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THE 9 -SEMI-COMPLETE MAXTIMUM PRINCIPLE

FOR_REAL CONVOLUTION KERNELS

Masayuki ITO
hE EZ

1 - Let G Dbe a locally compact, non-éompact and o-compact abelian
group (1) and € a fixed Haar measure on G. The potential-~theoritic principles
for positive convolution kernels play grand roles to the study of transient
convolution semi-groups (see, for example, [3] and (81). We know\that
the semi-transient convolution semi-groups are resonable (see (6]) and that
the semi-complete maximum principle for real convolution kernels have a very
closed connection with them (see [4], [5] and 61).

Let % be a given non-negative continuous function on G. Simiiarly as in
the semi-transient convolution semi-groups, we can define the  9-semi-transient
convolution‘semi~groups, and similafly as inrthe semi-complete maximum principle,
we can define the %-semi-complete maximum principle.

Let (« be a convolution semi-group on G. If 9 # 0 and (¢

t)t 20

is 9-semi-transient and recurrent, then we shall obtain that ¢ is exponential‘(z)

t)t 20

and that is a semi-transient and recurrent convolution semi-group.

1
Gy 3 o
Let N be a real convolution kernel on G (i.e., N is a real Radon measure

on G). If N satisfies the 9P-semi-complete maximum principle (denoted by

N € $-3CM), then, for any open set ® # g, the reduced measure 7&91 of N sur
b

W with respect to (N, ¢) is defined in the natural manner. In the connection
with the recurrence of convolution semi-groups, it is important to examine
(9) _

the case of WN 5 = —®, i.e., for any non-negative continuous function f £ 0
b4

on G with compact support,

(1) We consider that G is an additive group.
(2) A continuous function ¢ on G is said to be exponential if for any
X, ye G, 9(x+y) = 2x)¥(y).
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where U denotes the totality of compact neighborhoods of the origin O,
THEOREM. Let N e 9$-SCM, and assume $(0) = 1 and that N is not
pseudo-périodic (4). If ﬂé?g = -, then we have (1) or (2): |
(1) N 4is a Hunt convolution kernel and $ belongs to the closure of
N-potentials N ¥ f of non-negatives continuous functions f with cémpact
support in the topology of compact convergence;
(2) % is > O and exponential,and %FN' is of form

N =N + Y&,

where No is a convolution kernel of logarithmic type and ¥ is an additive

continuous function on G,

In theorem, (2) implies qé?g = -, but we do not know if (1) implies
ﬂé?) = ~®m. Since (1) is not essential in the case of N € $-SCM and 7&?2 = -,
the relation between @-semi-transient convolution semi-groups and the ¢-semi-
complete maximum principle for real convolution kernels is essentially reduced
to that between semi-transient convolution semi-groups and the semi-complete
maximum prineciple for real convolution kernels. This result will be suggestive
wvhen we discuss the "semi~trangient diffusion semi-groups".

This note is a summary of our paper [7], and we shall omit all proofs

in detail.

2 — We denote by
C = C(G) the usual Fréchet space of finite continuous functions on G,
CK = CK(G) the usual topological vector space of finite continuous functions

3 . oo L, o
(7) This means that for any sequence (vn)n:1C:1} with Vo2 Vp and

@
L!vn =G, 1lim Iqué@%v = - (Remark that G is o-compact).
n=1 n > " n

(4) This means that, for any 0 # x € G, N k€. is not proportional to N.

2
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on G with compact support,
M = M(G) the usual topological vector space of real Radon measures on G
with the weak" topology,

M, = MK(G) the usual topological vector space of real Radon measures-on G

K

yith compact support,

C+, Cg, M+, M; their subsets of non-negative elements.
. . + . .
Let (dt)t >0 be a family in M . We say that (Mt)t o 1sa convolution
semi-group on G if o =&, of ¥ = o, forany t20, s20 andif

t >d, 1is continuous in M. Here ¢ denotes the unit measure at the origin O.

t
+ o]
It is said to be transient (resp. recurrent) if for any f E'CK’ j'dtjfddt <
! m o . N
(resp. if there exists f & C; such that 5 dtde&t = o). It is said to be
o

markovian (resp. submarkovian) if det = 1 (resp. fddt £1). Let 9¢ ct.

A convolution semi-group (ott)t 50 is said to be 9-semi-transient if for any
t - y

me MK with @ % p(0) = 0, (S °%’*P‘ds)t > o 18 bounded in M. In particulier,
o 2

if ¢=1, (Olt)t > o 18 said to be semi-transient.

PROPOSITION 1. Let $€ G with §#0 and (u,) be a P-semi-

t2o0

transient convolution semi-group on G. If (olt)t 5 o is recurrent, then ¢ is

exponential, $ > 0 on G, is a markovian convolution semi-group

1
(g%t 2 o
on G and it is semi-transient.

