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Abstract

This dissertation is devoted to online, submodular, and polynomial opti-
mization problems, all of which have been important research subjects in
terms of both theory and practice. With the help of tools and perspectives
provided by discrete structures, which represent certain relationship between
discrete objects, we make various contributions to those problems: we develop
practically effective algorithms, prove new theoretical guarantee of existing
algorithms, and reveal new theoretical properties.

First, we address the online combinatorial optimization: more precisely,
the bandit combinatorial optimization. This optimization problem models
various scenarios of sequential decision making: we adaptively take actions in
a time-varying environment to maximize our utility. In practical settings, each
action we can take is represented as a combination of some elements, and the
number of such actions can be too huge to be handled with existing algorithms.
We address such problems by leveraging data structures called zero-suppressed
binary decision diagrams (ZDDs), which enable us to efficiently deal with
such huge sets of combinatorial objects. We prove theoretical guarantees
of our algorithm and experimentally validate it with bandit combinatorial
optimization instances defined on real-world networks.

We then turn to submodular function maximization problems. Maxi-
mization of submodular functions appear in various situations, e.g., machine
learning, marketing, and facility location, since many utility functions used
in such areas have the submodularity. It is know that efficient greedy-style
algorithms are effective for various submodular function maximization prob-
lems, but they currently have limitations: those algorithms require constraints
of the optimization problems to have some desirable properties, and their
theoretical guarantees are sometimes unsatisfying. We develop two algorithms
to go beyond these limitations. The first is a ZDD-based algorithm that can
deal with various combinatorial constraints with complicated structures, and



the second is an algorithm that can achieve better theoretical guarantees than
the greedy-style algorithms. Unfortunately, unlike the greedy-style algorithms,
both of the two algorithms can incur prohibitively expensive computation
cost in general. However, as we will confirm via various experiments, both
algorithms are empirically efficient enough for practical use. We then address
maximization of k-submodular functions, which can be seen as generalization
of submodular functions, and prove a new theoretical guarantee of the greedy
algorithm for the case where constraints are specified with matroids, which
form a wide class of discrete structures.

We finally consider binary polynomial optimization, or minimization of
polynomial functions with binary variables, which can model various com-
binatorial optimization problems. The problem has complicated underlying
structures, and so many previous studies have considered reformulating the
problem as a convex optimization problem, which is typically easier to deal
with. At the price of tractable representation, however, the size of the re-
sulting convex optimization problem can be exponential in the number of
variables in general. Therefore, to reveal the minimum size of the convex op-
timization problem required for reformulating the original binary polynomial
optimization problem has been an important research subject. We reveal tight
upper bounds on the size of the convex optimization problem by utilizing the
underlying discrete structures of the binary polynomial optimization problem.
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Chapter 1

Introduction

This dissertation considers a wide variety of optimization problems. Basically,
optimization problems model situations where we want to make the best choice
from some set of available choices. The measure that quantifies the goodness
of our choice is called the objective function, and, typically, each available
choice must satisfy certain constraints. Formally, optimization problems can
be written as follows:

maxinmize (or mlglflerglze) f(X) subject to X € C, (1.1)

where X is some space, f : X — R is an objective function, and C C X is a
feasible region, which corresponds to the set of available choices satisfying
constraints. We sometimes refer to the part, X € C, as the constraint and
each X (€ C) as a (feasible) solution.

The degree of difficulty of solving optimization problems (1.1) depends
on the structures f and C. If both f and C have simple structures (e.g.,
specified with linear functions), problem (1.1) is often easy to solve. In many
applications, however, f and/or C have complicated structures, and such
problems are often difficult to solve with existing general purpose solvers.
Moreover, it is believed to be almost impossible to develop an omnipotent
algorithm that can efficiently solve problem (1.1) with any structures of f
and C. These facts have been motivating many researchers to develop various
optimization algorithms by leveraging problem-specific structures.

Throughout this dissertation, we consider addressing various optimization
problems by utilizing discrete structures, which, roughly speaking, are struc-
tures of some objects defined on discrete domains. There are various ways



CHAPTER 1. INTRODUCTION

to use discrete structures for addressing optimization problems: some of our
proposals consider representing feasible region C with discrete structures to
develop efficient optimization algorithms, and others use discrete structures
to understand the nature of optimization problems. Consequently, our works
become problem-dependent. Therefore, below we describe the background and
our contribution for each optimization problem considered in this dissertation
separately: online (bandit) combinatorial optimization, submodular function
maximization, and binary polynomial optimization.

1.1 Bandit Combinatorial Optimization

Bandit combinatorial optimization is an online decision making problem where
a player choose a combinatorial object in each round. This problem generalizes
the well-known multi-armed bandit problem [Robbins, 1952|, where a player
choose an arm in each round. Bandit combinatorial optimization has first
been studied in [Awerbuch and Kleinberg, 2004; McMahan and Blum, 2004],
and both of them obtained first but suboptimal theoretical guarantees. After
that, many researchers have studied the problem and improved the theoretical
guarantees [Dani et al., 2008; Cesa-Bianchi and Lugosi, 2012; Bubeck et al.,
2012]. Relative to other online combinatorial optimization problems, bandit
combinatorial optimization is quite difficult since the feedback a player can
obtain in each round is very little. An extensive survey of online combinatorial
optimization is provided in [Audibert et al., 2014].

Since bandit combinatorial optimization has many applications such as
network routing [Awerbuch and Kleinberg, 2004; Gyoérgy et al., 2007| and
multi-location communication [Imase and Waxman, 1991], it is important
to develop practical bandit combinatorial optimization algorithms. Unfor-
tunately, however, existing algorithms, including those listed in the above
paragraph, are inefficient since they basically examine all combinatorial ob-
jects in each iteration to make a decision. Given a ground set, the number of
combinatorial objects is generally exponential in the ground-set size, and thus
existing algorithms do not scale to large instances that appear in real-world
scenarios.

In Chapter 3, we propose an efficient bandit combinatorial optimization
algorithm. Our main idea is to represent all the combinatorial objects
compactly by using a certain discrete structure, called zero-suppressed binary
decision diagram (ZDD). Our algorithm enjoys theoretical guarantees that

2



1.2. CONSTRAINED MONOTONE SUBMODULAR FUNCTION
MAXIMIZATION

are as good as those of existing ones, and it works efficiently for bandit
combinatorial optimization instances defined on networks, which include the
applications mentioned above. We confirm the efficiency of our algorithm via
experiments.

1.2 Constrained Monotone Submodular Func-
tion Maximization

Submodular functions are set functions defined on a finite ground set and have
the diminishing return property. Since various practical set functions conform
to the law of diminishing marginal utility, submodular function maximization
appears in many realistic scenarios: sensor placement [Krause et al., 2008a,b],
feature selection |[Thoma et al., 2009], document summarization [Lin and
Bilmes, 2010], and influence maximization [Kempe et al., 2003].

The most well-know result is the (1 — 1/e)-approximation guarantee of the
greedy algorithm for the case of monotone submodular maximization with a
cardinality constraint [Nemhauser et al., 1978]. Sviridenko [2004] proved that
the same guarantee is possible in polynomial time for the case with knapsack
constraints. Calinescu et al. [2011] proposed a continuous-version of the greedy
algorithm, which achieves the (1 — 1/e)-approximation guarantee for the case
of matroid constraints. It is know that no polynomial time algorithms can
improve the above (1 — 1/e)-approximation guarantees in general [Nemhauser
and Wolsey, 1978; Feige, 1998]. However, if a submodular function has
some desirable properties, we can obtain better guarantees; the curvature of
submodular functions is often used in this context. If submodular functions
have small curvature values, better approximation guarantees can be achieved
for the case of the cardinality, matroid, and knapsack constraints [Conforti
and Cornuéjols, 1984; Sviridenko et al., 2015; Yoshida, 2019|.

Since the submodularity provides various benefits both in theory and
in practice as above, extending the notion to more general settings is an
interesting and valuable research direction. The k-submodular function [Huber
and Kolmogorov, 2012 is one such extension, whose input is given by k& disjoint
subsets instead of a single subset. For example, it appears when we consider
placing k kinds of sensors. Most previous studies on k-submodular function
maximization are devoted to unconstrained and cardinality-constrained cases:
Ward and Zivny [2016] provided a constant-factor approximation algorithm

3



CHAPTER 1. INTRODUCTION

for unconstrained non-negative k-submodular function maximization, and
Iwata et al. [2016] improved this result. They also provided an approximation
algorithm for non-negative monotone k-submodular maximization and proved
the tightness of their result. Ohsaka and Yoshida [2015] proved constant-
factor approximation guarantees for non-negative monotone k-submodular
maximization with some cardinality constraints.

In Chapters 5, 6, and 7, we make the following three contributions to
constrained monotone (k-)submodular function maximization.

Monotone Submodular Function Maximization over Graphs

While submodular function maximization with aforementioned relatively
simple constraints have been studied extensively, many practical problems
have more complicated constraints. For example, when collecting information
by using a mobile robot equipped sensors, we need to design a trajectory
of the robot so that it can collect as much information as possible. Such
a problem can be formulated as submodular function maximization with
constraints defined on graphs. Such constraints are often very complicated,
and so the resulting problems are typically hard to deal with. In Chapter 5,
we develop a ZDD-based approximation algorithm for such problems; while its
computation complexity is generally not polynomial in the size of instances, it
is efficient enough to be used for practical moderate-size instances. We provide
a curvature-based approximation guarantee, and we confirm the effectiveness
of our algorithm via experiments. We also discuss greedy maximization of
set functions that has approximate submodularity over some graph-based
constraints.

Monotone Submodular Function Maximization under Knapsack
Constraint

As mentioned above, regarding monotone submodular function maximization
under a knapsack constraint, which for short we call submodular knap-
sack problem, no polynomial time algorithms can improve the (1 — 1/e)-
approximation guarantee in general. In some cases, however, we need approx-
imation guarantees that are better than 1 — 1/e ~ 0.63, particularly when
making vital decisions on the basis of computed solutions. In Chapter 6,
by leveraging a search strategy described on some discrete structures, we
develop an algorithm for submodular knapsack problems that can achieve

4



1.3. BINARY POLYNOMIAL OPTIMIZATION

any approximation ratio a € [0, 1], where « is an input of the algorithm that
controls the trade-off between running times and approximation guarantees.
Our algorithm generally requires computation cost that is exponential in
the instance size; this is natural due to the hardness of the original problem.
Fortunately, however, our algorithm empirically runs fast enough to be used
for moderate-size instances as confirmed via experiments.

k-submodular Function Maximization under Matroid Constraint

The k-submodular function maximization has been studied extensively for the
unconstrained and cardinality-constrained cases, but few previous studies have
addressed the problems with more general constraints. In particular, while
submodular function maximization with a matroid constraint has been well
studied as mentioned above, no approximation algorithms for k-submodular
function maximization with a matroid constraint have been studied. In
Chapter 7, we show that the greedy algorithm can achieve a 1/2-approximation
guarantee for non-negative monotone k-submodular function maximization
with a matroid constraint.

1.3 Binary Polynomial Optimization

We finally study the binary polynomial optimization problem (POP), which
is a problem of minimizing d-degree polynomial functions with n binary
variables. Since polynomial functions can represent various practical objective
functions, binary POPs appear in many scenarios, e.g., max-cut and maximum
independent set problems. The binary POP is quite hard due to its non-
convexity, and so how to reformulate (or relax) it as a convex optimization
problem has been extensively studied. One of the most common approach is
to use semidefinite programming (SDP), a convex optimization problem with
a matrix variable. For the case of max-cut, a special case of binary POPs with
d = 2, Goemans and Williamson [1995] proposed a 0.87856-approximation
algorithm by using SDP relaxations.

When it comes to general binary POPs, the Lasserre’s hierarchy |Lasserre,
2001b| provides an well-established framework for obtaining SDP relaxations.
The size of SDPs obtained with the framework is specified by the so-called
relaxation order w; an SDP with relaxation order w is called the wth SDP
relaxation. SDPs with larger w provide tighter relaxations, but their sizes
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increase with w. Therefore, the minimum value of w required for obtaining
an exact reformulation of the original binary POP has been an attractive
research subject. For the case of d = 2, Laurent [2003| conjectured that the
[1/2]th SDP relaxation always provides exact reformulations of binary POPs,
and this was proved by Fawzi et al. [2015]|. For the case of d > 2, Lasserre
[2001a] proved that the nth SDP relaxation provides an exact reformulation,
i.e., w = n. However, whether we can reduce w = n without spoiling the
exactness has been an open problem.

In Chapter 8, we show that the [(n 4+ d — 1)/2]th SDP relaxation provides
an exact reformulation of general binary POPs, and it can be reduced to
[(n+d—2)/2] if objective functions involve only even-degree monomials.
Our proof extends the technique of [Fawzi et al., 2015], developed for the case
of d =2, to the case of general d. To this end, we utilize underlying discrete
structures of binary POPs.

1.4 Notation and Definitions

We denote the set of real and integer numbers by R and Z, respectively.
We use Rxg (Zso) and Rsg (Z~o) to denote the sets of positive and non-
negative real (integer) numbers, respectively. Given any m € Z-, we define
[m] := {1,...,m}. Given a finite set F' and set of numbers X, e.g., R, Z,
and {0, 1}, we let X' denote the space of vectors (or matrices) whose entries
belong to X and are indexed by the elements in F'.

Unless otherwise specified, we employ the following notation regarding
vectors and matrices. We denote vectors and matrices by bold and capital
italic letters, respectively, e.g., a,b € R™ and A, B € R™*". Each entry of
vectors and matrices are denoted by italic letters, e.g., a; € R and A, ; € R.
The zero and all-one vectors are denoted by 0 and 1, respectively. Given any
vector & = (z1,...,7,) € R", we let ||z||, denote the ¢,-norm defined by

(Xicn |x§’|)1/p. We sometimes denote the fo-norm simply by || - ||. Given any
square matrix X € R™*", we denote its trace by tr(X) =" | X;;.

Let V be a finite ground. We use 2" to denote the power set of V. The
cardinality of any X C V is denoted by | X|. Given any X CV and v € V,
we sometimes abuse the notation and denote X U {v} by X Uv and X\{v}
by X\v. Let f: 2" — R be any set function. For any X,Y C V, we define
fY ] X)=f(XUY)— f(X). We sometimes abuse notation as above and

6
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U1 U1

€9 €2

€1 €1

€3 €3

) 2
U3 U3

Figure 1.1: Examples of undirected (left) and directed (right) graphs. The
directed graph is acyclic, but it is not a tree.

denote f({v} | X) by f(v | X).

Finally, we introduce notation and definitions related to graphs, which are
prevalent discrete structures and will appear repetitively in this dissertation.
An undirected graph, G = (V, F), is specified with a finite set of vertices, V,
and set of edges £ C V x V; we often refer to an undirected graph simply as
graph. A sequence of edges such that (vy,vs), (ve,v3), ..., (vk_1,vk) is called
a path connecting v; € V and v, € V. A path that has no repeated vertex is
called a simple path, and a path with no repeated edge is called a walk; we
take any path appears in what follows to be simple unless otherwise stated.
Graph G is said to be connected if any two vertices in G are connected by at
least one path; we suppose G to be connected unless otherwise stated. Graph
G is called a tree if any pair of vertices are connected by only one path. A
cycle in G is a sequence of edges such that (v, vs), (v, v3),. .., (Vk, v1), and
graph GG with no cycle is said to be acyclic. An undirected graph, G, is a tree
iff G is acyclic. If each edge e = (u,v) € E in G has a direction, we say G
is a directed graph, and we sometimes call an edge of a directed graph an

arc. Note that a directed graph is not always a tree even if it is acyclic (see,
Figure 1.1).

Graph structures are often used to describe constraints of optimization
problems. For example, if we are to find the shortest route connecting certain
two locations on a road network, we represent the network with a graph and
we solve a minimization problem whose constraints force an output solution
to be a path connecting the two vertices. Moreover, the decision diagrams,
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which we will explain in Chapter 2 and use in Chapters 3 and 5, can also
be seen as directed acyclic graphs (DAGs). In Chapter 6, we use directed
tree structures to develop an optimization algorithm. In Chapter 8, we study
polynomial optimization problems by representing their underlying structures
with graphs. We sometimes call graphs as networks, particularly when they
should be distinguished from decision diagrams.

1.5 Organization

The rest of this dissertation is organized as follows. Chapter 2 presets back-
ground to the decision diagrams, we will use in Chapters 3 and 5. Chapter 3
develops an ZDD-based algorithm for the bandit combinatorial optimization.
Chapters 4, 5, 6, and 7 are devoted to submodular function maximization.
Specifically, Chapter 4 presents background to submodular function maximiza-
tion, Chapter 5 presents the ZDD-based approach to monotone submodular
function maximization over graphs, Chapter 6 presents the algorithm that
can achieve arbitrary approximation ratios for submodular knapsack prob-
lems, and Chapter 7 proves the 1/2-approximation guarantee of the greedy
algorithm for monotone k-submodular function maximization under a ma-
troid constraint. Chapter 8 considers binary POPs and proves the exactness
of the [(n+d —1)/2]th (and [(n + d — 2)/2]th) SDP relaxations. Finally,
Chapter 9 concludes this dissertation. Figure 1.2 illustrates the dependence
structure of the chapters.



Chapter 2

Background to Decision Diagrams

This chapter presents an overview on decision diagrams (DDs): data structures
that we will use repetitively in this dissertation. The readers who are familiar
with this topic can skip this chapter.

In many realistic scenarios, optimization problems have combinatorial
constraints, e.g., that of the shortest path problem mentioned in Chapter 1. If
combinatorial constraints enjoy desirable properties, e.g., so-called hereditary
and augmentation properties, we can often develop efficient optimization
algorithms. Unfortunately, however, constraints of many practical optimiza-
tion problems do not have such nice properties. In such cases, to store all
feasible solutions can be a simple but powerful approach. The following
data structures are basically designed to (compactly) store all combinatorial
objects satisfying certain constraints.

2.1 Binary Decision Trees (BDTs)

The binary decision tree (BDT) is a naive data structure that can store all
feasible solutions. Let E be a finite ground set and C C 2% be a set of all
feasible solutions. For example, in the case of the shortest path problem,
E is an edge set of a given graph and C is a set of all paths that connect
two specified vertices s and t. A BDT that stores all X € C is constructed
as follows. We fix a total order of all elements in E; for simplicity, we let
E ={1,...,|E|}. In this order, we repeatedly consider two cases: e € F
is chosen or not. Consequently, we have 2%l outcomes, {X}yeor. BDT
Te = (N, A) is a directed tree that represents all the outcomes. Let r € N be
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Figure 2.1: Examples of an undirected graph G = (V, E') with two specified
vertices, s and ¢, and BDT T, = (N, A) that stores all s—t paths. Each node
n € N of BDT is labeled with I, € F, and a solid (dashed) arc represents 1-arc
(0-arc). Square nodes labeled with 1 (0) are 1-terminal (0-terminal).

a root node of Te. Each n € N is labeled with [, € E, and r is labeled with
[, = 1. A BDT has two kinds of arcs: 1-arc and 0-arc. Each l-arc (0-arc)
(m,n) € A represents the situation where [, € F is chosen (not chosen), and
every (m,n) € A satisfies I, = I, + 1. As a result, a BDT has 2| terminal
nodes, and each path connecting r to a terminal node is associated with a
subset, X € 2F. If X € C (X ¢ C), then the corresponding terminal node
is labeled with 1 (0), which we call 1-terminal (O-terminal). Note that, for
ease of understanding, “1” is used as a label of both an element in £ and
a terminal node; the meaning of the label will be clear from the context.
Figure 2.1 presents an example of a BDT.

2.2 Binary Decision Diagrams (BDDs)

While a BDT can store all feasible solutions, its size (or the number of
nodes) always increases exponentially in |F|. This is a crucial bottleneck
when applying BDTs to realistic large-scale problems. The binary decision
diagrams (BDDs) [Lee, 1959; Bryant, 1986] were developed to overcome this
hardship. We can obtain BDDs by removing redundant parts of BDTs, and
BDD sizes can be empirically much smaller than BDT sizes.

Below we detail how to construct a BDD B = (N, A), which is a DAG-
shaped data structure that can store all X € C. We let b € {0,1}, and we
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Figure 2.2: Example of BDD B; = (N, A) that stores all s— paths. Each node
n € N is labeled with [, € E, and a solid (dashed) arc represents 1-arc (0-arc).
Square nodes labeled with 1 (0) are 1-terminal (0-terminal).

refer to a node that is pointed to by b-arc outgoing from n as b-child of n.
We use aP and c? to denote n’s b-arc and b-child, respectively; consequently
ab = (n, c) holds. With these definitions, we describe how to compress BDTs
to obtain BDDs.

Merging Rule. A non-terminal node n € N\{0, 1} is said to be sharable
if there exists another node n’ such that I, = [y and ¢ = ¢ (b € {0,1});
namely, n and n’ have the same label and children. Any sharable node n can
be removed by replacing (m,n) with (m,n’).

Elimination Rule. A non-terminal node n is redundant if c? = cl; i.e.,

both outgoing edges point to the same node. Any redundant node n can be
removed by replacing all (m,n) with (m, c?).

By iteratively removing nodes from a BDT according to the above rules,
we can obtain a BDD. We say a BDD is reduced if any node is neither sharable
nor redundant. Furthermore, a BDD is said to be ordered if any (m,n) € A
satisfies I, < [,. Given a total order of E = {1,...,|E|} and C C 2F, the
reduced and ordered BDD B¢ is known to be unique [Akers, 1978]. Figure 2.2
presents an example of a reduced and ordered BDD.

In practice, the above construction of BDDs that starts from BDTs is
often expensive. Alternatively, we can construct BDDs efficiently with apply
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Figure 2.3: Example of ZDD Z, = (N, A) that stores all s— paths. Each node
n € N is labeled with [, € F, and a solid (dashed) arc represents 1-arc (0-arc).
Square nodes labeled with 1 (0) are 1-terminal (0-terminal).

functions [Bryant, 1986|, which enable us to perform binary operations (e.g.,
union and intersection) of two families of sets represented with BDDs.

2.3 Zero-suppressed BDDs (ZDDs)

The above BDDs were originally developed for representing C C 2F that is
specified with Boolean functions. In this dissertation, we often consider C
that is specified with combinatorial constraints described on graphs, e.g., s—t
paths on a given graph. The zero-suppressed BDD (ZDD) |[Minato, 1993] is
another DAG-shaped data structure that has been developed for efficiently
dealing with such combinatorial constraints.

The definition of ZDD Z; = (N,A) is mostly the same as that of BDDs;
the difference is in the elimination rule. Specifically, we employ the following
elimination rule alternatively.

Elimination Rule. A non-terminal node n is redundant if c! = 0; i.e., its
l-arc directly points to the 0-terminal. Any redundant node n can be removed
by replacing all (m,n) with (m, c?).

By removing all sharable and redundant nodes, we obtain reduced ZDDs.

Figure 2.3 shows an example of a ZDD. Compared to the BDD in Figure 2.2,
the ZDD has fewer nodes. Empirically, thanks to the elimination rule, ZDDs

12
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Table 2.1: Notation and symbols for ZDDs

Zc = (N,A) | ZDD that represents C
reN root node
0,1eN 0- and 1-terminals
lh,e E label of n € N
ab €A b-arc outgoing from n (b € {0,1})
cteN n-child of n (b € {0,1})
Run C 28 | set of all routes connecting m to n
XgCFE subset of E represented by route R

tend to be advantageous over BDDs when representing “sparse” sets. For
example, when the size of every X € C is small relative to |E|, ZDDs are
often smaller than BDDs. In contrast, BDDs are often advantageous when
C is upward closed; i.e., X DO Y € C implies X € C. This is because their
elimination rule (or the “don’t care” property) is suitable for representing
such C.

For later use, we formally describe the one-to-one correspondence between
a subset X € C and a path on Z¢ connecting r to the 1-terminal. We let
Run C 2% (m,n € N) to denote a set of directed paths from m to n. We
sometimes call a path on decision diagrams as a route, particularly when
paths on graphs and decision diagrams should be distinguished. Given route
R C A, we define Xy := {l, € F | al € R}; i.e, it is a collection of chosen
labels on route R. Then, Z; satisfies

C={Xa|RER} (2.1)

Namely, there is the one-to-one correspondence between X € C and R € R, ;.
For convenience, we present a summary of notation and symbols related to
ZDDs in Table 2.1.

For various practical combinatorial constraints, it is known that ZDDs
can be efficiently constructed and that their sizes can be very small. Below
we detail ZDD representations of two kinds of constraints: the knapsack
constraint and constraints defined on graphs.

Knapsack Constraint. Suppose that each i € FE is associated with a
positive integer b; and that a budget value B > 0 is given. We here consider
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the knapsack constraint; ie.,C ={X C E| ) ,.b; < B}. In this setting, the
ZDD maintains at most B kinds of states for each ¢ € E (see, also Bergman
et al. [2016]). Hence the resulting ZDD size is at most O(dB), and it can be
constructed in O(dB) time.

Constraints on Graphs. Let G = (V, E) be a graph and C C 2F consist of
certain subgraphs (e.g., s—t paths, Steiner trees, matching, and cliques). When
constructing ZDDs for such C, the frontier-based search (FBS) |[Kawahara
et al., 2017a] is often used, which is a fast construction algorithm based
on Knuth’s Simpath algorithm [Knuth, 2011]. FBS constructs a ZDD in a
top-down manner using the mate arrays, which maintain current search states
as some positive integers. If wg is the pathwidth of G and ¢ is the largest
integer stored in the mate arrays, then the size of ZDDs constructed by FBS is
bounded from above as |N| < |E|§“¢; empirically, we often have |N| < |E|§“¢
in practice (see, [Inoue and Minato, 2016; Kawahara et al., 2017a| for details).
In the worst case we have wg = |V, and thus the resulting ZDD size, |N|, can
be exponential in |V]. However, if wg is bounded by a small constant, |N|
is also bounded. The time and space complexities of FBS are bounded by
O(|E|é¥¢). In practice, ZDDs for storing subgraphs with various structures
can be efficiently obtained by using an existing software [Inoue et al., 2016].

2.4 7ZDDs with Vertex Indices

As mentioned above, ZDDs are often used to store all subgraphs X € C
satisfying certain constraints. Given graph G = (V, E), ZDDs Z¢ usually store
families of edges; i.e., C C 2¥. However, as in Chapter 5, some optimization
problems require us to store vertex subsets that induce X € C, which cannot
be stored with standard ZDDs. Fortunately, a variant of ZDDs developed by
Suzuki and Minato [2016] can store such vertex subsets. Below we present
the details of such ZDDs Zc = (N, A) with vertex indices.

Let I := EFUV be the set of all edges and vertices of G. We take elements
in I to be totally ordered as I = {1,...,|V| + |E|} (see, Kawahara et al.
[2017D| for details of the ordering). Each node n € N\{0, 1} is labeled with
l, € I, and the root node is labeled with 1 € I, i.e., [, = 1. As with standard
ZDDs, each non-terminal node n has two outgoing arcs (0-arc and 1l-arc).
Furthermore, we can make ZDDs with vertex indices reduced and ordered.
Figure 2.4 presents an example of ZDDs with vertex indices. We define edge
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Figure 2.4: Example of ZDD Z; = (N, A) with vertex indices that stores all
3-6 paths. Each node n € N is labeled with [, € E UV, and a solid (dashed)
arc represents 1-arc (0-arc). Square nodes labeled with 1 (0) are 1-terminal
(O-terminal).

subset By C E and vertex subset V5 C V that are associated with route R C A
as follows:

Ey = {l, € F|a}l €Rr}, Vo= {l, €V |al €eR}.

