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Multi-port Model Order Reduction with Multiple Expansion Points

Kenta Kuriyama!, Takeshi Mifune!, Member, IEEE, and Tetsuji Matsuo', Member, IEEE

! Kyoto University, Graduate School of Engineering, Kyoto 615-8510, Japan

Multiple expansion points are introduced to the multi-port Cauer ladder network method to realize an efficient model order
reduction of an eddy-current field. The proposed method can set multiple target frequencies to cover a wide frequency range with a
small number of multi-port electric network elements. A time-dependent response to pulse-width-modulation (PWM) excitation is
accurately reconstructed by setting the target frequencies at both fundamental and carrier frequencies.

Index Terms—Cauer ladder network, expansion point, model order reduction, multiple ports

I. INTRODUCTION

THE DESIGN of electric machinery sometimes requires a
large number of electromagnetic field computations to be
made repeatedly. As an example, the PWM excitation with a
high carrier frequency requires time-dependent analysis with a
large number of time steps. The motor design for electric
vehicles requires evaluation of the motor performance under
various operating conditions. Even though the finite element
method (FEM) allows an accurate electromagnetic field
analysis, its computational cost is not low enough for a large
number of repeated executions. To avoid a heavy
computational burden, model order reduction (MOR) methods
[1]-[4] have been intensively studied.

The Cauer ladder network (CLN) method [5] is an efficient
and convenient MOR method for an eddy-current (EC) field.
While most MOR methods are mathematically oriented, the
CLN method provides a clear physical meaning owing to the
electric network representation. The CLN method has been
extended rapidly on the basis of the network representation.
As an example, a multi-port version [6] was successfully
applied to an MOR of an induction motor [7]. Multiple
expansion points [8] were introduced to the single-port CLN
method to cover a wide frequency range with a small number
of network elements.

This paper develops a multiport CLN method with multiple
expansion points to realize a more efficient multi-port reduced
representation of the EC field. In spite of the apparent
similarity between the single-port and multi-port CLNSs, the
extension to the multi-port CLN is not straightforward because
the product of matrices, such as network element matrices and
basis vector matrices, is noncommutative. After formulating
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the multiport CLN with expansion points, the paper discusses
the mathematical basis including the derivation of network
equations, which were not sufficiently presented in [8]. The
orthogonality among basis vectors generated with different
expansion points is shown to reconstruct the electric and
magnetic fields based on the orthogonal expansion.

II. MULTIPORT CLN WITH EXPANSION POINTS

A. Multiport CLN with a single expansion point

Vector potential 4 and electric field E are expressed in
finite element (FE) space as

A=Y aw, E=) ew, (1)

where a; and e; are line integrals of 4 and E on edge i and w';
is the edge element. The EC field is described in FE space as
C"vCa =ge, Ce=—sCa, 2)
where a = [a1, az, ...]T, e = [e1, ea, ...]T, C is the edge-face
incidence matrix, C'vC is the stiffness matrix for FE EC

analysis, and s means d/dz. The conductivity matrix ¢ and
reluctivity matrix v are given as

1
vtk v = [, owiwide, (3)

6 ={o,}, o; = IQ O'W} ~w‘1,-dQ s 4)

where p is the permeability and o is the conductivity while w
is the facial element of face k. The magnetic and electric
properties are assumed to be linear in this paper.

Let a target frequency be f.. An expansion point s; = 27f; is
introduced to the CLN method by defining

K, =C'vC+5;6. 5)

Let the number of ports be M. In a similar manner to the
single-port version [8], a multiport CLN is constructed by
recurrence relations as

Ki (a2n+1 - a2n—1) = annRZn s (6)
_ 1
€0 =€y =~y Ly, (7
1T T
R2n =€,,0€y,, L2n+1 - a2n+lKia2n+l s (8)

where R», and Ly, (n =0, 1, ...) are M X M resistance and
inductance matrices while e, = (€124, ..., €m2s) and a1 =
(a12n+1, ..., @m2nr1) are the n-th basis vector matrices. The m-th
columns ey, 2, and a.,2,+1 are field basis vectors when source m
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has a unit voltage/current source and the other sources are zero.

