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Abstract

Kinetic equations with relaxation collision kernels are considered
under the basic assumption of two collision invariants, namely mass
and energy. The collision kernels are of BGK-type with a general lo-
cal Gibbs state, which may be quite different from the Gaussian. By
the use of the diffusive length/time scales, energy transport systems
consisting of two parabolic equations with the position density and
the energy density as unknowns are derived on a formal level. The H
theorem for the kinetic model is presented, and the entropy for the
energy transport systems, which is inherited from the kinetic model,
is derived. The energy transport systems for specific examples of
the global Gibbs state, such as a power law with negative exponent,
a cut-off power law with positive exponent, the Maxwellian, Bose—
Einstein, and Fermi—Dirac distributions, are presented.



1 Introduction

BGK models, named after Bhatnagar, Gross and Krook [1], have taken a
prominent role in the quest of simplifying collisional kinetic phase-space
equations such as the Boltzmann equation for gas dynamics [2, 3], for cur-
rent transport in semiconductors and plasmas [4], for modeling transport of
granular media [5], etc. BGK models are based on the basic hypothesis that
even large deviations from equilibrium in collisional flows can be described
by the equilibrium momentum distribution when certain parameters are
not taken as constants but made position and time dependent. Typically,
the global momentum equilibrium is determined by the Gibbs state (func-
tion of the energy) with constant position space density, quasi-Fermi level
and temperature. In the corresponding BGK model, these constants (or
a subset of them) are replaced by functions of position and time, which
are determined from physical conservation laws corresponding to so-called
collision invariants [2], and relaxation of the phase space distribution to the
local Gibbs state is assumed. This makes the main advantage of BGK mod-
els apparent: they describe the collisional process 'well” in the sense that
they feature the same equilibrium distribution and (some of) the same col-
lision invariants without requiring specific information on collision details
as present in the Boltzmann equation.

In the classical dynamics of ideal rarefied gases, there is conservation of
mass, momentum and energy in each individual collision of two gas atoms or
molecules, which, at least on the formal level, carries over to the whole en-
semble of gas particles, when its dynamics is represented by the Boltzmann
equation. The equilibrium momentum distribution is the Gaussian (in mo-
mentum space), with five parameters (in six dimensional phase space!)
represented by the position density, the mean velocity vector (three dimen-
sional parameter function) and temperature. The corresponding classical
BGK model [1] determines these three parameters as function of space-time
by computing them directly from the time-dependent position-momentum
distribution function.

Simpler BGK models can be set up. First of all, not all (five) collision
invariants need to be taken into account. For example, in semiconduc-
tor charge transport theory, momentum and energy are transferred to the
crystal lattice and thus not conserved by the charge carrier ensembles. The
corresponding Gaussian BGK model turns out to be linear in the charge
carrier distribution function [4].

Another possibility is to prescribe a momentum equilibrium distribu-
tion different from the Gaussian. We refer to [6], where BGK models with
a general Gibbs state and only one conservative quantity (mass) were an-
alyzed.

In this paper we consider BGK models with a general basic Gibbs state



of zero mean velocity, which may very well be different from the Gaus-
sian, under the basic assumption of two conservative quantities, namely
mass and energy. Thus we consider generalized energy transport models,
NOT based on a Maxwellian energy distribution. We refer to [7] for the
Maxwellian case. In particular we shall scale the kinetic BGK models by
using diffusive length/time scales and, on a formal level, consider the dif-
fusive limit, always in dependence of the general Gibbs state equilibrium.
Generalizing results of [7] we obtain energy transport systems consisting of
two parabolic equations with the position density and the energy density
as unknowns. Also, we discuss stationary states, and derive an entropy for
the parabolic system, which is ’inherited’ directly from the kinetic problem.

In [6] the diffusive limit from a one-parameter BGK model (with mass
conservation) with general Gibbs state to a generally nonlinear diffusion
equation was analyzed and convergence was proved under certain hypothe-
sis on the Gibbs state etc. The computations in this paper, in particular the
asymptotics leading to the generalized energy transport system from the
two-parameter BGK kinetic model (mass and energy conservation) with the
general Gibbs state, are purely formal. We expect a proof of convergence
to be much more difficult than in the already very involved one parameter
case.

Energy transport models are very useful in certain physical applica-
tions, particularly when thermal convection is important when nonlinear
effects due to kinematic convection are not of significant size. And an im-
portant application occurs in semiconductor physics, see e.g. [7], where
non-Maxwellian energy transport systems, as derived in this paper, have
big relevance, since charge carrier (i.e., Fermion) equilibria obey the Fermi-
Dirac distribution (see Example 4.4).