Analogous to the case of the standard ZDDs, there is a one-to-one correspon-
dence between X € C and R € R, 1:

C={ExCE|RE R}

Furthermore, V4 always coincides with the set of vertices that induces FEy for
any R € Ry .

We can construct ZDDs with vertex indices by using an algorithm proposed
by Kawahara et al. [2017b]. The ZDD size can be bounded as |N| < (|E| +
2|V ])0“¢, where wg is the pathwidth of G and 0 is the largest integer stored
in the mate arrays when constructing ZDDs (see, [Suzuki and Minato, 2016]
for details).
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2.5 Literature Overview on Decision Diagrams
and Optimization

Thanks to the recent advances in algorithms for constructing DDs, optimiza-
tion methods using DDs are receiving much attention. For example, Coudert
[1997] presented ZDD-based algorithms for various graph optimization prob-
lems. Morrison et al. [2016] developed a branch-and-bound algorithm for
graph coloring problems by utilizing ZDDs. Those methods are advantageous
in that, thanks to their use of DDs representing C, various queries about C
can be answered efficiently, e.g., checking whether given subset X satisfies
X € C or not, and finding X € C that maximizes (or minimizes) linear (or
modular) functions of X. For further information, we refer the readers to a
comprehensive book by Bergman et al. [2016].
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Chapter 3

Bandit Combinatorial
Optimization with ZDDs

In this chapter, we consider the online combinatorial optimization (OCO)
with bandit feedback, which we call the bandit combinatorial optimization
(BCO). A BCO instance generally has a huge set of all feasible solutions,
which we here call the action set. To avoid dealing with such huge action sets
directly, we propose an algorithm that takes advantage of ZDDs, with which
we encode action sets as compact DAGs. The proposed algorithm achieves
either O(T%?) regret with high probability or O(v/T) expected regret at any
T-th round. Typically, our algorithm works efficiently for BCO problems
defined on networks. Experiments show that our algorithm is applicable to
various large BCO instances including adaptive routing problems on real-world
networks.

3.1 Introduction

The online combinatorial optimization (OCO) problem [Audibert et al., 2014]
is a sequential decision problem repeated for ¢t = 1,...,n. Let E = [d]
be a finite set and C C 2F be a collection of all subsets satisfying certain
constraints, which we here call an action set. In the t-th round, a player
chooses action X; € C. Then the player incurs a cost and obtains feedback
according to the selected action X;. The goal of the player is to minimize the
cost accumulated up to time horizon n by adaptively choosing an action in
each round.
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Examples of the OCO include various important problems on networks:
the online shortest path (OSP) problem [Awerbuch and Kleinberg, 2004;
Gyorgy et al., 2007] and the dynamic Steiner tree (DST) problem |[Imase and
Waxman, 1991]. We can also regard the congestion game (CG) [Rosenthal,
1973; Palaiopanos et al., 2017| as a multiple-player version of OCO. For
example, in an OSP on a communication network, F is the edge set of the
network, an action is an s—r path that connects sender s to receiver r, and
action set C is the set of all s—r paths. The cost of an edge is the transmission
time taken to send a message along the edge, and it is expected to dynamically
change due to the time-varying congestion or accidents (e.g., cyber attacks).
Thus an s—r path must be chosen adaptively each time a message is sent from
stor.

The main difficulty with OCO is that the size of an action set generally
increases exponential in |E|. To deal with huge action sets, existing methods
for OCO problems assume that an action set has certain desirable properties.
For instance, some methods assume that an action set is given by m-sets [Kale
et al., 2010], permutations [Ailon et al., 2014|, or s—r paths on a DAG |Taki-
moto and Warmuth, 2003; Gyorgy et al., 2007]. An OCO algorithm that
works efficiently with the convex hull of an action set are studied in [Koolen
et al., 2010; Combes et al., 2015]. However, many important OCO instances,
including OSP, DST, and CG on undirected networks with limited feedback,
are still awaiting efficient algorithms.

3.1.1 Our Contribution

We develop an efficient and theoretically guaranteed algorithm for OCO
with bandit feedback, which we call bandit combinatorial optimization (BCO);
the details of the feedback are described later. To obtain strong theoretical
guarantees, we use the strategy of ComBanD [Cesa-Bianchi and Lugosi, 2012|,
which achieves O(y/n) regret in expectation for BCO problems. We slightly
modify ComBAND to obtain any-time guarantees |[Braun and Pokutta, 2016];
we call the modified algorithm ComsD (ComBanp with decreasing parameters)
to distinguish it from the original ComBanp. CoMmBD achieves either O(T2/3)
regret with high probability or O(\/T ) expected regret at any T-th round
(T € {1,...,n}) without knowing n, and we can select which regret value is
to be achieved using a hyper parameter.

The naive implementation of ComBD, however, is impractical given the
huge size of action sets. More precisely, as we will see later, ComBD has
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two costly steps: sampling an action from the action set and computing
unbiased estimators of loss values for all : € E. We address these problems
by taking advantage of ZDDs, which we use to encode action sets as compact
DAGs. We first show that the sampling step can be completed by applying
an existing dynamic programming (DP) method [Takimoto and Warmuth,
2003| to ZDDs. We then provide a novel DP method on ZDDs to compute
the unbiased estimators. These methods enable ComBD to be performed on
ZDDs efficiently, and thus we obtain a practical BCO algorithm, which we call
ComeD3 (ComBD with decision diagrams). The time and space complexities
of ComBD3 in each round are proportional to ZDD size. While ZDD size
can grow exponentially in |E/| in general, it is bounded in some cases (e.g., a
knapsack constraint and an s—r path constraint on a network with bounded
pathwidth) as mentioned in Section 2.3; in such cases the complexities of
ComBD3 are also bounded. In practice, ZDDs tend to be orders of magnitude
smaller than action sets, which is experimentally confirmed in [Minato, 1993|
and our experiments (Section 3.4). In particular, ZDDs that encode network-
based action sets (e.g., those arise in the OSP, DST, and CG) are often small.
Experimental results on OSP and DST instances show that ComD3 is far
more scalable than ComBanD, which deals with action sets directly. We also
apply ComBD3 to CGs on real-world networks and show that it is useful for
practical adaptive routing problems.

3.1.2 Problem Statements

We consider online combinatorial optimization with action set C C 2%, where
E = [d] is the finite ground set. At each t-th round (¢ € [n]), an adversary
secretly chooses loss vector €; = ({;1, . .. ,Etvd)T € R? and the player chooses
action X; € C. The player then incurs, and observes, the cost ¢; = EtT 1x,,
where 1x, € {0,1}¢ is an indicator vector such that its i-th entry is 1 if i € X
and 0 otherwise. This observation setting is called the bandit feedback setting;
note that the player cannot observe £;. The aim of the player is to minimize
regret Ry defined as follows for any T' € [n]:

T T
RT = Ze;r]_xt - r)?éréZKtTlX
t=1 t=1

The first term is the cumulative cost and the second term is the total cost of
the best single action selected with hindsight. Namely, Ry expresses the extra
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cost that the player incurs against the best single action. As in [Cesa-Bianchi
and Lugosi, 2012|, we assume max;c[,, xec |€] 1x| < 1.

We consider that the player (and the adversary) is allowed to use a
randomized strategy to choose X; (and £;). In such cases, Ry is a random
variable of a joint distribution p(£1.r, X1.7), where X1.0 = {X,..., Xr} and

by = {ly,...,Lr}. Here, p is assumed to satisfy the following conditional
independence:
p(£1:T7X1:T) = H p(Xt | El:tbel:tfl)p(et | El:tthl:tfl)a
te[T)

where X0 = €10 = {}. p(&; | X1.4-1,%€1.4—1) corresponds to the adversary’s
strategy and p(X; | X1.4—1,#€1.4—1) corresponds to the player’s strategy. Since
the player cannot directly observe £, the player’s strategy must satisfy
p(Xe | X1-1,814-1) = p(Xy | X14-1,¢14-1). Using the joint distribution p,
expected regret Ry is defined as

T T
Rr = I)r(lgé(]EelzT,XLTNP ;ez—l)ﬁ - ;Ez—lX

The objective of BCO is to design the player’s strategy p(Xy | Xiuo1,c10-1)

so that it minimizes Ry or Ry. We abbreviate p(X; | X141, c14-1) by pi(X5).

3.1.3 Related Work

There are three well-studied feedback settings for OCO:

Full-information feedback: £, is observable.
Semi-bandit feedback: {l; i € X;} is observable.
Bandit feedback: = EtT 1x, is observable.

BCO is very challenging since its feedback is the least informative, and so it
continues to be an attractive research subject [Awerbuch and Kleinberg, 2004;
McMahan and Blum, 2004; Bartlett et al., 2008; Dani et al., 2008; Kale et al.,
2010; Uchiya et al., 2010; Bubeck et al., 2012; Cesa-Bianchi and Lugosi, 2012;
Ailon et al., 2014; Combes et al., 2015]. For further previous works on OCO,
we refer the readers to [Audibert et al., 2014|. We here show some relevant
existing works focusing on the two features of our algorithm: efficiency and
any-time guarantees.
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Efficiency. The multiplicative weight update (MWU) strategy with expo-
nential factors (or Hedge algorithm [Freund and Schapire, 1999]) is often
employed to design efficient OCO algorithms. For the full-information OCO,
various efficient Hedge-based algorithms have been developed |Takimoto and
Warmuth, 2003; Koolen et al., 2010; Rahmanian et al., 2017]. Our algorithm
is related to the Hedge-based algorithm for OSPs on DAGs [Takimoto and
Warmuth, 2003|; both their algorithm and ours use the weight pushing tech-
nique [Mohri, 2009] as their building block. Koolen et al. [2010] studied
full-information OCO problems whose constraint is characterized by a poly-
tope, and Rahmanian et al. [2017] considered full-information OCO problems
called dynamic programming games; we are interested in a different class
of constraints that are represented compactly with ZDDs. Applying the
Hedge-based algorithms to BCO problems is not straightforward since those
algorithms require £; in each ¢-th round, which cannot be observed in the
bandit feedback setting. A common approach to overcome this difficulty is to
use an unbiased estimator £€; of £;, which can be obtained by computing a
co-occurrence probability matriz (CPM) as in [Bartlett et al., 2008; Dani et al.,
2008; Cesa-Bianchi and Lugosi, 2012|. ComBanp [Cesa-Bianchi and Lugosi,
2012] is a general BCO algorithm that employs such an approach and enjoys
strong theoretical results. The drawback of ComBaNnD is that its computation
cost in each round is generally exponential in d; in particular computing a
CPM requires O(d?|C|) time. To avoid such expensive computation, Combes
et al. |2015] proposed ComBEXP, which is basically a bandit counterpart
of the algorithm presented in [Koolen et al., 2010]. ComBEXP scales up
ComMBAND by employing a projection onto the convex hull of an action set via
KL-divergence. For some action sets for which the projection can be done
efficiently (e.g., m-sets and a set of matchings), CoMBEXP runs faster than
ComBanD, while achieving almost the same regrets. However, it is difficult to
perform the projection for other action sets (e.g., s—r paths or Steiner trees);
actually it is NP-hard to do the projection in the case of OSP and DST on
undirected networks. In contrast, our algorithm can work efficiently with
those problems thanks to the use of ZDDs, which can represent network-based
action sets including those of OSP and DST compactly.

Any-time Guarantees. When using online optimization algorithms in
practice, we rarely know how long the algorithms will continue to be executed
in advance; in other words the value of time horizon n is seldom available.
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Considering this, the regret values of online algorithms should be bounded
at any T-th round (7" € [n]) without using n. Such regret bounds are called
any-time guarantees |Braun and Pokutta, 2016]. How to obtain any-time
guarantees has been studied for ordinary online learning problems [Cesa-
Bianchi and Lugosi, 2006], OCO problems with a variant of semi-bandit
feedback [Kocak et al., 2014|, and the BCO [Braun and Pokutta, 2016].
However any-time guarantees of ComBanDp [Cesa-Bianchi and Lugosi, 2012],
which we use to construct our BCO algorithm, have not been established;!
in [Cesa-Bianchi and Lugosi, 2012] it is proved to achieve O(y/n) expected
regret at the n-th round. We prove that ComBanp with slight modification,
called ComBD, achieves any-time guarantees by using the techniques shown
in [Cesa-Bianchi and Lugosi, 2006; Braun and Pokutta, 2016].

3.1.4 Overview of Our Algorithm

We provide a high-level sketch of our algorithm. Given action set C, we first
construct a ZDD Z¢ = (N, A) that stores all X € C compactly; all procedures
of our algorithm are performed on the ZDD, and thus we can avoid dealing
with action set C explicitly. As in Section 2.3, a ZDD is a DAG-shaped data
structure, and each action is represented as a path that connects the root
and 1-terminal. Therefore the original BCO instance reduces to an OSP
on the ZDD with bandit feedback. The BCO algorithm, ComsD, for this
problem can be performed efficiently on the ZDD by using DP methods. This
ZDD-based algorithm is called ComD3, and it runs in O(d|N|) time in each
round. Since |N| is empirically much smaller than |C|, ComBD3 can run much
faster than existing BCO algorithms whose complexity depends on |C|.

In Section 3.2 we detail ComsD, a BCO algorithm that takes O(d?|C|)
time in each round in general. In Section 3.3 we explain ComBD3.

Remark 1. At first glance, the aforementioned OSP on ZDDs may appear
to be solved just by using existing OSP algorithms [Takimoto and Warmuth,
2003; Gyorgy et al., 2007; Koolen et al., 2010], however it is not true. The
problems they considered are OSPs with full-information or semi-bandit
feedback, and thus how to obtain the unbiased estimator #; of £;, which is

1 An any-time guarantee of COMBAND is stated in [Braun and Pokutta, 2016], but the
proof seems to include some mistakes. However, their proof techniques are still useful, and
so we prove the O(T?/3) high-probability regret bound of COMBD by modifying their proof
and using the techniques in [Cesa-Bianchi and Lugosi, 2006].
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Algorithm 1 ComeD(a,C)

1: Lo; 0, wy; < 1 (i € E)
2: fort=1,...,ndo

_ =1/ A(t41)"1/e
3: Tt T M1 S T 5pr

Xi ~py > output for ¢-th round
o — 0] 1y, > £; is unobservable
Pt(ivj) — ZXec:i,jeX pt(X) (Z’] € E)

0 Py,

Zt,i — Et—l,i + th (i€ E)

9: Wiy1; < exp (— 7]t+1Et,i) (i € E)

10: end for

computationally the most difficult part, is unclear in our bandit feedback
setting. We overcome this problem by developing novel DP methods that
enable us to compute a CPM efficiently on ZDDs; with the CPM we can
compute £;.

3.2 ComD: ComBanp with Decreasing Param-
eters

We here describe ComBD, which is obtained by introducing the decreasing
parameters (see, e.g., [Cesa-Bianchi and Lugosi, 2006|) to ComBanp [Cesa-
Bianchi and Lugosi, 2012].

ComBD designs the player’s strategy p;(X;) as in Algorithm 1. We define
D = maxxcc ||[1x]|| for any given C C 2%, where ||| is the Euclidian norm.
We also define A as the smallest non-zero eigenvalue of Ey..,[1x1%], where u
is the uniform distribution over C. For some cases, the value of \ is proved to
be bounded from below [Cesa-Bianchi and Lugosi, 2012; Combes et al., 2015].

Given non-negative vector w = (wy,...,wy)" € R? and action set C C 2F,
we define the action distribution as

P(X;w,C) =

where

w(X) = Hwi and Z(w,C) = Zw(X).

i€X XeC
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Using the above, we define the player’s strategy p;(X;), which appears in
Step 4, as follows:

pt(Xt) = (1 - 7t>p<Xt; wt7c> + rytp(Xt; ]-Ev C)v (31)

where w; = (wy1,...,w.4)" is the weight vector defined in Step 9, and
is the parameter defined in Step 3. Note that p(Xy;1g,C) is the uniform
distribution over C. As in (3.1), p; is a mixture of two action distributions
with the mixture rate ;.

For any distribution p over C, a matrix P is called a co-occurrence prob-
ability matriz (CPM) if its (7, 7) entry P(i,7) is given by the co-occurrence
probability

plie X, jeX)= Y pX)
XeCijeX
Matrix P, computed in Step 6 is the CPM of p;, and P;" used in Step 7 is
the pseudo-inverse of P,. From (3.1), we have

With CPM P, the unbiased estimator, Zt, of £; is obtained as in Step 7,
~T
strictly speaking, we have Fy[f, 1x] = £/ 1x for all X € C, where E,[] is the
conditional expectation in the ¢-th round (see, Section 3.6.2 for details).
The above ComBD is based on ComBanp |Cesa-Bianchi and Lugosi, 2012].
In fact, ComBD with fixed parameters

D In|C| d 1 In|C|
NN n@pzr 2y MY T D\ n/p2 127N

completely corresponds to the original ComBanD and achieves O(y/n) expected
regret as follows:

Proposition 1 ([Cesa-Bianchi and Lugosi, 2012|). For any C, ComBAND

achieves
— 2D?
< — +1 1 )
Rn_2\/< N + >nn|C|

Whereas the regret of ComBAND is bounded only at the n-th round, ComD
can achieve the following any-time guarantees:
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Theorem 1. Given any C, ComBD(«a = 3,C) achieves

d\ D2 |C|+2) ..
< = = =) 7?8
RT_O<<D2+ \ n 5 ) )

with a probability of at least 1 — & for any fived T € [n].

Theorem 2. Given any C, ComBD(a = 2,C) achieves

_ d\  D’h|cC|
< — -
RT_O<<D2+ 5 )\/T)

for all T € [n].

In other words, ComsD achieves either O(T%/?) regret with high probability
or O(\/T ) expected regret as an any-time guarantee by setting the value
of hyper parameter « appropriately. The technique of using decreasing
parameters for online optimization problems is studied by Cesa-Bianchi and
Lugosi [2006], and similar results for BCO problems are obtained by Braun
and Pokutta [2016]. However, we note that the proofs of Theorem 1 and
Theorem 2 cannot be obtained simply by combining those existing results.
For details see Section 3.6.

There are two difficulties when performing ComsD in practice; the first
is sampling from the player’s strategy pi(X;) (Step 4), and the second is
computing CPM P; (Step 6). Naive methods for the two steps require O(d|C|)
and O(d?|C|) times, respectively, where |C| is generally exponential in d. In
the next section, we show efficient ZDD-based methods for sampling from any
given action distribution p(X; w,C) and for computing the CPM of p(X;w,C).
Since p; is a mixture of two action distributions as in (3.1), we can efficiently
sample from p; and compute the CPM of p; using those methods.

3.3 ComeD3: ComBD with Decision Diagrams

As shown above, ComBD requires sampling from action distributions and
computing CPMs as its building blocks, which generally require O(d|C|) and
O(d?|C|) computation times, respectively. Moreover, computing D can also
require O(d|C|) time. Those computation costs can be prohibitive since |C| is
generally exponential in d. As the building blocks, we present efficient DP
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algorithms performed on a ZDD that represents C. We first briefly introduce
7ZDDs used here, and then present the DP methods for sampling an action
and computing CPMs. The sampling method is based on [Takimoto and
Warmuth, 2003; Mohri, 2009, while the CPM computation is our proposal.
We can also compute D in a DP manner on a ZDD.

3.3.1 ZDDs for Implementing ComMBD3

As explained in Section 2.3, ZDD Z = (N, A) can compactly store all X € C
as follows:
C — {XR | R. E Rnl},

where Xz = {l, € F | a} € R} and R,; C 2* is a collection of routes
connecting r € N to 1 € N. For later use, we take the nodes in N are labeled
as N = {0,1,...,|N|] — 1}, where 0 € N and 1 € N are 0- and 1-terminals,
respectively, and |N| — 1 € N is root r. The other non-terminal nodes are
labeled so that [, < [, holds if n > m; i.e., Z¢ is ordered.

Once such Z¢ is obtained, D = maxy¢c \/m is easily computed with a
DP method to find R € R,; that maximizes | Xz|. As we will see later, the
time and space complexities of ComBD3 in each round are both O(d|N|), and
thus it runs fast if the ZDD is small. Although |N| is generally exponential
in d, we can sometimes bound |N| theoretically as exemplified in Section 2.3,
and empirically ZDD sizes are very small relative to those theoretical bounds.

3.3.2 Sampling from Action Distributions

We show an efficient algorithm performed on ZDD Z; for sampling from action
distribution p(X;w,C), which is based on the weight pushing [Takimoto and
Warmuth, 2003; Mohri, 2009]; similar methods on DDs have been studied in
the field of logic-based probabilistic modeling [Ishihata et al., 2008; Ishihata
and Sato, 2011].

We first introduce the following forward weight (FW) F, and backward
weight (BW) B, (n € N):

RERr,n ReRn,l

where w(R) is an abbreviation of w(Xg) = [[;cx, wi- Note that we have
Z(w,C) = B, = F;. The weight values of each node, i.e., B = {By,...,B.}
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Algorithm 2 FW(Zq, w)

1: F,+1

2: Fp < 0 (Vn € N\{r})

3: forn=r,...;2do

4: Fo+=F,

5 Foa+=w,Fy

6: end for

7. return F = {F,,... F.}

Algorithm 3 BW(Z¢, w)

1: B+ 1

2: By <~ 0 (Vn e N\{1})

3: forn=2,...,rdo

4: B, + Bcg + wlnBCII,

5: end for

6: return B := {By,...,B;}

and F := {Fo,...,F.}, can be efficiently computed in a DP manner on Z¢
as shown in Algorithms 2 and 3, respectively. Once we obtain B, we can
draw a sample from p(X; w,C) by top-down sampling on Z; without rejection
as shown in Algorithm 4, where Ber(f) is the Bernoulli distribution with
parameter 6 € [0,1]. The total space and time complexities are both O(|N|).

3.3.3 Computing Co-occurrence Probabilities

Given action distribution p(X;w,C), we define P, ; :=p(i € X,j € X;w,C)
as the co-occurrence probability of ¢ and j (i,j7 € E). We here propose an
efficient algorithm for computing P;; (¢ < j), which suffices for obtaining
P;; for all 4,j € E since P, ; = P;;. If we compute P;; (i < j) naively by
traversing a ZDD, we need O(d?|N|) computation time, which is too expensive
if d is large. Fortunately, they can be computed in O(d|N|) time by using FW,
BW, and backward weighted co-occurrence (BWC) as follows.
From (2.1), P;; can be written as follows:

w(R
Pij= >, Z(;j)c). (3.2)

RERy,1:4,JEXR
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Algorithm 4 Draw(Z¢, w, B)

X—{}lner
while n > 1 do
0+ wlnBC%/Bn
b ~ Ber(6) > b = 1 with probability 0
if b =1 then
X — XU{l}
end if
n« c?
end while
return X

H
@

We first consider P;; as a special case of P; ;, which can be expressed as

Pii = Z Fn%ifcé

neN:ly=1

since we have

_ w(R)
Pis 2 Zwo

RERr 1:11€XR

Ly oy R’U{Z}UR”) - Z(w,0) = B

neEN:In=1 R'€Rrn

R"E'R 1
-y FawiBe) C Fa =2 ker,, w(R) and
neN:l,=i B, " Ba= ZReRr,l w(R).

Next, to compute P, ; (i < j), we rewrite the right hand side of (3.2) using
BWC C,; = ZReRn,I:jeXR w(R) (j > [,) as

FvwiCc;ﬂj
P;;= Z 'B—ra
veEVily=1
which can be obtained as follows:

w(R)
Pig = Z Z(w,C)

RERr,l 5i7jeXR
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Algorithm 5 BWC(Z., w, B)

1: Cpj < 0(VneN,VjekE)

2: forn=2,...,rdo

3 Cn,ln — wlnBc%

4 for j=0,+1,...,ddo
o Cnﬂ‘ < ch’j + wlnCc}“j
6

7

8

end for
: end for
: return C:={C,; |[neN,j > [,}

Algorithm 6 CPM(Z.,w,B,F,C)
1: Pi,j 0 (Vl,] S E)

2: forn=2,...,rdo

3: 1+ 1

4: Pi,z‘"‘: anch% /Br

5: for j=:7+1,...,ddo

6: Pi,j+: anicc}”j/Br

7 end for

8: end for

9: return P == {P;; | i,j € [d],i < j}

R'U{i} UR"
_ Z Z w( ]gi} ) Z(,ch) =B,
neN:l,=1 R'ERrn i
R»HGRc}),l:jGXRH
_ Z aniCc}”j . Fn = ZREan w(R) and
B, C Gy = ZReRn,l:jeXR w(R).

neN:l,=1

Because C, ; is a variant of B,, C := {C,,; | n € N,j > [,} can be computed in
a similar manner to B as shown in Algorithm 5, whose time and space com-
plexities are both O(d|N|). To conclude, P; ; can be computed by Algorithm 6.
The total space and time complexities of computing P := {P;; | i < j} are

both O(d|N]|).
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3.4 Experiments

We consider three network-based BCO problems: OSP, DST, and CG. For OSP
and DST (Section 3.4.1), we use artificial networks to observe the scalability
of algorithms. For CG (Section 3.4.2), we use two real-world networks to
show the practical utility of ComBD3. All algorithms were implemented in
the C programming language, and we used Graphillion [Inoue et al., 2016| to
obtain the ZDDs. We note that constructing ZDDs with the software is not a
drawback; in all of the following instances ZDD construction took only a few
seconds at most.

3.4.1 OSP and DST on Artificial Networks

Experimental Setting. We consider OSP and DST instances on artificial
networks, which are undirected grid networks with 3xm nodes (m = 3, ..., 10).
In both problems, E is the edge set of the given network. In OSP, action
set C is the set of all s—r paths from starting node s to goal node r that
are placed on diagonal corners of the given grid. In DST, C is the set of
all Steiner trees that contain the four corners of the grid. The aim of the
player is to minimize the cumulative cost of the selected subnetworks over
some time horizon. In this experiment, we define loss vector £; as follows: We
first uniformly sample p, from [0,1]¢. In the t-th round, we set p, = p,
with probability 0.9 or draw a new p, uniformly from [0, 1]¢ with probability
0.1. Then, we set ¢;; = 1/d with probability p;; and —1/d with probability
1 — g for each ¢ € E, where p ; is the i-th entry of p,. In the short run, this
setting is a stochastic OCO problem where each ¢;; is drawn from Ber (),
but the adversary secretly resets p, with probability 0.1 in each round to foil
the player.

Computation Cost. We compared ComBD3 with ComBanDp that uses
explicit enumeration of possible actions. The running times of the two
methods for OSPs and DSTs are shown in Figures 3.1a and 3.1b, respectively;
running times of 100 iterations averaged over 100 trials are shown for each
method. The results of ComBAND for DSTs with m > 8 are omitted due to
memory shortage. Figures 3.1c and 3.1d plot the sizes of action sets, |C],
and corresponding ZDD sizes, |N|, for OSPs and DSTs, respectively. We
see that ComBD3, which runs in O(d|N|) time, is far more scalable than
ComBaND, which runs in O(d?|C|) time, thanks to the compactness of ZDDs.
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Figure 3.1: (a) and (b): Running times that ComBD3 and ComBAND required
for 100 iterations (averaged over 100 trials). (c) and (d): Action set sizes, |C],
and ZDD sizes, [N|. (e) and (f): Achieved regret values of each algorithm on
the 3 x 10 grid; the regret values are averaged over 100 trials and the error
bars indicate the standard deviations.

