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14 DEPARTMENT OF MATHEMATICS ﬁ/,l/ff

TOKYO METROPOLITAN UNIVERSITY
FUKAZAWA, SETAGAYA
TOKYO. 158 JAPAN

De Rham cohomologles and stratifications .,

Complex analytic de Rham cohomology III.

Nobuo Sasakura.

Tokyo Metropolitan University.

The importance of the ldea of stratifyling varietles
iin the study of algebraic and analytic varieties is well
known, The investigation of stratification of varieties
would involve basically the'following steps*:

(1) To stratify varities so that each stratum as well
as the relations among the strata ,e.g., incidence relation
se+., are of simple (or typical) forms,

| (2) To obtain results of desired nature for each
stratum or each series of strata,etc. 4ith respect to a
Tixed stratification for given varieties.

(3) To piece togethef results from the step (2) in
order to obtaln results. of a desired sort for given varleti—
~-es and subvarieties,.,.,

The steps {(1),(2)}-and (3) might reasonably called ,

respectively, localization steps (for given global problems)

(*¥) See R.Thom [8] , H.Whitney [9]. The author learned

the theories of stratifications in connection with his
proposed approach to Complex analytic de Rham cohomology.
(cf. [41,051.)
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and globalization steps ( to be applied to local results),

In [5],[7] we investigated certain quantitative propex-
~ties of'real analytic varieties. Results of [5] are used
in our study of the complex analytic de Rham cohomology.
Our investigations in [7] are carried out using steps (1),
(2) and (3). Exact sequences of Mayer- Vietoris type are
used repeatedly in our globalization steps.The basis of our
argdﬁments used in the globalization steps is algebraic in

RS

nature.

The main purpose of the present note is to introduce

the notlon of cochain complex with incidence relations

(C.C.I!) for a prestratified space. (See n.1. and n.2.

below.) The argumentS used in the study of C.C.I. are gene-
-rallzations, as well as abstractions , of those in [7].
When C.C.I.’s are related to de Rham cohomologies of certaiﬁ’
types, the arguements applicable to C.C.I.’s in general
clarify relations between‘iocal’ and (global’gata in the de
Rham cohomologies in question. Actually the author,s hope
in introducing the notion of C.C.I. is to clarify relations
between &ocal’ and %lobal, dafa in de Rham cohomologles of

various types.

7 5 N - :
(¥) The terms 1local and %lobal in this note should
be understood in the sense explained at the beginning of

this note.
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The cotents of this note are preliminary in nature.
However, the arguments applicable to C.C.I. in general are
indispensable in [5] and have certain theoretically pleasa-

-nt aspects,

n.l, Prestratifications. Let X be a topological space,

*
By a prestratification (E)of X we mean a collection(§)={sx}k£70

\

of subsets SA’S of X satlsfying the followlng conditions. N

NG

(1.1); X is the disjoint union of S&’s in®: X =\sy,

s};’: ®. |
(1;1)2 For each stratum sxegcg , the dimension : dim %Nei

2% 1s given, * ’

(1.1)3 Frontier condition : For each stratum Sxfﬁm '

fron(S,.) = 3, - S, 1s the disjoint union of lower dimensie
-onal strata ofC@ .

To substantially simplify notations in later arguments

we assume that
%%
(l.l)u S 1s a finite set.
A pair (X,@D consisting of a topolcgical space and its

prestratification(gwwill be called a prestratified space.

- Let (X,@) be a prestratified space. For @C@, le’t [@\denote the

1

(¥) For definitions of stratifications and.prestratifiél

-cations , see J.Mather [2], R.Thom[8] . Our definition of
prestratifications is ,for technical reasons, not the same

as in [2],[8].

(¥¥) For the case where(S) is locally finite , see [6]

3.

P

L)
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support of‘@ :\(F“= US\ s SéQ Moreover, for (T Oc(’)qr) , [@D
denotes the closure ofl\ lin]Ti We 1list certain notations
used below. ForC‘I\C'P* , definfa @C’@rin by e—

( {OC(\ ml’n" T =j"or closed} , \I‘@)

Cm ={}\é{[" : l(S) }.* 1y

Moreover, let @\b denote the collection of series of strata

e

OR SRy, T eSS <—O(J = 1,8}

't -1 t
In the above S).< .. means that S. C fron(s ) se e For@
C@and a series 5y ,...,‘\ , S éO 1et@n(s ""’A ) den=-.

1 t

-ote the 1ntersection@ { eQ =N <S} For ’?‘ S define Ty,

y

(1L, =@ (s ) @@, 536, 5= 1,..,6f |
) \/OC -m xl,..’)t . - (NG XJ 3 J = g0y .
Then one easlily derives the following fact .

(1.2) If‘(‘I')égC , then (D@, ana @, JOCCO . Moreover,
1f@l @2 é‘@hsatisfy the relation@l\{@2 , then @U@g@ )

4 .
Here T, ’I‘2 if , for any Skie\@(i = 1,2), S <¥S ,s)‘g?

n.2. Cochain complex with incidence relation (C C. I)

Let @ be a noetherian ring , and let (X,@) be
e

a prestratified space. Moreover, let @(@) be a collection

(*¥) For $&(S), the length 1(S) can be defined in an

obvious manner (see [61]).
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of assignments b'(©) ES) ,®' (‘S)} of the following forms: C'(S):
@e@c-ﬁ@'(?i‘);@(S’ : D asy—EW) and O Ped > —D (@ . Here
@'(’f‘),ié('@) and (E)(@) are (-cochain complexes. The collection

@(3\)={©ZS) ,‘E(‘g\) ,5,5‘3"(8)} as above 1s called a cochain complex -

with incidence relations attached to(X §-)(C C.I. attached to

(x @)) if \C/(Q) is equipped with isomorphisms 1(S) 1(61‘)1,Té) 1(\1)
and homomorphisms’ hk(@r}l),hk(q}) of the following forms.
(1.3),  1(8): 0-E(S)—=E(S)— 0, seB
(1.3), 4(T,T,): 0o¢ ¢\ “UT )= (1) ool (0, >0, T} D8
and T \'@ (RN
' ) R ‘
(1.3) 10 ) : 0B )—9@, F(S\ .. )—>0, where(U]=
v 2 ( : X ! 13 At+1 C'i -
@"(SX ,..,1 ) withk‘l‘ e\S\ and S 6\3 Moreover, S é@l,
' M+l
' T )
(1.3, 020, ﬂ_mgc (t )@@ m+19“ c o) 2 )

