
1

ON THE ( <p, r)-MODULES CORRESPONDING TO CRYSTALLINE 
REPRESENTATIONS, SEMI-STABLE REPRESENTATIONS AND DE 

RHAM REPRESENTATIONS 

TAKUMI WATANABE 

Graduate School of Mathematical Sciences, The University of Tokyo 

ABSTRACT. This is a survey of the author's papers [Wat24, Watc, Watb] and it is an 
expanded version of the author's talk in the conference "Algebraic Number Theory and 
Related Topics 2024" at Kyoto University. We explain how we can determine the ( cp, r)­
modules corresponding to crystalline, semi-stable and de Rham representations. 

CONTENTS 

Acknowledgements 
Notation and Convention 
1. Background 
2. Problem 
3. Main theorem for crystalline representations 
4. Main theorem for semi-stable representations 
5. Main theorem for de Rham representations 

1 
1 
2 
3 
5 
7 
9 

6. Comparison to other theories 
References 

11 
11 

Acknowledgements. I am grateful to the organizers of the conference "Algebraic Num­
ber Theory and Related Topics 2024" at Kyoto University for giving me this opportunity. 
I heartily thank Go Yamashita for pointing out Remark 2.12 in the conference. This 
paper was written during my stay at Institut des Hautes Etudes Scientifiques. I would 
like to thank it for its support and hospitality. I am supported by the WINGS-FMSP 
program at Graduate School of Mathematical Sciences, the University of Tokyo. 

Notation and Convention. Throughout this paper, all rings are assumed commmuta­
tive and unital. We fix a prime number p and a p-adic field K, i.e., a complete discrete 
valuation field of characteristic O whose residue field k is a perfect field of characteris­
tic p. We put K 0 := W(k)[l/p]. We fix a uniformizer 1r E K and an algebraic closure 
K of K and let CCv denote its completion. Let Vv denote the valuation of CCv normal­
ized as vv(P) = 1. For any subfield L in CCv/ K 0, (h denotes the ring of integers, ffiL 
the maximal ideal and G L the absolute Galois group. We fix a compatible sequence of 
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p-power roots of unity { (pn }n in K and we put K)O := u:;=l K((pn ). K)O denotes the 
completion of Kx,- We set fx := Gal(K00 /K) and Hx := Gal(K/K00 ). We define 
0~ := lim Oic /p. Let CPD denote its field of fractions and m~ the maximal ideal. By 

P ~xf----txP P P 

abuse of notation, the valuation on ct induced from vP is also denoted by vP. We similarly 
-b 

define 0~, K 00 and m~. We set c := (1, (p, (p2, ... ) E 0~, µ := [c] - 1 E W(O~) 
X= X= X= X= 

and ~r := µ/cp-r(µ) E W(O~J for any r E Z;:,1 . We put ~ := 6- For any ring A and 

A-modules M and N, we write M®AN for the p-adic completion of M ®AN. 

1. BACKGROUND 

In number theory, it is important to study p-adic Galois representations. 

Definition 1.1. 
(1) A p-adic Galois representation of Gx is a finite dimensional {Qlp-vector space 

equipped with a continuous and linear action of G x. We write ReplQip ( G x) for 
the category of p-adic Galois representations of G x. 

(2) A free Zp-representation of G x is a finite free Zp-module equipped with a con­
tinuous and linear action of G x. We write Rep2 ( G x) for the category of free 

p 

ZP-representations of Gx. 

Example 1.2. Let Ebe an elliptic curve over K. For any n E Z>i, we define E[n] ·­
{x E E(K) I nx = O}. Then, we can construct an inverse system 

E[p] !£ E[p2] !£ E[p3] !£ .... 
E[pn] is a Z/pnz-module equipped with a Gx-action. Then, TPE := ~n E[pn] is a free 
ZP-representation of Gx of rank 2. It is called a Tate module associated to E. 

Example 1.3. Let X be a smooth and proper scheme over K. Then, a p-adic etale 
cohomology Hm(X-i<, (Q)p) is a p-adic Galois representation of Gx. 

