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HIGHER CODIMENSIONAL BOUNDARY VALUE PROBLEM
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Introduction.

Let M be an n-dimensional real analytic manifold and N be
its d-codimensional closed real analytic submanifold. Let X and
Y Dbe compléxifications of M‘ and N respectively such that Y is
a closed complex submanifold of, X. Let M be a coherent Qx;module
(i.e. a system of linear partial differential equations with
analytic coefficients) for which Y is non-characteristic. Our
purpose is to define the boundary value of a hyperfunction solution
of M defined on a 'wedge-like' domain with edge N. In fact, the
boundary value bf such a solution can be defined as a hypeffunction
solution on N of the tangential system MY of M to Y.
Moreover we can prove local and microlocal uniqueness theorem of the
Holmgren type. By‘introducing the ndtion of F-mild hyperfunctions,
we can also give an explicit meaning to the boundary value of a
hyperfunction solution of M through its defining functions. We
remark that Schapira [7] has recently defined the boundary value of
a solution of M defined on a domain not necessarily wedge-like by
using the theory of microlocalization of sheaves.

Ih Sections 1 and 2 wé assume the existence oan '‘'partial
compiexification' M of M. However, it will turns out in Section
3 that this assumption is unnecessary by resortiq& to the théofy of

"higher-codimensional F-mild hyperfunctions (generalization to higher



codimensional case of the l-codimensional theory ([41)). This

theory_also‘enables us to express the boundary value explicitly.

§1. Several sheaves attached to the boundary.

Let M be an n-dimensional real analytic manifold and N be

its d-codimensional closed real’analytic submanifold. We denote by
.MonN(M) = (M N N) U SNM

‘'the real monoidal transform of M with center N, here SNM is the
sphere bundle of N in M. Then MonN(M) becomes a real analytic
manifold with real analytic boundary SNM (see [6, Chapter 11 for
real monoidal transform). Roughly speaking, SNM in MonN(M) will
represents the direction along which the boundary value is taken.
We denote by BM the sheaf of hyperfunctions on M and by 1 : M\N

— MonN(M) the inclusion map. Then we put

Definition 1.1.

B B

NoM T T Byl Nim = Bl
In the sequel we shall define a sheaf gNIM on SNM and an

niw — Byiwe

we assume, for the moment, that there exists a real analytic

injective sheaf'homomorphism « : B For this purpose

submanifold M of M containing N such that the triplet (N, M,

ﬁ) are locally isomorphic (by a complex analytic local coordinate

n-d n

system =z = (z -,zn) of X) to the triplet ({0}XR s, R,

Rixcn—d

10

). We call such a local coordinate system admissible.
Hence M is a ‘partial complexification' of M. Then we can take a
complexification Y of N so that it is a closed real analytic

submanifold of M (then YN M = N holds). Let us consider the
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real monoidal transform Mony(ﬁ) = (M\Y) U SYﬁ‘ and denote by 7

\NY — MonY(ﬁ) the inclusion map. There is a sheaf BO of

hyperfunctions with holomorphic parameters on M. Note that

Mony(ﬁ) (resp. SYi) can be viewed as a partial complexification of

':xz

MonN(M) (resp. SNM). In the same way as Definition 1 we define
Definition 1.2.
BOy = 1. BO ) BOy iy := BOY,MISYH .
Lemma 1.1. R 1*(86|ﬁ\y) 0 for v % 0
Lemma 1.2. Suppose X = C", ¥ = BR%c™ 9, n =R", v = (oyxc™ 9.
Then for any open proper convex set U of Sd_l and for any Stein
open set ! of ¢t d
v
H (UXQ; 36Ylﬁ) = 0 for any Vv % 0,

where S%71 x ¢ 9 s identified with SYﬁ.
Lemma 1.3. Under the same conditions as Lemma 1.1

Vv

K _ (BO,, ) - 4 =0

sk (&Y /1e T |gdn 1y pnd
for any proper convex closed cone G of Bn_d and Vv # n-~d.
Lemma 1.4. There is a sheaf isomorphism

~ n-d

By.m © HnonNcn)(BGY,n’ewn/M'

where wﬂ/ﬁ denotes the sheaf of relative orientation of M in
Now we define é sheaf gN!M as follows:
s . .. yn-d -

Definition 1.3. gNIM 1= HSNM(BGYIM)QwN,
where @ denotes the sheaf of orientation of N.

