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Abstract

Local cohomology classes associated with a possibly positive dimensional primary ideal in polyno-
mial rings are considered. An effective method is shown for describing such local cohomology classes.
Some applications to the study of holonomic D-modules associated with roots of the b-function of a
hypersurface with non-zerodimensional singularities are given.

1

—iRizA a2 2 — D-HIREX, = O FH D generic point (23 TRIFTAYIZIE. local cohomology D723 Jg D
HIREOEFE D-NEEE LCRBLE 2D, T TIEOND I WE LB 0T, 372 LA E N 5.

BHRIFE X b, FRIEEOTEEZ Ox, ERIREEREICFOMERMSERZ O TROE % Dx
LB ML, X EoFe ) I—Dx-MEETHDH LT 5. M DEZ supp(M) TEF. 2D & X supp(M)
@ Whitney stratification US,, C, M @ derived category (2331} B fi#)JE D% cohomology 73, %& stratum k-
T, APRIRIC T locally constant & 72572 b DRFEIET 2 ([B]). HFIT, So 2VEKRIKTT (& 0 IEMEITIFINSLAK
77) Td B L 578 stratum THAUZ, local 12

(i) Sa =supp(M), (ii) Ch(M)=T% (X)
B9, mop € Sq @ X IR DM U @M Eruf, me ) 2 — Dx-IEE MIZiEfF U I2BWW T,

smooth 7¢ submanifold Sany (218 % &2 local cohomology D728 By, nu|xnu = H;Odgg (Se )(OXQU) )

HIREOEFIC Dx-MEEE LTRETH S:
M|U = Bg, qvixnu ® Bs.nvixnu @ - @ Bs,,.au|xnu-

PeoT. R ) I—D-NMBELRDZENFOHN>TWD X ) BRETARES H R OME 2 i+ %

1L, RINEEDOZER & LT subvariety (215 22 L 9 72 local cohomology DJEZMEE L, ZDEIZET &
) fi local cohomology classes TH x S TE TGRS TR R E WMo T b DERD L Z L REEIC
2721, local cohomology Z T FDxG L LT, Wiy HFREXREM Z &5, —MKIZIE, local
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cohomology M5 & 72 % subvariety & LT, Fri S & Ete X 9 7072 suvvariety Z48E L Tl < LN
5.

AFETIL, D-IMEOBEGR & A 7 7 VOER T L EMAEGDE S 2 LT, ZHEABRICBIT HUHERA T T 0
TE® 5 local cohomology IZxf L% ¥ —{EHHFZOMEABATEL Z L2mRT. X¥—EHFEOILHE LT,
|/ 2 — D-IEED local cohomology fif% Kb B FHHEIEE RN T 5.

2 RA—EREZF

p ITEEEER K = Q 238 L T 5 Z2EALR K(2] = Kz, 29,...,2,] DERAT TV, q C K] 1T p-YEE
ATTNETDH EBEy={v1,Y2,-..,ya} C T = {T1,72,...,7,} (¥ maximally independent set modulo
pETDH.AdIFAT TP ORTETHD. z={21,29,...,2n-a} =T —y Cx={21,29,...,2,} LB<.

AT T p, q DB K(y)[z]. ~DIER%E p¢ = pK(y)[z], ¢° = qK (y)[2] £B<. ZTDEE pe, q° 1% K(y)[2]
IZBWTHERTTH L.

Local cohomology H;LZd(K(y) [2]) &

Hyo YK (y)[2]) = Jim Extic) (K(y)[2)/(09)", K ()[])

TEDD.

EE 1pt C KY)[2) EBRTTHDLDOT, AT T/ p® iEn—d BOLHEXTERSND. (5T, local
cohomology H;ﬁ?d(K (y)[z]) DEEFEIL complete intersection T 2 3FH & [AERIZ Grothendiek symbol %
o TRIATHILENTED.

AE 2 Variety V(p) € X = C" [ZHE & MEHTHY local cohomology DIEE By () x L. ZD&E
H;f(d(K(y) [2]) IZJ&J local cohomology class 1%, V(p) @ open dense subset T By () x ? section % 5-
Z5.