In particular, for DST on the 3 x 10 grid, we see that |N| is five orders of
magnitude smaller than |C|. In such cases, where existing methods suffer from
the complex structure of C (e.g., no efficient optimization algorithm over C is
available) or the enormous size of C, our ComBD3 can be the only practical
method.

Empirical Regret. Regret values achieved by ComBD3 (o = 2,3) and
ComBanD for OSP and DST on the 3 x 10 grid are shown in Figures 3.3a
and 3.3b, respectively. As shown previously, ComBanDp with explicit enumera-
tion is too costly, and thus we here implemented ComBaAND using ZDDs. We
see that the regret values of the three methods actually grow sublinearly. Note
that the regret values of ComBD3, which does not require n, is comparable to
those of ComBanD, which requires n as its input. We confirmed that ComD3
yielded lower regret values than those of the theoretical bounds stated in
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(a) MCI (b) ATT

Figure 3.2: (a) and (b) are the topologies of the two networks; the triangles
(squares) are the starting (goal) nodes. The red (blue) paths indicate the top
two paths most frequently chosen by player 1 (2).

Theorems 1 and 2; the precise values of the bounds are shown in Section 3.6.

3.4.2 CG on Real-world Networks

Experimental Setting. We applied ComBD3 to the congestion game (CG),
which is a multi-player version of the OSP, on two real-world networks. CG is
described as follows: Given m players and an undirected network with starting
node s and goal node r, the players concurrently send a message from s to r.
The aim of each player is to minimize the cumulative time needed to send n
messages. In this problem F is the edge set of the given network, an action is
an s—r path, and action set C is the set of all s—r paths. The loss value of an
edge in F is the transmission time taken to send a message along the edge, and
the cost of an action is the total transmission time needed to send a message
along the selected s—r path. We assume that the loss of each edge increases
with the number of players who use the same edge at the same time; formally
a player regards the other players as adversaries. We use X} € C (k € [m])
to denote the k-th player’s choice in the ¢-th round and use Xf,i € {0,1} to
denote the i-th entry of 1. We also use {;; to denote the transmission time
taken by the k-th player to send a message along the i-th edge in the ¢-th
round. We here define 87’2 c= BN f_ﬂ'k, where [3; € R is the length of the edge, £

. — /. .
is an overhead constant, and N, }* =", 2k XF. is the number of adversaries
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Table 3.1: Statistics for two real-world networks.

‘ # nodes 7 edges # s—r paths ZDD size
MCI 19 33 1,444 756
ATT 25 56 213,971 37,776

6.0x105 3.0x10°

4.0x10° 2.0x108

2.0x105 1.0x10°
e—a Player 1 e—e Player 1
+— Player2 ¢— Player2

0O 5.0 x 10% 10° o0 5.0x 10% 10°
Round Round
(a) CG on MCI (b) CG on ATT

Figure 3.3: (a) and (b) present regret values of each player for CG on MCI
and ATT, respectively.

who also choose the i-th edge at the t-th round. Namely, we assume that
the transmission time of each edge increases exponentially with the number
of players using the same edge at the same time. Consequently, to reduce
the total transmission time, the players should adaptively avoid contending
with each other. In this experiments, we set m = 2 and £ = 10. This setting
violates the assumption |¢;| < 1; however, in practice, this violation barely
matters. We let both players use ComBD3, and the objective of this problem
is to let each player avoid contending with each other and reduce his/her
transmission time.

We use two real-world communication networks in the Internet topology
zoo |Knight et al., 2011]: the InternetMCI network (MCI), and the ATT
North America network (ATT). Figures 3.2a and 3.2b illustrate the topologies
of MCI and ATT, respectively. Both networks correspond to the U.S. map
and we choose Los Angeles as the starting point s and New York as the goal
r. The statistics for each network are shown in Table 3.1.
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Results. Table 3.1 shows that the action sets of real-world networks can
also be represented as compact ZDDs, and thus ComBD3 is more efficient
than BCO algorithms that deal with the action sets directly. Figures 3.3a
and 3.3b plot the regret values of each player for MCI and ATT, respectively.
The figures show that each player attained sublinear regrets. Figures 3.2a
and 3.2b show the top two most frequently selected paths for each player. We
see that each player successfully avoided congestion. For the case where the
players can observe the costs of all s—r paths after choosing the current paths,
it is known that the MWU-based algorithms can achieve the Nash equilibria
on CG [Kleinberg et al., 2009; Palaiopanos et al., 2017|. In this experiment,
even though we employed the bandit feedback setting where each player can
observe only the cost of the selected path, the players successfully found
almost optimal strategies on both networks by using ComBD3. To conclude,
the results suggest that ComBD3 is useful for adaptive routing problems on
real-world networks.

3.5 Conclusion

We proposed ComsD3, which is a practical and theoretically guaranteed
algorithm for BCO. ComBD3 is effective particularly for network-based BCO
instances, including OSP, DST, and CG. The efficiency of ComBD3 is thanks
to its use of ZDDs, which offer compact representation of action sets. The
time and space complexities of ComMmBD3 are bounded by ZDD size; more
precisely, they are O(d|N|). ZDD size is bounded in some important cases (e.g.,
a knapsack constraint and some constraints defined on networks with bounded
pathwidth), and the complexities of ComBD3 are also bounded in such cases.
When implementing the BCO algorithm with ZDDs, the most difficult part is
designing how to compute the unbiased estimator £; of £;, which is obtained
using CPMs. We overcame this difficulty by developing DP-based methods
for computing CPMs on ZDDs. Experiments showed that ComsD3 is far
more scalable than the existing method that deals with action sets directly.
ComBD3 is theoretically guaranteed to achieve either O(TQ/ 3) regret with
high probability or O(ﬁ) expected regret as an any-time guarantee, and
we experimentally confirmed that ComBD3 attained sublinear regrets. The
results on CG showed that ComBD3 is useful for adaptive routing problems
on real-world networks.
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3.6 Proofs of the Theorems

In what follows we prove Theorems 1 and 2. Section 3.6.1 presents two
concentration inequalities that are important in the proofs. In Section 3.6.2
we provide some preliminaries for the proofs. Section 3.6.3 and Section 3.6.4
provide the proofs of Theorems 1 and 2, respectively. Most of the following
discussions are based on |Cesa-Bianchi and Lugosi, 2006; Braun and Pokutta,
2016|, but the proofs cannot be obtained just by combining the existing
works. The key to completing the proofs is Lemma 3 presented later, which
is important for bounding the difference between the player’s choice and the
best single action. Lemma 2, which is a variant of [Cesa-Bianchi and Lugosi,
2006, Lemma 2.3, plays an important role in the proof of Lemma 3.

3.6.1 Concentration Inequalities

The following concentration inequalities play crucial roles in the subsequent
discussion.

Proposition 2 (Azuma—Hoeffding inequality). If a martingale difference
sequence {Zt}tT:1 satisfies ay < Zy < by almost surely with some constants
ag, by fort=1,...,T, then the following inequality holds with a probability of
at least 1 —9:

T

T
e
t=1

Proposition 3 (Bennett’s inequality Fan et al. [2012]). If a supermartingale
difference sequence {Z, YL, with respect to a filtration {F;}-)' satisfies Z, < b
with some constant b > 0 fort =1,...,T, then, for any v > 0, we have the
following with a probability of at least 1 — d:

1
ZV&IZH}} 1| > ZZt_—ln— 1/2111115.

3.6.2 Preliminaries for the Proofs

t=1

We here rewrite Algorithm 1 equivalently as in Algorithm 7, which will
be helpful to understand the subsequent discussion. We let K = |C| and
po=1/K. We define E;[-] := E[- | X141, £1.¢] as the conditional expectation
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Algorithm 7 ComBD(a,C)

1: Lo; + 0, wy; « 1 (i € E)
2: fort=1,...,ndo

3: Ve < #, Met1 <— %
4: X~y > output for ¢-th round
5: ¢ 8] 1y, > £; is unobservable
6: by < (1 =)@ + U
7 b, CtPt+1Xt N
8: Et,i — Et—l,i + gt,i (Z /G\ E)
9: Wiy, < exp (— L) (i € E)
10: end for
in the t-th round given the entire history of rounds 1,...,¢# — 1 and the loss
vector in round ¢. Similarly, we define the conditional variance in the ¢-th
round as Var[-] .= Var[- | X141, £1.4]. For any matrix P € R™*™ we denote

its i, j entry as P(i,7). We denote the spectral norm of P as || P[], i.e., || P||
is the largest singular value of P. For any symmetric matrices P, ) € R™*™,
we use P = () to express the fact that the smallest eigenvalue of P — @ is
non-negative.

For convenience, we let ng = n1 = 535. For all ¢t € [T], we define
distributions u and ¢; over C, and d x d matrices U and @); as follows:

u(X) = p(X;1p,C) = p,

w(X)
@(X) =p(X;w,,C) = =+,
ZX’EC wt(X/)
U=Exwllxl}] =) plxlk,
XeC
Qt = ]Equt 1X1X th 1)(1}.
XeC

Recall that \ is the smallest non-zero eigenvalue of U = Ex.,[1x1%], and
that |c;| < 1 holds because of the loss value assumption: max;cp,),xec 0] 1x| <
1. The following basic results will be used repetitively in what follows.

Lemma 1 (Basic results). For any X € C and t € [T], we have
D2

1
P < — d £1 < —
Il < o and 18 1x] <
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Et[l;tpt-i_lxt] < da (33)

PP 1x = 1y, (3.4)
~T

E e, 1x] = £/ 1x. (3.5)

Proof. The first inequality of eqrefbasicl comes from P, > U, and the
second one is obtained from |¢;| < 1 as follows:

2

~T D
1€, 1x| = |1y, Pix| < x|l P 1x]l < Y

We can obtain (3.3) as follows:
E[1y, P 1x,] = Eftr(P 1x,1y,)] = te(PR) < d.

The proof of (3.4) is presented in [Cesa-Bianchi and Lugosi, 2012, Lemma
14]. Finally, (3.5) is obtained from (3.4) as follows:

~T
El, 1x] = Eof€ 1x,1x,P1x] =€ PP 1x = £/ 1.
O

We also present the following lemma for later use (cf. [Cesa-Bianchi and
Lugosi, 2006, Lemma 2.3|).

Lemma 2. For any p1,...,py € (—00,00) and 0 < a < b, we have
1 1 1 1
21 —api _ “bri < (Z - Z)InN.
S e iy _(a b)n
1€[N] 1€[N]

Different from [Cesa-Bianchi and Lugosi, 2006, Lemma 2.3|, p1,..., pn
are allowed to be negative, which is actually important in the proof of bandit
feedback setting (see the proof of Lemma 3). Lemma 2 is proved using
Holder’s inequality as follows.

Proof. By Holder’s inequality (or the property of the p-norm), |||, <

N%ﬁHqu holds for any « € RV and 1 < p < ¢. Thus, by letting p = 1 and
q = b/a, we obtain

Sals]

b
a

IR D

i€[N] i€[N]
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Hence we have

. b
Z e~ Pi < N%—% Z (e—bpi%)g _ N%—% Z e—bpi
1€[N] 1€[N] 1€[N]

The proof is completed by taking the natural logarithm of both sides and
rearranging the terms. O]

3.6.3 Proof for the High-probability Regret Bound

We show the complete proof of Theorem 1. Below is a detailed statement of
the theorem.

Theorem 3. Given any X € C and any fired T € [n], the sequence of actions
{Xi}eerr) obtained by ComD (o = 3,C) satisfies the following inequality with
a probability of at least 1 — §:

T T

Let ©, = > . @(X)1lx. As in [Braun and Pokutta, 2016/, the proof
is obtained by bounding each term on the right hand side of the following
equation:

T
(3d(e—2)>\ 3 7 K+2)T2/3+0(T2/3)‘

T

> 81y, —£]1x)

1

~
Il

T T
T T T T
(EtTlXt — 4, ) + Z(et o, — €, 1x) + Z(zt 1x = etTlX)a

1 t=1 t=1

I
[M]=

~
Il

where X € C is an arbitrary action. To bound them, we prove the following
three lemmas.

Lemma 3. The following inequality holds with a probability of at least 1 — §:

T AT
(€, — £, 1x)

ITM’%
I

J—

T
K D?
<22 L e—(aS M 2
i t=1
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The proof is based on the technique frequently used in the analysis of
online optimization algorithms. Specifically, we define an appropriate potential
function and evaluate the progress of the algorithm using it for each round;
to do this we use Lemma 2. Finally we use the concentration inequalities to
obtain high-probability bounds as in [Braun and Pokutta, 2016].

Proof. With the weight values w;; (i € E) used in Algorithm 7, we define
wy(X) and W (X) for any X € C and t € [T] as follows:

wl(X) = 1,
t—1
) = me = Hexp (—nt ZE/,) for t > 2,
ieX ieX /=1
Wy =K,
=1
W, = Z wy (X )1/ = Z exp <—77t1 Zﬂt/ 1X> for t > 2.
XeC XeC t'=1

By Lemma 2, we obtain

t—1
ln Z exp ( N Zet, 1X> — —1In Z exp <—77t—1 ZZ;IX>

Xec =1 -1 e P=1

1 1
< (_ _ _) In K.
Nt Mi—1

which can be written as follows using the definitions of w;(X) and W,(X):

1 1
—anwt <—1nWt+(———)h1K.

Xec Me—1 Mt Mt—1

1 -1
Hence we can bound the difference of potential functions, In th+t1 —In tht‘l,
as follows:

1 1 1 1
n_antH - —W, - (— — —) In K

t N—1 UG Ni—1
1 Wi
< —Ine——"———
ZX’GC wy(X')

~T
we(X) exp(—nl, 1x)
= —l
XXG:C > xrec wi(X')
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~T
anqt ) exp(—7:4, 1x)

XeC
~T ~T
< - ln Z (X <1 —n, 1x + (e — 2)77t2(£t 1X)2>
XeC
1
= —1In 77,53 wt“— nt th e 1X
D Xec

<—£ a:t+(e—277t2qt ElX),
XeC
where the second inequality comes from e™* < 1 — x + (e — 2)z? for any

T
|z| < 1; note that n; is defined to satisfy n;|€, 1x| < n:D?/(:\) = 1. The
third inequality is obtained by In(1 + z) < x for any x > —1. The second
term on the right hand side is bounded from above as follows:

p(X) T 14, Py,
S a0 1 < Y PN 1 < B
Xec Xec Tt g

Therefore, we have

1 1 1 1 ~T _
—InWiyy ——InW; < (— - —) InK —¢, z + (e —2)n
Ui Ne—1 M M1

1;,5 ‘Pt+1Xt
L=

Summing up both sides of the above for t =1,...,T, we obtain the following
inequality from W; = K:

d l)T(RE+1Xt
LW < Lk - Ze T+ (e—2)) pt—t
i I t=1 t=1 T=

On the other hand, we have

T
1 ~T
n_anT+1 —anexp( T]Tzet,le)
T

X'eC
1 T g
> —Inexp | — 2,1
nr ( HTZ ' X)
T
T
S en
t=1
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Therefore, we obtain

T T T p+

1 K ]'X‘Pt 1Xt
E E:c £1 )< — 4 (e—2) E — . 3.6
=1 . *) It p—t L= (3:6)

The second term on the right hand side can be bounded from above by
using the Azuma—Hoeffding inequality (Proposition 2) for the sequence of
martingale difference, 2 (1%, P 1y, —E[1%, P 1y,]), as follows. First, note
that we have

1. P1 D?
1% Py, <d and 0<%t X o Tk
IT—m (1 —y)7eA

by Lemma 1. Thus, by the Azuma-Hoeffding inequality, the following holds
with a probability of at least 1 — ¢:

2

Zmlxtp 1Xz_d§: us +D_2 1/5 ET:

L= “ 1= — ¢ 1—%

Hence we have the following inequality with a probability of at least 1 — §:

Lemma 4 (|Braun and Pokutta, 2016]). The following inequality holds with
a probability of at least 1 — §:

T T T 1 D 1
(lext—ﬂtzft)SQ %+—(2+ )ln—
; ; 3 Mr(l—nr)) 0

3D2 & 1
In —.
i ( A —1 1—% )n5
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Proof. Let z =3 v o plx and T, == Ey[1x,] = (1 — )2 + 2. We obtain
the proof by using Bennett’s inequality (Proposition 3) for the martingale
difference sequence

~T ~T _
Y, =8 1x, — €, & — E, 0] 1, — £, T,
T ~
— 01y, — &, @ — 4T + 0] T,
T ~
=8 1x, — €, T + L) (T, — 2).

We first bound the values of |Y;| and Var,[Y;]. By Q; < %%Pt and Jensen’s
inequality

w o) _<th 1Xa:) <th 1X:v —wTQtaz ‘v’meRd,

XeC XeC
we have
~T 1% P+1X D?
£ 7)< 1L PO, Pty < Xt 72t <
(b )" < L FTQu R Lx, < L=y = (=)
and hence
D D
Yy <14+ —————+2y <2+ :
A (1 — %) Ayr(1=r)

The variance of Y; is bounded as follows:

Var[Y)] < E/[(€] 1x, — &, &)°)
= By[c} (1 — 1%, P 2,)%] < Eof(1— 1, P ,)7)
=E,[1 — 213, P %, + &, P 1x,1%, P2
—1-2% P2, + 2, P72,

p 1

=1- T PH(Z, — — (T — Pz, —
1 _%mt y (@ — 1ez) + (1— )2 (@ — nz) P (% — nz)
1 — 2y =T T

1 Prz, + z—2x,) P
O om0
7152 ( 2 ) P+

<1+ z—2x z

(1 =) ' !
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D2
S 1 + 3/%—27
(1 —2)*A
where the third inequality comes from 1 — 2v; > 0, and the last inequality
is obtained by Lemma 1 with ||z|| < D and ||@;|| < D. Therefore, from

Bennett’s inequality, the following inequality holds with a probability of at
least 1 — §:

r T 1 D 1
1y — 0 T e (F —2) <=2 In =
S L, 8 F ] @ 2) < 5 (24 S

t=1
3D2 G~ ) 1
+ 412 (T + In —.
A 1 (1 — ’Yt)2 0

The proof is completed by £/ (z, — z)| < 2. O

Lemma 5 (|Braun and Pokutta, 2016|). The following inequality holds for
all X € C simultaneously with a probability of at least 1 —§:

T T
T 1 D? K 2D? 1
61y —£0'1 1+~ )= —1 i N

;(t x~h1x) < 3( +7T)\) Ny ! 27

Proof. We fix X € C arbitrarily. The proof is obtained by using Bennett’s

inequality for the martingale difference sequence Zt 1y — EtT 1x; note that
~T
E[¢, 1x — £/ 1x] = 0 holds by Lemma 1. First, the absolute value and
~T
variance of £, 1x — £/ 1x are bounded as follows:

2

6,15 — 7 1x| <1+ =
YA

and

~T ~T
Var, [, 1x — £ 1x] < E[(£, 1x)%] < E 1P 1x,1%, P 1]
D2
<1yPfly < —
YA

Hence, by Bennett’s inequality, we have

T T
~T 1 D? K 2D?2 K 1
£, 1y —£'1 1+ — ) In— —In — —
S(E 1x 1) < 3(%&) <y Sy
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with probability at least 1 — §/K. Taking the union bound over all actions
O

X € C, we obtain the claim.

Using the above three lemmas, we prove Theorem 3 as follows.

+—1/3

Proof of Theorem 3. Note that we have v, = *
By using Lemma 3, we obtain the following inequality with a probability of

at least 1 — 6 /(K + 2):

A At—1/3
and 7, = F5 Y = 5

Z(Eit—etl){)
t=1
T T
In K D2 |1 K+2 2
<2 re-p(ay e g e Y o
nr —~1l-—7y A o =i l-m)
2D2In K 3dA K+2
T3 )| == (123 4 21/3 2T
) ( )<4D2( + ) + n—s

We also obtain the following inequality with a probability of at least 1 —
d/(K + 2) by using Lemma 4:

J

T T
~T 1
> (8 1x, — £, 3) <2) %+—(2+
t t =1 3 Mr(l —r)

t=1
. 2T+3D2T Yo L K42
n
A 1 (1_/%)2 )

3 1 V2D
— ) T1/6 T71/6
< T+ 3< + 7 (T°° +

2
+ \/2<T+%T2/3) an(—;_Q.

Furthermore, we have the following inequality with a probability of at least

1 — K6/(K + 2) by using Lemma 5:

D ) K+2
In

T
T
> (8 1x — £ 1y)

t=1
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1 D> ) K+2 [2D? K+2¢-1
< -1+ In + In —
1 2D? K+2 /3D 4 K +2
< (1+ =131 T3 1+ o= )1 :
=3 ( LY ) TS A T3 ) TS
Summing up both sides of the three inequalities and taking the union bound,
we obtain the theorem. O]

3.6.4 Proof for the Expected Regret Bound

We now show the proof of Theorem 2; the detailed statement is as follows.
Theorem 4. Given any X € C, the sequence of actions {X;}ier) obtained
by ComBD(a = 2,C) satisfies the following inequality for all T € [n]:

T

> 81k, — 4] 1x)

t=1

E

< (201111;( L _DQQ)CM + 2)ﬁ+ o(VT).

Let @, := Y .- @(X)1x. The proof is obtained by bounding each term
on the right hand side of the following equation for any X € C:

T
E|> 61y, - ele)]
L t=1

T
=E| ) Eff1x, - ejm]

L t=1

T
~T T
> i, T~ 4, 1X]], (3.7)

t=1

T

~T __

=E| ) EJff/1x, — & &) +E
t=1

where the second equality comes from Lemma 1. To bound these terms, we
prove the following two lemmas.

Lemma 6. The following inequality holds:

E

T

T T In K M
EEE:E—EI §—+e—2d§ .
- t[t t t X]] nr ( ) t:11_%
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Proof. As in the proof of Lemma 3, we have (3.6):

T T T p+
In K 1y P 1y,
—1 nr —1 - Nt
Taking the expectation of both sides, we obtain
d T T In K d n
E|Y Bl @ — £, 1x]| < — + (e —2E| Y ——E,[15, P 1y,]
t=1 " = T
In K d n
< —+(e—2)d L
nr ( ) ; L=
where the second inequality is obtained by Lemma 1. ]

Lemma 7. The following inequality holds:

T T
~T __
E E Et [Z;r]_Xt - Et wt]] S 2 E Yt-
t=1 t=1

Proof. Since [£] 1x| < 1 holds for any X € C, we have

/\TN
Et[e;l—]_xt — Et :Bt] = ]Et[f;/rlxt E :Bt Zpt E ]_X — Z qt(X)E;r]_X

XeC Xec
= b 1x = > (X )/ 1x < 2.
Xec xec
Summing up both sides for t = 1,...,7T and taking the expectation, we obtain
the claim. ]

We are now ready to prove Theorem 4 as follows.

)\tfl/Q

Proof of Theorem 4. Recall that we have v, = % and n, = 25y = 2.

The proof is readily obtained by (3.7), Lemma 6 and Lemma 7 as follows:

T

E|> (¢1x, —ftTlX)]
| t=1
T
t=1

AT~
E.[e/1x, — 2, ;]| + E

r ~T __ ~T
> Eil, T — £, 1]
t=1
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In K

n
<=+

nr

L=

(e—2)dy

2
1 _

A

D2

+2)
(\/T+%1n(2\/?— 1)) +2VT — 1.
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Chapter 4

Background to Submodular
Function Maximization

This chapter presents the background to submodular function maximization.
The readers who are familiar with this subject can skip this chapter.

4.1 Submodularity and Related Notions

Let V be a finite ground set and f : 2V — R be a set function. We say f is
non-negative if f(X) > 0 for any X C V, normalized if f()) = 0, monotone
if X CY implies f(X) < f(Y).

Submodularity of set function f is characterized by the following inequality:

FX)+ f(Y) > f(XUY)+ f(XNY) VXY C V.

It is known that f is submodular if and only if f has the following diminishing
return property:

f]X)>f(v|Y) VX,Y CVsuchthat X CY and Vv ¢ Y.

Throughout this dissertation, we assume all set functions to be normalized,
monotone, and submodular, unless otherwise specified.

As in |Conforti and Cornuéjols, 1984], the curvature x € [0, 1] of monotone
set function f is defined as

N CIRANE)
veV f(U)

49



CHAPTER 4. BACKGROUND TO SUBMODULAR FUNCTION
MAXIMIZATION

A monotone submodular function with x = 0 is modular, i.e., it can be written
as f(X) = >, cx wy with some w, >0 (v € V) for any X C V. Intuitively,
the curvature is a measure that quantifies the deviation from being modular.

4.2 Literature Overview on Submodular Func-
tion Maximization

Given C C 2V and normalized monotone submodular function f : 2V — R,
monotone submodular function maximization problems are formulated as

maximize f(X) subject to X € C.
XCv

Submodular function maximization problems of this form appear in many real-
world scenarios: sensor placement [Krause et al., 2008a,b], feature selection [Ko
et al., 1995], and document summarization [Lin and Bilmes, 2010]). Given
an optimal solution, denoted by S*, to the problem, we say an algorithm
achieves an a-approximation guarantee if it is guaranteed to return solution .S
satisfying f(S) > af(S*); we sometimes say such a solution to be a-optimal.
The most well-known and easiest class of monotone submodular function
maximization is the following problem with a cardinality constraint:

- . <
maximize f(X) subject to | X| <k,

where k € [|V|]. Nemhauser et al. [1978] proved that the greedy algorithm,
which, starting from S = {), iteratively adds argmax,ci\g f(v | S) to S,
can achieve a (1 — 1/e)-approximation guarantee. Nemhauser and Wolsey
[1978] proved that no polynomial time algorithms that evaluate f values
only polynomially many times can improve the approximation ratio in the
value oracle model (i.e., f is given as a black-box oracle). Feige [1998| proved
that the NP-hardness of a special case, called the max-k-cover problem. On
the other hand, if the curvature x of f is bounded by a constant smaller
than 1, we can improve the approximation ratio. Conforti and Cornuéjols
[1984] proved that the greedy algorithm achieves a (1 — e ") /k-approximation
guarantee, and Sviridenko et al. [2015] improved the result by proving that a
(1 — k/e)-approximation guarantee can be achieved by an algorithm based on
the continuous greedy algorithm |[Calinescu et al., 2011]; this result holds for
a more general case as will be mentioned later.
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Submodular function maximization with a knapsack constraint, or the
submodular knapsack problem, has also been extensively studied. Given
a cost value ¢, > 0 for each v € V and a budget value B, the problem is
formulated as

- : <n
maximize f(X) subject to Z ¢ < B

veX

For a special case called the budgeted maximum coverage problem, Khuller et
al. [1999] proved that the greedy algorithm achieves a (1—1/+/e)-approximation,
and this result was extended to the case of general normalized monotone
submodular functions by Lin and Bilmes [2010]. Khuller et al. [1999] also
proved that a (1 — 1/e)-approximation guarantee for the budgeted maximum
coverage problem can be achieved by a greedy-style algorithm that requires
O(]V|°) times evaluations of f. Sviridenko [2004] proved that the same guar-
antee can be achieved for general normalized monotone submodular functions.
Recently, Yoshida [2019] proved that a (1 — k/e)-approximation guarantee
can be achieved by using the continuous greedy algorithm.

