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Multiple expansion points are introduced to the multi-port Cauer ladder network method to realize an efficient model order 
reduction of an eddy-current field. The proposed method can set multiple target frequencies to cover a wide frequency range with a 
small number of multi-port electric network elements. A time-dependent response to pulse-width-modulation (PWM) excitation is 
accurately reconstructed by setting the target frequencies at both fundamental and carrier frequencies. 
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I. INTRODUCTION 

HE DESIGN of electric machinery sometimes requires a 
large number of electromagnetic field computations to be 

made repeatedly. As an example, the PWM excitation with a 
high carrier frequency requires time-dependent analysis with a 
large number of time steps. The motor design for electric 
vehicles requires evaluation of the motor performance under 
various operating conditions. Even though the finite element 
method (FEM) allows an accurate electromagnetic field 
analysis, its computational cost is not low enough for a large 
number of repeated executions. To avoid a heavy 
computational burden, model order reduction (MOR) methods 
[1]–[4] have been intensively studied.  

The Cauer ladder network (CLN) method [5] is an efficient 
and convenient MOR method for an eddy-current (EC) field. 
While most MOR methods are mathematically oriented, the 
CLN method provides a clear physical meaning owing to the 
electric network representation. The CLN method has been 
extended rapidly on the basis of the network representation. 
As an example, a multi-port version [6] was successfully 
applied to an MOR of an induction motor [7]. Multiple 
expansion points [8] were introduced to the single-port CLN 
method to cover a wide frequency range with a small number 
of network elements. 

 This paper develops a multiport CLN method with multiple 
expansion points to realize a more efficient multi-port reduced 
representation of the EC field. In spite of the apparent 
similarity between the single-port and multi-port CLNs, the 
extension to the multi-port CLN is not straightforward because 
the product of matrices, such as network element matrices and 
basis vector matrices, is noncommutative. After formulating 

the multiport CLN with expansion points, the paper discusses 
the mathematical basis including the derivation of network 
equations, which were not sufficiently presented in [8]. The 
orthogonality among basis vectors generated with different 
expansion points is shown to reconstruct the electric and 
magnetic fields based on the orthogonal expansion. 

II. MULTIPORT CLN WITH EXPANSION POINTS 

A. Multiport CLN with a single expansion point 

Vector potential A and electric field E are expressed in 
finite element (FE) space as  

1 1,i i i ii i
a e  A w E w ,  (1) 

where ai and ei are line integrals of A and E on edge i and w1
i 

is the edge element. The EC field is described in FE space as  
T , s  C νCa σe Ce Ca ,   (2) 

where a = [a1, a2, …]T, e = [e1, e2, …]T, C is the edge-face 
incidence matrix, CTνC is the stiffness matrix for FE EC 
analysis, and s means d/dt. The conductivity matrix σ and 
reluctivity matrix ν are given as 

 2 21
{ }, dkl kl k lv v


   v w w ,  (3) 

 1 1{ }, dij ij i j  


   σ w w ,  (4) 

where μ is the permeability and σ is the conductivity while w2
k 

is the facial element of face k. The magnetic and electric 
properties are assumed to be linear in this paper.  

Let a target frequency be fi. An expansion point si = 2πfi is 
introduced to the CLN method by defining  

 T
i is K C νC σ .   (5) 

Let the number of ports be M. In a similar manner to the 
single-port version [8], a multiport CLN is constructed by 
recurrence relations as  

2 1 2 1 2 2( )i n n n n  K a a σe R ,  (6) 

 1
2 2 2 2 1 2 1n n n n


    e e a L ,  (7) 

 1 T T
2 2 2 2 1 2 1 2 1,n n n n n i n


   R e σe L a K a , (8) 

where R2n and L2n+1 (n = 0, 1, …) are M × M resistance and 
inductance matrices while e2n = (e1,2n, ..., eM,2n) and a2n+1 = 
(a1,2n+1, ..., aM,2n+1) are the n-th basis vector matrices. The m-th 
columns em,2n and am,2n+1 are field basis vectors when source m 
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has a unit voltage/current source and the other sources are zero.  
Suppose that a unit voltage is given to port m (m = 1, …, M) 

as the boundary condition and the resultant scalar potential 
distribution is represented as ϕm. The initial fields are then 
given by a–1 = 0 and by 

e0 = − Gϕ – s0a0 ,    (9) 
where ϕ = [ϕ1, …, ϕM], G is the node-edge incidence matrix 
that corresponds to the grad operator satisfying CG = 0, and a0 
is obtained by solving  

K0a0 = − σGϕ .    (10) 
When the first expansion point s0 is nonzero, after 

generating e0, additional network elements are obtained as  
L−1 = (e0

TK0e0)−1 ,  a−1
* = − L−1e0 .   (11) 

After power sources are given in the first step, equation (6) is 
solved for a2n+1 with the Dirichlet or Neumann boundary 
condition without power inputs in the following steps.  