Every p-adic Galois representation comes from a (not unique) free Zp-representation 
and free Zp-representations of Gx have connections with mod p representations of Gx, 
i.e., finite dimensional lFp-vector spaces equipped with continuous and linear actions of 
Gx. In this sense, it is more important to study free Zp-representations, so we focus on 
them from now on. In general, free Zp-representations are difficult. In order to handle 
them, Jean-Marc Fontaine developed a theory of (cp, f)-module. Fontaine constructed 

-b 
subrings Ax s;::; W(K00 ) and A s;::; W(Ct) which are stable under the Galois actions and 
the Frobenii. When K is absolutely unramified, i.e., K = K0 , Ax:= W(k)((µ));. 

Remark 1.4. In [Fon90], Fontaine writes Ax = Ot: and A = O"fm. 

Definition 1.5 ([Fon90, 3.3.2.]). A (cp, I')-module over Ax is a finite free Ax-module M 
equipped with a continuous and semi-linear fx-action and a fx-equivariant Ax-linear 
isomorphism M®AK,'PAx ~ M. We write Mod:,r(Ax) for the category of (cp, r)-modules 
over Ax. 

Remark 1.6. Usually, it is called an etale (cp, I')-module over Ax. 

An important point of the theory of (cp, r)-modules is that the fx-action is simple. 
Since fx is a Galois group of p-cyclotomic extension of K, we have an injection fx '------+ z; 
via the cyclotomic character. Thus, a continuous and semi-linear fx-action is determined 
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by an action of a topological generator of rK, which is much simpler than a GK-action. 
In summary, (cp, r)-modules over A-K are simpler than free ZP-representations of GK. 
However, Fontaine proved an equivalence of categories between them. 

Theorem 1. 7 ([Fon90, Theoreme 3.4.3.]). There exists an equivalence of categories be­
tween the category of free Zp-representations of GK and the category of ( 'P, r)-modules 
over AK via the functors M r-+ (M ®AK A)<p=l for any ('P, r)-module M over AK and 
Tr-+ (T ®zp A)HK for any free Zp-representation T of GK· 

2. PROBLEM 

Fontaine defined some important classes of p-adic Galois representations or free Zp­
representations in [Fon82, Fon94]. They are called crystalline representations, semi-stable 
representations and de Rham representations. Crystalline representations are semi-stable 
and semi-stable representations are de Rham. 

Example 2.1. Let X be a proper and smooth scheme over K. Then, the p-adic etale 
cohomology Hm(X-K, (Qp) is always de Rham. If X has a semi-stable reduction, it is semi­
stable. If X has a good reduction, it is crystalline. These are highly non-trivial results 
by T. Tsuji ([Tsu99]), G. Faltings ([Fal89, Fa102]), or W. Niziol ([Niz98, Niz08]). 

Example 2.1 shows that these classifications reflect geometry. We consider the following 
question. 

Question 2.2. Which ( 'P, r)-modules correspond to crystalline representations, semi­
stable representations and de Rham representations? 

This question has been considered for a long time. When K is absolutely unramified, 
the question in the crystalline case was studied by Fontaine ([Fon90]), N. Wach ([Wac96, 
Wac97]) and P. Colmez ([Col99]). By using these results, L. Berger finally constructed 
a theory of Wach modules ([Ber04]). For any absolutely unramified p-adic field K, we 
define Ai:= W(k)[[µl]. 

Definition 2.3 ([Ber04, DEFINITION III.4.1.]). Assume K is absolutely unramified. A 
Wach module is a finite free Ai-module N equipped with a continuous and semi-linear 
rK-action that is trivial on Nj µ and a rK-equivariant Ai[l/cp(~)]-linear isomorphism 
N ®Ai,'P Ai[l/cp(~)] ~ N[l/cp(~)]. 

Theorem 2.4 ([Ber04, PROPOSITION III.4.2.]). Assume K is absolutely unramified. 
Then, the category of Wach modules is equivalent to the category of free crystalline Zp­
representations of GK via the functor N r-+ (N ®A+ A)"'=1 for any Wach module N. 

K 

Recall that when K is absolutely unramified, the coefficient ring of ( 'P, r)-module is 
AK:= W(k)((µ));. So Ai is a subring of AK and in some sense an integral ring. 

Proposition 2.5 (cf. proof of [Ber04, PROPOSITION III.4.2.]). Assume K is absolutely 
unramified. Then, for any Wach module N, N ®A+ AK is the ('P, r)-module over AK 

K 

corresponding to the free crystalline Zp-representation of GK. 