Another class of problems that have has been widely studied is submodular
function maximization with a matroid constraint; we present the details of
matroids in Chapter 7. For this case, the greedy algorithm achieves a 1/2-
approximation guarantee |Fisher et al., 1978]; if the curvature is bounded, the
approximation ratio can be improved to 1%{ [Conforti and Cornuéjols, 1984].
Calinescu et al. [2011] proposed the continuous greedy algorithm, which can
achieve a (1 —1/e)-approximation guarantee. As mentioned above, Sviridenko
et al. [2015] improved this result by presenting a (1 — x/e)-approximation
algorithm, and they also proved that no polynomial-time algorithms can
improve this result in the value oracle model.
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Chapter 5

Submodular Function
Maximization over Graphs with

Z.DDs

In this chapter, we consider monotone submodular function maximization
problems whose constraints are specified with some graph structures. Al-
though most previous studies have addressed submodular function maxi-
mization with cardinality, knapsack, or matroid constraints, more complex
constraints often appear in practice. The problem class considered here
includes such complex constraints (e.g., an s—¢ path constraint on a given
graph). We propose a novel algorithm that takes advantage of ZDDs, which
we use to store all feasible solutions compactly, thus enabling us to circumvent
the difficulty of checking feasibility of given solutions. Theoretically, our algo-
rithm is guaranteed to achieve a (1 — k)-approximation guarantee, where & is
the curvature of submodular functions. Experiments with various instances
show that our algorithm runs much faster than existing exact algorithms
and finds better solutions than those obtained by an existing approximation
algorithm. Notably, as regards all instances for which optimal solutions were
obtained with the exact algorithm, we confirmed that our algorithm achieved
better than a 90%-approximation. We finally consider extending set-function
maximization over graphs to the case where objective functions are only
approximately submodular.
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5.1 Introduction

Submodular function maximization problems with some constraints, including
cardinality, knapsack, and matroid constraints, are know to be approximately
solved with greedy-style algorithms as in Chapter 4. However, it has remained
hard to design efficient approximation algorithms for submodular function
maximization with more complex constraints. A typical such problem is the
submodular orienteering problem (SOP) [Chekuri and Pal, 2005]:

SOP. Given budget B > 0 and a graph with edge costs and two specified
vertices s, t, we seek to find an s—t path whose cost is at most B to maximize
a submodular objective function of the set of vertices visited by the s—t path.
SOP can model various practical problems such as path-planning problems
with robotic sensors [Singh et al., 2009], travel planning |Zeng et al., 2015],
and door-to-door marketing |[Zhang and Vorobeychik, 2016].

Submodular function maximization with complex constraints also arises
in the context of wireless sensor network (WSN) design. One such example is
a problem considered in |[Krause et al., 2006|: Given a graph that represents
the connectability of sensor nodes, we seek a connected tree to maximize a
submodular function that measures the informativeness of the obtained tree.
Each edge in the graph has a cost, which represents the energy consumed
when the two sensors placed on its ends communicate with each other, and
the total cost of the obtained tree must be less than or equal to a given budget.
In realistic WSN design problems, however, more complex constraints often
appear. Below we list two such examples, which we call the submodular
Steiner tree problem (SSTP) and the submodular vertez-connected network

problem (SVCNP):

SSTP. Asin [Ke et al., 2011], many sensor placement problems have some
critical areas that we are particularly interested in; a vertex placed in a critical
area is called a terminal. In SSTP, we seek a Steiner tree that covers all
terminals under the budget constraint to maximize an objective function.

SVCNP. We aim to obtain a robust WSN that has no cut vertex, which
is a vertex whose removal breaks the connectivity of the network; we call a
network with no cut vertex vertex-connected (VC) network. Since the failure
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of a sensor placed on a cut vertex blocks data transmission, how to design a
VC network has been an important research subject [Liu et al., 2006; Xiong
and Li, 2010]. In SVCNP, we seek a VC network under the budget constraint
to maximize an objective function.

The difficulty of the above problems is that the constraints are quite hard
to deal with. Specifically, given a subset of vertices, checking the feasibility of
the subset in SOP and SSTP reduces to NP-complete problems: the Hamilton
path problem and Steiner tree problem, respectively. The feasibility checking in
SVCNP is known to be as hard as the Hamilton cycle problem if the edge costs
are uniform, and otherwise it becomes more difficult, for which no existing
algorithm has been developed; SVCNP is empirically more challenging than
SOP and SSTP due to the difficult feasibility checking. If we apply a naive
iterative algorithm, e.g., the greedy algorithm, to those problems, we need to
solve an NP-complete problem every time a solution is updated. Therefore,
those problems are currently awaiting a novel approach that can circumvent
the difficulty of feasibility checking.

5.1.1 Our Contribution

We propose a novel approximation algorithm for submodular function maxi-
mization with graph-based constraints, which include many hard problems
such as SOP, SSTP, and SVCNP. Formally, given graph G = (V, E), where V/
and E are the vertex set and edge set, respectively, and normalized monotone
submodular function f :2¥ — R, we consider the following problem:

ma;((icrgize f(V(X)) subject to X €C, (5.1)

where C C 2% is a feasible set that consists of edge subsets with certain
substructures, and

V(X)={veV|(uwv)or (v,u) € X for some u € V}

is the set of ends of all e € X. Problem (5.1) can express various constrained
submodular function maximization problems. For example, an SOP can be
written as problem (5.1) such that C is the set of all s—t paths whose cost is
at most B > 0.

The constraint in problem (5.1) is generally quite complicated, and so
we must devise a way to handle the constraint if we are to develop a truly
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efficient algorithm. To do this, our algorithm takes advantage of ZDDs; more
precisely, we use ZDDs with vertex indices (see, Section 2.4). By storing all
X € C with a ZDD, problem (5.1) can be reduced to submodular function
maximization on a DAG, by which we circumvent the difficulty of checking
feasibility for the rigid constraints. ZDD size is generally exponential in [V,
and so is the complexity of our algorithm. Fortunately, however, ZDDs that
appear in practice are often of tractable size as confirmed in previous studies
(e.g., [Minato, 1993|) and our experiments.

Our algorithm is proved to achieve a (1 — k)-approximation guarantee,
where x € [0, 1] is the curvature of the submodular function [Conforti and
Cornugjols, 1984]|. The curvature value is bounded from above for many
practical submodular functions [Sharma et al., 2015; Maehara et al., 2017]; in
such cases the approximation ratio, 1 — k, of our algorithm is also bounded.

In the experiments, we apply our algorithm to three sensing tasks for-
mulated as SOP, SSTP, and SVCNP, respectively; notably, to the best of
our knowledge, our algorithm is the first practical approximation algorithm
that is applicable to SVCNP. We show that our algorithm achieves at least a
90%-approximation in all instances for which optimal values are available, out-
performing an existing approximation algorithm in most cases. Our algorithm
is also shown to be much faster than exact algorithms.

5.1.2 Related Work

SOP has been extensively studied because of its applicability to various
problems [Singh et al., 2009; Zeng et al., 2015; Zhang and Vorobeychik,
2016]. SOP was proposed by Chekuri and Pal [2005] as an extension of
the orienteering problem, a classical combinatorial optimization problem.
For SOP, they proposed a quasi-polynomial time approximation algorithm,
called the recursive greedy algorithm. Singh et al. [2009] scaled up the
recursive greedy algorithm and applied it to path-planning problems for robot-
based environment sensing. Recently, a faster bi-criterion approximation
algorithm for SOP called the generalized cost-benefit greedy algorithm (GCB)
was proposed by Zhang and Vorobeychik [2016]; it uses the cost-benefit greedy
strategy, where the cost values are computed approximately. A special case of
SOP was considered by Zeng et al. [2015]; they studied the travel route search
problem of maximizing the satisfaction of a traveler’s preference, which is an
SOP with a keyword coverage (KC) objective function. They proposed an A*
algorithm with a heuristic function that is specialized for the KC function.
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While their algorithm is exact (i.e., it always finds an optimal solution), its
time complexity is generally exponential in |E|.

Submodular function maximization that has budget and tree constraints
is studied in [Krause et al., 2006|, which is an important problem in WSN
design. For this problem they proposed an efficient approximation algorithm
called pSPIEL. Their problem formulation is, however, sometimes insufficient
for modeling realistic settings. Below we present two such examples and
previous studies on them.

In many real-world WSN design problems, our interest is rarely spread
over the whole target areas; rather we have some critical areas that are of
particular interest. Such a situation is modeled as a network design problem
with a Steiner tree constraint [Ke et al., 2011]. However, they did not consider
the submodularity of objective functions, which is known to be essential in
sensor placement problems [Krause et al., 2008b|. Taking the above into
account, we consider SSTP, which is an submodular function maximization
problem with budget and Steiner tree constraints. This problem is very hard
due to its rigid constraints, and thus no algorithms for this problem have
been studied.

SVCNP is also a variant of the problem considered in [Krause et al., 2006].
In many real-world scenarios, it is important to obtain a robust WSN, and
thus finding VC networks has been an attractive research subject |Liu et al.,
2006; Xiong and Li, 2010]. Although many existing approximation algorithms
consider computing the smallest VC network on graphs with uniform edge
costs |Garg et al., 1993; Heeger and Vygen, 2017|, no algorithm considers
non-uniform edge costs, which frequently appear in practice. This implies no
existing algorithm can check the feasibility of a given vertex subset efficiently
in SVCNPs, and so we are currently missing practical algorithms for SVCNPs.

5.2 ZDD-based Algorithm

This section presents the approximation algorithm for problem (5.1). We
briefly review ZDDs used here, and then we describe the algorithm that
searches for an approximate solution on the ZDDs.
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Algorithm 8 GreedyDP(Zc, f)
U=N\{r}.
Create a topological order of all n € U.
Ren =0 for alln € N.
while U # () do
Let n € U be the first node in the topological order.
(m",n) = argmax f(Ryn U (m,n)).
(m,n)EAn
Ren = Rep U (m*,n).
U="0U\{n}.
9: end while
10: return R, ;.

5.2.1 ZDDs for Submodular Maximization over Graphs

Given C C 27, we construct ZDD Z; = (N, A) with vertex indices that stores
all X € C. As in Section 2.4, we define I := FUV As the set of all edges and
vertices of G; all the elements in I are ordered appropriately by using the
method shown in [Kawahara et al., 2017b]. We define

Ey={l,€ E|al €r} Vo ={l, €V |al er}.

Then Z¢ stores C as {Ex € E | R € R,1}. Furthermore, we always have
Vk = V(ER). For later use, we define R as a collection of all routes in Z¢; i.e.,

R ={RE€ Run|ImneNandl, <l}.

Empirically, it is often the case that ZDD size |N| is much smaller than
IC|, thus making our algorithm efficient as described later. For example, as
shown in Section 5.3.1, about 6.0 x 106 feasible solutions of an SOP are store
with a ZDD that has about 3.0 x 107 nodes, which allows our algorithm to
find an approximate solution within 4.0 x 103 seconds.

5.2.2 GreedyDP

We present a ZDD-based (1 — k)-approximation algorithm for problem (5.1).
Let Z¢ = (N, A) be a ZDD that stores C. For convenience, we define f(R) :=
f(Vg) for any R € R. Thanks to the properties of ZDDs, problem (5.1) can
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be written as the following submodular function maximization on Z¢:

maﬁicr{lize f(R) subject to R € Ry . (5.2)

Note that, if we obtain a (1 — k)-approximate solution R € R,; for prob-
lem (5.2), then Fy C F is a (1 — k)-approximate solution for problem (5.1).
Below we discuss how to find an approximate solution for problem (5.2).

For every n € N\{r}, we let Parents(n) C N be the set of all parents of n,
and we define A, = {(m,n) € A | m € Parents(n)}. Our algorithm is described
in Algorithm 8, which finds a (1 — k)-approximate solution R € R, for
problem (5.2). We first creates a topological order for U= N\{r} so that, for
all (m,n) € A, m comes before n. We then finds a route R, , for each n € N\{r}
in the topological order. At each iteration, U C N\{r} represents the set of
nodes that have not been visited yet. Thanks to the topological sorting, we
have Parents(n) C N\U for n € N chosen in Step 5. The search strategy of
Algorithm 8 is based on the well-known dynamic programming (DP) approach
that is used for finding the longest path on a DAG (see, e.g., [Sedgewick
and Wayne, 2011]). On the other hand, Algorithm 8 is greedy in that, once
we obtain a route, we do not change it, and a new route R,, is obtained
by the greedy rule over A, as in Steps 6 and 7. Thus we call it GreedyDP.
We can easily check that Algorithm 8 requires at most O(|N|) function value
evaluations. The following theorem provides the approximation guarantee for
GreedyDP.

Theorem 5. IfR; is an optimal route, GreedyDP finds a route Ry satisfying
f(Ren) = (1= r)f(R:,).

Proof. From the definition of curvature s, we have the following inequality

for any 7' C V and v € V\T if f(v) > 0 holds:

l1—k= min fW']5)
scv, vgs  f(v)

f]T)

flo) 7
which means (1 — &) f(v) < f(v|T). If f(v) =0, then we have f(v|T) =0
by the submodularity. Thus (1 — &) f(v) < f(v | T) holds in both cases. Since

f(v]S) < f(v) holds for any S C V' due to the submodularity, the following
inequality holds for any v € V and S, T C V satisfying v ¢ T

fw|T)=z A =r)f(v]S). (5.3)

<
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With this inequality we prove Theorem 5. Let

R.n = arg max f(R)

for all n € N. The proof is obtained by induction on the size of U, i.e., assuming

F(Rem) > (1 — K)F(R,) Vi € N\U, (5.4)

T,m

where R, , is the route constructed with Algorithm 8, we prove f(Ryn) >
(1 —x)f(R;,) for node n € U. Note that (5.4) holds if U= N\{r}.

Let n € U be a node chosen in Step 5 of Algorithm 8 and m € Parents(n)
satisfy (m,n) € R}, i.e., m is the tail of the last arc in R} . Furthermore, let

T,n’

(m*,n) € Ayn be an arc chosen in Step 6. Note that (m*,n) is chosen greedily
and thus satisfies the following inequality:

f(len) = f(Rr,m*) + f((m*7n) | Rr,m*) > f(Rr,m) + f((m7 n) | Rr,m)- (55)

Since (5.4) holds for m € Parents(n) C N\U and R} , € R, is an optimal route
from r to m, we get

f(Rrn) = (1= R)f(Ryp) = (1= £) (R ,\(m,0)). (5.6)

Now we consider two cases as follows. If (m,n) is 0-arc or [, € E, then adding
(m,n) to a route R € R, does not increase the value of f. Thus we have

f((m,n) [Rrn) = f((m,n) [ Ry \(m,n)) = 0.

If (m,n) is l-arc and [, € V, then [, € V is added to the argument of f(-)
by choosing (m,n). Since I, appears at most once in Ry, U (m,n) due to the
property of ZDDs, we have I, ¢ V4, .. Hence we obtain the following inequality
by (5.3):

f((m,0) [Ren) > (1 = #)f((m,0) | R; 2\ (m, m)).
Therefore, in both cases, we have

f((mn | Bra) 2 (1= #)f((m n) [R;,\(m,n)). (5.7)
Substituting (5.6) and (5.7) into (5.5), we obtain

fRea) = (L= 5) (f(Bia\(mn)) + f((m,n) | R ,;\(m,0)))
= (1 - ’%)f(R:,n%

where n € U. By induction on the size of U, we obtain (5.4) for U = (), and
thus f(R.1) > (1 — &) f(Ry,) follows. O
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Note that, once we have constructed Z¢ for a feasible set C, it can be reused
when maximizing any objective functions in the same C using GreedyDP. This
makes our algorithm efficient particularly when solving submodular function
maximization problems repeatedly in the same feasible set; for example, our
algorithm is particularly efficient when solving path planning problems for a
robotic sensor that must perform sensing on a daily basis or more frequently
in the same target space.

5.3 Experiments

We conduct experiments on three sensing tasks to assess the performance of
our algorithm. One is the path planning problem for a robotic sensor, which
can be written as an SOP, and the others are indoor WSN design problems,
which can be formulated as an SSTP and SVCNP. All experiments were
performed on a computer equipped with 128 GB RAM and Xeon E5 3.1 GHz
CPU. Algorithm 8 and the alternative algorithms that we used for comparison
were implemented in Python. We used the C++ library [Suzuki, 2016] to
construct the ZDDs in our algorithm. Throughout the experiments, the limit
of execution time is 10* seconds.

5.3.1 Path Planning for a Mobile Robotic Sensor

We consider the following path planning problem as considered in [Singh et
al., 2009; Zhang and Vorobeychik, 2016]. As shown in Figure 5.1, the 2D
target space is discretized by the grid graph G = (V, E/). We seek a path in G
that visits a subset of vertices optimally so that a mobile robot equipped with
sensors can collect as much information as possible. Using a grid graph is a
natural approach when obstacles, such as buildings, are placed regularly in
the target space. We discretize the target space by using 5x 9 and 7 x 13 grids.
For simplicity, we suppose that the cost of traversing one edge is always 1,
and the obtained path X C E must satisfy the budget constraint | X| < B for
some B > 0. To assess the scalability of algorithms, we consider all feasible
budget values: B =1,3,...,43 for the 5 x 9 grid and B =1, 3,...,89 for the
7 x 13 grid, where B = 43 and B = 89 are the length of the longest s—¢ paths
in the 5 x 9 and 7 x 13 grids, respectively.

This experiment uses air quality sensor data monitored at 11 stations in
Shanghai, China |Zheng et al., 2013], and we focus on PM2.5 data. Given the
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SR,
2 4

(a) Our algorithm (b) GCB

Figure 5.1: s—t paths with B = 13 obtained by our algorithm and GCB,
respectively. The vertices s,t € V are indicated by the blue filled circle and
square, respectively. The 11 filled black triangles indicate the locations of the
11 stations. The heat map expresses the informativeness of locations before
performing sensing with the robot; locations with a warmer (darker) color
are more informative.

data obtained at the 11 stations, we consider collecting additional information
using a mobile robot equipped with sensors. The robot must start from and
return to specified locations.

To measure the informativeness of obtained paths, we employ the entropy
function of the selected vertices, which is known to be a monotone submodular
function [Krause et al., 2008b|. Let Vj be the set of locations of the 11 stations.
Starting from S = Vg, if S is the current set of vertices that have already
been visited, the marginal gain of visiting new vertex v ¢ V'\ S is expressed
by the conditional entropy

1
Hwv|S)= 3 log(27reaz‘s),

where 07 = K(v,v)—K(v, S)K(S,8) ' K(S,v) is the conditional covariance.
The matrices K (S,T) € R¥*ITI are defined by a kernel function; we here use

an ordinary Gaussian kernel (see, e.g., [Bishop, 2006]). The parameters of
K(-,-) are fitted to the data obtained at the 11 stations.

In this experiment we use the following two algorithms to benchmark our
algorithm:
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CBG. A generalized cost-benefit greedy algorithm [Zhang and Vorobeychik,
2016|. Given current solution S C V, GCB considers adding new vertex
v € V\S sequentially in non-increasing order of the cost-benefit ratios; to
do this we need an approximate cost of S, which we compute here using the
nearest neighbor algorithm as in the original paper. We note that this method
does not always find a simple s—t path as a solution; namely, it sometimes
finds a walk that visits the same vertices twice or more.

A™ algorithm. An exact A* algorithm based on [Zeng et al., 2015]. Since
heuristic function A(-) used in the original A* algorithm is designed for the
KC function, it is not applicable to our setting. Thus we considered two
alternatives of h(-). Given current vertex v € V and solution X C E, both
heuristic function values A(X) bound

max f(S V(X)) (5.8)

SCW:|S|<B—|X]|

from above, where W is a set of all vertices that are reachable from v with at
most B — | X| cost; the A* algorithm is exact if A(X) is always larger than
or equal to (5.8). The first one is a natural generalization of the one used
in |Zeng et al., 2015]; letting A'(X) be the objective value achieved by the
greedy algorithm, which achieves a (1 — 1/e)-approximation for problem (5.8),
we set

h(X)=n(X)/(1—1/e).

The second one is from [Chen et al., 2015]; we let

X = max 3 f(0| V(X))

SCW:[S|<B—|X]|
veES

which is at least as large as (5.8) thanks to the submodularity. We experi-
mentally observed that A* search with the second h(-) is much faster, and
thus we employed it.
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Figure 5.2: Results on SOPs with a 5 x 9 grid. (a) Semi-log plot of running
times for our algorithm, GCB and the A* algorithm. The running times of our
algorithm are shown for constructing a ZDD (ZDD-construction), executing
GreedyDP (ZDD-GreedyDP) and their summation (ZDD-total). (b) Running
times of our algorithm and GCB. (c¢) Semi-log plot of the ZDD size |N| and
the number of feasible solutions |C|. (d) Objective values achieved by our
algorithm, GCB and the A* algorithm; those of the A* algorithm are always
optimal.

We also tried to apply an algorithm based on the recursive greedy algo-
rithm [Singh et al., 2009] to the problem. However, since the problem is not a
Euclidean SOP, most of the techniques employed to accelerate the recursive
greedy are not applicable. As a result, the approximation algorithm based on
the recursive greedy took far longer than the exact A* algorithm; actually
it took more than one day to find a solution for an SOP with the 5 x 9 grid
and B = 9. Thus we omit comparison with the recursive greedy. We note
that, even if the techniques for acceleration can be used, the recursive greedy
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Figure 5.3: Results on SOPs with a 7 x 13 grid. (a)—(d) correspond to those
of Figure 5.2.

becomes at most three orders of magnitude faster (see, [Singh et al., 2009]).
Thus it is still slower than our algorithm, which took only about 10~! seconds
for the SOP with the 5 x 9 grid and B = 9.

Figures 5.2 and 5.3 summarize the results of the 5 x 9 and 7 x 13 grids,
respectively. We first consider the computation cost of the algorithms. Fig-
ures 5.2a and 5.3a show running times of our algorithm, GCB and the A*
algorithm; the results of the A* algorithm with B > 27 and B > 23 are
omitted in Figures 5.2a and 5.3a, respectively, since the time limit was ex-
ceeded. We see that our algorithm and GCB are much more scalable than
the A* algorithm; our algorithm is about 5 x 10? times faster than the A*
algorithm for the SOP on the 5 x 9 grid with B = 27. The detailed running
time comparison of our algorithm and GCB is shown in Figures 5.2b and 5.3b.
Although GCB is more scalable than our algorithm, both have reasonable
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computation costs relative to those of the other algorithms. As examined
in [Minato, 1993], ZDD size does not always increase with the value of B
(Figures 5.2¢ and 5.3¢), and neither does the running time of our algorithm.
Figures 5.2c and 5.3c show that, in many instances, ZDD size is smaller than
the number of feasible solutions by orders of magnitude, which makes our
algorithm far more scalable than exact algorithms.

We now turn to the quality of solutions obtained by the algorithms. The
objective values achieved the three algorithms are shown in Figures 5.2d
and 5.3d, where those computed by the A* algorithm for B < 27 and B < 23,
respectively, are optimal. Our algorithm significantly outperformed GCB;
actually, it always achieved at least a 99%-approximation in the 26 instances
to which the A* algorithm was applied, and found optimal solutions in 18 out
of the 26 instances. The following two reasons explain why GCB had trouble
in achieving high objective values. (1) The first reason is the difficulty of
finding a feasible s—t path that covers the current solution of vertices efficiently.
Every time GCB finds new solution S C V', we need to evaluate the cost of S
by computing the minimum-cost s—t path that visits all vertices in S; this,
however, is NP-hard in general. Thus GCB instead evaluates the cost of S
inexactly using the nearest neighbor algorithm, which finds an s—¢ walk that
visits all vertices in S. As a result, GCB sometimes returns an s—t walk that
visits the same vertices time and again, which leads to the lower objective
values. (2) The second reason is the characteristics of the cost-benefit greedy
search strategy. To see this, we use Figure 5.1 as an explanatory example.
The figure shows the solutions obtained by the two algorithms for the SOP
on the 5 x 9 grid with B = 13. Here, our algorithm successfully found an
optimal s—t path. GCB also finds an s— path, but it fails to pass through
the informative area (around the 3rd column from the left in the grid graph).
Since GCB employs the cost-benefit greedy search strategy, it tends to choose
vertices that are not far from s,¢ in the first a few iterations. Consequently,
GCB fails to reach informative areas that are far from s,¢. On the other
hand, our algorithm seldom suffers these two problems. This is because (1) all
feasible s—t paths are stored in a ZDD, and thus, (2) even if the informative
areas are far from s, t, our algorithm considers s—t paths going through the
areas as candidates.
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(a) Our algorithm

Figure 5.4: Illustration of the problem and obtained solutions. The vertices
represent the locations where sensors can be placed, and two sensors can
communicate if and only if they are placed on vertices connected by an edge.
The filled squares indicate terminals. Blue thick edges are the networks
obtained with (a) our algorithm and (b) GCB for B = 50.

5.3.2 Indoor WSN Design with Critical Areas

We consider an indoor WSN design problem formulated as an SSTP. To
collect as much information as possible, we aim to design a network that
covers as wide an area as possible under the following four constraints. (1)
Sensors must be placed at some specified locations (e.g, locations close to
outlets); we denote the set of locations by V. (2) The sensors must form a
connected network; sensors that are too far from each other, or even nearby
sensors that are obstructed by, for example, walls or radiation from appliances,
cannot communicate with each other. (3) The communication cost of the
obtained network must be at most B; sensors consume electric power when
communicating with each other, and the total power consumption is bounded
by B. (4) There are some critical locations, which are called terminals, and
a sensor must be placed on every terminal. To model this situation, we
construct graph G = (V) E) as in Figure 5.4. A sensor can be placed on a
vertex, and two sensors can communicate if and only if they are placed on two
vertices connected by an edge. The terminals are indicated by filled squares.
We seek to find an optimal Steiner tree in GG that includes all terminals.

This experiment uses temperature field data from the Intel Berkeley
Research Laboratory [Madden, 2004]. To construct graph G, we use the
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data on connectivity; two vertices are connected if and only if their average
probability of successful communication is at least 40%. The resulting graph
has 54 vertices and 144 edges. The edge costs are integers ranging from 1 to
5, which are computed from the success probability; the total cost of each
obtained network must be at most B. As shown in [Krause et al., 2008b], in
the context of indoor sensor placements, mutual information

MI(S) = H(V\S) — H(V\S | S)

is suitable to measure the informativeness of given S C V', where H(-) is the
entropy function used in the SOP experiments, and thus we employ it as an
objective function. Unfortunately, the mutual information is non-monotone
in general; this seems to be somewhat undesirable as a measure of informa-
tiveness, and it does not match the setting of problem (5.1). Fortunately,
however, it is known to be approximately monotone if the number of deployed
sensors is small enough compared to |V|. Thus we here make B =41,..., 80,
so the number of deployable sensors is small enough; B = 41 is the cost of
the minimum Steiner tree covering all terminals.

We implemented and applied our algorithm to the problem; its performance
is compared with that of exhaustive search (ES) and a GCB variant that
employs the following approximate cost computation. Given current solution
S C V, the cost of S is evaluated by constructing a Steiner tree that covers
S using the nearest neighbor method. More precisely, starting from vy, € S,
if T'C S is a current connected tree, we connect the pair u € T and v € S\T
that has the minimum shortest-path length; this procedure is continued until
T covers all vertices in S. We vary v;,;; among all vertices in S and take a
Steiner tree with the smallest cost.

