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CHAPTER 1

INTRODUCTION

1-1 Summary of Previous Works

Numerous equations (some of them are listed in Table
1-1) have been proposed for predicting the heat or mass
transfer rates between a pipe wall and a fully developed .

turbulent flow. Most of them are adequate only for

Prandtl or Schmidt numbers of unity or less.

In the oldest theory concerning the transport of
heat in the turbulent flow, the Reynolds analogy (Sh); it
is gimply assumed that there is a complete analogy between
transports of momentum and heat. This analog&'loses its
validity when the Prandtl number differs appreciably from

unity.



Table 1-1
Some Expressions for Nusselt or Sherwood Number ¥*)
(a) Analogy equations
Reynolds (5k4)
Nu = (£/2) Re
Prandtl-Taylor (L48,65)

(£f/2) Re Pr %)

Nu =
1+ (Ul/<U>>(Pr - 1)

von Khrman (27)

(f/2) Re Pr

Nu =

1+ 5 V£/2 {(Pr - 1) + an((5Pr + 1)/6)}

(b) Empirical correlations

Dittus and Boelter (8)

Nu = 0.023 Reo'8 Pro'h
>

(Re=10"210° | Pr=0.7%120)

Chilton and Colburn (2)
1/3

A10° | Pr=0.74100)

Nu = (£/2) Re Pr
(Re=1oh

Sieder and Tate (61)

Nu = 0.026 Reo'8 Prl/3
5

(Re=lOquO

0.1k
(ub/uw)

, Pr=0.77100)

¥) For mass transfer Nu and Pr should be replaced by Sh
and Sc respectively.

¥%) U, denotes the velocity at the outer edge of the
laminar sublayer.



Extension of the Reynolds analogy to cases when
Pr ¥ 1 have been formulated by many authors. Prandtl
(48) and’Taylor (65) extended the Reynolds snalogy by
taking account of the laminar lsyer near the wall. In
their equation it is still necessary to make a suitable
assumption about the ratio of the velocity at the outéf
edge of the laminar sublayer to the average velocity.

Moreover, at large Prandtl numbers the values of the heat

 transfer coefficient obtained are too small.

In deriving the Prandtl-Taylor equation, it was
assumed that the flow could be sharply divided into a
turbulént core and a laminar sublayer. In actual fact,
one merges into the other in a continuous way and it is
possible to discern the existence of an intermediate, or
buffer layer. Von Karman (27) subdivided the flow into
three zones and derived a similar formula for the relation
between the coefficient of heat transfer and friction
factor. Although his equation gives substantial
improﬁement over the Prandtl-Taylor equation, deviations
from actual values of the Nusselt number still occur at

fairly large Prandtl numbers.



Reichardt (52,53), Lin, Moulton and Putnam (33),
Deissler (6,7), Rannie (50) and many other investigators
improved on the previous theories by introducing an
appropriate amount of turbulence into the laminar sublayer.
However, their equations for the heat or mass transfer
rates at large Prandtl or Schmidt numbers differ from each
other in the predicted effect of the Prandtl or Schmidt |
number on the transfer rate. For example, the equation of
Rannie predicts that at large Prandtl or Schmidt numbers

the Nusselt or Sherwood number varies with Prl/2. or

Scl/2 , while the equations of Lin et al. and Deissler
lead to the exponent of 1/3 and 1/L4 , respectively.
Some expressions for Nusselt anumbers at very large Prandtl

numbérs are listed in Table 1-2.

Besides these relations based on more or less real-
istic concepts of the transport processes, there are many
purely empirical correlations for the Nusselt number as
functions of the Reynolds and Prandtl numbers. Among
‘such correlations, the equation of Dittus and Boelter (8),
the analogy of Chilton and Colburn (2), and the equation
of Sieder and Tate (61) are well-known. Since the

experimental data on which these empirical correlations

N T



Table  1-2
Expressions for Nusselt Number

at Large Prandtl Number ¥)

Reichardt (53)

Nu = 0.0855 Vf/2 Re Prl/3

Lin, Moulton and Putnam (33)

Nu = 0.0571 V£/2 Re Prl/3
Deissler (7)

Nﬁ = 0.112 V£/2 Re Prl/h
Rannie (50)

Nu = 0.0438 /£/2 Re Prl/2

Wasen and Wilke (68)

Nu 3k

0.058 V%72 Re Pr’’

Son and Hanratty (63)

Nu 1/h

0.121 vf/2 Re Pr

#) For mass transfer Nu and Pr should be replaced by

Sh and Sc respectively.



are based were obtained at Prandtl numbers ranging from
0.7 to 120, these empirical equations fail to represent
the experimental results at larger Prandtl or Schmidt

numbers.

The inadequacy of most of the previous analyses at
large Prandtl or Schmidt numbers is principally caused by
the expressions used for the eddy diffusivity in the
region very close to the wall. This region is important
because of the extremely large temperature or concentra-
tion gradients in that region at large Prandtl or Schmidt

numbers.

However, little is known about the behavior of small
eddies very close to the wall because of insufficient
theoretical investigations and reliable experimentai data.
A number of empirical éxpressions have been proposed for
the eddy diffusivities near the wall as listed in Table

1-3. Very few of them are based on experimental data.

Most of expressions in Table 1-3 are those for
momentum. To obtain the Nusselt number it is often assumed

that the eddy diffusivity for heat is equal to that for

-6 -



Table 1-3
Various Expressions for Eddy Diffusivity

near the Wall

Reichardt (53)

aM/v = 0.4 {y+ - 11 tanh(yf/ll)}

+

vy >0 3 eM/v 0.00110 (y+)3

i

Lin, Moulton and Putnem (33)

ED/v = (y+/lh.5)3

' .
y ~+0 eD/v

1

(y /1h.5)3

Deissler (7)
+
e /v = 0 U y+ {1 - exp( —n® U y+)}

n = 0.12h

y >0 3 /v =0.000236 Cabl

Rannie (50)
SAAVEE sinh2(0.0688'y+)

M
y >0 eM/V = (0.0688 y+)2



Table 1-3 {contd.)

van Driest (9)

ey = <2 y2 {1 - exp(my/A)}2 IdU/le
k = 0.k A = 26v/u,
+ 2 L

y >0 ;3 e, = (k/A)y

M

Sleicher (62)

EM/v = 0.00828 (y+)?

yT >0 5 e /v = 0.00828 ()P

Spalding (64)
2

e,/ = AB fexp(BU’) - 1 - BUY - (BUD)?/2
- (suh) 36y
A = 0.1108 B = 0.k
v 0 5 e /v = 0.0000473 (y5)*

M

Wasan, Tien and Wilke (67)

ey/v = F&")/ 41 - Ry}
F(y+) = 0.000Lk16 (y+)3

- 0.00001515 (y+)h

vy -0 EM/v = 0.000416 (y+)3



momentum. However, the evidence for this assumption is
not affirmstive and the ratio EH/eM must be determined

experimentally or theoretically.

Various investigators (23,36,39,46) have determined
this ratio for the turbulent flow of air or mercury in
tubes. It is of the order of unity, values in the
literature varying from 0.9 to 1.7. However, no
experimental data in the region near the wall had been
obtained. On the other hand, when the values of Prandtl
and Schmidt number are equal, the eddy diffusivities for
heat and mass may also be equal because it is reasonable
to -asgsume that the mechanisms of eddy diffusion-of heat

and mass are analogous.



1-2  Purpose of This Study

The purpose of this study is to investigate the
transfer mechanism of heat and mass in the vicinity of the
wall to obtain accurate values of the transfer rates at

large Prandtl or Schmidt numbers.

The study was started with precise measurements of the
eddy diffusivity for heat in the region near the wall, and
then a theoretical analysis was made to predict the eddy
diffusivity for heat at any value of Prandtl and Reynolds
number. Finally, the mass transfer rates at large Schmidt
numbers were measured and compared with the calculated

values.

Chapter 2 deals with the experimental method used in
measuring the eddy diffusivities for heat transfer near
the wail. The eddy diffusivities for heat were obtained
from the temperature distributions which were measured

precisely by means of an interferometric method using a

Mach-Zehnder interferometer.

In Chapter 3 an analytical expression for the ratio

- 10 -



of the eddy diffusivities for heat and momentum are
presented by modifying the mixing length theory. This-
"analytical expression shows that the eddy diffusivity for
heat depends on the Prandtl number and the eddy diffusivity
for momentum. Therefore, the expression for the eddy dif-
fusivity for momentum is required to predict the ed&&

diffusivity for heat.

Simple equations for the eddy diffusivity of momeﬁtum
which are based on the experimental results available in
the literature, and the universal velocity profilé whigh
in turn is obtained from the distribution of the eddy

diffusivity for momentum, are presented in Chapter L.

Chapter 5 deals with the comparison between the
theoretically and experimentally obtained mass transfer
rates at large Schmidt numbers and discusses the effect of
the Prandtl and Schmidt numbers on the heat or mass

transfer coefficient.

In the concluding chapter, 6, the final results of

this study and recommendations for further work are given.



1-3 Basic Equationé

For a steady, fully developed rectilinear flow between
parallel plates, the time-smoothed equations of motion,

temperature and concentration may be written as

0= - ix .('i; (1-1)
AT 39 (%) (t)

= . + + -

pch o o ud ) (1-2)
3¢ oW :
Uss=- - . (1-3)
(%) (t) .
where @ and ¢ are the viscous and turbulent

energy dissipation functions respectively.

The shear stress 1, heat flux q, and mass flux N,
which are associated with the transport of momentum, heat
and mass respectively in the direction normal to the wall,

are given by

T=_ug-f;+p*uv (1-1)
AT — ,

= -k — + pC tv . - I-5)

Q= ay T POt (1-5

- 12 -
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N=-pL 4w (1-6)
ay

where u,v,t and ¢ denote the fluctuating gomponentsa
These equations are valid if convection occurs only in
the x-direction (parallel to the plane surface) and
molecular and turbulent transport occur only in the y-
direction (perpendicular to the walllsurface). The

coordinate system is shown in Fig. 1-1.

The definitions of the eddy diffusivities for

momentum, heat and mass are as follows,

. au '

uv = - ey 3y (1-7)

— 9T \

tv ey 5y (1-8)

N 20 FL

R T {(1-9 ]
ooy



du

T=-pv (1 + sM/v) o (1-10)
qQ= - pva (1/pr + eH/v) ég% | » (1-11)
W= (1/8c + e /v) -2—5: (1-12)

1-3-1 Velocity distribution and friction factor

Equation (1-1) may be integrated subject to the
boundary conditions T =0 at y=H and T = T, at

¥y =0 1o give
T= T (1 - y/H) (1-13)

in which H 1s the half width of a two-dimensional channel.
Equations (1-10) and (1~13) may be combined to give the

dimensionless veloecity distribution as

+ + -+
o1 - vy /H _
. + ‘
U = " & (1-14)
o 1 + eM/v



The friction factor is defined as

2

£=1 /30 0° =2 (u/w)° (1-15)

The average velocity <U> over the cross section of the

flow between two parallel plates ié given by

vey 0 A{1-16)

o] [

<Us> =

Substituting equation (1-16) into equation (1-15), one
obtains the following expression for the friction factor

in terms of the dimensionless quantities.

(1-17)

If the pipe radius, R, is used instead of the half
width of the parallel plates., H, the -equations (1-13)
(1-15) may also be used for a circular pipe'flow.

However, equation (1-16) for the average velocity must be

- 16 -



replaced by the following expression :

<U> = —2—2 U (R -7y) dy (1-18)
R

Hence, the friction factor for a circular pipe flow is

given by

1-3-2 Temperature or concentration profile and Nusselt

or Sherwood number

In discussing the turbulent heat flow problem under
ordinary conditions, it is customary to drop the viscous

(1) g o)

dissipation terms, o and ¢ Moreover, it may be
assumed that the convection terms on the left sides of

equations (1-2) and (1-3) can be neglected, or in other

words, that the heat or mass flux may be assumed constant

- 17 -



at any value of y. This assumption may not cause serious
errors at large Prandtl or Schmidt numbers because the
resistance of heat or mass transfer is concentrated in the

region near the wall.

With these assumptions, equations (1-2) and (1-3) may

be rewritten in dimensionless form as

$

*
0= —9—-{ (1/Pr + &_/Vv) arz 1 (1-20)
+ H +
dy dy
*
0 = —§;-{ (1/8c + e_/v) act } (1-21)
+ D +
dy dy

‘where T™* = (T - Tw)/(Tb - T) eand C* = (c-cC)/(c - cw).

Boundary conditions are

T*

i
(@)

, C¥ =0 at y =0 (1-22)
T* = 1 , C¥ =1 at y = (1-23)
The values of T¥* and C¥ at y+ = © gre essentially unity

- 18 -



hecause the temperature and conce  Very nesyly
constant except in the region very ciose wd the wall, and

they are considered to be the bulk temperaturs or concen-

tration at large Prandtl or Schmidt numbers.