® m+l® (T (S}m_,_l))") 0, where Tu\SC and@ m+l m+1"@}n'
A

' h, (U;) - 1B (U
(1.3), 0->O(U b)) — R IRSRLEVN 3 (1) >®ED e Sy Am+l} @
t+1 t+l -
@'&4‘1.@(%(3531) F>0, where (Wn*@m(sh" )
e+l e+l
and (U 4= @n\x-}l(sj\\,,,’i‘t)' Moreover, S m+ﬁvm+l Om

t+1 -

Postulated conditions of the existence of isomorphisms
t '
in (1.3)1, {(1.3)2,(1,3)2kand homomorphisms in (1.3)3,(1.3)3

will be called ‘Tdentification condition’®, 'Disjoint condition’

(*) Isomorphisms and homomorphisms are those of R-

cochain complexes.
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4 5
and Incidence condition (SVIayer— Vietoris condition’) respec-—

~tively. The collection of isomorphisms 1(S),... and homomo~
-rphisms h ’s will be denoted by(@(@(@)). When we emphasize
the role of (B(Q(S)), we say that (C(8) 1s(§(§(§0)-c.c.1. :
Let(@«@) and(@«?ﬂ@)) be as above . Then isomorphisms 1(S),.
«+and nomomorphisms hk’s of cochain complexes induce corre-—
~sponding isomorphisms i*(S) >+ ++and homomorphisms h;,s of
cohomology groups naturally. The'collectioh of 1*(8),...and
h;,s will be denoted by@*@(@)). '

Equivalences between c.C.I. s. Let (X,(S)) be a prestra-

-tified Space, and let g}@g) bef%&@}(éﬁ)-C.C.I. (1 = 1,2).‘
Moreover, letgj*, 6* and@'* be families of()dmmwmorphisms'
of the following forms: d\*={d\*(1@) : H*(@‘l(@)))—e H (©'2(@)),'
res, ¥, 6= {{@ : 1" @ @)1 & @) 0<E,) anag"”
= {6":*(@) : H*(\E/J"l(@) )—> H*(@'Q(\@) ,@é@oc } . Then we can
define the notion of commutativity of{gf, ﬁ*, @f*}with
@Y@#«@)) in an obvious manner ([6]). We say that()i(@)(i =

1,2) are{d‘* , 6* ,‘é"*}'-— equivalent 1f (i)-{c)*,@*,g'*}'
commute with R (@) (1 = 1,2) and 1f (11) the homomorphism

® .~
\(3 f(‘LD is an isomorphism for any @e@o.
Now , in our investigations, there are reasons for
t [’ >
regarding (¢ (@ ,@é@c as global data and Q) ,’\@é@o as

H] .
(local data. The following lemma shows that certain propert-
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-les of global data are derived from those of local data,

D Lemma 1, Let (1(5) =lc' ()8 8, &' 1)} be @(”\i@))

-C.C.I.(1 = 0,1,2) of a prestratified space (X/3).

PRER (I) IfH (ﬁ (0)) is a finitely generated Remodule for

, X »
eachﬁ]é@%, them H (C'O&ﬂ) is so for eachﬁ?é@é.

* n¥ 7 4 ) .
(II) Let ©(8) (4 = 1,2) befd” . 8" (fequivalent . Then

) ' 1%
?@\*(“I’) is an (I;l- isomorphism for each (T\E@C Here 6\*, 6:6

are families of(ﬁlhbmomorphisms of the form§given in the be-

-ginning of n.Z2.

For the proof of Lemma 1, see [6].

n.3. An exact sequence of Mayer- Vietoris type. Let K

be an algebraically closed field of any characteristic. In'
n.3. every variety in question 1s assumed to be a reduced.

K-variety . Let A™, V and D be an affine space of dimension

v n, a variety in A and a divisor in A, respectively, such

) that for each irreducible component VJ of V., J¢D and VJﬂ
x®. We denote by W the variety in A characterized by W] = !Vthl
Now 1ét(§)§vli' and(fb =(aih) denote respectively the ring
K[x see s Xy ] and the ideals of V,W and D. The completions
1imi—

A&n and {%@ (;/} are denoted by(pv and'Ow respectively,

We denote the localizations{?[h ] and 0 [h ] by O[#D] and

Q@w[*D] respectively. Moreover, let(gy w an d‘Qy V=W be respe-

—~ctively the completions defined by 1im OE D%O[*Djxln)and
/bw[ *D [*D] }3) In the above we regard(:b as containai

in(p[*D] and{b\[*D] in a natural fashion. PFor the graded



-\. Vi '/\ -
ringﬂ},of K-differential forms over A, let@tV,SLW,SLw’V W

respectively denoteS%“\/,.. '@W’V_w. Then we have
0? Lemma 2. For the rings,fLV ) Tw’v_w, the exact sequence.
(‘IT oGV (M O%V &»éd/-w E’w V- woew v >/§zw,v_—_gl__>o’
holds. In (I) the continuous homomorphisms{?&,., x7¥:W ;
s
are determined naturally from topologies oﬂ?\v,..ﬁiY’V-w.

For the proof of Lemma 2 , see [6]. The exact sequence (I)
relates cohomology groups H (aY) H (mV w) and H*(§F’V'w) to
the cohomology group H Cﬁ,). For a pair (V,W)Iof smooth varileties
(defined over the complex number field C), the idea of relating
the cohomology groups of W,V-W and N(w)-wkfo that of V may be

regarded as one of the basic ideas in the classical (analytic)

theories of residues.(Cf., J.Leray[2], P.A.Griffith[1],..) . The
sequence (I) might be regarded as a generalization in an alge~
~braic direction of the idea explained above. Moreover, Lemma 2

enables us to attacf the algebraic de RhamiC.C.I. to the pre-

-stratified space (v's-(w V-¥W)) in a natural manner. T~ _ __ %'7T

Remarks about results untouched here. In this note, we

have spent several pages explaining ideas used in defining
, L3
C.C.I. s. For arguements on C.C.I.,s untouched here, see

' 5
(6]. In particular , [6] contains examples of C.C.I. s such

(¥) N(W) 1s a suitable neighbourhood of W in V.

~§vy‘\
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o -
as the singular , the C ~ de Rham , and the P.G.(polynomial

, 9
growth) de Rham[C.C.I. s,as well as an application of the
. | ;

sequence (I). '
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_§4. Normalized serles of prestratified spaces.

4,1, Normallized serles of prestratified spaces.Let

Rn(x) be an n-dimensional euclidean space with coordinates:%

(x) = ( xl,...,xn). By a series@b’f‘ prestratified spaces

in R7(x), we mean a collection @={® O, @ @@)}

of a series R of euclidean spaces@@) of bounded \”*‘“

connected domains Q( ) of closed analytic varieties

and@ S ) of prestratifications ,where@ @ are of
the following forms.

={nl 2 n .
(4.1), @“{R (1) ,R%(y5) 5...»R (y:t::::zXQ%}i;;Yi’%?s?S
(yl,...,yn) 1s a system of coordinates of Rn(x).