Figure 5.5a shows that our algorithm and GCB are far more scalable than
ES; the results of ES for B > 58 are omitted since the time limit was exceeded.
Compared with GCB, our algorithm performs poorly in terms of running time
(Figure 5.5b). This, however, is not such a hardship in WSN design since we
rarely face situations where we must design a network quickly. Figure 5.5¢
shows the numbers of feasible solutions |C| and ZDD sizes |N|. We see that
ZDD size grows much more slowly than |C|, and this is why our algorithm
is more scalable than ES. Figure 5.5d plots the objective values achieved
by the two algorithms, where those obtained by ES for B < 57 are optimal.
We see that our algorithm outperforms GCB in most instances and that our
algorithm is almost optimal for B < 57; actually our algorithm achieved more
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Figure 5.5: (a) Semi-log plot of running times of our algorithm, GCB, and
ES. For our algorithm, the running time for each procedure is shown as
in Figures 5.2 and 5.3. (b) Running times of our algorithm and GCB. (c)
Numbers of feasible solutions and ZDD sizes. (d) Function values obtained
by the three algorithms; those of ES for B < 57 are optimal.

than a 97%-approximation in all 17 instances to which ES was applied, and
found optimal solutions in 5 out of the 17 instances. Figures 5.4a and 5.4b
illustrate the networks obtained with our algorithm and GCB, respectively, for
B = 50. The network output by our algorithm covers a wider area than that
output by GCB, showing the effectiveness of our algorithm for this problem.
Similar to the results of the SOP experiments, GCB again suffers from the
inherent characteristics of the cost-benefit greedy strategy. Namely, in the
first a few iterations, GCB chooses vertices around the center of the target
space, which have large cost-benefit ratios, but choosing such vertices greedily
results in a WSN that cannot cover the left and right sides of the target space
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Figure 5.6: (a) Running times of our algorithm and ES. (b) Numbers of feasible
solutions and ZDD sizes. (¢) Function values attained by our algorithm and
ES; those of ES for B < 49 are optimal. (d) Illustration of the graph and
an obtained solution; blue thick edges are the network obtained with our
algorithm for B = 101.

because of the budget constraint.

5.3.3 Robust Indoor WSN Design

We consider problems raised in finding robust WSNs, which we formulate
as SVCNPs. We use the same graph and objective function as those in the
SSTP experiments. In the SVCNP instances, we observed that the objective
value increases with B even for large B, and thus we set B = 9,...,102;
B =9 is the cost of the minimum VC network (at B = 103 our algorithm
exceeded the time limit).
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When it comes to applying our algorithm to SVCNPs, a ZDD storing all
VC networks cannot be obtained by the commonly used top-down construction
method (see, e.g., [Kawahara et al., 2017a|), and thus we constructed it using
algebraic operations defined on a family of sets (see, [Knuth, 2011]), which can
be performed on ZDDs. To the best of our knowledge, no existing algorithm
is applicable to SVCNP since its constraint is too complex. Thus we employ
only ES to benchmark our algorithm.

As in Figure 5.6a, our algorithm is much more scalable than ES by virtue
of the fact that the ZDD size grows more slowly than the number of feasible
solutions (Figure 5.6b); the running times of ES for B > 50 are omitted
since the time limit was exceeded. Different from the results in SOPs and
SSTPs, the ZDD-construction requires larger computation cost than ZDD-
GreedyDP. This is because the ZDDs for SVCNPs are constructed using
algebraic operations on ZDDs repetitively, which takes a somewhat long
time. Figure 5.6¢ plots the objective values achieved by the two algorithms,
where those obtained with ES for B < 49 are optimal. We observed that our
algorithm attained at least a 91%-approximation in all 41 instances to which
ES was applied, and found optimal solutions in 24 out of the 41 instances.
Figure 5.6d illustrates a solution obtained with our algorithm for B = 101,
showing that our algorithm successfully found a VC network that covers a
wide area.

5.4 On Extension to Weakly Submodular Func-
tion Maximization

Set functions that appear in practice sometimes lack submodularity. Some of
them, however, have a property that is close to submodularity; this is called
weak submodularity [Das and Kempe, 2018]. Formally, monotone set function
f is v-weakly submodular if

FSIT)<y) flw|T)

vES

holds for any disjoint S and T; We have v = 1 if f is submodular, and larger
v < 1 implies that f is closer to being submodular. The v value is know to
be lower bounded if f originates from well-conditioned sparse optimization
problems [Das and Kempe, 2018; Elenberg et al., 2018|.
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As in the above sections, given a graph G = (V, E), we consider set
function f of vertices, and we assume it is y-weakly submodular. As in
[Hegde et al., 2015], we aim to solve sparse optimization problems where
solutions are expected to have a small number of connected components on
the graph; we say such solutions to be contiguous. Such problems appear,
for example, when we are to detect pollution on a water network. To obtain
sparse and contiguous solutions, we use C'(S) = A|S|+N(5) as a cost function,
where N(-) counts the number of connected components and \ is a hyper-
parameter that is set to be larger than the maximum degree in the graph,
denoted by 4.

We apply the greedy algorithm to maxc(sy<. f(S). By iteratively choosing
a vertex that keeps the solution feasible and has the maximum marginal
cost-benefit ratio, we can obtain a solution S that satisfies

)2 (1-ew (- 252) ) s

for an optimal solution S*, where p denotes the largest marginal gain of the
cost function C' (see, [Sakaue, 2019] for details). Therefore, for the above
constraint that induces contiguity, we can prove the performance of the greedy
algorithm. For future work, it will be interesting to consider developing a
ZDD-based algorithm as discussed in the above sections for constrained weakly
submodular maximization.

5.5 Conclusion

We proposed a novel approximation algorithm for submodular function maxi-
mization over graphs, which includes many important and practical problems
such as SOPs, SSTPs, and SVCNPs. Our algorithm avoids the difficulty of
checking feasibility by reducing the original problems to those of finding a
route in a ZDD. We proved that our algorithm achieves (1— k)-approximations
where k is the curvature of the objective submodular function. We observed
the performance of our algorithm via numerical experiments involving three
kinds of sensing tasks. The results showed that our algorithm finds better
solutions than the alternative approximation algorithm in most instances, and
runs much faster than the exact algorithms. Notably, our algorithm achieved
more than a 90%-approximation in all instances for which optimal values
were available.
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In some experiments, we observed that the (1—k)-approximation guarantee
tends to be pessimistic. Actually, our algorithm found optimal solutions for
SOP instances with £ > 0.9, implying that it might be possible to improve the
(1 — k)-approximation guarantee. We believe that submodular optimization
with DDs is a promising subject of study with much room for development,
and so offers a significant advance in the field of constrained submodular
optimization.
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Chapter 6

Best-first Search Algorithm for
Submodular Knapsack Problem

In this chapter, we develop an algorithm that can achieve arbitrary approx-
imation guarantees for monotone submodular function maximization with
a knapsack constraint. Although greedy-based algorithms are guaranteed
to achieve constant-factor approximation guarantees for the problem, many
applications require solutions with better guarantees; moreover, it is desirable
to be able to control the trade-off between the computation time and approx-
imation guarantee. Given this background, the best-first search (BFS) has
been recently studied as a promising approach. However, existing BFS-based
methods for submodular maximization sometimes suffer excessive compu-
tation cost since their heuristic functions are not well designed. We here
present an accelerated BFS by introducing a new termination condition and
developing a novel method for computing an upper-bound of the optimal
value for submodular maximization, which enables us to use a better heuristic
function. Experiments show that our accelerated BFS is far more efficient in
terms of both time and space complexities than existing methods.

6.1 Introduction

This chapter considers the submodular knapsack problem (SKPs). The
following discussion is related to two research subjects: submodular function
maximization and search algorithms. Therefore, for convenience, we employ
the following notation in this chapter. We let U := [n| be a finite ground set,
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and we denote the objective function by ¢ : 2V — R, which we assume to
be normalized, monotone, and submodular. We define X +Y := X UY and
X =Y = X\Y for any X,Y C U. We abuse notation and sometimes regard
v € U as a subset of U; for instance, we let X +v = X U {v}.

Let ¢, > 0 be a cost value defined for each v € U. We define ¢(X) :=
Y wex Co and cx = {c, : v € X} for any X C U. Given a budget B > 0, we
address the following SKP:

ma;(cicrgize g(X) subject to ¢(X) < B. (6.1)
In what follows, X* denotes an optimal solution to SKP (6.1).

Although the greedy-style algorithms can efficiently compute approximate
solutions to SKPs, their approximation guarantees are sometimes unsatisfying.
In many important decision problems, we need to find solutions whose approx-
imation guarantee is better than 1 — 1/y/e &~ 0.39 or 1 — 1/e =~ 0.63, which
are achieved by the greedy-style algorithms (see, Chapter 4). The best-first
search (BFS), a general framework that includes the well-known A* search, is
one of the most promising approaches that can achieve better approximation
guarantees. The BFS-based approach for submodular maximization was es-
tablished by Chen et al. [2015]; their original paper call the algorithm filtered
search (FS). Although the time and space complexities of BFS are generally
exponential in |U|, BFS can find a-approximate solutions for any a € [0, 1],
and we can control the trade-off between the computation cost and optimality
by tuning the hyper-parameter, o. As in the standard A* search, BFS uses
heuristic function h(X) to measure how promising the current solution X is,
and the performance of BF'S strongly depends on how we design the heuristic
function h(-). Unfortunately, as we will see in the experiments, BFSs with
existing heuristic functions work poorly in some important SKP instances;
this is partly because the existing heuristic function is not well designed.

6.1.1 Our Contribution

We propose an accelerated BFS for SKPs. The acceleration is attained by
introducing a new termination condition to BFS and using a novel heuristic
function. As we will see later, computing heuristic function values reduces to
computing upper-bounds for optimal values of SKPs that appear as subprob-
lems in BF'S; and we propose a novel technique to compute such upper-bounds.
The obtained upper-bound is empirically more accurate than those obtained
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by existing techniques, thus enabling us to use a better heuristic function in
BFS. Combining the upper-bound with the proposed termination condition
substantially reduces the computation cost of BFS; our accelerated BFS is
particularly effective when computing a-approximate solutions for o < 1 (e.g.,
a = 0.7 or 0.8). Experiments show that our algorithm outperforms existing
methods in terms of both time and space complexities.

We note that obtaining accurate upper-bounds for SKPs is also beneficial
in the empirical performance analysis of existing approximation algorithms
for SKPs. Since SKP is NP-hard in general, computing optimal values for
large SKPs is prohibitively expensive, making it almost impossible to evaluate
the quality of obtained solutions for large SKPs. As shown later, our upper-
bound computation method is as fast as the standard greedy algorithm, and
it finds an upper-bound that is close to the optimal value. Thus the proposed
upper-bound enables us to obtain empirical approximation guarantees that
are typically better than 1 — 1/e; this is helpful when evaluating the quality
of given solutions for large SKPs.

6.1.2 Related Work

When it comes to obtaining approximation guarantees that are better than
1 —1/e, there are two major approaches: integer programming (IP) and BFS.
The IP-based approach was first studied by Nemhauser and Wolsey [1981], who
proposed a branch-and-bound algorithm. A more efficient IP-based algorithm
using the submodularity cut is proposed in Kawahara et al. [2009]; although
this method is applicable to non-monotone submodular maximization, it
can only deal with the cardinality-constrained case. Unfortunately, IP-based
methods are sometimes inefficient since they must solve subproblems too many
times. The BFS-based methods are typically more efficient than the IP-based
ones by virtue of their search strategy based on certain priorities, and so are
attracting much attention recently. For submodular maximization with a
specific objective function and an s—t path constraint, an A* search algorithm
is proposed in [Zeng et al., 2015|. Their algorithm employs the greedy
algorithm for computing heuristic function values. For some submodular
maximization problems including SKP, a BFS-based algorithm, called filtered
search (FS), was proposed in [Chen et al., 2015]. With their algorithm,
heuristic function values are computed by solving relaxed knapsack problems
(KPs). FS has a hyper-parameter, o € [0, 1], that a user can control, and
FS is guaranteed to find a-optimal solutions; this technique is studied as the
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weighted A* search in the field of search problems [Pohl, 1970; Ebendt and
Drechsler, 2009].

6.2 BFS for SKPs and Acceleration Techniques

We explain some basics of BF'S for SKP (6.1) and additional techniques for its
acceleration: under estimation and termination condition. The detail of BFS
with these techniques is shown in Algorithm 9. We also provide a theoretical
analysis on the proposed algorithm.

6.2.1 BFS for SKPs

We briefly review the procedures of BFS for SKPs, as detailed in [Chen et
al., 2015].

Let F :={X C U : ¢(X) < B} be the collection of all feasible solutions,
and remember that elements in U are numbered by 1,...,n. We define a
state-space tree G = (F, E), which is a directed tree whose root is ) € F.!
Each node corresponds to a feasible solution X € F, and is called a state; the
pair X,Y € F has a directed edge (X,Y) € E if and only if X =Y — maxV
holds, where max Y is an element in Y with the largest number. For example,
X ={2}and Y = {2,4} have an edge (X,Y ) since Y —max Y = {2,4}—{4} =
{2} = X. We abuse the notation and suppose that the set U has the linear
order <; for example, we use {2} < {4}. Although |F| can be exponential in
|U|, BFS expands states in F on-demand, typically requiring the storage of a
very small fraction of F.

As in Algorithm 9, BFS employs a max heap (i.e., a priority queue) to
manages (key, value) pairs. A key corresponds to state X € F and the
priority value of X is defined as

f(X) = g(X) + h(X),

where h(-) is a heuristic function. In each step of BFS, we pop the state
with the biggest priority value from the heap and push its child states onto
the heap. Let T € F be a state popped from the heap. Then all child

! The original paper of FS uses a state-space graph and closed list so that each state is
examined at most once. In practice, however, it is inefficient to use the closed list explicitly.
Thus we employ here the state-space tree often used in reverse search [Avis and Fukuda,
1996].
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states S € F such that (T,S) € E (i.e., S =T 4 v for all v € U such that
v > maxT') are pushed onto the heap. These procedures are repeated until
solution 7" such that h(7T") = 0 is obtained. BFS is guaranteed to be optimal if
the heuristic function is admissible, i.e., h(X*) = 0 and h(X) > g(X*) — g(X)
for any optimal solution X* and X C U.

6.2.2 Under Estimation

While computing an optimal solution with BFS is sometimes too computa-
tionally expensive, an approximate solution can often be obtained efficiently
by employing the under estimation technique as in [Chen et al., 2015]; this ap-
proach is analogous to that of the weighted A* algorithm [Pohl, 1970; Ebendt
and Drechsler, 2009|. Specifically, instead of using f(7') = g(T") + h(T), we
employ the under-estimated priority f(7) = g(T) + ah(T'), where a € [0, 1]
is a controllable hyper parameter. From the non-negativity of g(-) and the
admissibility of h(-), we have f(T) > a(g(T) + h(T)) > ag(X*), which
guarantees the a-optimality of BF'S.

6.2.3 Proposed Termination Condition

We now explain the proposed termination condition (Steps 12-16), which
detects that an a-approximate solution has been already obtained; we refer
to our algorithm as BFS with termination condition (BFSTC).

As we will show later, evaluating h(.S) requires to obtain subset Scu
such that S+ S € F. If we can detect g(S + 5)/g(X*) > a without knowing
the true value of g(X*), we can immediately stop the search and return S + S
as an a-approximate solution. We use this idea to create BFSTC. In Steps 1
and 12, GetFeasible(S) computes S ; for example, we may use the standard
greedy algorithm to obtain S. How to compute S depends on the heuristic
function used, and thus we show the details of GetFeasible later for each
heuristic function. Sy, maintained in Algorithm 9 always gives a feasible
solution, and it is updated in Step 13 so that Sp,.x is the current best solution.
Furthermore, since we have f(7T) > ag(X*) thanks to the admissibility of
h(-), Gupper Mmaintained in Algorithm 9 always gives an upper-bound of g(X*);
9(Smax)/9(X™) > g(Smax)/Gupper always holds. Namely, g(Smax)/Gupper > @
implies Syay 18 an a-approximate solution, i.e., g(Smax)/9(X*) > a. As in
the experiments, the termination condition reduces the search effort of our
algorithm, particularly when computing a-approximate solutions for a < 0.7.
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Algorithm 9 BFSTC(U, ¢(+), cy, B, «)

1: Shmax < GetFeasible(()

2: f(@) — Oéh(@)

5 Gupper — F(0)/a

4: MaxHeap.push((0, f(0)))

5: while MaxHeap is not empty do

6: T <+ MaxHeap.pop()

7: if A(T) =0 then

8: return 7'

9: end if

10: Gupper < Min{Gupper, f(T)/a}

11: for each S such that (7, 5) € E do
12: S+ GetFeasible(S)

13: Smax argmaXyc g 3. 1 g9(X)
14: if g(Smax)/Gupper > < then

15: return S,

16: end if

17: f(S) < g(S) + ah(5)

18: MaxHeap.push((S, f(5)))

19: end for
20: end while

6.2.4 Theoretical Analysis

We here show a sufficient condition for BFSTC to achieve a-approximation;
more specifically, we show a weaker version of the admissibility that suffices
to obtain the a-optimality of BFSTC. The condition is a key to obtaining
the proposed heuristic function. As shown by Chen et al. [2015], if heuristic
function h(-) satisfies the following critical admissibility (CA),? then BFS is
a-optimal. In what follows, we define

Vs :={veU:v>maxS}

for any given S C U; namely, Vs consists of the elements that are considered

to be added to S in BFSTC.

2 The above definition of CA is slightly different from the original one presented in Chen
et al. [2015] since we employed the state-space tree instead of the state-space graph.
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Definition 1 (critical admissibility). We say h(-) satisfies CA if the following
conditions hold for any S C U:

1. h(S)=01ifg(v|S) <0 orS+uv¢F forallve Vs,

2. h(S) > maxxcvg:x+5er D pex 9(V | S) otherwise.

We introduce here the weak critical admissibility (WCA). With WCA,
we can design a novel heuristic function as shown later, which substantially
enhances BFS performance.

Definition 2 (weak critical admissibility). We say h(-) satisfies WCA if the
following conditions hold for any S C U:

1. h(S)=0ifglv|S)<0orS+uv¢F foralve Vg,
2. h(S) > maxxcve.xiser 9(X | S) otherwise.

We name this condition WCA since heuristic function h(-) satisfying CA
always satisfies WCA, while the reverse is not true; this can be confirmed
using the submodularity of g. The following theorem guarantees that BFSTC
is a-optimal if its heuristic function satisfies WCA.

Theorem 6. If h(-) satisfies WCA, then solution R C U obtained by BFSTC
satisfies g(R) > ag(X™).

Proof. Let X* be an optimal solution and assume R # X*, otherwise the
claim holds trivially.

We first show that the max heap always contains a subset P C X*
such that max P < min X*\ P until R is popped; we regard max () = 0 and
min () = co. This is apparently true at the beginning since () C X* is in the
heap. Whenever such P is popped, we have either

(i) P=X* or

(ii) all P* C X* such that (P, P’) € E are pushed onto the heap, one of
which satisfies max P’ < min X*\ P'.

If case (i) occurs, then we have h(P) = 0 since h(-) satisfies the first condition
of WCA and P = X* is optimal. As a result, BFSTC returns the optimal
solution P = X*, which contradicts the assumption. Thus case (ii) continues
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to hold until BFSTC returns R. Consequently, a subset P C X* such that
max P < min X*\ P must be in the heap until R is popped.

We then prove f(T) > ag(X*) for any T popped from the heap. As shown
above, the heap always contains a subset P C X* with max P < min X*\ P.
For such P, we have

where the second inequality comes from the fact that A(-) satisfies the second
condition of WCA. Since the popped T has the largest f value in the max
heap, we obtain f(T) > f(P) > ag(X™*). We note that, for some popped T,
we always have gupper = f(1')/a. Hence gupper always gives an upper-bound
for g(X™), i.e., Gupper > g(X™).

We now consider two cases: R is obtained in Step 8 or in Step 15. If R is
obtained in Step 15, we have g(R) > agupper > ag(X™). If R is obtained in
Step 8, we have h(R) = 0, which leads to

9(R) = g(R) + ah(R) = f(R) > ag(X7),

where f(R) > ag(X*) comes from the fact that R is popped from the max
heap. Therefore, g(R) > ag(X*) holds in both cases, and thus the proof is
completed. [

In the next section we discuss how to design A(-). The first condition of
WCA (or CA) is easily satisfied by examining all v € Vg, and thus we focus
on the second condition. Given current solution S, heuristic function value
h(S) satisfying the second condition of WCA is obtained as an upper-bound
of the optimal value of the following SKP:

mag/(icr‘r/lize gs(Y) subject to ¢(Y) < Beg, (6.2)

where Bg := B —¢(S), V :={v € Vs : c(v) < Bg}, and gs(Y) :=g(SUY) —
g(S) (VY C V) is a monotone submodular function defined on U — S; gs(+)
is sometimes called the contraction of g on S (see, e.g., [Bach, 2013|) and
satisfies gs(0) = 0. Therefore, in the next section, we discuss how to obtain
upper-bounds of the optimal value of SKP (6.2).
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6.3 Upper-bound Computation for SKP

Algorithm 10 GreedySK(V, gs(-), ¢y, Bs)
: X < GreedyAdd(V, gs(+), cv, Bs)

1
2: Upax < MaXyey gS<U)

3 J+— argmaXy ey ...x}1 9s (Y)
4: return 7

Algorithm 11 GreedyAdd(V, gs(+), ¢y, Bg)

1: X+ 0
2: while V # () do

3: U« argmax, .y gs(v | X)/c,
4: if ¢(X +0) < Bg then

5: X+~ X+0

6: end if

T VeV-—-29

8: end while

9: return X

As we have seen above, given solution S, heuristic function value h(S5)
is obtained by computing an upper-bound of SKP (6.2). In this section, we
let Y* C V denote an optimal solution for SKP (6.2), and we discuss how
to compute an upper-bound of gs(Y™*), which we use as heuristic function
value h(S). In what follows, for a given ordered subset X C V', we let X;,;
denote the set of the first ¢ elements (X;,; = 0 if i < 1) and X; denotes its
i-th element.

For later use, we show the ordinary greedy algorithm for SKP (6.2)
in Algorithm 10, which we call GreedySK. The algorithm computes two
candidates, X and vy, as its output: X is obtained by adding the elements
with the largest cost-benefit ratio sequentially, and vy, is a singleton with the
maximum objective value. We refer to the algorithm for computing the first
candidate X as GreedyAdd, and we describe it separately from GreedySK
for later use.

In the rest of this section, we present three upper-bounds of gs(Y™*), which
We name Uspp, Umod, ald Ugom. The first two bounds are obtained with
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existing techniques. The third one is the proposed upper-bound, and is used
as heuristic function value h(S) in our algorithm.

6.3.1 Upper-bound with Approximation Ratios (uapp)

Given y-approximate solution Z for SKP (6.2), the simplest way to obtain an
upper-bound of gs(Y™*) is to compute u,pp := gs(Z)/7. As in [Lin and Bilmes,
2010], GreedySK for SKPs achieves at least (1 — 1/4/e)-approximation; more
strictly, if X is the output of GreedyAdd, the approximation ratio achieved by
X|

GreedySK is at least 7 = 1— (1 — ﬁ . In the cardinality-constrained case,
we can improve the upper-bound using the results in [Conforti and Cornuéjols,
1984 as follows: we compute the curvature x € [0, 1] of submodular function
gs and we let y = - (1 - (1- /@/\X!)m
function is a variant of the above uapyp, is studied in |Zeng et al., 2015] for a
specific objective function.

We now consider the computational aspect of BESTC that uses uapy, as its
heuristic function value. For current S, we can compute h(S) = uyy, efficiently
once we obtain gg(Z), where Z is the output of GreedySK(V, gs(-), cv, Bs).
Therefore, in Steps 1 and 12 of BFSTC, we use GreedySK(V, gs(+), c¢v, Bs)
as GetFeasible(S), with which we compute gs(Z) and let h(S) = gs(Z)/7.

). The A* algorithm, whose heuristic

6.3.2 Upper-bound with Modular Functions (umed)

The second upper-bound w04 is the one used in [Chen et al., 2015|, which
gives a heuristic function satisfying CA. Thanks to the submodularity of gg,
we have Y+ gs(v) > gs(X) for any X C V, and thus we obtain

max Y gs(v) > > gs(v) > gs(Y*) = gs(Y™). (6.3)

XCV:e(X)<Bg
veX veY*

Therefore, in order to bound gs(Y™*) from above, we compute an upper-bound
of the left-hand side of eq. (6.3), which is an optimal value of KP. Such
an upper-bound is easily obtained by considering the fractional relaxation
of KP as follows. We sort V' in the non-increasing order of r, := gg(v)/cy;
V1.i denotes the first ¢ elements of the sorted set. If we have r, = oo (i.e.,
gs(v) > 0 and ¢, = 0) for some v € V, we place them at the beginning of V'
in arbitrary order. Furthermore, we define | := max{i € [|V|] : ¢(V14) < Bs}.
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If I < |V, then the following value bounds the left-hand side of eq. (6.3) from
above (see, [Dantzig, 1957|):

tmod = Y g5(v) + (Bs = e(Via)) i -

UEVM

If | = |V, then gs(Y™*) = gs(V) thanks to the monotonicity of gs, and thus
we let Umoq := gs(V'). Consequently, uyoq always bounds gg(Y™) from above.

Given current solution S, we consider computing h(S) = umeq efficiently
in BFSTC. As discussed above, u,,q is obtained by solving the relaxed
KP. Thus in Steps 1 and 12 of BFSTC, we let GetFeasible(S) compute
Viiy1 and output Vi, if [ < |V|; note that we have Vi, + S € F. We then
set h(S) to the objective value that is obtained by solving the relaxed KP;
namely h(S) =3 oy 9s(v) + (Bs — c¢(Via)) gs(Vig1)/cviy, - 1= [V, we let
GetFeasible(S) output V' and set h(S) = gs(V).

For later use, given any Y C V', we define uy,0q(Y") as an upper-bound of
maxxcy\y:e(x)<Bs 9s(X | Y) that is obtained by solving its relaxed KP as
shown above.

6.3.3 Upper-bound with Dominant Elements (uqom)

We here propose the new upper-bound ugo,. To compute ugom, We use an
output of GreedyAdd(V, gs(+), cy, Bs), which we denote X.; X, is the set
of the first i elements added by GreedyAdd for i € [k]. We define

By = 0 if Umoa(X1:i) = 0 for some i € [k,
bk Hle B; otherwise,

B gS(Xi | Xl:i—l)
umod(Xlzi—l)

Then we let ugom = gs(X1.£)/(1 — Prk)-

Bi =1 for i € [k].

Theorem 7. wgom > gs(Y™*) holds for any given S C U.
Proof. For 1 =0, ..., k, we have
gs(Y") < gs(Y™ + X1)

= gs(X14) +9s(Y" | X14)

< gs5(X14) + XQV\XT%EX)SBS 9s(X | X1.4)
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S gS(Xlzi) + umod(Xl:i)a

where the third inequality comes from the definition of wy0q(X1.)-
We first consider the case where uyq(X1.;) = 0 holds for some i € [k]. In
this case we have

9s(Y™) < g5(X1:) + tmod(X1:4) = 95(X1:4)

from inequality (??). Thanks to the monotonicity of gg, we have gg(X.1)
9s(X1.), and hence ugom = gs(X1.k) > gs(Y™) holds; more precisely, tgom
9s(Xi1.x) = gs(Y™) holds since Y* is optimal.