Suppose that a unit voltage is given to port m (m =1, ..., M)
as the boundary condition and the resultant scalar potential
distribution is represented as ¢,. The initial fields are then
given by a_; = 0 and by

ey=— G —soao , ©
where ¢ = [@1, ..., ¢u], G is the node-edge incidence matrix
that corresponds to the grad operator satisfying CG = 0, and ao
is obtained by solving

Koap=—6Go . (10)

When the first expansion point so is nonzero, after

generating ey, additional network elements are obtained as
L= (e)"Koeo) ', ay"=—L-1e. (11)
After power sources are given in the first step, equation (6) is
solved for ay,+1 with the Dirichlet or Neumann boundary
condition without power inputs in the following steps.

Similar to the case for the single-port version, it can be
proven that procedure (6)—(8) generates basis vectors that have
blockwise orthogonality:

T _ -1 T _
€,,0€); = 5sz2:’ > Wy Ky, = 5;]in+1 >

(12)

where ¢ is the Kronecker delta.

B. Change in the expansion point

Similar to other MOR methods, the CLN method requires a
high-order expansion to cover a wide frequency range if a
single expansion point is used. To realize a more efficient
multi-port MOR, this study introduces multiple expansion
points to the multi-port CLN.

The target frequency f; can be changed after several
generations of ladder elements. As an example, when the
target frequency changes from f; to fi in the P-th stage, the
network connection between the two expansion points is
achieved as follows. Generate azp-1, a'2p-1 and ezp as

Kia,p - Koarp 3 =0€p 1Ryp 5, (13)
Lyp, = “2TP—1K1‘12P—1 > (14)
ayp 1 =ap +z:1a2i4172i71 > (15)
€p—€p 2= _‘1513711‘2.07171 > (16)

where py;-1 is determined to maintain the orthogonality among
basis vectors e»,. To ensure e»p is orthogonal to ex; (i < P), pai-1
is given as

D1 = _L2i7171”;71K0”2P71 . (17)
The relations
aéP—lTKOaZi—l =0 (i<P), (18)
aZP—lTKlaZi—l =0 (i<P), (19)
aé-;’—lKlaZI—l = ag)—lKoazi—l + (51— 5o )aé-ll-"—laani—l
i<P-1) ,(20)

0
{_(Sl _So)sz—lep—zilep—3 i=prP-1

/T ' _ -1
ayp 1 Kiarp_ 1 =Lypy — (51 —So) Lrp_1 Rop_y Lyp_3Prps

21)
are used to derive network equations. For the convenience of
notation, a'>,+1 other than that for n = P—1 is defined as

aénﬂ =ay,, (n=P-1), (22)
whereas a'2p-1 is defined by (15) and (17). The blockwise
orthogonality between a»,+1 and a'»,+1 with respect to Ko and
K, is presented in Table I. Using the orthogonality, a set of
a'y,+1 is used to derive the network equations and to expand
the magnetic field.

C. Derivation of the network equation

When so # 0, an excitation inductance L-; is additionally
required to start the CLN construction as (11). It is a
reasonable choice to choose so = 0 because this value
improves the accuracy at low frequency and gives a simple
start from the magnetostatic field without computing L-;. In
this case, the electromagnetic fields are expanded as

— _ ’
€= ano eZnVZn , a= zn:OaZrH—lIZ)H—l s
o> Dupe))" and Vo, = (Via, ..

(23)

where L1 = (D 2541, - o Vi)'

are coefficient vectors.

Table 1. Orthogonality between a@2.+1 and a'2+1 with respect to Ko and Ki,
where ‘*’ means a nonzero matrix.