(4-1)2 @'_'{UJ(::] = 1l,...,0 @ ={U'J}J = 1"":n)

where UJ (U"j) is a connected bounded domain in ij(yl,...,yj_)

(3 =1,...,n) . j

(4.1)5 @ = ...,n( @,='{V J}J =1, ”j,n) » where

W J) is a _g_;_c_:_s__e_q analytic variety in UJ (U J) such that
Vuatm v)o(aim vy £ - 103 = 1,..0,0) . |
(4. I)MC)):{@%}J 1,.004n (@' ={@(')'j = ,...,n) ’
where@é @3) is a prestratification of the pailr (U‘!, V‘j)
(u'd,v'y (g =1,....0).

o N




2

Let(@ =‘{® (@@@8) ;(@@@)}be a series of prestrat-
-ified spaces in R™(x). We then call the series @@}J =1,
Oo-{)) J -1, ) a series of prestratifications of the
pair O {UJJ =1, n’@={vjej=1,.‘,n) ((@=‘Uf3*3=1,..,n )
@ =1 J}j=1,..,n)) . Moreover, 1et@@'j) denote the
induced prestratification of vJ (¥ J) from@ @(')J) , 3 =1,

!
...,N,. We mean by the induced series@@) of prestratifil
t ~ 'J
-cations of(\\l‘(@ ) _the series'{@?jg___l’.;’n ({@ }J=l,..,n) of
b
prestratifications of Vj s(V J s)

Let@=( (@\C,{S) ,(O@Q' }be a series of presrra-

tified spaces 1in rR" (x). For the series@ {R (yl,..,yJ l:j =1

=&\

se eV OO @0},3 =1,..,n ° we call R (yl,..,yJ) se e e ey
!

@)J the j-th component of@.,.@ respectively. Also

for the induced series@{/ﬂ}J -1, (@-.l@ iy =1,.. )

ofO@) fr'om(\‘j Q , we callg OJ) the j-th componen‘t,

ofoo) .
Let@) L) @900 ,(@,@@ )‘{be a series of prestra-

tified spaces in R" (x) . We say that@is admissible 1if

the following conditions (4. 2) 3 and (4. 3), are valid.

(4.2); Each stratum S‘jé(}]) qyéqj OJ )

j=1,..,n , 1s a connected component of U‘j V'j( U ) -V J)

Here@o (@83) is the j-th component of‘(,§ '(S\), and@@‘j)



1
is the induced prestratification of VJ(V J) froméjg (:33

(4.2), 'The j-th component(@iiZ}J) ofCZ)(ﬁ?) .3 =1,..,m,

satisfies the (d) - regularization condition Moreover, 3
the J -th components (U " v JQJ) of the triple @’@ @ ) {
is a (d)-envelop of the J-th compOnents (UJ VJ @m ) of

(@95

(4, 2)3 The j-th componentg:g of(S b satisfies the (g)-
separation condition , j = 1,...,n . i

(4. 3)l Between tomponents-U: JV(UJ) and'JU,J l(UJ l)

J =2,..,n, commutative diagrams of the following forms are

Valid.\
1 ¥ ' ]2
l;:m-l& 'l ;1&1 llﬂ'i ) L&,
J U J—l , UJ-J“‘———* UJ -1 .

Here'\;?'J is a dw-diffeomorphism and ¥ J is the restriction *

of\yj to UJ. Moreover, gtf(ﬁxi) denotes the projection o

- - O
from the product U'J']x 1° (UJ'JX fo) to the first factor - <1 .
' -— -
u' 9=t Yy, ana 14" (1a¥) denotes the identity map on
T
u'd ().
(4.3), The restrictionJEJ 125 (Y)'V'J OfJEJ 104 (y)
to V K is cogg;ible with prestratifications §U of Vltand

1
S ' of U J, J = R ¢
. ]
(4.3)3 For each atratum S 9 of the induced prestratifi-
'y 'y 'J
—cation S, of VY, the map T, _;, J : S-J*mj l’J(y) (SA )
1s real analytically biholomorphic , J = 2,...,n.

4$ - 3
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Remark 4.1. Let@=@ (@,@Q ,(@' ,@J[Sj)kbe an admi-

-ssible series of prestratifications in Rn(x) . Then the
conditions (4.2)1~3 and (14.3)1~’3} imply the following<.
(4.4), The restrictionjﬁj_l,ﬂvj Of‘T'j—l’J(y) to V9
is compatible with prestratificationsr @ of V'j and@ of
U‘j‘l,J =2,...,n. Here v ,@j, @é ,;@J-l are j-th components
of @ the induced series @of prest‘;ratifications of@) from
@@)amdéthe (J-1)-th component of(U)respectively.
(4.4)2 For each stratum S}j\é 3 the pro’jectionﬂﬁj__i,g(y)
: 3;1\ —>T,_;,,(y) (s)) 1s (real analytically ) binolomor-

{
-
S T C,C"'\--.'

—phib, r=2,....Mm

>t

(H.M)3' If (Qj) consists of strata which are 1
: . .
connected, then any stratum of@%@‘j) s J =32,...,n , 1is (

a connected analytic manifold.

Let@ ={§) @@@,@' ,@' @'))]- be an admissible
series of prestratifications in R'(x) . Moreover, let
]
@ @ ) denote the induced series of prestratifications of
on Sl e
(ﬂ_@\) from\SO(S}; ) . Let SA€®I.: By a r"epresentat;,ion -
' .
datum of S.J , We mean a collection@(sk‘j) = {@S}\J) ,@(S/\) ’}

'J 'J . 'J
of sets@SA ) ,@s }‘) of analytic functions, wherel\f S,_\ )

bViews

!
and @(S J) are of the following forms.

Ij 'J‘ . g
EE—. t& o) plo AP ol A X V4 i
- TIT ’ s W > - 4 Xy ya"_‘_

T s ¥ T nr] mE

\
e
Sy
¢
T,
e B

[ N,
LR, »_g‘ r 7
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(4. 5)1 @S)\) '{_f ,...,y "j,yn'd ..’n"a'}

,where f(S)\J),t= 1,..,n, is a monic polynomial in y

'J
+t
such that (1) coefficients of f‘ (s J) are analytic unctio-
]

1o 'd ¥
-ns in U Mac R(yl, Y. 'J) and (i1) f (S)\) vanishes on S,\ .
n
by
In the above Rn(yl,..,y 'J) is the n):j -+th component of@
l e L
and U P X '\is the n J—‘ch edmponent or U .
"Iy o '3, }
(h.5), (s ) ={r <S, tYqse "’yj)b -1, R
where kAJ~__J - n}"j ans f (s J) vanishes on SAJ
For a representation datum @(S)‘ ) = O(S 'j) @(S
S ‘k(ﬁj s letA(®(S)\J)) denote the closed analytic varilety
in U Jdefined to be the zero locus of the following functio

-Nns. 'j
J t1(s¥)
(4.5), @(s ) ,Jz\.'.'_j_}.__.—-—yj
ny+l 1
ana ri(s’ \J) 1s the abbriviation of{e, (s)),.
!