Equations (1-20) and (1-21) are integrated, with the

poundary conditions (1-22) and (1-23), to give

+ + o +
7 dy dy
T* = 3 m/g — (1-2W)
o 1/Pr + gH/v 0 1/Pr + eH/v
* + o +
% ¥ dy dy .
c = ————e — (1-25}
o 1/Sec + ED/v 0 1/Sc + eD/v

The heat and mass transfer coefficients are defined

as
q =h (T -1T) (1-26)

I =K {c -c¢) (1-27)

- 19 -



It can be shown from these definitions that

+ dy+ ’ :
h =1/ : (1-28)
1/Pr + e /v
H
0
+ dy+
K =1/ (1-29)
1/Sc + e /v
0 D

+
where h = h/pCpu* and K+ = K/u,. The Nusselt number

ahd Sherwood number are given by

+

Nu = Re%f}Z)l/g Pr h (1-30)

sh = Re (£/2)Y/2 se k¥ | (lfSl)
where Nu, Sh, and Re are defined as

Nu = h (LH)/k (1-32)

Sh = K(LH)/D (1-33)

Re = (L4H) <U>/v (1-34)

- 20 -



Equations (1-20) ~ (1-31) are also valid for a flow
in a circular pipe, since the thermal or concentration
boundary layer is thin enough that the curvature of the
wall can be ignored at large Prandtl or Schmidt numbers.
However, the expressions of Nu, Sh, and Re must be replaced

by the following equations.

Nu = h(2R)/x (1-35)
Sh = K(2R)/D . (1-36)
Re = (2R) <U> /v = (1-37)

Thus, to evaluate the Nusselt and Sherwood numbers,
the eddy diffusivities €4 and € must be evaluated as

functions of position and flow conditioms.

1-3-3 Eddy diffusivity in the region very close to the

wall

Near the wall, the Mfiuctuating and the time-smoothed

- 21 -



velocities, temperatures and concentrations can be express-

ed by Taylor series sbout y = 0 as

. dy|w

G = Ju
v = v
t _ ot
e = ac
g =
o
c = aCH

The eguation of continuity for

ties is written as

+
N

aylw ¥

+*
o

oylw

+
N b

aylw

+
A |

sy |w y

-
N fi=

aylw ¥

o
=

(¥
&g

S
<

W
o+

[-%]
)
0

&

&

Q
«

u/3x + /3y = 0

- P22 -

1o
2

S
%

N
]

At
g

N
5

F ancenan

+.'O-QI¢

+ oieiiees

F oiiienes

F i iienas

(1-38)
(1-39)
(1-%0) -
(1-11)

(1-k42)

the fluctuating veloci-

(1-15)



Equation (1-45) requires that Bv/aylw = 0. Combination .

of equations (1-38) and (1~39) gives

29 2
yiw By W 8y2 8y2 W
3
13 37v L
S-St I coens e -
g ay|w 3w )Yt (1-46)
3y
Similarly,
w-12y 0%y 3, L% ey
2 oyiw 8&2 8y2 8y2
- 2
atl v L
+ = = ) I PR (1-k7)
6 dyiw 8y3 W
w -1 A%l 3, (12%| o
2 dylw 8y2 w L 8y2 Vg2l
3
193¢ v L
+Z Bylw 3y3 - )y o+ .. (1-48)

On the other hand, combining equations (1- L), (1-13) and

(1-42), one obtains the expression for the turbulent shear

stress as

- 23 -



yaup 3 N
+ c Lt!w YV oo+ ceeenen (l—h9)

Comparing equation (1-49) with (1-46), one obtains

82U

2
oy

v g.Y
W vH ?

1 3
l =0 R etc.
W

Y
3

oy

Therefore, the time-smoothed velocity and the turbulent
shear stress near the wall can be expressed in dimension-

less form as

L+
vt = Y+ - —é; (y+?2 +'—]8 Y (y+)h F e
2H + W
oy
(1-50)
L+ 5+
et o 123U (+)3___1_§__ (+)h_
3' +Wy )_“ +5Wy
oy ay
(1-51)

By definition (1-T7), the expression for the eddy diffu-

sivity for momentum is obtained as follows,




- e (1-52)

Following a similar procedure, one obtains the power

series expressions for the eddy diffusivities for heat and

mass as
R ME ()3 1 popt o
EH/\) - ?} _-E NA ) - ")I[ 5 Yy )
‘ + w + 1w
o by
- e ' (1-53)
e 1 oict )3 1 o +)l
VT T TR Y T 51 Y
w +7 W
oy oy
e (1-54)
'+ : +
where T = pCpu* (T - TW)/qW , € o= u,(Cc - CW)/NW-

The above results demonstrate that the eddy diffusivities
~ for mdmentﬁm, heat and mass vary near the wall with-a

power:bf the distance ¥, not less than three. .

v + . .
For a small range of y , EM/v, eH/v and ED/V

are usually expreésed as follows,

- 25 -



e/v = A (77 (1-55)
HEH/v = B (y+)b {1-56)
e /v =2 (y+)c : (1-57)

where A and a are constants and B (or C) and b (or

¢) mey be functions of the Prandtl (or Schmidt) number.

A controversy (11,20,41,44,53,63) has existed over
the question of whether the eddy diffusivitiés near the
wall vary with the third or fourth power of the distance

from the wall.

In the region 8 < y+ < 40 , calculations of €y

from the veloecity profiles indicate that €y is,roughly
quadratic in y (19). This value, & & 2 , is lower than
the valué of 3 or higher predicted by-the above discus-
sion. Accordingly, this region 8 < y+ < B0 cannot be
~eonsidered to be sufficientiy close to the wall, where the

.l

above results arve wvalid. {1

ser to the wall than this 1t

1g d07oienit to

=



ty profiles because the eddy diffusion rate of momentum
near the wall is extremely small compared with that of the

molecular diffusion (see equation (1-10)).

Son and Hanratty (63) presented an empirical correla~

tion in which ¢ varied with the fourth power of y.

D
Their work was criticized by Hughmark (22) and by Hubbard .
(21) on the vgrounds that Son and Hanratty had not used the
best available data, and they eoncluded that £ varies

with the cube of .

However, there seems to be no accurate data from
which one might draw a definite conclusion to this problem.
One of the purposes of this study is to determine the

values of - b and ¢ experimentally.



CHAPTER - 2

EDDY DIFFUSIVITY FOR HEAT TRANSFER:-

2-1 Introduction

. The eddy diffusivity for heat, EH,,_is calculated by
équaﬁion (1—8)‘from-the temperature profile and the turbu-
lent heat flux distribution, or by equation (1-11) from
the temperature profile and the total heat flux distri-—

bution.

No experimental and theoretical studies are available
~on the turbulence gquantities of the temperature fluctu-
ations or their correlations with the veloecity fluctu~
ations, e.g. the turbulent heat flux. Most of the measure-
ments made refer to the temperature distributions in an

air flow and were restricted mainly to the region of the

- 28 ;



turbulent core (25, 43, L45), that is, the data for the
eddy diffusivity of heat available are restricted mainly
to air, which has a Prantdl number of the order of unity,

and to the turbulent core.'

As seen from equations (1-11) and (1-12), it seems
impossible to obtain the eddy diffusivity for?heaf or
mass near the wall from the measurements of temperature
or concentration profiles at the Prandtl or Schmidt number
‘of about unity because the molecﬁlar diffusion rate of
heat or mass has the same corder of magnitude as that of
monmentum which is extremely large in camparison‘with the
eddy diffusion rate of momentum, heat or‘mass near the’

wall.

However, the measurements of the temperature or
concentration profiles near the wall in a highly viscous
liguid stream are recommended, sinece the molecular dif—
fusion rate of heat or mass is lower than that of mo-
mentum, and the effect of small eddies in the layer near
the wall becomes appreciasble and can be quantitatively
detected from temperature or concentration distributionr

measurements.

- 29 -



Along these lines, Lin, Moulton and Putnam (3k)
‘measured the concentration profiles at large Schmidt
numbers with a Mach-Zehnder interferometer. However, the
rectangular-duct used by them had a very small aspect
ratio of 1.67 ;Vhence the flow in their duct can not be
regarded as two~dimensional. In addition, most of their
experimental runs were made at the Reynolds numbér less
than 10,000 and the Schmidt number of 900 ; and the entry
length seems to be too short to develop the concentration

profile fully.

. The purpbse\of the present work is to measure pre-
cisely the temperature distributions near the wall in
fully dewveloped turbulent liquid streams to obtain accu-
rate distributions of the eddy diffusivity for heat in the

'région close to the wall.



2-2  Experimental Method

The temperature distribution near the wall was
measured by means of a Mach~Zehnder interferometer. The
optical method is superior to the ordinary traversing

method, since the former avoids disturbing the flow.

2-2-1 Mach~Zehnder interferometer

Two-beam interferometers, among which Mach-Zehnder
type is the best known one, are convenient for the precise
measurement of the témperature. In this instrument, the
phase difference between a test beam and a reference
beam is determined. This phase difference is caused by
the inhomogeneity of the refractive index or by & differ-

ence in the geometrical path length of the light beams.

A number of studies have been made on the precision
and adjustment of the Mach-Zehnder interferometer, such
‘as done by Hansen (14), Schardin (55), and Kinder (28).
Mach-Zehnder interferometers have also been utilized by

many investigators in the study of thermal boundsry



layers (13) and supersonic air jet (70), etc.

The Mach-Zehnder instrument used in these experiments
was a vertical type made by Mlzojlrl Optlcal Industry Co.
Lta., Tokyo Flgure 2-1 is a schematlc dlagram of the

interferometer and associated opt1ca1 equipment.

The light from source H, passing through an aperture
S, is rendered parallel by the less LZ;’?pd is divided by
the beam-splitter, plate 1. Tﬁe traﬁsﬁitted beam A pro-
ceeds to the plane mirror 2 and the reflected beam B to
the.plate‘ﬁirror é: The:two.beams are recomblned by the
Tﬁlste h; aﬁdwpreduceﬂlnterfereﬁee frlnges which are .
fdcussed‘ed the sereen::P by tﬁevless -L

o3

VdPlates Hl snd ﬂ s piaﬁe mirrors 2_»and 3 are
eircdlar,'loo ﬁm in diametert‘VAluminumyeeetisgs_onvthe
.plates providihg for hslf transmdssioﬁ and half reflection
were made by evaporatlng alumlnum metal in a vacuum. The
llght gource is g hlgh pressure, 75 watt TOShlba SHL-~
100 UV type mercury arc lamp, produ01ng monochromatlc llght

of wave length 5&61 A.

- 32 =



\A €1
F o B 4‘ Ls
3
H Light Source Ls Focusing Lens
L. Condenser. Lens - P"Scr‘é'e'n
Filter- A Transmitted
. - Beam

S slit

vt g . B Reflected Beam
L2 Collimating Lens

Alivtar Dlate : C Com énsa'tin”;"
1,4 Splitter Plate Per 'Celgl
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Fig. .2-1-""  Bchematic diagfam of the Mach-Zehnder inter-

ferometer and associated optical apparatus.
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2-2-2  Experimental apparatus and procedure

(a) . Apparatus

The fluid flows in a rectangular duct 10 mm high and
100 mm wide, éo the effects of the side walls may be neg-
iected. The test section'is made of brass as shown in
Fig. 2—2.‘ The windows are high quality optically flat
giass plates of uniform thickness (10 mm), thereby avoid-
ing distortion of the interference fringesf The glass

plates are mounted parallel to each other.

The test section is placed in path B of the inter-
ferometer aé shown in Fig. 2-1. To equali;e the light
beam pgths,’a compensating chamber having the same width
as that of the test section and glass windows similar in
both thickness and quality to those in the test section,

is placed in path A,

The rectangular ducts, one 220 cm long and the other
70 cm long, are made of brass and haje the same inside
dimensions as the test section. They are connected to
the test section, the longer one 2t the upstream end and

the shorter one =i *the Aownatrecwm ond | to Form saldmias



"QE"

Plate Supporting Window Glass

Glass
Window—___ | ‘
I IR
10 =100 e 3
j///////"'///////’i// 7
] %
O-ring——] = y&\\\\\\\i\\\\x

mat Rectangular Duct ;

Fig. 2-2 Cross section of the testing duct.



sections. The upstream length is about 120 equivalent
diameters of the duct; hence the flow in the test section

may be considered to be thermally fully developed.

As shown in Fig. 2-3, the fluid is circulated by
means of a polyvinyl chloride pump 2, through a 0.2 m3
stainless steel storage tank 1. A head tank 4, is used to
provide a constant head for uniform flow and the tempera-
ture regulating tank 3, in which a thermostat is provided
to keep the temperature of the fluid constant. The fluid
from the head tank is introduced into a stainless steei
mixing tank 5, to make the temperature of the fluid uni-
form, and then it isrdivided into two flows. One flow is
introduced. directly into the jacket 12, and the other,
after being heated slightly by an electric heater 6,
passes through a tank 8, to achieve a uniform temperature,
and then enters the rectangular duet 9. The latter fluid

is cooled by the colder fluid in the Jacket. The fluids

in the duct and jacket flow counter-currently.