We then consider the case where y0q(X71.;) > 0 holds for all i € [k]. For
i € [k], we have

v

9s(Y™) < gs(X1:-1) + Umod(X1:i-1)

umod(Xlzifl)
= X 1)+
gS( ' 1) gS(Xi ’ X1;z>1)

(gS<X1:i) - gS(chifl))

(gS<X1:i) - gS(chi—l))

1
- X g
9s(X1.i-1) + 15

from inequality (?7?). Rearranging the terms yields
9s(X1:) = Bigs(Xri1) + (1= Bi)gs(Y),
and thus the following inequality holds for i € [k]:
9s(Y") = gs(X1) < Bi(gs(Y") = gs(X1i-1))-

Therefore, from gg()) = 0, we obtain

9s(X1x) > (1 - H@) 9s(Y™) = (1 = Brx) gs(Y7).

Hence Udom = gS(Xlk)/(l — 61:k) Z gs(Y*) holds. ]

The above proof is analogous to the well-known proof of (1 — 1/e)-
approximation for cardinality-constrained submodular maximization. In
the cardinality-constrained case, we have 5; = 1 — 1/k in the worst case,
which leads to the (1 — 1/e)-approximation guarantee; from this fact, the
simple upper-bound gg(Xi.x)/(1 —1/e) > gs(Y*) can be obtained. In most
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cases, however, we have ; < 1 —1/k, and hence uqon, is expected to be closer
to gs(Y™) than gs(Xi.)/(1 — 1/e).

We discuss when ugon, gives an upper-bound that is close to gs(Y™*). From
the definition of ugem, we see that ugen is likely to overestimate gg(Y™*) if
Pk € [0, 1] is close to 1; namely £y, =~ 0 is desirable, which holds if we have
Bi =~ 0 for some i € [k]. Such small §; can be obtained if we have gs(X; |
X1.-1) /tmod(X1.i-1) =~ 1, which occurs if X; is has a dominant marginal gain
compared to v € V — Xy,;. In other words, if gs(X; | X1.-1) > gs(v | X1.-1)
holds for all v € V' — X7.;, then we have 3; = 0, and consequently we obtain
B1.x =~ 0. Namely, the accuracy of ugom depends on the dominance of the
elements selected by GreedyAdd.

We consider computing h(S) = ugem efficiently in BFSTC for current
solution S. As shown above, ugom can be computed easily if we have gg(X7.x)
and the marginal gains gs(v | Xy.;-1) for allv € V — Xy, and i € [k], which
can be obtained once GreedyAdd(V, gs(-), ¢y, Bs) is executed. Therefore, in
Steps 1 and 12 of BFSTC, we get S by using GreedySK(V, gs(+), cv, Bs),
which includes GreedyAdd(V, ¢gs(-), cv, Bs) as its building block. Then we

can compute ugom, Without additional function evaluation.

6.4 Experiments

All experiments were conducted on a 64-bit Cent7.3.1611 machine with Xeon
5E-2697 v3 2.6 GHz CPUs and 256 GB of RAM. Our algorithm is BFSTC
with the heuristic function given by tgom, which we call DOM. To benchmark
our algorithm, we use BFSTC with the heuristic functions given by uap,
and Upq, which we call APP and MOD, respectively. Note that APP and
MOD are improved variants of those in [Zeng et al., 2015] and [Chen et al.,
2015], respectively. All instances considered are formulated as SKPs. For the
objective functions, we use the following weighted coverage (COV) function,
facility location (LOC) function, and bipartite influence (INF) function.

Weighted Coverage (COV). The first one is the well-known weighted
coverage function (see, e.g., [Krause and Golovin, 2014]). Let [m] be a set of
m items. We define w; > 0 as the weight of i-th item for each i € [m]. Each
v € U covers some items, and we let I, C [m] indicate the set of items covered
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by v. The following weighted coverage function is monotone and submodular:

g(X) = Z w;.

i€Uypex Iv

This function often appears in the context of itemset mining (e.g., [Kumar et
al., 2015]). Here ¢, is the cost of choosing v.

Facility Location (LOC). The second one is the facility location function
(see, e.g., |Krause and Golovin, 2014]). We regard U as a set of locations and
consider selecting some locations at which to build certain facilities. Let [m)]
be a set of m clients. We define ¢;,, > 0 as the benefit i-th client gains from
the facility built at v. Given X C U, which represents the set of locations
where the facilities are built, each client gains benefit from the most beneficial
facility, and thus the total benefit for the clients is defined as

9(X) = ) maxg,.
1€[m]

which is known to be monotone and submodular. Here ¢, represents the cost
of building a facility at v.

Bipartite Influence (INF). The third one represents an influence model
on bipartite graphs, which is a special case of the problem studied in [Alon et
al., 2012|. Let U be a set of items. We regard [m] as a set of m targets. Given
bipartite graph G = (U, [m]; A), where A C U x [m] is a set of directed edges,
we consider an influence maximization problem on . The probability that
i-th target gets activated by items X C U is 1 — HveX:(v,i)eA(l — py), where
pw € [0, 1] is the activation probability of item v. Objective function g(X) is
the expected number of targets that are activated by items in X, which can
be written as

gx)=> (1 ]I @-n)
i€[m] vEX:(v,i)€EA
In this setting, ¢, represents the cost of choosing v.
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6.4.1 Artificial Instances

We randomly generated 100 instances for COV, LOC, and INF, and we
compared the performance of the three algorithms. In all instances, we set
|U| = 100 and B = 1. The costs ¢, (v € U) are drawn randomly from a
uniform distribution on [0, 1]; we denote a uniform distribution over [a, b] by
Ufqp). We let m = 1000 for each m that appears in the definitions of COV,
LOC, and INF. In COV instances, w; are drawn from uy 1), and each v € U
randomly covers each w € W with probability 0.3. In LOC instances, all
benefits, ¢;,, are drawn from up ;). In INF instances, all p, are drawn from
ufo,1], and each pair (v,i) € U x [m] is connected randomly with probability
0.3. In all instances, we set the time limit to one hour.

The results are summarized in Table 6.1 for various approximation ratios
a = 0.4,...,1.0, which can be controlled by the user; since the greedy
algorithm for SKP achieves 1 — 1/y/e &~ 0.39 approximation, we consider
only the case a > 0.39. For each method, we observed and compared the
number of instances solved without exceeding the time limit, number of nodes
pushed onto the heap (averaged over all 100 instances), and running time. In
Table 6.2, we also present the results on the number of nodes pushed onto
the heap averaged over solved instances. The running times in Table 6.1
is compared for two pairs (DOM, MOD) and (DOM, APP), both of which
are averaged over all instances solved by the both methods. Our method
DOM substantially outperforms the other methods in all aspects. Notably, in
the case a < 0.7, DOM pushes only one node onto the heap, thus requiring
dramatically less time and space complexities than the other methods. This
result is thanks to the high accuracy of ugon and the proposed termination
condition; our upper-bound ugey, is so accurate that DOM detected the a-
optimality of the solution obtained by GreedySK at the beginning, and thus
it terminated in Step 15 of Algorithm 9 without pushing additional nodes
onto the heap.
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6.4.2 Real-world Instances

We applied the three algorithms to COV, LOC, and INF instances that are
generated with real-world data. Since the data did not include information
on cost values c¢,, we drew them from wjg 1) in all instances; in practice it is
rare for any item v to have cost of ¢, ~ 0, and thus we set the lower-bound of
cost to 0.1. The budget value, B, is set for each instance so that the resulting
instance does not become computationally too demanding; we set B to a
small value if |U| is large. In all instances, the time limit is one day (86,400
seconds). Below we detail the experimental settings:

COV. The COV instance uses a dataset on messages exchanged by 899
users on 522 topics [Opsahl, 2013]. Each user posts messages on some topics
with which he/she is familiar; we regard a user covers a topic if he/she posts
messages to the topic. Each topic is weighted based on the number of posted
messages; namely, the importance of topics is measured by the number of
posted messages. We consider selecting some users so that the total weights
of covered topics is maximized. Here we let B = 1.25.

LOC. The LOC instance uses a dataset on 473 subway stations in New York
City (NYC) [Roest and Mashariki, 2015]. We regard the stations as clients,
and consider building several facilities so that people at any station can easily
reach one of the facilities. The candidate locations, on which facilities can
be built, are given by a 10 x 10 grid that discretizes the NYC map, and we
select some locations from the 100 candidate locations. The benefit a client
(station) gains from a facility is computed based on the distance between
them. In this instance we let B = 1.5.

INF. The INF instance uses the MovieLens 100K dataset [Harper and Kon-
stan, 2015]. The dataset contains 100, 000 ratings (1-5) by 943 users on 1682
movies, and we consider selecting some influential movies. The activation
probability of each movie is computed from the ratings, and a movie can
activate a user if he/she has rated the movie. Here we let B = 1.

Figures 6.1 (a)—(i) summarize the results; some results of APP for COV
and INF instances are omitted since they exceeded the time limit for COV
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instances, and memory shortages occurred with in INF instances. Similar to
the results on artificial instances, DOM outperforms the other methods both
in time and space complexities. MOD and APP tend to require too much
computational effort even for small «, achieving slightly higher objective
values than DOM in some instances. This implies that MOD and APP are
poor at using the hyper-parameter a to control the trade-off between the
complexity and optimality. On the other hand, DOM successfully controlled
the trade-off, and reduced the complexities when computing a-approximate
solutions for small «; in particular DOM is efficient when o < 0.7.
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Figure 6.1: Numerical results on real-world instances. Figures (a)—(c), (d)—(f),
and (g)—(i) show results for COV, LOC, and INF instances, respectively. (a),
(d), (g): Running times of the three algorithms: DOM, MOD, and APP.
(b), (e), (h): Number of nodes pushed onto the heap. (c), (f), (i): Achieved
objective values.
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6.5 Conclusion

We proposed an accelerated BFS for SKP. The acceleration is achieved by
introducing a new termination condition and developing a novel method for
computing an upper-bound of the optimal value of the SKP. For any given
a € [0, 1], our algorithm is proved to find an a-optimal solution. Experiments
showed that our algorithm finds approximate solutions with substantially less
time and space complexities than the existing methods.

In this chapter, as an application of the proposed upper-bound compu-
tation method, we focused on accelerating BFS. However, we believe that
computing an upper-bound accurately is beneficial to many other algorithms
that include submodular maximization as a subroutine. In future work we
will try to develop more powerful variants of the upper-bound computation
methods, which will improve the performance of various algorithms.
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Chapter 7

k-submodular Function
Maximization under Matroid
Constraint

In this chapter, we consider monotone k-submodular function maximization
under a matroid constraint. The k-submodular function is an extension of
the submodular function such that its input is given by k disjoint subsets
instead of a single subset. For unconstrained non-negative k-submodular max-
imization, Ward and Zivny [2016] proposed a constant-factor approximation
algorithm, and this was improved by the recent work |Iwata et al., 2016, which
presents a 1/2-approximation algorithm. Iwata et al. [2016] also provided a
k/(2k — 1)-approximation algorithm for non-negative monotone k-submodular
maximization and proved that the approximation ratio is asymptotically
tight. Ohsaka and Yoshida [2015] proposed constant-factor approximation
algorithms for non-negative monotone k-submodular maximization with some
cardinality constraints.

While the unconstrained and cardinality-constrained cases have been
studied as above, no approximation guarantee has been obtained for k-
submodular maximization with more general constraints. Here, we prove a 1/2-
approximation guarantee of the greedy algorithm for non-negative monotone
k-submodular maximization with a matroid constraint. The algorithm runs
in O(M|E|(I0 + KEO)) time, where M is the size of a maximal optimal
solution, |E| is the size of the ground set, and 10 and EO represent the time
for the independence oracle of the matroid and the evaluation oracle of the
k-submodular function, respectively.
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7.1 Introduction

The k-submodular function has been proposed by Huber and Kolmogorov
[2012], which express the submodularity of choosing k disjoint sets of elements,
instead of a single set. Let

k+1)F ={(X1,.... Xp) | i CE(i=1,....k), X;nX; =0 (i #j)}.

A function f : (k+1)F — Ris called k-submodularif, for any = (X1,..., X})
and y = (Yq,...,Ys) in (k+1)¥, we have

fl@)+ fly) > flzUy) + flxNy)

where

Ny =(X1NYy, ..., XpxNY),

rUy — (X1qu\(UX,-uYi),...,Xkqu\(UX,»uYi))

i#1 itk
For an input = (X3,..., X}) of a k-submodular function, we define the size
of z by |Uici. n Xi‘~ We say [ is monotone if f(x) < f(y) holds for any

x=(Xq,...,Xy) and y = (Y1,...,Y}) satisfying X; CY; fori=1,... k.
k-submodular functions appear in various scenarios: they are used when
designing placement of k types of sensors and relaxing some NP-hard problems.
Therefore, the k-submodular function is recently a popular subject of study
|Gridchyn and Kolmogorov, 2013; Hirai and Iwamasa, 2016|. If £ = 1, the
above definition is equivalent to that of submodular functions. If £k = 2, the
k-submodular function is equivalent to the so-called bisubmodular function,
for which maximization algorithms have been widely studied [Iwata et al.,
2013; Ward and Zivny, 2016]. For unconstrained non-negative k-submodular
maximization, Ward and Zivny [2016] proposed a max{1/3,1/(1 + a)}-
approximation algorithm, where a = max{1, \/(k — 1)/4}. Iwata et al. [2016]
improved the approximation ratio to 1/2. They also proposed a k/(2k — 1)-
approximation algorithm for non-negative monotone k-submodular maxi-
mization, and proved that, for any € > 0, a ((k 4+ 1)/2k + ¢)-approximation
algorithm for maximizing monotone k-submodular functions requires expo-
nentially many oracle queries. This means their approximation ratio is asymp-
totically tight. Ohsaka and Yoshida [2015| proposed a 1/2-approximation
algorithm for non-negative monotone k-submodular maximization with a total
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77777

1/3-approximation algorithm for that with individual size constraints (i.e.,
| X;| < N; for i =1,..., k with associated non-negative integers Ny, ..., Ny).

We prove that the greedy algorithm achieves a 1/2-approximation for non-
negative monotone k-submodular maximization with a matroid constraint.
This approximation ratio is asymptotically tight due to the aforementioned
hardness result by Iwata et al. [2016]. Given F C 2¥, we say a system (E, F)
is matroid if the following conditions hold:

(M1) 0 e F,
(M2) If AC B e Fthen A€ F,

(M3) If A,B € F and |A| < |B| then there exists e € B\A such that
AU{e} e F.

If A e F, wesay A is independent, and we say A € F is mazimal if no B € F
satisfies A C B. Matroids include various systems (E, F); below we list some
examples.
(a) F is a finite set and
F={FCE||F| <N},
where NN is a non-negative integer.

(b) E is the set of columns of a matrix over some field, and

F ={F C E | Columns in F are linearly independent on the field}.

(c) E is the set of edges of a undirected graph G with a vertex set V, and

F={FCE|(V,F) forms a forest}.

(d) E is a finite set partitioned into ¢ subsets Ej,..., F, with associated
non-negative integers Ny, ..., Ny, and

F={FCE||FNE)|<N;fori=1,...,(}.

97



CHAPTER 7. K-SUBMODULAR FUNCTION MAXIMIZATION UNDER
MATROID CONSTRAINT

The total size constraint corresponds to (a), which is called a uniform matroid.
Since submodular functions and matroids are capable of modeling various
problems, approximation algorithms for submodular function maximization
(i.e., k = 1) with a matroid constraint have attracted much attention [Fisher
et al., 1978; Lee et al., 2010; Calinescu et al., 2011; Filmus and Ward, 2014].
However, to the best of our knowledge, no approximation algorithm has been
studied for k-submodular maximization with a matroid constraint.

We here prove that the greedy algorithm achieves a 1/2-approximation
guarantee for the following non-negative monotone k-submodular maximiza-
tion with a matroid constraint:

imj bject t X, e F, 7.1
maximige f(z)  subjectto (] X, (7.1)

where x = (X7, ..., X)). We also show that the algorithm incurs O(M |E|(10+
EEO)) computation cost, where M is the size of a maximal optimal solution,
and 10 and EO represent the time for the independence oracle of the matroid
and the evaluation oracle of the k-submodular function, respectively. As in
Section 7.2, all maximal optimal solutions for problem (7.1) have equal size,
and we denote the size by M throughout this chapter.

The rest of this chapter is organized as follows. Section 7.2 reviews
some basics of k-submodular functions and matroids. Section 7.3 discusses
the greedy algorithm for problem (7.1) and proves the 1/2-approximation.
Section 7.4 observes why it is hard to apply the existing techniques shown
in [Iwata et al., 2016], which are used to prove k/(2k — 1)-approximation for
the unconstrained case, to the case with a matroid constraint. We conclude
this chapter in Section 7.5.

7.2 Notation and Definitions

We elucidate some properties of a k-submodular function f where k € Z~.
For ¢ = (X1,...,X}) and y = (Y1,...,Y,) in (k + 1), we define a partial
order < such that * < y if X; C Y, for all i € [k]. For ¢,y € (k + 1)¥
satisfying & < y, we use * < y if X; C Y; holds for some i € [k]. We also
define

Acif(x) = f(Xy,..., X;U{e}, ..., Xp) — f(Xq, ..., X})
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forx e (k+1)F e¢ Urepry Xe and i € [k], which is a marginal gain when
adding e € E to the i-th set of & € (k+1)”. It is not hard to sce that the
k-submodularity implies the orthant submodularity [Ward and Zivny, 2016]

Ae,if(m) 2 Ae,if(y)

for any @,y € (k+ 1)¥ with x < y, ¢ ¢ Uje Y5> and @ € [k], and the
pairwise monotonicity

Acif(@) + Acjf(z) >0

for any € (k+1)F, e ¢ Urey Xeo and @, j € [k] with ¢ # j. Actually, these
properties characterize k-submodular functions:

Theorem 8 (Ward and Zivny [2016]). A function f : (k+ 1) — R is

k-submodular if and only if f is orthant submodular and pairwise monotone.

For notational ease, we identify (k + 1)¥ with {0,1,...,k}F, that is, we
associate (X1,...,Xy) € (k+ 1) withz € {0,1,... k}f by X; ={e € F |
x(e) =i} for i € [k], where x(e) is the entry of & whose index corresponds to
e € E. We sometimes abuse the notation, and simply write x = (X; ..., X})
by regarding a vector x as k disjoint subsets of E. For & € {0,1,...,k}%,
we define supp(x) = {e € F | x(e) # 0}, the size of  can be written as
|supp(z)|. Let 0 be the zero vector in {0,1,...,k}F. In what follows, we
assume monotone k-submodular functions f to be normalized, i.e., f(0) = 0;
if £(0) # 0, we redefine f(x) = f(x) — f(0) where = € (k + 1)F.

We now turn to some properties of matroid (F,F). An independent set
A € F is called a basis if it is a maximal independent set. We denote the set
of all bases by B. It is known that each element in B has the same size (see,
e.g., |[Korte and Vygen, 2012, Theorem 13.5]); the size is denoted by M in
what follows. Thus, we have the following lemma for the size of the maximal
optimal solutions for problem (7.1).

Lemma 8. The size of any maximal optimal solution for problem (7.1) is
M.

Proof. Assume there is a maximal optimal solution o such that |supp(o)| < M.
Let « € (k+ 1)® be an arbitrary vector such that supp(x) € B. Then, by
(M3), there exists e € supp(x)\supp(o) such that supp(o) U {e} € F. Since
f is monotone, by assigning arbitrary i € [k] to o(e), we get A.,;f(0) > 0;
more precisely, A.;f(0) = 0 since o is an optimal solution. This contradicts
the assumption that o is a maximal optimal solution. O
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We also introduce the following lemma for later use.

Lemma 9. Suppose A € F and B € B satisfy A C B. Then, for any e ¢ A
satisfying AU {e} € F, there exists ¢’ € B\ A such that {B\{e'}} U{e} € B.

Proof. The case e € B is trivial as one can take ¢/ = e and then {B\{¢'}} U
{e} = B € B. Thus we suppose e ¢ B in what follows.

If | B|—|A| = 1, by defining ¢ = B\ A, we get { B\{e'}}U{e} = AU{e} € F.
Since |[AU {e}| = |B|, we have {B\{¢'}} U{e} € B.

If |B]|—|A| > 2, then |AU{e}| < |B|. Thus, by applying (M3) iteratively,
we can obtain |B| — |A| — 1 elements ey, ..., epj—ja-1 € B\{A U {e}} such
that

{Au{ettU{ei}U---U{epi-ja-1} € B.

Therefore, defining ¢’ = B\{AU {e1} U---U{e|p|-jaj-1}}, we get
(BN} Ufel = {AU{e}} Uerh Ue- U e i} € B.

This completes the proof. O

7.3 Main Results

We first present a greedy algorithm for problem (7.1); it runs in O(M |E|(I0 +
kEQO)) time where IO and EO stand for the time for the independence oracle
of matroid and the evaluation oracle of k-submodular function, respectively.
We then prove that the greedy algorithm outputs a 1/2-approximate solution
for problem (7.1). In summary, this section proves the following theorem:

Theorem 9. For problem (7.1), a 1/2-approximate solution can be obtained

with a greedy algorithm that runs in O(M|E|(10 + kEO)) time.

7.3.1 Greedy Algorithm and Complexity Analysis

For a given vector s € (k+ 1)¥, we define
E(s) = {e € E\supp(s) | supp(s) U {e} € F},

where F is the independent set of problem (7.1). We now consider applying
Algorithm 12 to problem (7.1).
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Algorithm 12 A greedy algorithm for k-submodular maximization with a
matroid constraint

Require: a monotone k-submodular function f : (k + 1) — Ry, and a
matroid (F,F), which are given by the evaluation and independence
oracles, respectively.

Ensure: a vector s satisfying supp(s) € B.

1: s+ 0.

2: for j =1to M do

3 Construct E(s) using the independence oracle.

4: (e,i) < arg MaXeeF(s),iclk] Acif(s).
5 s(e) < i.
6: end for
7: return s.

We make a remark on using Algorithm 12 in practice. In Step 2, the
algorithm requires the value of M, the size of a maximal independent set.
However, in practice, we need not calculate the value of M beforehand.
Instead, we continue the iteration while E(s) is nonempty, which we check in
Step 3. We can confirm that this modification does not change the output as
follows. As long as |supp(s)| < M, exactly one element is added to supp(s) at
each iteration due to the monotonicity and (M3), and, if [supp(s)| = M, the
iteration stops since supp(s) is a maximal independent set. Algorithm 12 is
described using M to make it easy to understand in the subsequent discussions.
Note that, defining s) as the solution obtained after the j-th iteration, we
have [supp(s))| = j for j € [M].

We now examine the time complexity of Algorithm 12. Let EO be the
time for the evaluation oracle of the k-submodular function f, and IO be
the time for the independence oracle of the matroid (F,F). At the j-th
iteration, the independence oracle is used at most |E| times in Step 3, and
the evaluation oracle is used at most k|F| times in Step 4. Thus, the time

complexity of Algorithm 12 is given by O(M|E|(I0 4+ KEO)).

7.3.2 Proof for 1/2-approximation

We now prove that Algorithm 12 gives a 1/2-approximate solution for prob-
lem (7.1). To prove this, we define a sequence of vectors 0o(”, o), . .. o)

as in [Ohsaka and Yoshida, 2015; Ward and Zivny, 2016; Iwata et al., 2016].
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Let (e¥),i0)) be the pair chosen greedily at the j-th iteration, and sV
be the solution after the j-th iteration; we let s(0) = 0 and s = s be the
output of Algorithm 12. We also define SU) := supp(s)) for each j € [M].
Let o be a maximal optimal solution. In what follows, we show how to
construct a sequence of vectors 0¥ = 0,0V, ... oM~D oM = g satisfying
the following conditions, where OV) := supp(o)) for each j € [M]:

sV <o if j=0,1,...,M —1, and s¥) = o) = s if j = M.
OV eBforj=0,1,...,M. (7.3)
Below we see how to obtain o) from oU~Y satisfying (7.2) and (7.3). Note

that s = 0 and 0¥ = o satisfy (7.2) and (7.3).
We assume that 0V—Y satisfies

sU™ < 0U=D and OU-Y € B,

and we consider obtaining o) from oU~Y. Since sV~Y < 0oU~1 means
SU=D ¢ OU=Y and eV is chosen to satisfy SU=D U {eW} € F, we see
from Lemma 9 that there exists ¢/ € OU=V\SU~D gatisfying {OV~V\{e'}} U
{eW} € B. We let o) = ¢’ and define 0V~'/?) as the vector obtained by
assigning 0 to the 0)-th element of 0¥~1). We then define 0'%) as the vector
obtained from 0Y~1/?) by assigning i¥) to the e)-th element. The vector
thus constructed, o\, satisfies

ol — {O(j—l)\{o(j)}} U {e(j)} cB. (7.4)
Furthermore, since oU~1/2) satisfies

$01 < oli-1/2),

we have the following property for o\9):
sV <oWifj=1,....,M—1, and s©) = oY) = s if j = M, (7.5)

where the strictness of the inclusion for j € [M — 1] can be easily confirmed
from [SV)| = j < M = |OY)|. Applying the above discussion for j = 1,..., M
iteratively, we see from (7.4) and (7.5) that the obtained sequence of vectors
0 oW ... oM satisfies (7.2) and (7.3).

We now prove the following inequality for j € [M]:

Fs9) = f(s970) = (o471) — f(o1)), (76)
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From S(Jfl) g O(]fl) and 0(.7) (= O(jfl)\S(jfl)j we get S(]fl) U {O(‘])} g
OU~Y ¢ B for each j € [M]. Thus we obtain the following inclusion from
(M2) for each j € [M]:

SU-Dy{oW} e F.

Hence, from o) ¢ SU=V we get o¥) € E(sV~V). Therefore, for the pair
(eV), (J)) which is chosen greedily, we have

A i F(897D) > Ay o6-1 0@ f(897Y). (7.7)
Furthermore, since sV~ < 0U=1/2) holds, orthant submodularity implies
Ao 061 F(89™V) = Ay o101 f (0972, (7.8)
Using (7.7) and (7.8), we get (7.6) as follows:
F(89) = F(sU7D) =4 40 f(sV7)
> Ay -1 o0 f (897
> Ao o1 (o f (0V7172))
(

J
20 00~ (o) FU2) = Ay o f(0V71?)
:f( ) f(O(]))

o
o

where the third inequality is due to the monotonicity: A,u) ;i) f(0Y~/?) > 0.
By (7.6), we have

which means f(s) > f(o)/2.

7.4 Further Discussion

The above 1/2-approximation is the best possible for large k as confirmed by
the hardness result of [Iwata et al., 2016]. On the other hand, they also proved

103



CHAPTER 7. K-SUBMODULAR FUNCTION MAXIMIZATION UNDER
MATROID CONSTRAINT

Algorithm 13 An algorithm framework for the unconstrained case

Require: a monotone k-submodular function f : (k + 1)F — Rs,.
Ensure: a vector s.
s+ 0.
for each e € ' do

Set probability distribution p; for i € [k].

Choose s(e) € [k] randomly, with Pr[s(e) =i] = p; for i € [k].
: end forreturn s.

that the k/(2k — 1)-approximation is possible in expectation for unconstrained
monotone k-submodular maximization, and thus it seems possible to design
an algorithm for problem (7.1) whose approximation ratio is better than 1/2
by using the framework of [Iwata et al., 2016]. Unfortunately, however, it is
not so easy; below we elucidate the difficulties.