2 Scaled kinetic equation and its formal macro-
scopic limit
2.1 Formulation and conservation laws
We consider the scaled kinetic equation
528tf + 6[7} : vmf - VIV(IL') : vvf] = Gf - fa (1)

Gy :=~(Ef), Ej:= (;|U|2 - N(vaef)> [0(pys,er), (2)

where the particle velocity distribution function f = f(x,v,t) depends on
position x € R3, velocity v € R?, and time ¢ > 0. The external potential
V(z) is given. The collision model is a simple relaxation kernel toward a



generalized local Gibbs state Gy. The chemical potential pu(py,ef) (the
Gibbs free energy per unit mass) and the temperature 8(pys,er) > 0 are to
be determined implicitly by the conditions

[ Grdv=pstaty= [ san. 3)
RS RS

/]RS %|v|2Gfdv =es(z,t) := /]RB %|v|2fdv, (4)

or equivalently
pr(et) = [ A (15108 = wlos.e)fo(s.cp))do, )
erat) = [ 5Py (5P = norenl/boren) v, (©

where py is the (macroscopic) density and ey is the internal energy per unit
volume. It should be noted that the pair of variables (u,6) depends on x
and t only through (ps,es) and vice versa. The local invertibility of the
map from (u,6) to (py,ey) holds (see below) while the global invertibility
will be assumed in the present work. The quantity 6(ps,es)Es may be
interpreted as the energy of a particle.

The equation (1) is considered subject to initial conditions

f(m,v,O):fI(m,v), (7)

with fr € L1 (R?® x R?).

If we put § = 1 in (2) and discard the condition (4) [and (6)], we
have the relaxation kinetic model for the mass transport. The existence
and uniqueness of solutions of this model and its diffusive macroscopic
limit have already been studied rigorously mathematically by Dolbeault,
Markowich, Oelz and Schmeiser [6]. In the present paper, we shall extend
this result to the mass and energy transports at the formal level.

In the above formulation, we have used the quantities conventional in
thermodynamics and fluid dynamics. For later discussions, however, it
would be convenient to use the quasi Fermi potential i and the energy &
per unit volume

Sf(x7t) = ef(xa t) + pf(-T, t)V(ZE), ﬂ(xa t) = (M(’I, t) + V(IL‘))/@(.T, t)a

in place of ey and p. Then (fi, 6) is considered to depend on z and ¢ through
(pf, &7, V) and (py, Ef) does through (f1,6, V), and Ey is rewritten as

1
Et(ps, &, V) = (§\U|2 +V(2))/0(ps, Er — psV) — filps, Er, V).



Because of the conditions (3) and (4), integrating the equation (1) mul-
tiplied by 1 and %|v|?+ V (z) over the whole space of v yields the continuity
and energy transport equations:

satpf—l—Vw-/ vfdv =0, (8)
R3
1
08+ Vo [ (GloP 4 V(@) efdo =0, ©
R3

provided that f decays sufficiently fast as |v| — oo. Integrations of these
equations with respect to = over R® show that the total mass M :=
Jgs f1(z,v)dzdv and the total energy U := [pq(5|v]* + V(2)) fr(z,v)dzdv
are preserved by the time evolution, i.e., [p6 f(x, v, t)dzdv = M and [ (5|v|*+
V() f(z,v,t)dxdv = U for all t > 0, as far as f decays sufficiently fast as
|x] — oo.

In the present paper, we carry out formal analyses by assuming that

(i) The Gibbs state v(E) is a nonincreasing and nonnegative continuous
function of E in the interval (E7,00), where E; is a constant includ-
ing —oo. The function 7 has a support [E7, Es| and is continuously
differentiable on (E4, Eq) with 4(E) < 0, where Es is a constant in-
cluding co. Thus it has an inverse v~ mapping into (E;, F2). Since
< is nonnegative, both the density p; and the internal energy ey are
also nonnegative.

(ii) In the case where Fy = oo, there exist a 6 > 0 such that v(E) =
O(E*%*‘s) as £ — oo. This assumption ensures the existence of
fourth order velocity moments, say as and As, which shall appear
later in the analysis.

(iii) The external potential V' is bounded from below and thus may be
chosen nonnegative. Consequently the energy £¢ is also nonnegative.

iv) The map (5) and (6) between the pairs (pf, er) and (u, 8) is invertible.
fr€f

As to the last assumption, we remark that the map (5) and (6) is locally
invertible. In fact, a straightforward calculation shows that the Jacobian
is written as

Sl =g ([ aEnan [ GRPPaEd - ([ GhPiEn?),

the right-hand side of which is positive because of the assumption (i)
and the Cauchy—Schwarz inequality (with the corresponding condition for
equality). Therefore, the Jacobian is non-zero and local invertibility, say
around an appropriately chosen initial state, is assured by the inverse func-
tion theorem.



2.2 Formal macroscopic limit

Consider formal asymptotic expansions f = fO4+cf1+0(e?), i = i°+0(e),
0=0°4+0(¢), pr =p° +0(e), and & = E° + O(e). Then, by going to the
limit € — 0 in (1), we obtain, at the lowest order in ¢,

fo(xv’U?t) = Go(x,v,t) = 7(E0)7

where )
B = (ol + V/(@)/6°(,0) — @),
with
iz, t) = (p°, €% V),  6°(x,t) = 0(p°,° — p°V),
and

po(l‘,t) =

—

foav, &w.t)= [ GloP+ Vi)

The O(e)-terms in (1) give

3

U'wao_vwv'vvaZGl_flv
which can be rewritten as

ViV

fr=G"—4(E°)v-V,E° +4(E%v- o

(10)
Now we pass to the limit in the equations (8) and (9) and obtain
0ip° 4+ Vg - / vfldv =0,
R3
1
HE*+V, - / <§W + V(x))vfldv =0.
R3