To prevent the circulating fluid from contamination,
vinyl chloride plastic valves and pipes are used through-

out the system. The flow rates are measured with the



Over /Flow
11 4 L 3]

1 Cooli?:ng Water

1 Storage Tank 8 Temperature

2 Pump Uniforming Tank

9 Rectangular Duct
3 Temperature anguiar tu

Regulating Tank 10 Test Section
4 Head Tank 11 Heat Exchanger

5 Temperature 12 Jacket
Uniforming Tank
13 Manometer

6 Heater

Voltage
Stabilizer

Fig. 2-3 Diagram of the flow system.
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calibrated orifices 13.

(b)  Procedure

Before measuring the temperature distribution, the
interferometer was first adlusted with the aid of a tele-
gscope to give fringes of proper width perpendicular to the
wall where heat transfer would occur, and the fringes were

focussed at the test section.

Next, the temperature gradient‘was established by
heating the fluid flowing in the duct. The telescope was
then replaced by a camera to take a picture of the fringes.
Kodek TRI-X Pan films with 10 to 20 seconds exposure were
found satisfactory for this purpose. Enlarged prints were
made from the negatives, the over-all magnification being
approximately 60 times. Hence the temperature distri-
butions at distances of the ordgr of 0.01 mm from the

wall could be measured.

The fluids used were water and aqueous solutions of
glycerol. The temperature of the fluid was varied from
26 to 50 °C, and the temperature difference between the

fluid and the wall was sbout 0.01 ~ 0.3 °C. Experiments
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were performed at Prandtl numbers from 6 to 40 and
Reynolds numbers from 11,700 to 26,400. The Prandtl
numbers were varied by altering the temperature and

glycerol concentration.,

2-2-3  Method of analyzing the interferograms

(a) Calculation of temperature profile from an inter-
ferogram
Local temperature variations in the fluid, with
resultant changes in the refractive index, cause the dis-
placement of the interference fringes. The measurement of
the displacement of the fringes gives an accurate quanti=
tative value of the leocal temperature at any point in»the

fluid.

If the refractive index of the fluid in the test
section changes from oy to n, the interference fringes

are shifted and it follows that

Tolm o n ) osomh o Iea)



where I denotes the width of the liquiad over which the
liéht beam passes, m the number of the fringe shifts,
and A the wave length of the light used respectively§ the

quantity m need not be an integer.

In the region in which the temperature change is
slight, a linear felé£ibnship‘may'be“assuﬁed9 that is,

) anan) (T

! e (ol

0

From-équations (241) and (2-2)), it Follows that -

The flow in a rectangular duct may be assumed to bé
two-dimensional and if the temperature distribution exists
in a trensverse direction to the flow direction, the inter-
ference fringes are shifted in the way shown in Fig. 2-U
(b). The x-, y-, and z-axis correspond to the direction
:vof the fluid flow, perpendicular to the wall, and the

- direction of the light beam respectively. (see Fig. 2-L

(a))
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Fig. 2-U4 Schematic sketch of fringes.
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If the temperature were uniform throughout, the center
line of fringe A instead of that of B would pass
through the point Q. The shift of one fringe at this
point indicates that there is one less wave of light in
the path through Q +than there would be if the temperature
at Q were the same as at P , i.e. m=1 at Q .
Generally the fringe shift is given by the relation m =
AW/W , where W denotes the width of the fringes. The
Fizeau fringes which are equally spaced were used in this

experiment.

(b) Refraction effect

Refraction of the interferometer beam in passing
through the region in which the temperature gradient
exists, owing to the lens action of this region, cannot be
avoided. $Since the refractive index obtained from an
interferogram is the average value over the entire path
length of the refracted light beaﬁ, a‘correcting calcu-
lation is needed to obtain the true refractive index

profile,

The incident light beam at y = v rarallel to the

wall, refracts as shown in Fig. 2-5 and produces the

- Lo



Pig., 2-5 - Light beam through a one-dimensional refractive index field n = n{y)

and the distributions of n = n(y) and n_=n (y ).



virtual interference fringes at 2z = L. If the refractive
index n is assumed to be a function of y only, the

following equation is obtained from the Snell's law.
n(yi) sin(n/2) = n(y) sin @ (2-L)

The equation of the path of the light beam is given by

P

dz/dy = -tan ¢ (2-5)
From equations (2-4) and (2-5), eliminating the angle of

refraction ¥  , one obtains the following equation,

Integration of equation (2-6) with the bounhdary conditions

Il

z=0 at y = v; and z L at y = Yo leads to

L = nly,) - (2-7)
vo  (n? - n?HHE




This equation determines the relation between n(yi) and

n(yo).

The average refractive index over the entire path

length of the refracted light beam ig

Y3
n(y) ( (az/ay)? + 1)Y2 4
Yo
n =
av i
S ( (az/ay)® + 1)Y2 &
¥,
By using equation (2-6) one obtains
i n(y)g ot
n_ =-—=5 > gy (2-8)
v L ( a(y)? - nly,)? 12

Yo

where L' 1is the actual path length of the light beam

and is given by

n{y)

j2 9 (2-9)
€ ﬂ(Y)g - ﬂ(yijg 21/2




The average refractive index, 0o o may then be obtained
by counting the fringe shifts in the interferogram and

calculating by the following equation.
n_ L' -nlL =m (2-10)

However, since the actual path length L' 1s unknown, the
width of liquid L 1is used instead. Thus the refractive

index 0, is given by

nl - nl =m\ (2-11)

From equations (2-8), (2-10) and (2-11) it follows that

¥
i 2
n, = 1. n(y) dy (2-12)
f L 2 2,1/2
{n(y)° - n(y,)}
Yo 1
Sincs o is obtained by the interference at 2z =L g

is considered to be a function of Yo o i.e. n, = nf(yo)
(see Fig. 2-5). Equation (2~12) determines the relation

between n. , n(yi) , and n(yo) , that is, nf(yo)‘= nf(

a(y, ). nlyy)).



Eliminating n(yi) from the two equations (2-7) and

(2-12), one obtains
n.(yy) = n.(nlyy)) (2-13)

Since the profile of nf(yo) is obtained by equation
(2-11) from an interferogram, the functional form of n(y)

can be obtained by equation (2-13).

The computation was performed by assuming that n(y)
may be approximated by a linear function of y over a

small interval and using digital computer KDC-II of Kyoto

University.
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2-3  Experimental Results

The photographs of the interference fringe displace-
ments of each run were taken. A sample of the photographs

is shown in Fig. 2-6.

Table 2-1 shéws the experimental conditions for each
run. In some runs, the effects of axial transport of heat
by convection and energy dissipation cannot be neglected
because the heat flux at the wall is very small, i.e. the
Brinkman number is large. Hence the values of the eddy
diffusivities for heat, EH/V , were calculated from the
temperature profiles, which were evaluated from photo-
graphs of the interference fringes, taking into account the

convection term and dissipation terms in equation (1-2).

The temperature gradient in the x-direction, 3T/3x ,
was calculated from the width of the interference fringes.
In the test section, if 3T/9x is a function of y only,
the following relation is obtained.

A W - W

o (2-1L4)
L (dn/aT)  WW'




inges.

A sample of photographs of fr

2-6

- 4o -



Table 2-1

Experimental Conditions

Run Prandtl Reynolds Brinkman
number number number number *)

1 Glycerol**) 39.5 13,000 8.82
2 " 3h.5 14,400 L.61

3 " 34,5 11,700 2.77

i " 31.0 16,100 3.61

5 " 30.9 13,300 0.708

6 " 25.8 19,400 2.66

T " 25.6 13,000 0.509

8 " 14.9 22,100 0.482

9 " 1k.5 13,400 0.0636
10 " 9.90 22,800 0.09LL
11 " 9.66 18,000 0.0327
12 Water 6.01 26,400 0.01k41
13 " 6.01 16,700 0.00Lk02
1k " 6.01 14,100 0.00770

*) Brinkman number is defined as
Br = <U>2/k(T - T )
b W

**¥)  "Glycerol" means an aqueous solution of glycerol.
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where W and W' are the width of the fringes with no
temperature disturbance and with temperature disturbance

respectively.

The turbulent energy dissipation function was assumed
to be

p®(t) = pEy (dU/dy)2 (2-15)

This assumption may be applied to the buffer region (17),
but may not be applied to the region very close to the
wall. However, in the region very close to the wall,

(t) (%)

nd is very small in comparison with pd , 50 the

assumption (2-15) may not cause the serious errors.

The distributions of the eddy diffusivity for
momentum €u and the velocity U used are given in
Chapter 4. The heat flux at the wall was computed from

the temperature gradient at the wall.

The data of EH/V are listed in Table 2-2 and
plotted in Fig. 2-7. The experimental results are some-

what scattered and no dependence of EH/v on the Prandtl
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Table 2-2

Experimental Results of Eddy Diffusivities for Heat

Run 1 Pr = 39.5 Re = 13,000
y+ eH/v y+ EH/v
L. 86 0.0110 6.23 0.0393
7.10 0.0b11 7.96 0.0833
8.83 0.0958 9.31 0.150
9.69 0.153 10.6 0.196
11.4 0.252 12.3 0.299
13.6 0.450 15.3 0.602
17.5 1.16 19.7 1.39
25.3 2.89 28.2 5.01
29.6 5.30 33.7 6.35
38.2 8.67 Lo.2 9.83
L7.3 13.4 49.0 16.8
57.5 17.2 66.1 20.0
76.3 2L.5 . 86.7 28.2
Run 2 Pr = 34.5 Re = 1k4,L00
y+ sH/v y+ EH/v
6.56 0.00638 6.90 0.00920
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(.60 0.0102 8.13 0.0111
8.67 5.0151 37 0., 0247
9. 40 0.,0390 16.0 0.0582
10.6 0.07h5 11.0 0.0920
11.6 0.121 12.1 0.160
1bh.1 0.250 15.7 0.337
16.1 0.435 18.3 0.670
20.1 1.02 22.2 1.30
28.5 k.59 32.7 10.0
3k.9 11.9 38.0 12.6
49.0 19.% 59.9 20.3
Run 3 Pr = 34.5 Re = 11,700
y+ eH/\) y+ EH/\)
13.8 0.118 1k.5 0.234
15.3 0.398 16.1 0.632
16.9 0.952 17.7 1.37
18.5 1.9k 19.3 2.78
L5.6 10.5 59.2 14.8
Fran 4 by o= 31,0 Re = 16,100



L.73

6.80

8.88
12.0
34.7

Run 5

5.82

T.97
11.5
1L.6
21.2
30.1

Run 6

Loho

Table

e/

0.00292
0.0398
0.0702
0.21k
13.9

Pr = 30.9

e /v

.0130
.0L29
.361
.9k9
L.05
6.18

Pr = 25.8

e /v

0.00596

-2 {contd.)

5.07

7.84

9.92
12.6
36.9

Re = 13,300

6.20
10.2
12.8
16.8
26.5

Re = 19,400

6.69

- 5k -

e./v

0.0137
0.0k412
0.133
0.2k4k
16.4

EH/V

0.0182
0.199
0.500
1.8k
hoha

SAVAY

0.0399



Table 2-2 ({contd.)

8.0k 0.0541 9.12 0.056L
10.3 0.0937 10.8 0.150
11.6 0.202 12.8 0.399
1k4.0 0.627 15.2 0.872
16.h 0.97h 17.6 1.00
18.7 1.09 19.5 1.10
23.1 2.7k 2.9 3.86
27 .4 5.81 29.8 6.4k
32.8 9.20 35.3 10.
h3.7 17.8 50.1 21.h

Run 7 Pr = 25.6 Re = 13,000

y+ EH/v y+ EH/V

2.17 0.00173 5.63 0.0100

6.49 0.0691 7.36 0.0912

9.09 0.109 9.95 0.137
11.3 0.2Lo 12.2 0.322
13.4 0.470 1.7 0.587
16.0 0.687 17.3 0.86L
18.6 1.11

run 3 Pr = 14.9 Re = 22,100



o] {

Table 2-=

y+ EH/v y% EH/V

4,19 0.00832 82 0.0154

.96 0.0184 73 0.0196

7.13 0.0L488 9.12 0.124
10.7 0,24k 12.8 0.280
13.1 0.327 ik.h 0.36h
16.4 1.03 17.3 1.61
18.5 1.67 20.5 2.31
22.6 3.0k 2L.6 3.72
26.7 L1k 32.8 L, 87
35.5 8.23 39.6 12.2
o7 L. 58.9 22
68.8 29.6 T7.6 36.7
89.1 o, 2

Run 9 Pr = 1L.5 Re = 13,400

y+ eH/v y+ eH/v

L.95 0.00266 6.20 0.0319
T.76 0.0661 8.2 0.152
11.5 0.294 12.k 0.297
16.4 0.580 18.2 1.12
20.4 2.08 22.2 2.58
2Lh.8 3.87 28.4 6.13

)

o
£
l,._'
o
M



Table 2-2 (contd.)

37.2 13.8
Run 10 Pr = 9.90 Re = 22,800
vy eq/V ol ey/v
L.25 0.0123 6.4 0.0243
6.99 0.0343 9.09 0.11L
11.2 0.3L6 13.3 0.429
17.5 0.458 19.6 0.617
21.7 0.983 23.8 1.43
26.6 2.13 30.1 3.68
'32.9 5.13 35.0 6.95
39.1 11.3 S 100.0 27.9
Run 11 Pr = 9.66  Re = 18,000
y+ aH/v y+ €H/v
10.3  0.0678 12.0 0,166
1k.0 0.190 18.5 0.435
20.0 1.20 22.h 1.31
2L, 7 1.78 - 32.6 3.7T°
36.0 5.17 40.6 7.02
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Table 2-2 (contd.)

