recurrence and positivity were given through

the existence condition of an invariant measure for the diffusion



process defined by the stochastic differential equation of Itd-type.
It8 & Nisio[1l4] showed that the conditions for the diffusion proc-
ess to be a positive recurrent type can be characterized in terms
of Feller’s probability measures[22],[23] and developed some gener-
al properties of the diffusion process of non-degenerate type in
the non-singular intervals on which Feller’s probability measures
are given. Sunahara and the Author[24] has established a new ana-
lytical method for exploring stochastic behaviors of nonlinear dy-
namical systems of non-degenerate type, based on the knowledge of
sample properties of the diffusion process of positive recurrent

type.

1.3.B On the Asymptotic Stability of Nonlinear Stochastic Systems

In this section, we will survey studies on stochastic stabili-
ty problems for systems governed by continuous time Markov process-
es. Our concern will mainly be with the asymptotic behavior of
sample processes. Gihman & Skorohod[25] considered the asymptotic
stability of solutions in the mean of second-order moments of lin-
ear stochastic differential equations and their asymptotic behav-
iors. Khas’minskii[26] gave necessary and sufficient conditions
for stability in probabilility of an equiliblium solution to a class
of linear stochastic differential equation of ItS6-type. Based on
Khas’minskii’s theory, Kozin[27],[28] established some theorems
concerning necessary and sufficient conditions for almost sure
sample stability of second-order linear stochastic systems.

On the other hand, for the stability analysis of nonlinear
stochastic systems, the most useful technique is an extention of

the deterministic Lyapunov theory[21] to nonlinear stochastic sys-



tems. Bucy[29] recognized that stochastic Lyapunov functions
should have the super-martingale property and proved a theorem on
"with probability one" convergence for discrete parameter process-
es. Bucy’s work is probably the first one to treat a nonlinear
stochastic stability problem by the extension of deterministic
Lyapunov theory. Some results, of the Lyapunov form, were given

by Khas’minskii[30]. Kushner[31],[32] extended the idea of Bucy

to the continuous parameter systems and thus the range of applica-
bility of the stochastic Lyapunov function results of Khas’minskii.
Also, Wonham[16] derived a weaker sufficient condition than
Khas’minskii’s sufficient condition of the stochastic stability.
Furthermore, for the construction of a suitable Lyapunov function,
Kushner[33] proposed a method for construction of stochastic
Lyapuncov functions. The stochastic stability theory untill now

was mainly developed only in the e-neighborhood of an equiliblium
point. However, the asymptotic stability of nonlinear stochastic sys-
tems depends strongly on the initial conditions. Taking into ac-
count the influence of initial conditions to stochastic stability,
Sunahara, the Author & Morital[34] have developed a new stochastic
Lyapunov function approach to explore the asymptotic stability for
a general class of nonlinear dynamical systems with a random para-
meter modelled by a white Gaussian random process.

In the case of nonlinear dynamical systems with a random para-
meter involving a finite state Markov chain process, the concept of
random evolutions by Griego & Hersh[35],[36], Hersh & Papanicclau
[37] and Hersh & Pinsky[38] is introduced instead of the averaging

principle because of the existence of parameters of a Markov chain

process. Based on the concept of random evolutions, Sunahara, the



Author & Morital[39] investigated asymptotic stability of nonlinear
dynamical systems with two kinds of random parameters modelled byva

white Gaussian and Markov chain process respectively.

1.3.C Stabilization of Nonlinear Dynamical Systems

In this section, we shall briefly discuss some results on sta-
bilization of nonlinear dynamical systems as a rather significant
problem than the stochastic stability theory. A study of the sta-
bilization of unstable dynamical or control systems originated in
1956 by Ordenburger[40]. Oldenburger[40] has discovered that the
amplitude of the sustained oscillation which can be observed in an
unstable nonlinear control system either decreases or disappears by
applying a sinusoidal signal with the high frequency and the suffi-
ciently small amplitude. Lowenstern[41] has given suggestions for
the stabillization of unstable dynamical systems through the statis-
tical analysis of oscillations in a parametrically excited linear
dynamical system for a restricted class of random excitations. A
theoretic ascertion of the stabilization of nonlinear control sys-
tem has already been established by Sawaragi, Sugail & Sunahara[8]
and Oldenburger & Sridhar[42] through the use of the statistical
linearization technique. The statistical linearization technique
is essentially a stochastic counterpart of the describing function
method which is commonly used for studying the characteristics of
nonlinear deterministic systems.

Furthermore, Bogdanoff & Citron[43] has reported on experimen-
tal results of stabilizing an inverted pendulum with vertical, al-
most periodic base motion. Theoretical conclusions that verify the

experimental results were investigated through the use of averaging



method established by Bogoliubov[4L4] for systems with almost peri-
odic time-varying parameters, in order to achieve approximate
moment stability results. Afterwards, the principle of averaging
was extended to parabolic and elliptic differential equations and
to Markov processes with a small diffusion by Gikhman[ 457,
Khas’minskii[46] and Mitropol’skii & Kolomiets[47]. It was clear
that the method of averaging as applied to stochastic systems was

related to [43]. Using the extended averaging method[46], Mitchell
[48] has studied noise signals of an almost periodic type in con-

nection with stabilization of an inverted pendulum. Binia, et al.

[49] has treated the problem associated with nonlinear oscillators
driven by noise and Samuels[50] associated with the stabilization of
deterministic, linear. unstable RLC circuit by the introduction of
a white Gaussian noise to system parameters.

From theoretical viewpoints which we should examine sample
path behaviors instead of moment properties, Sunahara, Kozin & the
Author{51],[52] have shown the possibility of noise stabilization
for unstable nonlinear dynamical systems by applying the extended
averaging principle[46] and, furthermore, has established a general
rule for realizing the noise stabilizatiin of a general class of

second-order nonlinear systems.

1.3.D On Jump Phenomenon of Nonlinear Dynamical Systems

In the case of periodic input signals, using the describing
function method, rigorous conditions for generating jump resonance
have been completely studied by Sandberg[53], Hatanaka[54] and
Hayashi[55], et al. On the other hand, for systems with random

inputs, the method of statistical linearization due to Booton[56],



et al. has widely been used for the reseach of Jjump phenomenon.
Kyong[57] presented the statistical linearization criteria for
unique response for several common nonlinearities and showed that
an idealized saturation and an idealized deadzone yield jump phe-
nomenon among a restricted class of nonlinearities. Sawaragil &
Sunahara[58] recognized the jump phenomenon in the relation curves
between the standard deviation of stationary random input and that
of error signal, using the equivalent linearization technique and
also verified the validity of the above theoretical investigation
through experimental studies of an analog computer.

Lyon, et al.[59] demonstrated analytically and experimentally
that jumps can occur when the oscillator is subjected to a narrow-
band random noise. The analytical work of Lyon, et al. is based on
a linearization method for which the necessary condition is that
the magnitude of fluctuations must be restricted. Using the associ-
ated Fokker-Planck equation, Sunahara & the Author[60] has develop-
ed a probabilistic approach to explore the generating mechanism of
the jump phenomenon occurring in a general class of nonlinear dynam-

ical systems subjected to a narrow-band random input.

1.4  Summary of Contents

In this dissertation, some classes of stochastic problems of
nonlinear dynamical systems subjected to white Gaussian random
noise are studied, i.e., (1) Existence of stationary responses and
their behaviors, (2) Asymptotic stability, (3) Noise stabiliza-
tion and (4) Jump phenomenon.

Chapter 2 is devoted to mathematical preliminaries related to

the theory of stochastic processes which will be used in the suc-



is es-
ceeding developments. The mathematical model of the system 18
- . =1 a_
tablished by the theory of Itd-type stochastic differential equ

tions.

In Chapter 3, two new approaches are developed to give suffi-

cilent conditions for the existence of the stationary probablility

density function for the response of nonlinear dynamical systems.

The principal line of attack is directed to show existence condi-

tions of an invariant measure related to the stationary probability

density function. Two approaches are presented one is to choose

a suitable Lyapunov-like function and another to find out an arbi-
trary function satisfying the martingale property of Markov proc-
esses. A new analytical approach is developed in Chapter 4 to ex-
plore stochastic behaviors of nonlinear dynamical systems of non-
degenerate type. The key problemis to examine the existence of an
invariant measure for stochastic systems with the differential
generator of non-degenerate points. Two theorems are demonstrated
giving sufficient conditions for the existence of the stationary
response and for the convergence of sample trajectories to the sta-
tionary state with a certain probability appraisal, based on the
knowledge of sample properties of positive recurrent type.

In Chapter 5, emphasizing the influence of the initial state
on dynamic behaviors of a general class of nonlinear stochastic
systems, a new approach to analize the asymptotic behavior is
developed, where a new type of stochastic Lyapunov function plays
a key role to solve the problem, taking the dependence on the ini-
tial states into account. The mathematical model of a dynamical
system is given in the form of a general class of nonlinear differ-

ential equations with a state dependent random parameter. Several



theorems are stated giving sufficient conditions of the asymptotic
stability in the case where the random parameter 1s modeled by a
white Gaussian noise process multiplied by a nonlinear function.
Furthermore, the approach presented here is directly extended to a
class of nonlinear stochastic systems with a random parameter
modeled by a finite state Markov chain, dsing the concept of random
evolutions.

Chapter 6 develops the noise stabilization of a class of
second-order nonlinear dynamical systems. The analytical method
is based on the application of the averaging principle established
by Khas’minskii. The noise stabilization term added to the system
is selected in the modified form of the white Gaussian noise pro-
cess. The determination of a stabilizing signal can be performed
through the procedure that the singular point at where the diffu-
sion disappears is obtained and sample path behaviors around the
singular point are examined. Thus the possibility for realizing
the noise stabilization on Duffing type nonlinear dynamical sys-
tems 1s theoretically shown. Chapter 7 is concerned with exten-
sions of the method in Chapter 6 to a general class of nonlinear
dynamical systems. In this Chapter, general conditions are ob-
tained through an application of the averaging principle due to
Khas’minskii as well as the properties of the singular points of
Markov process generated by the It6—tybe nonlinear differential
equation. The classification of singular points is established in
terms of relative relations of both the drift and diffusion terms.
Applying the general rules established here, stabilization studies
are performed in a number of classical cases for various noise co-

efficients.

—18—



In Chapter 8, a probabilistic approach is developed for the
purpose of exploring the jump phenomenon occurring in the response
of a general class of nonlinear dynamical systems subjected to a
narrow-band random input. The response of nonlinear dynamical sys-
tems considered is related to the narrow-band input generated as
the output of a lightly damped linear system excited by a white
Gaussian signal. The relation is derived between probability den-~
sity functions with respect to the squared values of magnitudes of
the response and the related narrow-band input. The multi-valued
response of the system is evaluated, including the theoretical exa-
mination of generating mechanism of jump phenomenon.

Throughout all chapters, digital simulation studies are demon-

strated to show the validity of the theories presented.



CHAPTER 2 MATHEMATICAL PRELIMINARIES

2.1 Diffusion Process

2.1.A Definition of Diffusion Process

Let (E,B) be an arbitrary measurable space, E a finite or
countable set and B the o-algebra of the measurable sets generated
by the open sets of the space (E,B). Let us consider a given
Markov transition function P(t,x,A), xeE, AeB, t>0. Together with
the fundamental properties of the function P(t,x,A)[61], we shall
assume that P(t,x,E)=1 for all t>0. That is, the corresponding
Markov process is not cut off. Furthermore, the following condi-
tions (C-1)~(C-3) will be assumed to be fulfilled.

(C-1) For any arbitrary e-neighborhood Ue(x) of the point x,
l—P(t,x,UE(x)) = o(t) uniformly in x in an arbitrary com-

pactum KcU.

(C-2) For an arbitrary bounded B-measurable function f and for



each £>0, T f(x) = [ P(t,x,dy)f(y) defines a continious
E

% 1

function of x,  where T, 1s the semi-group of linear oper-

ators.
(C-3) For an arbitrary xe¢E, t>0, and for any open set U, the rela-
tion P(t,x,U) > 0 holds.

Then, it is known[61] that there exists a homogeneous Markov
process x(t) satisfying
(C=L4) For any compactum K and any s>0,
Px[{x(t)eK,Oftfs} n {x(t) has a discontinuity for O0<t<s}]
=0
(c-5) x(t) is a strong Markov process.
A process x(t) for which conditions (C-1)~(C-5) are satisfied
is called a diffusion process.

%2
2.1.B The Kolmogorov Equations for Diffusion Processes

Let {x(t),t:O} be a continuous stochastic process of the
Markov type defined on the real line ; that is, x(t) is a Markovian
random variable, depending on a continuous parameter t, which
assumes values in the state space R = {x;-«<x<w}. 1In this section,
we derive and study the Kolmogorov diffusion equations associlated

with continuous Markov processes on the real line. Let

#1  This property has been studied in detail by Girsanov in [62].
Processes for which (C-2) is satisfied are called strongly Feller
in [62]

*¥2  For studies on Kolmogorov equations for diffusion processes,
we refer to the books of Fuller[9], Dynkin[61], Friedman[63], Ito

[64] and Bharucha-Reid[65], e.t.c.



(2.1) P(t,x;T,y) = Pr{x(r)<y[x(t)=x}, >t

denote the transition probabilities of the process {x(t),t>0}.
Naturally, it can be also written that

(2.2) Ploaxstsy ) = Plosbyxs¥)s

For t and x fixed, P(t,x;1,y) is a continuous function of t. In
addition, P(t,x;t,y) 1s a (conditional) distribution function in y
satisfying the usual conditions,

(2.3) 1im Pl sxiryy) = 0, 1lim P(t,x31,y) = 1.

yor— yore
If the mean and variance of the change in x(t) during the time

interval At are defined by the following truncated moments,

(2.4) lim f% f (y—x)dyP(t—At,x;t,y) = bt x)
At>0 ly-x]|<s
and
¢ 1l 2
{2.5] lim 5= f (p-x)"d _PUe~8E,%:5,%) = alf.x)s
At->0 Iy—xl<5 y

the backward Kolmogorov equation is obtained by [60]

2
OP(t,x3T,y) _ 1 3 P(t,x3T,¥) oP(t.xs7.,¥%)
NGNS S = e MO R o
(2.6) T 2a(t,x) BX2 + b(bsx) ™ .

Similarly, the density function p(t,x;T,y) satisfies

) . 2 . ;
(2.7) _ ap(téﬁzT’Y) - %a(t’x)a E(tzxérzz) & b(t,x)ap(tsi’sz)_

9X
We can also derive the so-called Kolmogorov’s forward
equation, which 1s also called the Fokker-Planck equation, as given

by

(2.8)  3B(t,x31,y) | 10°Talt,y)p(t,x31,5)7 , 30b(r,3)p(t,x;51,5)]
: ot 2 8y2 oy '

The forward equation is the formal adjoint of the backward equation,

and it will be of interest in this thesis.

-17-



Equations (2.7) and (2.8) are rewritten respectively by

(2.9) -2y
where
{2.10) Tf#} = %a(t,x)ajié> * b(t’X)géél
and
ap *

(2.11) 5? =1 P

where

2 ) .
ey Brey = %a [a(ngg( )], 3[b(15§)( )]

The operator L is called the differential generator of the diffu-
sion process and the quantities a(t,x), b(t,x) are called respec~
tively the diffusion coefficient and the drift coefficient. Also,
L* is the conjugate differential operator of L.

Let both a(t,x) and b(t,x) in Eq.(2.10) depend on x, and not
on t. For the term a(x) in (2.10), if there exists a point X=X

satisfying a(x)=0, the differential generator L of (2.10) is said

to be degenerate type. Otherwise, if a(x) %0 for all x, (2.10) is

said to be non-degenerate type.

2.1.C Diffusion Process on the Real Line

Let x(t,w) be a Markov process in E(l) starting at the point
¢ in the half-infinite interval [0,») with the differential gener-

ator,

2
" 9 9
(2.173) L =10 (X)g;§ + V(X)g;

where both the drift coefficient V(x) and the diffusion coerffi-

cient Ug(x) are polynomials in x and these satisfy Lipschitz and



uniform growth conditions. Since diffusion processes are defined
to be Markov processes with continuous trajectories, this leads in
a natural way to a discussion of x(t) as a diffusion process on the

interval I=[rl,r2] where -« frlfr2<w.

Interesting situations arise when the diffusion i1s singular

for which the following relation holds,

(2.14)  U%(x) = 0.

A point X=rg for which U2(rs)=0 is called the singular point, where

r <r <r,..
1-"s-"2

value of the drift coefficient V(x) at the singularity.[66]

There are two types of singular points depending on the

[Definition 2.1] A point T for which U2(rs)=0 is called a trap,
provided that V(rs)=0.

[Definition 2.2] A point ry for which Uz(rs)=0 is called a right
(left) shunt, provided that V(r )>0 (<0).

From the physical viewpoint, it may be observed that a sample
process of the diffusion process is obviously singular at the point

x=rs, because, if there is no diffusion there, the process becomes

Fig.2.1 A sample process x(t) in the case where U2(rs)=0.



deterministic at that point as shown in Fig.2.l. Tt is also obvi-

ous that a sample process does not move any more at the point X=rg,

provided that there are no diffusion and no drift at that point.

This situation expresses the trap. A positive (negative) drift at

the singularity causes the particle to be shunted to the right

(left). These heuristic discussions are stated in probabilistic

terms by the following lemma.

[Lemma 2.1] [67],[68]

Let P_{-} be the probability of the event "." associated with
r
the trajectory x(t) with the initial value x(0)=x0.

(1) If a point rg is a trap, then
(2.15) Pr{ x(t)=rs for all t>0 } = 1.

In this case, almost all trajectories which originate at ¢ remain
at that point. Also, almost all trajectories which originate to
one side of the trap will never cross it. Either the trap is never
reached or if it 1is reached, the trajectory stays there.

(2) If a point r is a left shunt, then

(2.16) Pr{ X(t)<rs for all t>0 } = 1.

In this case, almost all trajectories originating at a point ry
instantaneously leave that point to enter the neighborhood to the
left side of a point ro- Therefore, a trajectory never returns to

ry with probability one. A similar statement holds to a right

shunt.

Lemma 2.1 gives a considerable amount of knowledges about

sample trajectories at or near singularities. However, this is not

sufficient to determine the stability of sample processes. In



order to make the sample stability more clear, we shall classify
the boundaries of the interval I=[r1,r2j formed by the singulari-
ties on the r-direction. Detailed aspects of the classification
may. be found in References[22],[23]1,[68] to the present case. For
the classification of boundaries, we shall consider the differential

generator (2.13) on the interval [rl,r2j and define the function,
- i
(2.17)  B(x) = [, 2V(E)U™“(&)aE
0

where r, is a fixed value in I. Also, the canonical scale and the

canonical measure are introduced, which are respectively defined by

(2:18) ds(x) exp{-B(x) }dx

(2.19)  dm(x) = 2U0"°(x)-exp{B(x)}dx,

where s(x) is a continuous to the right and increasing function on

[rl,r2j and m(x) a continuous and increasing function. We shall

denote,

(2.20a) oy = JI am(x)ds(y),
r, <x<y<r,

(2.20b) ny = ff ds(x)dm(y),
r, <x<y<r,

(2.20¢) ¥y = f/ dm(x)ds(y),
P, SYSRIE,

(2.204) By = [f .ds(x)am(y).
r2>y>x>r2

The boundaries of the interval [rl,r2J are classified according to
the behaviors of the speed and scale measures near rl’and r, via
the functions oy and My (i=1,2).

-The boundaries are first classified as to whether they are ac-

cessible or inaccessible and then further subdivided into regular

=21—



. 5 s s % ible
or exit if accessible and entrance or natural if inaccessib

[Definition 2.3] The boundaries r., i=1,2 are classified as

follows:
regular 1if p;<*

r. is accessible if o, ,<= { i
* exit if py=e

entrance if Ui<w

r. is inaccessible if o.== { _
= natural if p,=e-

A boundary is accessible if there is some probability that it will

be reached in a finite time [68]. Otherwise it is inaccessible.

However, the explanation of the inaccessibility is not sufficient

for the behavior of the process in the interval [rl,r2J because, as
was discovered by Doob [68], a natural boundary can be asymptoti-
cally approached with probability one although it is never reached.

This leads to a further subdivision of inaccessible (natural)

boundaries.

[Definition 2.4] An inaccessible (natural) boundary r, will be

called locally attractive if s(ri) is finite and locally unattrac-

tive if s(ri) = +o.

The asymptotic behaviors of x(t) trajectories in the interval
[rl,rgj can now be determined in terms of these difinitions 2.1,
2.2,2.3 and 2.4. As examples: (1) {rl,rz} = {exit, entrance}. As
shown in Case 1 in Fig.2.2, the probability is zero that the x(t)-
process can reach the boundary r2 and almost all trajectories leave

the interval [rl,r2J at ry. The boundary r; is either 'trap' or

'absorbing boundary' and the boundary conditlons must be imposed.



I = [rl,r2j

g r
o ~t s 02
gl<co’ul=oo g2=oo’u2<eo
exit entrance
Case 1
M 5
—— i o)
O'l<oo,ul<co 02=oo,u2=oo
regular natural
(locally unattractive)
Case 2
e
A - 2
— - -0
01=®, U < U™ ghy==
entrance natural
(locally attractive)
Case 3

Fig.2.2 TIllustrative Examples of the x(t)-trajectories

by Classification of Boundaries.

(2) {rl,r2} = {regular, natural (locally unattractive)}. As shown
in Case 2 in Fig.2.2, the process can reach the boundary rl with
some probability in a finite time and the behavior after reaching
rl can be determined by imposing boundary conditions. Also, the
process can not go to the boundary r, because T, is locally un-
attractive natural boundary. (3) {rl,rz} = {entrance, natural (
locally attractive)}. As shown in Case 3 in Fig.2.2, almost all
trajectories originating within the interval [rl,r2J approach the

boundary r, asymptotically as t=+~ without ever reaching r2, since

2

r2 is locally attractive natural boundary.



2.2 Averaging Principle

The averaging principle has been established for partial dif-

ferential equations of the form, du/dt = eL(t,x)u, where L is the

second-order elliptic or parabolic differential operator and €

sufficiently small constant.

The averaging principle is stated as follows,

[Theorem] (Khas’minskii)[46]
The solution of the Cauchy problem for the partial differen-

tial equation of the form du(t,x)/dt = eL(t,x)u(t,x) as e>0 may

uniformly be approximated over an interval of time which is 0(1/¢)
by the solution of the equation dv(t,x)/dT = eLo(x)v(T,x) where

T is 0(t/e) and LO is an operator whose coefficients are obtained
from those of L(t,x) by averaging with respect to time, where

19(x) 1s described by

T
(2.21)  1%(x) = 1im & [ L(t,x)dt.
0

Tooo

More concisely, the following relation holds:

(2.22)  1im P _{ sup (t,x)-v(&,x)| = 0} = 1
cao T [t,x]eE(l)xI;u x)-v(Z,x)|
where IT = [0,T).

2.3 Symbolic Conventions

Principal symbols used here are listed below:
t : Time variable, particularly present time

to : The initial time at where the system trajectory

starts

x(t) : A scalar or vector stochastic process representing



£(t,x),g(t,x)

E(t)
w(t)
E{-}
u(r)
s(r)
m(r)
L(-)
V()

P(t,x;T,F)

p(t,x)

o(t)

z(t)
g(n)

the system state

A scalar or vector nonlinear function with respect
to x

A white Gaussian random process

A one-dimensional standard Brownian motion process
The mathematical expectation

An invariant measure

A canonical scale measure

A canonical speed measure

The differential generator

A stochastic Lyapunov function

The transition probability which the x(t1)-process
with x(t)=x is included within Borel sets T, i.e.,
Pr{x(T)eFIX(t)=X}

The joint probability density function with res-
pect to t and x

A Markov chain process

A narrow-band random process

An n-dimensional Euclidean space



CHAPTER 3

EXISTENCE OF STATIONARY RESPONSE FOR NONLINEAR
DYNAMICAL SYSTEMs oF DEGENERATE TYPE

3.1  Introduction

In recent years, considerable interests have arisen in the
response of nonlinear dynamical systems subjected to random excita-
tion. Among many practical problems related to nonlinear stochas-
tic systems, extensive researches have been directed toward finding
the existence of the stationary response for randomly excited non-
linear second-order systems. In many cases, exact solutions are
not availlable and then methods of approximate analysis must be well
developed for nonlinear systems. In spite of mathematical diffi-
culties of nonlinear system analyses, the analysis of stationary
responses has been developed through the evaluation of mean-square
responses by utilizing such approximate methods as the perturba-
tion and the statistical linearization and furthermore by measure-
ments of autocorrelation function or spectral density.[1]~[5],[8]

On the other hand, another useful technique for exploring the

stationary response of nonlinear stochastic systems is the applica-



tion of the Fokker-Planck equation with respect to the probability
density function of the solution processes. The exposition of the
Fokker-Planck equation will be given, with emphasis on steady state
solutions.

Let r(t) be the n-dimensional random process whose components

are denoted by xl,x ---,xn. We may now define the Markov process

23
to mean that the conditional probability density function that r

lies in the interval from r. to r,+dr. at time t from r, to r +

1 i1 1 e 2 2
dr2 at time t2,---, from rn-l to rn_1+drn_l at tn—l’ depends only
on sample values of r at t_ and t 5 1:€s s

n n-1

(3'1) p(rn’tnlrl’tl;r2’t2; cte ;rl’l—l’tn—l) = p(rnﬁtnl rn“l’tn—l)'

We shall write a general expression of the conditional probability
density function by using a form of the transition probability
density function p(r,t;r(t+At),t+At). The transition probability
density function p(r,t;r(t+At),t+At) means a sample movement from
r to r(t+At) during a time interval At, based on the assumption
that the sample value was r at time t.