Ko ... | @p-5 | @rp-3 | @rp-1 | @op+1 | @2p+3 | ...
: * 0 0 * 0 0 0
a'sps | 0 | Laps 0 * 0 0 0
a'p3 | 0 0 Lyps * 0 0 0
a’2P71 0 0 0 * * 0 0
a’2p+1 0 0 0 * * * 0
ll'zp+3 0 0 0 0 * * *
: 0 0 0 0 0 * *
K ... | @p-s | ap-3 | @p-1 | apr1 | @ps3 | ...
: * * 0 0 0 0 0
ays | * * * 0 0 0 0
ays | 0 * * 0 0 0 0
a'zpfl 0 0 * L2P71 0 0 0
a'zpﬂ 0 0 0 0 L2p+1 0 0
ll'zp+3 0 0 0 0 0 L2P+3 0
: 0 0 0 0 0 0 *
The substitution of (23) into (2) yields

CZVI:O eZnVZn = _SZ,’:O CaénJrlIZrHl > (24)
CTVCzn=Oa§n+llzn+1 = O'Z,,=OeznV2n . (25)

On the basis of (24), the electric field is expressed as
anernVZn = _SznzoaénHIZVH—l +els,  (26)

where Vs = (Vsi, ..., Vsu) denotes the voltages of power
sources while ey is the electrostatic field given by (9) for
which s = 0 and Cey= 0. It follows from (25) and (26) that
' Si Si
Kiz,,:() @yl =(1 _?)O'Zn:o €,V +:30Vs .
27)
Multiplying (26) by 6exR2r and using (6) and (13) yields
RzkeszO'(zn:O €,V — eoVs)
= —s(az.' K; _a2k—1TKj)z,,:0 T3 £

where (i, j) = (0, 0), (1, 0) and (1, 1) when k£ < P-1, k= P—1,

(28)
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and k > P, respectively. It follows from (28) and orthogonality
that

VO = VS _SLlll - (29)
Vak =s(LojiDopy — Ly dop)  (K=1,..)
Multiplying (27) by @'z+1Lx+ " and using (7) and (16) yields

-1 T ’
Ly @y K; Zn=0 @103,

S; :
=-(1- :)(921”2 —ey)' O'Zn=0 e,V
When k < P-1,i=0, and s, = 59 = 0, it follows from (30) and
orthogonality that
Dyt = Ry Vo = Ropy Vi (k< P=1).(31)
When k> P and i = 1, it follows from (30) and orthogonality
that

30)

s _ _
L, =( —f)(Rzk W = Rypy Varn) (k2P).

(32)
When k= P-1 and i = 1, it follows from (20), (21), (30) and
orthogonality that

[1-(s _So)Rzpfzil(szfl + Lyp_3Pop_3)op_

s ~ s ~ (33)
= (1 _TO)Rzp—z 1VzP—z -( _?l)Rzp 1VzP

where 1 is the unit matrix. Equation (33) includes the case
where so # 0. As a result, the EC field is represented by the
CLN shown in Fig. 1(a), where L'>p-; is given by

Lypy =—Lyp(Lyp_ +L2P—3P2P—3)_1R2P—2 /(s1=50).(34)

When P =1, (34) is reduced to L'>p-1 = —Ro/(s1—s0) and a'; = a;.

D. Further change in the expansion point

The expansion point can be changed from f; to f> in the O-th
stage again. The CLN procedure to connect the two expansion
points is similarly obtained by replacing (15) and (17)
respectively with

’ Q71 !
@301 = @01 +Zi=1 @191 (335)
ot = _L2i—1_1a;[i—1K0a2Q—1 @i<P) (36)
2i-1 = _ . .
—Ly; lazTi—lKlazg—l (P<i<Q)

V, V.
0 2P-2
Vs L ,
I l Lyp
@) 'Y
R, 45, R, _,/s,
- Ry y I I Ryos |
Vaos Voo
203
I Ly
® 20-

Fig. 1. Connection of a multi-port CLN having multiple expansion points: (a)
changing so = 0 to s1 = 2xfi in the P-th stage and (b) changing s1 to s2 in the O-
th stage.

The connection part of the CLN is shown in Fig. 1(b).

III. NUMERICAL RESULTS

A transformer with a bulk core [Fig. 2] is analyzed, where
the permeability and conductivity of the core are respectively
41 x10™* H/m and 10° S/m while the conductivity of the coil is
4 x107 S/m.

First, the frequency dependence of the impedance matrix is
reconstructed as in Figs. 3 and 4 using the two-port CLN and
the two-port elements terminated by Rs with (a) a single
expansion point f; = 0, 10?, or 10* Hz and (b) multiple
expansion points (f5, f1) = (10, 10°) or (10, 10*) Hz with P =2,
and (fo, fi, o) = (0, 10?, 10*) Hz with (P, Q) = (1, 3). The
impedance is accurately represented around the expansion
frequency. The multiple expansion points achieve accurate
impedance in a wide frequency range, which is more efficient
than increasing the number of stages.

