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§ 1. Introduction.

In this talk, we consider a problem of the divisibility
of class numbers of algebraic number fields of finite

degree. Many people have studied the following problem:

Are there infinitely many algebraic number fields Kk
satisfying some prescribed conditions whose class numbers

are divisible by a given integer n?

Kurodal[7] studied the case that fields k are
imaginary quadratic fields in which a finite number of
prescribed primes are ramified.

Yamamoto[11l] studied the case that fields k are real
gquadratic fields.

Uchida[10] studied the case that fields k are cyclic
extensions over the rational number fields Q of degree 3.

Azuhata and Ichimura[l] studied the case that fields k
have ry real places and r, imaginary places (rzgél).

Nakano[9] generalized the above result to the case
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including r2=0.
Further references are found in Diaz y Diaz[3].

For a special class of quadratic number fields we know

the following theorem.

THEOREM (Kaplan[6] and Yamamoto[12]) Let p=3 (mod 4)
be the fixed prime. Let q=1 (mod 4) be the prime. Then the
following properties are equivalent:

(i) The class number of Q(,/-pq ) is divisible by 8.

(ii) The prime q is completely decomposed in K8/Q,

— U
where K8=Q( J—l,ﬁ/p ).

By Tchebotarev’s density theorem we see that the
density of the set consisting of the primes q with the
above property (ii) is 1/8. Therefore we may say that
the density of Q¢ Jtﬁa-) whose class numbers are divisible
by 8 is 1/8 for the fixed prime p. Cohn[2] called such

a field K8 the governing field and studied some types of

quadratic fields.

7 In this talk, we investigate the 23—divisibility of
the cyclic extensions of degree &, where & is an odd
prime number. Let p be the fixed prime such that

p=l(mod &) or p=%. Let gzl (mod %) be a prime. We denote
by Lp the cyclic extension over the rational number field
Q of degree £ where only the prime p 1is ramified. We
denote by L, (1£1i%£2-1) the cyclic extensions over Q of

degree £ where only both of the primes p and q are
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ramified. The class number of Lp is prime to & and the
index of the group of circular units of Lp in the unit
group E of Lp is also prime to &. Let gl and 52
be circular units of Lp such that the images of the
subgroups <gl> and <£1,£2> in E/EJL are invariant
under the action of the Galois group of Lp/Q. We put

22 3 3. 3 3
ot,p—Lp( Cosa Eq) and Jf/p-Lp( Cosaf €15/ E5)s where ¢

is a primitive 2-th root of unity. Then we get:

THEOREM. For r=2 or 3, the following properties
are equivalent:
(1) The class number of L; 1is divisible by ¥ ror
some 1 <£igLe-1.
(ii) The class number of Li is divisible by ¥ for
any 1<i<e-1.

(iii) The prime q is completely decomposed in dig/Q.

REMARK 1. For ©r=2, this is a result of Inabal[l], c.f.

also Gras[5]. In these papers it 1s shown that the property

3 3 3 9..- =E =
(i) 1is equivalent to the property (p)z (q)z 1, where
% ,
(¥)2 is the #2-th power residue symbol. We get

2_ ) _ 2
J;p—Lp(Eg, [© ) because of £,=pa . for some a<aLp. Thus

we see that (i) and (ii) are equivalent.

REMARK 2. If the class number of Li is divisible by

33, the ideal class group of Li ~has an element of order

32 for 2=3,
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§ 2. The Proof.

We denote by (Z/mz)eS the direct sum of s cyclic
groups of order m. We see by class field theory that the

property (iii) in Theorem 4 is equivalent to the following
(111)’ Lp has a (Z/zz)@r—extension with conductor q.

At first we explain the case of r=2. Let Hc be the
unramified (Z/zz)ez—extension over Li such that HC/Q is
a Galois extension. Then Hc/Lj (j¥i) 1s an unramified
(Z/zz)$2-extension. Moreover Hc/Lp is a
(Z/zz)$2—extension with conductor q.

Next we explain the case of r=3. We see by
Proposition VI.6. in Graé[ﬂ] that the properties (i) and
(ii) are equivalent. —

We assume (ii). Let Hi/Li be the unramified
extension whose Galois group is isomorphic to ,
(z/22)®3 ror 25 or to (z/3°2)e(z/3Z) for =3 such

that Hi/Q is a Galois extension. Let H be the compositum

of H, (1€ig2-1). We see by the computation of the Galois
group H/Lp that H contains the (Z/ZZ)®3—extension
Hp/Lp with conductor gq. Thus we get (iii)/.

We assume (iii) . Let H /L, be the
(Z/ZZ)$3—extension with conductor q. Let Hc/Lp be the
(Z/zz)ez—extension in Hp such that H, is a Galois

extension over Q. Let } be the prime ideal of Lp lying



over p. The prime ideal P is completely decomposed in

Hc/Lp, because & is invariant under the action of the

Galois group of Lp/Q. Let f} be the prime ideal of Ly

lying over p. We see that f&
Hc/Li' We see that Hc/Li is an unramified

(Z/QZ)QZ-extension. As fi is an element of genus group of

Li, we see by class field theory that Li has an

unramified abelian extension of degree 23. Thus we get

().
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