With background knowledge of the Markov process theory, a
parabolic partial differential equation can be derived in the form,

2

9p 3p 1 3
(3.2) - == = IV, + = X U, .
at i 13xi 2i,j 1,33xiaxj

where i,j=1,2,-+-,n. 1In deriving Eq.(3.2), the following assump-
tions must be made. The first and second incremental stochastic
moments of the movement in an infinitesimal period of time are pro-

portional to At so that the following limits exist:

(3.32) Vv, = i%inoﬁ IE(n)(mipd(Ax)



and

= i L ' A

)/
where [(AX)(Ax)' Jij is the (i,j)-th element of (Ax)(Ax). A further

assumption has been introduced in which the higher moments are of

the order of (At).
Our problem is to examine whether or not there exists station-

* n o
ary solution p (r) of Eg.(3.2) as t»w. If the stationary probabi-

lity density function p*(r) exists, this implies the existence of
stationary responses in nonlinear stochastic systems. Then, by
letting t-~ and setting 9p/9t=0 in Eq.(3.2), the probability densi-
ty function p*(r) may be obtained from the Fokker-Planck equation.
However, it is generally difficult to find out the existence of the
stationary probability density function p*(r) for nonlinear stocha-
stic systems.

Now, we shall consider the one-dimensional r(t)-process with
the following differential generator,

2 = .
(3.1)  L(-) = U2<1~>ddl+2) + vy

This differential generator Lr plays an important role to analize
the stationary responses, that is, the stationary probability
density function p*(r), of noniinear dynamical systems. Both the
coefficients U2(r) and V(r) in (3.4) imply that, in the representa-
tion of Itd-type stochastic differential equation, the former cor-
responds to diffusion based on the stochastic movement and the
latter to drift based on the deterministic one respectively. From

the description of Section 2.1.B, for the diffusion term U2(r) in



Fig.3.1 System Behavior of Degenerate Type

(3.4), if there exists a singular point (st 8 satisfying U2(r)=0,
the dynamical system 1s said to be of degenerate type. Otherwise,
if U2(r)#Q for all r, the dynamical system is said to be of non-
degenerate type.

In this Chapter, we shall consider behaviors of the r(t)-
process only in the degenerate type dynamical system. The system
response of degenerate type is shown by the trajectory I in Fig.3.1,
where r=rS is a singular point. In the stationary response of de-
generate case, only the deterministic behavior appears, based on
the drift term V(r), because the stochastic movement disappears at
a singular point r=r,.
In practice, the dynamical system with state-dependent noise,

that is,
(3.5) x + wlx + eg(x,x) = x£(t)

may be considered to be of degenerate type, because the differen-
tial generator of (3.4) is, though the derivation is shown after-

wards, obtalned by



2, . .
(3.6) Lr(') = %r202d GO V(r)gé;l

dr2

and then has a singular point r =0. Generally. the existence of

xE(t) effects as an unstable component which obstructs the stabili-

ty condition LrVL < 0.

The purpose of this Chapter 1s concerned with the condition
for the existence of the stationary probability density function
p*(r) and to deal with two new approaches to the analysis of non-
linear stochastic systems of degenerate type, based on the concept
of an invariant measure.

In Section 3.2, as a mathematical preliminary, the relation
between the transition probability density function and the invari-
ant measure is briefly explained. The condition for the existence
of an invariant measure is described in Section 3.3 by two differ-
ent methods: i.e., one is Lyapunov-like function approach and
another martingale approach. As examples, in Section 3.4, we show
the behaviors of two kinds of nonlinear dynamical systems subject-
ed to random excitation, including the results obtained by digital

simulation studies.

3.2 Mathematical Preliminary

For convenience of discussion, let r(t) be the scalar Markov

process with the differential generator,
f3.45 e} = Uz(r)gii;l 3 V(r)gi;l
: r dr2 dr °

The definition of an invariant measure is stated as follows:



[Definition 1](Dynkin[69]): For AeB(Borel set), if ux0 and if

(3.7) (A) = (dI‘)P(t,I’,A),
u IE(l)u

then the measure p is invariant for the r(t)-process where the

transition probability P(t,r,A) is defined by
(3.8) P(t,r,A) = P{r(t)eA|r(0)=r}.

The equality (3.7) shows the relation between the transition
probability and the invariant measure.

With an additional but simple condition, it is known that
there exists a probability density function p*(r) associated with

P(t,r,A) such that [16]

*
(3.9) wu(a) = p (r)dr.
fL)

*
Furthermore, the probability density function p (r) is the nor-

malized positive solution of

*

o %
(3.10) 0¥ 2B + v(r)2 - o,
or -

which corresponds to the one-dimensional expression of Eq.(3.4).

From the equality (3.9), the invariant measure 1s strongly
related to the stationary probability density function. In the
sequel, our major attentlon is focussed on the invariant measure u
rather than the transition probability or the stationary probabili-
ty density function.

3.3 Existence Conditions of an Invariant Measure

Two approaches are developed in this section, stating suffi-
cient conditions for the existence of an invariant measure. We
shall consider again the one-dimensional Markov process r(t) which

is called the diffusion process. In Eq.(3.4), the points Ty satis-



fying

(3.11) U2(rs) 0

are called the singular points at which the diffusion motion dis-
appears. Thus the singular points are those specified to be

treated in the following discussion.

3.3.A Lyapunov-1like Function Approach

We need the following two lemmas.
[Lemma 3.1] (Khas’minskii[11]) If the one-dimensional diffusion
process r(t) satisfies ; (a) for every initial state, any bounded
region preassigned on the real line [0,) is hit eventually w.p.l,
(b) the hitting time has a finite expectation, then there exists

a unique invariant measure p on the Borel sets of E(l).

Befpre the statement of Lemma 3.2, we introduce a real-

valued function VL(r) with the following properties;

(P.1) VL is defined for reﬁv where 5V={r:rzR}; and where R is an

arbitrary positive constant.

(P.2) VL is continuous in Ev and is twice continuously differen-

tiable in D .
v

(P.3) VL(r)zo, reﬁv and VL(r')—>°° as r-w,

With the properties (P.1) to (P.3). the following lemma holds:

[Lemma 3.2] (Wonham[16]) If there exists a function VL(r) with

the properties (P.1) to (P.3) and if
(3.12) LrVL(P) < -1, reD_,

then the r(t)-process satisfies Lemma 3.1 and has an invariant

measure.



However, Lemma 3.2 can not give the condition for the exist—‘
ence of an invariant measure p(A) to the nonlinear dynamical sys-
tem with the differential generator (3.4), because it is still un-
known whether the condition (3.11) holds for any conditions of co-
efficients U2(r) and V(r) in (3.4) and furthermore for any func-
tions of VL(r) with properties (P.1) to (P.3). In particular. as
mentioned by Eq.(3.10), when the diffusion term U2(r) in Eq.(3.4)
has the singular points, it is, in general, difficult to establish
the condition for the existence of an invariant measure. Then, in
this chapter, we propose an extensive approach to determine condi-
tions of coefficients U2(r) and V(r) for the existence of an in-
variant measure u(A), through the construction of a Lyapunov-like
function VL(r).

Suppose that, within the semi-infinite interval O0<r<e, the
differential generator (3.6) has only one singular point for which
Eq.(3.11) holds.

(i) Define a new process C(t)=r(t)—rs for e R and write the

differential generator LC by

2
2 d d
.1 L, = T ()2 % TV (o)
(3:13) L = U ()25 + V(o)
(ii) Similarly, define a new process n(t)=rs—r(t) for Ogrsrs and
write the differential generator Ln by
o

2

(3.14) L_ = Uﬁ(n)
dn

d
+ — .
" Vn(n)dn

For the z(t)-process defined, the following theorem holds:

[Theorem 3.1] If the coefficients of the differential generator



(3.13) satisfy the following conditions:

(G.1Y Ug(;) ¥ 0 for r>0.

dz } is integrable,

Ug(z)@(z)

o
(c.2) ¥(z) = e(x)exp{ [,

LoV, (2)

where &(z) = expl f C dz }.
U (z)

and CO is an arbitrary positive constant, then, the g(t)-process

has an invariant measure in the neighborhood of 7=0.

(Proof) Define the function VL(C) by

zoV, (n) o sV, (n)
(3.15) V() = f eXp[I —5———dn + f —51——eXp{—f 0L —an}dzlay.
(n) y U, (z) zZ Uc(n)

From Eq.(3.15) and the property (C.1), since

av._(z) oV (n)

(3.16) ——%E—— = exp f —Ez—gdn
z U (n
Zo 1 g Vc(”)
+ [ “——exp{-] —5———dn}dzj > 0,
z UC(Z) z U (n)

the function VL(Q) is a monotone increasing function. Hence, the
function VL(g) satisfies the properties (P.1) to (P.3). With the

conditions (C.1) and (C.2), it follows that

V (t)

(3.17) L,V (z) = U (o) {-——=—v(z) - 21

Uc(c) Uc(C)

4 (n)
xexp[[ z;exp{ f 0—2————dn}dZJ} + V(0¥ (D)
(z) z U (n)



(n)
= —exp[f O;exp{ l —C—dn}dZJ < 0.
z U (z) z U (n)

For 05:5;0, it is apparent that

1 LoV ()
(3.18) [ —————exp{ / ————~dn}dz > 0.
v2(z) z U (n)

Hence, it is obvious that
(3.19) L,V (3)

Consequently, by using Lemma 3.2, the z(t)-process has an invariant
measure within the interval Os;sco.

For the interval Osnsrs, by using the differential generator
(3.14), the same result as shown by the inequality (3.19) is
easlly obtained.

Thus the sufficient conditions for the existence of an invari-
ant measure with respect to .the r(t)-process are established within
the semi-infinite interval 0gr<w,

On the other hand, for any Borel-measurable continuous func-
tion f, recognizing the fact that the equality (3.7) is equivalent

to

(3.20) f(r)u(dr) = T _f(r)u(dr),
eV o) T

it can be stated that if there exists a measure satisfying (3.7),

then it is equivalent to P(t,r,A),[11] where, for all t,
(3.21) T . f(r) = f(x)P(t,r,dx),
t g(1)

where Tt is a linear operator which forms a contraction semi-group

such that, for each fixed r, the function th(r) is continuous in



t, and.then has the following properties; (1) positive preserving,

(2) ||Ttl|5 1. This fact stimulates us to originate another ap-

proach termed the martingale approach.

3.3.B Martingale Approach

This approach is based on the following lemma. First of all,

our attention is directed to the r(t)-process with the differential

generator LC defined by Eq.(3.13).
[Lemma 3.3] (Beneg[l2]) i

(3.223 | T f(z)u(dz) = f £(z)T u(dz) <
. T .l = u S
g(1) oo b1 £

*
the r(t)-process has an invariant measure, where Tt is the adjoint

operator of Tt'

Furthermore, we need the following lemma.

[Lemma 3.4] (Doob[70]) Let the t(t)-process be an ItO-type stocha-

stic process with bounded diffusion coefficients, O<U§(c)<w.
Suppose that

(3.23) E{exp|g(0)|} < =.

L.E

(3.24) L. f =0,

then the corresponding stochastic process {flz(t)], t>0} is a
martingale.

However, it is, in general, difficult to construct the martin-
gale function f[z(t)] satisfying the condition (3.24) in Lemma 3.4.
The method proposed here is to find sufficient conditions for the

existence of an invariant measure u(A), through the construction



of a martingale function f[z(t)]. The following two theorems are

stated, based on lemmas mentioned above.

[Theorem 3.2] Let z(t) be a stochastic process of Itb-type and

E{z(0)}<o. If the function f(z) defined by

N (13

(3.25) fLe(8)] = [ exp() % aniaz
0 z U (n)

is bounded and continuous for 0g£g<e«, then flz(t)] is a martingale.

(Proof) The ¢(t)-process is a stochastic process of Ité-type with
the differential generator (3.13). From the definition (3.20), it
is apparent that flz(t)] is a continuous and twice continuously

differentiable in 0<fg<w. Furthermore, using (3.13)., it follows

that
(c) Vc(n)
(3.26) L.f = U (o[- —————eXp{f 0L —an}]
t (c) ¢ U (n)
1o V (n)
+V (C)exp{] —————dn}
Uc(n)

Then, with the help of Lemma 3.4, it is obvious that f[z(t)] is a

martingale.

[Theorem 3.3] If Theorem 3.2 holds and

£(0) roV,(n)
(3.27) flz(0)] = [  exp{f —5———dn}dz < w,
0 Z UC(

then, there exists an invariant measure u(A) for the t(t)-process.

(Proof) Set



(3.28) T§u<A) = P(t,r,A).

Then, from (3.22), we have

*
(3«20) ()T, (dg) = £(g)P(t,z,dT).
Joa) fOT Jo)

If the function f(z) is given by Eq.(3.25), it is obvious that

(3.30) E{flz(t)]|z(0)=c} = flg] < =,
because f[z(t)] is a martingale. This implies that the inequality

(3.22) holds. Hence, the ¢(t)-process has an invariant measure

u(A).
For the n(t)-process with the differential generator (3.14),

an analogous theorem to Theorem 3.3 1s easily stated.

3.4 Illustrative Examples

We shall consider the second-order nonlinear stochastic dif-

ferential equation,
(3.31) X + w’x + eg(x,%) = Sh(x,%)E(t)

Equation (3.31) may be considered to be a generalization of a mathe-
matical model of dynamical systems, where g(x,i) expresses the
system nonlinearity, é(t) is a Gaussian white noise process, and
h(x,x) is a nonlinear function by which various kinds of excita-
tion h(x,x)E(t) are generated. The nonlinearities g(x,x) and
h(x,i) contain both velocity and displacement terms and may depend
on the past history of the system. It is assumed that w2, € and 6§
are constants and that both € and 8§ are small in some sense such
that the system is lightly damped, weakly nonlinear and that the

system response is related to a random excitation with a relative-



ly small magnitude.

Let the state variables be x=x1 and i1=x2 respectively. Then,

Eq.(3.31) is expressed by the nonlinear stochastic differential

equation of Ité-type[66],[71],

(3.32a) dx, = x,dt

(3.32b) dx2 —{m2xl + eg(xl,xz)}dt + 6h(xl,x2)dw(t)

where the w(t)-process is a Brownian motion process and this has

been introduced through the relation[72],

t .
(3.33)  w(t) = /O £(s)ds.

Naturally, the following properties are well-known ; E{dw(t)}=0,
E{(aw(t))°}=0%at.

In order to convert the two-dimensional stochastic process
(xl,xg) determined by Egs.(3.32a) and (3.32b) into the one-

dimensional stochastic process r(t), letting

(3.34) X, = %sin(w-wt), X, = -rcos(y-wt),

then,

(3.35) () = wxi(t) + x5(t)

and after somewhat tedious calculations using the averaging prin-
ciple[46] (for more detall, see Ref.[51]), the following differ-
ential generator can be obtained;
2, . a° d
(3.36) L, =U(r)—5 + V(r)g; »
dr

where



2 2m P
g lf hz(icose,rsine)sin 64e,
0

2
(3.37) U%(r) = S

2., 2m 2
“ J’f h2(£cose,rsine)99%——de
0

(3.38) V() = S5

1 2m - .
+ EFIO g(acose, rsinb)sinbde

2
and y-wt = 6+m/2, and where it has been assumed that & =e.

3.4.A Example-1

Let the nonlinear functions g(x,x) and h(x,i) be given by

2 _ .3
(3.39) g(x,x) g(Xl,X2) = x] + 20X,

and
(3.40) h(x,x) = h(x ,%,) =Y
respectively, where o and y are constants. With Egs.(3.39) and

(3.40), we have

(3.41a) dx; = x,dt

2
5 —H{w Xy

(3.41p) dx + e(xi + 2ax2)}dt + Sydw.

Equation (3.41) is a mathematical model of dynamical systems
with the nonlinear restoring force of cubic order and excited by
a Gaussian white noise. We set y as a positive constant. When
é(t)=0, i.e., dw=0, it is already known that the system is stable,
provided that o>0, while the system is unstable, if a<0.

From (3.37), 1t can easily be shown that

2 2m 2.2

(3.42) U2(r) = %?f%f YZSinzede = gj¥—
0

Hence, no singular points exist. Furthermore, the fact that the



system (3.41) has no invariant measures is a direct consequence of

the application of Theorem 3.1 and 3.3. 1In fact, since

2 2

m 2
g- 1 2cos" 6
(3.43) V(r) = 72/ Y'=-—48 - ar

2 2
oy
T T o

it follows that

4
(3.44) [ o(r)dr = [ Aor_lexp( §a2r2)dr = ©
0 0 oy
and
g 5 -1 20 2
(3')45) f ‘P(I’)dr’ = [ AO]_” exp(.—__2 21" )
0 0 oSy

2

y Yo_x —20__2 _
exp{[ — 5exp(55x"Jdx}dr =
r oy oy

where AO=CO.

3.4.B Example-2

Instead of (3.40), letting

(3.46) h(x,x) = h(xy,x,) = Y%,

then, it may happen that there exists a singular point. Thus, we
can clearly understand the behavior of sample trajectories of the
system, based on the existence of an invariant measure and the

related stationary probability density function. The system equa-

tion is
(3.47a) dxl = x2dt
(3.47b) dx, = —{w2x1 + €(2ax2 + x%)}dt + 6yxldw.



Equation (3.47) is a mathematical model of dynamical and/or control
systems excited by a random noise which is proportional to displace-

ment of the system. Another practical example is considered to be
a mathematical model of nonlinear systems containing a random co-
efficient because, from (3.47), we may write

(3.48) X + 2eax + {w° - SyE(t)}x + ex> = 0.

From (3.47) and (3.48), the diffusion and the drift coeffi-

clents are respectively computed to be

2 2m 2
2, . 2
(3.49) Uv2(r) = %;5%{ l—2-rcos 9sin“04d6
0 w
_o%® 2
= 5 T
16w
2 2m 2
(3.50)  V(r) = 23;-/ l-2—r'2cosu6%d9 - ar
™0 w
2.2
= (2 Y2 - a)r.
16w

From Eqg.(3.49), the singular point is r, = 0, i.e., the origin. 1In
particular, this point is a trap because V(0)=0. With the help of
(3.49) and (3.50), ®(r) and ¥(r) are respectively

r

0 2.2 2 2
(3.51) o(r) = explf [(LX - a;/é—lngdx}
r 16w 16w
and
2,9 3 g g 2,2 2
(3.52) ¥(p) = Aor—l+l6aw /0%y exp{lngf X—l+16aw /6%y ax}
r

2,2 2
where A0=r01"l6°“lJ /97Y"



(A) The case where (l6am2/o2y2)so (0g0)
With the help of (3.51) and (3.52), examinations of (C.2) and

(3.27) become respectively,

(3.53) Iz b(r)ar = AOIZ r-1+16aw2/02y2dr .
and
(3.5H) [C ¥(r)dr = Aolz‘r—l+16am2/o2y2exp{1gwi
0 0 2
< frox—1—16aw2/ozyzdx}dr  w
r

Then, Theorems 3.1 and 3.3 do not hold. Consequently, in this case,
since the stationary probability density function does not exist

and Eq.(3.10) may not be applicable.

(B) The case where (16uw2/02Y2)>0 (a>0)

In this case, we have
(&
(3.55) [ ¥(r)dr = =
0

and

(3.56) f£l[z(0)] < = .

Thus, although Theorem 3.1 does not hold, Theorem 3.3 holds. This
implies that Theorem 3.1 gives a sufficient condition and strongly
depends on a choice of Lyapunov-like functions. However, bearing
in mind Lemma 3.3, it can be concluded that if l6aw2/02Y2>0, then
the system has an invariant measure and sample trajectories ap-

proach the origin. This is also examined by digital simulation

studies in the sequel. Thus, the existence of the stationary



¥ f
probability density function p (r) depends on whether the value o

K=16aw2/02y2 is positive or not. However, it should be noted that,

from (3.51), we have

e 2 G2 2
S Aof = 1+1l6ow - /0°Y dr
2

4
(3.57) ZzLimf o(r)dr

g <> 0 g >0 0

= 0o

2 2
It is obvious that , as the value of ¢~ or y becomes larger, the

value of k becomes smaller. The digital simulation studies are
performed on Egq.(3.47). Naturally, the value of k does not indi-
cate a critical value but gives an estimate guaranteeing the exist-
ence of an invariant measure, i.e., the stationary solution p*(r)
of the Fokker-Planck equation. It is worthwhile to show the

sample trajectories obtained by digital simulation studies. A wide
variety of sample runs determined by Eq.(3.47) were simulated on a
digital computer. Figure 3.2 shows a representation of sample

runs where, through the experiments, a constant step-size of time
intervals was taken as At=0.01l(sec). A set of parameter values

was preassigned as w2=0.l, €=0.1 and 6=0.3. Figure 3.2(a) shows

a sample run in the case where 0<0 for which the existence of the
stationary probability density function p*(r) can not be expected
and the system without an exciting force is inherently unstable.
Three sample runs are plotted in Fig.3.2(b). The dotted line, y=0,
corresponding to the deterministic trajectory with initial value
r0=0.52. The initial state in the case in which the system was
excited by a random input with a variance c2=1 was also ro=0.52.

Through the simulation experiments, in the case in which the system

was excited by a random force with a small magnitude, the sample



Example! (the case where a<0)

dx, = x,dt
dx= - (015 Q1-08xp ) ) dt-O1x,dhw
30 x(0)=x40)=05, r(0)=052
r= ’ 0.1 fo X:
101
50

t
(time)

(a) Damping coefficient o = -0.5

Example 2

dx =x,dt
20t
02=5
10+
052
9?0
1

A= -[01%+ 0100+ )] dt -Olxdw
0 50 100 150 (time)

~

"x{0)= 4{0)=05, r(0)=052

r=JQ1xf.x: , a=10

(b) Damping coefficient a = 1.0
Fig.3.2 Sample path behavior of the system given by
Eq.(3.47).



runs converge to the singular point rs=0. On the contrary, as the

T runs
magnitude of a random exciting force becomes larger, sample

do not bring any information to conclude the existence of a sta-
tionary probability density function. This can be seen in
Eq.(3.57), stating the fact that as the magnitude of an exciting
force becomes larger, the possibility of the existence of the sta-

tionary probability density functions becomes remote.

3.4.C Application to the Noise Stabilization Problem

Two examples presented above have a singular point at the ori-
gin r=0. However, there exist many other cases where the system
has a singular point at r=rs%0. Practical examples have already
been shown by the authors associated with studies on phe noise
stabilization of nonlinear systems[51],[52]. For example, we shall

consider again the nonlinear dynamical system glven by

(3.58) x + wlx + e(ox + Bx3) = —8h(x,x)E(t)

where

(3.59) h(x,x) = h(r) = ar|r - r .

When é(t)=0, the system behavior shows the limit cycle which is
regarded as the unstable state. Our purpose is to eliminate the
1imit cycle by using the influence of the additional term h(x,i)
xE(t). In this study, a key assumption is the existence of the
stationary probability density function p*. It becomes possible
to justify this assumption by applying the approach presented here.
The system has a singular point r=rg where ry is the preassigned
location of a singular point for the purpose of realizing the sta-

bilization. Then, we shall examine the behavior of the processes



in the two intervals In = [O,PSJ and I; =[rs,m). First, in the

interval Ig’ Eq.(3.13) becomes

¢ 02 02 2
(3.60) LC = il (¢ +r )CE— TCdC .

According to the same procedure as cases of 3.4.Aand 3.4.B, we have

6 ¢ T Kl
(3.61) fo ®(n)dn = fO n+rgdn < o,
and
£ ¢ 55
(3.62) [ ¥(nm)an = —————dn < @
0 0n(n+r)
where K =tytr ., o= 4/02a2K and 0<a<l and where
] 1
2 2
K2=co(u/c a (C0+rs)).

From the results of Egs.(3.61) and (3.62), it is obvious that
Theorems 3.1 and 3.3 hold. Furthermore, it is a simple exercise to

obtain the same result in the In interval as in the interwval IC

Consequently, it can be concluded that the behavior of the r(t)-
process converges to the singular point r=r w.p.l. Simulation

results were already shown in [51].

35 Summary

In this chapter, two new approaches have been developed to
examine the existence of the stationary probability density func-
tion for the response of nonlinear dynamical systems. One is to
choose a suitable Lyapunov-like function and another to find out

an arbitrary martingale function. Both approaches presented here
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give sufficient conditions of guaranteeing the existence of the
stationary solution of the Fokker-Planck equation. Naturally, a
choice of a type of Lyapunov-like functions depends on the non-
linear characteristics contained in the dynamical system consider-
ed. However, the present methods provide an exploration of the
asymptotic behavior of a wide class of nonlinear dynamical systems
around the singular points. There is an additional advantage to
the present methods, which can be used to find out the possibility

of realizing the noise stabilization of unstable nonlinear dynami-

cal systems, which will be described in Chapter 6.



CHAPTER 4

StocHASTIC BEHAVIORS oF NONLINEAR DYNAMICAL
SysTEMs oF NoN-DEGENERATE TYPE

4.1 Introduction

We shall again consider the r(t)-process with the following
differential generator,

2
(4.1) L () = U2(r>95§51 + V()3

which was obtained by the nonlinear stochastic differential equa-
tion (3.31) or (3.32). (for more detail, see Section 3.4) 1In
Chapter 3 already presented, for the nonlinear dynamical system of
degenerate type with U2(rs)=0 in (4.1), sufficient conditions were
shown that the r(t)-process converges to a singular point rs in
the stationary states.

In this Chapter, we shall consider stochastic behaviors of
nonlinear’dynamical systems Qf\non—degenerate type with U2(r)#0
for all r in (4.1). The éystem behavior of non-degenerate type 1is

shown by the trajectory I in Fig.4.1, where a point r=re satisfies



r(t)

Fig.4.1 System Behavior of Non-degenerate Type

V(re)=0 but U2(re)#0 and the trajectory II represents the determi-
nistic behavior converging to a point r=r,. Accordingly, since
there is always U2(r)¥0 for all r, the system behavior of non-
degenerate case is that the stochastic movement is added to the
deterministic dynamics II , whether the system is stable (in this
case, the r(t)-process converges stochastically at r=r_ as t>») or
unstable.

In practice, as the structure of dynamical systems with
an external noise, there exist a lot of systems of non-degenerate

type. For example, the dynamical system with an additive noise as

h(x,x)=c(=constant) in Eq.(3.31), that is,
(4.2) X + w2x + eg(x,x) = cE(t)

may be considered to be of non-degenerate type, because the dif-
ferential generator of (4.1) is, using Egs.(3.37) and (3.38),

obtained by



2
2 2d°(-)
C O >

ay

==

g = a-
(4.3) L") = + v(r)a)

and then (4.3) has no singular points.