N
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By definition it is easy to see that there is a natural sheaf
homomorphism & ¢ BNIM —_— gNIM' By Lemma 1.3 and the fact that
the flabby dimension of BeYlﬁ is n-d, it follows that ﬁN!M is a

flabby sheaf on SNM.

Now let us microlocalize these sheaves. For the sake
of simplicity of the notation we put

L = Mong (M), L = Mon,(M>, L, =8M, L. = S,M

Y
and denote by

A~ _ a~ K a _ ~ k o
(L) = (L\L) U SLL, Mon (L,) = (L \LO) U SL LO

0 0 0

the comonoidal transforms of L (resp. io) with center L (resp.

), here S:i denotes the conormal sphere bundle of L in L (cf.

%*
MonL

Lo

[6, Chapter 11). Let
R . g~ ~ . * ~ a~
o MonL(L) — L and» nO : quL (LO) —_ L0

be the canonical projections.

Definition 1.4.

Cn,mi= Hop 00 "BOy @0y 5 Cyywt= Onomlnr Ly
SLL 0
.. yh-d ,_-1 -
aNlM' H %~ Ko BGY(M)ewN'
5. Lo
0
Note that we can identify S; iO with the subset n'_l(LO) of
S;LL by the map T L X L, — T L.,. Now let
L ‘I: 0 » 0

T' ¢ MonL(L) — L, to : MonLO(LO) ————9-L0

be canonical projections associated with real monoidal transforms.
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Definition 1.5. Ky oyiE “x B0y wlinn s I,

K o .= (&), (BO

: ) )) ~
NIM * ISL L

YIM'LO\L o

0 0’

where &': I\L — MonL(ﬁ) and &O: iO\LO — Mon, (L.) are

inclusion maps.

~

Note that SL‘L can be regarded as a subset of SLi. By the
0 ,

same arguments as Sato-Kawai-Kashiwara [6, Chapter I] or Morimoto

[3], we can show that there exist injective sheaf homomorphisms

(boundary value maps)

b': A . — 7071 Y ¢

-1
N, M N,M’ 0 NIM > T, B

NIM
and surjective sheaf homomorphisms (spectral maps)

-1

sp': ' B — ¢

N,M N, M’ 8Py ¢ Ty
Note that the usual spectral map is denoted by sp : % By — &y

where m S*X -—> M 1is the canonical projection.

M
Proposition 1.1. (i) There exists an exact sequence
0 —— B8Oy wlL = B, u o T O

(ii) Let U be arn open convex subset of SLZ (i.e. each fiber of

U with respect to 7T' is a convex set of Sn_d_l) and let f be a
section of BN " over T'(U). Then there exists a section F of
IN " over U such that &’'(F) = f if and only if supp(sp’(f)) C
]
U°, where U is the polar set of  U.
Proposition 1.2. (i) There exists an exact sequence
0 > BOy L > By iy > (), Eyy — 0.

(ii) Let U be an open convex subset of SL EO (i.e. each fiber
o .
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of U with respect to to is convex) and f be a section of:
Byin

over tO(U). Then there existis a section F bf l over
U such that by(F) = f if and only if supp(spo(f)) cu.

N 1M

There is a sheaf homomorphism @ @ CNIM _— CNIM

with the homomorphism o : BN]M _— @N,M, i.e. there is a

compatible

commutative ‘diagram

-1

, .
T By > CNim

L L e

Theorem 1.1. a : B are

injective homomorphisms.

Proof. We can prove this theorem in the same way as the case d =1
(see [5, §11) by using the curvilinear wave expansion for

hyperfunctions with holomorphic parameters.

§2. Formulation of boundary value problem.