) , where I = (il,..,i 1)
A

(S&

Ty 2"
In the above we write j - n"\J as n)"j /\

*n

J
Moreover, for me 2 , let D (Q(S J)) denote the 1ocai-—

-—1ly closed analytic variety in U " defined as follows.

(4.5)2 Dm@(s)\ )) ={ e u'd :Qa 5r (8 %&ks)(Q'J)
S

=0 0 <vk m -1 (9 : (S/J/>(Q'J) ‘* 08" n’*i" 2
T T s oy
..’n"j }

T {U . Dt
X collec‘cion@J =!@J ,@) of@ = {@J(S'}J ), S)'Ljé @'r}
RSN

HA
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a.nd(\E"j =£f)(si3) ,Sijé@'d},/xnhere@(sj'\‘j),@'(S;\J) 1§'a rep-—

1
-resentation datum of(S)J , will be called a_representation

datum of @'J. Moreover, by a representation datum.of@'_‘i
we mean a collection of series@=@@} s where@%@h =2, ..M
T by .

and@ @ J =2 consist of representation data ('-"'Y,

see 5l

QFJ@ J) (J ...,n). For a representation datum@ =

(3, ) as auaove(%1 @,@3) will be called the j-th comp-
onent off F

_,f’f:Let R .(x) be an n-dimensional euclidean space with

5y

//coordinates (x). By a normalized series of prestratified ’o

spaces in R%(x) , we mean - a pair (@,@) of an admissible

series R of prestratifies spaces 1n Rn(x) andra representat
~tion datum@ of ®satisf‘ying the followlng conditions (4,6
(4. 6) For each stratum S JGQ)J ,J = ,..,n‘ the zérO' ™
‘locus V(@(s}\
strata in;S J,‘of dimension at:most ri)\J . Moreover, for

any stratum skjcv@'J)) of dimension ri;‘J s @"(S;,J) =®'(S>'\J) . ‘;\

(4;.6)2 Ramification conditions. For each stratum

S'AJ@J sJ =2,..,0,
!J \J lJ -
S AA @(SA ))

J)) of\,}ﬁ 'j) ~is éxptrhes@d-4s the uninon of

« (4.6) Higher discriminalt conditions ** For any
’ Y 1 ' ]
\ patr (s)d, sYY) or strata in(_S)'satisfying s,0<8y . /

i 1 . :, é\. Wt i a e }
s N U |
/‘/“" ourx /’:’05{(:1'/0‘»'« Co b i omepven 0t g o e -

/
¢ -6

Sueh il il ,,xfm;ucwluu.,(m L, e selified
!

( Co o



29

'IJ”

there exists a (uniquely determined ) element me Z+n\ W g A

in such a manner that

'J 'J
S, € D (Xs,"))

holds, v
\ 1 ] !
Of course ,@J,@SAJ) @ (S;\J) inré4cny ar'egthe, J=-th
component of®' and the representation datum of the stratum

] ]
S)\J&@ é\ respectively.
Pl _

Let Rn(x) be a euclidean space of dimension n, and let

@,@}be a8 normalized series of prestratifications in Rn(x).

We write the admissible series@as @=@,@,@@,@,@,@)}

Moreover, let@ @ denote the induced series of prestrati-
1 | n ln )
fications of‘@@ from@o (S7O Let 8, (S)\) be a stratum
1y ?
of the n-th component@'1 ®n) of @ @ ). We say that the

normalized series ((R,F) satisfies the differentiablity

condition for @ @n) if the following condition 1s val-
-1d.

(4.7) For any §>aim(s ) (35 'atm(s}?) ) , the lengtn
1y ' m @\pv

1(s) (1syd ) or sd =T, (5% ) (s} WSS URELIC)

S I) 1s equal to one. Here(S)j andCS)'J are j-th component-s

) !
of(S)and the J'-th component o@ respective&;.
Note that 1if 6?@ satisfies the differentiablity cond-

3| 'n 'n n 'n
~ttion for she(E( s, e@ ) » then 1(s}) 1n(s)“\( 1(sy") 1n

(Sjn) 1s equal to one. We are using the terminology of

/

S~
I

£

%.
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‘dif‘ferentiablity condition® for the condition (4.7) ,becau-—
~-se the condition (4.7) assures the differentiablity of

sertain maps generally’ on@"\S }‘) .(cf [,63,1.. A13p see the |
later arguements of this paper. CADRA .

i Let (U,V) be a pair of a bounded domain U in a euclide-
-an space Rn(x) and a closed analytic variety in U. Moreovex
let W ={Wt}be a finite set of closed analytic subvarietiés

W,c s of V. We mean by a normalized series (@@ of prestra-

tified spaces attached to (@—‘@\jﬁa_normalized series @@) @@;@3@)

of prestratif‘ied spaces 1in R" (x) satisfying the following

conditions. . Q@ )@’)@’)}
(4.8.):L (u,vV) = (Un,Vn) , wbere " and v? are n-th comp

Sonénts 61 U End'V respectively.

('(14.8)2 Each subva]."ietyiwt is the union of strata oi@n H

re@ is the n-th component of the induced series@ from

Let R™(x) and @)@@ be as above . Moreover, let X be

a\ an.- equidimensianal: ‘Subwariety jwf s ional, A normallz—

-ed series O,@) (@ (@@@) (Q@ @)) @O)) will be

said to satisfy the differentiablity condition for X ir

the following is wvalid.

]
(4.7) X is the union of strata of@. Moreover, for

X ps
-les the differentiablity condition,

each stratum Sn(.X such that dim Srl = dim X , é@;rsafﬁ’s'&'&.

$+-8



Remark 4.2. When there are no dangers of confusions,

we shall do the following abbriviatlons of terminologles:

(1) The terminology a normalized series of prestratifi- '
cations attached to .... ,will be abbriviated as a norm-
alized serles attached to ...,. (11) The terminology the
induced serles of prestratifications of (V from@,.. . ’will 3
be abbriviated as the induced series from D3 /

Remark 4.3. Let (@@) (@ @@@ @ @,@)) (@@))

be a normalized serles of prestratifications in a euclidean

space R (x). We denote by&) and{ S) the induced series from
(} and() respectively Let Sy 3 be a stratum of the j-th
Nl '3 'J
component of S .Then we use the symbol f‘ron@ ,@
for the closed set V(@(S)\‘j)) —O J. Here@ (S 'Jy 1s in
}J
the j-th componentO of@ . Moreover, assume that@/\
and the j-th component@ of @has a common point,and let
S}\\j denote the intersection S ‘;\UJ Then we use the following_
symbols: (1) The symbols@(s ) and@(sj‘) mean the sets @(
andi{f J) of analytic functlons respectively.(1il) The
symbol‘*’(f@ (SJ)) denotes the intersection V@(S J)) U'j

(111)~The symbol fron(S/'z, OJ) denotes the closed set

V(O (S)\)) - sJ

33 =l
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In the sequel of this section we will mainly be concer-—

i
3
!