For the evaluation of the fluxes, we use (10). Because of the form of Ey,
G' is an even function of v. Therefore it does not contribute, and we end
up with

. , V.V
0" = 5V (Vo [ BB~ [ [oP3(EYd V) <o,
R3 R3

1 1
" = V. (vz/ [0 (lof? + V) (E)do
R3
1 Y (E°
_/ PG+ V) e, v) =,
R3 2 00




or equivalently,

1
0o_ - . 0o_ 0 —
Oep 3Vx (2vx(5 pV)+90V V) 0, (11)
1
0o_ - v _ —PVIVLV ) =
HE SV””( A1+[90 2(8° — V) ) 0, (12)

where

a

3

== [P = —dx [ 05,
— 2n 1 2 . 0 1
Gy 1= — |v] (§|v| + V()3 (EY)dv = a,V + §an+1,
R?)
- / o2y (E°)dv = 47r/ W2+ (B0 dJo,

A, = / |2 ( \v|2+V( DY (EY)do = A,V + An+1

A

3

Here we have used the fact that E° is a function of |v|? rather than v itself,
and so are y(E°) and 4(E®). Note that Ag = p° and A; = 2(E° — pV)
by definition. The equations (11) and (12) are the diffusion equations in
conservative formulation. The initial data of these equations are given by

P’ (x,0) = pr(x /fzzv

£(w.0) = E1(a) = [ (Gl +Vi@)fi(a o)

because both the density ps and the energy £; are preserved in the initial
layer governed by 0, f = Gy — f with 7 =t /&2,

The diffusion equations (11) and (12) are in conservative form but are
not in symmetric one. In order to derive the symmetric formulation, we
rewrite the equation (10) as

ff=G"—#E"v- ((%W + V)vggg—l0 - vao), (13)

and use this expression for the evaluation of the fluxes. Then we obtain

1 1 1
400 55 — a0’ — 5V (dlvxyo - alvxﬂo) -0, (14)
1 1

(§a1 + aOV)at@ — a0y i°

1 1 1
- gvz . ((2(12 + a1V)V 0 —a1Vgjt ) 0. (15)



Here we have used the relations
0 _ 1 -0 0 1_ - 1 50
6tp e —agﬁte—o + aoatu , O:&Y = —(504 + a()V)at@ + a08tu .

The equations (14) and (15) can be written, in terms of the new notation
01 = —1° and o :=1/6°, as

1
gvx (@1 Vg1 +a1Vgp2) =0,

1
apOyp1 + (5&1+&0V)5’t902

agOpp1 + aoOpp2 —

1 1
- gvm . (dlvm(pl -+ (5542 -+ 6_11V)vm(,02) =0,

or equivalently

2 3 2
1 'm .
ZAijatQDj ~3 Z Oz, ZDij 2 05 = 0, i=1,2, (16)
j=1 j=1

l,m=1

with
1
Aij = apd101 + ao(6:10,2 + 6;20,1) + (aoV + 5(_11)5125]'2,
1
ijm = <015i15g‘1 + a1(8;1052 + 652051) + (@1 V + 552)51‘253'2)&%

It is obvious that the diffusion equation (16) is symmetric: A;; = A;; and
Df;-” = D;-’}Z. Further, the tensors A = (4;;) and D = (ijm) are both
positive definite, which is shown below:

Proposition 2.1 The tensors A and D occurring in the equation (16) are
positive definite.

Proof: We first show that the tensor A is positive definite. For any nonzero
vector x; (i =1,2),

2 2
1
Z Ay = Z [a00i1051 + Go(0i1652 + 0:2051) + (agV + 5(_11)51‘253‘2]501‘117]‘

ij=1 ij=1

1
= apxi + 29w 172 + (AV + 551)33%

a 1 1
= aO(Il + £I2)2 —|— — (ao(C_LQV + 761) — (_Zg)Ig
ag ao 2



Since 4(E®) < 0 by assumption (i) in Sec. 2.1, the Cauchy—Schwarz in-
equality leads to

1 1
ao(doV—Ffdl):/ 1(E0)dv/ (§|v\2+V)27(E0)dv
R3 R3

2
> (/ (IR + V(E) = a3,

R3

Therefore Z?j:l Aijziz; > 0 because ag is positive.
In the same way, we can show the tensor D to be positive definite: for

any nonzero tensor TY (i = 1,2, £ =1,2,3),

Lm=117,j=1
3 2 )
= Z Z <a15i16j1 + a1(8;1052 + 652051) + (@ V + 5512)51253'2)5&;@7}[77"

¢,m=14,j=1

3
1
=3 (al(Tf)2 + 20, T{TE + (a,V + 5az)(Tf)z)
/=1

w |

a 1 1
(al(Tf +2AThr 4 = (al(&lv + —ay) — af)(Tf)Z).
= ay ay 2

Again, because of the Cauchy—Schwarz inequality,
1 . 1 .
a@V+ga) = [ [PAE) [ PG+ V)H(E)d
2 R3 R3 2

2,1 2 0 2
> " (5]v]" + V)A(E")dv) = a7,
R3 2

2
4,j=1

and this concludes Z? et 2 ij’.”ﬂeij > 0 because a; is positive. ll

3 Steady solutions and entropies of the ki-
netic and macroscopic equations

It is readily seen by substitution that the Gibbs state with constant 6
and [ is a steady solution of the kinetic equation (1) and correspondingly
that ¢; = const (i = 1,2) is a steady solution of the diffusion equation
(16). Although these facts do not exclude the possibility of other steady
solutions, actually they are not allowed, as will be shown in the subsequent
subsections.