Let M be a coherent ﬁx-module (i.e. a system of linear.
partial differential equations) defined on an neighborhood of N in
X. Here ﬁx denotes the sheaf on X of rings of linear partial
differential operators (ofvfinite order) with holomorphic
coefficients.- We assume that Y 1is non-characteristic with respect
to. M, i.e. the characteristic variety SS(M) C T*X of M does not

intersect T*X = T*X N 0. Then‘the tangential system MY of M to

Y Y
Y 1is a coherent QY-module (cf. [11). We denote by T : L0 = SNM
¥, oK > * ko ko~ o
—/ N, T : SLQLO —_ SNY, and ® @ SLOLO B L0 the canonical
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projections.

Proposition 2.1. Assume that Y is non-characteristic with respect
to M. Then there are sheaf isomorphisms

S . ) , ~v . —1_ . . .
Y : RHdmgx(M, ﬂNlH)»—————» T RHamgy(MY, By

~ . ~ *.—1 ‘
¥ : RHdmﬁx(M, &N,MJ — 1 BHGmﬂy(My, ¢y -

Proof. We shall prove only the first isbmorphism (the second one
can be proved in the same way as the first one). We denote by T
L, = S8 —— Y the canonical projection (note that T is its

restriction to SNM). Let us first prove the isomorphism

~—1 bad ~
(1) RHamDX(M, T (B@|Y)) —_— RHdmwX(M, BOy i -
Define a sheaf JF on ﬁo by the exact sequence
N , -1 ' ~
0 > F > T (B@!Y)-———* BGYlM'———* 0.

Then it suffices to prove RHdma M, ) = 0. We may assume that X
X :

~ - - *
M= xc"?, M=R", N0 xB"Y Put x

(1,0,+-,0:;0)

SYE, By definition we have

F = lin I’ (U.: B
o —EQ U N e

with U, = {((x',2") e M; Ix'| <&, lz"l < &) and [, = {((x',2") €

M; &Xl > IX2I + e 4 del); here we use the notation X' =

(Xyyorexy), 2" = ( “»2.). Since M is coherent we have

Za+1°°

RHom, M, &) = RHom, (M, lim I (U.; BO))
Dy < D, B U e

lim RHom, (M, T (U BOY
e Ry U N e

M, RFZ"(BG))O,

1:Q‘RHom9X
&



where Z& = M\ Fa; By using Corollary 2.2.2 of [2] we can prove .

RHOmQX(M, RFZ&(B@))O

Hence we get the iSomorphism (1. Since Y is non-charactefistic

0.

with respect to M, we have

(2) RHdmwx(M, BG!Y) = RHdmﬁ M, Ole),

X

where GX denotes the sheaf on X of holomorphic functions. On

the other hand, the Cauchy-Kowalevsky {heorem due to Kashiwara (cf.

[1]) gives the isomorphism

) — RHGmQY(MY' gy,

(3 R}{O‘mQ (M, GXIY

X
Combining (1)-(3) we finally get an isomorphism

Y

M,, O
”X Y

we get the isomorphism

RHomg (M, BO. ~) —— T lRHon

X

Applying the functor RI. . (*)0w
S

~ . ‘ ~ — 1
Y : RHomDX(M, ﬁN,M> — 5 T RHdmwX(M, By) -

I v

N

Combining Proposition 2.1 and Theorem 1.1 we get

Theorem 2.1. Assume that Y is non-characteristic with respect to

M. Then there are injective homomorphisms

Y : Hdmﬂx(m, BNIM

~1

Y : Hdmz M, ¢

$-1
; NIM) —_— 7 Hdmmy(My, CNJ.

The first homomorphism represents the boundary value (as a
hyperfunction solution on N bof MY) of a hype;ﬁunction.solution of
M defined on a wedge-like‘domain with edgev N. This homomorphism
means thé& fhe boundéry value does not depend oh the direction along

which the boundary value is taken. Its injectivity means thét the
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solution vanishes near N if the boundary value vanishes on N

(Holmgren's type theorem).

Now let us clarify the meaning of the second homomorphism.

First note that there is a natural map
% * sk
P SMX N sﬁx _— SMM.