AT TV ¢ =pK(y)l2], a° = qK (y)[2] (R L

Hye = {y e Him"(K(y)[2]) | p = 0,¥p € p°},
Hee = {Y € Hm"(K(y)l2]) | v = 0.Yq € q°}

EEDD. RERTU—REEHES &

12

Hye Homp 2 (K()[2]/p%, Hys Y(K(y)[2])) .
Hqe = Hompgyz (K(y)[z]/q%, H;e_d(K(y)[Z])))

LEBITE D,
K (y)[2] 1o BRB A B R {E IS8 D° = K (y)[z, 2] 252 5. FEEOIK K(y)[2] € D12k b

Hye = Hompe (D°/Dp°, H} (K (y)[2])))
Hqe = Hompe (D)D", Hi=*(K(y)[2])))

5185, J2 DONBE Mye, Mye %

]\/{PS = De/Deqev Mge = DE/Dqu',
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TEDS.

7E De-JNEE L L COMERAIEAR 2R Hompe (Mye, Mye) %, Hqe ORBIIMNIIES y IZBIF 2 Noetherian
space & FESZ £12F 5. Noetherian space 1%, 5 K (y)[z]/pe-IEDOHEE % £, Noetherian space O %3
F#iT, DO BT HAURM S 1EM S (DFRENE) IC kW RBLTE 5.

Noetherian space Hompe (Mge, Mye) O K (y)[2]/p¢ ED~<2 b 22T E L TORIKERET 2 808R
Wy VEAZE Of % Noetherian basis & FESZ 2129 5.

HR7RG54

Hompe (Mge, Mpe) X Hpe — Hge
MO BRI 91T, Hye IZJBT local cohomology class 13, Hye (ZJ&7 local cohomology & Noetherian
basis, Bl GEARMAERFEZHNWTER T Z LR TE 5.

R 3 {Ry,Ro, -, Ry} 1E Hye OIRKRMSIES y (2B 2 Noetherian basis Thd LT 5. Zibd
{Eﬁ/%ﬂﬂ%@%ﬂ“ﬁﬁ% Ly,Ly,---,L,, TEI. = 0)& &, {L1,Ls, -+, Ly} I Ehrenprise-Palamodov
DEMHD Noetherian (EFE 252 5. BIL, £ h(z) € K[z] 1Tt L, h z K(y)|z) DEFR LB LT L
X Lih,Loh, -+ Liyh B K(y)[2] ICBTDHAT TV pe ICBTZ LI h BHERAT TV qC Kz] 12
T EDOUEFSENEEZD.

[15, 17, 18, 19, 20, 21] TI, ZEKRTHEFE A 7 7 /LB ED 5 local cohomology (ZxH3 % 1 # —1EHFHE
EEDERER > TV D, i [10, 11, 12, 13] TIEFENZOBLE) O ZEARICB I 23 ¥ —{EAF D
SR, ICHFIC OV TR LTV 5.

3 A/ I—D-ME~DIGH

by(s) 1%, X f(z) € K[z] = K[z1,22,...,2,] ® reduced b-function T % &T 5. D i Weyl 183

Klz, Z], Annpp(f*) 12 f @ D[s| = K[z, Z][s] {2331} % s-parametric annjhilator &3 &3 5.

BRE BT LA T TV

0 0
Is = Annpq(f°) + DIs|( ﬂff % = 6):0

)+D[]( - B)

& FINC, DEE My % Ms = Dis|/Is TE®D 5.

#Bihim S = {z € C* | f(z) = 0} DEERAES % Sing(S) THRT. HWHEK 5725 by DR TRVEAR,
Is= (1) THY, Mg 13 Mg = 0 BI'E trivial Th 5. HEE 575 by DIROBE, Mg 13 supp(M) C Sing(S)
il An ) I—D-MBEE 72 5.

Z OFITCIE, 2 ¥ —{EHFE % VT reduced b-function (2 AT 5 1 2 I — D-MNEED local cohomology
fif % Kb DR EIE RN T 5.

Bl f(r,y,2)=ay®+22 LT D AT T, Tp) 0 ,\,: EATTN T = (wy? 93, 2) C Klz,y, 2] &%
LW 8l S = {(z,y,2) € X | f(x,y,2) =0} DOFFE

Slng(S) = {(aj,y,z) €X ‘ y=z=0,z¢€ (C}
Thd. L X =C LB i, {2} C {z,y, 2} BAT TNV (f, J;) OBKMSTELETH D,
(fy Jp)y DIERIE (f, Jp)e = (¥, 2) C K(@)[y,2] THD. q=(y?,2) C Klz,y,z] LB, D associated

prime [ZH BT /g = (y,2) C K[z,y,2] TH Y, Hyge D Noetherian basis i {1, (f%)} THABND.
Ro=1, Ry = (78%) LB & Hy(Klz,y,2]) \ZJ&T local cohomology class 09, 01 &
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1
:|7 QIZRI
z