10



3.1 H theorem for the kinetic equation

Consider the function

H(z,t):= —/]R3 (/Of(%w) 'y_l(s)ds) dv,

where f solves the kinetic equation (1). The time derivative of H is calcu-
lated with the aid of (1) as follows:

£20,H(z, 1)
—— [ Ao
R3

—c / ) (0 Vaf — VoV - Vo f)do + / VS — A (Ep))do
R3 R3
f f
zs/Ra (U~Vm/0 ’y*l(s)dstzVon/o 'y*l(s)ds)dv
+ [ 67 = B = (B

—evo- [ o[ ) + /| o, 0= 0 ED) U =B

+ /Ef>E2 (Vil(f) B Ef>fdv
= — eV, - Haux — D(f),

where

. (/Of(w},t) 7_1(3)ds)vdv,
(== [ (70 - GED) T - Ee

—/ vHS) —Ef>fdv

Ef>E>

:_/ TS v ((Ey))
Ef<E2

=
i
|
o

[ G B g

Since v~ is decreasing for Ey < Ey by assumption, the integrand in the
first term in the last equation is nonpositive because of the mean value
theorem. In addition, the integrand in the second term is also nonpositive

1

11



because v~ < Ey. Therefore, the last expression of D(f) implies D(f) > 0,
and the equality holds if and only if f is the Gibbs state, i.e., f = v(Ey).
Therefore, the function H satisfies the inequality

526tH + gvm : Hﬁux = _D(f) S Oa (17)

and the equality holds if and only if f is the Gibbs state. This means that
H is no other than the H function for the kinetic equation (1).
The equation (17) leads to the inequality:

d

Hdx <0 18
dt Jgs r=5 ( )

where the condition for the equality is the same as before. Therefore in the
steady state, f must be the Gibbs state, i.e., f = y(Ef). By substituting
the Gibbs state in the equation (1) without the time derivative term, we
see that # and 1 must be constant in the steady state:

Proposition 3.1 The steady solution of the kinetic equation (1) is a Gibbs
state with constant 6 and f.

3.2 Entropy associated to the diffusion equation

Consider the function

Sz, t) == _/RB (/OW(EO)'yl(s)ds)dv,

with E = o1 + (3]v|* + V)2, where ¢;’s solve the diffusion equation (16).
Then the time derivative of S is calculated with the aid of (16) as follows:

6tS(.I‘,t)
=~ [ O (E° )y~ (4(E?))dv
R3
_ . 1
== [ OEE) (201 + (Glol? + V)oga) o
04 0 1 2
— [ B (00 + Gl + V)0 ) o
EO<Eq
1 2 : 0 1 2
== [ (GRP+V)er +61)HE) (0er + (G0l + V)rgn ) do
R3
1
=2 (@Oaﬂpl + (5@1 + @Ov)at%@2) + @1(aodip1 + @oipa)

1 1 1
= §<P2Vgg . (dlvﬂc@l + (§a2 + @1V)ng02) + g%ﬁhvgg . (alvx<,01 + &1thp2)

12



1 1
= gvz . [SDQ (dlvmsOl + (552 + C_llv)VzS02> +¢1(a1 Vo1 + alvmﬁpQ)}
1 1 1
- gvaOZ . (@1Vz<,01 + (56_12 + dlv)szDZ) - gvm% (a1Vzp1 + a1 Vyp2)
1 1
= gvx . [SDQ (dlvx@1 + (552 + alv)szOQ) + @1(a1 Va1 + C_l1vz<,02)}

1 1
— 3 (a1|Vzg01|2 + (§EL2 + d1V)|ng02|2 +2a1 V1 - VISOQ)

:_vx 'Sﬂux _DSa

where

1 1
Sﬁux = g |:(P2 <dlvx¥71 + (5542 + élv)vm@2> + (pl(alvz(pl + dlvm@2)}7

1 1
DS =3 (a1|Vm<P1\2 + (56?2 +@1V)|Vapo|? + 201 Var - Vz@)

1 a 1 1_ _ _
== (a1(vm<,01 + Vo) + — (al(*az +a1V) — a%) |Vz502|2)-
3 al ay 2

The last expression of DS implies DS > 0 because of the Cauchy—Schwarz
inequality, and the equality holds if and only if ¢;’s are constant in x.
Therefore, the function S satisfies the entropy inequality

S + Vg - Squx = —DS < 0, (19)

where the equality holds if and only if ¢;’s are constant in z. We call S the
entropy, Saux the entropy flux, and DS the entropy dissipation associated
to the diffusion equation (16).
The entropy inequality (19) leads to the inequality for the total entropy
fR:, Sdzx:
d
— Sdx <0, (20)
dt Jgrs
where the condition for the equality is the same as before. Therefore,

Proposition 3.2 The steady solution of the diffusion equation (16) is @; =
const (i =1,2).