Similar to the case for the single-port version, it can be 
proven that procedure (6)–(8) generates basis vectors that have 
blockwise orthogonality: 

T 1 T
2 2 2 2 1 2 1 2 1δ , δi j ij i i i j ij i


   e σe R a K a L ,  (12) 

where δij is the Kronecker delta.  

B. Change in the expansion point 

Similar to other MOR methods, the CLN method requires a 
high-order expansion to cover a wide frequency range if a 
single expansion point is used. To realize a more efficient 
multi-port MOR, this study introduces multiple expansion 
points to the multi-port CLN. 

The target frequency fi can be changed after several 
generations of ladder elements. As an example, when the 
target frequency changes from f0 to f1 in the P-th stage, the 
network connection between the two expansion points is 
achieved as follows. Generate a2P−1, aʹ2P−1 and e2P as 

1 2 1 0 2 3 2 2 2 2P P P P    K a K a σe R ,  (13) 

 T
2 1 2 1 1 2 1P P P  L a K a ,   (14) 

 
1

2 1 2 1 2 1 2 11

P
P P i ii


   

  a a a p ,  (15) 

 1
2 2 2 2 1 2 1P P P P


    e e a L ,  (16) 

where p2i−1 is determined to maintain the orthogonality among 
basis vectors e2n. To ensure e2P is orthogonal to e2i (i < P), p2i−1 
is given as  

1 T
2 1 2 1 2 1 0 2 1i i i P


    p L a K a .  (17) 

The relations 
T

2 1 0 2 1 0  ( )P i i P   a K a ,  (18) 
T

2 1 1 2 1 0  ( )P i i P   a K a ,   (19) 
T T T

2 1 1 2 1 2 1 0 2 1 1 0 2 1 0 2 1

1
1 0 2 1 2 2 2 3

( )

0 ( 1)

( ) ( 1)

P i P i P i

P P P

s s

i P

s s i P

     


  

    

  
   

a K a a K a a σ a

L R L

,(20) 

T 1
2 1 1 2 1 2 1 1 0 2 1 2 2 2 3 2 3( )P P P P P P Ps s 

          a K a L L R L p  

       (21) 
are used to derive network equations. For the convenience of 
notation, aʹ2n+1 other than that for n = P−1 is defined as  

2 1 2 1  ( 1)n n n P    a a ,   (22) 

whereas aʹ2P−1 is defined by (15) and (17). The blockwise 
orthogonality between a2n+1 and aʹ2n+1 with respect to K0 and 
K1 is presented in Table I. Using the orthogonality, a set of 
aʹ2n+1 is used to derive the network equations and to expand 
the magnetic field. 

C. Derivation of the network equation  

When s0 ≠ 0, an excitation inductance L−1 is additionally 
required to start the CLN construction as (11). It is a 
reasonable choice to choose s0 = 0 because this value 
improves the accuracy at low frequency and gives a simple 
start from the magnetostatic field without computing L−1. In 
this case, the electromagnetic fields are expanded as  

2 2 2 1 2 10 0
,n n n nn n   

  e e V a a I , (23) 

where I2n+1 = (I1,2n+1, …, IM,2n+1)T and V2n = (V1,2n, …, VM,2n)T 
are coefficient vectors.  
 
Table I.  Orthogonality between a2n+1 and aʹ2n+1 with respect to K0 and K1, 
where ‘*’ means a nonzero matrix. 