Comparing with the case of a state-dependent noise xé(t), the
additive noise cé(t) operates as an undeterministic component to
the system dynamics. Accordingly, in the non-degenerate case, it
is an important problem how these dynamical systems, corresponding
to the level of random noise, converge stochastically to some
domain under any conditions in the stationary states.

In Section 4.2, the description of the problem to be solved
here is explained. In Section 4.3, for behaviors of nonlinear dy-
namical systems of non-degenerate type, two main theorems are
demonstrated giving sufficient conditions for the existence of phe
stationary response and for the convergence of sample trajectories
to the stationary state with a certain probability appraisal. As
illustrative examples, in Section 4.4, we show the behavior of two
kinds of nonlinear dynamical systems subjected to random excitation,

inecluding the results obtained by digital simulation studies.

4.2 Problem Statement

As a mathematical preliminary, the relation between the tran-
sition probability density function and the invariant measure was
already explained in Chapter 3. The purpose of this chapter is to
examine both the existence of the stationary response and the
asymptotic behavior of nonlinear stochastic systems that the r(t)-
process which starts from the given initial states converges to
some domain with a certain probability when t-w~. Figure 4.1 illus-

trates the analytical procedure which will be developed in the



Probability System Dynamiqg}—————i-'Existence of
Appraisal 2 29 2 Stationary Response
P(r(0)eA|r(0)=r,) e (E) = x Hxy
VAN Differential Generator
2 ;
L =0 () dSrv(ng- 7 -
r dr Existence of Stationary
2 p.d.f. of Fokker-Planck Eq.
U"(xr)%0 29 &
Uz(r)g—P—+V(r)gL-=0
ds, dm er dr
p(t,xr)>p*(xr)

[Ll5£9=m(A)I}G==={[Positive RecurrentJ]

Existence of an Invariant Measure

u(A)= P(t,r,,A)du(r), w(a)= | p*(x)dr
IE(l) 0 [A .

Fig.4.2 Illustration of Analytical Procedure

sequel. First, as shown in Fig.u.a, the differential generator Lr
of the r(t)-process will be found by applying the averaging princi-
ple by Khas’minskii to the Kolmogorov equation derived by using the
polar coordinate transformation, Secondly, the concept of positive
recurrent related to the knowledge of sample properties is intro-
duced, by which the sufficient conditions for the existence of an
invariant measure p(A) will be obtained. This result implies that
there exists the stationary probability density function p*(r) with
respect to the r(t)-process. Finally. applying the relation that
the canonical measure m(r) is equivalent to an invariant measure
u(A), the probability appraisal P(t,r,A) that sample behaviors

converge to some domain will be examined.



b.3 Existence Conditions of an Invariant Measure and Analysis of

System Behaviors

We shall consider the one-dimensional Markov process r(t) of

non-degenerate type. In Egq.(4.1), the sets of all non-singular

points satisfying

(4.4)  US(r) % 0

are particularly called the non-singular intervals which are either
1

semifinite or finite. Now we take any non-singular interval I =

[ri,rj] on which Feller’s scale ds and the speed measure dm are

given as [65],[73]

_ 1 T ov()
(4.5) dm(r) = — exp{fr s
U (r) al”(n)
and
T v(n)
(4.6) ds(r) = exp{—[r —Er——dn}dr,
al~(n)

where ¥ is an arbitrary point assigned in I', s(r) a right-
continuously increasing function and m(r) continuously increasing
function.

Using Egs.(4.5) and (4.6), the following two lemmas hold,

which are already known.

[Lemma 4.1] (X.It® and M.Nisio[14]) If the canonical scale ds and

the speed measure dm are characterized by

o {eo] (o]
(4.7) [ ds(r) = e, f ds(r) =« and [ dm(r) <
0 T 0
0
where ry is an arbitrary point in I=[0,«), then the r(t)-process

is positive recurrent.



[Lemma 4.2] If there exists a non-singular finite interval T
[ri,rj] such that, for the drift term V(r) of the differential gen-
erator (4.1), V(ri)>0 and V(rj)<0, then the r(t)-process is positive
recurrent.

Since the proof is straightforward by [14], the description of
the proof is omitted here. From the lemmas 4.1 and 4.2, the follow-

ing fact is already known. [147,[74]

[Lemma 4.3] If the r(t)-process is positive recurrent in the non-

]
singular interval I or I , there exists an invariant measure p(A).

Based on the lemmas 4.1 and 4.3, the following theorem holds.

[Theorem 4.17] Let the r(t)-process be with the differential gener-

ator (4.1). For Eq.(4.1), it is assumed that
(g:1) U2(r)=a(=constant)>0 in re[0,=)
(C.2) V(r) is a continuous and bounded function for all r except

for r=0.

] r
(C.3) The function exp{éfr V(n)dn} is continuous and bounded in
a

re[0,®), has 0(1/r") as tow and, furthermore,
g
lim exp{gfr V(n)dn} = 0.
o a

Then, there exists an invariant measure p(A).

(Proof) First, the speed measure dm is examined. The integral in

Eq.(4.7) may be

o]

L
[ Zdm(r) + [ am(r)
0 T

(4.8) [ am(r)
0
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where r=r. is sufficiently large and ra<r From the conditions

L L’

(C.1),(Cc.2) and (C.3), it is obvious that dm(r) is continuous and

bounded in [O,rL] and then the following result is obtained;

ied f X
(4.9) Lam(r) = J B Lexp{if V(n)dnldr < e.
0 A

Nextly, we shall consider the second term of the R.H.S. of the
integral (4.8). As any function ¢(r) which is positive in the

interval rL<r and integrable at r=«, we set

(4.10) Ww(r) = 1/r™ (n>1).

Then, it is obvious that

o o

(4.11) [ w(r)ar = [ Ear = — n-1 - K
v r.r (n-1)r;

where K is positive constant. If the following relation,

L
a

r
(4.12) exp{%f V(n)dn} < ;% (r, < 7)
r

T a
a

holds for a sufficiently large r, it becomes that

1 1 1
(4.13) [ gZexp{z] V(n)dnldr < [ —dr
I'L I’a I’LI'
= K < o

Accordingly, we shall examine whether Eq.(4.12) holds or not. Now,

letting

r
(4.14) F(r) = 2 - Zexp(zf V(n)an)
r . #

a

and using the condition (C.3), it can be obtained that



11 Ly
(4.15) 1im F(r) lim [ —= - —exp{af V(n)dn}]
> oo a r,

=0
and

(4.16) dF(r)/dr

]
(es]

From Egs.(4.15) and (4.16), F(r)>0. Then, Eq.(4.12) holds. From

the results of Egs.(4.9) and (4.13), it follows that

o o] r
1
(4.17) [ am(r) = [ %exp{gf V(n)dnldr < .
0 0 b
a
Nextly, Feller’s canonical scale ds is examined similarly as in the
case of dm. Applying (C.3) to the calculation of ds, we obtain

[ee]

(4.18) [ as(r) = [ 5
0 0

g
exp{_[ _.v_(_n)_dn}dr = oo,
r, U (n)

a

Also, it is obvious that

(4.19) fr ds(r) = o.
a

From the results (4.17), (4.18) and (4.19), since Lemma 4.1 holds
and the r(t)-process is positive recurrent, we may conclude from
Lemma 4.3 that there exists an invariant measure u(A).

Theorem 4.1 reveals that there exists an invariant measure u(A4)
within the interval I=[0,~). Consequently, we may conclude that
the stationary sample trajectories of the r(t)-process exist with-
in the interval I. As shown in Fig.4.3, we shall consider behav-
iors of the r(t)-processes in detail. In the case of a determin-
istic system, the sample trajectory converges to the point r=r, as

shown in Fig.4.3(a), provided that the system 1s stable and the



V(r)>0———Af=—V(r)<0

V(re)=0

Fig.U4.3 Concept of Positive Recurrent

point rc is the equilibrium point. On the other hand, in the case
of stochastic systems, this equilibrium point r=rc represents a sta-
ble singular point corresponding to both U2(r0)=0 and V(rc)=0. How-
ever, 1in the case of nonlinear stochastic systems of non-degenerate
type considered here, there exists only a voint re which satisfies
U2(r)¥0 but V(r)=0. Let this point be r=r_, as shown in Fig.4. (b).
Naturally, if no random excitation exists, then re?rc. We shall
consider a finite non-singular interval I'=[ri,rj] including the
point r=re. If there exists a point r=r, satisfying V(re)=0 and

if, in the neighborhood of r=r_, V(ri)>0 at r=r; and V(rj)<0 at r=
rj, it follows from Lemma 4.2 that sample trajectories converges to
to r=r,_ in I' as shown in Fig.4.3 (b), wherever they start with any
initial values. In this case, by giving the probability appraisal
which sample trajectories of the r(t)-process converge to the inter-
val I', nonlinear system behaviors of the non-degenerate type can
be examined clearly within the non-singular interval I. In the

present chapter, through the relation between the canonical measure



m(r) defined by (4.5) and an invariant measure p(a) given by (3.7),
an approach has been developed to obtain the transition probability

1
P(t,rO,I') which the r(t)-process converges to the interval I .

We need the following two lemmas. [11],[75],[76]

[Lemma 4.47 If w(E'}))<w, then for any AeB, it holds that

u(a) o (1)

(4.20) P(t,r ———rtet
u(E(l)) ¥

ot =

where E(l)=[0,m).

[Lemma L4.5] The speed measure m(A) is equivalent to an invariant
measure up(A), that is,
(4.21)  w(a) = P(t,rO,A)dm(r) = m(A),

(D

Based on the lemmas 4.2, 4.4 and 4.5, the following theorem

holds

[Theorem 4.2] Take any finite non-singular interval I'=[ri,rj]sI.
If Theorem 4.1 holds and if, for V(r) of Eq.(4.1), the following
assumptions hold

(C.4) there exists only one point r=r, such that V(re)=0 in the
interval I'.

\i
(C.5) for any point r<r, in I , V(r) >0 and for r>re, V(r)<o0,

then, the r(t)-process converges to the point r=r, within I'. The

. 1
probability that the r(t)-process converges within I , is given as

(4.22) Pr(r(t)eI']r(0)=ro)



r,

j r @ 7
= f 21 exp{f —%Lﬂldn}dr [ 21 exp{f —%Lﬂldn}dr
r, U (r) r U7 (n) 0 U (r) r U°(n)

(Proof) By Theorem 4.1, in the non-singular interval I=[0,«), the
r(t)-process has an invariant measure p(A). From (C.4) and (C.5),
the r(t)-process satisfies Lemma 4.2. Then, the r(t)-process is
positive recurrent in the non-singular finite interval I'=[ri,er
and then converges to I'. Using Lemma 4.4, the probability

1 1
P(t,r.,I ) which converges to I is given by

O’

(4.23) P (r(t)eI |r(0)=ry) = u(I )/u(I).

-

Furthermore, using Lemma 4.5 and Eq.(4.5), it follows that

(4.24) Pr(r(t)el']r(0)=ro) = nlT 34T

, dm(r) dm(r)
[I m(r ’//II

5 r o r
= f ’ —§l——exp{f —%Lﬂldn}dr f —§£——exp{f —%Lnldn}dr.
r; US(r) r U°(n) 0 U (r) r U (n)

4.y Tllustrative Examples

4.4y.p Example-1

Let the nonlinear function g(x,k) and h(x,i) be given by

(4.25) g(x,%) = g(x),%,) = %5 + 20%,
and

(4.26) h(x,x)

h(xl,x2) =1

respectively, where o is a constant. With (4.25) and (4.26), the
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system equation is

(4.272) dxl = xzdt

(4.27p) dx, = -{u’x

3 + 8
5 1%7 + e(xl + 2ax2)}dt aw.

Equation (4.27) is a mathematical model of dynamical systems with
the noniinear restoring force of cubic order and excited by white
Gaussian noise. When dw(t)=0, it is already known [77] that the

system is stable, provided that o>0, while the system is unstable,

if a<0.

From Eqg.(4.27), the r(t)-process is the scalar Markov process

with the differential generator,

2
2, ,4°(-) a(-)
(4.28) Lr(') =0 (r)-E;T + V(l") ar

where, using Egs.(4.2) and (4.3), the diffusion and drift coeffi-

cients are respectively computed as

2 2T 2
(4.29) Ul(r) = L[ sin®eae = I-
0
and
2. om_ 2 2
_ o 1 cos 0 _ 0
(4.30) Tr) = S5/ >—d8 = = - or.

0

From Eq.(4.29), since a=02/ﬂ, there exists no singular point

because U2(r)#0. With the help of Egs.(4.29) and (4.30), we shall

examine the conditions of Theorem 4.1 ;

(1) (4.29) and (4.30) satisfy the conditions (C.1l) and (C.2) res-
pectively.

(ii) Examinations of (C.3) become,
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r
(4.31) 1im exp{f —%Lnldn} = 1lim R rexp(-g3r2)
=0 r (n) r+0 0 o2

0 (for uzO)

and furthermore

r
(4.32) lim exp{/f —%iﬂldn} = 0 (for a>0)
> raU (n)

= o (for a<0)

2,2
where R0=exp(2ara/o )/ra. These results imply that the condition

(C.3) is satisfied only when a>0. Consequently, the system of
Eq.(4.27) has an invariant measure p(A) if and only if a>0 and then
Eq.(L4.27) has the stationary response.

In order to clarify the characteristics of the stationary
response, we shall apply Theorem 4.2 to Eq.(4.27). From Eq.(4.30),

V(re)=0 holds only when
(4.38) r=r_ = /o/ka

. 1
Considering the non-singular interval I =[ri,rjj with =y in
1
(4.34) where r.Sr, and rj2re, this interval I satisfies the condi-
tion (C.5) of Theorem L.2. Furthermore, with the help of (4.29)

and (L4.30), the calculation of Eq.(L4.22) becomes,

(4.35) Pr(r(t)eI'lr(o)=rO) = exp(—i%ri){l—exp[—f%(r?—ri)]L

If the values ry and rj are fixed, then the probabillity Pr(-) can

be evaluated which the r(t)-process converges to the non-singular

1
interval I in the stationary states.

The validity of the theoretical results obtained above is



shown through digital simulation studies. Figures 4.4 and h.5

show a representative of sample runs determined by Eq.(4.27), in

the case where = 0.16 in Fig.4.4, while a sample run in Fig.4.5

is in the case where re=0.25, respectively. Through the experi-

ments, a constant step-size of time interval was taken as At=0.01
. 2_

(sec) and the variance of a white Gaussian noise was o =1.0. A set

. 2, - -

of parameter values in Fig.4.l was preassigned as wl—l.O, 0=10, €=

0.01 and 6=0.1 and in Fig.4.5 as a=4, €=0.02 and 6=0.14. Both of

the initial values in Figs.l4.4 and L.5 were set as r0=2.0, respec-

tively. The solid line I represents the behavior of the determin-

istic system, which converges to the stationary state r=0 after t=

50 sec and the solid line II shows a representative of sample runs

of the stochastic systems. In Fig.4.4, the sample trajectory r(t)
'

converges to Il with re=V02/Ua=O.l6 and, from Eq.(L4.22), we have

the summarized results,

(4.36) P (r(t)e[0,0.32]|r(0)=2.0) = 0.86

under the conditions ri=0 and rj=0.32 in Eq.(4.35). Similarly,
Fig.4.5 shows a sample run which converges to I;=[0,0.50] with Pr
=0.86 where r.,=0.25. It is confirmed that both Figs.4.4 and 4.5
demonstrate the sample behaviors to show the validity of the theo-

retical results.

4.4.B Example-2

Let the nonlinear function g(x,i) and h(x,x) be given by

(4.37) &(x,x) = g(x,,x,) = —(I—Xi)x2
and
(4.38) n(x,x) = h(xy,x,) = v



— Deterministic system
dx, /dt =x,

dxy /dt =-(W X +€(x+ 2ax, )

20

— Stochastic system
dxl =det
dxp=- (W 2x+e(xP+ 2ax,))dt + 5 dw

=100, €=001 , 6=0]
x(0)=20, x2(0)=0

1.0

032 1y FNRALY T /TIIT Tm —

0.16 r——rl‘ll) 1 w/"\'\_a\/\[\m,\ [‘WV_V,‘
111 VoL LI RN NN YN ENE TR

0 50 100 t

Fig.4.4 Sample Behav:Lor of the System given by Eq.(4.27)
( The Case of I = [0,0.321)

— Deterministic system
dx,/dt =X2

dx, fdt =-(w,2x|+e(x|3~2ax2 )

20

—— Stochastic system
dX] =X2dt
dxy=-(w2xs€(x{+ 2ax,))dt + dw

a=40,€=002, =014
x(0)=20 , X2(0)=0

050 7/ ITTITT /77/7/7/7/77/7 '/7/77/7/7/77/ TITI T
111 IAI/IIII.I/IIIII/IIIU.II:‘ """ Lot i tu\1/~\ell
0 100 t

Fig.4.5 Sample Behavior of the System given by Eq.(4.27)
1
(The Case of Is= [850.501)
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respectively, where Yy is a constant, Then, we have

(4.392a) dx1 = x2dt

—-{x, - (1 - xf)x2}dt - Sydw.

(4.39Dp) dx2 1

Equation (14.39) is a mathematical model of nonlinear dynamical sys-
tems of Van der Pol type when dw=0. Using Egs.(4.2) and (4.3), the

diffusion and drift terms are respectively computed to be

2.2

(4.50) U(r) = L

and

2.2 2
_ 0y pey r
(4.41) V(r) = ety E(2 - —2)

Since no singular points exist from (4.40), an application of
Theorem 4.1 brings the following results.
(1) It is obvious that Egs.(4.40) and (4.41) satisfy (C.1) and
(C.2), respectively.

(i) With the help of Egs.(L.40) and (L.41), the calculations of
(C.3) become

I 2
(4.42) 1im exp{f —%ﬁﬂldn} = lim R rexp[—li—uz—(l -1 =0
>0 r_U°(n) r>0 1 o2y 4 6

and furthermore

r
(4.43)  1im exp{f —(Mgpy - o,
r->o raU (n)

2
where Rq= exp{ra(ra—6)/6o2y2}/ra.

Equations (4.42) and (4.43) imply that there exists an invari-

ant measure p(A) in Eq.(4.39).



Similarly as in Example-1l, we shall clarify the system behav-
iors by applying Theorem 4.2 to the system (4.39). From Eq.(4.41),

it is obvious that V(re)=0 holds only when
b4y T o=, = [2 + A+ 2024212,

1
We shall consider the non-singular interval I = [ri,er including
1
r=r, obtained by Eq.(4.44). It is obvious that I satisfy (C.5) of
Theorem 4.2. Furthermore, with the help of Egs.(4.40) and (L4.41),

the computation of Eq.(4.22) becomes,

(4.45) P_(r(t)eI |r(0)=r,)

r —— Deterministic system
dx, /dt=x,
4“0y dxy/dt ==(x, —(1-%,2 )% )
—— Stochastic system
dx;=xodt
dxy==(x-€(1-%2)x,)dt+5s Y dw
30} I Y=071, €=01 ,6=0.32
x(0)=4.0 , %(0)=0

o

28 AT T [TITITITIT T T, T A

06 \ /\AM [\A\ Ifa\/\ /\AM N
AR

2 — 1 ] VvV ‘Al
20 ‘*'V

T 7
Vg L I L L d L L L L L 4] L LN L L LI L

T ! | 1 |
0 100 200 t

Fig.4.6 Sample Behavior of the System given by Eq. (4.39)
1
(The Case of I3= [1.56,2.56])



E 1 2t ® 1,2
= [ rexp{—5—5(r —?T)}dr///[ rexp{-—5—(r°~g) }dr
s oy 0 oy

g

2.2 2,2 1,2
_(1-9Y 1 _(p2_4))}-exp{-(1-2¥)exp(——=(ri-1))}

_ exp{-(1-— )eXp(O2Y2(ri )) }-exp I 52y2

- 2 2
exp{-(1-2 ) exp (- )}
gy

Parameters

A result of simulation experiments is shown in Fig.4.6.

of Eq.(4.39) were set as 02=1, vy=0.71 and €=0.1. The initial value

was r0=4.0. The solid line I shows the limit cycle with the radius

r=¢x§ + x§=2.0 in the stationary state after t=50 sec. The solid

line II represents a sample trajectory of the r(t)-process which
2 251/2
Y /

]
converges to the interval I3 including a point r=re=[2+ L+20

=2.06 with the probability Pr=0'96' This value is easily obtained

by Eq.(4.45), letting ri=l.56 and rj=2.56.

Detailed aspects of stochastic behaviors of the nonlinear

Table 4.1 Comparison of Convergence Point between

Deterministic and Stochastic Systems

System State Convergence Point
Examples Deterministic Stochastic
system system
Example 1
- _ /2
Eq.(L4.27) r, =0 r= v o°/k4a
Example 2
Eq. (4.39) r,=2.0 | r=I[2+ 4420°y271/2




dynamical systems considered in Examples 1 and 2 are summarized in
Table 4.1. 1In these two numerical examples, it is interested in

observing that the stationary state of the deterministic dynamical

system is shifted by the application of random excitations, for

instance, in Example-1, the steady state r = 0 of the r(t)-process
: . /2

shifted into re= 6" /ha by the existence of random noise with the

; 2
variance 0 . The steady state in Example-2 is also shifted from

rc=2.0 for the deterministic system to = [2+¢4+202y2]l/2 for the

stochastic one.

k.5 Summary

In this chapter. new analytical approaches have been develop-
ed to explore the asymptotic behaviors of nonlinear stochastic
dynamical systems with the differential generator of non-degenerate
type. Two theorems were demonstrated giving sufficient conditions
for the existence of the stationary response and for the conver-
gence of sample trajectories to the stationary state with a certain
probability appraisal. As the result, it was verified that the
stationary state of the deterministic dynamical system is shifted
by the application of random excitations. The validity of the
methods presented here was shown through sample trajectories per-

formed by digital simulation studies.



CHAPTER 5

StocHASTIC STABILITY oF NoONLINEAR DYNAMICAL
SYSTEMS CONSIDERING INITIAL STATES

5 il Introduction

One of remarkable features in behaviors of nonlinear dynamical
systems is the system response to be dependent on initial con-
ditions, which is an inherent characteristics due to the existence
of nonlinearities. Then, the initial value as strong as nonlinear
characteristics effects on the asymptotic stability of solution
processes. In the version of nonlinear stochastic systems, based
on the background knowledge of the stochastic process theory. there
are some investigations [25],[31]1,[33]1,[71] of stochastic stability,
considering only the nonlinear characteristics in their dynamics.
However, none has established any new generalized method, which
clarifies the effect of initial states on the system behavior.
This is because the stability analysis until now has been concerned
with the asymptotic stability for the sufficiently small initial
state near the origin and then the general analytical approach has

not yet been established to a global asymptotic stability for
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every initial states.

Now, let x(t,ro) be the solution process of the stochastic
system starting at the initial state r,, where x(t,ro) is the n-
dimensional state vector and where x(t,0)=0 an equilibrium point.
If the solution process x(t,ro) starting at the neighborhood of the
equilibrium point takes a finite value for all t, the equilibrium

solution is said to be stable. The definition of the asymptotic

stability is stated as follows:

[Definition 5.1] (Stochastically asymptotic stability)
The equilibrium solution is said to be asymptotically stable

with probability more than €., if the equilibrium solution is

OJ

stable and, for so=eo(ro)>0,

P{ 1im sup|| x(t, )|l =0 } > ¢ e. . =1lasr.~> 0
1in supl] x(t5p)| o T ey
holds. Here, || - || denotes the absolute value norm.

[Definition 5.2] (Stochastically asymptotic stability in the large)

The equilibrium solution is said to be asymptotically stable
in the largé, if the equilibrium solution is stable and, for every
eE(n),

initial value PO

P{ lim sup|| x(t,ry)[| =01} =1

troo

holds.

The concept of stochastic stability described above is shown
in Fig.5.1. Now, we shall consider trajectories of the x(t)-
process starting at the initial state r. The x(t)-processes

starting at r01 show the case that the behaviors are dependent on



A Asymptotic stability
0:Equilibrium w.p.1-€g
point

Asymptotic stability
in the large

Fig.5.1 Concept of Asymptotic Stability and
Asymptotic Stability in the Large

the initial states by effects of the nonlinear characteristics.
Accordingly, the x(t)-processes are asymptotically stable with pro-
bability €g- On the other hand, the x(t)-process originating at oo
is asymptotically stable in the large which reaches to the equilib-
rium point w.p.l for every initial states.

This chapter is concerned with a realizable approach to solve
stochastically the asymptotic stability for nonlinear systems with
(1) a random parameter modeled by a white Gaussian random process
and (2) two random parameters modeled by a white Gaussian and a
finite state Markov chain processes respectively. Figure 5.2
illustrates the analytical procedure which will be developed in the
sequel. 1In the former case, for the purpose of finding the differ-

ential generator of the r(t)-process, the averaging principle by



X + w’x + eglx, %, a(t)) = sh(x, %)E(t)
£(t) only | E(t) and a()

Polar Coordinate
(x, %)) > (r, 0)

[ Kolmogorov's Equation ]
<5

Averaging Principle Random Evolution,
by Khas'minskii Limit Theorem

Differential Generator
for the r(t)-process

Stability Analysis
(Lyapunov's Method)

Fig.5.2 Orientation of Analytical Procedure

Khas’minskii is applied to the Kolmogorov equation derived by using
the polar coordinate transformation. On the other hand, in the
latter case, the concept of random evolutions is introduced instead
of the averaging principle because the system involves the parame-
ter of Markov chain type. The system stability is finally examined
by using the differential generator in terms of stochastic behav-
iors of the r(t)-process.

A stochastic Lyapunov function approach to explore the asym-
ptotic stability is demonstrated in Sections 5.2 and 5.3, taking
into account the influence of the initial conditions. 1In Sections
5.4 and 5.5, a general class of nonlinear dynamical systems with
two random parameters is considered. For the purpose of examining
the asymptotic behavior, the concept of random evolution is intro-

duced. Section5.61is devoted to demonstrating illustrative examples.