At this point, we refer to the study of the symmetrization of diffusion
equations and their associated entropy by Degond, Génieys, and Jiingel
[8]. The set of the diffusion equations (11) and (12) falls into the class
of equations discussed in this reference when V is zero. Although our
discussion on the entropy S so far is based on the symmetric formulation,
S may be considered as the entropy associated to the equations (11) and
(12) and can be written as

S(a,t) = */Rs (/OV(EO)'yl(s)ds)dv,

13



with B9 = [$]v]> — u(p®,£°)]/6(p°,£%). Then it can be shown that this
S satisfies the definition 2.1 of the associated entropy in [8]; and, conse-
quently, the theorem 2.3 there assures that the change of variables from
(0%, E%) to (0S/0p°,05/0EY), i.e., the transformation to the entropic vari-
ables, symmetrizes the diffusion equations (11) and (12) with V' = 0. In
fact, the direct calculation shows 95/9p° = 1°/6° and 9S/9° = —1/6°
with u® = u(p®, £°), i.e., 0S/0p° = —p; and 0S/OE® = —py. Therefore,
the variables ¢; and 5 introduced in Sec. 2.2 are essentially the same
as the entropic variables in [8] when V = 0. It is also easily seen that
P = 0S*/0p; and E° = 0S*/Ops, where S* = S + pOp1 + %y is the
Legendre transformation of S.

4 Examples

We shall give some examples of the Gibbs state and the corresponding
diffusion equations. As is obvious from the definition of the tensors A and
D, the symmetric diffusion equation (16) is necessarily explicit, while the
diffusion equations (11) and (12) for the density p° and the energy £° are
not always. In each example, we start with the former and turn to the
latter.

Example 4.1 A power law with negative exponent, v(E) = CE~F, with
k > 7/2 and C being a positive constant. The chemical potential is assumed
non-positive (¢ < 0), so that E > 0.

We first derive the coefficients a,,’s (n = 0,1,2,3).

an, ::—/ [v|2"4(E°)dv
R3
:Ck/ [u|>"(E%)~*1dv
R3

oo 2
—4nCk 2(n+1) + oo V)R + [v] P2 k=14
7 [+ a) 1 )

3 [ 1 o
:2"+%770k(<p1+<p2V)"7k+%902 2/ s"+%(1—|—3) kF=1ds
0

38 3 1
R D

where B is the Beta function (the Euler integral of the first kind) [9] defined
by

oo ta:—l
B = —dt .
(2, 9) /0 EDE Rr>0, Ry>0

14



2
Here, from the third line to the fourth, we have put s = %%fizv and
have used the fact that s increases with |v| increasing because of ¢ > 0

and E° > 0. With this result and the identity [9)]

I'(z)I'(y)

P = Ty

Rz >0, Ry>0,

with T being the Gamma function, the tensors A and D in the symmetric
diffusion equation (16) are finally written as

8 5 5 el I 3 5
Aij Zg\/ﬁWC’B(ia k=5)(p1+¢2V) k30, 2 [(k? =)k~ 5)@352‘1@‘1

5 3
+ (k — 5)(’6@2‘/ + 5@1)@2(51‘15]‘2 + di201)

15
+ (k(k — 1)(p2V)? + 3kp1p2V + Z@%)6i26j2:|’

16 7 7 3 _9 5 7
Dl :g\@ﬂ'CB(i,k — e+ p2V) K2, [(k — )k = 5)w0udj
7 5
+ (k- 5)(/%02‘/ + 5801)802(51'15]'2 + 0i2051)

35
+ (k’(k — 1)((,02‘/)2 —+ 5k<p1<p2V + Zgﬁ%)572532:| (ng.

In the same way, the coefficients A4,,’s (n = 0,1,2) can be calculated as

3

5 3 3 —n—
An:2"+57TC’B(TL+§,/€—H—5)(901‘*‘4,02‘/)”4“%802 27

and, therefore, are related to a,’s as

n

P2

on 1 3

Note that, by definition, Ay = p°, A; = 2(E° — p°V), o1 + 2V = —pu0/6°,
and o = 1/6° where p® = p(p®, % — p'V). These identities lead to the
explicit relation between (u°,0°) and (p°, €%), where €® = £° — p°V (or ¢°
is the leading term of ey when expanded in the power series of ). But,
since F is E° with @1 + 2V and o being replaced by —u/6 and 1/6, the
moments of y(E) corresponding to A,, are calculated as

/ 2"~y (E)dv = 2" 3 1CB(n + g k—n— g)(—u/e)"*“%ow%.
R3

Thus, we have the same relation between (u, §) and (py, ef) as that between
(u°,0°%) and (p°, €°), because the left-hand side with n = 0 and 1 is no other

15



than py and 2e f.l In this way, we obtain explicit relation between (u,8)
and (py,ef)

pr = WARCB( .k~ 2)(-p) ek,

3
2
2N HeEer,

5
ef = 4\/57703(5, k—
or its inverse

2 5 6f
AN |
wpr,er) 3( 2)pf’

Gk—3)F3  epin-g \t
0(Pf76f):(4\/§7TCB(22’]€_%)(£) €f) :

Note that the chemical potential p is negative. Further, in the present
example, we can obtain explicit expressions for a;/6°, a;/6°, and A; in
terms of p° and £° as

a

a5 o 1 -c0 0

@*3/?, 9*0*55 —2pV,

_ 5k—3280— 017
_o(c0 _ 0 Shk—5¢ —pV

A =2(E pV)(V+3k_% > )

Therefore, the diffusion equations (11) and (12) are also written explicitly
as

2 3
0_2v. . (v 0_ 0y SOV V) =
atp 3z(w(5 P )+2P z) 07
2 5k—3&°—pVy 3
0_ = . 0_ 0 e 2¢ — PV 9 0 _
& 3Vx (vx(s pV)(V—ng_% 0 )+25V1V) 0.