90.8 30.1 106.0 38.2
Run 12 Pr = 6.01 Re = 26,400
| y+ EH/v y+ eH/v
6.6 0.100 8.1 0.1k2
9.6 0.187 13.9 0.220
15.9 0.450 17.1 0.600
21.0 0.830 2h.1 1.57
26.7 2.76 29.4 3.35
31.3 4.30 35.0 7.10
45.9 15.1
Run 13 Pr = 6.01 Re = 16,700
y+ EH/v y+ EH/V
6.31 0.0396 6.7 0.0735
7.8 0.103 8.8 0.154
10.0 0.212 11.8 0.325
15.0 0.580 17.0 0.820
19.9 1.40 21.7 2.03
23.9 2.90 27.8 L.18
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Table 2-2 (contd.)

39.5 10.3
Run 1k Pr = 6.01 Re = 14,100
y+ ey /v y+ eH/ v
5.9 0.0680 6.8 0.0820
8.6 0.124 10.3 0.175
13.1 0.415 14.6 0.351
17.6 0.945 20.6 1.59
25.9 3.15 ’ 28.9 L.55
32.5 5.90 37.5 8.50
L3.0 13.0

- 590 -~



10

- R IIIIII[ I IIIHH! T TTTTTH
- P :
10— -
L g
> L _
~ Run no
x L —
e 2
® 4
107 |— —
I~ v 6 3
= ¢ 8 7
i o 10 =
; 11 0 12
-2 . ]
0 E St 13 * 14 =
- - Experimental -
- . —
correlation
- -
| ! -
a
1073 Lottt Lol L L1l
2 3
1 10 10 10
yi
Fig. 2-7 Experimental results of eddy diffusivities
for heat

- 60 =




number could be detected within the accuracy of the data.
The accuracies of thé measured values were estimated as
follows.

The accuracy of the distance from the wall was ]_O"3
cm, which:was estimated by considering the degree of
parallelism between the light ﬂeam and the wall surface,
the error in réading the fringe shifts in an enlarged

>photograph, and the degree of flatness of the wall surface.

The temperature is calculated from equation (2-3).
By the law of propagation of error the probable error of

the measurement of the temperature is given by

mi

- om )2
T = L(dn/4T)

E {(Em/mA + (EA/A)Q + (EL/L)2

¢ (8, . /(an/am))?1t/? (2-16)

dn/aT

The accuracies of the used values of A , L , and dn/dT
-3 -2 -2 .

were 2 x 10 ,» 10 and 10 respectively. The value

of m was calculated by the relation m = AW/W and AW

was calculated as follows (see Fig. 2-4).

Xl+(x2_w)+(XB_QW)+(XM~BW)+ """ +{x —(j—l)W)

AW =



i xlo+(x20—W)+(X3O Wit eunnn. +(xjo—(3—l)W)
J
X X Fe i e e + + L +
I X5 *10%50 %30
J J
(2-17)

Therefore, the probable error of AW is given by

- .\1/2 '
B, = E /() (2-18)
Since the value of W was nearly 10 mm on an enlarged
photograph, the maximum errors in reading of Xl’ X2,
etc. were considered to be about 1 mm. And the number

of fringes, J, was nearly 50 in this experiment. Thus

the probable error of the fringe shifts was estimated as

)1/2 -2

E = EAW/W = (1/(50 /10 = 10

m

From the fact that the value of .m was smaller than the
order of magnitude of unity and the estimated accuracy of
m was 1 % in this experiment, one can obtain the
probable error of the measurement of temperature from

equation (2-16) as follows.

o =ho
ET = 10 C
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To obtain the eddy diffusivity for heat, the value
of 08T/3y must be known. Since the graphical or numerical
differentiation lower the precision of the differentiated
values, an approximated polynomial of the temperature
distribution which was obtained by the least square method
was differentiated analytically with <y in this study.
Hence one can obtain the probable error of the temperature
gradient from the estimation of the probable errors of the
coefficients of the polynomial and the following result

was obtained in this experiment;

+
in the region near the wall (y < 5 v 6)

1

E /(3T/3y) = (0.5 ~ 1) x 10

OT/ 9y

+
in the region far from the wall (y > 5 n 6)

By /ay/ (BT/3) = (0.5 % 5) x 107t

The heat flux is calculated by integrating equation
(1-2). The temperature gradient in the x-direction, 9T/3y, .
and the turbulent energy dissipation function were calcu-
lated from equations (2-14) and (2~15) respectively. The

probable error of the heat flux is given by

Eq = (dq/dy) Ey (2-19)
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From equations (1-2) and (2-19) the following value was

obtained in the whole region of the flow.

Eq/q <2x 1072

The eddy diffusivity for heat is calculated from
equation (1-11) and the probable error of EH/V is given

by

=

€
E ={(;)—H-

c1dm
ol (e

2 g By o2 1 B o2
/v P (2% (5 )

(L _a _Eiql)2 (L _a EBT/SJL)Q}l/E
Pr k3T/3y q Pr k3T/3y 3T/3y

(2-20)
Taking into account that the accuracies of the physical
properties were about 1 % and that the estimated accuracy
of g was smaller than that of dT/3y, one can see from
equation (2-20) that the main contribution to the precision
of eH/v was the accuracy of the temperature gradient,
3T/3y, which was difficult to measure accurately, and can

obtain the following relation.

1 q EBT/BX

ep/ v © Pr koT/oy oT/d3y

B

(2-21)
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It is seen from this equation that the messured values of

EH/v for smaller Prandtl numbers are less reliable than

those for larger Prandtl numbers. In the region near the

N \
wall { y <5 6 ) equation (2-21) was reduced to

EaT/qZ ) 2

e = (0.25 ~ 0.5) x 10

E = (1/20)(1)(

where the Prandtl number is taken to be 20. Oﬂvthe other

+
hand, the measured values of EH/v at vy < 4 were less

- +
than 0.5 x 10 2. Hence these data at v < L are not

. + .
reliable. At y > 30 v L0 equation (2-21) was reduced to

1

B = (EH/v)(O.B v5) x 100

EH/v

that is, the maximum error in that region was 50 %. For

+
the region 5 ~ 6 <y < 30 ~ 40 the accuracy of e_/v

H
was calculated by making use of equation (2-21) directly.

In Fig. 2-7 the maximum deviation from the most
probable values of eH/v at Pr = 20 is shown by the
dotted lines. It is seen from this figure that the measured

values are scattered within the area between the two dotted

lines.
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Finally it is noted that the all numerical calculation
and the correction calculation were made with eight
significant figures to neglect the calculation error in

comparison with the measurement error.

. +
From Fig. 2-T7 the exponent of y seems to change
from 3 to 4 gradually as y+ becomes small, and the

data are correlated by the following equations.

b <y <1h eH/v =1.31 x 1077 (y+))+ (2-22)
1k < y+ < be eH/v =1.93 x 1o’h (y+)3 (2-23)
b2 <y ey/v = 0.36 v -1 (2_24)

These equations are plotted in Fig. 2-8 with several
predictions from other investigators. The experimental
results show that in the region near the wall, the values
of eH/v are smaller than the Predictions of other

investigators for EM/V and eD/v.

- 66 -



Enlv

EM/V, Ep/v or

10
10
1
Experimental
correlation
10'1 ! (EH/V)
.-:// g
////:'. ——— Reichardt (Eu/V}
iy
L/ R N A — :
/1 Lin et al. (Ep/V)
2l
///," ~~~~~ Deissler (gpm/V)
10'2 TLI/ ./ll/
/ // / ',/ —cee Rannie  (Ey/V) ]
/]
/
/ ,/,; ,/ ———— — Spalding - (Ep/V)
/7]
// // / ——— Wasan et al.{gy/v)
1073 -
1 10 102 10°
yi‘
Fig. 2-8 Comparison of experimental result

with predictions of other investigators.
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o~ Conclusion

1. The experimental data at Pr = 6 v 40 and Re =

11,700 ~ 26,400 are correlated by the following equations.

- +
b o<yt < 1b aH/\) = 1.31 x 1077 (y )l‘
+ ~L o +3
b <y < ke e/v =1.93x 10 (y)
k2 < y* eg/v = 0.36 vy 1
2. In the region clese to the wall the values of EH/v

are smaller than the predictions of other investigators
for EM/V and eD/v ; no dependence on the Prandtl

number could be observed in the range of the experiment.

+
3. The exponent of ¥ seems to change from 3 to L

-+
gradually as vy becomes small.
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CHAPTER 3

RATIO OF THE EDDY DIFFUSIVITIES FOR HEAT AND MOMENTUM

3-1 Introduction

To calculate the Nusselt number it is often assumed
that the eddy diffusivity for heat is equal to that fér
momentum. However, there is norevidence to supﬁort this,
- so- the ratio eH/eM‘ must be determined eXperimentall& or

theoretically.

Various investigators (23, 36, 39, 46) have determined
“the ratio SH/éM 'in“pipe'flow and in two;dimensioﬁgl chgn—
mel-flow. From témpérafﬁré'ahd veldcity distribﬁfidns
measured in the éir flow'thfoﬁéh a hérizéﬁtai'dﬁct,;fagé'et
al. (46) determined the distribution of the ratio across
the duct. They found that the ratio decreased with increas-
ing Reynolds number, approaching unity and increased from

the center toward the wall. No data in the region near
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the wall were obtained.

Just opposite results were obtained by Isakoff and
Drew (23) for mercury flowing upward in a vertical heated
pipe. The ratio increased with increasing Reynolds
numbers and varied across the pipe in such a way that a
maximum value occured at roughly y/R = 0.2. It decreased
sharply toward the wall region. Here too, no data for the

" wall region was given.

Jenkins (24), Deissler (5), Azer and Chao (1),
Mizushina and Sasano (39) and others (37, 66) have at-
tempted to evaluate the ratio theoretically by modifying
the mixing length theory, or by other models. However,
the results obtained by these investigators are congider-
ably different from each other and were derived mainly for

the eddies in the turbulent core.
This chapter deals with an analytical expression for

the ratio of the eddy diffusivities for heat and momentum

which is valid in the region near the wall.
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3-2 Basic Concept

The basic concept is that a spherical eddy particle
loses a part of its heat and momentum as it travels over a

distance equal to the mixing length.

It will now be assumed that an eddy particle is dis-
placed from one layer at y - & to another at y and has
a constant velocity v' 1in the positive direction of ¥
as shown in Fig. 3-1. The velocity v' is defined as
v' o= T;T'. The eddy particle loses a part of its original
momentum as it travels over the mixing length, the loss of

momentum being expressed by following equation of motion.

(T\’ 3 dU — i 2 p 2
zod { —F—} = ¢ (Ed ){—2— (U - Up) } (3-1)

a(s/v') D

where d denotes the diameter of the eddy particie, Up
the velocity of the eddy particle in the x-direction, °h
the drag coefficient and { dUp/d(s/v‘)} the acceleration

term.

The velocity of the flow U 1is assumed to be linear

- T1 =



Eddy
particle

Fig. 3-1

Explanation of the present model

for the turbulent exchange of momentum.

Eddy
particle

Fig. 3-2

b e —

e g

Tp(2) l
l

LT -4)

e —
Tp(0)

Explanation of the present model

for the turbulent exchange of heat.
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over the small interval L , i.e.

Us=1Uly =) - {Uly = 2) -uly)?} (s/2) (3-2)

The boundary conditions are

U(y - %) at s =0

[an}
]

[em}
1

U () at s = g
P

Assuming that the drag coefficient y in equation
(3-1) is constant over the small interval ¢ and
substituting equations (3-2) and (3-3) into equation (3-1),

one can integrate the latter to give
u,(8) = Uly) - ny L UG) - UG - 2)3 (3-4)
where

( tanh 9y )/ oy (3-5)

=
il

k2 (Uly) - Uly = 2))
( )1/2 (3-6)

a v'
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and k 1is a constant.

The difference in the velocities of the eddy particle

and the flow at y is then

Au

1
c
e
I
a
-
|I
=

_ au
- My . dy

Similarly the eddy particle which arrives at y from
the layer at y + & posseses a velocity which exceeds

that around it, the difference being
M, = U (2) - U(y) = n, {0y +2) -0y}

_ avu -
= ny 4 3y (3-8)

In this transverse motion, the velocity v' is in the

opposite direction to y .
The velocity differences caused by the transverse’

.motion can be regarded as the fluctuating velocity com-

ponents at y . Hence one can calculate the time-smoothed
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absolute value of this fluctuation, i.e.