5.2 Differential Generator Associated with Basic Equation

We shall consider a nonlinear dynamical system modeled by

(5.1) X + wog + eplx,x) = Sh{x,0)E(t)

with the given initial values x(0)=x. and x(0)=x , where € and §

0 0
are small constants, g and h nonlinear functions respectively and
é(t) a white Gaussian noise and where """ expresses the differen-
tiation with respect to time t. Equation (5.1) may be considered
as a generalization of mathematical models of dynamical systems
such that the system is lightly damped, weakly nonlinear and that
the system response is related to a random excitation with rela-
tively small magnitude [51],[52].

With X=Xy, i=x2, Eq.(5.1) is expressed by the following sto-

chastic differential equation of Ité-type [79],

(5.2a) dxl = x2dt

(5.2b) dx

2
5 —{w Xy + eg(xl,xz)}dt + Gh(xl,xz)dw(t)

where the w(t)-process is the Brownian motion process with the
following properties; Eb{dw(t)}=0 and Eb{(dw(t))2}=o2dt, where

0 is a constant.

It can easily be expected that the two-dimensional dynamical

system given by (5.2) is converted into the one-dimensional system
along the relation,
(5.3) X, = Esine, X, = rcosé.

2

Naturally, the converted one-dimensional process r(t) is

(5.4) P2(t) = wexi + xg.



After somewhat tedious calculations using the averaging prin-
ciple[80], it may be found that the r(t)-process is Markovian with

the differential generator (see Chapter 14),

2
(5.:5) LI’ U (r)dr2 + V(r)dr s
where
2 2w
(5.8) U (x) = 7= | 1°(Esine,rcose)cosodo
0 w
02 2 2.r sin26
(5. T) V(r) = §- fo h (Gsine,rcose)——}r—de

1 am r
e ]o g(681n6,rcose)cosed6

and Y-wt = 68+1/2, and where it has been assumed that 62=e.

5«3 A New Lyapunov Function

We need the following lemma associated with the asymptotic

stability criteria of the r(t)-process.

[Lemma 5.1] For a fixed m, assume the following conditions (A.1)
te (A.3):

(A.1) WL(r) is non-negative and continuous in the open set Qmé
{r; WL(r)<m }.

(A.2) r(t) is a right continuous strong Markov process with the

weak infinitesimal operator Am defined in Qm.
(A.3) AmWL(r) = -k(r) < 0.

Letting Rm = Qm n {r ; kx(r)=0 }, then



WL(rO)
(5.8) PO{ 1im r(t)eRm }>1 - Sl

-
t >

where PO{-} is the probability of {-}, provided that the r(t)-

process starts with r(0) =%y at the initial time t =0.

Furthermore, assume that the assumptions (A.1l) to (A.3) hold
v N A o
for "m>0. Letting Rz:um=lRm’ then

(5:9) PO{ lim r(t)eR } = 1.

tro

Since the proof is straightforward by using the super-
martingale property of WL(r), we shall omit to write here.
The following theorem gives sufficient conditions of the

asymptotic stability with probability one.

[Theorem 5.1] For an arbitrarily fixed initial value r(0)=r0,
assume that the coefficients of Lr in (5.5) satisfy the following

conditions:

(c.1) U?(r) = 0 if and only if r = 0, and V(0) = 0.

r

0
(C.2) 1lim l—%izllexp{f —%Lgld;} < o,
r~0 U (r) r U (zg)
(c.3) [ —lgr < a,
r U7 (z)

Then, for any initial value roe[o,m), the following equality holds:

(5.10) PO{ lim r(t)=0 } = 1.

t >

(Proof) ©Let y(t) be an arbitrary positive smooth function such

that



(5.11) fo P(r)dr < o |,

Define WL(P) by

l"

(5.12) W (r) 8 I exp{ [ ( X(E) + ¥(g))dz }dn.
n U (g)

From (5.12), it follows that

aw_ (r) ol
(5.13) L~ - expl [ (28 4 yz))yae.
& jr U2 ()
and
2 r
aw (r)
(5.14) L - ) 4y () Jexpt f ( 2@E) y y(zyaey.
dr ( ) (C)

Hence, it can easily be examined that
T,

~U%(r)y(r)expl /| % VEC; + p(g))dc)
4

(5.15) L W (r)

£ 0.

The assumptions (A.1) to (A.3) are thus satisfied and WL(r)
becomes a Lyapunov function, i1f the following conditions (c.i) and
(c.il ) are satisfied:

(c.i) WL(r) > © a5 r > o,

(c.i ) For any bounded r,

aw. (r) dZWL(r)
L < o I————I < oo,
dr 2 2

WL(P) < o=,

With the definition (5.12), the first condition (c.i) is
r

0
(5.16)  1im exp{ [ (—%151 + ¥(g))dac}t = 0
T r U“(g)



or equivalently

(5.17) [ (L&) 4 y(z)yag < .
Ty U2 (g)

From (C.3), (5.11) and (5.17), the condition (c.1) holds.

. 2 2
Since it is apparent that, if |d WL(P)/dP | < =, then wL(r)

< « and dWL(P)/dr < w, it is sufficient to show that the third
inequality of the condition (c.il ) holds. From (C.1l), the origin
r=0 is the only one singular point. Consequently, with the condi-
tions (C.1l) and (C.2) and the inequality (5.11), we have

r

0
(5.18)  1im |2 4 oy(e)expl [ (8 4 y(g))ac) < =,
r+0 U™ (r) r U™(z)

from which the condition (c.ii ) holds. Thus the proof has been
completed.
We shall proceed to state sufficient conditions for the asym-

ptotic stability with the probability appraisal.

[Theorem 5.2] Assume that the following condition holds together

with the conditions (C.1l) and (C.2).

(C.4) There exists a positive constant M such that, for any re
(0,M), the drift term V(r) given by (5.7) is negative.

Then, we have

: W, (ry)
(5.19) P, {%ig r(t)=0} > 1 - WETMT_ .

(Proof) Define

(5.20) Q& {r;rel0,M)) = { 3 W (r)<m),

1
where m=wL(M). Furthermore, for reQ , let ¢(r) be an arbitrary



smooth and positive function related to the function ¥(r) by

(5.21)  ¥(r) & -v(r)e(r),

where

M
(5.22) IO{—V<r)¢(r)}dr % o,

From (5.12) and (5.15), the Lyapunov function wL(r) and its

differential generator are respectively expressed by

i

r 0 V()
(5.23) Wy (r) = [ exp{ [ (2L - V(£)4(g))dg }an
0 n U™ (z)
and
iof
2 0 v(z)
(5.24) L W (r) = V(r)UT(r)¢(r)exp{ [ (T - V(g)¢(z))dg }
r U (c

IA

0

1
for », rOeQm -

We shall examine the conditions (c.i) and (c.ii ) in the proof
of Theorem 5.1. By the conditions (C.l1) and (C.2), it is obvious
that the condition (c.ii ) holds. Furthermore, it is a direct con-
sequence from (5.23) that WL(r) is monotone increasing with res-
pect to r in Q%. Consequently, using the inequality (5.8), the
asymptotic stability is concluded with the probability appraisal

l—WL(rO)/wL(M).

5.4 Extension to Dynamical Systems with Random Coefficients

In this section, an extension of the results obtained in the

previous section is demonstrated to the dynamical system modeled by

(5.25) X + w2x + eg(x,x,a(t)) = Sh(x,x)E(t)



with the given initial conditions, x(0)=x, and k(0)=ioa where a(t)
is a parametric noise process expressed mathematically by an
ergodic Markov chain with finite n-stages and a(0)=ai(i=l,2,"',n)-
Equation (5.25) may be consldered as a mathematical model of a
class of lightly damped nonlinear dynamical systems excited by a
random input, whose parameter changes with time taking n modes ac-
cording to a continuous-time Markov chain with the infinitesimal
generator Q:

The stochastic differential equation of It6-type associated

with Eq.(5.25) is easily derived as

(5.26a) dx x,dt

1 2

(5.26b) dx —{w2x + eg(xl,xz,a(t))}dt + /Eh(xl,x2)dw(t)

2 1

where, for convenience of discussions, we set as §=/e.

Noting that a Markov chain process may be regarded as a spe-
cial class of Poisson processes, it can easily be understood that
the joint process (Xl’XZ’a(t)) is a pair Markov process perturbed
randomly by both the Brownian motion and Poisson processes[81],[82].
Hence, defining the probability density of a transition from the

state Xi=(xl,x2,ai) to another state Yj=(yl,y2,aj) by pi=pi(Xi;t;

Yj), the probability density Dy for the fixed Yj satisfies

op. ap. op.
i CO T - i
(5.27) =% *25%, lo®xy + Eg(xl’x2’ai)}§§5
2
97 p. n
e 2.2 i,
+ 50°h (%, ,X,)—= + ] q..D
2 12720 2 T h kK

"

with the initial condition pi(Xi;O;Yj)=61j6(x1—y1,x2—y2), where



qik is the (i,k)th element of an nxn matrix Q, 6ij the Kronecker

delta and § the Dirac delta function. It is well-known that

(5.28a) A%ig Pr{a(t+At)=ak|a(t)=ai}

qikAt + o(At)

and

U

(5.28b) A%i@ Pr{a(t+At)=ai|a(t)=ai}

1+ qiiAt + o(At),
where qikzo for i¥k, qiigo and Zk21q1k=0 for i=1,2;%%=,n:

We shall convert the (xl,xz,a(t))—process into the (r,0,a(t))-

process along the relation,

_E_. _
(5.29a) X, = w51ne, X, rcos®
and
2 _ g z
(5.29b) r°- = 0w x] + X5

Noting that the zero solution xl=x2=01x>Eq.(5.26) implies r=0 which

is a reflecting barrier, the r(t)-process may be considered within

the semi-infinite interval re[0,»). With the relation (5.29), we

write v(r,e,ai;t;rl,el,aj) for pi(xl,xg,ai;t;yl,yg,aj) and abbre-

l,el and aj.

Letting 6=¢-wt, then, after somewhat tedious caluculations, we have

viate it by vi(r,e,t) for a set of fixed values, r

v, G2 2 2 32Vi sin2(¢—wt)82vi sin2(¢—wt)
(5.30) g5 = elFhleos™ (¢-ut)—~ - =gy + 2
or r
32v i oV oo 2 oV,
we iy 8in2(e-wt) 1, sin"(d-wt) 1y 4 .y
2 2 ¢ r ar i
3¢ r
oV oV, n
sin(¢-wt) i S
x = 5 " g(ai)cos(d)—wt)ar } +kzlqikvk=

( i =1,2,---,n )



with the initial condition vi(r,¢,0)=6ijd(r—r1,¢—¢l), where g(a,)=

g{rsin(¢—wt)/w,rcos(¢-wt),ai} and ¢l=61 The limiting behavior of
v,(t) is investigated by tending € to zero and t to infinitive under

the condition that et is constant. To do this, changing the time

scale t for 1 and writing vﬁs)(r) for Vi(T/S), where T=¢gt,

Eq.(5.30) is written by

Vie) o 2 2, Wt 32V§€) sin2(¢- mT)32 (8)
(5.31) 5o— = i [oes (¢—?j) o2 = = 3r3¢

sin (¢ )32 (e) 51n2(¢— YoV (E) sin2(¢-%})

+ + +
r2 3¢ r2 3¢ r
(e) . (e) (e)
Xavi & gfa )sln(¢ ) A . g(u.)cos(¢—91)
ar 4 i R1o) i ar

n
1 € 5
Ez qlk }i )’ (l=l,2,—-~,1’1).

Let Ai(r,¢—%}) be the differential generator of the right hand

side in Eq.(5.31). Equation (5.31) is written by

Vge) n .
(5.32) —2— = avi®) SRILHAMSNEINCE I I

Assume that the value of ¢ is sufficiently small and, for any

fixed 1>0, define Lai by

T
(5.33) L. b lim Tj A (r, ¢-%§)d(§),

(11' Tosoo

Noting that Ai(r,¢—%}) is periodic with respect to ¢-(wt/e)=y,

then? from (5.33), Lai is computed to be

—80—



(5.34) L, = 5=/ NEVICRLY
2 2 251n2
= H_[(f h cos wdw)——— - (f h =il

Bra¢

+

2 52 2
f h251n w)___ + ([ h251n2 w)aw + ([ h2Sln wiw)

27 2m
9 1 9
) * (ol ela)=angy - (5 elay)cosvang

Although Eqg.(5.34) plays a basic role to explore stochastic
behaviors of the nonlinear dynamical system (5.25), our attention

is focussed on the asymptotic aspect of Eq.(5.26) with an averaged

(e)

differential generator rather than vy themselves. Now, let Fi be

(5.35) ﬁi = 1im P {a(t) =0, }

t >

for any u(0)=aj, where Zifi=1. Furthermore, define

?iai
1

(5.36) a =

i

fl Bt

and

_ n
(5.37) T= 1B

al

Then, from (5.34), the averaged differential generator L can be

obtained by

g2 2m 52 o2 2
(5.38) L = ] h2cos? wdw)—— f h2mdw)ara¢



2 2m y o2 2
- (%Ff h231n2wdw)‘a —“f hZSln_ydw + ——f g(a)51n¢

251n°y P 5
de)a¢ + ( f h ——E——dw = 5Ff()g(d)cos¢d¢)55

( for more details, see Reference [97] ).

55 Asymptotic Stability Theorems

In this section, asymptotic behaviors of the stochastic nonlin-
ear system given by Eq.(5.25) are examined. Our main concern 1s
the asymptotic behavior of the zero solution xl=x2=0 which implies
r=0. Our attention is thus directed to the r(t)-process whose dif-
ferential generator is given by (5.38). However, if there exists
a stationary density p(r,¢) for the process described by (5.38),
then it will apparently be independent of ¢. This fact allows us

to write (5.38) in a simpler form as

2
= _ .2 ) —, 9
(5.39) L,=1 (P);—E + Vr(r’a)EF
r
where
= 51n2w
(5.40) Vr(r,a) ——f h (—51nw reosy)==-—-dy

1 an g —
- 5;1()g(asinw,rcosw,a)coswdw

It can thus be understood that theoretical considerations run
on the same line as described in Section 5.3. The following theo-
rem gives sufficient conditions for the asymptotic stability in the

large.



[Theorem 5.3] Assume that, for any fixed initial value r(0)=r0,
o 2 —
the coefficients U (r) and Vr(r,a) in (5.39) satisfy the following

conditions:

2 . —
(C.5) U™(r)=0, if and only if r=0 and Vr(O,a)=O.

V. (r,a) oV, (z,%)
(c.6) 1lim |—5——1Jexp{/ —a—E} = =.
r->0 U (r) r U (zg)
© V_(z,a)
(c.7y | ———dg < =
ry U ()
Then, for any initial value roe[O,w) and ai(i=l,2,'--,n), we have

(5.41) P, { lim r(t)=0|r(0)=ro, a(0)=a, } = 1.

£t >

The following theorem gives also sufficient conditions with

the probability appraisal.

[Theorem 5.47] Assume that the following conditions are satisfied

together with the conditions (C.5) and (C.6):

(C.8) There exists a positive constant M such that, for any re
(0,M), the drift term Vr(r,a) in (5.39) is negative.

(C.9) The initial value a(0)=ai satisfies that, for any fixed r,

Vr(r,a)>Vr(r,ai).

Then, we have

wa(ro)
(5.42) Pl"{ i—_ll;g)l I’(t)=0|r(0)=ro<M, OL(O)=0Li }>1 - W’
where
(5.4 / {fro YplEo®) (z,3)é(z))dzla
5.43) W (r) = | exp (=—— = V_(z,a)d(cC zldn.
. 0 n o U%(z) 4



Since proofs of Theorems 5.3 and 5.4 are essentially the same as

those of Theorems 5.1 and 5.2 except for the condition (C.9), de-
scriptions are omitted here. For the condition (C.9), in the
neighborhood of t=0, it is necessary to assume that the r(t)-
process does not go out of the domain 0<rs<M. To do this, bearing
in mind the fact that the initial value a(0)=o; 18 considered so as
to satisfy
.y w0y = _E P, r(a,),

i=1
where
(5.45) f(ui) = ui(r,e,ui;o;rl,el,aj)
the initial value a(0)=ai lies on the domain such that the inequal-

ity Vr(r,a)>vr(r,ai) holds for any fixed r.

5.6 Illustrative Examples

5.6.A Example-1

We shall consider a nonlinear dynamical system given by

(6.46] 3 4 (2ef - SE(4)}% % wox % ex? = D

Equation (5.46) may be considered as a mathematical model of dynam-
ical systems whose damping coefficient is white Gaussian and re-
storing force is a nonlinearity of the cubic order. From Eq.(5.46),

both the nonlinear functions g and h are respectively identified by

(5.47)  g(x,%) = g(x;,%,) = x3 + 2Bx,

and

(5.48)  h(x,x) = h(xl,x2) = %



The precise interpretation of Eq.(5.46) is made by the following

stochastic differential equation of Ité-type;

(5.49a) ax XAt

1 2

(5.49b) dx2 —{w2x1 + €(2Bx2 + xi)}dt + Gxgdw(t).

From (5.6) and (5.7), the diffusion and drift coefficients are res-

pectively computed to be

2 2
2 _ 30 r
(5.50) U (r) = g
and
02
(5.51)  V(r) = (I - B)r

Using (5.50) and (5.51), the conditions (C.1l) to (C.3) in
Theorem 5.1 are examined as follows:
(1) The condition (C.1l) is obviously satisfied.
(2) The condition (C.2) holds for B>02/u.
(3) The condition (C.3) holds for B>02/16.
Consequently. we may conclude that the origin of the system

(5.49) is asymptotically stable in the large under the condition
2
(5..52) B > o /4

On the other hand, choose the function WL(Xl’XZ) as [83]

X

(5.53) W ( )-2+2fl<2+e3)d
. I xl,x2 = X2 0 w'y y y

Let L be the differential generator of Eq.(5.49). Then, from the
relation,

IW oW §0"x, 9

W
(5.54) LW, = Rgae— = {wle + e(28x2 + xi)}axL + 5 2 5
2




= —xg(MeB - 6202)
2 /4
and the assumption, §°=e, it follows that, for B>C 5

(5.55) LW, < 0.
It is obvious that the function WL is the Lyapunov function and

that

(5.56) Pr{ lim x2(t) =0} =1.

£ >0

Since the result (5.56) brings Pr{ lim xl(t)=0 }=1[831],

t >
for any initial value Ty we have the summarized result:

(5:57) Pr{ lim x

t >

1(t)=x2(t)=o } =1

under the condition given by (5.52).
5.6.B Example-2
We shall consider a nonlinear dynamical system with a random
coefficient given by
= . " 2 3
(5.58) x + {2ea(t) - SE(E)}Ix + w™x + €x” = 0,

where the parameter o(t) is considered to be a Markov chain dis-
cussed in the previous section. From Eq.(5.58), the stochastic

differential equation of It6-type becomes

(5.59a) dx, = x,dt

(5.59p) dx —[w2x

+ ef2a(t)x, + xi}Jdt + Sx,du(t).

2 1

Bearing the relation (5.4) in mind and using (5.6) and (5.40),

it follows that



(5.60) U°(r) = {%02r2

and

>
(5.61) V., (r,a) = (%g - o)r.

From (5.60) and (5.61), the conditions (C.5) to (C.7) in Theorem

5.3 are examined as follows:

(1) The condition (C.5) is satisfied.

(ii) It can easily be seen that the condition (C.6) holds for
a>a2/h.

(i) For E>a2/16, the condition (C.7) is satisfied.

Hence, from Theorem 5.3, the equality (5.41) holds for any initial

values r. and u(0)=ui under the condition that E>02/M.

0

5.6.C Example-3
Consider a dynamical system modeled by the nonlinear differ-

ential equation of Rayleigh’s type:

(5.62) % + x + e(l - x)% = 8xE(t),

where x(0)=x. and i(0)=ko as usual. It is well-known that, if &=0,

0
then the system exhibits an unstable limit cycle and is asymptotic-
ally stable with respect to the origin.

Converting Eg.(5.62) into

x4t

(5.63a? dx1 5

(5.63b) dx -{x., + (1 - xg)x2}dt + ledw(t),

2 1

and letting r2=x§ + xg, the r(t)-process is the scalar Markov pro-
cess whose diffusion and drift coefficients are respectively com-

puted to be



(5. 64  Ur)

'El”
and

2 2
(5.65)  V(r) = %r - L1 - ).

By using (5.64) and (5.65), the conditions (C.1), (C.2) in Theorem

5.1 and (C.4) in Theorem 5.2 are examined as follows:

(1) The condition (C.1) holds.

. 2
(ii ) The condition (C.2) holds, provided that o <2.
2
(iii) From (5.65), since V(r) is negative for r<v(8-3¢ )/6, the

domain satisfying the condition (C.4) is
(5.66) Q! = { v ; r<M=/(8-30°)/6 }.

Thus, from Theorem 5.2, it may be concluded that, for the

r(t)-process initiating at r,e Q;,

2
: _ 8-30
(5.67) Pyl %_1}2 r(t)=0 } 2 1 - W (r,) /W (¥ —5—).
5.6.D Example-}

The same system as in Example-3 is considered, besides the

system parameter is modeled by a Markov chain, i.e.,

(5.68) X+ x + e{1 - a(t)iQ}i = 6x5(t),

where a(0)=ai(i=l,2,---,n). Equation (5.68) is converted into
(5.69a) dx, = x,dt
(5.690) dx, = ~[x; + e{l - a(t)x3}x,lat + 8x,Aw(t).

Hence, from (5.40), we have

"88—



2 _ 8 - 302

(5.70) V.(r,a) = gr(r —
o

i

By examining the conditions (C.5),(C.6).(C.8) and (C.9) and using
Theorem 5.4, the sufficient condition for the asymptotic stability

: 2
is found to be ¢ <2. Furthermore, it can easily be found that

(5.71) Q. ={r ; r<M=
m
6a

where we assumed that o > 0, because the system is easily shown to
be asymptotically stable in the large, if a=0.

The condition (C.9) shows
(5.72)  V_ (r,0) >V (r,a;),
that is , in this example, E:>ai. Hence, for the r(t)-process

starting at the initial value r0< ¢(8—302)/6E and ai'<E, it may be

concluded that

(5.73)  P_{ 1im r(%)=0 | r(0)=ry,a(0)=0y }

t-)-oo

o

S Summary

In this chapter, a new approach has been developed to analyze
the asymptotic stability of nonlinear dynamical systems with a ran-
dom parameter behaving as a white Gaussian process. The basic
notion presented here was a choice of the stochastic Lyapunov func-

tion with an advantage that influences of initial values of the



system states came out.

Introducing the concept of random evolution associated with
the 1limit theorem, the stability analysis was extended to a general
class of nonlinear dynamical systems involving two kinds of random
parameter modeled by a white Gaussian and a Markov chain processes
respectively.

Throughout this chapter, the relation between the asymptotic
behavior of nonlinear stochastic systems and the domalin of their
initial values was examined by using the useful Theorems giving
sufficient conditions for the asymptotic stability with the prob-

ability appraisal.



CHAPTER b

No1se STABILIZATION oF NONLINEAR DYNAMICAL
SYSTEMS

6.1 Introduction

The idea of noise stabilization originates from the interest-
ing fact that the inverted pendulum can be stabilized whose base
is subjected to a periodic vertical displacement with a zero mean.
That is, as shown in Fig.6.1, we shall consider a simple pendulum

of length £, mass m and damping coefficient ¢, and let g be the

y

m

0 X

Fig.6.1 Schematic Representation of an Inverted Pendulum



angular displacement from upward vertieal. Then, the equation of

motion of the pendulum becomes

(6.1) 4 + (2¢/m)q - £73(F + g)sing = 0

where g is the acceleration of gravity and f(t) is the imposed
base displacement.

When the base motion f(t) is sinusoidal, the stability of the
inverted pendulum is determined from the Mathieu equation [84].
Hemp and Sethna[84] obtained additional results when the base
motion f(t) is almost periodic and periodic forcing terms appear
in the right-hand side. As an extension, it is the problem whether
or not the pendulum can be stabilized with a base motion that f£(t)
is a sample function from some type of stochastic process.
Bogdanoff and Citron[43] derived conditions for stability when the
base motion f(t) was a second-order stationary, random parametric
excitation having a discrete-power spectral density and demonstrated
their results with a physical experiment. Mitchell[48] derived
sufficient conditions for the sample stability of the linear
inverted pendulum equation together with a base motion that 1is a.
sample function from a stochastic process with a contilnuous power
spectral density function.

However, these studles were restricted to the stability of the
inverted pendulum and a noise stabilizing signal was given as the
forcing function. From the fact that there are, in practice, many
inherently unstable nonlinear control or dynamical systems and
these have to operate in random environment, in this chapter, we
shall explore the possibility of noise stabilization for a more

general class of nonlinear dynamical systems. Thus, if sufficient--
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ly comprehensive conditions can be ascertained for which an unsta-
ble state can be made stabie, then it is conceivable that the
introduction of noise generated by various components in a system
may be used for its own stabilization. Hence, a class of self-

stabilized system may be possible.

6.2 Basic Equation and Problem Statement

We shall consider the second-order nonlinear stochastic dif-

ferential equation,
(6.2) A eg(x,x) = -6h(x,x)f(t).

Equation (6.2) may be considered as a generalization of mathe-
matical model of dynamical systems. The simplest example is an
inverted pendulum of Eg.(6.1) where w2x + eg(x,i) = (2¢/m)x -
(g/f)sinx and h(x,x) = -sinx. Taking into account practical ex-

amples, in Eqg.(6.2), the coefficients B, €, § might be constants,

Fig.6.2 1Illustration of Noise Stabilization



g(x,x) and h(x,x) are nonlinear functions respectively and f(t)

a white Gaussian noise process.

Now, suppose that the deterministic system with P,
. ) .
(6.3) X + wx + eglx,x) =0

is unstable. As shown in curves Ia and Ib of Fig.6.2, the solution
process of Eq.(6.3) diverges or shows a limit cycle behavior.
Then, the problem is, as shown in the curve II of Fig.6.2, to sta-
bilize the system described by Eq.(6.3) through the addition of a
random noise term —6h(x,k)f(t). Hence, the form of the function
h(x,x) must be found out.