Hence, a convolution semi-group is markovian if

o

it is semi-transient and recurrent.

A real convolution kernel N on G 1is, by definition, of logarithmic type

(resp. a Hunt convolution kernel) if for any P e M with de =0 (resp. for

K
+ .
any p e MK), N*p 1is of form

@
N’*H = j dt Mt*.F dt
o

(i.e., for any finite continuous function f with compact support, fde*}*

a
= lim S dtjfdxt* ), where (o
a+ ‘o

convolution semi-group (resp. a transient convolution semi—group),

i emi-transi d recurrent
t)t >o isas ansient and recurre |
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3 - Let 9e c+~ and N1, N2 two real convolution kernels on G. We denote
+
by (Nw’ Nz)g. ¢-scH if, for any f, g € Gy with ¢xf(0) = ®*xg(0) and any

a € R,

N.x £ <N

] ; kg *ag on supp(f) = N, £ <N,% g f a¢ on G,

where R denotes the set of real numbers and supp(f) denotes the support of f,
If N=N, = Né and (N, N) € P-SCM, then we write simly N € ¢-SCM and we say
that N satisfies the ®-semi~complete maximum principle. In particular, if
® =1, we write N € SCM and we say that N satisfies the semi-complete maximum
principle.

e denote by (N, N,) € $-SB (resp. € §-5B,) if for any p € M;; and any

relatively compact open set ® # § (resp. any open set w# ¢), there exist

}%Epﬁ and a meR such that wmﬂ%)CJ; $x p(0) = @*Vm%

]

. | s [ r - 3 = =
MK - Ay, FES Nk p end W% - e, 90S MoK podnw. 1€ NN =

and (N, N) € §-SB (resp. E&?-SBg), then we write simply N € $-SB (resp.é?—SBg)
and we say that N satisfies the 9Y-semi-balayage principle (resp. N is
®-semi-balayable). In particular, if 9§ = 1, we write N € SB (resp. ¢ SBg)
and we say that N satisfies the semi-balayage principle (resp. N is semi~
balayable).

By using the usual dual methode (see, for example, [1]), we have the following

PROPOSITION 2. Let N be a real convolution kernel on G and 9 € C'.

‘Then the following five statements are equivalent:
(1) N € 9-SCM.
(2) TFor any positive number c, (N + c&, N) € $-SCM.
(3) ¥ e $-scu.
(4) N € 9-38B.
(5) For any positive number ¢, (N + c& N) € §-SB.

For any function g on G, we put g(x) = g(-x) and denote by N the real

convolution kernel defined by 4§fdﬁ = deN for a1l f ¢ Cy»



From Proposition 2 follows the following

PROPOSITION 3. Let N & 9-SCM. For a relatively compact open set w # g

in G, there exist a family (Vw p)p s o of universally measurable non-negative
’

linear operators from M, to Mb(w) = { ReEM(G); p(cw) = O} and a family

(gw9p)p > 0
such that:

of universally measurable non-negative linear functionals on MK

(a) For any p> O and any M€ Mg, (pvm,pPJ x ¢(0) = tL*-9(O) and

(pN + &) % vw,pp - gw’p(',c.)S’E =N%p in w.

(b) For any p> 0, > O and any P € Mys

v(*),pl'L - V“)’q}L - (q - p)Vm,p(Vm’th)

and

gy, pH) = & oW = (a-rleg, (V, W) =(a-plg,  ( W.

w, P

In this case, (V. , g _) is uniquely determined for all p > O.
w,p” “W,p

Here 'V (resp. g ) 1is said to be universally measurable if for any

w,p W, P

fe Cgs the function jfde pEx of x 1is universally measurable (resp. the
, N
function g, p(Ex) of x is universally measurable), where Ex denotes the unit
’
measure at x.

+
For an open set W £ ¢4 and p € My, we put

+
P(Nkp, w) = {N xv; veM, supp(v) Cw, $*v(0) = gx p(0)f,
‘where the closure is in the sense of the weak® topology, and

R(N %, w) = {1 - a%8; ac R, n-aPELN & pf.



PROPCSITION 4. Let N £ ®$-SCM. Then there exists the maximum element

(%) _ ”((?) = ~(9)

1Y) b = TN g, {3} ahw(}’.. 1r(1 )R(’\I X p, w), where . P,we P(N %k, w) and

(¥ ® : :
ap,w“ R, and LN % P and QN XH,w are uniquely determined.