Example 4.2 A cut-off power with positive exponent, v(E) = C(Ey —
E)ff_, with Fy, C, and k being positive constants.

First, the coefficients a,,’s (n = 0,1, 2, 3) are calculated as

an ::—/ [v>"5(E®)dv
R3

2(Ea—¢1—¢2V) 1
)
—tnCk [T PO — g1 -V — Sl
0

1The parallel discussion given here is necessary also in the following examples when
we show the relation between (u,0) and (pf,es), though we do not refer to it.
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1
—n—3
:2n+%7TCk(E2 — Y1 — @2V)k+n+%(p2 T2 / SnJr%(l — S)kilds
0

n+3 k4+n+3 *n*% 3

=2""27Ck(Ey — 1 — @2V) 2, B(n+§,

Here, in the last line, we have used another integral representation of the
Beta function [9]:

k).

1
B(x,y):/ L1 =Y tdt, Rz >0, Ry>0.
0

With this result and the same identity as in the previous example, the
tensors A and D in the diffusion equation (16) are written as

8 5 1 3 5
44M::g”@%“jB(i’k‘¥1)CE24*¢1‘*¢2V3k+5¢2 Bk‘¥ )k + 5)@50n 05
5 3
+ (k + )(k<P2V+ (B2 @1))902(51'15;'2 +5z’25j1)

+ (k(k +1)(p2V)? + 3k(Ey — 1)p2V + (Ez — 1) )52'25;'2}7

16 7 ’
ij’-” :g‘/i”CB(E’ k+1)(E2 — 1 — @2V)k+§<ﬂ2 {(k + >(k + ) 20101

7 5
+ (k + )(k<P2V +5 ( @1))@2(51‘151‘2 + 6;2051)
35
+ (k’(k‘ + 1)(p2V)? + 5k(Ez — ¢1)p2V + Z(EQ - W1>2)6i25j2}6€m-

In the same way, A,’s (n =0,1,2) can be calculated as

3

A, =2""37CB(n + b+ 1) (Ey — @1 — @a V) RT3 02

and, therefore, are related to a,’s as

©2
2n+3

Therefore, as in the previous example, we obtain explicit relation between
(,LL, 9) and (pf7 ef)

n — Ap+1-

pf_4\f7r03( kA 1)(Ea0 + p)k 30",

ef_4\f7r03( kA 1)(Eaf + p)k 307",

and its inverse

o 2 5 ef
wpy ef) = &ﬂmﬂﬂ+3%+2%f

_ 5 5 ef 1 %
0(ps e5) = 4%%03(5,“1)(3(“2)”) ef} :
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Further, in the present example, we again obtain the explicit expressions
for a;/6°, @;/6°, and A; in terms of p° and £Y as
ay 0 ai

5 =307 5 =50 20V,

_ 5k+ 3280 — 0V
Ay =28 - p'V)(V+ S —2 ).
! ( P )( +3k+% p° )

Therefore, the diffusion equations (11) and (12) are written explicitly as
0o_ 2 0_ 0 3 0
O’ = 5V, (vz(s —0"V)+ 50 vzv) —0,

2 5k4 280 — 0V
hE" — 2V, (Vo (0= V) (V4222 =P 7
1€ = Ve (Va(” = V) MY

+§50vzv =0.
)+ 579V

Example 4.3 The Maxwellian distribution v(E) = e~ .

The coefficients a,’s (n = 0,1,2,3) are calculated as

an == [ P = [ e o= a,)
R3 R3

= %
—tme e [P0 (22 o)l
0
=(2m)3/2(2n + 1)l e=Pr7¥2V o "2
and therefore the tensors A and D in the diffusion equation (16) are written
as

_z 3
Aij :(27T)3/2 674’0174‘02‘/902 2 {@%5“5]-1 + ((,OQV + 5)@2(51153'2 + 51'253'1)

+ ((902‘/ + 2)2 + ;)52'25]'2];
9

L 2 5
ijm :3(27T)3/2 e ¥t WQVQOQ 2 [30351'1(21 + (QDQV + 5)@2(51'1(%’2 + 57;2(5j1)

+ ((902‘/ + 2)2 + §)51'25j2] Otm.-

2
In the present example, since a, = A,, we obtain explicit relation
between (11, 8) and (pys,ef) (see the footnote 1)
4 3 4
Py = (27r)% €503, ey = 5(27r)% €503,

and its inverse

Py 2ef

wps,ep) =0(ps,ep)In ———L—— 0(ps,ep) = L.
P b o) T By
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Further, we can obtain the explicit expressions for a; /6%, @,/6°, and A; in
terms of p° and £° as

ai

1
70 o

7 2
=300, D580 9207, A==
3p

90 (50 - va)(5£0 - 2POV)7

and consequently the diffusion equations (11) and (12) are written explicitly
as
0o 2 0_ 0 3 0
0 = 5V (Val€® = V) + 50°,V ) =0,
2 1 1
%E" =V, (5V

3
0o o0 0 o0 9 40 _
3 3 mpo(é' pVI(BEY —2p°V) + 25 VxV) 0.