Let state variables be x=x1 and kl=x2 respectively. Equation
(6.2) is expressed by the nonlinear stochastic differential equa-

tion of It6-type,[66]

(6.42a) dx1 = x2dt

(6.40) dx. = -{w’x

5 +eg(x1,x2)}dt - Gh(xl,xz)dw(t),

1

where the w(t)-process is the Brownian motion process with the
following properties; E[dw(t)]=0, E[{dw(t)}2]=c2dt.
Equation (6.4) is the basic equation .of the present study.

It is apparent that the two-dimensional solution process of Eq.
|

(6.4), X=(X1,X2) , is a uniform Markov process. Let pe(xl,x2;1;

0 _0 s .

xl,x2) be the probability density of a transition from the point
P 0 0, . .

(xl,x2) to the point (Xl’x2) in time 1 for the trajectory of the

x(t)-process. It is also well-known that the probability density

p8 satisfies

2

op op ap 2 2 P}
Bl & e € 2 3 § 0,2 pg
(6.5) 37 = Xoggs + {-w Xy - eg(xl,xz)}gi— S5 (Xl’x2)__§~'
1 2 ax2



Letting 62=e and rearranging Eq.(6,5), we have

oD ap op 9 2
9 p 2 )
6.6 —f = x &%, —E 4 - _—€ . 0,2 __"€
(6.6) a1 25%, 15%, el g(xl’x2)8x2 toh(x,x,) ; 5]
x
2
with the initial condition

.00 L0y _ 0 0
(6'7) pe(xlix2303xl,x2) = 6(xl—-xl,x2-—x2),

where § is Dirac’s delta function. With the help of basic knowl-
edge in probability theory, it may easily be shown that the densi-
ty for the stationary distribution of the x(t)-process, ps(xg,xg),
is defined by

0,0 0, _ /™ o0 ._..0 .0
(6.8a) ps(xl,xg) = [_wf_wpe(Xl’x2’T’X1’X2)XmdX2

where it is obvious that

0
2

]
=

(6.80) [ [ p2(x2,xD)axlax

—-00 =00

Assuming the existence of the stationary probability density func-

%1
tion in Eq.(6.6), it can be written that

30 3250 30
g .2 € €
(6.9)  -el-g(xy,xp g + Zh (X% 5]~ x5 + wxy5> = 0.
2 ax2 1 2

Introducing the polar coordinate (r,¥) instead of the rectan-
gular coordinate (Xl’XZ) along the relation,

(6.10) X = £Sin(w—wt), x, = ~rcos (Y-wt),

¥l This assumption is very important for realizing the noise sta-
bilization. The existence of the stationary probability density
can be examined based on the existence theorems of stationary re-

sponses described in Chapter 3.



Eq.(6.6) becomes
S Ju

(6.11) —§§-= —e[g{gsin(w—wt),—rCOS(w-wt)}{—Cos(w'wt)ﬁﬁT

2
+ sin(y- mt) } 2h2{£sin(w_wt),—rcos(w—wt)}

r
2 2 ) 82
{ 2 ¢ 3 Ue B sinZ(U)—wt)a Ue , sin (Y-wt) ~ u
x{cos” (Y-wt) - T 3rav 2 a\pz
" sin2(w—mt)au % sin (w mt) e}] .
r2 oY

where U denotes the porbability density functilon of a transition
with respect to the new coordinate (r,y), 1.e.,
b
(6.12) u_(r,¥y575705¥p) = pe{(jlsin(wl—mt),—rCOS(wl—wt);'r;
r

z?sin(wo—wt'),—rocos(wo—wt')}

1
where t+t=t

6.3 Application of Averaging Principle

Let po(r,w;T;ro,wO) be the probability density of a transi-

tion from the point (r,y) to the point (ro,wo) in time t for the
trajectory of the (r,y)-process. The application of the averaging
principle in Section 2.2 to Eq.(6.11) brings us the result,

2 2

op 2 3p 9p 3°p op
818 —2 & =e[Badfife)— % AB{F et + LEIF]——O 4+ c( Yol
oT 2 3r2 r dr r2 3¢2 oY
32 ap ap
il} 0 o
- rc<r)araw} + ‘I’(I’)—ar + —w( )50

where, with the symbol y-wt=6+m/2.



(6.1ba) A(r) = f%f hz(ﬁcose,rsine)sin2ed6
0
2m
(6.14b) B(r) = g? h2(§cose,rsine)coszede
0
i L
(6.14c) C(r) = 5?/ h®(cos6,rsind)sin264s
0
1 2% r
(6.14d)  o(r) = 5;] g(5cos8,rsind)sinede
0
i =% neg
(6.1he) Y(r) = e g(acose,rsine)cosede.
0

According to the relation (6.12), it may be concluded that

(6.15) 1im sup |u_(r,¥;T;r,,0,) = Da(P,¥5T3r,,0,)] = 0.
£>0 tel, £ 0°Yo 0 0°Y0

For the process whose probability density of a transition is deter-
mined by Eq.(6.13), if there exists a stationary probability densi-
ty p(r,y), then it is evidently independent of Y. Thus the sta-

tionary probability density is a solution of the differential equa-

tion,

2
(6.162) U2(r)3—r§— + V() = o

with the condition,
[e=)

(6.16b) [ p(r)rdr =1
0

where

2 2m
: 2 _ 01 2,r ; 52
(6.17) U (r) = 7?55]() h (wcose,rs1n6)51n 6de



2
18 = o1 7 o T e 930
(6.18)  V(r) = 5o ; (Zcosb,r 27
2m
+ 2  g(icosb,rsing)singds

and where r>0.

From Eq.(6.16a), the r(t)-process is obviously Markov process

with the differential generator,

2
g, da d
(6.19) L, = UN(r)—5 + V)gg

where both the drift coefficient V(r) and the diffusion coefficient
U2(r) are polynomials with respect to r and satisfy Lipschitz and
the uniform growth conditions. Thus the sample process of the

r(t)-process exists, is unique and is continuous with probability

one.

6.4 Stability Criteria associated with Singularities

With the help of knowledges described in Section 2.1 of
Chapter 2, new theorems of stability are estabiished based on the
classification of singularities of the one-dimensional diffusion
process with the differential generator (6.19). Before the state-
ment of Theorem 6.1, we need the following Lemma 6.1 which is a

slight extension of the lemma by It® and McKean[85].

[Lemma 6.1] Consider the regular interval I=[rl,r2J such that

s(rl) and s(rz) are finite. Let Pr(a;rl,rz) denote the probability
that the process r(t) originating at a fixed aeI reaches the poiﬁf'
ry before reaching the point rs. Then the canonical scale s(a) in

I is uniquely determined by



s(a) - s(rz)
(6.20) Pr(a;rl,rz) = ETFITiTET?ZT .

The proof is omitted because this lemma is only an extension

of the lemma by It6 and McKean[85].

[Theorem 6.1] Let be the r(t)-process with the singular point r

. . 2 ;
, satisfying U"(r)=0 in (6.19). The singular point r=r; on the

interval I=[rl,r2j where r,<r, is stable in probability, if the

=1

following two conditions are satisfied:

(1) r=r, is 'exit boundary' (rl¥0)

1

(2) r=r, is 'natural boundary' and s(r2)=+W, or 'entrance

2
boundary'.

Thus, (6.19) has a stable singular point.

(Proof) We shall first show the sufficiency. Letting a=ro(rlsr0

<r it follows from Lemma 6.1 and the condition (1) that

2);

(6.21) 1lim Pr(ro;rl,r2) = 1.

l"O->l"1

The equality (6.21) implies that

(6.22) 1im Pr{ sup lr(t;ro) = rll >¢ } = 0.

ro+rl t2>0

Thus, the point r=ry is a trap. From the properties of diffusion
processes described in Definitions 2.1,2.2,2.3 and 2.4 of Section
2.1 in Chapter 2, the probability that sample paths of the r(t)-

process stay on the interval [rl,r2] is zero. Similarly., by the

condition (2), the sample process r(t) can not reach r=r,. There-
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fore, for the singular point r=rl to be stable in probability, it

is sufficient that the conditions (1) and (2) are satisfied.

Next, we shall prove the necessity. For the singular point

r=r, to be stable in probability, it must hold that

(6.23) P { lim lr(tsry) - r | =01%1=1.

Lo

Tt is obvious that the equality (6.23) holds if and only if the

point r=ry is the exit boundary and the point r=r, is the locally

unattractive natural boundary or entrance boundary.

Then, Eq.(6.19) has a stable singular point.

[Theorem 6.2] Suppose that Theorem 6.1 holds. If the point r=ry
approaches to the neighborhood of the origin and r2+w, then the

system (6.4) is asymptotically stable in probability.

(Proof) By Theorem 6.1, the conditions (1) and (2) are given.

Since the point r=rl is the exit boundary and the point r=r2 is the

locally unattractive natural boundary or entrance boundary, the

sample process r(t) reaches the point r=ry within a finite time and

after that, they stay forever at r=r, with probability one. This

1
situation implies that

(6.24) lim Pr{ sup |r(t;ro) -r >¢e } = 0.

TR g2t ll

Furthermore, if the point r=r, approaches to the neighborhood of

1
the origin r=0, then, from the equality (6.24), we have

(6.25) 1im P_{ sup r(t;r.) > e } = 0.
T>© r tzT 0

From Theorem 6.1 and the equality (6.25), it 1s obvious that the
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r(t)-process is asymptotically stable in probability. This shows

that the system (6.4) is asymptotically stable in probability.

6.5 Selection of Stabilizing Signals

Let g(x,x) in Eq.(6.2) be given by

+ 0xd

(6-26) g(xg}.{) 1 le

g(xl,xz) = ax

where a and p are constant values. Then, it is well-known that the

system,
. 2 3
(6.27) X+ wzx + e(ax + px”) =0

is a mathematical model of Duffing-type nonlinear system which has

a stable 1limit cycle. Also, the response of the system,
v 2 3 5
(6.28) X + w0 x + elox + px”) = -8E(t)

shows unstable behavior such that the noise term £(t) adds to a sta-
ble 1limit cycle of Eqg.(6.27). Based on the fact that the systems
described by Egs.(6.27) and (6.28) have unstable characteristics,
we shall look for a stabilizing signal S8h(x,x)&(t) in such a way
that the unstable systems (6.27) and (6.28) become stable. A few
trials which will be mentioned in this section lead the reader to

interesting results in which the unstable systems become stable.

6.5.A Biased Sinusoidal Signal

Let the stabilizing term h(xl,x2) be chosen by

2—

(6.29) h(xl,xz) = a[|cosb/&2x§+x§//§&2xi+x2 k 31/2,

or, in the polar coordinate (r,¥), by using Eq.(6.10),
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(6.30) n(r) = a/ [<222 — x| .

where a,b and k are constants. Then, with the help of (6.26) and

(6.30), Eq.(6.4) becomes

x,dt

(6.31a) dxl 5

+ pxi)}dt + b5av |99%B£ - k|dw

From Egs.(6.17) and (6.18), the diffusion and the drift coeffici-

—{wzx + e(ox

(6.31b) dx2 1 1

ents respectively have the form,

2 2T

2
(6.32)  UP(r) = S5=f

a®|%e8bT _ y1sin“pae
0 i

2 2
0 a cosbr kl
1 l r »

2 2m
o 1
o)

2
a2lcoibr - k]coiggde + a(r)

(6.33) V(r)
0

2.2

g a ]cosbr - |
Ly r :

Our first task is to find the singular point r=r satisfying

U2(r)=0, 1wy

(6.34) - k| = 0.

l COSbI’
Iz

From Eg.(6.34), it is obvious that there are a lot of singular
points along the line of r. In order to realize noise stabilization,
it is necessary to obtain only one stable singular point at or

near the origin. This implies that the spectral density of white
Gaussian noise may be transformed to the spectral density with the

finite band-width to stabilize the system. To do this, we select
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a parameter k by the graphical method as shown in Fig.6.3. According
to Fig.6.3, it may numerically be observed that, for k>0.16b,
there exists a singular point. However, it is very difficult to
proceed the calculations of Eqs.(2.20a) to (2.20d) at this singu-
lar point by applying Eq.(6.30) directly. Then, we shall demon-
strate an approximation method for the calculations of Egs.(2.20a)
to (2.20d). For this purpose, the relation between NUZ(r)/02a2
and ¢ (=br) is examined by using Eq.(6.32). The result is shown
in Fig.6.4 where the point P is a singular point. Here, the value
of k was set as k=0.2 from the result of Fig.6.3. Observing that
the singular point P is closely located at the origin in Fig.6.4,
the following approximation can be performed by the least square

method,

(6.35) 292BE T By(r - 3)% - 2},

This approximation allows us to evaluate approximately the location
of singular points. Substituting the approximation (6.35) into

Eq.(6.32), it follows that

2.2
(6.36) Ul(r) = T2|2{(z - 3)% - 2} - k]

From Egs.(2.14) and (6.36), the singular point is
1 6k
= = = + =).
(6. 37) ry b(3 2 b:
In order to classify the singular point, the following two

cases should be considered:

[1] 1Interval [rs,w)

Substituting (6.35) into Egs.(6.32) and (6.33), we have,
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k> 016b

X
10 ‘ ;036‘9 fy =cos br
0 "
136 50 100 4
-0t

Fig.6.3 Determination of a parameter k to realize one

singular point.

k-Bic-3%2)

10t Bb
ICO? F_kl

k e ——
O o \\ i ’/’./ " ‘\\\‘~ .\ 2 =
. 500 T o0
/ S br
-0}

Fig.6.4 Approximation to cosbr/r in the neighborhood

of a singular point P(=rs).
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2 2
TRI-0(z ~ 3% = 2} + &7

Ik

(6.38)  U(r)

and

2 2
Tel-2 1 - 3% - 2} + x).

I8

(6.39) V(r)

Application of Egs.(6.38) and (6.39) to Eq.(2.17) gives

br

(6.40) B (r) = f/ V(c)U_Z(c)dc = 1’-09% .

bro 0

From Egs.(2.18),(2.19),(6.38) and (6.40), the canonical scale and

the canonical measure are respectively

ry -
(6.41) das(r) = -
and
(6.42) dm(r) = —28 A

0a"b3r {-(2-3) %4 )
where

(6.43) kl = 2 + 6k/Db.

From Egs.(6.41) and (6.42), the calculations of Egs.(2.20a) and

(2.20b) give the result,

(6.44) g, = [ am(z.)as(z.)
1 brs<cz<;y<bri y “
z vk +(g _-3)
12 3 z L1 z
= (1 )[Log {Vk +(z_-3)}Rog]| |4
o®a’p Vi 1o -3 VR -3
- . b !
+{‘/k_1+(§z 3;} +{/k_1+(cz 3;} el 1, 213 3(1+_3_
§(/E;-3) 9(vk; -3) brg 0% Vi
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2

z, /Ei-(;z—3)4_{/E1—(cz—3)}
- -3)}2e +
x[Log (/K ~(t ,-3)} ogl/ﬁi+3| /43 5/ +3)°
(/K (¢ -3)}3 br! r
+ 17 g + -] 1y 212 3(Al+3A2)Eogr—f’<°o
9(/E1+3)3 bry o%a b T
where
. 2
(6.45) Al = Zog{kl-—(brl-—3) 1
Vk_+(br!-3)
(6.146) A2=Lzog—l—}—,
/B, /E-(bri-3)
and
(6.47) wu, = ds(zg_)dm(z_)
L brs<Ci<£y<bri y z
- Vko-(z_-3) z
= 21 (+3 ) [Logr Log|—2——E—| - —Z
6°a‘b iy Vi +3 Vi +3
2 3
&, & br!
— 14 2_ Z 3_...] 1—%—(1*%)[10ng
4(/Ei+3) 9(/Ei+3) br N
2 3
vk +(z_-3) z z 4 br!
xLog | —L—_2 B Z 5+ 2 s+ 0] 1
Vi -3 vk -3 (VK -3)° 9(Vk;-3) br

¥ [-%(1—;%;)[09]/?1—(;Z—3)Izogbri-%(1+;§:0
1, i,

bri
xCog [ Vi +(z =3) ] ) = w.
b

1
S

From the results of Egs.(6.44) and (6.47), it may be found that the

singular point r=rs is the exit boundary.

Furthermore, we shall consider the property of the boundary
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r=o. In this case, since cosbr/r converges to zero as r-w, Uz(r)

and V(r) are respectively approximated by

P U2 2
(6.48) U (r) = —L%—k
and
2 2

~ 0 a
(6”9) V(I’) —LTI"—k'
Therefore, the calculation of Eq.(2.17) gives,

I
1
(6.50) B (r) = [ —ar' = Zog%} .
Ty 0

Using the approximations (6.48) and (6.49), we have

(6.51) o, = [ [ ds(y)dm(z) = =
ré<y<z<w

(6.52) u, = [ [ dm(y)ds(z) = =,
ré<y<z<m

and it 1s easily obtained that

(6.53) s(r=e) = =,

Then, based on Feller’s classification criteria of boundaries in
Section 2.1, it may be concluded that the poiht r=« is a locally

unattractive natural boundary.

[2] 1Interval [0 > Ty ]

In the case when r=rg, it is obvious, from the discussion
mentioned above, that the singular point r=rs is the exit boundary.
We shall now examine the property of the boundary r=0. In the
neighborhood of r=0, as shown in Fig.6.4, the approximation hz(r)

Ea2k0/r (where ko is a constant) is introduced. From this approxi-
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mation, we have

2 2%k
2 _ 0 a 0
(6.54)  0%(r) = TS
02a2 ko
(6 ::55) Vir) = —7r*;§ .

Hence, from (6.54) and (6.55), we have

o
(6.56) dS(P) = ET
4r2
(6.57) dm(r) = —=— .
02a2k r
00

Therefore, when r=0, it is a simple exercise to obtain

(6.58) 01(0) = o and ul(O) < o,

Then, it follows that the origin r=0 is the entrance boundary.
The results obtained in 6.5.A are summarized in Table 6.1.

Also, the illustration of sample behaviors based on Table 6.1 is

shown in Fig.6.5.

Table 6.1 Classification of boundaries

for the r(t)-process determined by Eq.(6.31).

ci My Classification of boundaries
o) = ul‘<w "entrance" at r=0
for [O,rS]
0, <o = o0 "exit® r=
2 u2 S r's
0 <® = o Texigh -
1 Mg at r rs
for [r_,»)
Gy =i u2==w "natural" (locally unat- =
tractive) at r=w

-108—



Then, with Theorem 6.1 and Theorem 6.2, the process which
originates at a point in the interval [0,«») arrives at the singular
point rs in a finite time with probability one and stays on ry for-
ever.

From Eq.(6.37), as the value of b increases, the location of
the singular point comes near the origin. This implies that an
application of the stabilizing signal with sufficiently high fre-

quency results a smaller amplitude of the limit cycle.

entrance exit exit natural

O
r=0 rs(trap) ™

Fig.6.5 Illustration of Sample Behaviors of Eg.(6.31)
based on Table 6.1.

6.5.B Biased Polynomial Type Signal

As another type of stabilizing signal, let h(xl,x2) be chosen

by

(6.59) h(xl,xz) = h(r) = a/r|r-c|

where a and c¢ are constants. Then, with the help of Eq.(6.26),

Eq.(6.4) becomes

%4t

(6.60a) dxl 5

It

(6.60p) dx, —{wle + e(ax1-+pxi)}dt-+6a r|r-cl|dw.

From Egs.(6.17) and (6.18), the diffusion and the drift coeffi-

cients are respectively,
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(i) Interval [0,c]

(02a2/ﬂ)r(c—r)

(6.61) Utr)

(6.62)  V(r) = (0%a%/4)(c-r)

(ii ) Interval [c,x)

LR/ Y Pt )

(6.63) U(r)

(6.B4Y  W(r) = (e"a°/U)(r—c).

Consequently, from Egs.(6.61) and (6.63), the singular points are

found out to be

(6.65) ro < 0 and ro, = c.

Then, from Egq.(2.17), we obtain

(6.66) B_(r) = Ir - dr' = Kog{%b.

[1] Interval [c,w)
Using Egs.(6.63) and (6.66), the canonical scale and canonical

measure are respectively,
(6.67) ds(r) = (ro/r)dr
and

(6.68) dm(r)

Il
N
n

(o}
3

Substituting (6.67) and (6.68) into (2.20a) and (2.20b), it follows
that

(6.69) o, = [ [ dam(x)ds(y)

r <y<x<r!
Y 1
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ri !
. 4 1
= lim ——f §([ ﬁdx)dy
r,>c 0" ‘r, y

. 4
= lim —§—§{£og(ri—c)£og;l
c

r >c o%a
2 rd
+ [Log(y-c)logL + ¥=C 4 (y=e)®, dv ] -}
€ c y 2
c r
c
< o
and
(6.70)  wy = [ [ ds(x)dm(y)
rc<y<x<ri
y ri—c
= 1im ——={Logr!log
ool O2a2 1 r,-¢
(o}
2 1!
+ [Iiogy!.ogy_—c+l+y—+ ...] l}
e c 2
Le P,

Hence, the singular point r ,=¢ is the exit boundary. We shall
classify the case of r=« . From the results of the calculations of

Egs.(2.20c) and (2.204), we have

(6.71) o, = [ [ am(x)ds(y)
ré<x<y<m
Yy 1,
=52/ § 7ty =
g a I’2 I’2
(6.72) w, = [ [ ds(x)dm(y) =
ré<x<y<w

and
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*0
(6.73) s(r=e) = [ dx =

Hence, it follows that r=e is the natural boundary (locally unat-

tractive).

[2] Interval [0,c]

In the case where the singular point ry

=c, it is obvious,

from the results of [1], that r_=c is the exit boundary. We shall

classify the property of sample behaviors on r=0. From Egs. (6.61)

and (6.66), we obtain,
(6.74) ds(r) = (ro/r)dr

and
4 1

(6.75) dm(r) _§~§__E:Fdr'

o r
& g

Applications of Egs.(6.74) and (6.75) to Egs.(2.20a) and (2.20b)

give the result;

Table 6.2 Classification of boundaries

for the r(t)-process determined by Eqg.(6.60)

Gi My Classification of boundaries
01 = o uy < o "entrance" at r=0
for [0,c]
02 < o My = "exit" at r=c
01 < o By 5@ "exit" at r=c
for [c,»)
Ty = My =@ "natural" (locally unat-
tractive) at r=eo
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(6.76) o, = [ [ dm(x)ds(y)

O<y<x<ri
1 1
oy 1y 1
= um g i T Laay - w
r >0 o%a rcy y &%

and

(6:77) My = [ ] as(x)dm(y) < .

Ly<xep!
0<y<x rl

Consequently, the singular point rs=0 is the entrance boundary.

The results obtained in 6.5.B are summarized in Table 6.2.
Also, the illustration of sample behaviors based on Table 6.2 is
shown in Fig.6.6.

Then, with Theorem 6.1 and Theorem 6.2, the process which
starts at a point in the interval [0,») arrives at the singular
point rs=c in a finite time interval with probability one and stays

on rs=c forever.

entrance exit exit natural

T P -
S L On 3

r=0 c(trap) i

Fig.6.6 1Illustration of Sample Behaviors of Eg.(6.60)
based on Table 6.2.

6.6 Digital Simulation Studies

Demonstrating the validity of the theoretical viewpoint de-
scribed above, results of digital simulation studies are shown.

First, the sample behavior of the deterministic system will be
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given, whose process approaches to a stable limit cycle or diverges

starting from some initial states. Nextly, introducing the stabi-

lizing noise term at some instant, it may be clarified that the un-

stable system can be stabilized.
The simulation study was performed in the case of biased sinu-

soidal stabilizing signal (6.29). We shall suppose that the incre-

ment of the state variables of the physical system (6.27) is taken

i i - = = +++), where 6, is suf-
at discrete time tj and 6j tj+1 tj (j=051;2, ) j

ficiently short, 1.e.,

2

(6.78a) xl(j+l) X2(j+l)5j + Xl(J)

(6.78b) x2(j+l) = -[w2xl(j+l) + e{axl(j+l) + pxl(j+1)3}]6j-+x2(j).

Naturally, the deterministic process r(j)=v/x1(j)2+x2(j)2
determined by Eq.(6.78) is unstable and shows the limit cycle.
Applying the stabilizing signal (6.29), the increments of the

state variables are approximately determined by

I3

(6.79a) x,(J+1) x2(j+1)6j + xl(j)

(6.799)  %,(3+1) = ~[wx) (+1) + elox) (3+1) + px, (3+1)3118,

|

cosb/&le(j+1)2-+x2(j+1)2
+ da

-k|“6w. + x.(J)
Vk: 5 > J 2
w xl(j+1) -+x2(j+l)
. . t
where 6Wj=W(J+l)—W(J). Recalling the relation w(t)=f Y(s)ds, ij

is approximated by ijéy(j)sj, where v(j) is the discrete form of

white Gaussian noise. We shall use the Gaussian random number

nl(J) with N[0,1], Where'nl(j)=Y(j)5j[86]. Equation (6.79) can
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thus be written by

Ik

(6:802) x; (J*+1) = x,(3+1)8, + x,(J)

(6:800) x,(3*1) = ~[u’x) (341) + efax, (j+1) + px) (3+1)3) 36,

1

cosbvu’x (3+1)°+x (513"
1 2 2 i .
n, (j) + x5(3).

+ Sa -k
2 . 2 ;
/& Xl(J+l) +x2(3+1)2

Equation (6.80) was simulated on a digital computer, with a
constant step-size 6j=0.01(sec). A set of parameter values was pre-
assigned as a=-1, p=1, w2=0.4, €=0.01 and 6=0.1. The results pre-
sented below are representative of the simulation experiments.

A single run of the r(t)-process is shown in Fig.6.7. 1In
Fig.6.7, the dotted line represents unstable behaviors of the sys-
tem determined by Eq.(6.78) such that the process shows the limit
cycle behavior of r0%1.2, with the initial values of sample process-
es, x,(0)=1.0 and x,(0)=1.0 or r(0)%1.2. At time t=50(sec), the
stabilizing signal was applied to the system with the form of the
second term of the right-hand side in Eq.(6.80), where a=4, b=2 and
k=0.8. The sample path of the stabilized system 1s shown by the
solid curve in Fig.6.7. As stated in 6.5, the r(t)-process arrives
at the singular point rs=0.58. This implies that, by the choice of
the value of b, the r(t)-process approaches to the different singu-
lar point. From this fact, it can easily be understood that the un-
stable system was stabilized by applying the stabilizing noise and
that the process converges toa limit cycle witha smaller amplitude.