Proposition 2.5 says that a Wach module is an Ai-lattice of the ('P, r)-module over 
AK satisfying some conditions. So, Berger determined the ( 'P, r)-modules over AK corre­
sponding to free crystalline ZP-representations of GK by the existence of special lattices. 

The theory of Wach modules are very beautiful and useful. It has applications to, for 
example, Iwasawa theory and p-adic Langlands correspondence. However, it can be used 
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only when K is absolutely unramified. So, we would like to remove the assumption and 
obtain similar results for semi-stable representations and de Rham representations. Why 
do we assume K is absolutely unramified in the theory of Wach modules? 

Problem 2.6. We do not know a good definition of "At" for general p-adic field K. 

At should satisfy some conditions. For example, it should have a fx-action, a Frobe­
nius map and a "good" relationship with Ax, W(O~) and JEt. However, we do not 

Koo 
know how to construct such a ring. Regarding this problem, an important fact is the 
following pointed out by Wach. 

Proposition 2.7 ([Wac96, THEOREME, REMARQUES on page 381], [Wata]). Let k= 
denote the residue field of K=. For general p-adic field K, we have an equality 

-b 
Ax n W(O~J = W(k=)[[µ]] in W(K= ). 

When K is absolutely unramified, we have an equality At= AxnW(O~J- So taking 

the intersection seems to be a good candidate of the definition of "At" for general p­
adic field K. However, Proposition 2. 7 implies that it does not work. The point is that 
the right hand side only depends on the residue field of K= and it does not have any 
information of the ramification of K. In order to conquer this problem, we use ( 'P, f)-

- -b - -
modules over Ax := W(K= ). We have a natural inclusion Ax ~ Ax and Ax coincides 
with the p-adic completion of the perfection of Ax. 

Remark 2.8. One difference between AJS and Ax is that the Frobenius map on Ax is 
not bijective, but the Frobenius map on Ax is an isomorphism. 

The category of ( 'P, r)-modules over Ax is also equivalent to the category of free Zp­
representations of GK. Let us write explicitly. 

Definition 2.9. A (cp, r)-module over Ax is a finite free Ax-mo-9-ule M equipped with 
a continuous and semi-linear fx-action and a fx-equivariant Ax-linear isomorphism 
M (i!;rk.K,'P Ax~ M. We write Mod:,r(Ax) for the category of (cp, r)-modules over Ax. 

Theorem 2.10 ([Fon84, 2.], [Fon90, Theoreme 3.4.3.]). There exists an equivalence of 
categories befo!!!en the category of free Zp-representations of GK and the category of ( 'P, r)­
modules over Ax via the functors 

M f-------------> (M ®AK W(Ct)t=l 

(T ®zp W(c;)tK T. 

Remark 2.11. As indicated in the citation, (cp, r)-modules over Ax appeared in 1984 
and Fontaine first considered them as far as the author knows. 

In this case, we can use At := W( 0~) instead of At for general p-adic field K. 
Koo 

Remark 2.12. As G. Yamashita pointed out in the conference, Berger studied the rela­
tionship between ( 'P, r)-modules and crystalline representations, semi-stable representa­
tions and de Rham representations in terms of p-adic differential equations in [Ber02]. 
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3. MAIN THEOREM FOR CRYSTALLINE REPRESENTATIONS 

Definition 3.1. 
(1) We define an ideal q00 of Ai by 

qoo := {[a]x I a E m~°",x E A1}-

(2) ([Du19, Lemma 4.11.]) For any p-torsion free W(k)-module M equipped with a 
semi-linear homomorphism cp: M-+ M[l/p] with respect to the Frobenius endo­
morphism of W(k), we define a cp-finite part of M by 

M<p-fin := {x EM I dimK0 (cpn(x): n E Z;:,o)Ko < oo}. 

Remark 3.2. We do not know whether the natural morphism W(k) -+ (A°1/q00 )I'K is 

isomorphic or not. However, we can show that W(k)-+ (A°1/q00 )~~fin is an isomorphism 
([Du19, Lemma 4.11.], [Wat24, Proposition 2.17]). This is the motivation of cp-finite part. 

Remark 3.3. cp-finite part is a Frobenius analog of K-finite in the sense of [Sen81, page 
98], see also [BHH+22, Remark 2.6.5.]. 