1
Yz

TEDD. ZOLE T = V(y,z) € X ([ZH%ZFFD local cohomology DJE By x @ section 7 TH Y
fr=Jr=0%Z%73 bDiE, ERIEE ho(x), hi(z) ZHWNT
T = poho(x) + 0171 (x)

LRIND

2 f O s-parametric annihilator Annppg(f*) O 7 V7 FIEE {E, B, Ay, A} THEALND. T2
7L

9 9 9 o]
E :65723/3—3/73,25, B:3x%fyw,
A= 223% - ZU3%7 Ay = 228%, — 3:1;1(/28%

LBz RMOTERE A1, A 13 DIs|(f, 8L, 8L, 8L) iR 2 E B BICH S, Rk TR Pr =
0, VP € Annpg)(f*) ZHI2FJE By x @ section T

T = ooho() + 0151 ()
RDHBO LD ERD DI, WS TR HR

Er=Br=0

PIRITIZRB W Lok B,

1
& CZ Z T local cohomology class [ } /=S
yz

BT LICERL

0 0 0 0
E=%+5+ﬂij+% 2.)% B—&37+LH750
LEXZ D, WIS, A F TN Ds|((y, 2) 2L U, RS ERROMOFHE TS .
ERy = Ro(6s+5), BRy=Ro(3zZ +1) mod D[s(y, z),
ERy = (6s+5)(— a3/)—5—2(70—11) Ry(6s+7) mod DI[s)(y, z),

BRy

302 (- 51)-1—2( ay) Ri(3z2 +2) mod D[s|(y, z)

5.

(1) 10 = eoho(x) (= Ro

! } ho(2)) &35<.
yz

BT = 00(65 +5)ho(x), Bro = Qo(?ﬁﬂaho( ) + ho(x))

&0, kEHD
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1

6s+5=0, To—C$§|:
Yz

:|,C€(C.

(2) 11 =o1hi(z) (= Ry

Z}hl(x)) L1,

E71 = 00(6s + 7)h1(z), Bri = 01 (3:1:%@) + 2hy (2))
L0, kEH5.

1

6s+7=0, 7’1—(2.77_§|: )
Yz

:| , ceC.

%I f O s-parametric annihilator & ¥ 5 7 /L@ Noether {EAFEDOEDOFEE, 4 57 /L Ds| (y, 2)
BIFELLTITY) Z LT, e b LI 3ERORMIFEXROMB L, WHA 7 7 /L ORKMSIES OFHR
b2 x ML LTeEMa T RAROBMBEICEZ R T D, OB LV BN EMs Ttk
KR ZEAMEL Z & T, local cohomology fifZ kT D Z LITHER Sz u.

20 = {(0,0,0)} LB St =% 30 LEDHB. Local cohomology class 7o and 71 I stratum S! =
vl — 3% EJEAMA monodromy ZFOZMECTHSH. TN HIE N0 ETIHEZES N2, Variety & @
generic points T®» % S! T® transverse Milnor number (£ 2 T&H 2. L7275 T stratum S L local
cohomology fRIZATRDI-Z L1k D.

Lagrangian Ty;; X [ microlocal b-function /&

nglx(S) = (8+ %)(84‘ %)

3, M_z TRY. ALRBMESHRRIE TR

Tdh 5. Roots —3, —L Ikt Bk I — Dx-NEEE M_
supp(M_s) = supp(M_z) = X1,

Ch(M_5) = Ch(M_z) = T3 X UT5 X

z
6

THz2bN%.