K0 … a2P−5 a2P−3 a2P−1 a2P+1 a2P+3 …
⁝ * 0 0 * 0 0 0

aʹ2P−5 0 L2P−5 0 * 0 0 0
aʹ2P−3 0 0 L2P−3 * 0 0 0
aʹ2P−1 0 0 0 * * 0 0
aʹ2P+1 0 0 0 * * * 0
aʹ2P+3 0 0 0 0 * * *

⁝ 0 0 0 0 0 * *
 

K1 … a2P−5 a2P−3 a2P−1 a2P+1 a2P+3 …
⁝ * * 0 0 0 0 0

aʹ2P−5 * * * 0 0 0 0
aʹ2P−3 0 * * 0 0 0 0
aʹ2P−1 0 0 * L2P−1 0 0 0
aʹ2P+1 0 0 0 0 L2P+1 0 0
aʹ2P+3 0 0 0 0 0 L2P+3 0

⁝ 0 0 0 0 0 0 *
 
The substitution of (23) into (2) yields  

 2 2 2 1 2 10 0n n n nn n
s   

  C e V Ca I , (24) 

 T
2 1 2 1 2 20 0n n n nn n  
  C νC a I σ e V . (25) 

On the basis of (24), the electric field is expressed as 

 2 2 2 1 2 1 0 S0 0n n n nn n
s   

   e V a I e V , (26) 

where VS = (VS1, …, VSM) denotes the voltages of power 
sources while e0 is the electrostatic field given by (9) for 
which s0 = 0 and Ce0 = 0. It follows from (25) and (26) that  

2 1 2 1 2 2 0 S0 0
(1 )i i

i n n n nn n

s s

s s
  

    K a I σ e V e V . 

      (27) 
Multiplying (26) by σe2kR2k and using (6) and (13) yields 

         
 T

2 2 2 2 0 S0

T T
2 1 2 1 2 1 2 10

( )

k k n nn

k i k j n nn
s



   



  




R e σ e V e V

a K a K a I
 (28) 

where (i, j) = (0, 0), (1, 0) and (1, 1) when k < P−1, k = P−1, 
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and k ≥ P, respectively. It follows from (28) and orthogonality 
that 

0 S 1 1

2 2 1 2 1 2 1 2 1( ) ( 1, ...)k k k k k

s

s k   

 
  

V V L I

V L I L I
. (29) 

Multiplying (27) by aʹ2k+1L2k+1
−1 and using (7) and (16) yields 

1 T
2 1 2 1 2 1 2 10

T
2 2 2 2 20

(1 )( )

k k i n nn

i
k k n nn

s

s


   

 

 

   





L a K a I

e e σ e V
. (30) 

When k < P−1, i = 0, and si = s0 = 0, it follows from (30) and 
orthogonality that 

 1 1
2 1 2 2 2 2 2 2 ( 1)k k k k k k P 

     I R V R V . (31) 

When k ≥ P and i = 1, it follows from (30) and orthogonality 
that 

1 11
2 1 2 2 2 2 2 2(1 )( ) ( )k k k k k

s
k P

s
 

     I R V R V . 

     (32) 
When k = P−1 and i = 1, it follows from (20), (21), (30) and 
orthogonality that 

      

1
1 0 2 2 2 1 2 3 2 3 2 1

1 10 1
2 2 2 2 2 2

[ ( ) ( )]

(1 ) (1 )

P P P P P

P P P P

s s

s s

s s


    

 
 

  

   

R L L p I

R V R V

1
 (33) 

where 1 is the unit matrix. Equation (33) includes the case 
where s0 ≠ 0. As a result, the EC field is represented by the 
CLN shown in Fig. 1(a), where Lʹ2P−1 is given by  

    1
2 1 2 1 2 1 2 3 2 3 2 2 1 0( ) / ( )P P P P P P s s

         L L L L p R . (34) 

When P =1, (34) is reduced to Lʹ2P−1 = −R0/(s1−s0) and aʹ1 = a1.  

D. Further change in the expansion point 

The expansion point can be changed from f1 to f2 in the Q-th 
stage again. The CLN procedure to connect the two expansion 
points is similarly obtained by replacing (15) and (17) 
respectively with  

 
1

2 1 2 1 2 1 2 11

Q
Q Q i ii


   

  a a a q ,  (35) 

 
1 T

2 1 2 1 0 2 1
2 1 1 T

2 1 2 1 1 2 1

( )

( )

i i Q
i

i i Q

i P

P i Q


  

 
  

  
  

L a K a
q

L a K a
. (36) 

 

 
Fig. 1.  Connection of a multi-port CLN having multiple expansion points: (a) 
changing s0 = 0 to s1 = 2πf1 in the P-th stage and (b) changing s1 to s2 in the Q-
th stage.  