19,
uf =5 (Jauy| + fsug|)

&
|

N i} (s
= ny® ay (3=9)

It follows from the preceding representation that the
eddy particle which arrives at layer y with a positive
value of v (upwards from below in Fig. 3-1) will give
rise to a negative value of u , so that their product
uv  is negative. The eddy particle with a negative wvalue
of v (downwards from above in Fig. 3-1) is associated
with a positive value of u and the product wuv is again

negative. Hence one can assume that
uv = - k u'v' (3-10)
where k 1is a positive numerical constant.
Combining equations (3-9) and (3-10), one obtains

o= - onavt B (3-11)



b

In this expression the unknown constant k¢ is included

"+ with the still unknown mixing length & . Consequently the

eddy diffusivity for momentum from equation (1-7) can be

written as

e /v = n. (av'/v) (3-12)

M M

where  n.

v is given by equation (3~5) and by is rewritten

- as

oy = U (/) vy (3-13)

Similarly, for the heat transfer from an eddy particle
to the surroundings, the following equations are given

(see Fig. 3-2).

aT

ﬂ 3 _ 2
( g rd ) Cp{“azg7577*ﬁ— he(ﬂd (T - Tp) (3-14)
T="Ty-2)-{T(y-2)-"Ty)} (s/2) (3-15)
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B.C. T =T(y - ) at s =0

where Tp is the temperature of the eddy particle, he
the heat transfer coefficient and { dTp/d(s/v')} the

differentiation of Tp.

If the relation of Ranz and Marshall (51)

h 4
e

& = o4 0.6 (av'/ )2 pt/3

2 ppt

(3-17) #)

-

is assumed to be applicable to the heat exchange between
an eddy particle and its surroundings, equation (3-1L) can

be integrated and the following expressions are finally

obtained.
eg/v = ny (2v'/v) ) (3-18)
whe?e
ng = 0 L1 éXp (f1/¢3)} ‘ (3—19)‘
12+3.6 {a/2)(1/n) (e, /v) Pr

M

g i



From equations (3-12) and (3-18), the ratio of the eddy

diffusivities for heat and momentum is given as

.c = nH/nM = (l/nM) by {1-exp (—l/¢H)} (3-21)

%) Although the quantity d‘{(v')2 + (U - Up)g}l/g/v
should be used as the Reynoids‘number, the gquantity av'/v
  iS adopted instead, i.é.b he jis assumed to be chstant
_over the small interval‘i . Sincéithe order of;magnitude
of U - Up“is considered to be smaller than that of v',
" and to approach:the latter at s = £, dv'/v is smaller
by a factor V2 at most than 4 {(v')2 + (U - Upje}l/g/v.
This factor can be included‘with a/e (see the denbminator
yéf equation (3-20) ) which has not been étill determined,

~in other words, with the constants a.

1 in equation (3-33)

Cand o«

5 in equatibn (3-38) which must be determined to

represent the experimental reSults{  Therefore, the error
- due to this‘simplification seems to be negligible in the

final result of this model.
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3-3  Assumptions concerning the Mixing Length‘end the

Diameter of an Eddy Particle =

The values of the mixing-length,ere'§$Sumeaitokbe
determined by the quantities thatkéhareeterize‘loeal turbu{
lence, such as the dlameter of the eddy partlcle d and

'l'the local Reynolds number of turbulence dv /v‘;

Cwa= o (av'ly) )y #e)

CIf the diameter of the eddy pertiele is"aéSUmed totne'tne'likei

f-micro_seale of furbulenee, equafion (3—22) represents tne . ;
same assumption as that ofvvon‘Kérmén (26) !
Slnce fully developed turbulent flow 1n, two«, ' ,
dlmen51onal channel may be con51dered to be homogeneous 1n g
:the X~d’rectlon, ﬁhe dlameter of the eddy partlclej whlch ;

| may be micro scale of turbulence, 15 glven by

e

- Equatioh (E;EB}A”Q a. dEflﬂlb‘O Qf bhe n‘nré”eeale‘ef tur-.

bulence for the case of thogeneQusfturbulenCe‘(16)1
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From equation (3-23), one can obtain

|3u/ox| = v2 (u'/a) (3-24)

On the other hand, the time-smoothed absolute value
of the transverse velocity component v' was assumed to
be constant over the small interval 22, as given in

Section 3-2. Hence one can assume

lov/oy| ~ v' /28 (3-25)

From the continuity equation of the fluctuating velocity

components (1-L45) and equations (3-2L4) and (3-25), one

obtains

2/d = ( V2 /b)) (v'/u') (3-26)

Substitution of equation (3-26) into equation (3-13)

gives the result that n is a definite value. Therefore,

M
from equations (3-12) and (3-22), the ratio, %/4, may be

considered to have the following functionality.
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2/d = Fﬂ(amfv) | (3-27)

The simplest form is

/4

i

) (sM/v)l/E | (3-28)

Substitution of equation (3-28) into equation {(3-20) gives

the result,

(1/0n ) Pr (eM/v)l”Q/B

M

)1/2 ppl/3 (e /v)(e - 1)/28

12 + 3.6 (l/mnM v

(a) Determination of the values of "y ‘and® B
In the turbulent core, it may bé assured that

u'az v' , and one obtains §/d a¢ & constant in the order
of unity from equation (3-26), i.e. the power number 1/8
‘in equation (3-28) is zero. In the turbulent core,

equation (3-29) may be rewritten as
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(l/alan) Pr (e, /v)
= (3-30)
12 + 3.6 (l/alnM)l/2 Prl/3 (eM/v)l/2

¢H

As seen from equations (3-19) and (3-30), the value of

approaches unity when ¢./v increases to infinity and

Ny M

My is a constant; hence from equation (3-21) one obtains

lim o = 1/n (3-31)
M
eM/\)+oo

From the experimental results of Mizushina and
Kuriwaki (40) for the ratio of the eddy diffusivities in
the turbulent core at large Prandtl numbers, the value of
lim o is supposed to be unity, so the value of Ny is
taken as unity. Therefore, the'following expression for
the ratio of the eddy diffusivities may be obtained from
»eQuation (3-21) with Ny = 1 ;

o = ¢y, {1 - exp(-1/¢H)} (3-32)

and from equation (3-30),



(1/a,%) Pr (e,/v)

(3-33)
1/2 Prl/3_(e /v)l/Q

12 + 3.6 (l/al) M

In the vicinity of the wall, u' and v' are
considered to be proportional to the distance from the wall
and to the square of the distance, respectively, as shown

in Section 1-3. Hence from equation (3-26), one obtains
/4 = y ‘ (3-34)

By comparing equation (3-34) with equation (3-28), one
obtaing the following expression for the eddy diffusivity

of momentum near the wall.
g, /v « yB (3-35)
M i

In the region very close to the wall, equation (3-32) can
be simplified to o & oy > and using equation (3-35) and

the simplified form of equation (3-29), i.e.

by = (Pr/12 o°) (EM/v)l - 2/8 (3-36)
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one obtains

it

e./v & (Pr/12 ae) (EM/v)2 - 2/8

«y B (3-37)

As shown in Chapter 2, the experimental results for
~the eddy diffusivity of heat in the regioﬁ very close to
the wall show that sH/v o yh , and hence, by comparing
with equation (3-37), one obtains the result that the value

of ‘B is 3. Thus, in the region close to the wall,

(l/a22) Pr (EM/v>l/3

W

(3-38)

12 + 3.6 (1/&2)1/2 Prl/3 (eM/v)l/3

The constants oy and o, in equations (3-33) and

(3-38) are determined by using a suitable expression of

EM/v and fitting these equations to the experimental data

for EH/V . The expression for EM/V will be given in

the next chapter and the final expression for o is to be
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given in Chapter 5.

o
#%)  The gquantity 4 {(u'")" + (v')g}l/g/v should be used
instead of dv'/v as the local Reynolds number of turbu-~

lence, that is, the equation
/a = £al a {(w)? + (w20 ) (3-22a)

should be uged instead of equation (3-22). However, it is
evident from equations (3-22a) and (3-26) that there is a
definite relation between u' and v'. Therefore, the
equation (3-22) can be used in place of equation (3-22a)

without loss of generality.
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3-4  Conclusion

1. The ratio of the eddy diffusivities for heat and mo-
mentum have been predicted by a modified mixing length

theory. The expression for the ratio is given by
g = ¢H;{ 1 - exp(—l/¢H) }

in the turbulent core;

(l/alg)Pr(eM/v)

1/2 Pr1/3 (eM/v)l/2

by
12 + 3.6(1/al)

and near the wall;

(1/0t22)Pr(al\,I/\))l/3

q) =
i 12 + 3.6(1/a2)l/2Pr1/3 (EM/v)l/3

2. The ratioc o dis a function of the Prandtl number and
the eddy diffusivity of momentum, and is smaller than

unity, i.e. EH/V is smaller than eM/v , and EH/V
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epproaches eM/v when the values of Prandtl number and

sM/v increase to infinity.

3. Using the present analysis and the experimental re-
sults for eH/v , one obtains the result that the eddy
diffusivity for momentum close to the wall should be,?rof

portional to y3 .
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CHAPTER L4

EDDY DIFFUSIVITY FOR MOMENTUM

L-1  Introduction

To predict the eddy diffusivity of heat using the
ratio ¢ , the eddy diffusivity for momentum must be eval-
uated first. Numerous formulas have been proposed to de-
scribe the velocity profile (Table 4-1) and the corre-
sponding expression for the eddy diffusivity of momentum

for fluid flow in a tube (see Table 1-3).

Assuming that the eddy diffusivity of momentum is

proportional to the distance from the wall,

EM/v =y | (4-1)
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Teble bL-1

Various Expressions for Velocity Distribution

Prandtl-Taylor (L49,65)

U+ = %-ln y+ + k : turbulent core
von Kérman (27)

vt =y o<y’ $5

ut =51y - 3.05 5 <y < 30

U’ = 2.5 1n y+ + 5.5 302 y+

Reichardt (53)

T+
8)

2.5 1n (1L + 0.4 y') + 7.8 {1

- exp(—y+/1l) - (y+/11) exp(-0.33 y+)}

whole region

Lin, Moulton and Putnam (33)

+
y +
ut = 3 Oy . 0<y <5
o 1+ (y /1k.5)
ut = 5 10 (3 + 0.205) - 3.27
> 2 y+ < 30
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Table L-1 (contd.)

Deissler (7)

y+ +
ot S - id .
0 1+ n2U+y+“{l - exp (-neUfy+)}
Oﬂé y+ < 26
Ut =55z Iny o+ 3.8 %6 <y

::Rannie {50)

- 1 +
U = Bjaggg tanh (0.0688 y )

laminar sublayer
and transition
region

y+ +
+ dy

0 1+{1+hK2(y+)2(1-ekp(—y+/A))2}1/2

whole region

Sleicher (62)

+

_ 1 -1
U = 00T tan = (

0.091 y7)
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and constant shear stress,
T=T, {const.)} {b-2)

Hinze (18) deduced the 1ogarithmic;velbcitjudisiributiqp as

my +E (1-3)

Similar veloc1ty proflles have been_deduced.frcm.dlfferent
assumptions by Prandtl (h9, 56}, von Farman (2?) anﬂ.others-

Thus different values of « and k are usedﬂby dl‘férent

investigators (%, 29, k2, 69), but  x = O. k tauﬁ  k = 5 5

are the generally accepted values.

However, this logarithmic vélocity'dié%fihutiduﬁhmgi
does not hold for the regioﬁ close to the,ﬁallg'i;gfiA
y+ < 30, and fails %o predict a zerc veloéitﬁ g;adiénﬁ?at
the axis. TIn addition, the experlmental da a“a;é élightiy"
higher than the logarithmic velocity curve near th§ #xis

(h2, WT).



For the region near the wéll,ithe”édéj diffﬁsivity
for momentum becomes very small and hence the velocity
lﬁréfile approaches asymptotiéally to U+ ¥‘y+ , that of
the laminar flow. Since this squation does not held for
tﬁe whole range of y < 30 , it Tés desirabie tb obtaiﬁ &
formula which could connect the laminar sublayer velocity

s . + + .
distribution U =y continuously and smoothly to the

iogarithmic velocity distribution, equation (L-3).

Von Karman (27) proposed a simplified theory by
splittlng the tube section 1nto three distinct regions.
'The drawback of his theory‘is that the eddy diffusivity

fbr ﬁomentumkin the region) y+ < 5 dis zero. o
Rannie (50) and Sleiéherﬂ(62>:pf0po§éd their &éiocif&
’distributions and corresponding expre851ons for the eddy

v , . g o
»diffu51v1ty for momentum, eM/v « (y )2

o

, in the region

near the wall.

On the other hand frdﬁﬂcons1derations of the behav—
ior of the veloc1ty fluctuations in the 1mmed1ate v1ﬂ1n1ty

of the wall, it is concluded that the eddy diffu51v1ty for

+
momentum must increase at least as the third power of ¥y ,
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as shown by equation (1-52). Reichardt (53), Deissler (T7)
and van Driest (9) proposed expressions for the eddy dif-
fusivity for momentum near the wasll by choosing a function

which satisfies the y3 or yh behavior noar fhe wall

and asymptotically approaches to the linear dependence on

y for large values of y.

The expressions mentioned above successfully predict
the velocity profile, but the functions used are somewhat

arbitrary and complicated.