/ -ned with investigations of properties of normalized series

k We begin by defining manifolds of certain types for strata
%ih_queétion .
!
4.2, Level manifolds T,o(s)) ,...,. Let B -

(@@,m,@'®',@)),@) be a normalized series of

prestratifications in a euclidean space R™(x). For the

-
<
,

series R = Rl(yl),...,Rn(yl,...,yn)) s projectionslﬁ,dt(y) STy
will be abbriviated as]ﬁ,J' , 1 € Jgj' < n . Moreover, by {of

S {gy}and ) =ﬂ3'J}(J = 1,.va,n) wéﬁhégn induced series

ffom(g% and/ 8 respectively. Now let Si be a stratum ofcgﬁ

s J =f2,...,n. We first remark that the condition (4.6)2

implis that the coordinates (yi,,..,y 'J) are local para-

n
-meters at any point on(SY . For a poig% ?ge S{ and a

couple define an (g-n J -1 )-dimensional (real analytic)
manifold T (P(J) by -
vv} . )
‘(P J) *{Q CRJ : \éj) t(P%),t = 1,...,m}
and and t =5 , |y (@) - y (2| <
, J J =n'd Yy
oa(pd, rron(sd)), ¢ = n'J 41, 0

Moreover, for a couple , define a (j-1)-dimensional

J
manifold ?r(SA) by

(4.9) To{S7) U T(PJ , where Pies{\'
WG—e-&;-l——%he»—&beve'lm&n-i—ﬁ@LdsJ.(_R'

4 — 10
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We call the manifolds T (PJ) and TDKS ) as above the

3 J(”-—‘Mnjjl—dgsueG
h(yl,..,y 'J’yj) ~ level manifold of P @ §&2/2Q~iha//
ﬁ(yj) —level manifold of SJM§E§§;Qt1ve1y Let T, (P)) be
the

w(yl,..,y 'j’yj) T level manifold of Pjé-SJ. For a

point Qje:quPJ) and a couple o', define a one dimensional
J
manifold T*(QA) by

Vs
e

Tav(Qi) = {Q;QRJ(yl,..,yJ) : yt(Q") = yt(quY

t=1,..,] - yJ(QJ) - ¥4(Q )!(md(Q »fron

Moreover, for couples of,

W
o define a neighbourfood <§\U
J
T S
L 4Sy) by

(4, 10) Toi(S1) = VU JTi@)) , where ae T (83
Q

We call the meighbourhodd T, ,(si) as above the TSN

‘T-neighbourhood of the size (5104.

LY

- The manifolds T,(SJ) T,,N(SJ) s+..a8 above are conv-

—enientfinductive arguements of the normalized series (@}@b

¢ C
on J = 1,...,n.

We shall define one another type of manifolds, denoted
by U, (s]) , for s): et 1’ '(s3) ve the - (45)- level

manifold of SJ and (c) = (cl,c ) be a couple ‘of positive

numbers(cl,cﬁ. We note that we are doing an exceptional

. B 3
use of the term(couple

for (¢) from the rulem§3. {

Let QJ<gT (SJ), and let Pi be the point in Si satisfying
A

ms
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. ,
the condltion : Qie.TﬂﬁPi) . Define a one dimensional manif-
- J
old Uc(Q)) by .y '
Jy = . Jy = J =
U (Q) {Q,}eR (yl,-.,alrj) Py (Qy7) =y, (Q)),t =
- Iy J J pd }
Liad=L vy - yyee] g eracal 2l
: M
Moreover, for a coupleo-and a couple ¢ = (cl,cz)‘of
bise» positive numbers, define a manifold Uw,c(si) of dimen-
sion J by
Jy =V J J 'ad
(4-9)3 Ur’C(Sk) QJUC(Q)\) » Where QAGTQSS%) .
The manifolds U&,C(Si)’g as above will be also conven -

-ient in 1nductive arguements of the series-(:gg) .

Remark to 4.2, Similar arguements as-—above for stratfu
' )’ 4
S 3 s of{@)% are ,of course ,possible. However, arguements

r?,
in 4.2, suffice for the later arguements.

Let (:}§§>be a normalized series(in R"(x)) of the form
4,2.. Moreover, let the symbols()izf, @9(§fd,--- have
the same meanings as 1n‘§4.2. Ouﬁ next task 1s to examlne
relations between prestratifications(§9 andcgg'l,J 2 ,..,0
Here(@%-l means,of coufse, the (J—1)7Eh component ofcg).
Our arguements will be divided into ééveral pleces. Before
we enter into detailed arguements, we shall do certailn

remarks on materilals concerned below.

4-12



(1) Let S,i be a stratum of@J » § =2,...,n. Then, by
a simple computation, we have the followlng relation.

&NK(Si)AUH’N ho-'/’,!;'ﬁs)f) } , where &, o-and Ofbex-
-haust all the couples obeying the rule [n3J3. .
(11) Let ?;)36@'3, and let S;’\ = S;\JAU:{?;:JJ = 2,.’. ,n.
Moreover, let D be an analytic variety in U defined to
be the zero locus of an analytic function g in U'J. Here
UJ and U'J are the J - th components of@and@' respective-—
-ly. By the inequality of LoJaslewicz, d(P‘_j\, V(@'(S;:j))%t
~ a(pd, D'J) for any P‘E\»\a— si. Here@(s;:’/) is in the j—
th component LFD'J of@'. Aséume that D"jn *d =?5. Then
from the obvious relation D'J(\ V(®'(S;)) = D'J(\}(V(@'(S')"j))- S:\‘}

and the condition (14.2)3 , we have

3 J 35" 30
(4.10) c'l(P)\ ,fror'l(sxz) == d(PA,D,“) f"jr' any PA & S/}J y
J &'
(11)  Let S/ ,s}k be strata in(9 ¢ such that 5480

Moreover, let m = (m m "J) be the element in Z+n>‘ such

12

vy '3 .y "Iy o pd 's
that 8 7 Q?m(@(s)\ )) , where @(s)‘ )eF . Let D_* be the
variety in U J defined to be the zero locus of the function
m '
'SSfS(S/;\?/mS , 8§ = 1,...,n;3. Then from the basic conditions

Inisa
(4.6)), and ?§710) the following fact is valid.
|

' J Jyy = I '8 v ple ol

(4.10) d(P}\,fron(S)\))A_, d(P/\, D ) ,for any P)\eSA.