R OFER [5, Theorem 3.7] 1 &V, F X0 ICAZFFokm /7 I — DIMENTEET D AIREMEDR 53025
3 [25]) TiE X0 12 A & FF2 local cohomologu i % R 5 HC, HREGREZRFE Lo, Z 2 Tz
A Z & TlkEniAn ) I — D-MEEERD 25 HiEE B 75,

TR Y X sup_cgsw([27]) (2 Annppg(f°) + D[s)(f, Jg) & AJIL, G (65 45)(65s+7) #0 DT,
ZOTNTY AAEFETTH. 20L& sup_cgsw iX, b-FIEA (654 5)(6s+7) = 0 IAMIARZFFO L X
ZORDEERIET DR ) I—=D-MBELZEDDHA T T NOT VT FREELZIRT. ZOHOEA sup_cgsw
DT

25+ 3], [ 4% 2,y2 + 3]

Tho.
Z OfERIL —2  reduced b-function DR TH Y, HhiT 5412 7 I — DINEEE

M,% - DX/DX($7y372793% +3)
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ThDHZLaEWT 5. Lagrangian 1%, X @ microlocal b-function (& bT;oX( s)=s5+3 3 ThbH. M_s
B EREZRRIRIL, ThENn

m

supp(M_s) = X0, Ch(M_3) = T X

3
2

T&%. Local cohomology f#i%

ThHEzbn%.

Bl (swallows tail) f = 924z — 823y? + 62222 — 24wy?2 + 16y* + 2°
ATT N (f, Jp) DUERA T T AR (f,Jr) =Q1NQ2 THXHND. ZZT

Q1= (y,322 + 2), Qo = (30222 — 2y — 22,23 + 30z — 4y?, 522 — day® — 2?)

ThD. ®METERATTVEP = (y,322 4+ 2), Py = (22 — 2,72 — y?) THX HND.

Swallows tail DEFZIE f 1T weight vector 2% (&, 5, &) D ﬁﬁ%@tf%é AFT N Q1,Qo, Py, Py
1242 T weighted homogeneous 72 ZTHX TER SN TND Z LICTHERE L TEL.

T =Y X4 paraann([8, 9]) 2T Annpig(f°) D7 VT FERERD D & {E, By, By, A} #1555
(0.0935sec). ZZT

7] 7] 0
E = 2r— 43y— +4:— —12
x8x+3y8y+ o S,
0 0 7]
B — 2 - . —4 2
1 (z +Z)6:c+3$y8 + (—4zz + 8y )827’
0 0 0
B = — —_ 1 -
S Sy8 + (922 +3z)8y+ nyaz,
A = (92% +122%2 — 24ay® + 322)82 + (1623y + 482y2z — 64y3)82
Yy z

Tho. R ER#E AL DIs|(f, Jr) \ZET. newegswl([8, 9]) % FWT, il ¢ redeced b-function
LR B AR 2 S — DA RO D L by(s) = (s+1)(45+3)(4s+5)(65+5)(6s+7) £1F% (0.1875sec).
K- 4s+3,4s+5 12T 541 / I — D-IFHIEARICEZ RO Z ENE B2 5. K s+1,65+5,65+7
Wt 5FRm 2 2 — DNEEE 1 IRIEOD variety (B A FFD. KT 6s+51Ck9 5417/ I —D-MEED 7 L
T IR 20 OB TERFEN S 220 ZOHPICIE 5 BORMOERFENE EN TS, BT 65+ 7%t
THAm ) I—DJNEED 7 V7 S BRI 38 DR EMFEN B2 0, ZoMTid 7 O mM EH RN
FEENTWD. TS O THEHMEZRT — 2 7217 % 1 & 12 local cohomology fig% ke % Z L IXBLFEM TIX
rnEEbhs.
PUFTIE, * ¥ —1EM3E% FAT. local cohomology fi#% 3R> Ty <
I ¥ =V(P) ECofilr
1

Ry=11ZkL go=R
0 20 0 Yz + 322)

:|7 70 = ooh(z) LB . o 1T

0
yoo = (2 +32%)0 = (5, ~625;)e=0

79
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Wiz, 4 77V Dls] (y, (2 + 322)) EIEE L, A ERROROFEEITH

FERy = Ro{m(% - 6m%) —(7+12s)}, mod D[s](y, (z + 32%)),
BiRy = Ro{—2$2(% - 6£%) —ba}, mod DI[s|(y, (z + 322)),
BsRy = 0 mod D[s|(y, (z + 3z?))