Definition 3.4 ([Wat24, Definition 2.18.]). A crystalline (cp, f)-module over Ai is a 
finite free Ai-module N equipped with a continuous and semi-linear rK-action and a 

rK-equivariant A1[1/cp(t)]-linear isomorphism <I>N: N ®ik,'P A1[1/cp(t)] ~ N[l/cp(t)] 
such that the following conditions hold. 

(1) (Triviality modulo µ) (N/ µ)I'K is a finite projective (Ai/ µ)I'K-module and we 
have a canonical isomorphism 

(N/µfK ®(A!fµfK Ai/µ --=t N/µ. 

(2) (N/q00 )~fin is a finite free W(k)-module and we have a canonical isomorphism 

(N/qoo)~~fin ®w(k) At)qoo --=t N/qoo. 

We write Mod:~rys(A1) for the category of crystalline (cp, f)-modules over A1-

Remark 3.5. The condition (1) is called triviality modulo µ in [MT20]. If (N/ µ)I'K is 
a finite free (Ai/ µ)I'K-module, the isomorphism implies that N/ µ has a basis consisting 
of elements fixed by the rK-actions. So, the condition (1) means that the rK-action on 
N / µ is "trivial" in some sense. Thus, the condition (1) is an analog of Wach modules. 

The following theorem is our main theorem on crystalline representations. 

Theorem 3.6 ([Wat24, Theorem 2.43.]). There exists an equivalence of categories between 

the category of crystalline (cp, f)-modules over Ai and the category of free crystalline ZP­
representations of GK denoted by Rep~ys (GK) via the functor 

p 

T M dfh,crys(-; +) ~ R crys(G ) N T (N) (N W(ff"'D )) <p=l crys: 0 cp,r &K -+ epzP K , f--+ crys := ®Ak \l..,P • 

Proposition 3.7 ([Wat24, Corollary 1.26.]). Let N be a crystalline (cp,f)-module over 

Ai. Then N ®x.+ AK is the (cp, r)-module over AK associated to Tcrys(N). 
K 

This proposition implies that similarly to Wach modules, a crystalline ( cp, r)-module 
over Ai is an Ai-lattice of the (cp, f)-module over AK satisfying some conditions. 

Let us explain an outline of the proof of Theorem 3.6. Roughly speaking, 
5 



6

• the condition (1) (Triviality moduloµ) implies the functor Tcrys is full and faithful, 
• the condition (2) implies the free ZP-representation Tcrys(N) is crystalline, and 
• we show the essentially surjectiveness of Tcrys by using a theory of prisms. 

First, we see that Tcrys ( N) is a free Zp-representation of GK by Proposition 3. 7 and 
Theorem 2.10. We tried to show that Tcrys(N) is crystalline from the condition (1) since 
it is natural from the view point of the theory of Wach modules, but we failed. This 
is because our coefficient ring A1 is bigger than the coefficient ring AJ := W(k)[[µ]] of 
Wach modules. Especially, A1/ µ = W(k) and rK acts on it trivially, but A1/ µ =/- W(k) 
and rK acts on it non-trivially. This is why we add the condition (2). Let us explain how 
to show Tcrys(N) is crystalline. The first key lemma is the following due to B. Bhatt, M. 
Morrow and P. Scholze. We put Ainf := W(Ot ). 

p 

Lemma 3.8 ([BMS18, Lemma 4.26.]). For any crystalline (cp, r)-module N over A1, we 
have an isomorphism 

compatible with the Probenii and the GK-actions and functorial in N. 

Lemma 3.8 implies N ®ii Bcrys ~ Tcrys(N) ®zP Bcrys, so it is enough to show that 

(N ®x.+ Bcrys)°K is enough large. We prove it by constructing an injection 
K 

(N/q00 )~~fin[l/p] c...+ (N ®]i;.k H:rys)°K. 