First, we review the existing techniques. Algorithm 13 is the framework
for algorithms presented in [Ward and Zivny, 2016; Iwata et al., 2016]. As in
Section 7.3.2, the proofs in [Ward and Zivny, 2016; Iwata et al., 2016| are
done by constructing a sequence of vectors 0¥ = 0,0, ... olF) = s, which
is defined as follows. Let eU) be the element COHSldered at the j-th iteration
and s) be the solution obtained after the j-th iteration (s(*) = 0). We define
oU=1/2) from o(j_l) as the vector obtained by assigning 0 to 0¥~V (el9)), and
then we define 0oV) from 0V=1/2) by assigning s (eV)) to o(j_l/z)(e(j)). Note
that, in the unconstrained case, o) can be obtained from 0 =1 by Changlng
only the eU)-th element. For notational ease, we define y = A i f (s=1)

and ai = A, f(o (7=1/2)). The following lemma is crucial in the proof for
the unconstramed case.

Lemma 10 (Iwata et al. [2016]). Let ¢ € Rso and pgj) be the probability
distribution set at the j-th iteration for i € [k]. Conditioning on sV,

suppose that
3" (0 — o) < C( 3 yz-(j)z%(j)) (7.9)
1€[k]

i€[k]

holds for each j € {1,...,|E|}, where i* = 0=V (eW)). Then Algorithm 13

returns a solution s satisfying E[f(s)] > 11 f(0).

The left-hand side and right-hand side of (7.9) are actually equivalent to
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E[f(o=1) — f(oY))] and E[f(s%)) — f(sU~1)], respectively, and so

E[f (oY) = f(o")] < cE[f(sV)) - f(sV™1)]

holds from (7.9), which plays a role similar to (7.6) in the proof of Lemma 10.
Iwata et al. [2016] proved that (7.9) holds for ¢ = 1 — 1/k by designing
pl(-j ) (i € [k]) appropriately, which leads to the k/(2k — 1)-approximation
thanks to Lemma 10.

We now see the difference between the unconstrained problem and prob-
lem (7.1). To show (7.9) with ¢ =1 — 1/k for the unconstrained case, Iwata
et al. [2016] bounded the left-hand side of (7.9) from above as follows:

Z (a§i) (J))pZ(J) _ Z (al(-f) (J))pgj) (7.10)

ic[k] i;ﬁz’
<— vy pl?
£t
1 1
< ;((1 0)(yy) = +9<Zpl )0)

1F£0*

where v > 0 and 6 € (0,1). The first inequality comes from a(j ) >0 and
yz(f ) 5*), and the second is by the weighted AM-GM inequality. Actually,
as in (7.10), separating the term indexed by i* from the others indexed by
€ [k]\{i*} is the key to proving (7.9) with ¢ = 1 — 1/k (see [Iwata et al.,
2016] for details).
Now we turn to applying similar techniques to the case of problem (7.1).
At the j-th iteration (j € [M]), we consider choosing element e) and
letting i = sU~1(eW) with probability p”) (i € [k]) to obtain s (how
to choose e is unclear, but we here assume ) is chosen somehow). Recall
that, as in Section 7.3.2, o) is obtained from oY~Y by assigning 0 and
i) to 0= (01)) and oV~ (eM)), respectively. Thus, conditioning on sV~
E[f(0U~Y) — f(0l9))] can be written as follows:

E[f(0Y"Y) — f(O(j))] (7.11)
Z o 40 F(097Y) — Ay, f(0U7YD))p,
€lk]

where i* = 0V~ (01)). Note that 09) # () can happen even in the case
of a total size constraint. Therefore, it is hard to prove that (7.11) reduces
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to the sum of £ — 1 terms as in the first equality of (7.10), and thus we
cannot separate the term indexed by ¢* from those indexed by i € [k]\{i*}
as in (7.10). This is the cause of the discrepancy between the unconstrained
problem and problem (7.1).

From the above observation, one can obtain some clues that may lead
to algorithms with better approximation guarantees for problem (7.1). For
example, if one could prove that

Ay o [0V < S Ay f(0612)pld)

i€[k]

holds by appropriately choosing ) and designing p(] ) for i € [k], then (7.11)
is bounded from above by the sum of k£ — 1 terms as follows:

S (A - F(0971D) — Ay f (001 )

1€[k]

< Aoy i f(0UTH2) Zpgj) + Ay o f(0UD)p) =Y Ay i f (00 )
1A* i€[k]

< Ay f(0T72) N pld)
ii*

to which the techniques similar to those in [Iwata et al., 2016] may be
applicable. Furthermore, mstead of considering a single ) at each iteration,
we can consider setting e ) for each i € [k] as candidates to be chosen.
However, designing a better algorithm from these observation is so intricate
as to go beyond the scope of this paper, and thus we leave it as an open
problem.

7.5 Conclusion

We proved that a 1/2-approximate solution can be obtained for non-negative
monotone k-submodular maximization with a matroid constraint via a greedy
algorithm. Our approach follows the techniques shown in [Ohsaka and Yoshida,
2015; Ward and Zivny, 2016; Iwata et al., 2016]. The proved approximation
ratio is asymptotically tight due to the hardness result shown in [Iwata et al.,
2016]. We showed that the proposed algorithm incurs O(M|E|(1I0 + kEO))
computation cost. We also observed why it is difficult to apply the existing
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techniques shown in [Iwata et al., 2016], which are used to prove k/(2k — 1)-
approximation for the unconstrained problem, to the problem with a matroid
constraint.
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Chapter 8

Exact SDP Reformulation of
Binary Polynomial Optimization
via Graph Representation

In this chapter, we consider binary polynomial optimization problems (POPs),
which are hard non-convex optimization problems. We show that the problems
can be reformulated as convex optimization problems of larger size by utilizing
graph representations of original binary POPs. Specifically, for binary POPs
of degree d with n variables, we prove that the [(n + d — 1)/2]th semidefinite
programming (SDP) relaxation in Lasserre’s hierarchy provides an exact
reformulation. If binary POPs involve only even-degree monomials, we show
that it can be further reduced to [(n+ d —2)/2]. This upper bound on
the relaxation order coincides with the conjecture by Laurent [2003|, which
was recently proved by Fawzi et al. [2015], on binary quadratic optimization
problems where d = 2. We also numerically confirm that the bounds are tight.
More precisely, we present instances of binary POPs that require solving
at least the [(n +d — 1)/2]th SDP relaxation for general binary POPs and
the [(n 4 d — 2)/2]th SDP relaxation for even-degree binary POPs to obtain
exact optimal values.
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8.1 Introduction

We consider binary polynomial optimization problems (POPs) formulated as

I;lel?i?llfne f(z), (8.1)
where f is a polynomial of degree d and n is the number of variables. In this
chapter, we often use vectors as superscripts and subscripts; therefore, for
notational brevity, we do not use bold letters to denote vectors.

Binary POPs of form (8.1) arise in various scenarios. For example, the
maximum cut problem [Goemans and Williamson, 1995|, the maximum
stable set problems [Hertz, 1995|, and the quadratic assignment problems
|[Rendl and Wolkowicz, 1997] are formulated as binary quadratic optimization
problems (QOPs), which are special binary POPs with d = 2. The maximum
satisfiability problems [Anjos, 2005] and the maximum weighted independent
set problem |[He et al., 2013] can be represented as binary POPs.

Since binary POPs have complicated non-convex structures, we often
consider relaxing them to convex optimization problems. Lasserre’s hierarchy
of semidefinite programming (SDP) relaxations [Lasserre, 2001b]| is one of
the most studied relaxation methods for general POPs including binary
POPs (8.1). The hierarchy consists of SDPs whose size increases with a
parameter so-called relaxation order w. Intuitively, the larger w is, the closer
the minimum of SDP can be to the optimal value of the original POP. Binary
POPs have a finite number of SDP relaxations to be solved in the hierarchy
for computing their optimal values. Lasserre [2001a] showed that any binary
POP could equivalently be transformed into an SDP with at most 2" — 1
variables, or the nth SDP relaxation in the hierarchy (w = n). Kurpisz et
al. [2017] presented one of the hardest binary POP instances such that its
objective function has degree d = n and the (n — 1)th SDP relaxation in
Lasserre’s hierarchy is not tight.

For the case of binary QOPs of form (8.1), Laurent [2003] conjectured
that the exact optimal value can be obtained by solving the SDP relaxation
with relaxation order w = [n/2] in the hierarchy. Recently, Fawzi et al.
[2015] proved the conjecture by applying their results related to optimization
problems on a finite abelian group to binary QOPs. As regards general binary
POP (8.1), while the nth SDP relaxation is sufficient for obtaining an exact
reformulation thanks to the result of [Lasserre, 2001a|, which means w = n is
an upper bound, any smaller upper bounds of w value have not been proposed
nor proved.
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In this chapter we prove that relaxation order w = [(n+d —1)/2] is
sufficient for obtaining the optimal value of (8.1), and it can be reduced to
[(n 4+ d —2)/2] if all monomials of f are even degree. For the binary QOPs
where d = 2, our result coincides with [n/2] as shown in [Fawzi et al., 2015].
Since d < n always holds for the degree of (8.1) from z7 =1 (i =1,...,n),
we see that [(n 4+ d — 1)/2] is always bounded by n, which is compatible with
the result of [Lasserre, 2001al. In [Kurpisz et al., 2017, Theorem 3], it is shown
that, if an instance of binary POP has the integrality gap at w = n—1, then the
degree of the objective function is n. Our upper bound w = [(n+d —1)/2]
is also compatible with their result since [(n +d —1)/2] = n if and only if
d = n. They also showed that w = n is the lower bound of the relaxation
order required for the exact SDP relaxation of some binary POPs with d = n,
which implies that our bound is sharp in the case of d = n. More recently,
Kurpisz et al. [2016] proved that w = [(n + 2d — 1)/2] is the lower bound of
the relaxation order for some binary POPs such that d = 2d and n is odd.
This implies the sharpness of our upper bound w = [(n+d — 1)/2] when d
is even and n is odd.

Our proof is based on a graph-representation technique, which is an
extension of what is used in [Fawzi et al., 2015, Theorem 1D]|. Specifically, we
construct a chordal cover for the Cayley graph, which is obtained from the
monomials of binary POPs (8.1), and then we find its Fourier support. The
main idea for finding a chordal cover of the Cayley graph is to paste cliques
along the complete graphs. We utilize a result from the graph theory, which
states that a graph is chordal if and only if, starting from complete graphs, it
can be constructed recursively by pasting along complete subgraphs. We then
use the chordal cover to construct a Fourier support for the binary POP (8.1).
As a result, we obtain the truncated moment matrix that corresponds to the
[(n 4 d —1)/2]th SDP relaxation in the hierarchy.

To empirically observe how large w is required to obtain exact SDP relax-
ation for some instances of binary POPs, we conduct numerical experiments
with random binary POP instances and binary POP instances whose objective
polynomial functions have all-one coefficients. Regarding random instances,
we randomly generated 1000 binary POPs for each (n,d) with n = 3,4,...,9
and d = 1,2,...,9 and confirmed that w = [(n+d —1)/2] is an upper
bound for obtaining the optimal values of the instances. Although the re-
sults of all 1000 random instances show discrepancies from our theoretical
upper bounds, some of the (even-degree) all-one coefficient instances require
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w=[(n+d—1)/2] (w=[(n+d—2)/2]) to obtain the exact optimal value.
Namely, these results are consistent with the theoretical bounds.

8.1.1 Notation and Symbols
We list the notation and definitions used in this chapter.
o ST:={S 2|5 <d}.

e For given S, T € 2" SAT := {S\T} U {T\S}. Note that 2" forms a
group with this operation; the identity element is ) and S~ = S for all
S € 2,

o For S, 7 C 2, SAT = {SAT :¥S € S,¥T € T}.

= g{tag? - - - a2 for a vector of variables x € R™ and a non-negative

integer-valued vector a € Z%,. Given set of vectors D C ZZ, (%)aep
denotes a |D|-dimensional vector of monomials 2 for all o € D. Given
variables /5 for all 6 € D, we let ({s5)sep be a vector of the variables
indexed by 6 € D.

e

e G = (V, E) denotes a graph with the vertex set V' and the edge set E. If
two graphs G; = (V4, E1) and Gs = (V4, Es) are subgraphs of the same
graph, then G; U Gy denotes a graph with the vertex set V3 U V5 and the
edge set Fy U Es. Similarly, G; N G, denotes a graph with the vertex set
Vi NV, and the edge set £y N Es.

Note that any d-dimensional polynomial f is expressed as

f(l‘) = Z CaT”,

a€ZL o1 <d

where ¢, are coefficients and |||y == >, ;. Since we have z € {—1,1}"

as in (8.1), we can assume « € {0,1}". Thus, ||o||; denotes the number of
nonzero elements in «. Note that d < n holds and that the set of monomials
{z% : a € {0,1}",|la]s < d} forms a basis for real-valued polynomials of
degree d on {—1,1}". Hence, (8.1) can be expressed as

minimize Z Cax® (8.2)
’ acfo1}", flafli<d
subject to  x € {—1,1}".
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8.1.2 An Illustrative Example

The following example instance will be repetitively used throughout this
chapter to illustrate our discussion.

minimize 1+ 21 + 29 + 23 + 129 + 123 + T3 (8.3)

subject to  x € {—1,1}>.
Since n = 3 and d = 2, we have [n] = {1,2, 3},

2% = {0,{1}. {2}, {3}, {1, 2}, {1,3},{2,3}. {1,2,3}},

and
S = {0, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}}.

We can apply our result to a binary POP of degree higher than 2, but it is
too complicated to display the Cayley graph of such a binary POP and a
chordal cover of the Cayley graph. Thus we use (8.3).

8.1.3 Organization

The rest of this chapter is organized as follows: In Section 8.2, we introduce
basic concepts necessary for the subsequent discussion such as the group
indicator vectors, the moment polytope, the truncated moment matrix, the
Cayley graph, and the Fourier support. We use (8.3) to explain the concepts.
Section 8.3 provides the main results. We describe the clique-pasting technique,
which is used to construct a choral cover and a Fourier support. We also
show how to obtain the truncated moment matrix. In Section 8.4, we focus
on even-degree binary POPs. The method to obtain the reduced bound
[(n+d—2)/2] is discussed. In Section 8.5, we experimentally validate the
obtained results with randomly generated binary POPs and binary POPs
with all-one coefficients. Finally, we conclude this chapter in Section 8.6.

8.2 Preliminaries

We introduce the basics required in the subsequent discussion, and we review
the results of [Fawzi et al., 2015] for the case of x € {—1,1}".
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8.2.1 The Group of Indicator Vectors

For a given S € 2" let 65 € {0,1}" be the indicator vector of S. We define
D = {05 : S € 2"} Given set S C 2I" we define Ds = {65 : S € S}. We
often use § € D to express an element of D, abbreviating its index. The
product of dg, 7 € D is defined as

8507 = 8gar, S, T 2.

For example, if 010y = (1,1,0) and 25y = (0,1,1), then 010023 =
d¢1,3y = (1,0,1). Note that the aforementioned operation returns the exclusive
disjunction for each pair of entries. For simplicity, we frequently identify an
indicator vector ¢ with its numeric string of length n, e.g., d{; 2y = 110.

Note that D forms a group with the multiplication; the identity element is
6p and 0~! = 5. We also note that {2° : § € D} is the set of all monomials on
{—1,1}" and that {2° : § € Ds:} is the set of monomials on {—1,1}" whose
degree is less than or equal to d.

8.2.2 Moment Polytopes and Moment Matrices

If we linearize problem (8.2), we obtain

minimize Z csls (8.4)

¢cRPS*
subject to  ({s)seps: € conv {(1)6>56D8d € RP iz e {-1, 1}"} )

where (5 (V0 € Dsa) are decision variables. The feasible region can be
characterized by the moment polytope defined as follows.

Definition 3. The moment polytope M(S) for given S C 2" is defined as
the convex hull of vectors (2°)seps for x € {—1,1}", i.e.,

M(S) = conv {(2°)seps € RPS 1w € {—1,1}"}.
Note that problem (8.4) can be expressed with the moment polytope:

minimize Z csls (8.5)

¢cRPS

subject to  (ls)sepss € M(S?).

114



8.2. PRELIMINARIES

Definition 4. For a given vector { € RP, moment matriz M (¢) € RP*P s

defined as a matriz whose (dg, dr)th element is given by lsys, = lsg oy for all
0s,0r € D.

The vector £ € RP and the moment matrix M (¢) € RP*? are indexed by
the elements in D as shown in the following example.

Example 1. For n = 3, the set of indicator vectors is
D = {000, 100,010,001, 110,101,011, 111}.

ThUS, for a giVGl’l vector { = (fooo 6100 gOlO EOOI 6110 6101 EQH Elll)—r € RD, the
moment matrix M (¢) € RP*P is defined as follows:

-6000 EIOO EOlO EOOI 6110 6101 6011 4111-
6100 EOOO f110 f101 6010 6001 li1 6011
6010 gllO EOOO €011 glOO glll 6001 6101
M(f) . EOOI glOl gOll EOOO glll glOO 6010 6110
6110 6010 6100 6111 6000 6011 8101 8001
6101 €001 b1 EIOO 6011 6000 6110 6010
EOll li1 f001 6010 6101 4110 4000 6100
_Elll EOll ElOl EllO £001 6010 6100 6000_

Definition 5. Let T C 2™, For a given vector ¢ € RPTAT | truncated moment
matriz My (¢) € RPT*PT s defined as a matriz whose (g, r)th element is
gwen by lsgs, = Usg o for all S, T € T.

Example 2. If 7 C 2% is given by

T = {0, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}},

then
TAT ={0,{1},{2}, {3}, {1,2},{1,3},{2,3},{1,2,3}}.
Hence
D+ = {000, 100,010,001, 110, 101,011}
and

Drar = {000, 100,010,001, 110,101,011, 111}.
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ThUS, for a given vector ¢ = (EOO() Emo €010 go(n €110 ElOl 6011 6111)T S RDTAT,
the truncated moment matrix My (¢) € RP7*P7 is defined as follows:

Cooo 100 Coro Loor frio fror Lot
lioo Looo C110 lio1 Lowo foor fin
loro 110 Looo fLoir fioo f111 foor
MT(@ = [loor lio1 Lo Looo Cin1 lioo  Loro
1o Lo Lo fin oo four Lion
Cior Loor Lin lio loir oo Cito
_5011 G Lot Lowo lion lrio 6000_

Notice that for the given moment matrix M (¢), the truncated moment matrix
M7 (¢) is the submatrix of M (¢) such that the rows and columns are obtained
from M (¢) according to Dr.

The moment polytope is characterized by the moment matrix as in the
following proposition. For the proof, we refer the reader to [Fawzi et al.,
2015].

Proposition 4. The moment polytope with respect to S C 2" can be ea-
pressed as follows:

M(S) ={¢t € RPs : y € RP s.t. ys = {5 for all § € D, ys, = 1, M(y) = 0}.

8.2.3 Representing the Moment Polytope with the Trun-
cated Moment Matrix

In Proposition 4, the moment polytope is represented with the moment matrix
of size |D| x |D|. To describe how the moment polytope can be expressed
by a smaller-size truncated moment matrix, we briefly review the techniques
of [Fawzi et al., 2015, Theorem 1D]|. We note that the chordal completion
theorem (see, e.g., [Bapat, 2014, §12.3| ) plays an important role in the proof
of their theorem.

The graph G = (V, E) is chordal if any cycle of length at least four has a
chord, which connects non-adjacent vertices. A chordal cover of G is a graph
G = (V, E’) such that E C E’ and G’ is chordal. A subset C C V' is a clique
in G if {i,j} € E for all i,j € C such that i # j. The clique C is called
maximal in G if it is not a strict subset of another clique C’ in G.

For a given set S C 2", we define the Cayley graph Cay(S) as follows:
The vertex set is 2" and two distinct vertices S, T € 2" are connected by an
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Figure 8.1: For the case n = 3 and S?, the solid lines represent the edges
of the Cayley graph Cay(S?), and its chordal cover T is obtained by adding
the dashed lines to the edge set. Note that I' does not contain the edge
between () and {1,2,3}. The vertex set 7 = {T" € 28 : |T| < 2} is the
Fourier support (indicated by the filled circles) of T" since, for all maximal
cliques, Co = {S € 28 : |S| < 2} (indicated by the filled circles) and
C1 = {S € 2B : |S| > 1} (indicated by the open circles) of T', we have
DACy C T and {1,2,3}AC; C T.

edge if and only if SAT € S. Given graph I' with vertex set 2", 7 C 2l is
called a Fourier support of T if, for any maximal clique C C 2" of T, there
exists a node S¢ € 2" such that SeAC C 7.

Example 3. For n = 3 and S? = {S € 2B : |S| < 2}, Figure 8.1 displays
the Cayley graph Cay(S?), the chordal cover I', and the Fourier support
T of . Cay(S?) consists of all eight vertices of 2[¥ and edges shown by
solid lines. The graph obtained by adding three dashed lines to Cay(S?) is
a chordal cover I" of Cay(S?). The vertex set 7 = {T' € 2B : |T| <2} is a
Fourier support of I'. Indeed, the chordal graph I'" has two maximal cliques
Co={5 €28 |5 <2}and C, = {S € 28 : |S| > 1}, for which S¢, = ()
and Se, = {1, 2,3} satisfy Se, ACo C T and S¢, AC; C T, respectively.

Now we describe [Fawzi et al., 2015, Theorem 1D], which enables us to
represent the moment polytope with an appropriately truncated moment
matrix. That is, the feasible set of problem (8.5) can be expressed with a
smaller moment matrix. For the proof, see [Fawzi et al., 2015].
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Theorem 10 (Fawzi et al. [2015]). Let S be a given subset of 2", If Cay(S)
has a chordal cover T with Fourier support T C 2™ then the moment polytope
can be expressed as follows:

M(5>={EERDS : Ty € RPT4T 5t ys = s for all 0 € Ds, }

Ys, = 1, and Mr(y) = 0

8.3 Truncation of the Moment Matrix for Bi-
nary POPs

Remember that M(S?) in Definition 3 provides the feasible set of problem
(8.5). In what follows, we focus on finding an appropriate Fourier support 7
of a chordal graph I' that covers Cay(S?). If such T is obtained, then we can
characterize the moment polytope M(S?) with a truncated moment matrix
M7 (y) thanks to Theorem 10.

8.3.1 Constructing a Chordal Cover

If G is a graph with subgraphs G;, G, such that G = G; U G, we say that G
arises from G, and Gy by pasting these graphs together along H = G;NG,. We
have the following proposition on constructing a chordal graph (see, [Diestel,
2000, Proposition 5.5.1| for the proof).

Proposition 5. A graph is chordal if and only if it can be constructed
recursively by pasting along complete subgraphs, starting from complete graphs.

For example, in Figure 8.1, the chordal cover I' is obtained by pasting the
two complete graphs Co = {S € 21 : |S] <2} and C; = {S € 2B : |S| > 1}
along the complete graph Cy N C;, whose vertex set is {S € 2B : 1 < |S| < 2}.

For simplicity, we let

Tn={Se2":|S|=k}, k=01,...,n. (8.6)

Note that 2" = To U T, U--- U T,,. We define n — d + 1 cliques whose vertex
sets are given by

Co =TaiUTin1 U UTipa, k=01, n—d (8.7)

Figure 8.2 shows the construction of cliques. We sometimes use Cj to express
the clique itself whose vertex set is given by (8.7).
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7-

[ . o \
]
A .' \
Ty Ty —Tiwsai— - —T,

N S

Figure 8.2: A sketch of the Cayley graph Cay(S?), the chordal cover I', and
the Fourier support 7. In Cay(S?), there exists a pair of connected nodes
S e T, and T € 7T, if and only if |i — j| < d. The chordal cover I is obtained
by pasting the cliques Cy and Ciyq along C, N Cpyq for k=0,1,...,n—d—1
and the Fourier support of I'is 7 = ToU T, U+ - -UTf(4-4—1)/2], Which is shown
in Section 8.3.2.

We now describe how to construct a chordal cover T' of Cay(S9). Let T' be
a graph obtained by pasting C and Ci,1 along the complete graph Cyp N Cyyq
for k=0,1,...,n —d— 1. Observe that the vertex set of I' is 2" and that
S, T € 2" are connected in T if and only if

S| =Tl < d
holds. Then, I' is chordal by Proposition 5 since I' is obtained by pasting the
complete graphs Cy (k=0,1,...,n — d) along the complete graph Cy N Cyy1.

Moreover, I' covers Cay(S?) since all connected vertices S, T € 2" in Cay(S?)
satisfy |SAT| < d, which implies ||S]| — |T|] < d.

8.3.2 A Fourier Support of the Chordal Cover

Let 7 C 2" be a vertex set defined as
T::TouTlu---uT(H;fl]. (8.8)
We show that T is a Fourier support of I" defined in Section 8.3.1.
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We first prove that any clique in I' is contained in one of the cliques
Cr (k=0,1,...,n —d), which implies all maximal cliques in I" are given by
Cr (k=0,1,...,n—d). Take an arbitrary clique C in I', and let S be a vertex
with the smallest cardinality in C. Then the cardinality of any vertex in C is
at most |S| + d, and so the following holds:

o If |S| <n —d, then C C Cg.
o If |S| >n —d, then C C C,,_g.
Thus, any clique C is contained in one of C, (k =0,1,...,n —d).
We next prove that 7 defined in (8.8) is a Fourier support of T, i.e., for

all maximal cliques Cj, (k =0,1,...,n — d), there exists S¢, € 2" such that
Se, AC, € T. Choose Sg, for C, (k=0,1,...,n —d) as follows:

o  Ifk <[] —d, then C, C T. Thus Sg, = 0.

o Ifk>[*] —d+1, then

n—k<n+d—1-— {%’Hw < [%‘HW

Hence,
] ACk = To—(k+d) U Tn—(htad) 41U+ - - UTng, © ToUTLU- - 'UTI'n+gfl'| =T

holds. Thus, we let S¢, = [n].
As a consequence, we obtain the following result by using Theorem 10.

Theorem 11. Let T be the subset of 2™ defined by (8.8). Then the moment
polytope M(S?) can be expressed as follows:

M(Sd):{ée]RDSd . Jy c RPrar 54 Yo = fs Jorallo € Dss, }

ys, = 1, and My (y) = 0

By Theorem 11, we have the exact SDP relaxation for binary POP (8.1)
with the truncated moment matrix indexed by d¢ € D such that |[S| <

gt
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8.3.3 Illustrating the Truncation with Example (8.3)

By linearizing the moment polytope of problem (8.3) in Section 8.1.2, we
obtain the following problem with variables ¢ € RPS’:

minimize oo + L100 + Lo10 + Loor + L110 + L101 + Lo11

EGR'DS
" 3\
Looo ¢ Jyin st Lyoo=1 and
C100 1 fligo oo foor ‘110 ‘101 o1 wi11]]
lo10 ﬁloo , 1 o 5101 5010 Loo1 22111 ﬁou
. or0 ‘110 1 011 ‘100 w111 foo1 {101
subject to | loo1 | € Loor f101 o111 w111 fio0 foio  f110 -0
l119 l110 foro ‘100 w111 1 foir ‘o1 floor | —
l101 £101 foo1 w111 f1i00 fo11 1 {110 foto
lo11 yi11 foor oo fior f110 1 fioo
Cor1 \ Lyin foun bion G0 foor foio fioo 1 )

The Cayley graph, the chordal cover and the Fourier support are as shown
in Example 3. Since {%‘Hw =2 for n =3 and d = 2, Theorem 11 indicates
that the moment matrix can be truncated by

T =1{0,{1},{2}, {3}, {1,2},{1,3},{2,3}},

and so the above problem can be equivalently rewritten as

minimize  £Looo + L100 + Lo10 + Loor + L110 + L101 + Lo

RS
0 ( (- Elylll s.t. 6000 =1 and )
000 - -
6100 1 6100 6010 EOOl 6110 €101 6011
6010 6100 1 6110 glﬂl 6010 6001 Y111

subject to | foo1 | € loio l1i0 1 Llorr froo Y111 Loor
loor lior loui 1 wyinn lwo Yoio| =0

119
101 o loo Lo v 1 Lo b
oy ot boow Y1 b Lo 1 Lo

[ Lot vin loor Lowo Cror liio 1] )

Note that the size of the positive semidefinite matrix in this problem is
reduced to 7 from 8 of the original one.
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8.4 Further Truncating for Even-degree Binary
POPs

This section focuses on even-degree binary POPs; i.e., only even-degree
monomials appear in f of problem (8.1). Even-degree binary POPs, which
includes the binary QOPs with f of degree 2, have been a popular subject of
study. For instance, the SDP relaxation with the relaxation order w = [n/2]
was proved to be an upper bound by Fawzi et al. [2015]. The biquadratic
optimization and quartic POPs have been studied in |Ling et al., 2009; Luo
and Zhang, 2010; Yang and Yang, 2012|, which are special cases of even-degree
POPs. In particular, Yang and Yang [2012] proposed two approximation
approaches for solving binary biquartic optimization problems.