Example 4.4 The Fermi-Dirac distribution v(E) = (e + 7)™ with n
being a positive constant.

We start with the calculation of a,’s (n =0,1,2,3).
an == [ JePmI(E )
R3

== 0, [ P E)( = -0 Au(or. )
R3

nat 3 S n+i
=—2my~ ! (g> +2(9% / 5 ds
P2 o exp(s+¢1+ ¢V —Inn)+1

3 3 . o —
:2n+g7”7_1902 *I(n+ §)acp1 (L1n+g (—ne™# Wv))
—n—3

ntd 3. Lo
=—92 +27T77 1F(’I’L—|—§)Lln+%(—77€ ®1 802V)(p2

Here Liy, is the polylogarithm function [10] (de Jonquiére’s function) defined
over the unit open disk by

0 l
mﬂ@:§:%,\ﬂ<L z€C,
=1

and on the whole complex plane by the analytic continuation. We have
used the formulas

o0 St
/0 exp(s —v)+ 1 (t+ DLigp1(—e”), fort>0,veR, (21)
and
=L Lig(2) = Liga (2) 22)
dz BV T k1A

19



34
Li, ()
. !
,,,,,,,,, ng(T/) 24 /
,,,,, Ll;; (x) |
7777777 Ll%(I) ,,// ///
1 e
;"—2;—4—
~1 -0.5 ! : |
_;‘;;)— 1:

Figure 1: Polylogarithm function.

The tensors A and D in the diffusion equation (16) are then written as

3 _ _z .
Aij = — (2’/T)§7] 1@2 2 [Ll;(*g)(pgéﬂé}'l

2

+ (Li%(—f)(cpg\/)2 + 5Lig (—§)p2V + %Li%(_§>)5i25j2} Oems

where the notation ¢ = ne~%1~%2" has been used. Note that the argument
—£ of the polylogarithm functions is negative, and thus all of them occur-
ring above always take a negative value because of the first formula (21)
(Fig. 1).

As is obvious from the calculation of a,,’s above,

n+3 _ —n—3 3 . o
A, =-2 +27-;-77 1%02 QF(n_|_ §)L1n+%(_776 P1 902V)7

and the relation
©2

2n +

n

3an+17
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holds again. Therefore,
3 _q,8.. u 3 3 _q,5-. u
pr = —(@m) 103 Ly (—nef), e = —S(2m) 05 Lig (—nef),
(see the footnote 1). The inversion of this relation can be performed graph-

ically or numerically in the following way. First we transform the above
relation into

3 pr\3 2e
F frg —_— - — L
D (€) 77(47T ef) pf, 0 3, Fp(§),
where
. 3 Liﬁ(_s)
FFD(S) = —Ll%(—S)J%FD(S)é7 RFD(S) = m, s> 0.

Remember that 7 is merely a given positive constant and that Li 1 (=9),
Liz (=€), Liz(=¢) are all negative for £ > 0. It is easy to show, by the
use of (22) and the Cauchy—Schwarz inequality, that Frp is monotonically
increasing while Rpp is monotonically decreasing with £ (Fig. 2). Therefore
the value of £ is uniquely determined from the first equation for every given
set of values of py and ef. Once { is determined, 6 is determined from the
second equation. Then p is obtained from the relation g = 61n(¢/n). The
above process is summarized as

2€f 1 3 Pf 3 1 1 3 Pf 3
0= Rep (R, (77) . p=01 (fF (77) )
3s w0 (Frp (n( - o ps)), m=0 pa Ul o ps)

With the aid of the functions Frp and Rpp, the coefficients a;/6°,
a1 /0%, and A; in (11) and (12) are expressed as

a . 0 ar o0 0

m_3p7 0—0—55 —2p°V,

B 15

Ay =2 - V)V - Z(2w)3/2n‘1(9°)%Lig(—50)},

with
0

Reo(€), € = Feb (0 =z lr) ),

g 28 =0V 3
N 4w E0 — pOV

3 0

and the diffusion equations (11) and (12) are written as

2 3
0o_ “ . 0o_ 0 < 0

oup ~ 5Va (vm(g V) + 5o vzv)

2 15

0o_ = . 0_ 0 =Y

OHE® = 2V, (vw [(5 PV

0,

(271')3/2(90)%Li%(—§0) + gEOVZV) =0.
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FFD(S)
ERJAE N
47ref Py
g
gSL e o T —— ? Ry (5)
" :
i

w=0In(¢/n)
Figure 2: Monotonic functions Frp(€) and Rpp(§) and procedure of inver-

sion.