This argument is due to [Du19, Lemma 3.27., Lemma 4.14.]. In this way, we prove the 
well-definedness of the functor Tcrys· 

As a crystalline (cp, r)-module over A1 is a submodule of the (cp, r)-module over AK, 
we see that Tcrys is faithful. The fullness can be shown by the same argument as in [Tsu20, 
Proposition 76]. The essential proposition is Lemma 3.8 and the following due to Tsuji: 

Proposition 3.9 ( [Tsu20, Proposition 76], [Wat24, Proposition 2.4]). Let N1 and N2 be 
finite free A1-modules endowed with semi-linear rK-actions trivial moduloµ. Then, any 

rK-equivariant A1[1/ µ]-linear map f: N1 [1/ µ] -+ N2 [1/ µ] satisfies f(N1 ) <;;; N2 . 

It remains to show the essentially surjectiveness, i.e., we need to construct crystalline 
( 'P, r)-modules from free crystalline ZP-representations. Mathematically, it is the most 
difficult point. However, we can do relatively easily by virtue of a theory of prisms. The 
essential theorem is the following due to Bhatt and Scholze: 

Theorem 3.10 ([BS23, Theorem 5.6]). There exists an equivalence of categories between 
the category of prismatic F-crystals in Oll>.-modules on OK,ll>. denoted by Vect'P(OK,ll>., Oil>.) 
and the category of free crystalline Zp-representations of GK via the functor 

Vect4'(OK,ll>.,Oll,.)-+ Rep~:"(GK), NM (N(A1,'P(()) ®x.i wuc;)r=l. 

Hence, in order to show the essentially surjectiveness, it suffices to construct crystalline 
(cp, r)-modules over A1 from prismatic F-crystals in Oll>.-modules on OK,ll>.· We show that 
N(A1, cp(()) is a crystalline (cp, r)-module over A1 for any prismatic F-crystal N. The 
first condition (Triviality modulo µ) can be shown from the diagram 

(A1,cp(()) ~ (A1/µ,p) +---' ((A1/µfK,p) 
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in the prismatic site OK,£• We deduce the second condition from the diagram 

(Ai<, cp(())----» (Ai/[a],p) +- (W(k),p) 

in OK,£ where a is an element in 0~
00 

such that vp(a) :s; pvp(n). We remark that Ai/q00 

cannot be a prism since it is not p-adically complete. The following commutative diagram 
summarizes the relationship between the categories. 

't - [Fon90] 
Mod~,r(Aw) _____ "" ____ _______. Repzp(GK) 

®11/xT o J 
Mod:~rys (Ai) Theor~m 3.6 Rep~:s (GK) 

evaluate at (Ak~ (j ~ Theorem 5.6] 

Vect'P(OK,£, Ott,) 

4. MAIN THEOREM FOR SEMI-STABLE REPRESENTATIONS 

Definition 4.1 ([Watc]). A semi-stable (cp, f)-module over Ai is a finite free Ai-module 
N equipped with a continuous and semi-linear rK-action and a rK-equivariant Ai[l/cp(()]­
linear isomorphism cfJN: N ®•+ Ai[l/cp(()] ~ N[l/cp(()] such that the following condi-

""x,'1' 
tion holds. 

(Triviality modulo < µ) For all integer r 2: 1, (N/(rfx is a finite projective 
(Ai/(rfx-module and we have a canonical isomorphism 

(N/(rfK ®(Akf~r?K Ai/(r -=t N/(r 

We write Mod:;\Ai) for the category of semi-stable ( cp, r)-modules over Ai. 

Remark 4.2. The condition is called a triviality modulo < µ in [MT20]. Triviality 
modulo µ implies triviality modulo < µ, so crystalline ( cp, r)-modules are semi-stable 
( cp, r)-modules. Triviality modulo < µ is slightly weaker than triviality modulo µ. This 
can be seen from the equality of ideals µAi= nr>l (rAi ([BMS18, Lemme 3.23.]). Also, 
Morrow and Tsuji show that these two conditions -are equivalent in the geometric context 
([MT20, Theorem 1.14.]). 

The following theorem is our main theorem on semi-stable representations. 

Theorem 4.3 ([Watc]). There exists an equivalence of categories between the category of 
semi-stable ( cp, f)-modules over Ai and the category of free semi-stable ZP-representations 
of GK denoted by Rep~ (GK) via the functor 

p 

Tst: Mod:;\Ai)-=:+Rep~p(GK), Nr-+Tst(N) := (N®;;.i W(C~)r=1
. 

We have the same relationship with ( cp, r)-modules over AK as in the crystalline case. 