For even-degree binary POPs, we can prove that the truncated moment
matrix My (y) shown in Theorem 11 can be further reduced, i.e., the SDP
relaxation with a smaller relaxation order can exactly solve an even-degree
binary POP. When d = 2, the relaxation order of our result becomes w =
[n/2], which coincides with the known upper bound for binary QOPs.

Let the degree of f be 2d throughout this section. For f with only
even-degree monomials, we define S as S?¢ _:

S, ={Se2M: |S|=0,2,... 2d}

Then, we can obtain the following theorem, which will be proved in the
subsequent sections.

Theorem 12. Let T be the subset of 2" defined as

ToUTU---U 7TH+2372-‘ if ’7n+22d—2—‘ is even,
2

TIUT U U Tfusgia] UP%BWBMd

Then, the moment polytope /\/l(SQC7

2o ) can be expressed as

ys = s for all 6 € Dszi,,,,
Ys, = 1, and Mr(y) =0 |~

even

M(SQC? )= {5 € RPstlen : 3y € RPTAT 51,

Thus, if the objective function f consists of only even monomials, prob-
lem (8.1) can be equivalently transformed into a smaller-size SDP whose
moment matrix is truncated with

T:%uﬁumuﬁwmﬂ
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or

T5:7’1U7§U"‘U7Tn+2372w-

Note that for the binary QOPs with f having only even-degree monomials
(i.e., d = 1), the above T becomes 76U7§U---U7T21 or Ty UEU---UT(QW.
2 2

This statement coincides with that of Laurent conjecture |Laurent, 2003,
which was recently proved by Fawzi et al. [2015]; that is, the SDP relaxation
with the relaxation order w = [n/2] in the hierarchy gives the exact relaxation
for binary QOPs.

We briefly describe how to extract an optimal solution z* of the even-
degree binary POP from the optimal solution of SDP relaxation £* € RPs&en ;
we multiply (7, to each element of £ = (6;@,6;{172},@{173}, . ,e;{w) so that

(6;{1},63‘{2},53{3}, . ,E;{n}) can be obtained. As a result, the optimal solution

is expressed as x}¢, which can be written as 7 or —{. Since f is an even
function, both of them are the optimal solutions to the original even-degree
binary POP.

8.4.1 Cayley Graph for Even-degree Binary POPs

Observe that any two vertices S, T € 2I" are connected in Cay(ng;n) if and

only if [SAT]| is even and |SAT| < 2d holds. Thus, Cay(S2

=4 ) has two
connected components

Teven = ToUToU - UTapny2) and  Toaq = Ti UT3U - U Tapn/21-1,

where Ty, (k =0,1,... ,n) are defined by (8.6). More precisely, the Cayley
graph Cay(S%

even

) has an edge between S and T if and only if
(a) S, T € Teven and |SAT| < 2d, or
(b) S,T € Toqq and |SAT| < 2d.

We define a map ¢ : 2" — 21 by ¢(9) == {1} AS for the succeeding

discussion. Note that ¢ is an automorphism of Cay(S2? ) that exchanges

Teven and Toqq. In addition, ¢(S)A¢(T) = SAT holds for all S, T € 2.

Example 4. We show an example of the Cayley graph Cay(Sﬁ ) and the

even

map ¢ for an even-degree binary POP with n = 4 and d = 1, which is
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{1,2,3,4}

7—even

Figure 8.3: An example of the Cayley graph for the case of n = 4 and §2,,, =
{0,{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}}. Observe that ¢(S) = {1}AS is
the automorphism of the Cayley graph that exchanges Teven and Toqq. The
graph generated by adding the dashed lines to Cay(SZ2.,) is a chordal cover T

of Cay(S2.,) and the Fourier support of I is T = 7o U T3 (indicated by filled
circles).

a modified problem of (8.3) where all linear terms are multiplied by an
additional variable z4. The resulting problem is

minimize 14 x124 + To%s + X3T4 + 122 + X1T3 + X273
xX

subject to x € {—1,1}%

Figure 8.3 shows the Cayley graph Cay(S?

even

) for the case of n =4 and

Seven = 10,{1,2},{1,3}, {1,4},{2, 3}, {2,4}, {3,4}}.

Cay (82, consists of two connected components: Toyen and Toqq. The vertex
set of Cay(S2,,) is 2/ and the edges are shown by the solid lines. Note that
(S) = {1}AS is the automorphism of the Cayley graph that exchanges Teyen
and 7:)dd'
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8.4.2 Constructing a Chordal Cover and its Fourier Sup-
port

To find a Fourier support 7 of a chordal graph I'" that covers Cay(SZ‘; ), we

even

check whether {%‘i_ﬂ value of a given even-degree POP is even or odd.
We first discuss the case where [%3_2—‘ is even in detail. We then briefly

mention the required modification for the case where [%&2-‘ is odd in

Section 8.4.3. ~
Assume that {%Hw is even. For the construction of a chordal cover for

Cay(S24

even

), we define L%J —d+1 cliques whose vertex sets are given by

Ck:nuﬁ—i-QUUE-i-Q(;l\’ k:0,2,,2LgJ—23 (89)

As above, we abuse the notation and let Cy to express the clique itself whose
vertex set is given by (8.9). Note that the cliques Cy are indexed by even

integer k. With the cliques, we construct a chordal cover I' of Cay(Sﬁ ) as

follows:

(i) Pasie Cr and Cy 2 along the complete graph C,NCpio for k =0,2,...,2 L%J —
2d — 2. We denote the resulting connected component by [eyen.

(ii) Paste ¢(Ck) and ¢(Cy2) along the complete graph ¢(Cx) N ¢(Cyy2) for

k=0,2,...,2 L%J — 2d — 2. The obtained connected component is

denoted by I'yqq.

Define I' := I'eyen U I'oaa, which is chordal thanks to Proposition 5. Observe
that T'even and I'ggqq satisfy the following conditions:

(A) The vertex set of I'even 1S Teven, and S, T" € Teyen are connected in [eye
if and only if ||S| — |T|| < 2d holds.

(B) The vertex set of I'oqq 1S Toaa, and S, T € Toqq are connected in [yqq if
and only if ||¢(S)| — |o(T)]|| < 2d holds.

Considering conditions (a) and (b) in Section 8.4.1, we see that I' = Teyen UL 0aq
covers Cay (S22 ).

even
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Let 7 C 2" be a vertex set defined as

T::%UEU"'Uﬁn+22—2-" (8'10)

We see that T is a Fourier support of T.

First, we need to check that any clique in I' is contained in one of the
cliques Cy or ¢(Cy) for k =10,2,...,2 L%J — 2d, which implies that all maximal
cliques in T" are given by Cy and ¢(Cy) for k =0,2,...,2 L%J — 2d. This can
be proved as in Section 8.3.2.

Next, we prove that 7 defined in (8.10) is a Fourier support of I". To

show this, we examine whether there exists S¢, € 2"l such that Se, AC, €T
for each Cy (K =0,2,...,2 [%J - 26/[). This is sufficient for guaranteeing that
T is a Fourier support since ¢(Se, ) Ap(Ci) = Sc, AC,, C T follows as regards
the cliques ¢(Cy). An appropriate choice of S¢, is given as follows:

o If k< {%@2} — 26/[, then C,, C 7. Consequently, S, = 0.

o If k> {%‘HW —2d + 2 and n is even, then

~ 2 — 2 2 — 2
SEDRUPINY (3¢ 2 B 0F |

Hence,

WAC = T, 0T, s+ U € T+ U Ty ) = T-
Therefore, we let S¢, = [n].

(%W—I—C/i\—l:n— (%]+c/l\, and thus

- 2d — 2 ~ 2d — 2
n—k+1<n+2d—-1- {HTw :n—[ﬁw—l—d: |Vn+——‘

o If k > {%‘HW — 2d + 2 and n is odd, then we have {%@ﬂ =

Hence,
¢([n])ACy = [n]A¢(Cy)
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AT A U T U Uy,
Tp2q1 YT pogn Y U Tk
%UEUWUﬁWﬁ%m

T.

IONNIANIA

Therefore, we let Se, = ¢([n]) =1{2,3,...,n}.

As a consequence, T is a Fourier support of I' that covers the Cayley graph
Cay (S22 ).

even

Example 5. Asin Figure 8.3, if n = 4 and d = 1, then the graph obtained by
adding the dashed lines to Cay(SZ2,,) is a chordal cover I of Cay(SZ,,). The

even even

Fourier support 7 is 7 = Ty U T3 (indicated by the filled circles). Note that
there are four maximal cliques for I'; Cy := 7o U 75 (induced by the small filled
circles) and Cy :== T, U Ty (by the large open circles) in the left component,
and ¢(Cy) = {1} ACy (by the small open circles) and ¢(Cz) == {1} ACy (by the
large open circles) in the right component. We can confirm that 7 = Ty U T3
is a Fourier support as follows:

e DAC, C T,

o 4JAC, C T,

o ¢(0)Ap(Co) =0AC, € T, and
o ¢([4))A¢(Cr) = [4]AC, C T

8.4.3 Modifications Required in the Odd Case

For the case where {%‘T_ﬂ is odd, we define the cliques

Crh = Te UTir2 U--- U T, i k:1,3,...,2{g—‘ —2d 1.

Note that Cy are indexed by odd integers. We construct Ieen and I'oqq as
follows:

e Construct [',qq by pasting Cy and Cy 15 along CxNCy o for k =1,3,...,2 (%W -
2d — 3.
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e Construct [even by pasting ¢(Cx) and ¢(Cri2) along ¢(Cr) N ¢(Craz) for
k=1,3,...,2[2] —2d - 3.

Thus we obtain the chordal cover I' == I'oqq U Ieven for Cay(Sggen). The
maximal cliques of I are Cy, for k =1,3,...,2 (%W — 2d — 1 together with the
corresponding ¢(Cy,).

The Fourier support of I' is given by

T:=7IU75U-~-UTP+2372W,

which can be confirmed by choosing S¢, satisfying Se, AC, C T for each
maximal clique Cj, as follows:

o If k < [228=2] _ 94 then Sp, = 0.

o If k> _%‘E_Q— —2d + 2 and n is even, then Se, = [n].

o If k> _%‘M_ —2d + 2 and n is odd, then Se, = ¢([n]).
Thus, the desired result for the case with odd {%‘M—‘ follows. By the

discussion up to this point and Theorem 10, we have proved Theorem 12.

8.4.4 Discussion on Formulating General Binary POPs
as Even-degree Binary POPs

Since general binary POPs can be expressed as even-degree binary POPs by
adding a single variable, we may expect that Theorem 12 can yield better
results for general POPs than Theorem 11. However, we show that the size
of the SDPs is not further reduced with this approach.

Let ¢, denote the coefficients of the monomials of even degree and ¢, the
coefficients of the monomials of odd degree. Then, the objective function f
of general binary POP (8.1) can be written as

flz) = Z Cor® = Z Cox® + Z Cax®.

llefl1<d llafli<d llafli<d
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By introducing the additional variable x,.; € {—1,1}, binary POP (8.1) can
be expressed as the following even-degree binary POP on {—1,1}"*! to which
Theorem 12 can be applied:

minimize  f(x) = Y Cur®+ Y Cal Ty (8.11)

llef1<d llafl1<d

subject to x € {—1,1}"".

Let the degree of~f be d. Obviously, d=dif dis even, and d=d+1ifdis
odd. Hence d < d.
If problem (8.11) has an optimal solution z* € {—1,1}"" with z7,,, =1,

then an optimal solution to problem (8.1) can be obtained as (x},z3, ..., 2}).
We note that problem (8.11) always has an optimal solution with z},, = 1.
More precisely, if problem (8.11) has an optimal solution z* with z,, = —1,

then —x* is also an optimal solution since f is an even function. Therefore, any
general binary POP (8.1) with the constraint = € {—1,1}" can be formulated
as an even-degree binary POP with the constraint = € {—1,1}"*1.

However, applying Theorem 12 to problem (8.11) results in a larger
truncated moment matrix than the one obtained by applying Theorem 11 to
problem (8.1). To see this, we define T,» :== {S € 2I") : |S| = k}; note that
the size of [n] is included in the definition of 7,". If Theorem 11 is applied
to problem (8.1), the moment matrix is truncated by the following Fourier
support:

T":zﬁnuﬂ"u---uTanﬂ.

On the other hand, if Theorem 12 is applied to problem (8.11), the moment
matrix is truncated by the Fourier support defined as follows:

Tt ot oot if {—("“ +d 2-‘ is even,

"(n+1)+d 2}

n n n+1)+d—2 | .
TP U U U TP:LW . 2] odd,

17—71—1—1 —

We now prove |77 < |[T™!|. Letw == [(n+d —1)/2] and & := [(n—i—cflv— 1)/2-‘.
Note that w < @ since d < g, and thus

Tl =X () < (0) s
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We show that the right hand side of the inequality of (8.12) coincides with
|7™*| by considering two cases: @ is even or odd. If @ is even, then

/2 w/2

506 {60 @F-(7)£02)

If @ is odd, then

5 (0)-540)- (- R

1=0 1=0

Consequently, we obtain [77] < [T+,

8.4.5 Difficulties in Further Extension

From the discussion on the even case, one may think that the techniques used
in the proof can be extended to the case where the degree of each term in the
objective function is a multiple of a positive integer m. More precisely, as an
extension from the cases of m = 1 and m = 2 to that of an arbitrary m, we
may consider the following set:
Sttd moa my ={S €2 [S| =0,m,... . km(=d)}.

We now show the extension is not so straightforward. For instance, when
m = 3, the Cayley graph can be connected, and thus there are no function
¢(+) which changes from

7?):(dmodm) :%Uﬁnuuﬁm

to
7;:(d mod m) = 7; U Tm+i U---u ﬁk—l)m-i—iv 1=1,2.

Therefore, to use the techniques as in Sections 8.4.1 and 8.4.2, we need to solve
the complicated problem of finding a function ¢(-) that maps one maximal
clique to another in the connected Cayley graph. As a result, it is difficult to
extend the proof for m = 1 and m = 2 to an arbitrary m (m > 3).

130



8.5. EXPERIMENTS

8.5 Experiments

We conducted numerical experiments to see whether the bounds proved in
Sections 8.3 and 8.4 could be empirically obtained. The numerical results for
general and even-degree binary POPs are presented in Sections 8.5.1 and 8.5.2,
respectively. As test instances, we used randomly generated binary POPs
and binary POPs such that the coefficients of f are all ones.

8.5.1 General Binary POPs

In the case of general binary POPs (8.1), the relaxation order w indicates
that the moment matrix is truncated by 7 = ToU T, U---UT,.

Random Instances

Table 8.1: The relaxation order w required to obtain the exact optimal
solutions among all 1000 random general binary POPs instances with various
numbers of variables n and degrees d. The number in the parenthesis shows

the theoretical upper bound w = [%‘HW . The bold digits indicate the result
such that the upper bound is tight.

d
n | 1 2 3 4 5 6 7 8 9
31102 2(2) 23

4012 2(3) 203 24

501(3) 2(3) 2(4) 2(4) 3(5)

611(3) 24) 2(4) 2() 3(5) 3(6)

7114 2(4) 2(5) 2(5 3(6) 3(6) 4(7)

$11(4) 2(5) 2(5 2(6) 3(6) 3(7) 4(7) 4(8)
911() 2(5 2(6) 3(6) 3(7) 3(7) 4(8) 4(8) 5(9)

We randomly generated test instances with the coefficients ¢, (a € {0,1}")
of binary POPs (8.2) generated as ¢, = 10 X u,, where u, was sampled from
the standard normal distribution. We generated 1000 test instances for each
(n,d) where n = 3,4,...,9 and d = 1,2,...,9. The relaxation order was
increased from w = [d/2].
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Table 8.1 shows the minimum relaxation order w such that all 1000 test
instances with the specified n and d were exactly solved. The numbers in
the parentheses indicate the theoretical bound w = (%d*q We observe
that, in the case of randomly generated binary POPs, the empirical order w is
smaller than the theoretical bound @ for almost all problems of (n, d), except
for n = 3 and d = 2. In fact, most instances in Table 8.1 were solved exactly
via SDP relaxation with w = [d/2] except for the case d = 2 and only two
instances out of 1000 trials with (n,d) = (9,4). Considering the results, it
would be interesting to study whether the SDP relaxation with w = [d/2]
can be exact for random instances of binary POPs under some assumptions.

For binary linear optimization problems with d = 1, it is known that
the SDP relaxation with w = 1 can find the optimal solution, although the
theoretical upper bound is larger than 1. We see from the first column of the
table that a gap exists between the known bound w = 1 and our theoretical
bound w. To narrow this gap will also be interesting future work.

All-one-coefficient Instances

Table 8.2: The relaxation order w required to obtain the exact optimal
solutions for all-one-coefficient general binary POPs instances with various
numbers of variables n and degrees d. The number in the parenthesis shows

the theoretical upper bound w = {%d’ﬂ . The bold digits indicate the results

such that the upper bound is tight.

d
n| 1 5 3 1 5 G 7 g 9
312 12 3(@3)

1012 3(3) 3(3) 4()

511(3) 1(3) 2(4) 34 5(5)

61(3 4(4) 2(4) 3() 4(5 6 (6)

711(4) 1(4) 2(3) 4() 3(6) 5(6) 7(7)

$[1(4) 5() 2(3) 5(06) 3(6) 5(7) 6(7) 8(8)
9[1(5) 1(5 2(6) 4(6) 3(7) 4(7) 5(8 6(8) 9(9)

We consider special instances of binary POP (8.2) where ¢, = 1 for all
a € {0,1}" and ||alj; < d. Table 8.2 displays the minimum relaxation order
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w required to exactly solve the test instances. The numbers in parentheses
indicate the theoretical bound @w = {%d_lw

Note that the exact optimal values of the problem of d = n were obtained
at the theoretical bound @, which implies that our theoretical bound is tight.
This supports the results of [Kurpisz et al., 2017|, which showed that w =n
is the lower bound where any binary POPs with d = n have no integrality
gap. The result in the table also implies that the theoretical bound is tight
for binary QOPs with even n values.

8.5.2 Even-degree Binary POPs

In the case of even-degree binary POPs, the relaxation order w means that
the moment matrix can be truncated by

T_ ToUTaU---UT, ifwiseven,
I\ TIUTU---UT, ifwis odd.

Random Instances

Table 8.3: The relaxation order w required to obtain the exact optimal
solutions for all 1000 randomly generated instances of even-degree binary
POPs with various numbers of variables n and degrees d. The number in

the parenthesis shows the theoretical order w = [%‘HW The bold digits
indicate the results such that the upper bound is tight.

d
n 2 4 6 8
312 (2)
412(2) 2(3)
512(3) 24
612(3) 2(4) 3(5
712M4) 2() 3(6)
812(M4) 3(5) 3(6) 4(7)
912((5B) 2(6) 3(7) 4(8)

As in Section 8.5.1, we randomly generated 1000 test instances for each
(n,d) withn =3,4,...,9 and d = 2,4, 6, 8; the coefficients ¢, (« € {0,1}") of
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even-degree binary POP (8.2) were generated as ¢, = 10 X u,, where u, was
sampled from the standard normal distribution. We solved the test instances
using the SDP relaxations with the truncated moment matrices.

Table 8.3 shows the minimum order w with which the exact optimal values
of all test instances with specified d and n were obtained. The theoretical
bound w = (%d_ﬂ is shown in the parentheses. We observe that almost
all randomly generated test problems were solved with the relaxation order
smaller than the theoretical bound, except for the instances with n = 3,4 and
d = 2. Furthermore, as in Section 8.5.1, the SDP relaxation with w = [d/2]
was exact for all instances in Table 8.3 except for the case d = 2 and only
one instance with (n,d) = (8,4).

All-one-coefficient Instances

Table 8.4: The relaxation order w required to obtain the exact optimal
solutions for all-one-coefficient instances of even-degree binary POPs with
various numbers of variables n and degrees d. The number in the parenthesis

shows the theoretical order w = [%H-‘ . The bold digits indicate the results

such that the upper bound is tight.

d
n| 2 4 6 8
312 (2)
4112 3(3)
513(3) 4(4)
6| 1(3) 3(4) 5(5)
714() 3() 6(6)
81 1(4) 4(5 5(6) 7(7)
9/5(5) 5(6) 5(7) 8(8)

We consider even-degree binary POP (8.2) where ¢, = 1 for all a € {0, 1}"
and ||||; is even. The numerical results for even-degree binary POP (8.2)
of degree d = 2,4,6,8 with all-one coefficients are shown in Table 8.4. We
observe that the exact optimal value of the problem is obtained at the
theoretical bound @ = ’_%‘1_2-‘ in all instances with d = n, which confirms
the tightness of our upper bound and the lower bound of Kurpisz et al. [2017|
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as in Section 8.5.1. Furthermore, for binary QOPs without linear terms, it
is proved by Laurent [2003] that w = [n/2] is the lower bound for the exact
relaxation, which is confirmed by the results for odd n in the table.

8.6 Conclusion

We have shown that the exact optimal values of binary POPs are obtained by
solving the [(n 4+ d — 1)/2]th SDP relaxation in Lasserre’s hierarchy of SDP
relaxations. We have also improved the relaxation order to [(n + d — 2)/2]
for the case of even-degree binary POPs. The techniques used to derive these
results are based on [Fawzi et al., 2015|, and the bound [(n + d — 2)/2] for
even-degree binary POPs generalizes the result proved by [Fawzi et al., 2015|
for binary QOPs. Experiments confirmed the tightness of our results.

Here, the moment matrix of a given binary POP has been truncated using
a Fourier support of a chordal cover that covers the Cayley graph arising
from the binary POP. In [Waki et al., 2006], the sparse SDP relaxation was
proposed by exploiting the sparsity of a given POP. Specifically, the size of
the moment matrix for the sparse SDP relaxation was reduced by using the
maximal cliques of an extended chordal graph obtained from the sparsity
pattern graph of the given POP. It will be interesting to investigate the
relationship between the two approaches. Furthermore, as in Section 8.5.1,
almost all random instances of binary POPs with d > 2 have been solved
exactly via SDP relaxation with w = [d/2]. Thus it may be worthwhile to
study conditions for SDP relaxation with [d/2] to be exact.

Solving POPs by the hierarchy of SDP relaxations is a very challenging
problem since it requires to solve increasingly large SDP relaxations for
the desired accuracy. Moreover, the SDPs induced from POPs are often
degenerate, causing a great deal of numerical difficulties for the SDP solvers.
It is well-known that the SDP solvers based on the interior-point methods
[Sturm, 1999; Tiitiincii et al., 2003; Fujisawa et al., 2008] cannot handle the
SDPs with more than several thousand variables; as a result, POPs with
moderate n and d values cannot be solved by the solvers. Therefore, from the
computational viewpoints, it is essential to have the size of the SDPs as small
as possible for accurate solutions of POPs. The bounds presented in this
chapter for binary POPs provide the important information on the largest
size of SDPs to be solved for computing exact optimal values of binary POPs
in advance.
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Chapter 9

Conclusion

In this dissertation, we have addressed three kinds of optimization problems:
bandit combinatorial optimization, submodular function maximization, and
binary polynomial optimization. Below we conclude this dissertation by
summarizing each contribution and presenting future work.

Chapter 3: Bandit Combinatorial Optimization with ZDDs. We
developed a practical ZDD-based algorithm and proved its any-time regret
bounds. The per-round complexity of our algorithms is linear in the ZDD size,
which is empirically much smaller than the size of action sets. Experiments
confirmed the efficiency and practical utility of our algorithm.

If we are allowed to perform more costly operations, such as projection
onto the convex hull of feasible solutions, in each round, then it may be
possible to improve the regret bounds. Therefore, it will be interesting to
study whether such operations can be performed efficiently with ZDDs.

Chapter 5: Submodular Function Maximization over Graphs with
ZDDs. We developed a ZDD-based algorithm for monotone submodular
function maximization with various constraints defined on graphs. Our
algorithm achieves a (1 — k)-approximation, and its computation complexity
is linear in the ZDD size. Experiments confirmed that our algorithm is
effective for a wide variety of real-world instances.

The obtained curvature-dependent approximation ratio can sometimes be
pessimistic (close to 0) in practice, and so to develop efficient ZDD-based
algorithms with better approximation guarantees is important future work.
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Chapter 6: Best-first Search Algorithm for Submodular Knapsack
Problem. We proposed an accelerated best-first search algorithm for sub-
modular knapsack problems. The acceleration is achieved by using a new
upper-bound computation method and termination condition. We experi-
mentally confirmed that our algorithm can run much faster than existing
best-first search algorithms.

As future work, it will be interesting to develop fast best-first search
algorithms for other constraints, e.g., matroids and independence systems.

Chapter 7: k-submodular Function Maximization under Matroid
Constraint. We proved that the greedy algorithm can achieve a 1/2-
approximation guarantee for monotone k-submodular function maximization
with a matroid constraint. This result provides the first constant-factor
approximation guarantee for the problem.

As mentioned in the chapter, to improve the approximation guarantee
by using a bounded k value will be a challenging but interesting future
research direction. It will also be interesting to study k-submodular function
maximization with other constraints, e.g., knapsack constraints.

Chapter 8: Exact SDP Reformulation of Binary Polynomial Op-
timization via Graph Representation. We proved that, given an n-
dimensional binary polynomial optimization instance with a d-degree objective
function, the [(n+d — 1)/2]th SDP is sufficient for exactly reformulating
the problem. We also proved that the [(n + d —1)/2]th SDP is sufficient if
objective functions have only even degree monomials.

As mentioned in Section 8.6, given binary POP instances with some
special structures, we may be able to obtain smaller upper bounds on the
relaxation order. One promising approach is to study the structure of the
Cayley graphs: Our proof technique is based on the the idea of pasting cliques,
which can be seen as an analogy of a path-decomposition of the Cayley graph.
Hence, it will be interesting to study whether other techniques known in
the field of graph theory, e.g., tree-decomposition, can be utilized to obtain
empirically smaller exact SDP reformulations. Note, however, that to improve
the above relaxation orders is impossible in the worst case since our results
are guaranteed to be tight in general.
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