Secondly, a similar simulation study was performed in the case

of biased polynomial stabilizing signal (6.59). In this case,
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o s eee Deterministic process

_gﬁl_:xz , -g—i(z-: — g re(aX+ px)}

Stochastic process

20 dX1=X2dt
d)(2= - {wzx1+e(uX1+px‘3)}dt+5O/ |§o—?;t2[—k| dw

L SRRRE RS 6201, a=4,b=2, k=08
101
x1(0)=1.0, %2(0)=10
r=rs=0.58 VA_._ L A A
\4 V' 'V
- ‘ : —t
0 50 100 150 (sec)

Fig.6.7 A Stabilized Sample Path Behavior of Nonlinear
Dynamical System described by Eq.(6.31)

Deterministic process

=% | g.t&:-{w’Xﬁe(dX.*PX-’)}

r(t)

2

Stochastic process

107 dx, =x,dt
dx,=-lutx+€(axpx?)dt+8a/rir-cidw

r=/uwtx+x}

a=-1,w*=0]1, p=1, 5=01
| =054 €=001, a=3.0, =01
QsF T T
X(01=0.5, X,0)=0.5
01 =520 A
X . t
0 50 100 150 ( sec)
(a) e= 001

Fig.6.8 A Stabilized Sample Path Behavior of Nonlinear
Dynamical System described by Eq.(6.60)
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05t

01

101

05¢

rit) Deterministic Process
Stochastic Process
€=005
%054
r=rs=01 P M
) ) t
50 100 150 (sec)
(b) €=005
nk 002020 . 2 = Deterministic Process
Stochastic Process
€=0.1
L =054
r=rs=01 PAN /A/\
- .y o
\Y , t
50 100 150 (sec)
(c) €=01
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inerements of the state variables are computed by

(6.81a) xl(j+l) = x2(j+l)5j + Xl(j)

~Lulxy (341) + elaxy (341) pxl(j+l)3}]5j
1 1

(6.81b) x2(j+1) =
L

+ Sa[{wle(j+1)2+x2(j+l)2}_2_| {wle(j+l)2+x2(j+l)2}2—c | 12

xnl(j)6j + XZ(j)'

Sample path behaviors of the r(t)-process is shown in Fig.6.8.

Here, the dotted curve with the initial conditions X1(0)=0.5 and

x2(0)=0.5 is the unstable run with the 1limit cycle of the amplitude

Stochastic process

| rt)
dx, = x, dt
dxy=-{uwxy+e(axy+px )} - 6dw
107 ) Stochastic Process with Stabilizing Signal
,'"\,’\1 dx; = x, dt
',’ ||H ',‘!\ dxy= - {w?xy+ €( axy+ X3 )} -8h(xy, xp )dw
H | ‘|l I h(x,x2)=h(r)=qa/rlr-cl
o ; a=-1, p=1, w?=04, €=0.01
05’{: \“ ! 6=01, a=3, c=0.1
S (™) 1
‘NH x1€0) =05, x2(0)=05
v
01 r=rs=01 R .
0 50 100 150  (sec)

Fig.6.9 A Stabilized Sample Path Behavior of Nonlinear
Dynamical Systems Eq.(6.81) by applying the
Stabilizing Noise Term Eq.(6.59)
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ro=0.5u determined by Eq.(6.78). At time t=50(sec), the stabiliz-
ing signal was added , expressed by the second term of the right-
hand side of Eq.(6.81). Evidently, the r(t)-process is stabilized
and converges to a limit cycle with the smaller amplitude rs=0.l,
as shown by the solid curve in Fig.6.8. 1In this case, a set of
parameter values is shown in Fig.6.8 and, in particular, the singu-
lar point is rs=c=0.l.

Now, as described in Section 6.2, the key notion of the theo-
retical development is that the value of & should be sufficiently
small in order to guarantee the application of the averaging
principle. Hence, an expected question is how the stabilizing be-
havior of nonlinear systems depends on the value of €. This ques-
tion is examined on Eq.(6.81) by simulation experiments as shown
in Figs.6.8(b) and 6.8(c) where €=0.05 in Fig.6.8(b) and e€=0.1 in
Fig.6.8(c). It is reasonably concluded that the smaller value of €
gives a pleasant behavior of stabilization.

As stated in 6.2, noise stabilization of the unstable nonlin-

ear system described by

x4t

(6.82a) dxl 5

(6.82b) ax, = -{u’x, + elax, +px3)} - sdw

2 1

was also examined by simulation experiments. The result is shown
in Fig.6.9. A set of parameter values was set as a=-1, p=1, m2=0.4,
€=0.01 and 6=0.1. In Fig.6.9, the dotted curve gives the unstable
sample path behavior of the r(t)-process determined by Eq.(6.82)
with the initial condition r(0) =0.59. At time t=50(sec), instead

of 8dw in Eqg.(6.82), the stabilizing noise term dh(xl,x2)dw was
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applied to Eg.(6.82) with the form of Eq.(6.59) where a=3.0 and c=
0.1. The solid curve shows the stabilized sample path behavior

which converges to the trap rs=c=0.l.

6.7 Summary

A method of noise stabilization for second order nonlinear
dynamical systems has been developed. On the basis of stability
criteria established, two possible types of nolse terms have, intu-
itively, been found out; one is biased sinusoidal signal and an-
other biased polynomial type signal. Throughout these studies
mentioned above, it was clarified that the selection of stabilizing
signals depends on both the nonlinear system characteristics g(x,x),
and the stabilizing function h(x,i). In examples considered here,
there were excellent agreements between the theoretical aspects
and the results of digital simulation experiments.

Although the study in this chapter is limited to the stabili-
zation for a specified nonlinear dynamical systems described by
Eq.(6.2), the noise stabilization technique developed above will
be a guide to the stabilization of other types of nonlinear sys-

tems.
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CHAPTER 7

GENERAL CoNDITIONS FOR NOISE STABILIZATION OF
NONLINEAR DYNAMICAL SYSTEMS

7.1 Introduction

We shall consider again the second order nonlinear stochastic
differential equation,
(7.1) & + 0°x + eg(x,%) = -8n(x,%)E(t)
which was already treated in Chapter 6.

The motivation of the present chapter for noise stabilization

may be outlined as follows:

(1) System identification from control point of view

Considering the case where h(x,%)=1l, Eq.(7.1) expresses the
mathematical model of unstable system subjected to a white
Gaussian random input. Consequently, as shown in Fig. 7.1, the
problem is to design a compensator h which makes the total system

stable under given noise condition.

(2) System stabilization from the viewpoint of existing unstable

dynamical systems
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Considering an unstable nonlinear dynamical system which op-
erates in random environment, the purpose of the present study is
to investigate the stabilizing conditions due to environmental
noise parameters. Thus it may clearly be understood that the noise
stabilization technique is more attractive in the practical aspect
of applications than the sinusoidal signal stabilization one.

From viewpoints of (1) and (2) described above, a method of
noise stabilization has already been developed in Chapter 6 for
nonlinear dynamical systems of Eq.(7.1). The principal line of
attack is either to choose intuitively the stabilizing noise term
h(x,x) for g(x,x) determined already or to examine the possibility
of stabilization on the existing term h(x,k)é(t). However, this
method can never give the whole aspect with respect to the possi-

bility of noise stabilization, though it may be applied to pliece-

V=0

yXx

Fig.7.1 Block Diagram of a Control System with a
Noise-modulation Stabiligzer.
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wise examples. Then, in this chapter, a general rule has been es-
tablished to realize noise stabilization of unstable nonlinear dy -

namical systems.

7.2 Problem Statement

As the basic equations were already derived in detail in
Sections 6.2 and 6.3, we shall review only the description which
becomes necessary in understanding this chapter.

Instead of the rectangular coordinate (x,%) in (7.1), intro-
ducing the polar coordinate (r,y) along the relation; x=(r/w)
xsin(y-wt) and x=-rcos(Y-wt) and furthermore applying Khas’minskii’s
principle of averaging, the differential generator Lr of (7.1) was

obtained by

2
_ 2 d a
(7.2) L, =U (r)g;E t Vrlzz »
where
2m
(7.3)  U(r) = %Ef()h2(£cose,rsine)sin26de s
' 2 2m 2
(7.4) V() = -Z—ﬂfohz(ﬁcose,rsine)@i—ede + o(x)

and where &(r) is given by Eq.(6.14d) in Section 6.3.

In order to establish a general rule of nolse stabilization,
a principal line of attack is to apply the Feller?’s classification
criteria of boundaries. Here, especially both the coefficients
(7.3) and (7.4) in Eq.(7.2) will play an important role to the
noise stabilization problem. The interesting situations arise when
the diffusion is singular for which, in Eq.(7.3), the relation

U2(r=rs)=0 holds. Then, the singularity configulations are out-
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—lined at or near singularities. To do this, we shall clarify the

boundaries of the interval I=[r1,r2] formed by singularities on the
r-direction at ry and T introducing the canonical speed and scale
measures defined by Egs.(2.18) and (2.19) and furthermore using the
properties of a pair (oi,ui) in 2.1.C. Through these studies,

the general rule for noise stabilization will be established to
clarify how the stabilizing function h(x,x) should be selected

corresponding to any properties of the nonlinear system character-

isties g(x,x) in Eq.(7.1).

7.3 Derivation of General Conditions

Before proceeding to show direct applications of the mathe-
matical classification rule described in the preceding section,
sample path behaviors are theoretically examined in the neighbor-
hood around a singularity.

Although an excellent classification rule has been reported in
Reference[87] from the viewpoint of noise stabilization, our atten-
tion is placed on the function h(r). We shall assume here that a
choice of the function h is performed so as to be independent of 6.

This choice allows us to write

2
(7.5) ©o(e) = %rhz(r)

and
2 2
(7.6)  V(r) = §Zh%(r) + o(r).

; 2
The functions h"(r) and o(r) may respectively be expanded around a

singular point r=rg into

2 2 1 "
(7.7) n°(r) = n’(r)) + n® (r ) (r-r_) + %hZ (rs)(r-rs)z +
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and

(1.8 o(r) = o(ry) + @ (r)(r-r)) + 26" (x ) (x-r )% + ...

@y
where denotes the derivative with respect to r. Substituting

(7.7) and (7.8) into (7.5) and (7.6), we have
2

(7.9) 03(x) = Grtn? (2 ) (ror) + 10" (r ) (por )7
and

oy B L 2" 2
(7.10)  V(r) = pesth (rs)(r—rs) + 5h (rs)(r—rs) }

+Le(r) + 8 (r) (rr) + Lo (r)) (r-r)?)

where higher order terms than (r—rs)3 in the expansions (7.7) and
(7.8) have been deleted. From (2.14) and (7.5), h2(rS)=O.

Using (7.9) and (7.10), the function (2.17) may be computed

' (r )(r-r_ )
_ r 4 s s
(7.11) Bs(r) = Log—— + ;E———Eﬁ———____

o h (rs)

jih2"(rs)¢‘(rs)—hz'(rs)¢"(rs)

2 2"(rs)}2

21 Q.2"
Log|h (r )+5h (rs)(r-rs)l

o {h

Mé(rs) r-r

1 Log T o
o®n® (r))  n® (r)*(h® (r,)/2)(r-r)

+

| - (8,%B,)

where

Moo (20" (r)# (r)

U@"(rs)(ro—rs)+jih

B 2"

7.12 A = 0
( ) 5 %n?" (r,) 52 (12 (rs)}z

n
xog|n?' (r ) + 0 (r_)(r -r )]

and
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Mé(rs) | ry-r
(7.13) B_ = Log
- 02h2'(rs) h2'

S
(r)+(h° (r[)/2) (ry=Ty)

With Eq.(7.11), Egs.(2.18) and (2.19) become,

(7.14) dm(r) = zmdr

and

(7-15) ds(r) = zsdr

where
' (r_)(r-r_)
(7.16) z = 4 2rRB_Y_1(r—r )Y—lexp{l%——jﬁi————ii-
m pAro B o h° (r.)
¢ 0 s
and
Ar " (r )(r-r_ )
= - 4 s s
(7-17) Z = —Q_QR B+Y(P—P ) YeXp{— ”“___“F_______}'
s r s 02 h2 (7 )

s
In Egs.(7.16) and (7.17), the parameters are given by

2

(7.18) R =h '(rs) + (hz"(rs)/z)(r-rs>, A, = exp(A +B,)

ne" (r )0 (rs)-h2' (r )" (r,) I

m and Y = S—rS—
(2 )} o?n® (r_)

8
(7.19) B =
02

Using (7.14) and (7.15), we shall proceed to make the general

classification of the boundaries.

7.3.A The case where a singular point r=r_ is the trap (In

Eq.(7.2), U2(r8)=0 and V(r_)=0)

2'
(A) h% (r) 0

In this case, from Definition 2-1, (7.6) and (7.8), it is
apparent that @(rs)=0 or, from (7.19), y=0. Hence, Eqgs.(7:16) and

(7.17) are respectively
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yrrf-1

- " (r_)(r-r )
(7.20) z, = 2(r—rs) 1exp{ﬁi gn 5
ACPOG o h (rs)
and
AT " (r_)(r-r_)
0,-RB S s
(7.21) Z = C——R exp{_~
s T c2 h2"(r )

s
In order to classify the boundaries, using Egs.(7.20) and (7.21),

Egs.(2.20a) and (2.20b) are respectively examined in the forms,

1 i
(7.22) o(r) = fr zs(ry)dryfr z (v )dr
y
and
m; o
(7.23)  u(r) = { zm(ry)dryf z (r ddr_,

r I
J

where Pl is a constant. A general rule can be obtained by applying
Egs.(7.22) and (7.23) to properties of a pair (o,u) described in

Section 2.1.C.

(B) h2’(rs) =0

\
Letting h2 (rs)=0, (2.17) may be computed as

i qq’”(rs) 8 (I)'(I’S) " I I (A B )
(7.24) B (r) = Log=— + ——57r— I + —5—w—Hog|r-r_| - 01+Bo1
s Ty 02h2"(rs) 02h2 (rs) s
where
" (r ) o' (r )
4 S ) _ 8 s -r_|
7.2 A = —4——5 5  and B, = —=—sy— Log|r,-r_|-
( 5) 01 02h2"(rs) 0 01 O2h2 (rs) 0 "s
Hence, we have
(I)"(l" )
B, -2 S
(7.26) Zml = — 8 S r(r—rs) 1 exp{——EI?n-(——)-I'}
o AOerh (rs) o ry
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and
A .r " (r_)
01°0 -B 5
(7.27) Z = —P—(I’—I‘S) lexp{— G2h2n I’]’

sl (ry)

where

"
(7.28) B, = 8<I>'(rs)/02h2 (r). By, = exp(hy +By;).

Instead of z and Z given by (7.20) and (7.21) respectively, using
m
(7.26) and (7.27) to (7.22) and (7.23), classification of the

boundaries are made. The results are summarized in Table 7.1.

Table 7.1 Classification of the trap

Conditions of

ification
N coefficients ¢ H Classifica

2 _ =
h (rs)—O,rS*O

2 accessible exit

1
1 h (rs)¥0 el e boundary
"
h2 (rs)#O or =0
2 - -
h (rs)—O,rs 0
2! inaccessible
2 h (rs)#o ® e entrance boundary
"
h2 (rs)%o or =0
2 - B, >1 inaccessible
h (rs)—O 1 o | » |natural boundary
' . g
] h2 (rs>=o s(rs) (locally unattractive)
21 B.<1/2 inaccessible
L (rs)*o + o © |natural boundary
r %0 s(r's)<co (locally attractive)
2 B.>0 7 inaccessible
h = s
frs) 9 1 o © |natural boundary
2 = i
; n?' (r_)=0 s(0) (locally unattractive)
an B.<-1/2 inaccessible
b (Ps)aEO 1 o © |natural boundary
r =0 5(0) <o (locally attractive)
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7.3.B The case where a singular point r=r is not the trap (In
g =2, UL LAS T

Eq.(7.2), U2(rs)=0 and V(rs)%o)

) 1% (x) %0, y(x0) <

In this case, since @(rs)#o, z, and g become respectively

B-y-1 _ " (r_)(r-r_)
(7.29) =z = ur'R—z—(r—rsfY lexp{—%—;,.“s}
Ayr oo o h (rs)
Ar. - e™(x Y{r-z )
(7.30) =z = %R BJ'\Y(l"—rs) Yexp{——%—;.,ﬁs}

o h (rs)

Classifications of the boundaries are made by (7.29) and (7.30) to

(7.22) and (7.23) as shown in Table 7.2.

Table 7.2 Classification of the boundaries

1
in the case where r, is a singular point (I) (h2 (r_)x0)

Conditions of
* b el ;
No. GoEF Pl et aHES o u Classification
1 h2(r )=0 51 - < | tnaccessible
o1 s T2 entrance boundary
h" (r_)%0
S
an _il. - | accessible
g 2 (rs)¥0 Y73 @< regular boundary
or =0
for all B . o accessible
3 %0 e < exit boundary
Ps
2 : .
h“(r_)=0 - » | inaccessible
4 o1 “ L < entrance boundary
h (rs)%O —
2" _ 1 accessible
5 h (rs)%O ==z <@ < regular boundary
or =0
for all B - o accessible
6 5 v2-1 < exit boundary
r —_—
s
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* Tt is extremely difficult to classify the boundaries with
respect to 1/2<y<1l, 0<y<1l/2, -1/2<y<0 and ~1<y<-1/2.

2!
(B) n%(r) =0,y ==
In this case, the mathematical situation is somewhat compli-

cated. Ietting b2 (r )=0 in (7.9) and (7.10), instead of (7.11),

we have
(7.31) B_(r) = Log— + ) {—@(rs) + ¢'(r_ )og|r-r_|
’ ] Ty 02h2"(rs) T=It s s
+ %@"(rs)r}<— ¢y
where
8 ~o(ry) L oo
(7.32) ¢y = { + @'(rs)toglro—rSI + 50 (r)ryl.

i _
02h2 (rs) "o Ts
Hence, it follows that

Table 7.3 Classification of the boundaries

1
in the case where r_ is a singular point (m) (h2 (r_)=0)
o

Conditions of
No. snErELelents g u Classification
h2(r Jesii n>0 inaccessible
1 s LS » | natural boundary
h2'(r y=0 s(rs)=co (locally unattractive)
S
o n<o0 inaccessible
h ¥
2 (rs) o 0 © | natural boundary
¢(rs)*0 s(rs)<w (locally attractive)
(Note)

n=8(r_)/o°n® (r )
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_ -0(r_)
(7.33) z, = > g 5T r(r-rs)Bl 2exp{ 5 g" ( b
o coroh (rs) oh (rs) g™
+ %@"(rs)r)}
and
c I -o(r )
_ 070 -B 8 1
(7.34) 2z = ——(r-r_) "lexpl . ( S+ 39" (r_)r)}.
s r s 02h2 (rs) r-rs 2 s

Combining (7.33) and (7.34) with (7.22) and (7.23), classification

of the boundaries is summarized as shown in Table 7.3.

7.4 Examples of Noise Stabilization

General considerations developed in the previous section are
applied to realize the noise stabilization of unstable nonlinear

dynamical systems.

7.4.A ©Nonlinear Dynamical System of Van der Pol-type with

Polynomial Stabilizing Term

As the first example, we shall consider the dynamical system
whose sample path is determined by

dxl = x2dt

(7.35)

2
dx —{xl—e(l—xl )xg}dt - Gh(xl,xz)dw.

2
A choice is made on h(xl,xz) of the form,

2 2,.2 2
(7.36) h°(r) = r°|r°-c”|

where ¢ is an arbitrary constant.

From (6.14d) in 6.3, (7.3) and (7.4), we have

2 2
(7.37)  e(r) = GF(2-5), (r>c>0)
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2. 2
(7.38)  Ui(r) = TE-(x"c®), (r2e>0)

and

2
o 2 2 r r
(7.39)  V(r) = 5-(r"-c™) + j(2-7).
Set as U2(r)=0. Then, we have two singular points,i.e., rsl=0,r52=c.
(i) The singular point rsl=0: From (7.39), it is apparent that

since V(0)=0, the origin is the trap.
(ii) The singular point r o,=c: Apparently, the point rsg=c=2 is the
trap provided that c=2. If c*2, then Too is a singular point which

is not the trap.

From (7.7) and (7.36), it follows that

(7.50) 1 (r) = 2r(2r°-c?)
and
(.05 B2 (@) = T(6r%-a>).

(A) The case where c¥2.
(a) The interval (c,»): In this case, (7.36) is rewritten as
(7.42) hz(r) = r2(r2~02).
o .3 on )
From (7.40) and (7.41), we have h” (c¢)=2c¢ %0, h® (c)=10c“%0.

Also, since

2'(6) = (U=c2)/mc2q2,

(7.43) v = ho(c)/o°h
we have that y<0 for ¢>2 and y>0 for c¢<2. Thus, according to the
general rules in Table 7.2, it is concluded that

[1] r_=c (¢>2) is the accessible exit boundary
[IT] T (c<2) is the accessible regular boundary provided that 02

2 2 :
=(4-c“)/2c¢” and if 023(4-02)/Mc2, then r_=c is the inaccessible
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entrance boundary.

On the other hand, it follows that

i (22 (1) /4
(7.41)  dm(r) = —9(&)20 ar

rr 2 2.6/

(r-—=c%)
and
2 2 g
ro-c” (2-c“/2)/2

(7.45)  ds(r) = Z-(-3—) ar.

0 r-c

It is simple e i = _
a P xercise to show that cr+w +o and ur»w<w and to con

clude that the boundary r=« is the inaccessible entrance boundary.

(p) The interval (0,c): In this case, since (7.36) is

(7.46) h2(r) = r2(c2—r2),

2

1 _ 3 2
we have h° (c¢)=-2¢ %0 and h

1

(c)=—10c2#0. Furthermore, by a simi-
lar consideration to (7.43), we have conclusions y<0 for ¢<2 and
Y>0 for c>2. Thus, it is concluded that

[1T] rs=c(c>2) is the accessible regular boundary, provided that

02=(M—c2)/202. If Ozi(u—cz)/ucz, then r_=c is the inaccessible en-
trance boundary.
[IV] rs=c(c<2) is the accessible exit boundary.

2

1
On the other hand, it is obvious that h2(0)=0, h® (0)=0 and

1
h2 (0)%0. With a computation of (7.19), i.e.,
(7.47) B = =25 >0
2 2
g cC

and with the application of general rule to the present example,

the trap r=0 is inaccessible natural boundary (locally unattractive).

(B) The case where c=2
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(a) The interval (2,»): Noting that (7.36) is given by

(7.48)  nl(r) = ro(ri-W),

it follows that h2'(2)%0 and h2"(2)#0. Thus r=0 is the accessible
exit boundary. (attractive trap) Furthermore, using the same pro-
cedure as in the case (A), it 1s easily concluded that r=« is the
inaccessible entrance boundary .

2

1
(b) The interval (0,2): Noting that hz(r)=r2(4—r2), h® (2)x0

n
and h° (0)%0, from Table 7.1, it may be concluded that r=2 is the

Table 7.4 Classification of the boundaries in Example-1

Interval | Value of o H Classification of the
e boundaries
. - - inaccessible natural boundary
- (locally unattractive)
c<2 <o o accessible exit boundary
c=2 <o o accessible exit boundary
r=c c>2 <0 | < accessible regular boundary
=C c<2 <o | <o accessible regular boundary
c=2 <o o accessible exit boundary
c>2 <o 0 accessible exit boundary
=0 = © | <® inaccessible entrance boundary
natural exit exit entrance
c=2 ()~ et
r=0 2 r=c0
!
i
exit regular
o — - : —
|
|
mgﬂareﬂt
c>2 — e —

Fig 7.2 Sample Path Behaviors of the System described by
Eq.(7.35)
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exit boundary. The origin r=0 is the inaccessible natural boundary
(unattractive trap). This is easily concluded by the same proce-
dure as in the case (A). The results of classification of the
boundaries are summarized in Tabie 7.4. Also, based on the results
of Table 7.4, the sample path behaviors of %he system described by
Eq.(7.35) are shown in Fig.7.2,

As already pointed out in (i), the point r_,=c=2 1is the trap

s2

where c=2 for which V(2)=0 and, from (7.6), ®(r)]| 0. It can

r=c=2_
be easily observed that the point r=c=2 shows the stable limit cy-

cle of the system modeled by

(7.49a) ¥+ x + eg(x,x) =0
where
(T.09b)  glx,%) = -(1-x°)%

and, for convenience of discussions, a simple case where B=1 and w
=1 has been considered. According to Ref.[77], the condition of
existence of the stable limit cycle of the system (7.49) is as
follows.

Let r, be a root of ®(r)=0. Then,
(1°%) ir d@(ri)/dri<0, then the stable limit cycle exists at r=r,.
(20) if d@(ri)/dri>0, then the 1limit cycle at r=r, is unstable.

Since, from (7.6) and (7.49p),

(7.50)  o(r) = 57

and é!(r)|r=2<0, the limit cycle at r=2 is stable. Thus, in the

choice of the function h as given by (7.42), the value of ¢ such

that V(r)=0 gives the stable iimit cycle without noisy background.
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r(t)l Van der Pol type Nonlinear System
----- Deterministic process
dx Adt=x,
yA o) ST dx, Mt =-{x-€(1-x2)x }
——— Stochastic process
dX]:det
50} dxy=-{x-€(1-x2)x2}dt -8h(xy, xz ) dw
h(x),x5) =h(r)=¢/1r2-c?|
¢=01, €=001, §=0.032
30+
10 Nl
01 LE=c=01 _ . . t
0 50 100 150 (sec)

Fig.7.3 A Stabilized Sample Path Behavior of Nonlinear
Dynamical System described by Eq.(7.35)

Figure 7.3 shows the sample path behavior of the system

(7.35) with the stabilizing noise term of the form (7.36). Simu-

lation experiments were performed by a similar procedure as de-

scribed in Section 6.6. A set of parameter values is preassigned

as ¢=0.1, €=0.01,

§=0.032. The dotted line represents the deter-

ministic behavior starting with the initial value r(0)=7.0. At

time t=50(sec), the stabilizing noise signal was applied to the

system, whose sample path was shown by the solid curve. It can be

easily understood that the system was stabilized by applying the

stabilizing noise and that the r(t)-process converges to the trap

Ty =0.1. This implies the sample path behavior in the case where

¢c<2 in Pig.7.2.
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7.4.B Nonlinear Dynamical System of Froude-type with Polynomial

Stabilizing Noise

Nextly, we shall consider the dynamical system

(7.51a) dx x.dt

4 2

(7.51Db) dx2 —{Xl + e(ax2 + pxg = nxg)}dt = 6h(xl,x2)dw

with the stabilizing noise term given by (7.36). where a, p and n
are constants and a>0, p<0, n>0. From (6.14d) in 6.3, (7.9),(7.10)

and (7.51), we have

2 _ Lo

_ 3n
(1.52) e(r) = zr(r 3n)
2 r2 2 2
(7.53)  U°(r) = 3[r® - 7]
and
(.54 v(r) = r?-c?| + PP -3,

Letting Uz(r)=0, then we have two singular points, i.e.,rsl=0

and rsz=c.