The connection part of the CLN is shown in Fig. 1(b).  

III. NUMERICAL RESULTS  

A transformer with a bulk core [Fig. 2] is analyzed, where 
the permeability and conductivity of the core are respectively 
4π ×10−4 H/m and 106 S/m while the conductivity of the coil is 
4 ×107 S/m.  

First, the frequency dependence of the impedance matrix is 
reconstructed as in Figs. 3 and 4 using the two-port CLN and 
the two-port elements terminated by R8 with (a) a single 
expansion point f0 = 0, 102, or 104 Hz and (b) multiple 
expansion points (f0, f1) = (10, 103) or (102, 104) Hz with P = 2, 
and (f0, f1, f2) = (0, 102, 104) Hz with (P, Q) = (1, 3). The 
impedance is accurately represented around the expansion 
frequency. The multiple expansion points achieve accurate 
impedance in a wide frequency range, which is more efficient 
than increasing the number of stages.  

When s0 ≠ 0, the vector potential can be expanded as  

2 1 2 11 n nn  
 a a I ,   (37) 

where aʹ−1 is obtained by removing the electrostatic field −Gϕ 
from a−1

* as aʹ−1
 = − L−1(e0 + Gϕ) = s0L−1a0. Figure 5 depicts 

magnetic flux lines near the core region under the sinusoidal 
excitation of VS1 at 1 kHz, which are obtained adopting the 
FEM [Fig. 5(a)] and the two-port CLN terminated by R8 with 
expansion points f0 = 0 [Fig. 5(b)], f0 = 103 [Fig. 5(c)], and (f0, 
f1) = (10, 103) Hz with P = 2 [Fig. 5(d)]. The expansion point 
effectively improves the accuracy of flux representation. 
 

 
Fig. 2.  Transformer with a bulk core (unit: mm).  
 

 
Fig. 3.  Frequency dependence of impedance |Z11|: (a) f0 = 0, 102, 104 Hz and 
(b) (f0, f1) = (10, 103), (102, 104) and (f0, f1, f2) = (0, 102, 104) Hz.  
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Fig. 4.  Frequency dependence of impedance |Z12|: (a) f0 = 0, 102, 104 Hz and 
(b) (f0, f1) = (10, 103), (102, 104) and (f0, f1, f2) = (0, 102, 104) Hz.  
 

 
Fig. 5.  Magnetic flux lines reconstructed using a 4 stage CLN at a frequency 
of 103 Hz: (a) FEM, (b) f0 = 0, (c) f0 = 103, and (d) (f0, f1) = (10, 103) Hz.  
 

 
Fig. 6.  Current IS2 under PWM excitations of VS1: (a) voltage and current 
waveforms, (b) f0 = 102, (c) f0 = 104, and (d) (f0, f1, f2) = (0, 102, 104) Hz.  

A PWM excitation with a fundamental frequency of 50 Hz 
and a carrier frequency of 10 kHz [Fig. 6(a)] is fed to port 1. 
The current of the short-circuited port 2 is simulated adopting 
the two-port CLN terminated by R8 with expansion points f0 = 
102 [Fig. 6(b)], f0 = 104 [Fig. 6(c)], and (f0, f1, f2) = (0, 102, 104) 
Hz with (P , Q) = (1, 3) [Fig. 6(d)]. The current waveform is 
not accurate when the single expansion point is set around the 
fundamental or carrier frequency only. The current waveform 
is accurately reconstructed by setting two expansion points 
around the two frequencies. The expansion points are real 
numbers, and the solution to (6) thus costs roughly M times as 
much as one time step of the FE EC computation. In the above 
case with M = 2, the construction cost of the CLN is roughly 
equal to only eight time steps of the FE EC computation to 
generate L1 to L7 when f0 = 0 and 10 steps when f0 ≠ 0 using 
L−1 to L7. The cost to solve the network equation is negligible. 

IV. CONCLUSION 

This paper introduced multiple expansion points to the 
multi-port CLN method. By setting multiple target frequencies, 
the reduced model covers a wide frequency range with only a 
small number of electric network elements. Not only the 
frequency dependence of the impedance matrix but also the 
field distribution and time-dependent response of multiport 
device are reconstructed accurately and efficiently.  
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