The present analysis gives gimple and sysﬁematic fdfm
mulas for the eddy diffusivity for momentum Whiéh are
based on the experimental results available in‘the 1iterf
atures, and»the universal velocity distribution which in
turn results from the distribﬁtion of the eddy diffusivity
for momentumf In this analysis, the effect of Reynolds
number on the eddy diffusivity for momentum is taken into

account.
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L-y Distribution of Eddy Diffusivity for Momentum
4-2-1  Previous experimental results

The eddy diffusivity for momentum ey &Y be calcu-
lated by equation (1-14) from the velocity profile, or by
equation (1-7) from the velocity profile and the turbulent

shear stress distribution.

The eddy diffusivities for momentum computed in both 
these ways are shown in Fig. b4-1, using the experimental
results of Laufer (30), Nunner (hé) and Reichardt (53).
The data of Reichardt were obtained in a two—dimensional
channel flow and those of Laufer and Nunner in a ciréulaf

pipe flow. In this diagram, the half width of the channel,

2

H , is taken as the length scale and the values of gM/vH+
. + 5+ : . .

are plotted against y /H . For the circular pipe. flow,

the radius of the pipe, R , is taken as the length scale

instead of the half width of the channél, H .

As inferred from Fig. b-1, the eddy diffusivity for
. . + , .
momentum increases with ¥ /3, reaches a maximum at

+, + .
about y /H = 0.3 ~ 0.5 , decreases slightly, and then



i i | | 1 I | 1
Ep/YR=0.4(y* /R )1-y*/R")-1/R® €/ VR'=0.07
0.08 - (rR%10% —
698 95
0.06 |- @ o -
0.04 g O Laufer :Circular pipe ficw,R#-:::iOé -
f:;f ® Nunner :Circular pipe flow, R'&é;‘iol’
0.02 "'“‘// | © Reichardt : Rectangular duct flow, =
) | H' 3410
0 ¥ | ] | | | | | L | S
0 64 02 03 04 05 06 07 08 09 1.0

y*/R* or y*/H*
Fig. k-1

Distributions of eddy diffusivities for momentum

in pipe flow and two-dimensional channel flow.



+, +
approaches & nearly constant value beyond y /H % 0.5.

The large size of the eddies in the core region, the
consequent near-constancy of the integral scale, and the
small varistion of the turbulence intensity in the central
region mey explain why the eddy diffusivity for momentum
is nearly constant beyond, Séy, ‘y+/H+ = 0.5. Therefore,
in the present analysis 1t is assumed that the eddy dif-
fusivity for momentum for the central region is constant,

i JVH = 0.0
i.e. EM v = 0.07.

Since the flow behavior in the region close to the
wall is determined by u, and v , the length scale to be
used should be _v/u* . Thus the relation between EM/V
and - y+ has to be considered instead of that between
eM/vH+ and y+/H+ . TFor this region, no accurate experi-
mental data are available and it is usually assumed that
the eddy diffusivity for momentum is expressed by equation
(1~55). According to theory shown in Chapter 1, the value
of "a" is three or even higher, but it has not been con-
firmed experimentally because the measurements were not

sccurate -enough.
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However, as shown in Chapter 3, the value of three
is obtained for "a" from the experimental results for the
eddy diffusivity of heat and the expression for o. Hence,
in the present analysis it is assumed that the exponent of

+ . LA § ) 3 .
y , i.e. "a" in equation (1-55), is 3.

From Fig. U=1, the variation of the eddy diffusivity
for momentum in the region between the constant eddy dif-

fusivity region and y3~behavior region is expressed by

the following equation.

e Ju=0by (1--L)_1 (h-L)

Substitution of equation (lL-L) into equation (1-1k4) gives
exactly the logarithmic velocity distribution, equation
(L-3).

4-2-2 Results of the present analysis

From the experimental results mentioned above,
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it is assumed that the distribution of the eddy diffusivity

for momentum is given by the following equations.

) + +
For the regilon 0=y i_yl
' +
eV = A ()3 (4-5)
For the region yl+ ;:y+ ;:y2+
. +
e /v=0M4y (1-~-L—) -1 (L=l)
M +
H
For the region y2+ ;:y+ §:H+
+
EM/v = 0.07 H (4-6)

. R + +
To determine the values of A , v, and To o the
-4

following restrictions are used.

(1) eddy diffusivity for mbmentum, eM/v , is
continuous,
(2) velocity Ut s continuous,
over the whole range of y+. These two restrictions may

be expressed as follows,



¥
Ay, oy - - (4-7)
' H
y+
0.4 y2+ (1 - f ) -1 =o0.07T (4-8)
H
+
1 1 - + ot :
J /E : @' =25my " +5.5
1+ A (y)

(4-9)

In equation (L4-9) the generally accepted value of the
constant for the logarithmic velocity profile, %k = 5.5 ,

was adopted.

: + .
Taking H as a parameter, one can obtain the values
- . + 8 . L2 £y
of A &nd vy simultanecusly from equations (4-7) and

L+
(4-9). The value of Yo is as follows,

y2+/H+ - 0.5 {1 - (0.3 - 10/5H)3 (4-10)

The results are tabulated in Table L-2 and plotted in

Figs. 4-2 and L-3 against Reynolds number. The relation
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Table

-2

+ +, + +, +
Values of A v and Yo /i or Yo /R

100.
133.
178.
237.
316.
L21.
562.
750.

1000
1519

2278

3417
5126
7689

11530

or R

O VW0 O W O v

17300

25950
38920
58390

A x 10

BTh
.053
.31
.560
L7255
.850
.943
.01k

. 067
.122
157
.180. =
.196
.206
.213
.218
.221
.223
.22k
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I

26

26

L3
26.
26.
26.

26.
26.
6.
26.
26.
26.

Lo
b1
39
38
36

35

3k
3k
33

.33
26,
26.
|26,
26.
26.
26.
26.
- 26.

32
32
32
32

32

32
32
32

+, +
¥, /H

O O O 0O O 0 0O 0 O 0 o0 O o0 0 0 0 O O O

+, 4+
or ¥, /R

L2763
.2628
.2531
.2h61
.2k10
L2373
.2343
.2323 .
.2307
.2291
.2282
2275
2271
. 2267
. 2266
L2264
.2263
.2263
.2262
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+ +
between H or R - and Reynolds number is calculated by
equations (L-1L) and (4-17) descrived in a later section.
+
It should be noted that the value of 0.3 - 10/H is

always positive for turbulent flow, i.e. Re > 3,000,

As shown in Fig. L4-2, the value of A and hence the
eddy diffusivity for momentium near the wall has a tendency
to increase with increasing Reynolds nunber and attains a

. L )
constant value 5.22 x 10 at very high Reynolds numbers.

As shown in Fig. 4-3, little dependence of the values

+ +, + 4+, + .
of y, and Yo /H  or Yo /R on Reynolds number is

observed and their values are about 26.3 and 0.23
respectively.

The variation of the eddy &iffusiviity for monentum
is shown in Fig. b-L. A similarly shaped distribution
- curve of the eddy diffusivity for momentum has been

observed by Sherwood, Smith and Fowles (60) except in the

region close to the wall.
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4-3  Universal Velocity Profile

Substitution of equatioms (4-5), (h-k) and (4-6) into
equation (1-14) gives the velocity distribution for all

parts of the flow, as follows,

0 < y+ < y1+
N S A RPRVE I (v" + a71/33
U = z (A7 +——1)1 T3 I
H (v )" + A
. 2m2/3 (AlB-——l—)(tan“l 2y _ 13
(32 ol (3)H/2 471/3
+ w/6) (L-11)
+ + +
Y, SY 275
Ut o= 2.5 1n y+ + 5.5 (b-12)

- 105 -



vy -y y ty
g = o (1 - +2 )
1+ 0.07T H oH
4
+ 2.5 1ny, + 5.5 (4-13)

The veiocity distribution calculated by these eguations is
shown in Fig. 45, which is a similar shape to the distri-

bution curve obtained by Corcoran and Sage (3).
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h-l  Friction Factor
!
The Reynolds number for a two-dimensional channel
flow is usually defined by equation (1-34). From equations
&

N . . +
(1-16; and (1-34) the relation between H -and Reynolds

number is given by
/

Re = } vt ay” (4-1k)
0

The friction factor is calculated by equation (1-17).
The éalculated relation between H+ , Reynolds number and
the friction factor is shown in Table 4L-3. The relation
between H'  and Reynolds number is plotted in Fig. L-6,
and the friction factor is piotted against Reynolds number
in Mig. L4-7 and compared with the Blasius' formula,

1/h ‘

f = 0.0791 Re (k=15)

There 1is good agreement between analytical relation and
Blasius' formula which is derived from the (1/7) - power

law of the velocity distribution.

Moreover, the analytical value of the friction factor
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Table U-3

. o+
Relation between H (R ) , Reynolds number

and Friction Factor

{(A)*For Two-Dimensional Channel Flow

gt Re T x 103
100.1 5675 9.958
133.5 8050 8.798
178.0 11350 7.873
237.3 15910 T.115
316.4 22230 6.L481
421.9 30960 5.941
562.5 43010 5.475
750.0 59600 5.067
1000 82460 L. 707
1519 131700 h.253
2278 207000 3.875
3h17 324500 3.548
5126 507700 3.261
7689 793000 3.009
11530 1236000 2.785
17300 1925000 2.585
25950 2993000 2.406
38920 4647000 2.2hs
58390 7207000 2.100
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Table U-3 (contd.)

(B) For Circular Pipe Flow

R Re £ x 100
100.1 13.00
133.5 11.15
178.0 9.762
237.3 8.669
316.L4 T.787
421.9 7.056
562.5 6.4ho
750.0 5.912
1000 5.453
1519 4.885
2278 4. 419
SRREL) 3
7589 3.373
11530 3.107
17300 2.872
25950 2.663
38920 2,477
58390 2.309

110 -
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is represented precisely by the following equation of
Prandtl's universal law of friction (57).

2 _ 4.0 10g (Re (£)Y3) - 0.k (4-16)

1/(f)
This equation is derived from the logarithmic velocity
distribution law in equation (L~12), adjusting the numer-

ical constants to fit the experimental results.

If the radius of the circular pipe, R , is used in-
stead of the half width of the parallel plates, H , the
eddy diffusivity for momentum expressed by equations (L-5),
(4-L4) and (4-6) may also be used for a circular pipe flow.
However, the relation between R+ and Reynolds number,
and hence the relation between friction factor and Reynolds
number, are different from the previous expressions (k-1k)

and (1-17).
The Reynolds. number for circular pipe flow is defined

. +
by equation (1-37). Hence the relation between R and

Reynolds number is given by
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Re = U vt (1 - L) ay (4=17)

<

The friction factor is expressed by equation (1-19).
The calculated results of R+ and the friction factor vs.
Reynolds numbers are also plotted in Figs. 4-6 and L-7
respectively, along with those for the two-dimensional
' channel flow. Although there is a slight difference
between the friction factors for the two-dimensional chan-
nel flow and for the circular pipe flow, good agreement
between the theoretical results and Blasius' formula is

observed.
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L-5  Conclusion
1. Simple and systematic formulas for the eddy diffu-

sivity for momentum in a two-dimensional channel flow are

as follows

+
sM/v = 0,07 H
) ) + +
For a circular pipe flow H  must be replaced by R .
2. The eddy diffusivity for momentum expressed by these.

+
formulas depends not only on y , but alsc on Reynolds

number.
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3. The universal velocity distribution was obtained from
the eddy diffusivity distribution for all parts of the flow

(see equation (L-11), (L4-12) and (L4-13)).

I, The friction factor based on the universal velocity
profile is in good agreement with Blasius® formula which
is derived from the (1/7) - power law of the velocity dis-
tribution, not only for the circular pipe but alsc for the
two~dimensional channel flow.‘ Moreover, the analytical
value of the friction factor is represented precisely by

Prandtl's universal law of friction.
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CEAPTER 5

HEAT OR MASS TRANSFER RATE

AT LARGE PRANDTL OR SCHMIDT RUMBERS

In Chapter 1, the previous theoretical attempts to
obtain expressions for the Nusselt number were reviewed
briefly. However, experimental data on heat or mass
transfer to fluids at large Prandtl or Schmidt numbers
indicate that transfer rates are higher than those predict-
ed by these theories. Discrepancies between the experi-
mental results and the predictions at large Prandtl or
Schmidt numbers are principally caused by the expressions
used for the eddy diffusivity in the region close to the

wall.
The distribution of the eddy diffusivity for hesat or

mass can now be evaluated by using the expressions for o

and the eddy diffusivity for momentum given in Chapter 3
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and U4 respectively. The Nusselt and Sherwood numbers
may then be calculated by substitution of these values of
the eddy diffusivities for heat or mass into equations

(1-28) anda (1-29).
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5-1 Comparison between the Calculated and Measured

Values of Eddy Diffusivities for Heat and Mass

Using the expressions for the eddy diffusivity for
momentum, i.e. equations {(4-5), (4-4) and (L4-6), the nu-

merical values of « and o, in equations (3-33) and

1 2

(3-38) were computed to fit the experimental results of

sH/v given in Chapter 2. Thus, finally, the following

equations were obtained.

e /v = (EM/V) ¢. {1 - exp (—l/¢H)} (5-1)

H

e
HA

T4
0.0279 Pr (EM/\))l/3

¢, = v
H 1+ 0.228 Prl/3 (EM/V)1/3

(5-2)

0.00681 Pr (e,/v)
13 (e o)t

1+ 0.160 Prl

+ . . -
The values of y at which the wvalues of ¢ calculated

¢ q



Ly equations (5-2) and {5-3) are equal each other are
nearly constant at about 25 at large Prandtl and Reynolds

numbers.