(1) rsl=0 . From (7.54), since V(0)=0, the origin is the trap.

(i) r_,=c : The point r ,=¢ is the trap, provided that c=/4a/3n.

s2
If ce*v4a/3n, then Tyo is not the trap for which further examination

is required.

(A) The case where c¢ *¥vH4a/3n

2'
(a) The interval (c,») : From (7.36), it follows that h (c)*0 and

h2"(c)#0. Since, from (7.19),
(7.55) v = (3nc? - Ha)/bo’c?,

we have the conclusions that y<0 for c <vha/3n and y>0 for c >
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Vla/3n. Then, following Table 7.2,
[1] ro,=¢ <Ylha/3n is the accessible exit boundary.
[T] r . =c>7/40/3n is the accessible regular boundary, provided

82
2 2 -
that c2= 2(&@-—3n02)/02 and if 02 < (ba-3nc”)/c”, then r ,=¢
is the inaccessible entrance boundary.
We shall proceed to classify the sample path behavior at r-w,

From (7.52), (7.53) and (7.54), the calculations of (7.14) and

(7.15) become,

2 -1#2¢ 2 .2 p{i-2)
(7.56) dm(r) = Bg—(i—) Ford dr
0 a-C
0
and
2 2 t(l-x) _q_
(7.57) as(r) = (55=%) r~17%%ar,
. —C
0
where

(7.58) A = 3nc°/ba and ¢ = a/ooc.

From the viewpoint of noise stabililization, the value of c¢ must be

small so that we shall assume here that 0<A<1l and ¢<1l. With the

results of computations Gr =o© and ur=w‘<W, it may easlly be con-

cluded that r+« is the inaccessible entrance boundary.

(b) The interval (0,c) : In this case, noting that h2(r)=r2(c2—r2)

2 2

1 "
and that h™ (r)*%0 and h® (r)%0, it is concluded that

[IT] r_,=c>/4a/3n is the accessible exit boundary.

s2
[ ] ro,=c <vlba/3n 1is the accessible regular boundary.

2'

Finally, we shall classify the origin. Since h2(0)=0, h® (0)

2"
=0, h™ (0)*%0 and B>0, the origin is the inaccessible natural

boundary.
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(B) The case where c = v4a/3n
(a) The interval (c,») : The stabilizing noise term is given by

(7.59) ho(r) = r°

Hence, we have h2'(c)#0 and hzn(c)#o. Thus, according to Table 7.1,
it may be concluded that rsz=c is the accessible exit boundary. On
the other hand, the conclusion that r+» is the inaccessible en-
trance boundary is the direct consequence of the case (A).

(b) The interval (0,c) : According to the similar procedure men-
tioned above, it follows that h2(c)*0, h2"(c)#0 for r=c. Thus,

r ,=¢C is the accessible exit boundary. On the other hand, since

"
2 (0)%0 and B >0, using Table 7.1, the origin is the in-

1
n°' (0)=0, n
accessible natural boundary.
The whole aspect of sample path behaviors of the system con-

sidered is shown in Fig.7.4. Figure 7.5 shows one of simulation

Deterministic
0 ﬂE??ﬁ r=°°system
|
T
, netural  exitiexit entrance syochastic
r=c = - -
e T T r=wsystem
5
T regular exit,
r=c < _ﬁ.g_ —_— e (= : - 7
3n r=0 ; =0
1
| .
yexit regular
r=c > Ha o= : == - 7
371 r=0 =0

Fig.7.4 The Whole Aspect of Sample Path Behaviors
of the System described by Eq.(7.51)
( The case where a >0, p<0, n>0 )
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Froude type Nonlinear System

——— Deterministic System
rit) dn/dt =x,
dx,/dt =—{ X#elaX,#PX; -1X7 )}
/ Stochastic System
40 i dx, =x,dt
/, dx:=-{x.+s(ux2¢-pxz’—nx,’)}dt
7 ~sh{x,x;)dw
/ (a«>0,p<0,7>0)
30t // h(x, %) =h(r)=tAr-cil
7 =30, p=-1,M=1,6=1
€e=00%, c=01
X:(0)=X2(0)= 20
20F—-————=——1 -
107
o1 rs=C=0.1 ‘ : t
. 50 100 150 {sec)

Fig.7.5 A Stabilized Sample Path Behavior of Nonlinear
Dynamical System described by Eq.(7.51)

experiments in the case where c < /Ha7§ﬁ in Fig.7.4. A set of system
parameters was preassigned as =3, p=-1, n=1 and €=0.01. It is well-
known that the system without noisy background is unstable starting
with the initial value r(0)=/§; as shown by the dotted curve in
Fig.7.5 (see Ref.[77]). The stabilizing noise signal (7.36) was
applied at t=50(sec) with the values of B=1 and c¢=0.1. The Stabi-

lizing behavior is shown by the solid curve.

In the case where a <0, p<0, n<0 in (7.51), the system con-
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sidered has the stable limit cyelel77]. Consequently, the whole
aspect of sample path behaviors of the system differs from that as

shown in Fig.7.4. By the same procedure as in Fig.7.4, the

boundaries are classified as shown in Fig.7.6. Simulation experi-
ments are also shown in Fig.7.7. With the help of Ref.[77], it can
be explored that the system has the limit cycle with the value of
r=2.0 under a set of parameter values indicated in Fig.7.7. Figure
7.7 shows the stabilized sample path of the system with the appli-
cation of stabilizing term given by (7.36) where the initial values
of the system state were xl(0)=x2(0)=4.0, i.e., r(0)=5.65. As
shown by the dotted curve, the deterministic behavior without noisy
background initiated at r(0)=5.65 approaches to the limit cycle
with r=2.0 as time goes on. As usual, the stabilizing noise term
was applied at time t=50(sec). The system was stabilized and the

sample path of r(t)-process approaches to the singular point rS=O.1

Deterministic
0 ﬂ&7§ﬁ r=mSystem
. !
I
_ __/ﬁﬂ; natural ex%EieXit SNBrance or ehastie
r=¢ = 3In Q _System
r=0 i S
!
exit regular
rec </l T 7
3n I’=O : r=c
I
1 .
regular exit
r=c > /a2 e !
3n r=0

Fig.7.6 The Whole Aspect of Sample Path Behaviors
of the System described by Eq.(7.51)
( The case where a<0, p<0, n<0 )
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Froude type Nonlinear System
----- Deterministic System

dx/dt=x,

dx, /dt =- (Xeela X epXF -1 X7}

Stochastic System

dx,=x,dt

dx,=-{x*elax+px? -1x7 1}dt

N -sh(x, X, )dw

o~ (a<0,p<0,1<0 )

o1 T h(x,x)=h(r)=pAT=cl

} a=-3,P=-1,0=-1,6%1

€=Q0%, c=01

Xi(0) = X2(0) = 4.0

rt)

stable limit cycle

20

Is=C=01

T t
0 50 100 150 (sec)

Fig.7.7 A Stabilized Sample Path Behavior of Nonlinear
Dynamical System described by Eq.(7.51)

as shown by the solid curve. Conversely, the sample path behavior
initiated at the inside of the limit cycle is shown in Fig.7.8. It
can be easily concluded that the system was stabilized and the

sample path approaches to the singular point rs==c =0.05.

7.4.C Nonlinear Dynamical System of Duffing-type with Biased-

Sinusoidal Stabilizing Noise

Let g(xl,xg) in Eq.(7.1) be given by
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r(t)

Froude type Nonlinear System

stable limit cycle

20

1.0

rs=C=005

—---Deterministic System

dx,/dt = x,

dxo/dt=-{ x;+e(aX,epx2 -1 3 )}
—Stochastic System

dx =x,dt

dX;=~{Xrelax,+px -1x)}dt
=8h(x, X2)dw

( 2<0, <0, n<0 )

h(X1, Xz)z h( r):m

@=-3, p=-1,M=-1, 6=1

€= 001, c=005
Xi(0) = X,(0)= 1.0

005

50

100

150

(sec)

Fig.7.8 A Stabilized Sample Path Behavior of Nonlinear
Dynamical System described by Eq.(7.51)

(7.60)

g(x,x) = g(x,%,)

= oX

1

+ px

3
1

where both o and p are arbitrary constants respectively.

Also, as

the stabilizing noise term, let the function h(xl,x2) in Eq.(7.1)

be chosen by

(7.61)

where,

h(xl,x2)

= h(r) = a /55§¥£L = K

for convenience of description, the polar form has been
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used and where a, b and k are arbitrary constants respectively.

Hence, with (7.60) and (7.61), Eq.(6.4) becomes

XAt

(7.62a) dxl 5

cosbr _

= dw.

(7.62Db) ax, —{wzx -+e(axl-+px§)}dt - Sa

1,

Although this example was already treated in Chapter 6, we shall
consider again the noise stabilization by applying a general rule
developed in the previous section.

Computations of (6.14d) in 6.3, (7.9) and (7.10) by using

(7.62) bring
(7-63) CI)(I‘) =0,

(7.64)  U(r)

02a2 cosbr
In | T - k|

and

62a2|cosbr
Lr r

(7.65)  V(r) k.

Thus, the singular point is determined by solving U2(r)=0. In
Eq.(7.64), provided that k2> 0.16b as shown in Fig.6.3, we obtain
one singular point. Then, noting that V(rs)=0, the singular point

r=rs(#0) is the trap.

(a) Interval [rs,w) : First of all, from (7.7), we have

2 2 cosbrs P bsinbrs cosbrS
(7.66) h°(r) = a“| = - k| +a( = + 5 )(r-—rs)
s s 15
s
a2 bzcosbrS 2bsinbrS ZCOSbrS >
trl= - B =g Rt
s r r
s s
2 2

2 . . 1 1t
Since it is obvious that h (rs) =0, h (rs) =0 from Table 7.1, it
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is concluded that the point S is the attractive trap or the ac~
cessible exit boundary. Next, we shall examine the case of r=«,.

. 2 s . ;
Since U (r)[r+m=#0, this situation does not allow us to apply

directly the general rule. The stabilizing noise term h(r) given

py (7.61) may be approximated by h(r)| Zk. Thus, from (7.64)

o

2
and (7.65), U (r) and V(r) are approximately expressed by

2.2 2.2
2 ~ 0 k -
(7.67)  U(r)| .2 T RE, v, = TEE

>

Hence, it follows that

. S
2 2
o a kro

(7.68) dm(r) =

o
dI’, dS(I’) = ;—dl".

Applying (7.68) to (7.22) and (7.23), we have

rlr’o 1 N
(7.69) o(r) = lim | E—dry,f ——g—r A, =@
r>o r Ty r o a kr
y 0
and
1 T1lr

(7.70)  u(r) = lim ——Ji———j rdr_ [ Jar = .
2.2 y 'y r X
r>o 0 a kro r ry X

Furthermore, from (7.68), we have
“1r
(7.71)  s(r) = lim | Fodr, = =

rPr®e I X

This fact implies that the point r»>« is the inaccessible natural

boundary (locally unattractive).

(b) Interval (O,rs) . According to discussion in (a), it 1is obvi-

ous that the singular point r=rg is the accessible exit boundary.
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Instead of (7.61), we shall suppose that, as r+0, h(r) is approxi-
mated by h(r)=k0/r, where ko is an arbitrary constant. Using this

approximation, from (7.64) and (7.65), it follows that

2.2k 2 2k
o - SER v - g
£
Hence, we have
4r? g
(7-73) dm(r) = - —dr, ds(r) = ~dr.
o a koro

It is a simple exercise to conclude that, at r=0, 0(0) is not inte-
grable but u(0) integrable and that the origin r=0 is the inaccessi-
ble entrance boundary. The whole aspect of sample behaviors on the
interval (0,») is summarized in Fig.7.9. This implies entirely the

same result as already described in Section 6.5.

entrance exit exit natural

- —
O

r=0 rs(trap) r=c

Fig.7.9 The Whole Aspect of Sample Path Behaviors
for r(t)-process determined by Eq.(7.62)

T=5 Special Choice of Stabilizing Signals and Unsuccesses of

Stabilization

In the previous section, successes of noise stabilization were
reported by choosing stabilizing term of biased sinusoidal type or
polynomial type. However, at the present stage, although the
general rule was established, the choice of stabilizing noise term

is still ad hoc. In order to emphasize the stabilizing noise terms
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adopted here, in this section, examples of unsuccesses are con-
sidered, including the effect of nonlinearities exhibited in dy-

namical systems to the noise stabilization.

7.5.A White Gaussian Noise Stabilization

White Gaussian noise stabilization implies that, in Eq.(6.4),
" the function h(xl,x2) does not depend on the state variables Xy and
Xy As an example, let h(xl,x2)=a in Eq.(6.4), Then, with the

help of Eq.(7.60), we have

(7.74a) dx

1 x2dt

(7.7Lb) dx2 —{wle + e(ax2 + pxi)}dt - Sadw.

Classification of the boundaries is listed in Table 7.5.

Table 7.5 Classification of the boundaries of
the system described by Eq.(7.74)

Interval| o u s(r) Classification of the boundaries
r=0 ® | <o inaccessible entrance boundary
?
r=o © o <oo inaccessible natural boundary

From Table 7.5, it may be concluded that the r(t)-process which is
determined by Eq.(7.74) and originated at a point in the interval
(0,») does not arrive at the origin and diverges infinitely with
probability one. In general, the white noise stabilization may

not be realized.

7.5.B Linearly State-dependent White Noise Stabilization
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Letting h(xl,x2)=axl, a similar procedure to Eq.(7.74) brings

(7.75a) dxl = det

(7.75b) dX2 —{w2x1 + e(ax2 + pxi)}dt - 6axldw.

Table 7.6 shows the results of classification of the boundaries.

Table 7.6 Classification of the boundaries of
the system described by Eq.(7.75)

Interval| o u s(r) Classification of the boundaries
r=0 . © ® inaccessible natural boundary
?
r=o <o | <o accessible regular boundary

From Table 7.6, it is easily concluded that the r(t)-process deter-
mined by Eq.(7.75) diverges infinitely with probability one and the

noise stabilization may not be realized.

7«6 Summary

A general rule of noise stabilization for second order non-
linear dynamical systems has been established. On the basis of
general consideration of boundary classification, several possible
types of stabilization have intuitively been found out. The key
notion of approach to realize the noise stabilization is to unify
the averaging principle with the Feller’s classification criteria
of boundaries in which computations of canonical scale and speed
measures are required. To realize the stabilization easily, it is

the first step to make a trap by a suitable choice of the stabi-
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lizing function h(xl,xz). However, it is another important aspect
to be noted that a selection of stabilizing noise term depends on
both the nonlinear system characteristics g(xl,xg) and the stabi-
lizing function h(xl,xz). From this viewpoint, the general rule

developed in Chapter 7 will play an important role to predict the

possibility of realizing the noise stabilization.
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CHAPTER 8

Jump PHENOMENON oF NONLINEAR DYNAMICAL SYSTEMS
SUBJECTED To NARROW-BAND RanNDOM INPUTS

8.1 Introduction

It is well-known [56] that the jump phenomenon can occur in
certain nonlinear dynamical or control systems subjected to sinusoi-
dal inputs, in which, as shown in Fig.8.1, the output amplitude AO
has a discontinuous jump, as the input amplitude AI changes. Simi-
larly . in the case where the input to nonlinear systems is station-
ary random signal, the jump phenomenon occurs between the input

variance TI and the output variance Y. of the response, as shown in

0
Fig.8.1, in which the response varies as 1+2+3+L4>5 as the input
variance increases and otherwise changes as 5-+U4+6+2-+1 as the output
variance decreases[88]. Accordingly, the dotted line from 3 to 6
does not occur in the practical response. The theoretical approéch—
es up to now were performed based on the describing function method
to a sinusoidal input[56] and also the statistical linearization

method for stationary random inputs[88]. Furthermore, by these

methods, it has been already clarified that the response correspond-
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ing to the curve from 3 to 6 in Fig.8.1 is unstable and then does
not appear as the real phenomenon[57][069]. However, the approaches
described above are first-order approximation methods and then,
especially for the stationary random input, we can not give enough
explanation of the response by only the fact that, "the response
from 3 to 6 is unstable by applying the statistical linearization
method." This main reason is based on the fact that, although the
statistical linearization method makes possible to evaluate approx-
imately the statistics such as the output variance of the response,
it becomes difficult to comprehend stochastically sample path be-
haviors of the response. Therefore, in order to explicate the
generating mechanism of jump phenomenon, it is necessary to obtain
other probabilistic informations associated with sample path be-

haviors. In this chapter, through the evaluation of probability

o O
5 <« 5
v @
v O
cC 3
g =
- =
a
g€
]
T =
3
2a
:“
o 2
oz O

Input amplitude A
(Input variance V)

Fig.8.1 Illustration of Jump Phenomenon.
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density functions of both the input and the output, we shall clari-
fy the generating mechanism of jump phenomenon occurring in the re-
sponse of nonlinear dynamical systems. Supposing that the random
input to nonlinear systems is a broad-band random signal, it will
be possible to evaluate the probabilistic response[58] but, on the
other hand, it will need fairly complex calculations to examine

the jump phenomenon of sample path behaviors. Then, we shall con-
sider narrow-band random input which signal power is confined to a
narrow-band of frequencies. Since such processes are represented
as a sinusoidal wave with a randomly varying amplitude and phase,
we can proceed the theoretical developments, comparing with the
jump phenomenon in nonlinear dynamical system subject to a sinu-
soidal input which has been already investigated in detail.

In Section 8.2, the stationary probability density of narrow-
band random input can be evaluated, which is generated by applying
white Gaussian process to lightly damped linear system. In Section
8.3, the stationary response curve can be obtained between the out-
put response of nonlinear systems and the related narrow-band input,
through the variational averaging technique. Utilizing this rela-
tion between input and output, the stationary probability density
function of output response can be derived. Based on the evalua-~
tion of the stationary probability density of output response co-
rresponding to the one of input, in Section 8.4, the generating me-
chanism of jump phenomenon can be verified theoretically by consi-
dering the existence area of stationary response. Finally, in Sec-
tion 8.5, digital simulation studies are demonstrated, showing the

validity of the theoretical approach developed here.
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8.2 Stationary Probability Density of Narrow-Band Random Input

White Gaussian Narrow-band
noise random input
E(t) Linear system z(t) | Nonlinear system x(t)
P, . 2 : v 2 s
ztea, z+w, 2=/eE(t) x+w) x+eg(x, x)=12

Fig.8.2 Nonlinear Dynamical Systems subjected to
Narrow-Band Random Input.

Suppose that the narrow-band random excitation z(t) can be

generated as the solution process of the system dynamics,

(8.1) % + eays + mgz = JEE(t)

where £(t) 1s a white Gaussian noise and where "'" is differenti-

ation with respect to t, € and 0y positive constants and Wy natural
frequency. Also, oy is damping ratio and €0, « 1 in order that the
spectrum of z(t) will be appreciably narrow-band with central fre-

quency w, for £(t) with the spectral density Sé(m)=N2.

2

12 é1=22 in Eq.(8.1), Eq.(8.1) is rewritten by Itd-

type stochastic differential equation,

Letting z=z
{8+2a) dzl = z2dt

(8.2p) az —{ea222-+m§zl}dt + Vedw(t)

2

where the w(t)-process is the Brownian motion process with the
2 2 .
following properties; E{dw(t)}=0, E{(dw(t))“}=0"dt, where o 1s a

constant.
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From Egs.(8.2a) and (8.2b), the following Kolmogorov’s back-

ward equation of the z(t)-process is derived:

— ap(t,zl,z2) ) ap(t’zl’z2)-—(eu-z v o2, )Bp(t,zl,zz)
-3 ot =% 82, 3%p ™ Bgty 82,
2
3 2a p(10’21’22)
+ 20 —m 55—
2 322
2

where p(t,z ,22) is the transition probability density function

!
from (zl,zz) at time t to (210’220) at time t0(>t) for any fixed
(Zlo’zzo) and t,. Introducing the new coordinates zl==Asin(w2t+w2)

and z.,=w Acos(w2t+w2) in Eq.(8.3), the transformation from the

2 2
(zl,zz)-process to the (A,wz)—process (where A and w2 are random

processes) becomes,

in2(w, t+y,) 2
du _ 2 du , 2pSinelutrys oy o
(8.4) 5% = el-a,Acos™ (w t+y,)gn + 5 5ot 3
2 2w2
. o 2
X{cosz(w2t+w2)323 w231n2(w2t+¢2) aiu N sin (22t+w2)
dA A 3A3Y, N
L2 )
Y82u sin (w2t+1p2)EH 51n2(u)2t+1p2)32u
2 A Y A 2
W, 3y5

where u=u(t,A,w2)=p{t,Asin(w2t+w2),szcos(w2t+¢2)}.

After somewhat tedious calculations applying averaging princi-

ple[46] to Eq.(8.4), the following equation can be obtained[51]:

o 2 2.2 2 2
(8.5) ap*, _ e[(—7§A-+ ) )ap* + 902 g* + O 9o p¥

2,7 9A 2 2. 2.,2
4w2A MmzaA 4m2A 8w2

where p*=p*(t,A,w2). As already mentioned, for a sufficiently small

€, 1t 1s known that p*(t,A,wg) is uniformly approximated as[90]
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(8.6)  1im sup |u(t,A,9,) -p*(t,A,9,)| =0.
e>0 t

Noting that Eq.(8.5) represents Kolmogorov’s backward equa-
tion, the system dynamics corresponding to A(t) and wz(t) in

Eq.(8.5) are respectively given by

o 2
(8.7) dA = e(-=2A+-2 _Yat + /EIqu
2 4 2 20)
ng 2

(8.8) ay, = /%;agxdw.

Now, through the relation that a(t)=A2(t), the following equation
of the a(t)-process is derived by applying Itd’s differential rule

[90] to Eq.(8.7):

2 —
(8.9) da = e(—aza + lj'—%—)dt + —%Eédw
2w2 2

where A=J/a since A is a positive. Then, the Kolmogorov’s forward

equation of Eq.(8.9) is

9p _ _ 9
t Eggl=ay8 +

(8.10)

From Eq.(8.10), the stationary probability density function p*(a)

(if there exists,[67]) can be obtained by

2 2 2
a,w, (l+c7)/20 2 _ 2 2
(8.11) p*(a) = (-252) //r(l'+g ya(1-07)/20%,
o} 20
azmg
xexp (- 5 a).

g

Therefore, from Eq.(8.11), the mean value of square amplitude a is
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(8.12) E{a} = (1+02)/2a2w§.

8.3 Stationary Response Characteristics of Nonlinear Systems

As shown in Fig.8.2, we shall explore the stochastic behavior
x(t) of second-order nonlinear dynamical systems subject to narrow-

band random input z(t) modeled by
s b .
(8.13) X + WX + eg(x,x) = nz

where g is a nonlinear function, wq natural frequency and € and n
are small positive constants. Equation (8.13) may be considered to
be a general expression of mathematical model of nonlinear dynami-
cal systems. However, as it is well-known, it is impossible to
treat Eq.(8.13) in the strict sense of mathematics. So, when the

solution z(t) of Eqg.(8.1) is represented for a sufficiently small €
by

t, A°=a%+2°

(8.14) z(t) = Al(t)sinw 1 25

t + A2(t)cosw

2 2

it is assumed that the solution x(t) of Eqg.(8.13) may be approxi-

mated by[10]
(8.15) x(t) = Bl(t)sinvt + B2(t)cosvt, B =B- +B

where the parameter v is given by

(8.16) vV = w, - ebv, Av < 1.

Now, in order to examine the property of the stationary res-
ponse x(t) related to narrow-band random input z(t), the variation-

al averaging method [91],[92] is applied to Eq.(8.13) which is
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described in Appendix A. Substituting Egs.(8.13) and (8.14) into
Eq.(A-10) in Appendix A, it becomes

ti+2ﬂ/V
2 .
(8.17) It. [-v Bl(t)51nvt-v2B2(t)cosvt-+w§{B1(t)sinvt
i

+ Bz(t)cosvt}-+ag(Bl(t)sinvt-+B2(t)cosvt,vBl(t)cosvt
- vBZ(t)sinvt)-n(Al(t)siant-+A2(t)cosw2t)]

X(éBl(t)sinvt-v6B2(t)sinvt)dt = O

However, the calculation of Eq.(8.17) is impossible, because Ar(t)
and Br(t> (r=1 or 2) are unknown parameters. Then, we propose the
two-step approximation technique.

First, as already mentioned, the auto-correlation function of

z(t)-process may be regarded as the harmonic function. Accordingly,
(Proposition-1)For any t with ti.st sti+(2ﬂ/v), we let

Ar(t) = Ari(=constant), Br(t) = Bri(=constant).

Using Proposition-1, after somewhat tedious calculations, Eq.(8.17)

leads to the two algebraic equations

2 2 -
(8.18a) (ml-—v )Bli-+Il(B1i,B2i) = clAli-i-c2A2i

> 2 B
(8.18b) (wl—-v )B2i-+I2(Bli,B2i) = 03Ali'+cMA2i
where
ti+2ﬂ/v
£V .
(8.19a) Il(Bli’BZi) = 7rft g(Blis1nvt+B2icosvt,vBlicosvt
i
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-~ VB isinvt)sinvtdt

2

t.+2m/V
i

_ EV .
(8.19b)  I,(B,,,B,.) = =—f g(B,;sinvt+B

. .cosvt,vB .cosvt
2 711’721 i

2 11

- VB..sinvt)cosvtdt
21

and also, using Eg.(8.16), from (8.17) and (8.18), it follows that
cl=cu=n and c2=c3=0.