155,
Bimo = 0o{~2 (222 +5h)} £V, h(z) =c a7 % &5, Brg= —(12+12s)19 £V, s = —1 2185,
Local cohomology fi#

To=¢-X

[

1
y(z + 32?%)
1%, #EE 72 monodromy ZFFOZMlifE TH Y, U1 OFETIHER I NN 2 EE L THL.
II 5L =V(P) LCOf

AFT L Py RIS 2R DB &, {2}, [y}, {2} 2105, ZNENOBEAI, BAFTADI LTS
WL} 2 —EAFERD D &

(a) (v 2%z -2%) CK@)y.2), {1305 +8yz}

(b) (@ —y*2—a®) CK@leal, {1, — 225}

(¢) (y*—22,2%—2) C K(2)[y, 2], {1, 4z%+31y%}
21520 (EIEFIERE). 22T (b)) ZHWTE T2 281275

Ro=1,R = (-Z)—22(-L) &nT

00 = Ro 01 =Ry

1
(@* —y?)(2* — 2) }7
<.
(1) 00 1%, (@ —y*)oo = (2% — 2)00 = 0 BLT

0 0 5 0
+3y— + 422 = +6)oo =0

0 0
(2y—— + 322 —+411/ )gof(Q P 9 92

or
it
AT TN Dls](a® —y?, 2% — z) BIEL LTEHET DL
7] 0 7] 0 0 0
9,2 7 — 3 ; — Ry — 2 )
By =2x e + Swyay + 4x 5 + 62, Bo 8y8x + 12z 3y + 161,yaz
ZB5. D EVEBIZ Bigy= B =0 255, WS 1EHFZE FE 2HWHZ LT, 6s+5=0%%5.
(2) %9, AF TN Dls] (a® — 2,2 — 2) BIEL L, WEDIERROM ERy, BiRy, BBy &35 % &
SWenE Z AN,

kTN D L
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ERCT T ARASRIARBIESD L THTE S,

Z @ local cohomology 1) = %gl X, Qatp = 0 %72 LZ D weighted degree I3 —15 Th 5. A LIC
By, Bop 3T 5 &, By :yB21/) =0 ER5DT, 9 KD S local cohomology T D I & A4
5. W ER#E E#AVWAZ LT, 65+7=0 ZFHEETE 5. Local cohomology gg,% 13312, i ET
ERIND.

1 @ generic points " Milnor number (X 2 Td % DT, B @ generic points TP local cohomology
fRIE 2N TR CTRDI-Z &R D.

IIT J5 5 C O fFEMT

LFT N (f,J;) DHEFRAFT ABIL (f,07) = Q1N Qo Th Y, FAITHERE T T2, Ll
newcgswl OFHEIVRT X HIZ, FAlCBE2FoFhe /) I — DR TFEETS. 202 &k, Ar/ 2 —D-
JNEEA Whitney stratification EELfZD>TNWDZ LICL DL DO TH D, AR OMETH 5 primary
decomposition 721F TI%, EEMTN G ThH LA ) I —D- AR E D2 ENTE RN LICHEK
LTWa. HIRDOEHR [5, Theorem 3.7] & I OFFEMERNS, FARIZHEERF SR T / I — DAIBEOFIED
AIREMEDN 37D Z L R L THBE 20,

& T, AT B %ZFF local cohomology RO REEE 2 5.

Z O swallows tail % weight vector 2% (&, &, %) PHARSHEATER SN TNDH I LEBVHZ S,
l;f DEF 4s + 3,45 +5 75, JFAUZE ZF5 local cohomology fiE? weighted degree 73 —2, —12 Th %
TEWRZID.

weighted degree 7% —-% &72% X 9 72 local cohomology class % [ 3:2142 ] DHTHD. FT- weighted

degree 7% —13 (2% L\ & 9 7¢ local cohomology class 1%, ¥k 3 50 local cohomology class

1 1 1
:v4yz ' x2yz2 ’ zy3z
D—EKFEATHEZLILD.
Weighted degree ([Z{EH 9% Z & C, SEOBEMICHIRZINZ 5 Z LN TEX1-DT, HBILEBITWID He
KR AEMFIE I,

1
4s+3=00)&‘§c[ :|,C€C
Yz

1 3 1 9 1
- - ,ceC
c([ ztyz :| 2 |: x2y2? :| 16 { 3z }) ¢

FW3C [27] TiE, Local cohomology (2% 2 % ¥ —{EHFEOME L Z DA ) I — D-INEED local coho-
mology fEDFHE~DIERIZ OV TEH LTV 5.

SYEHKHOH DB T local cohomology ff DR Z LT & 2), HEKALWEDOHIO K 5 ICHERFTH
72UNK 9 72 variety [T, local cohomology g%z kK 2, x4 —1EHFEOMENEN TH o7z, 2Dz &
WCOWCTIERZH B THEE L.

4s+5=00D L X

5.
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