Proposition 4.4 ([Watc]). Let N be a semi-stable (cp, r)-module over Ai(- Then N ®;,;+ 
K 

AK is the (cp, f)-module over AK associated to Tst(N). 
7 
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Let us explain an outline of the proof of Theorem 4.3. Tst(N) is a free ZP-representation 
of GK by Theorem 2.10 and Proposition 4.4. In order to show that Tst(N) is semi-stable, 
we use p-adic monodromy theorem proved by Berger. 

Theorem 4.5 ([Ber02, Corollaire 5.22.]). Let V be a de Rham representation of GK, 
Then, there exists a finite Galois extension L/ K such that VlcL is a semi-stable repre­
sentation of G L. 

We first show that triviality modulo~ (when r = 1) implies that Tst(N) is a de Rham 
representation of GK by constructing an injection 

(N/~l K [1/p] '---+ (N ®1+ BtR)° K. 
K 

This argument is similar to [Wac96, LEMME l.]. Note that similar lemma to Lemma 3.8 
holds in the semi-stable case. Then, there exists a finite Galois extension L / K such that 
T.t(N)lcL is a semi-stable representation of GL by Theorem 4.5. In order to show that it 
is a semi-stable representation of GK, we introduce a new filtration on Bcrys defined by 
Tsuji. We first recall that for any r E Z>o, Fontaine defined in [Fon94, 5.1.1.] 

f[r]Acrys := {x E Acrys I cpn(x) E Fir Acrys for all n 2 O}. 

We also put J[r]Acrys := Acrys for any r E Z<o• We sett:= log[c] := I::1 (-l)i+lµi/i. 
Then, we define a filtration on Bcrys due to Tsuji as follows: 

Definition 4.6 (T. Tsuji). For any r E Z, we define 

1[rl B ·= LJ en 1[n+rl A crys • crys· 

nEZ 

J[O] Bcrys is a subring of Bcrys stable under the GK-action and the Frobenius map which 

contains Btys· We have J[1lBcrys = tJ[0lBcrys and a canonical isomorphism Ainr/fJ,[l/p] ~ 
J[0lBcrys/f[1lBcrys (cf. [Tsu99, Proposition A3.20]). Then, we consider the following com­
mutative diagram: 

~ ~ 
Dst,L(V) ®Lo Est ---------> V ®<Q!p Est --------> N ®ii Est 

UI UI UI 
exp(N0u) 

(Dst,L(V) ®Lo Est)N=O --""---+ V ®<Q!p Ecrys ~ N ®ii Ecrys 

UI UI UI 

( ) [D] exp(N0u)( ( ) [O] [ ])N-0 Dst,L V ®L0 I Ecrys ~ Dst,L V ®L0 I Ecrys U - N ®i+ J[D]Ecrys 
K 

where V := Tst(N)[l/p] and N is the monodromy operator. Note that the second line 
is obtained by taking the N = 0 part of the first line. We show that (Dst,L(V) ®Lo 
J[0lBcrys[u])N=O and N ®1+ J[0lBcrys coincide via the isomorphisms in the second line by 

K 

using a similar lemma to Proposition 3.9. Thus, we get an isomorphism Dst,L(V) ®Lo 
J[0lBcrys ~ N ®1+ J[0lBcrys• By taking a reduction modulo J[1lBcrys and more and then 

K 

taking a GK-fixed part, we get an isomorphism Dst,K(V) ~ (N/W(m~J[l/p]fx, which 
implies V is a semi-stable representation of GK. In this way, we see that Tst is well-defined. 

The functor Tst is faithful by the same argument in the crystalline case and fullness can 
also be proved similarly. So, it remains to show the essentially surjectiveness. We use a 
theory of log prisms. The essential theorem is the following due to H. Du and T. Liu: 

8 
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Theorem 4.7 ([DL23, Theorem 5.0.18.]). There exists an equivalence of categories be­
tween the category of log prismatic F-crystals in 01t,-modules on (Ox,1rN)1t,10g denoted by 
Vect'P( ( Ox, 1rN)1t,10g, 0£) and the category of free semi-stable Zp-representations of GK via 
the functor 

Vect'P((Ox, 7rN)£1og> 0£)--+ Rep~p(Gx), N 1---t (N( (A1, 'P((), [atr) ®ii W(<C~)) cp=l, 

where a E OD__ such that vp(a) = pvp(n) and (A1, 'P((), [a]Nr is the log prism associated 
Koo 

to a prelog prism (A1, 'P((), [a]N). 