We say that T i»H » 1s the reduced measure of N X }» on w with respect

b
to (N, ) and that iégi b, is the pseudo-reduced measure of N * [ on ®
with respect to (N, 9).
. - . &
Egt N € $-SCM and (vn)n_ C U is an exhaustion of G, i.e., vn;1j> A
_ . (¢ @
and éj1v = G, where vn+1 denotes the interior of Vo1 Then (VN x P’Cvn)n=1
is decreasing for all R e ME and 1lim éqi b,Cv is a real Radon measure or
. - ® b n
. () "7 _
for any O # f € CK’ lim gdeN X p,ov ®. Put
n->wo n
. (%) . + . (@)
lim % if for f C C,, 1lim \{fdf > -
noo NXP OV, K n—)oog WX psCvy
e s b o (D) ;
—® if for O# £ € Gy, 1lim ffdvgN X oy = 7@
n- n

then Q‘*) is independent from the choice of (vn)£21.

Nk,
Let BY(E) be the space of bounded E-measurable functions on G with.
A .

+
compact support and BK(E) its subset of non-negative functions.

+
PROPOSITION 5. Let %€ ¢ with ¢(0) » O. Then 7&92 -®» if and only

‘ + (%) S
if, for any g e Bg(&), "y ¥ (g€),5 = ~ "

PROPOSITION 6. Let P € ¢ and N € $-SCM. If for any f € B;;(E),

(%) : (9) . : :
?w X (£8), 5 # -®, then VN ¥ (£8),8 is absolutely continuous with respect to E.

Denote by R f its density. Then

v B(8) 3£~ 1 k£ - Réf+ + Ry

Yo
=

satisfles the domination principle, i.e., for any f, g e B;(&), VNf < ng E-a.e.
A

on supp(ff) - vef £ Vg f-a.e. on G. Here N X f denotes the density of

.+.
In the case of Iéﬁi (FE), s £ -o forall f € BK(E), the ¢P-semi-complete

meximum principle for N results principally from the domination principle for



V.. But we omit the precise discussion of this case.

(9)
N x (f&),s

of G (5) and any

PROPOSITION 7. Let Ne& ®-SCM and assume that 4 = - for all

0f f € B;(E). Then for an open exhaustion (wn)no-.;1

lim V £ 4 14 £ ist for all p» O. Put
£ e Be(E), njﬂ;} ‘”n’p( E) an njmmgwn’p( £) exis all p »

= i E) = 13 .
Vp(fE) nljrr;an,p(fE) and gp(f) njmmgwn,p(fé),

then, for any p > 0, g> O and any f¢ BK(E),
(pN + &) % Vp(fﬁ) - gp(fﬁ)?i =N X (fg), Vp(fi) - Vq(fﬁ) = (q - P)Vp(Vq(ff))

and

gp(fE) - gq(fE) = (q - p)gp(Vq(fE)) = (q - p)gq(Vp(fE))-»

PROPOSITION 8. Let % ¢ C+ with @(0) =1 and N € 9-SCM. If there exist

g€ B;(E) and an exhaustion (vn);:1 of G contained in Y such that
(%) . + . -(9)

lim 1 = -o (i.e., for any 0 # f € C,, 1lim |fdy = -m),

n- ® N x (gﬁ),cvn K n—>oo§ N’CVn

then ¢ 1is exponential and for any p > O, Vp is a convolution kernel on G,
i.e., there exists a positive Radon measure Np on G such that for any
b My, Vo= N

For the proof of this proposition, we use the' well-known Choquet-Deny theorem
(see [2]) and the following lemma. |

LEMMA 9, Under the same conditions in Proposition 8, we have, for any

P >0 and E-almost all x € G with %(x) > O,

$(x) = p xRV € (0).

(5 ) This means that w, is a relatively compact openv set, “_)n Cw, and

® +1

nkzij% = G.



PROPOSITION 10. Let @& C+ with 9(0)> 0 and N €9-3SCM. Assume that
() -(9)
k —
lyf =~ and that (PLN,CV)

b
vp(fa) T N x (ft) as p ! O.

. . \ ‘ : +
veq 1Is bounded in M. Then, for any f € BK(E),

4 - Our main theorem is followed from Proposition 8 and Proposition 10.

(%) . v
N,Cv)v cy 18 unbounded. Then N € 9-SCM shows that the
,

hypothese in Proposition 9 is verified. Applying théoréme 2 in [5] to §N,

Assume that (“'Z

- ; () _ (9
we have (2) in Theorem. In this case, le,Cv = 7N,Cv (see [4] or [5]). 1If
() i - : A
(PIN,CV)V eV is bounded, Proposition 10 gives (1) in Theorem. Our Theorem,
Proposition 8 and Proposition 9 give the following

+
COROLLARY 11. Let ¢ ¢ with 9(0) =1 and N be a real convolution

kernel on G. Then, N is of form in Theorem, (2), if and only if N € $-SCM,

N 1is not pseudo-periodic and lim VEI\(I?) = -®.
yCv

v1G

v eV
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