It should be noted that the eddy diffusivity for heat
in the region close to the wall is a funcfion of the
Reynolds number because the eddy diffusivity for momentum
in this region is a function of the Reynolds number as

shown in Fig. L4-2.

If the mechanisms for eddy diffusion of heat and
mass are assumed to be analogous, equations (5-1), (5-2)

and (5-3) are applicable to mass transfer by using 5

and Sc¢  instead of EH and Pr.

The predictions of equations (5-1), (5-2) and (5-3),

the experimental correlations (2-22), (2-23) and (2-2k)

for eH/v , and gD/v by Lin, Moulton and Putnam (33)

and Son and Hanratty (63) are plotted in Fig. 5-1.

There is fairly good agreement between the predictions

and experimental results not only for eﬂ/v but also for

L

gD/v . Though there should be a difference between
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Pr = 6 and 40 in the predictions of e../v , no depen-
dence of the experimental values of eH/v on Prandtl

number could be observed. This may be due to experimental

errors as described in Chapter 2.
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5-2 Predicted Nusselt and Sherwood Number

Temperature and concentration distributions calculated
from equations (1-24) and (1-25) are presented in Fig. 5-2.
The curves indicate that the temperature and concentration
distributions are flat over most of the tube section at

large Prandtl or Schmidt numbers.

The relation between Nusselt, Reynolds and Prandtl
numbers or Sherwood, Reynolds and Schmidt numbers can be
obtained from equations (1-30) and (1-31). Predicted
Nuéselt or Sherwood numbers are plotted against Reynolds
number for various values of Prandtl or Schmidt numbers in
Fig. 5-3. From these calculations, no difference was
found between the Nusselt or Sherwood numbers for a two-
dimensional channel flow and for a circular pipe flow if
the Reynolds numbers defined by equations (1-34) and (1-37)

respectively are used.

A comparison of various analyses is given in Fig. 5-k.
At large Prandtl or Schmidt numbers, the present analysis
and the analysis of Lin et al. are in fair agreement,

whereas other analyses diverge considerably. As inferred
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Temperature or concentration distributions
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Fig. 5-2
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+
from Fig. 5-4, the calculated value of h varies with

Pr—2/3 1/3 at large Prandtl numbers.

, i.e. HNu « Pr
Experimental data on heat or mass transfer rates at
large Prandtl or Schmidt numbers are particularly scarce

and fragmentary.

Friend and Metzner (12) performed their heat transfer
experiments in the range of Pr = 50 n 600, Linton and
Sherwood k35), Meyerink and Friedlander (38) and Harriott
and Hamilton (15) measured the mass transfer rates of a
substance which dissolves from the wall of & pipe into
turﬁulently flowing fluid. Linton et al. ?erformed their
experiments at Schmidt numbers from 1,000 to 3,000,
Meyerink et al. at Sc = 300 and 900, and Harriott et al.
at Sc = 900 ~ 105. Recently Hubbard and Lightfoot (20)

used an electrochemical method to obtain the mass transfer

rates at Schmidt numbers from 1,700 to 30,000.

However, most of these experimental results are too
scattered and different from each other to determine the
effect of the Prandtl or Schmidt number on the transfer

rates. Since the differences in Nusselt or Sherwood
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numbers predicted by the various analyses are not so
large, as shown in Fig. 5-4, highly accurate measurements

are required to determine the relationship between Nu,

Re and Pr or Sh, Re and Sc.

In the following sections, the experimental study
performed to compare the experimental dats with the present
analysis will be given. The technique chosen was measure-
mént of the limiting current at a gompletely polarized

electrode.
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5-3 Experimental Method

The process chosen for this study was reduction of
ferricyanide ions at a nickel cathode in the presence of

a large excess of sodium or potassium hydroxide,

-Fe(CN)63— +e > Fe(CN)6h‘

This system has been used with good results by many
previous investigators (10,32) and offers a number of

important advantages.

First, the electrochemical reaction, involving only
an electron transfer, is very rapid énd so nearly complete
concentration polarization is obtg;ned, even at high masé
transfer rates. This is evidenced by the éhape of the
polarization curves, of which Fig. 5-5 is a‘representative

sample.

Second, competing reactions can be almost completely
gvoided. The only important competing reaction that may

be encountered here is reduction of the dissolved oxygen,
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but this is easily avoided by continuous purgihg with

nitrogen gas.

Pinally, the most significant advantage is that
"surface roughness can be kept very small compared with the
diséolving‘wall method. This is particularly important at
large Schmidt numbers because the surface roughness influ-

ences the mass transfer rate significantly in that case.

Thevexperiments were performed in a rectangular duct
of polyvinylkchloride, 5m by 50 mm cross section and
2 m long. The three nickel cathodes, 398, 201 and 52 mm
long and 20 mm wide, were mounted in series, flush Withb_
the upper surface in the center of the duct. The anode,
2m lorg and 50 mm wide, was mounted on the lower

surface of the duct.

The cathodes were made narrower than the anode to
ensure that the limiting current occured at the cathode
rather than at the anode, and to eliminate any effects of
flow disturbance in the corners of the duct. The cross

section of the duct is shown in Fig. 5-6.
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The inlet length required to achieve a fully developed
velocity profile at the cathode ( mass transfer section )

was about 100 times the equivalent diametsr of the duct.

When a fluid in a fully developed velocity profile
enters a mass transfer section, the local value of the
mass transfer coefficient decreases from infinity at the
inlet to a minimum value, which is the fully developéd

value, downstream.

Schiitz (58) measured the local transfer rate in the
mass tranfer entry region at Sc =,2’170' In Fig. 5-T,
his results are plotted and compared with the curve of
prediction calculated numerically using equations (1-3),
(1-6) and (1-9) and the eddy diffusivity of the preseﬁt

analysis.

As may be seen from Fig. 5-7, the entry length required
to obtain the fully developed mass transfe:vcoefficient is
+ : . .
about x == th at Sc = 2,170. This value decreases

with increasing Schmidt number.
Therefore, in this experiment the measurement of mass

- 133 -



_1.(€'[_

Fig.

10~

>=T

L L T1*| ¥ 1 |LILER I l1| T ¥ ¥ v l'

h ' O Schitz
> Calculated curve -
g1 & & le - 2 I 1 p 4 & 0 IJ A i £ £ 3 § 2 ll

102 | ,103 104

x+

Variation of the local mass transfer rate in the mass transfer entry region

at Sc = 2,170.



transfer rates was made by a cathode 201 mm long,
located downstream of a 398 mm long cathode. Thus the

entry length for developing the concentration profile was

+ )

x > 104 in the range of the experiment, so the measured
mass transfer coefficient may be considered to be a fully

developed one.

The electrolyte solution was recirculated through the
duct by means of a polyvinyl chloride pump. To prevent the
circulating fluid from becoming contaminated, vinyl chlo-
ride plastic valves and pipes were used throughout the
system. The experimental apparatus is shown schematically

in Fig. 5-8.

The solution used contained 0.001 v 0.01 mole of
KBFG(CN)6 and KMFG(CN)6 and 0.1 v 5.0 moles of KOH
or NaOH per liter. The concentration of ferricyanide
ions at the cathode surface can be assumed to be zero at

the limiting current and the bulk concentration was meas-

ured with an iodometric titration.

The mass transfer coefficient is calculated by the

following equation.
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K = i/Fcb (5-y)

where 1 1is the limiting current density and F the
Faraday constant. Several assumptions are implicit in
this equation;

(1) Concentration polarization is complete. This was
confirmed by the shapes of the experimental polar-
ization curves.

(2) The current is due solely to reduction of ferri-
cyanide ions. This was assured by purging with
nitrogen before each run and keeping the electro-
lyte under a nitrogen atmosphere during the runs.

(3) Mass transfer occurs only by molecular and eddy
diffusion. This was ensured by the very high
concentration of the indifferent electrolyte rela-

tive to that of the ferricyanide.
The Reynolds and Schmidt numbers were varied from

. 3,000 to 80,000 and 800 to 15,000 , respectively.

The flow rates were measured with a calibrated orifice.
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5-4  Experimental Results

" The experimental results are summarized in Table 5-1.
The variation of K+ with Re are plotted in Fig. 5-9
for various values of Sc , and compared with the predict-
ed values. Tbe predicted values of K+ have a tendency
to decrease with decresing Reynolds numbers because of the
dependence of eM/v on Re , and are in reasonable agree-
ment with the measured values. This tendency of K+ vs.
Re ‘has been suggested also by Lawn (31). On the other.
hand, experimental data for K+ at Sc = 2,400 by Shaw
and Hanratty (59) shows that K+ is independent of the
Reynolds number. This is probably due to the inaccuracy

of their measurements.

The variations of K+ with Re are so small that
the averaged values of the measured K+ at various
Reynolds numbers are plotted égainst Schmidt number in
Fig. 5-10. For comparison with the predictions of the
present analysis, that of Deissler (7), and of Lin et al.
(33), the experimental data of Harriott and Hémilton (15)
and Hubbard and Lightfoot (20) are also plotted in Fig.

5-10.
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Table 5-1

Experimental Resulis of Mass Transfer Coefficients

Sc = 631
Re Sh £ x 10*
32,500 638 7.L0
Sc = 782
Re Sh k" x 10*
14,600 L65 6.77
17,500 552 6.85
20,800 681 7.26
24,900 810 7.39
30,400 960 7.35
3¢,800 1,130 7.31
Lk, 200 1,310 7.23
49,900 1,450 7.25
54,900 1,550 7.09
60,600 . 1,700 7.16
66,200 1,850 7.15
82,400 2,230 7.1k
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_Sc

Sc

Sc

981

Re

36,000

1,200

Re

22,000

1,500

Re

9,310
10,100
11,%00
12,600
1h,300
17,300
19,300
22,000
25,400

Table  5-1 {contd.)

Bh

891

Sh

669

Sh

399
456
490
538
59k
709
770
850
960

- 1o -

+
K

e e

X th

27

x 10

.08

x 10

Lo
7
.65
.68
.62
.66
.61
.52
.56



Table 5-1 (contd.)

Sc = 2,390

Re Sh K x 10
5,630 310 3.k2
6,080 317 3.27
T,320 37k 3.28
8,600 nnh 3.38
10,200 506 3.31
13,200 631 3.30
14,500 685 3.30
15,900 748 3.33
20,200 : 919 -~ 3.32
26,800 1,170 3.28
35,600 1,500 3.22
41,000 1,790 3.48
4L 800 1,820 3.17
57,400 2,180 3.16
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Se = 3,600

Table 5-1

- 1h2 -

(contd.)
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~Tgble 5-1 (contd.)

Sc = 5,480

Re s k' xa0
4,520 332 . 1.93
5,500 396 1.93
6,620 B O
7,900 . 539 1.92
- 9,k20 62 1,96
10,900 728 0 1.95
12,600 819  1.93
13,5000 . 883  1.99
15,600 . 1,020 1.99
18,400 1,170 1.98

24,000 1,h90 2,00
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Table 5-1 {contd.)

Sc = 9,170
Re sh K" x 10
5,050 b1 1.30
5,450 432 1.27
6,460 514 1.31
7,470 613 1.37
8,440 683 1.37
10,400 848 1.h2
12,700 1,030, 1.4k
14,700 1,160 1.44
17,700 1,370 1.4k
22,500 : 1,720 1.k46
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Table 5-1 (contd.)

Sec = 15,100
Re ' Sh K x 10
3,570 3717 0.980
3,800 L0o3 0.990
4,600 478 © 0.99k
5,280 535 0.988
6,200 616 0.987
7,200 723 1.02
7,950 785 1.01
8,960 88k 1.03
10,100 993 1.0k
12,300 1,170 , 1.02
14,000 1,320 1.0k
15,500 1,h70 1.05

- 1hs5 -~



10-4

T 1T TH

Y0000 8¢ 1,500

~ 8¢¥9,170

P4

1

90 ST R TEN W TN WS I W
BT |

‘Fig. 5»;‘9 Variafighv o‘f_ x* VWith‘Reyholds number..



_LW'[_

1973

10~

10°

TTI]HII ] 1 I‘TI]III' 1 TIIITHI

T

— Re=83,000 Present analysis -
2. o U — Lin et al, -
= —-—-— Deissler -1
- Re=5700 | =
b —
| -
—  —
. C Present experiment -
B Hubbard et al. 7]
L. o MHarriott et al. ~
- N ~
N
vl il IR EEET 1
103 10 10°
Sc

Fig. 5-10 Variation of KT with Schmidt number.




The predictions of the author represent the experi-
mental results of the author and Hubbard et al. quite well
and are in good agreement with the prediction of Lin et
al., but in poor agreement with that of Deissler. The
experimental results of Harriott et al. are slightly great-
er than the present prediction, probably because of the

effect of the surface roughness.