We show that for any log prismatic F-crystal N, N( (A1, 'P((), [aJNt) is a semi-stable 

('P, r)-module over A1- Let us explain how we deduce the condition (Triviality modulo 
< µ). We first prove that it is equivalent to the condition that (N ®i+ 0 W(OK )fK is 

K' oo oo 

a finite projective W(Ox)-module and the canonical map 

(N ®i+ e W(OK )fK ®w(oK) W(OK)--+ N ®i+ e W(OK) 
K' oo oo oo K' oo oo 

is an isomorphism. This is due to [MT20, Proposition 1.11.]. By [BMS18, Lemma 3.12.], 

we have an isomorphism ~rA1/(r 7 W(O.if;;;;)- Consider a map 

r r 

It is a Frobenius lift and gives us a bounded prism (W(O.if;;;;),p). We define a prelog 
structure [1rP]N on W(O.if;;;;) and we obtain an object (W(O.if;;;;),p, [1rP]N)a in the log 
prismatic site (Ox, 1rN)1t,10g. Then, the following diagram shows that the r x-action on 

N( (A1, 'P((), [a]Nt) satisfies triviality modulo < µ. 

(At, 'P((), [att ~ (W(OxJ,p, [1rPt)a +-> (W(Ox),p, [1rPtt 

The following commutative diagram summarizes the relationship between the categories. 

5. MAIN THEOREM FOR DE RHAM REPRESENTATIONS 

Definition 5.1 ([Watb]). A de Rham ('P, r)-module over At is a p-adically complete 
and separated and torsion free A1-module N equipped with a continuous and semi-linear 
rx-action with respect to the (p, ()-adic topology and a rx-equivariant At[l/'P(()]-linear 
isomorphism 'PN: N ®.:+ A1[1/'P(()] ~ N[l/'P(()] satisfying the following conditions: 

"K,'P 

(1) There exists a, b E Z with a::; b such that 'P(()-a N <:;;; 'PN(N) <:;;; 'P(()-b N, where 
'PN: N--+ N[l/'P(()] is the semi-linear map induced from <PN. 

(2) N/( is an almost finite projective At/(-module. 
9 
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(3) We have a canonical isomorphism 

(N/([1/p]fx ®x 'J<;, ~ N/([1/p]. 

(4) Homi+ ([m'-]Ak,N®i+Ainr) is a finite free Ainr-module. 
K Koo K 

(5) We have a canonical isomorphism 
~ D -

N ~ Homi+ ([mK-]AtN); x f-t (m f-t mx). 
K oo 

fhdR - -We write Modcp,r (At) for the category of de Rham ( 'P, r)-modules over At. 

Remark 5.2. The conditions (1), (2), (4) and (5) are satisfied if N is a finite free At­
module and triviality modulo < µ implies the condition (3). Thus, semi-stable ( 'P, r)­
modules are de Rham ('P, r)-modules. Note that de Rham ('P, r)-modules are not free 
nor finitely generated in general, see Example 5.6. 

The following theorem is our main theorem on de Rham representations. 

Theorem 5.3 ([Watb]). There exists an equivalence of categories between the category of 
de Rham ('P, r)-modules over At and the category of free de Rham Zp-representations of 
GK via the functor 

Remark 5.4. By using Theorem 5.3, we can show that for any de Rham ( 'P, r)-module 
N, N is (p, ()-adically complete and separated, N / pn ( resp. N / (n) is an almost finite 
projective At/Pn-module (resp. At/(n-module) and torsion free in the sense that for any 

non-zero divisor a E At/Pn (resp. a E At/(n), the multiplication map N/pn ~ N/pn 

(resp. N/(n ~ N/(n ) is injective. 

Remark 5.5. Since the underlying module is not finite free in general, we take the p-adic 
completion in the definition of the functor. 

Example 5.6. Let L/ K be a finite Galois extension such that L n K)o = K. Consider 
a regular representation of GK defined by GK --"*> Gal ( L / K) r,., ZP [ Gal ( L / K)]. It is 
a de Rham representation of GK since the G x-action factors through a finite quotient 
Gal (L/ K). Then, the corresponding ('P, r)-module over Ax is AL and the corresponding 
de Rham ( 'P, r)-module over At is At. It is known that At-module At is not necessarily 
finite nor free. However, At/(~ OL

00 
is an almost finite projective At/(~ OK

00 
-module. 