The density p and energy £° may be obtained from the relations to ¢4
and 9 that solve the symmetric diffusion equation (16):

Example 4.5 The Bose-Einstein distribution v(E) = (e — n)~! with 5
being a positive constant such that ne=% < 1.2

The coefficients a,’s (n = 0,1,2,3) are calculated in the same way as
the Fermi-Dirac distribution case as

G, ::—/ [v*"4(E°)dv
RS
:78901 |U|2n EO dv<: 78@114 @13@02))
R3

2) 71 ”+28 /oo n+% d
= — 4T S
1 “ exp(F 1 gV )~

=—2"+%7ﬂ7 "0, (F +g (e ™1™ “"2‘/))

2Usually, for the Bose-Einstein distribution, 7 is put unity and p < 0 is assumed.
See, for example, E. A. Jackson, Equilibrium Statistical Mechanics (Dover, New York,
2000).
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_p_3

3
=2"" 1T (n 4 5) Ly g (e #92 )py"E,

1
2

where the formulas (22) and

00 St
——————ds=T(t+ 1)Li ¥), fort>0,v <0, 23
/0 exp(s— 1) = 1 s (t + 1)Lig1(e”) or v (23)
have been used. Therefore the tensors A and D in the symmetric expression
of the diffusion equation (16) are written as
_ 3 -1 —%[y. 2
Aij =)y ? |Liy ()¢30udin

2

+ (Li (£)p2V + gLi%(f))¢2(6i15j2 + 0i201)

+ (L4©)(2V)? + 3Ly €2V + 2 Lig () duada).

m 3 1 *% . 2
Dij" =3(2m)2n~" ¢, {Llé(g)%(siﬂsﬂ

+ (Lig (©)p2V + gLig(§)>s@2(5i15j2 + 0i26;1)
+ (Lig(O)(@aV )2 + 5Lig (€paV + 2 Lig (€))61282] .

It is easy to see that the argument ¢ of the polylogarithms above is in (0, 1),
so that they are positive and monotonically increases with &.
As is obvious from the derivation of a,,’s above,

3

3 —-n
Ap = 2" 5o 1 (n + ) sy (e 792 )0, "2,

and the relation
A ¥
" on+3

holds again. With these results, we have

An+1,

pr = )iy 03 Liy (ref), s = 5 (@m)n 03Lig(neh),

(see the footnote 1). The inversion of this relation can be performed graph-
ically or numerically in the same way as in Example 4.4. We first transform
the above relation into

dm ey 3p
where
: Lig (s)
Fgg(s) = Liz (s)Ree(s)2, Rer(s) = Li;(s)’ 0<s<l
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0 0.2 0.4 06 £_08 f 1
p=01n(¢ /n)

Figure 3: Monotonic functions Fpg(§) and Rpg(§) and procedure of inver-
sion.

The functions Fgg and Rpg are monotonically increasing with £ (Fig. 3),
which is easily shown by the use of (22) and the Cauchy—Schwarz inequality.
Therefore the value of £ is uniquely determined from the first equation
for every given set of values of p; and ey, and once ¢ is determined, 6 is
determined from the second equation. Then p is obtained from the relation
= 01n(¢/n). This process is summarized as

2er —1 3 pry2 | 3 pr\?
0= 2 Ron(F, (77) . ou=01 (fF (77) )
3s B (Fog (7 Tres pg)), p=0In ; e (1 Tr s Py)

_ Finally, with the aid of Fgg and Rpg, the coefficients a;/6°, a;/6°, and
Ap in (11) and (12) are expressed as

a1

_o,0 A1 _ rc0 0
70 = 307, 70 = 567 = 2pV,
B 15 .
Ay =2[(€" = VIV + L 2m) i (0°)FLig (€°),
with
280 - OV _ 3 o 3
0o_ 2 0 0_ -1/ (3 0
0" = 3 po RBE(& )7 g FBE(n<47T50_p0V) P )7

and the diffusion equations (11) and (12) are written as

2 3
0 ‘o . 0_ 0 2 0 _
0’ = 3Va (vw(g PV) + 50 vwv) 0,
2 15 7 3
0_ ‘v . 0_ 0 3/2(g0NI1: (0 9 50 _
KE® — SV (vw [(5 VIV + 477(270 (6°)3 Lz (¢ )} +5€ vwv) 0.
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The density p° and the energy £° may be obtained from the relations to
1 and ¢y that solve the symmetric diffusion equation (16):

_3
P = (2m) 20", PLis (ne= 917 #2Y),

€0~V = Sm)in ey TLig (e e o),

5 Conclusion

We proposed BGK-type relaxation kinetic models with a general Gibbs
state that preserve the mass and energy. The present contribution is along
the line of the work by Dolbeault, Markowich, Oelz, and Schmeiser [6].
Under the diffusive scaling, we performed formal asymptotic analysis and
derived a set of diffusion equations that describes the mass and energy
transports. The conservative and symmetric formulations of this set have
been presented. We also showed the entropic properties of both the kinetic
and diffusion equations.

Finally, as examples of the general Gibbs state, we took the power
law with negative exponent, the cut-off power with positive exponent, the
Fermi-Dirac, and Bose—Einstein distributions, as well as the conventional
Maxwellian, and derived the diffusion equations that could be useful in
modeling the transports in porous media, in astrophysics, in semiconductor
physics, etc.
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