If the nonlinear function g is given concretely in Eq.(8.19),
the second terms of Egs.(8.18a) and (8.18b) becomes polynomial type
with respect to Bli and B2i respectively. Therefore, adding both

the square values of Egs.(8.18a) and (8.18b) respectively and

: ; Y- R 2 o e
furthermore, using the relations of ai--Ai«-Ali-i-A21 and bi Bi

=Bfi-+B£i , we obtain the following'equation,
£ m
(8.20) a; = f(by) =] Kby » m=1,2,:::,8

m=1

where Km is a real value. Now, letting be a;=y (arbitrary positive

constant), we consider, from Eg.(8.20), the polynomial equation,

- £ £~1 -
(8.21)  f(b;)-ay Keby + Kp_qPy "+ -+ + Kb, -y = 0.

In order to assume the existence of jump phenomenon (or multi-
valued response) between ai and bi’ the following conditions must
be satisfied for Eq.(8.21);

(c-1) K£>0 and £ > 3.

(C-2) There exist more than three positive roots. This condition
can be satisfied from Descartes Sign Rule[93], if the sign change

of the coefficients of Eq.(8.21) is above three times.
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(C-3) The solution of df(bi)/dbi'=0 has at least over two positive
roots.

In the following, through the relation of Eq.(8.20), we shall
examine the stationary probability density p(bi) of Eq.(8.13). Sup-
posing that the a(t)-process is slowly varying and its period 2Tr/w2
sufficiently small, the following proposition is introduced for

the sample value ay taken in the every course of period 27/v,

(Proposition-2) p¥(a) = p(ai).

Then, from the stationary ergodic hypotheses of the a(t)-process,

the following relation holds for ayo
© 1 T N
(8.22) [ ap*(a)da = lim Zmf a(t)dt = lim } a./N.
0 T-oo = N+wi=1 *
Furthermore, the following relation holds,
N oo
(8.23)  lim ] a,/N = joaip(ai)dai.

N+ 1=1

As the result, from Proposition-2, the stationary probability den-

sity p(bi) for bi can be obtained by

df(bi)
(8.24)  p(by) =PI, —pp )y —ap— -
i i 1

Evaluating the stationary probability density p(bi) given by

Eq.(8.24), we can clarify the stochastic behavior of the stationary

response for the system dynamics of Eq.(8.13).

8.4  An Illustrative Example

Based on the general theory established in Section 8.3, we
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shall consider the nonlinear dynamical system of Duffing-type such

that the nonlinear function g in Eq.(8.13) is given by

(8.25)  g(x,%) = ax + Bx,

which is subjected to narrow-band random signal z(t) of Eq.(8.1).
Applying Eq.(8.25) to Egs.(8.19a) and (8.19b), Egs.(8.18a) and
(8.18b) become,

2, By _
(8.26a) (w2 - v2)B ;- ea VB, + (3/H)eBBy (B3 +By;) = MAy;

and

2 2

(8.26b) (wi-v2)B2i-ea vBli-+(3/&)€BB2i(Blii-B2i) = nh,, -

1

On squaring both sides of Egs.(8.26a) and (8.26b) and calculating

the addition of them, we obtain the following result,

2 2,2

(8.27) A = coBi{((B/M)EBBi + wi = Y& (ealv)Z}

where 0051/n2. Equation (8.27) can be expressed in the form of

Eq.(8.20) by

_ _ 3 2
(8.28) a, = f(bi) = cO{K3bi + K by + Klbi}

where

2 2
3eB(wi-v7)
= 1 and K. = (02-v2)2

- (3eg)2
(8.29) Ky = ($e8)%, K, =— L=

+ (ealv)Z.

For the polynomial of Eqg.(8.28), we shall examine the conditions
for generating jump phenomenon (or multi-valued response) based on
the conditions (C-1), (C-2) and (C-3) in Section 8.3.

(i) (C-1) is satisfied since K3 >0 and £ = 3.

(i) (C-2) 1is satisfied, because the change of coefficients is
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three times such that K3>0, K2< 0, K1>0 and -y <0 1if wl<\).

(iii) If the coefficients of Eq.(8.28) satisfy K, <0 and 3K.K <K2

2 173~

< LUK K3 or equivalently, wi-—v2-+/§ta v <0, df(b.)/dbi==0 has two

real positive roots, b,, = - /K )/3K and b, =(—K2

YK 3K K )/3K Then, it is obvious that (C-3) holds. As the
result, the following inequality holds:
(8.30a) df(bi)/dbi>0, O<bi<biu and bi>bid

and

(8.30Dp) df(bi)/dbisOv, biusbisbid.

Then, the response given by Eq.(8.28) represents the multi-valued

characteristics as shown in Fig.8.3. The values of ai4 and aiu

———_'— >0 stable

bid ATV LY © OIS e ™

s i df(b;)
E ~~ . \;{ ———db <0 unstable
biu &L\.L\_\AL\'.}.\L\_\_\LL 3.\;;;__
M >0 stable
db;
0 a.

Fig.8.3 Stationary Response Characteristics
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corresponding to bid and biu are given Dby

(8.3la) ayy - /X -3K Kq Y[~ K + 6K, Kg /K - 3K Kg ]/27n K
id

and

2 2

(8.31b)  a, =o«2+A€-3K )[-KS + 6K Ky +Kvm - 3K, K31/27n°K3.
iu

Nextly., through the relation of Proposition-2, the stationary prob-

ability density function of a; can be obtained from Eq.(8.11) as

2
0, W (1+c )/20 5
(8.32)  play) = ( 222) / (l+o il 2)/20°,
“2“3
xexp (- 5 ai).
(o)

Accordingly, through the relation of Eq.(8.28), it follows from
Eg.(8.24) that the stationary probability density function p(bi)

becomes,

(1-0°) /202 a wg df(b )

(8.33)  p(b;) = cq{f(by)} expl - i £(by)] —p

where ¢y is a normarized constant. However, the expression of

Eq.(8.33) is unreasonable since p(bi)< 0 in the interval bil:Sbi

Sbiu' On the contrary, it can be proved [94] that the response
of bi is unstable in this interval, as shown in the response curve
3 to 6 of Fig.8.3 (referring to Appendix B). Then, the stationary

probability density function p(bi) becomes,
(8.34) p(b;) =0, b ,<b, <D

iu’

Consequently, the probability density function p(bi) of Eq.(8.33)
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can be rewritten in the following modified form,

. (1-02) /207 uzwg af(b.)
(8.35a)  p(by) = c {f(b,)} exp[-—5=1(b;) ] ——
o i
b <biu and b1d<b
(8.350)  p(by) =0 bygSbyshbs,

where ci is a normarized constant. From Eg.(8.35), the jump phe-
nomenon occurs at the both points of (aiu,biu) and (aid,bid) in
Fig.8.3 according to the transition of p(ai) given by Eq.(8.32),
based on the change of E{ai}. In other words, since the point 3 is
unstable one and otherwise the point 4 stable one in Fig.8.3, the
Jump of magnitude bi occurs from 3 to 4. Furthermore, the similar
jump phenomenon occurs from the unstable point 6 to the stable
point 2«

Here, we shall explain-the occurrence of the phenomenon describ-
ed above in detail using the stationary probability density func-
tions p(ai) and,p(bi). Now, the system parameters of Egs.(8.1) and
(8.13) are set as
(8.36a2) €=0.01, w2=5.276, 0,2=O.l, wl=5, n=1 and v=5.27,
where parameters of the nonlinear functiong in Eq.(8.25) are given by

(8.36b) o, =20 and B =500

Al
and also the variance of the white Gaussian noise £E(t) is c2= (0o
In this case, the stationary response curve of Eq.(8.28) was
obtained as shown in Fig.8.4. Figure 8.5 represents the stationary
probability density functions p(ai) of Eq.(8.32) which are shifted

from A-1 to A-6 successively by changing the initial condition ag-

Here, the initial values a, are set as 0, 0.3, 0.59, 0.8, 0.95 and
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Fig.8.4 Stationary Response Curve of Eq.(8.28).

A-l A-2 A3 ALAS5 A-6
5.0+

Fig.8.5 Transition of p(a;) with the Change of

Initial Conditions.
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/ﬁ\l ] 1 bi
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0 30
0.3 0.68 1.0 B-6
B-3
154 15¢
! ™\ _bj , | , bj

0 03 068 10 0 03 0.68 1.0

Fig.8.6 Transition of p(bi) corresponding to the
Transition of p(ai).

1.1. The figures of the transition of p(bi) were obtained, through
the calculations of Eg.(8.35) as B-1l to B-6 in Fig.8.6 respectively
corresponding to A-1 to A-6 in Fig.8.5. 1In Fig.8.6, it should be

noted that the interval 0.3 skH_s 0.68 shows an unstable region.

Now, we shall consider the case where p(ai) increases in the
sense of mean value by changing the initial condition ag- When
P(ai) is shifed to A-1, A-2 and A-3 successively, the bi(t)—process

shows the stationary response corresponding to the curve PQ in
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Fig.8.4 and then the jump from the point Q to R does not occur prac-
tically, as known by p(bi) of B-1 to B-3 in Fig.8.6. However, as
shown by p(bi) of B-4 and B-5 when shifted to A-l4 and A-5, it can be
possible that there exists the stationary response corresponding to
the curve ES in Fig.8.4. This implies that the stationary response
corresponding to PQ jumps at the point Q and shifts to the station-
ary states ES. Furthermore, when p(ai) shifts to A-6, there exists
only the stationary response to the curve ES and a jump does not
ocecur.

On the other hand, the similar phenomenon can be illustrated
in the case that p(ai) decreases in the sense of mean value of ai.
That is, we shall consider the case where p(ai) moves from A-6 to
A-1 in Fig.8.5 successively. Then, from p(bi) with the transition
of B-4 and B-3 corresponding to A-4 and A-3, it follows that the
stationary response to the curve £S jumps at the point E and shifts

to the stationary state to §Q.

8.5 Digital Simulation Studies

In this section, the experiments can be performed to verify
the occurrence of jump phenomenon in the nonlinear stochastic sys-

tems by observing the sample path behaviors. Letting be z=2z

él=z2, x=x; and il=x2, Egs.(8.1) and (8.13) can be transformi; as
(8.37a) dz,/dt = z,,

(8.37b)  dz,/dt = -ea,z, - wgzl + VEE(t)

and

(8.38a) dxl/dt = X,
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3

(8.38Db) dxg/dt = —gq 3

2
x2 - wlxl - €Bx7 + nz.

1

Numerical calculations were performed by Runge-Kutta-Gill

Method[95] to obtain the values 2. 1 and X, 4 at time tn from the

3 >

values A and xr #edl, at time tn—l where r=1 or 2 and n=1,2,.:-.

b >

Using the sample values z X and x obtained above,

I "2,n* “lyn 2,n

a 2 2
(8.39) a(tn) =21 n + (lzz,n/‘*’e)
and

_ 2 2
(8.40) b(tn) =%, + (xzﬁn/\))

In these experiments, the parameters of Egs.(8.37) and (8.38) were
set as (8.36). Also, the variance of é(t) were given by 02= 0.1
and 0.8.

First, the solution process z(t) of Eg.(8.37) has the proper-
ties such that the spectral density SZ(w) and the auto-correlation

function RZ(T) become respectively

(8.41) S, (w) 0.102/{ (02 = 5.276%)2 + (0.001w)°}

and

(8.142) RZ(T) E{A(t)A(t+T1)}(c0s5.276T)/2,

which are shown in Figs.8.7 and 8.8. Furthermore, from Eq.(8.8),
the stationary probability density function p(ai) is obtained as

shown in Fig.8.9.

Nextly, the stationary response characteristics was already
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Fig.8.7 Spectral Density of the z(t)-process
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Fig.8.8 Auto-correlation function of the z(t)-process

obtained in Fig.8.4 as the relationship between the input and out-
put amplitudes. Thus, along the line of the response curve ob-
tained above, the main problem is to examine the occurrence of Jjump
phenomenon at the points Q or E for the bi(t)—processes in-the case
wheretheai(t)—processes increase or decrease in the sense of mean

value E{ai}. By the way, it is sufficient if each one data of
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Fig.8.9 Stationary Probability Fig.8.10 Sample Values a; and
Density Function of z(t). bi'

sample values ai and bi is taken in the each interval tis i

sti+2ﬂ/v. However, in this simulation, we confirmed that the Prop-
osition-1 holds by picking up and comparing with six data in the

interval tiS‘tS'ti+2w/v, as shown in Fig.8.10. Here, ai=a(t;) and

- i _, (n) (G —fs sl e 64
bi—b(tn) and also ti—ti represents ti —tn, n=6i-5, 6i-4, 56

In all experiments, the time interval of sample values was set as

6=tn+l-—tn=0.2.

The results of digital simulation studies are shown in Figs.

8.11 and 8.12. Figure 8.11 shows the sample runs of the a(t) and

b(t) processes in the case of 62 =0.1, inwhich (A) is the case where

the a(t)-process increases and where (B) the case that the a(t)-

process decreases. In Fig.8.11(A), the increase of the a(t)-proc-
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(B) Jump at ai=0.79
Fig.8.11 Sample Runs of the a(t) and b(t) processes (c2=0.l).
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(B) Jump at ai=0.79 "
Fig. 8.12 Sample Runs of the a(t) and b(t) processes (c©=0.8)
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ess was performed by changing the initial value in every 60 sec. And

the first initial value was set at the point P=(a(0),b(0))=(0.2,

0.02) in Fig.8.4. 1In the case where the magnitude of the a(t)-proc-

ess 1s smaller than aiu==l.15 (in the time interval 0<t< 240),

the b(t)-process increases gradually along the stationary response

curve P+>F=+Q in Fig.8.l4. Once the a(t)-process is over aiu==l.15

(t > 2L0), the b(t)-process varies abruptly from the point Q to R

in Fig.8.4 and then yields the jump to the value of b = 0.87.
Afterwards, the b(t)-process converges to the response curve

ES in Fig.8.4. 1In Fig.8.11(A), the overshoots of the b(t)-process

show the transient phenomenon at each initial time. On the other

hand, Fig.8.11(B) shows the sample run of the b(t)-process in

which the a(t)-process is slowly decreasing. The initial value was

set at the point D=(0.93,0.75) in Fig.8.4. When the sample values

of the a(t)-process are over the value of a; =0.79 (in the time

d
interval 0<t <75), the b(t)-process moves along the response curve
DE in Fig.8.4. However, once the a(t)-process is smaller than the

value of aiq° 0.79 at time t =75, the b(t)-process changes suddenly

d
from the point E to F and then occurs the jump to the value of b=
0.12. After the time t =140, the b(t)-process converges to the
response curve FP in Fig.8.4. TFigure 8.12 shows the simulation
results - in the case of 02= 0.8. As well as the case of Fig.8.11,
it can be observed that there exist jump phenomena at the points
aiu==l.15 in (A) and I 0.79 in (B). From the experimental re-
sults of Fig.8.11 and 8.12, it was verified that there exist the
jump phenomena as the practical behaviors, which was already clar-
ified theoretically. Furthermore, in the interval aidﬁsaizsaiu’
it was ascertained that the response in the interval ﬁb shows un-
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stable behaviors.

8.6  Summary

The past analytical studies of jump phenomenon in the stocha-
stic systems had been developed by evaluating approximately the
relationship of variances between the input and the output ampli-
tudes[90]. 1In this section, we shall consider the analytical re-
sults mentioned here from this viewpoint of the variance evalua-

tien. FiFst, L&t

i
= b
(8.43a) a = lim 5=/ a(t)dt
T>co =
and
— 1 i
(8.43b) b = lim 55 [ b(t)dt.
Too -T

The relation between a and b can be obtained as follows by replac-

ing a; and b, in Eq.(8.28) with a and b,

(8.44) a=1f(b)
- [(3e8)%83 + Zep(w? - vD)E2 + 1] - v7) + (e, ) DIBI/”.

The relationship of Eq.(8.44) is shown in the curve I of Fig.8.13.
On the other hand, using both Egs.(8.32) and (8.33), we shall ex-
amine the relation between 5i=E{ai} and 5i=E{bi}. Referring to

the characteristics of the stationary response in Fig.8.4, notig-
ing that the interval of 0.3<Db; < 0.68 is the unstable region and

p(b,) =0 in this interval, the Bi can be obtained by
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Fig.8.13 Evaluation of the Stationary Response
by the Mean Value.

o] oo

_ 0.3
(8.45) b= jobip(bi)dbi=j Obip(bi)dbi+[0'68bip(bi)dbi.

From the stationary hypothesis of the a:.L process described in Prop-
osition-2 and furthermore the stationary hypothesis of the bi
process, it can be regarded as §i==5 and Ei==5. Accordingly, the
calculation result of Eq.(8.45) yields the response curve II in
Fig.8.13. Since, obviously from Eq.(8.45), the curve II was calcu-
lated by excluding the unstable region, it can be considered that
the value W of the curve II is the average of the sample values U

and V. Then, from this stationary response curve II , the existence

of jump phenomenon can not be verified.
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CHAPTER 9

DiscussioN AND CONCLUSIONS

A comprehensive study of the dynamics of the nonlinear stochas-
tic differential equations has been performed and applied to the
second order nonlinear dynamical systems subjected to random inputs.
The results and conclusions of this study will be discussed in this
sectilon.

In Chapter 3 and 4, three new approaches has been developed
to examine the existence of stationary probability density func-
tions for nonlinear dynamical system response. The first was con-
cerned with a choice of a suitable Lyapunov-like function, the
second was concerned with the application of an arbitrary martin-
gale function and the third was concerned with the construction of
conditions for some stochastic model based on the classification
criteria of the boundaries. These three approaches presented here
gave sufficient conditions for guaranteeing the existence of the

stationary solution of the Fokker-Planck equation. The first two
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approaches are applied to nonlinear stochastic systems with singu-
lar points and the third is suitable for nonlinear systems with no
singular points. Naturally, a choice of the type of Lyapunov-like
functions depends on the nonlinear characteristics contained in the
dynamical system considered. However, the present methods provide
a new light in the exploration of the asymptotic behavior of a wide
class of nonlinear dynamical systems around singular points.

In Chapter 5, a realizable approach was presented to analyze
the asymptotic stability of a general class of nonlinear stochastic
dynamical systems. The basic notion presented here was a choice of
the stochastic Lyapunov function with an advantage that influences
of initial values of the system states came out. Introducing the
concept of random evolution [35][36], the stability analysils was
extended to a general class of nonlinear dynamical systems involv-
ing two kinds of random parameters modeled by a white Gaussian and
a Markov chain processes respectively. Throughout this study, the
relation between the asymptotic behavior of nonlinear stochastic
systems and the domain of their initial values are examined by
using the useful theorems giving sufficient conditions for the as-
ymptotic stability with the probability appraisal.

In Chapters 6 and 7, a method of noise stabilization for the
second order nonlinear dynamical systems has been developed. On
the basis of stability criteria established, two possible types of
noise terms have, intuitively, been found out ; one is a biased
sinusoidal signal and another a biased polynomial type signal. The
principal line of attack to realize the noise stabilization was to
unify the averaging principle with the Feller’s classification cri-

teria of boundaries in which the computation of canonical scale and
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speed measures was required. To realize the stabilization easily,
it was the first step to make a trap by a suitable choice of the
stabilizing function h(x,x). However, it is important aspect to
be noted that a selection of stabilizing noise term depends on both
the nonlinear system characteristics G(x,k) and the stabilizing
function h(x,k). From this viewpoint, the general rule for noise
stabilization of unstable nonlinear dynamical systems was estab-
lished. The general rule developed in Chapter 7 will play an im-
portant role to predict the possibility of realizing the noise
stabilization.

In Chapter 8, a new approach has been developed to analyze
the jump phenomenon occurring in the nonlinear dynamical systems
subjected to a narrow-band random input. Throughout the variation-
al averaging technique, the multi-valued response curve was obtain-
ed approximately in the stationary state. Based on the relation
(8.28), the stationary probability density function of the output
amplitude was derived, by which the generating mechanism of jump
phenomenon was clarified. The main result of this study is that
the analysis of jump phenomenon has been performed by evaluating
the probability density function of the input and output amplitudes,
in order to examine sample path behaviors of jump phenomenon.
It was shown that, through digital simulation studies, the occur-
rence of jump phenomenon was obviously explained by the observation

of sample path behaviors.
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APPENDICES

Appendix A Variational Averaging Method [91],[92]

The variational averaging method is based on the principle of
virtual work which may be expressed in the form of Hamilton’s
Modified Principle,

t

2 n
(A1) [ ] [-Fp 2 4 St 4 Q,(8)]sq,at = 0, j=1,-c,n

o 2q, g Y

where L is the Lagrangean function, the qj are generalized coordi-
nates and Qj(t) are generalized forces given by random input proc-
esses. Since the éqj are independent variations in the coordinates,
the term in the brackets must be equal to zero individually. This

normally results in the set of second order differential equations,
(A-2) Gj[ql"“’qn5°'.5al"“’&inst(t)]=O’ JEL s
where Gj[-] represents the dynamics describing the system.

It is assumed that qj(t) in Eq.(A-2) are approximated by

(A-3) qj(t) = dj(t) = qj(le(t),---,Bjﬂ(t) s t).

In Eq.(A-3), the function aj(t) is chosen to be a known function of
time and the parameters sz(t) are random processes which are to be
determined in such a way as to make the assumed solution a best fit
to the exact solution. We must explore a criteria for the selec-

tion of the sz(t) so that the approximated solution is as good as

possible. The criteria selected here is that Eq.(A-1) is satisfied
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over a specified time interval of interest te[tl,t2j. We then

require that

t
2 .
(A-1) ft GyLy50075d,3Q() 183;d6=0, g=1,--,n.
1
Since
) £ 34, (B, ,)
(a-5) 8q, = ) S JE 4

and Bjﬂ(t) may be varied independently, we obtain the following

variational equation from Eq.(A-4),

By 2 94, (B.,)
(A-6) [ G.(t) ] -—%§~l——aB.£dt =0 .
£, Y §=1 “Tie 4

where Gj(t) =Gj[q1,---,qn ;Qj(t)].

Now, considering the system equation (8.13), the aj’ Qj(t) and

Gj(t) mentioned above are given as follows:

(A-T7) a1<31,32> = R(t) = By(t)sinvt + B,(t)cosvt,

(a-8)  Qy (%) z(t) = A, (t)sinwyt + A, (t)cosw,t

and

(a-9) G, (%) g+ wiﬁ + eg(%,%) - nz(t),
where £=2 and n=1l. Therefore, letting t1.=ti’ t2'=ti + 27/v,
Eq.(A-6) is rewritten by
ti+2n/v
(a-10) [X+w
ta
i

24 o Ay _ 57702 3z -
lx4-€g(x,x)-nz]{aBléBl-FaB26B2}dt 0

and then Eq.(8.17) can be obtained.
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Appendix B Stability Analysis of Stochastic Response[10]

Introducing the rotating coordinates, the solution process of

the system (8.13) is represented by
(B-1) x(t) = B(t)sin¢l(t), x(£) = \)B(t)cosqbl(t)

where ¢1(t) =vt-+w1(t). In Eq.(B-1), the random variable B(t)
satisfies the relation (8.27) in te[ti,ti+21r/\)]. From (B-1), it

is easily shown that

(B-2) B? = x2+5<2/v2, by = tan~T(vx/x) - vt.

Letting b==32 and differentiating with respect to time, i1t becomes

that
(B-3) b = 2x(vox +%)/v°, by = —xt0%% & 31796,

Substituting Egs.(8.1), (8.13) and (B-1) into (B-3) and deleting
the terms of higher harmonics, the following truncated equations

are found to be

(B-ba) b=H,[b,b;)=-eab+T2Lgin(y, -y ),
w2-v2 by
(B_ub) ¢1=H2[b3wlj=—lr+d8€vsb_2n—v %COS(¢2‘1P1)-

Since the fluctuation x(t) of the system (8.13) is the narrow-band
random process, the amplitude b and the phase wl of the response
process manage to take the quasi-stable values causing that b and
@1 in Egs.(B-l4a) and (B-4b) make zero. Let Sb and 8y, be the small
deviations of b and wl from their stable values. Then, using
Egs.(B-l4a) and (B-4b), the following linearized equations for &b

and Gwl are obtained by
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(B-5) b = alléb + a126w1, Gwl = a216b + a226w1,
where
9H. [b,¥. ] €0, U, [b,y. ]
. A ol A o ! I e T - N T
(B-6) 2y, 90 51 Bgp= 39, ==y lu-v"4yeBbl,
2 2
3H.[Db, =
a =——g£——gl1=—£{9eB+L%‘v } and a =8H2[b’wlj= !
21 9b 4y T b 22 awl z "

Then, the characteristic equation is

2

(B-T7) AT - (all-kazz)x-+a = 0

11%pp ~ Siadey
By Routh-Hurwitz method, it is easily seen that necessary and suf-

ficient conditions for the stability of Eq.(B-5) are obtained as

(B-8a) all-l-a22 = -ea, < 0

—L 13(3e8)%? + 203ep (0] - v¥)1b

(2v)

(B-8b) aj 8,5, -2a1,58,) =

2 2 2.2
+ (evul) -+(m1-v )51 > 0.
Note that the first condition is always fulfilled for oy >0. The

second condition can be expressed by

df(bi)
db.
1

!

>0
co(2\))2

(B~9)

where f(bi) is given by Eqg.(8.28). Therefore, the stabllity of the
amplitude b can be evaluated by examining the sign of df(bi)/dbi.
The following result can be obtained with respect to the stationary
response curve of Eq.(8.28) in Fig.8.3 ; the amplitude re-

sponses on the branches 53 and gh in Fig.8.3 correspond to stable

values of b, since the derivative of f(bi) with respect to the
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amplitude bi is positive, whereas the response on the branch 58 is
unstable because the derivative of f(bi) is negative. Then, a jump
of the output amplitude b occurs from the point 3 to the point 4,
because the point 3 is unstable and the point 4 is stable. Simi-
larly, a Jjump of the output amplitude occurs from the unstable

point 6 to the stable point 2.
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