Similarly to Theorem 5.3, we take the p-adic completion to obtain the ( 'P, r)-module 
over Ax from a de Rham ('P, r)-module over At. 

Proposition 5.7 ([Watb]). Let N be a de Rham ('P, r)-module over At. Then N®i+Ax 
K 

is the ('P, r)-module over Ax associated to TctR(N). 

Let us explain an outline of the proof of Theorem 5.3. We use arithmetic Breuil-Kisin­
Fargues modules introduced by Du as an intermediate object. 

Definition 5.8 ([Du19, Definition 4.4.]). An arithmetic Breuil-Kisin-Fargues module is 
a finite free Ainr-module 91 equipped with a continuous and semi-linear Gx-action and a 
Gx-equivariant Ai0 r[l/tp(()]-linear isomorphism 91 ®A;ni,'P Ai0 r[l/tp(()] ~ 91[1/tp(()] such 
that the canonical map (91/([1/p])° x ®x (CP ---+ 91/([1/p] is an isomorphism. We write 
BKFa(Gx) for the category of arithmetic Breuil-Kisin-Fargues modules. 

10 
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Du showed that BKFa(Gx) is equivalent to RepiR(Gx) in [Du19, Theorem 4.17.]. We 
p 

simultaneously give another proof of it. Consider a diagram of categories 

Repi:(Gx) 

y TT 

Mod:¢R(Ai) ~ BKFa(Gx) 

where each functor is defined as follows: 

N: Rep~:( GK) --+ Mod:¢R(Ai), 

F: Mod:¢R(Ai)--+ BKFa(Gx), 

T: BKFa(Gx)--+ Rep~R(Gx), 
p 

Here, L/ K is a finite Galois extension such that Tl 0 L is a semi-stable representation of 

GL, NL is the semi-stable (cp, r)-module over A! corresponding to Tl 0 L, and HL/K := 
Gal (£00 / K00 ). Note that TaR = To F. By [BMS18, Remark 4.29.], T is full and faithful. 
For any de Rham (cp, r)-module N, we show that the canonical map N--+ F(N)HK is an 
isomorphism, which implies F is full and faithful. We also prove that T o F o N ~ id. 
Then, it formally follows that T, F and N are equivalent. 

6. COMPARISON TO OTHER THEORIES 

Comparing with the theory of Wach modules ([Ber04]), our results can be applied 
to any p-adic field. We also have results for semi-stable representations and de Rham 
representations. However, the condition on crystalline ( cp, r)-modules is more complicated 
and the coefficient ring is bigger. Indeed, AJ is Noether, but Ai is not Noether. 

Comparing with the theory of Breuil-Kisin modules ([Kis06]), we construct not only a 
full and faithful functor but also an equivalence of categories. Also, our results lie in the 
framework of the theory of ( cp, r)-modulcs, which arc equivalent to free Zp-rcprcscntations. 
Thus, we can investigate the positions of crystalline, semi-stable and de Rham represen­
tations in the whole p-adic Galois representations. Another strong point is that they have 
a good compatibility with a restriction of G x-actions of p-adic Galois representations. 
More precisely, let T be a free crystalline ZP-representation of Gx, for example, and N 

be the corresponding crystalline (cp,r)-module over Ai(- For any finite extension L/K, 

the crystalline (cp, r)-module corresponding to Tl 0 L is given by N ®x.tc A!. However, 
Breuil-Kisin modules do not have such a compatibility since their coefficient rings depend 
on the choice of a compatible sequence of p-power roots of uniformizers. 

The theory of arithmetic Breuil-Kisin-Fargues modules ([Du19]) is similar to our results. 
However, it uses an action of Gx, which is much more complicated than an action of rx. 

Comparing with the theory of (cp, G)-modules ([LiulO]), we use smaller field K 00 . The 
former uses the field generated by all pn-th root of a uniformizer over K 00 . However, such 
a big field should not be necessary taking the theory of ( cp, r)-modules into consideration. 

[Ber02] 

[Ber04] 
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