Now we begin by arguements by investigating the inverse

4-13
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images 7Cj l’ Sjll) ,s where SJ -1 (:7

4.3, The inverse image JD \J(SJ 1), SJ 4:ﬂ'l,J=2 v
Let Sjilé@é" . Define the subset@J(dj ofCJ by @ (s%3)
=[s3 e iy 00 = s371} . Por a stratun she @ siih

1etfyi(sj;l) denote the single valued analytic funetion on

Sjjg defined by
Jegd=t.pd=1y o I (pd S e l3-10-23-1 J
yX(S Rak2 ao) ) = yo( X) for‘PtAké S, where P),
is+the point in Si satisfying)ﬁj_l,J(Ri) = PJ{I. Take a
point Pg l( gg_l . By a suitable change of suffices , we

can assume the following.
3o pd=lyge o3 pd=ly. 3 pd-1
1 2 k
Then from the connectedness of Sj;l and the very basic
condition of the disjointness:of strata (cf.§ 1), we know

that the following series of inequalilties

(4.11)" y?’, »h <y (PJA <o <y (PJ}\%
holds for any P‘j)\ ¢ SJ >Xl. .

From the above observationq , we can deflne an order @

gyt e ey M)
(4.11) he S.\/< S¢, (S s ‘
Nl 2 k
1
in an accordance with the series (4.11) ,

In the above arguement we made an essential use of the
existence of a fatural order 1in the fibers35 (ijl)) 3
,deé,sdxl. The existence of the ‘natural’ order (4.11) in
@?(S{;l) is led by a very simple observation ,but makes

later arguements on quantitative prperties of real analytic

b1y



varieties smooth

Let S (SJ l) denote the set compsed of connected

3-1

denotes the intersectionﬂ,J 103 (SJ l) v). Then from the

components ofjﬁjll, (SJ 1 tSJ(SJ L whereﬁl

exlistence of the prder (4.11) and the condition (4.3)1aa
commutative diagram of the following form iﬂ.xlzjgis@valid
Ve @ (gi-1 "
S, /e . }"1-
for each N Cﬂ(S N )

?J
8, — Dy ik 10
P
-1 J-1 ™
S) e 55 S R
In the above ? J is a ¢= diffeomophism, and pry, 1d.. RRESV

(4.12)

are the projection to the first factor SJR and the identitr
map on SJXl respectively. Also ,from the order (4.11), we
can define an order k
1]
5,11 5,89 8d
( ) < RL < M
in the set@rj(sJ ) in a natural and obvious manner. Moree®

—over, for each Sge(gﬂgﬁat most two strata SJE-é?(SJ_l) are
contained in §J - gi" A stratum SJ (.OJ(SJ 1y contained in

—

§i,— E{ will be called a horizontal compeonent  of tﬂe boun-

-dary of S{ .
A

b.4, The going down property. Comparisons of frontiers

and distances. B TR °

4 -15,



38

and distances . As before , let @@ be a normalized
series of the form given in 4, 2, and let()J (é% have the
same meanings as in 8y.2, First we .show the following

Proposition .1, ((in{NG DOWN THEOREM FOR NORMALIZED

SERIES) Being (@@) O ,@@j @J .as_above, any tripf- :

et (8971, 997t sd) < /§§\ @j = 2,...m,
I : T N .
'satisfyinjf. the following diagram
(‘>; ’ ' iAI e
\a :
e gd-1 /S Jl
can be completed a quatlet (SJ 1 SJA SJ S‘j)é“sij 4@ )(
th
C}’,\@’ satisfying a dlagram of the following form‘ -
S - sd,
, " L &
() _
site §i7t
M

.,"In the aboves diagrams (a) (b) shoulé_ be understood respect.uell as

follows: (a)' s9-1s g7 -1 T () =§; (v) sJ sJ -1,

J(gd Iy 31 \=g*"
SA?;TS: GO ,ml

T siy '
Remark to Proposition b, l The stratum S‘j; satisfying 4

jthe diagram (b) may not be unique

In Proposition b, l Wie borrow the terminology of Go-

ding down theorem from the ring theory (See M, Nagata [ 1<
\_———___—..__"__

Note, however, that the context of Proposition ll l cfml -u\j,s
corresponds to that of the Going up theorem rather than to E R

that of Going down theorem in the ring theory



Proof of Proposition . 4.1. Let (84_1,

be a triplet,j = 2,...,n,such that the diagram

s
gd-1 o, gi-d
+ M N

holds For the stkratum S {43()3 satisfying S, JA

let V(@:D (S J)) denote the zero locus in U Yoo

po;ynomla T "J(S ,)é,@(s 'Jy. Take a point P9~ 1( gd-1,

Then]Dj ¥ J(PJ 19 V(@(s j)) consists of finite

\
» 8 =1,..,8,. Take meighbourhoods N(Pis)?ﬁ of

and a neighbourhood N(Pj—l) suitably. Then we can assume

that (1) N(PJ, ), N(P

X ) =9, if s ﬁ s‘ and tha

7“j 13 j(N(PJ 1))AV(f ”j(S J))C.U N(Pl ) _. Moreover, we can @&

assume that if P)\,\R Vj”t‘ﬁen N(P)"Z )(\V J }L Take

§QJ _ of points in SJ such that 1
tft- 1,00, e
© pd- 1.

—l

she @J 1@"

J J
v o= sy,

f the monic

3

A
points PJ

¥

J 2 J
Phs s in U

13 (11)

!

a sequence

1m QJ -1 =

Let QJ denote the point characterized by_g§§§§§

A

]tj_l J(&gtl Sj Then we can choose a subsequence{QJ} .

A
of(Q%kwhich converges to one of the points Eg .
s
3y
Qi s are in S% , theliimit : lim Qi = PS‘ is
t A £ 1 g

Then ¢learly the stratum %iééﬂ containinngA

‘the diagram

s << 4
) $
sd-ty 33;1 X

3=1 -1 o gd-la-load 4 _
s 89 L@ NS L3 =2,
Now let \ ’S/L X@Q}\@)jo )(j J

Because .

inlgi.

jﬁ/satisfies
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a triplet satisfylng the dlagram

J
J-1 J-1
S < S
ST

Let(@j(sJ l)rﬁ denote the subset of‘<:>j(SJ L composed of
strata contained in ;i Proposition 4.1. assures that(?ﬂ(sj 5

A

fq’ By a simple observation we know that

(+.13)" (3 (s’] l)gj) Ty _yy(fren(s?ihy), 50,

N
Let| sJ - s)ge@ (@ such thatr,_,,, (s,) = s ;1. Then
from(4. 13) we know easily that
J =0 J=1yy 39
(4.13) fron(Sﬁ) J_l,J(fron(S N ))n S -

Let S%‘l Si/be as above, Moreover, let ;AJ 1 be the

stratum inkgwj such that S‘a 0\ = SJ;l.Define an

analytic function g(S Kk l) in U -1 by

g(S,}:j l) = l“’\f) (S}i—l ?, where SK‘JJ eron(s'i:“) .