When sy # 0, the vector potential can be expanded as

a= zn:,laénHIZnH > (37)
where a'-; is obtained by removing the electrostatic field —G¢
from a-" as a’-1= — L-i(e0 + G¢) = soL-1ap. Figure 5 depicts
magnetic flux lines near the core region under the sinusoidal
excitation of Vs at 1 kHz, which are obtained adopting the
FEM [Fig. 5(a)] and the two-port CLN terminated by Rs with
expansion points fo = 0 [Fig. 5(b)], fo = 103 [Fig. 5(c)], and (f,
£) = (10, 10%) Hz with P = 2 [Fig. 5(d)]. The expansion point
effectively improves the accuracy of flux representation.

40 analyzed domain!

1550

Fig. 2.
10° ¢ 1 10° ¢
g0’ ¢ g1o!
N 77 5
g 3
102 7 fg=0 e 102 / Tg=10,,=10° - |
-------- s fp=10% -~ 7 1=10%, 1,=10% -
_____ ’ [d 0 1
fo=10* — f9=0, 1,=10%, f,=10* —
FEM FEM -
1073 1 IO I1 I2 I3 I4 5 1073 1 ‘0 I1 I2 IS '4 5
10" 10° 10" 10% 10° 10* 10 10" 10° 10" 102 10° 10* 10
f (Hz) f (Hz)
(a) (b)

Fig. 3. Frequency dependence of impedance |Z11|: (a) fo = 0, 102, 10* Hz and
(b) (fo, fi) = (10, 10°), (10%, 10*) and (fo, fi, f2) = (0, 10°, 10%) Hz.



W-P4

w7 100 |
10" 10 k
g g
N 102 102 |
fo=0 - fo=10, ;=10% -
1073 fo=107 - 1 100 t=102 f;=10% - ]
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Fig. 4. Frequency dependence of impedance |Z12]: (a) fo = 0, 10%, 10* Hz and
(b) (o, £i) = (10, 10%), (102, 10%) and (fo, i, ) = (0, 102, 10%) Hz.

4 6
X (mm)

10 12 14 0

10 12 140 2 4 6 8
X (mm)
(d)
Fig. 5. Magnetic flux lines reconstructed using a 4 stage CLN at a frequency
of 10° Hz: (a) FEM, (b) fo = 0, (c) fo = 10, and (d) (o, f1) = (10, 10*) Hz.
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Fig. 6. Current Is; under PWM excitations of Vsi: (a) voltage and current
waveforms, (b) fo = 102, (c) fo = 10, and (d) (6, f1, /) = (0, 102, 10*) Hz.

A PWM excitation with a fundamental frequency of 50 Hz
and a carrier frequency of 10 kHz [Fig. 6(a)] is fed to port 1.
The current of the short-circuited port 2 is simulated adopting
the two-port CLN terminated by Rg with expansion points fy =
10? [Fig. 6(b)], fo = 10* [Fig. 6(c)], and (fo, fi, f2) = (0, 10%, 10%)
Hz with (P, Q) = (1, 3) [Fig. 6(d)]. The current waveform is
not accurate when the single expansion point is set around the
fundamental or carrier frequency only. The current waveform
is accurately reconstructed by setting two expansion points
around the two frequencies. The expansion points are real
numbers, and the solution to (6) thus costs roughly M times as
much as one time step of the FE EC computation. In the above
case with M = 2, the construction cost of the CLN is roughly
equal to only eight time steps of the FE EC computation to
generate L; to L7 when f; = 0 and 10 steps when fy # 0 using
L to L;. The cost to solve the network equation is negligible.

IV. CONCLUSION

This paper introduced multiple expansion points to the
multi-port CLN method. By setting multiple target frequencies,
the reduced model covers a wide frequency range with only a
small number of electric network elements. Not only the
frequency dependence of the impedance matrix but also the
field distribution and time-dependent response of multiport
device are reconstructed accurately and efficiently.
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