The experimental resﬁlté at Schmidt numbers of
15,100 and 782 are plotted és the Sherwood number versus
the Reynolds number in Fig. 5-11, and compared with the
present prediction, the equation of‘Sieder and Tate (61),
the analogy of Chilton and éolburn (2), and the prediction

of Deissler.

The experimental daﬁa-shows that the Sherwood number
-varies with about the 0.9 power of the Reynolds number
at large Schmidt numbers, in reasonable agreement with the
»présent predietion. It alsc appears from Fig. 5-11 that
‘the other three bredictions apparently fail to represent

-the experimental results.
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5-5 Discussion

It is generally accepted that the exponent 1/n in

1/n 1/n follows from the

the relation Nu « Pr or ©Sh « Sc
fact that the eddy diffusivity near the wall varies with

the n-th power of the distance from the wall.

Hubbard et al. (20) concluded from their experimental
results that the value of n was 3, but Son et al. (63)
obtained the eddy diffusivity expression at y+ +~ 0 as
eD/v = 0.00032 (y+)h from their experiments on the depend-
ence of Se on ©Sh , and on thé effect of the length of

.the transfer section on the rate of massg transfer.

On the other hand, the eddy diffusivity of the present
- +.k +
analysis shows that e /v « (y )7 at y = 0, but the

2/3

+ -
calculated value of K varies with Sec , 1.e.

1/3

Sh « Se at large Schmidt numbers as shown in Fig. 5-9.

To discuss this problem further, the eddy diffusivity

expressions of the present study may be simplified as

follows.
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Since the case considered is at large Prandtl or
Schmidt numbers, only the equations (5-2) and (L4-5) which
are valid in the vieinity of the wall, will be discussed

here.

In the immediate vicinity of the wall, eM/v is very

small. Hence, from equations (5-1) and (5-2), the ex-
pressions of the eddy diffusivity for heet is given by the

following simple equation.

+.4 ;

3 ) {5-5)

| y, 7
0.0279 4772 pr (y

sH/v

In the region where the magnitude of the product of

Pr and eM/v is very large compared with unity, eH/v

ig given by

+
e /v =A (y )3 (5-6)
yB+ is located at a boundary of two regions, where
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equations (5-4) and (5-5) are valid respectively, and is

obtained by equating these two equations as follows,

/3

+

vy = 1/(0.0279 &%/ pr) (5-7)

.+ . -
The value of Vg is proportional to Pr l, and depends
slightly on the Reynolds number because of the dependence

of A on Re as shown in Fig. L-2.

. + .
The thickness § of the thermal boundary layer 1s
defined simply as that which satisfies the following

condition :

10° /Py (5-8)

e./v
at y =¢

When equation (5-8) is applied to equation (1-2L4),
the value of the integrand of equation (1-2L4), i.e.
1/(1/Pr + EH/V) , becomes Pr/(1 + 102) £ 0.01 Pr at

+ +
y =& , which is only 1 per cent of the value at

+ .
y =0, 1.e. Pr.

Therefore, one can assume that
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oo + 6
dy ay"
= (5-9)
o 1/Pr + eH/v o 1/Pr + (»:H/v
' + + .
and hence the value of T*¥ at y = 6 becomes nearly

unity.

Combining equatibn (5-8) with equations (5-5) or

(5-6), one obtains the thickness of the boundary layer as

+ +
g

o
A

st = 1o A3 V2 (5-10)

+ +
4

©
1R%

st = h.6y A°1/3 p1/3 (5-11)

- + + .
In Fig. 5-12, Vg and § are plotted against

Prandtl number at Re = 10h. As shown in Fig. 5-12, there

e

are two regions where the eddy diffi;sivity varies with

+
(y )h and (y+)3 in the thermal boundary layer at large
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Prandtl‘numbers.

At Pr > 10° the eddy diffusivity for heat varies

with (y+)3 in almost all parts of the boundsry layer.

Hence the transfer coefficient may be expressed apéroximate-.

1y as

Pr >'lO3

: o .

‘=1 5 o 3
o MPr A (y)T

0.827 a3 ppm2/3 (5-12)

Similerly, for mass transfer,

Sc > 10°

3 gm/3 . (5-13)

x* = 0.827 4%/

The result of this discussion is that the relation

+ -2/3

K = Sc at large Schmidt numbers does not always indi-

cate that e /v = (y5)3 et 3* > 0, but that the eddy
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4=
diffusivity varies with (y )3 in almost all parts of the

boundary layer.
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5-6 Conclusion

1. Good agreement was obt&ined between the predicted
and experimental results of mass transfer at Schmidt

numbers betwden ‘800- - ahd - 15,000.

2. Both the predicted and experimental results show that
the Sherwood number varies with the 1/3  power of the
Schmidt number and about the 0.9 power of the Reynolds

number at large Schmidt numbers, i.e."-

sh = 0.827 A3 (£/0)1/2 ge gc1/3

3. The exponent ~ 1/n  in the relation Nu « Prl/n or

Sh « Scl/n does not always indicate that the eddy diffu-
sivity near the wall varies with the n-th power of the

distance from the wall.
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CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER WORK

6-1 Conclusions

(1) The experimental data taken at Pr = 6 ~ 40 and-
Re = 11,700 ~ 26,400  were correlated by the following

equatios.

EH/v = 1,31 x 10”5'{y+)h

A
%}
A
=
~

1k

e./v = 1.93 % 107" (y+)3

L2

A
o
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e./v = 0.36 y+ -1

(2) From a modification of the mixing length theory, the

expression for the ratio, sH/a was found to be given

M 2
by
o=¢ {1 - exp (—l/¢H) }
+ +
VozV,
0.00681 Pr (eM/v)
(1) =
i 1 + 0.160 Prl/3 (eM/v)172
+ +
v OS2V,
0.0279 Pr (EM/v)l/3
¢ =
H 1+ 0.228 Prl/3 (eM/v)l/3
where * z 25.

T

(3) From the availsble experimental data, the eddy
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diffusivity for momentum was found to be given by

+ ;
For a circular pipe flow, H must be replaced by the pipe

. +
radius R .

(1) There was good agreementlbetween thé mass transfer
rates calculated using the eddy diffusivity for mass and
those obtained experimentally at- Sc = 800 ~ 15,000. Both
‘the calculated and experimental results showed that the
véherwood number varies with the 1/3 power of the Schmidt

number and about the 0.9 power of the Reynolds nunmber at
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large Schmidt numbers.

At Pr or Sc > 103

1/2 1/3

1/3 (£/2) Re Pr

Nu 0.827 A

1/3

Sh = 0.827 A

1/3 ( Re Sc

f/2)1/2
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6-2 Recommendations for Further Work

(1) The author's experimental data of the eddy diffu-
sivity‘for.heat, upon which the final equations for the
eddy diffusivities ere based, cover only the range of

y > L4, Pr=6n L0, and Re = 11,700 ~ 26,400. Tt is
highlj recommended that measurements of eddy diffusivity
be extended to larger values of Prandtl or Schmidt number

and to locations closer to the wall.

(2) Measurements of the eddy diffusivities for heat in
the turbulent core, which are important in heat transfer
especially at low Prandtl numbers, have been made by many
investigators for the flow of air and mercury . ﬁdwever,
their experimental results are considerably differenf
. from each other, so more accurate and extensivé experi-
mental date sre also required in the turbulent core
region. In this work the author was forced to assume
simply that o = 1 in the turbulent core, which has

still not been confirmed.

(3) The model for the turbulent transfer mechanism of

heat and momentum in this study is believed to give a
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fairly good insight into the actual situation, which
appears, however, much more complicated than that assumed
in this model. It would seem then more profitable in the

future to study the turbulent transport phenomena from a

more fundamental standpointa

(4)  In addition, the experimental data on the *turbulence
guantities of temperature fluctuations or theilr correlations
with velocity fluctuations would be necessary to reveal the

transfer mechanism of heat in the turbulent flow.
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Br

=

NOMENCLATURE

Coefficient in equations (1-55) and (4-5) -

: Exponent in equation (1-55) -

Coefficient in equation (1-56) -

¢ Brinkman number =u <U>2/k (7 -~ TW) -

b

: Exponent in equation (1-56) -

Time-smoothed concentration g—mole/cm3

Coefficient in equation (1-5T7) -

It

Dimensionless concentration = u,(C - CW)/Nw -

: Dimensionless concentration = (C—CW)/(Cb—CW) -
: Heat capacity at constant pressure cal/goC
Concentration fluctuation g—-mole/cm3
: Exponent in equation (1-5T7) -
: Drag coefficient of an eddy particle -
; . 2
: Molecular diffusivity for mass cm /sec
Diameter of an eddy particle cm

: Probable error
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L'

: Faraday constant = 0.652 x th coulomb/g-mole

Fanning friction factor -

: Half width of a two-dimensional channel cm

: Dimensionless half width of a two-dimensional

channel = Huy,/v -

. . 2
: Heat transfer coefficient cal/cn secOC

: Dimensionless heat transfer coefficient

= h/pC u -
p ¥
Heat transfer coefficient of an eddy

. 2
particle cal/cn sec’C

: Limiting current density ampere/cm2
: Number of the fringes -
: Mass transfer coefficient cm/sec

: Dimensionless mass transfer coefficient

= K/u* -
: Thermal conductivity cal/em sec’C
Constant -
: Path length of the light bean cm
: Actual path length of the light beam cm

- 165 ~



Nu

Pr

Re

Se

: Mixing length cm

: Number of the fringe shifts .
2

: Mass flux g-mole/cm sec

: Nusselt number -

: Refractive index _ -

Reference refractive 1index -

1 Averaged refractive index -

Refractive index obtained from an

interferogram -

. 2
: Time-smoothed pressure dyne/cm

: Prandtl number = Cpu/k -

Heat flux cal/cmgsec

: Radius of a circular pipe cm

: Dimensionless radius of & circular

pipe = Ruy/v -

: Reynolds number ~

: Radial distance in the cylindrical

coordinate cm

Schmidt number = v/D
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- Bh

by

<U>

: Sherwood number

: Dimensionless temperature

: Lagrengian coordinate of an -eddy particle - ' ’ch'

: Time-smoothed temperature o %%

. Dimensionless temperature = pC uu(T - - a -
R ) o e »l 'TW)/QW .

(-2 )1 ~1) -

: Referénce_temperaturé v | c
: Temperature of .an eddy particle - %
: Temperature fluctuation - ' %

: Time—smoothed velocity in the x-direction .cm/sec
: Dimensionless velocity = Uluy, -

: Time-smoothed Vechity aﬁ thé-outef»e&ge

of theilamihaerublayer;_ v ‘ cm/sec

: Velocity of an eddy particle = -~ cm/sec

: Average velocity over a flow cross section

cn/sec
: Veloecity fluctuation in the x-direction em/sec
: Dimensionless velocity fluctuation = u/u* -

: Time-smoothed value of the absolute velocity

fluctuation in the x-direction = |u cm/sec
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W'

: Eriction velocity = (Tw/p

)1/2 em/sec

: Velocity fluctuation in the y-~direction cm/sec
: Dimensionless‘velocity fluctuation = V/u* -

:'Time-smqgthed value of the_absolute velocity

fluctuation in the y-direction = v} . .. cm/sec

¢ Fringe width with no.temperature disturbance e
: Fringe width with temperature disturbance em

: Distance -in. the flow direction

or length of the;massvtransfer.section S cm

: Dimensionless distance = xuy /v - : -
: Distance perpendicular to the wall ‘ cm
: Dimensionless distance from the wall = yu*/v -

: Boundary between the regions where equations

(4-5) and (L-b) are valid respectively -

: Boundary between the regions wheéere equations

(4-4%) and (L4-6) are valid respectively -

: Position of the incident light 'beam cm
: Position of the light beam at =z =1L cm

= Equation (5-7) -
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+
Yo : Boundary between the regions where equations

(5-2) and (5-3) are valid respectively -

Z : Distance in the light beam direction cm

Greek symbols

a : Constant in equgtion (3-28) -
oy : Constant in equation (3-30) ‘ -
a, : Constant in equation (3-38) -
B8 : Exponent in equation (3-28) -
6+ : Dimensionless thickness of the thermal

or concentration boundary layer -

£ : Eddy diffusivity for mass cme/sec
€y : Eddy diffusivity for heat cme/sec
€y : Eddy diffusivity for momentum cmg/sec
Ny : Equation (3-19) -‘_
iy : Equation (3-5) -
K : Constant ' -
A : Wave length of the light cm
u : Viscosity g/cm sec
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v ¢ Kinematic viscosity = u/p
i) : Density
o : Ratio of the eddy diffusivitieé.fgf
heat and momentum = QH/EM
T :vShear stress
@(2) : Viscous dissiﬁation fuﬁction‘
- ii'(dU/dy)g.
@ﬁt): : Turbulent enérgy &issipationifuncﬁion
@ﬁ' : Equation (3-20)
‘¢M;, : Equation (3-6)
>$ 3 Angie of refraction
 5%er1ime
- ¢ Time-smoothed
Subscripts
b : Bulk
W : Wall

- 170 -
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