Then,by the inequality of Lojasiewicz, we have
t9.1 - - 'y
g(s 3 Thpih ~ aedtvies Y ) )

qed7t, vig(s -t )))m}v@(s J- 1;-,9) for any PIesdL,

In the above V(g(S i l)) denoné§ the zero locus of g(S - l)

-1
in U - . On the otherhand’® from (4.6)l and (4.2)3 we know
that -

Nipd- 1 -1
a(e fron(S«j)\')l)):vd(P‘; V(g(SJ ))ﬂVU(S ),

for any ﬁ %Sil



4,

Therefore we have 57075153

' -~

(4.14) %(Pjhl)rv d(P'J 1 fron(SJ) )) for any PJAG SJ -1,
Now gefine an analytic function g in Uj be g(PJ) =

(xaj 173 (PJ)) , where Ple U 7, Then, for the stratum%

s'd satisfying S gy = Si;;fwe have

X X
T~ aed, V@ (s )))ijj,ﬁ(v<g<s'3"l>)) )
for any PJ< 5.
“Buttthe right side of the above 1s equivalent to d(PJ fron( S%))
for an-y-P)?é sd. Thus we have ,
(4.14)" g(PJ)x\, d(PJ fr-on(S:)j()) for any Pi,é si,

From (4.14) and (M.lU) we have the following comparison

of distances.

(4.14) a(p,rron(sd))~ d(P'j):'Jf,fron(Sjil)) ,where
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§ 6, Normalized series attached to germs of varieties.

6.1. Formulations of problems . Let R"(x) be a euclid-,

—ean space with coordinates (x) = (xl,..,xn) and o" the orig-

«-in of Rn(x). By an admissible pair of germs of varieties

at- o" , we mean a pair (V,W) of germs of varieties at o"

such that the following condition is valid.

(6.1) 1=dimV<n-1, and WC“J ,

An admissible pair (V,W) of gérms of" varieties at 0" will
be called an admissible pair (V,W) of germs at :On, .when
there 1s no fear of confusions.

Let (V,W) be an admissible pair of germs at 0", By a
normalized series of prestratified spaces attached to (V,W)
we mean a normalized series = (R, (@,@,@),(@' @' .‘@')).
,@,@')) in R"(x) satisfying the following conditions. |

(6.2), "> o, ,

(6.2)2 For each stratum Sze@g (S/r\léé?), SSB o?
g o, N Y

(6.2)33 ‘Each component V_ of V is an irreducible

Ov
component of the germ of V" at On.

(6‘.2)4 Each component Vizof V and each component wﬂ_

of W are expressed as the union of germs of strata S/,n\’s of

@’ at o,
. __,_.—"/
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(6.2); For cach sl @ , the set (ks =z, (s} <@

consists of Welerstrass polynomials ft(S‘l) in y J+t with‘
~variables (yl,.. . ,yn'j+ ), t = 1,00020 - n-l (3 :‘Pﬁ,;',,; ,n). - '
In the above we wmté dim Si as n‘g\ .

In (6..2)1'“’5 , @ir@land@g denote the n-th component
of@,@,@o respectively. Moreover, @n denotes the n-th compe
onent of the series@ of prestratificatlions of@induced
fron@o, and (y,,..,¥,) denotes the system of coordinates
of Rn(x) defining the series @

When there is ho fear of confusions, we call a normal- -

-ized series (@,@) of prestratified spaces attached to (V,W)
simply a normalized series (@,@) attached to (V,W).

Let (V,W) be an admissible pair of germs at o". we éay

that a normalized series @,@) = (@,@,@,@,...nm R" (x)

1s attached properly to (V,W) if, in addition to (6.2)l ~5 )
the following condition s valid.

! .
(6.2) Vv = Vn, where V" 1is the-germ of the n-th comp

-onent Vn of|V] at On.

Let (V,W) be as above , and let X be an irreducible 7ehee

germ of a variety at O" such that X< V. We say that a

6.2,
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C)= ( Mg,..Y,Mn) of positive monomials MJ’s in one variable

(@,@‘) is of type@

Now our position is to formulate our basic problem in
this section: As previously , let Rn(x) be a Euclidean space
with coordinates (x) and 0" the origin of R"(x). Then our
problem 1s to prove the following

Theorem 6.1, For an admissible pair (V,W) of germs

at O?) there exists a normalized series (RX;% attached prop~

-erly to (V,W) . Moréover, we can assume that &%Q@) satisfi-

-es the following conditions,

(I) The series ﬁh(;} is of monomial type.
7
(II) For any component V of V , the seriles «ﬂ{Fi
N4

satisfies the differentlablity condltion,

We will prove Theorem 6.1. in a little later. Here we

give a corollary to Theorem 6.1.

Corollary 6.1, Let (V,W) Qe'as in Theorem 6.1. Then

there exists a finite set‘(ﬁf{Bs)Lof normalized series dé}‘ifb
4 4

attached to (V,W) such that the following are valid.

]
(I) Each series (ﬁ?(}s), s =1,.., is of monomial
%

type. '
(II) Each <E?*é$>‘ s =1,..., satisfles the differnti-

-ablity condition for any 1rreducible component V¢ of V,

6.3.

dfade
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V—P RSy arnSaoS,
e Rt s —the—pape

]
(i N @ ev .
Remark to Corollary 6.1. Let Pﬁﬂ_ be an irreducible
'
component ofﬂSD®@s). Then the conditions (II)',(III)

imply the following fact,

(I )'v There exists an irreducible component Vg of V
such that D%V N

Proof of Cbrolliry 6.1. By Theorem 6.1, we can choose
a normalized series @@ attached properly to (V,W) such
that (I), (II) hold. We write the irreducible decomposition of
D(@@ as lLDjL Then between any D and any irreducible comp-
~onent VJ\ of V , there 1s no relation of the form V)‘C'Iat
Next define germs vl,wl‘ by Vi= VUD(@,®) and W* = .
"By Theorem 6..1.A ’tﬁei‘e exist : normalized series (@1 FJ)
of monomial type attached properly to (Vl,wl) such that the
“relation \Q‘CD@@') r;olds for any 1reeducible companent
V,:Il; of Vl. (Here D@l@l) is ,of course, the germ of D(@ljyl)
at o™y, Therefore, for any irreducible component D'ﬂ_ of D(@Q)
satisfying Dﬁv, we have the fgllowing relation, -

6.4
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P @1@)§~D -

If the intersection D = D(R} @))(\D(QZL , then the proof

2

. 2
is completed. Otherwlse,define germs V ,W~ by V2= VUDl and

w2

= wl. We apply Theorem 6.%2. to the pair (V2,w2) and do-- - 9
similar arguements for (v2,w2) as above,_@_ﬂlgafjlfy repeating

these procedures we L’attain the proof of Corollary 6.1,

Now we enter into discussions of the proof of Theorem

6.1, We want to do discussions of the proof of Theorem 6.l¢g—-- } v

inductively on the dimension of V, To do:inductive. argueme= v
nts of the proof of Theorem 6.1, smooth, 11: is conQenient T e i
to conslder an another problem instead of considering

directly Theorem 6,1. The another problem considered here

is as follows: Let Rn(x‘) denote a euclidean space with

coordinates (x) = (xl,...,xn) and O" the origin O" of Rn(x),

By an admissible series oPf germs at Oni we mean & collection

1
R ={R.9.9 ;@}of a series (R of euclidean spaces and series
Nt P Ty el T e
\\Y)Y\‘ ,m of germs of varieiles. Here @,@;vi)'.(w)s_bgul@ be of the -7
form (6.5) and should satisfy conditions (6.6).

k+1
(6'5)1@% ( l""’yk+l) 3* e R (yl,“"yk.’.l"')g“)},
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t 1 f
where (y ) = (yl,...,yn) is a system of coordinstes of
R™(x)

6.5), @=(v}, @ =lv'9) ana@ ={w} 5 = k#1,..,n.

(]
Here V,v'J ana wd are germs of varieltes at, 0% ¢ RY (yi,..yj)
s 3= IHL, LN,

(6.6)1 The integer k should satisfy the relation: 1= -

k<n - 1. Moreover, .15 dim V¢ = k, dim vy T k, and VJUV'J::}
W, sk +1,... 0. |
(6.6)2 Germs V9 and V'? have no common irreducible
components,
o (6.6)3 Any irreducible compone{xt V‘j\' of VJ' (,'V:g' of
vl 1s integral overﬂﬁﬁ'(y’)(vgg)( I;‘;'(y’) (v'd ))

1
k+1€J3J€J) =n, it

4 1
(6. 6)14 th“"s'(y')(v J )C_VJ, ar'uf- for each irreducible

r ! an 1 1 :
component Vi of VJI th'j 3'(3’ (Vv J ) is an irreducible

component of vd , k+1F ___<J' < n,

( gl ety ' e ol
6.6) ) (I evVy Py e wd,

573
k+1J=J3 =n,

Remarks to (6.5) and (6.6),. () The condition (6.6)1 ~,
implies that vd ’F‘f’for J = k+41,..,n, However, V'J, w L

may be empty, J = k + 1,..,n. | [

;
/

6.6.
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(11) Also note that we are not assuming the following;
1
- ] L
mfjg‘-w')(vd yev e J
The integer k in (6.6),(6.6) will be called the rank
of the admi,ssible:serie@. Also by the dimension o@ (din@)

we mean max V‘WV'J),J =k +1 ,.,,n,

Let@=f@,@,@', @}be an admissible series of rank k.of -
"g@rms of varieties at 0", We write @,@),@' Mexplicitly as -
_follows:(:)={Rk+;(y;+l,..,y;),..,Rn(yi,..v,y;)},C:)=[VJ},

(:j ={V'JL<§)=(WJ}, J = k+1,..,n. Then each pair (viVy'd W)

] !
1s admlssible at OJeRJ(yl,..,yJ), J = k+1 ,.,,n.

Hhe otiyen
By a normalized series (of prestratified spaces ) atta-

' 1
-ched to R, we mean a normalized series ((@,(@,@@),@ @'
1 1
@),@,@ )) in Rn(x) such that the following conditions

are valid.
(6.7), The coordinates (y) = (¥1s++5¥,) defining the
v : ' _t
series R are of the following form8: Yyigo = Yypgo0+09¥, = Y

1 1 - '
and  (§1,...5¥) ) = (yl,..v.,ykﬂ?JA +@ , where A¢GL(k+l,R)

and @eR® 1.
(6.7)2 The j-th normalized series @,{ﬂ) derived
from (R,F) 1s attached to (VJUV'J,WJ).

6.7.

R
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Let{(@,@,@' ,@)}be an admissible series of rank k of

germs at On, where@ @are explicitly of the forms; @ ‘
=V, A =1vY) and Wl (91, 5 = k1L, m. Let DG

be a normalized series attached to B0 M) . Then the
J-th normalized series (@{F?’) derived from'(@,@) is

attached to @ @I@) . we aaa the:following definitions:

(1) We say that @,\FJ is attached properly to (\ q, ’
Q\l) if (R‘JL,FJ) is attached properly to (VJU "3 WJ) s J = k+

,..-,ﬂ.

(11)  We say that @®,F) satisfies the differentiablity
condition for (R, QI‘)QU W) 1if ((lj‘j@j) Satisfles the differen~

'-'t'iablify for each irreducible component of VJUV'J, J = k+1
' Condikion . ) : .

,"o,no

(111) We say that ®,9) 1s of monomial type 1if the
series (B.®), regarded as attached to @n okt ) ,1s of

monomial type,

Remark 6.1, Let (R®,® &) ve an admissible series of
germs at 0 + We assume that the rank of (@Q,@ @ =n-1,

Then (:@ @ is of the form @ 0{/ Q, where [V V ,W are

~ ‘V
germs of varleties at O°, Moreover assume that V =?é‘.

6.8,
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Then the problem of finding a normalized series attached to
the admissible series @,@@;@ = (Rn(y’),V,‘ViW) 1s entire—
-ly same as that of finding a ﬁbrmalized serles attached to
the admissible pair (V,W) of germs at On. Now our present
problem is to prove the following Lemma for each X = 1,2,.,
nggg 6'1°xﬁ Let(ﬁ)=k§)ﬁk@'fﬁﬂ'be an admissible series
A s d N

gak-¥" 0of germs of varietios at the origin Oné:Rn(x).

Then there exists a normalized series (R,F) attached proper-

-ly to R. Moreover, for dﬁ%ﬁ) we can assume the following.

1]
(1) «§§@% satisfies the differentiablity condition +
for R, T

"
(I ) (gxgﬁ is of monomial type.

It is clear from Remark 6.1. that the validity of
Lemma 6.1 dfor each §“= 1 2,... implies the validity of The
-orem 6,1, Now for the proof of Lemma 6. 1y for each‘& = 1,2,
veee 1t 18 sufficient to prove the followigé two facts,

(A) Lemma 6.1, | | s

(B) That the validity of Lemma -6, lké_’ Q}= l,..,k -1,
implies the validity of Lemma 6. 1k,where k =2,

The proof of (A) does not contain difficulties. We pos

-tpone the proof of (A) for a little while. We first prove

@ ¥

6.9.