S;Y is regarded as a subset of S;
3 e

M. We denote by = : S;Y — N
‘ . . ‘ N ) Ko - e - ~
the canonical projection. Since LL M\N = SMM MAN S(M\N)(M\Y),

. %~
restricted to SLLIM\N’ CN,M'M\N can be regarded as a sheaf on

*
S (MNN)

sheaf homomorphism

(ﬁ\Y). Then it is easy to see by definition that there is a

-1

¥ P * (\Y)? > Cyls*

(M\N) (M\N)

such that the following diagram is commutative:

Cnoumls (ﬁ\Y)n(s;X\s§X)

-1, ¥

p "¢ * ~ ) ——— ¢ % ~
N,Mls(M\N)(M\Y) M|S(M\N)(M\Y)
sp'i l sp
By, MM > Byl

Hence the second homomorphism of Theorem 2.2 implies the following

microlocal version of Holmgren's type uniqueness theorem:

Theorem 2.2. Let x* be a point of SNM and U be an open set of

M NN such that U U SNM is a neighborhood of x* in MonN(M).

Let y* be a point of S;Y such that ﬂ(y*) = t(x*). Let u(x)
be a hyperfunction solution of M defined on U such that the
singular speétrum of its boundary value Y(u) does not contain y*.

Then there exists an open set U' of M\N such that U' N SNM is

a neighborheod of x* in MonN(M) and that the closure of the

singular spectrum of does not intersect p_l(y*).

uU,



§3. F-mild hyperfunctions.

In the previous sections we assumed that there exists a partial
. complexification M of M. Now let us introduce the sheaf of
F-mild hyperfunctions. By using F-mild hyperfunctons, we can show
that the homomorphism Y ‘of boundary values introduced in Theorem
2.1 can be defined independently of M (hence we don't have to
assume the existence of M in the long run). We think, however,
that the advantage of F-mild hyperfunctions consists in making
possible the explicit and concrete expression of boundary values.

- We use the same notation as in the previous sections. In
particular, we assume at present that there exists such an M as

described in §1. For an admissible local coordinate system 2z Qf‘

X, we use the notation 2z = (z',z2") with 2z2' = (21,'°‘,zd), z" =
(Zd+1"'.52n)’ z' = x' + /-1y', etc.
Definition 3.1. Let x* be a point of SNM and z = (z',2") be

an admissible local coordinate system around X = t(x*) such that

*

z(X) = 0. Let u(x) be a germ of Byy 2t % . Then uw(x) is

called F-mild at x* “if there exist open convex cones (with vertex

n-d

at the origin) T ,r in R with an integer J, and

1 J
holomorphic functions Fj(z) defined on a neighborhood in X of

{(x',2") ¢ Rd X Cn—d; (x',x") € T, lz"l < &, Im z" ¢ Fj}

with an & > 0 and a neighborhood U of x* in MonN(M) such

that

" e -

(4) u(x) = F. (x',x"+/-1.0)
. . J J

j=1

as a hyperfunction on T(U) N (M\N). We denote by BF

NIM

which are F-mild

the

subsheaf of & consisting -of sections of @®

NIM NiM
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at each point of its defining domain.

- On the other hand, since SNM’ is the l-codimensional boundary

F
SNM‘MonN(M) NIM

sheaf of F-mild hyprfunctions in the l-codimensional case introduced

~ F F .
by Oaku [4]). We denote BSNMIMonN(M) by Bl for short. Then it

of MonN(M), there exists the subsheaf R of B (the

is known that Bf

transformations of M fixing N ([41).

is invariant under local coordinate

F

Nin is a subsheaf of BF.

Lemma 3.1. B 1

This lemma follows immediately from the following well-known fact:

Sublemma. Let F(z) be a holomorphic function on a neighborhood in

n = .o ' ) . .{. '
C" of {z = (x;,x,, »’xn—l’xn+/ 1y ); x,, X .Y, €R, lle < ¢
(j = I,+++,n), x1 g 0, 0 < yn < &} with an & > 0. Then there
exists a 8§ > 0 and an open convex cone I of Rn-l such fhat

(0,--,0,1) € ' and that F(z) is holomorphic on a neighborhood in

n-1,

n - . e
of {z = (xl,zg, ,zn) € R X C ; 1zl < &, x

C 2 0, Im z' € [},

1
under local

F o
NIM®

By using Lemma 3.1 and the invariance of Bf

coordinate transformation we get the invariance of @B

Proposition 3.1. For a real analytic manifold M and its cldsed

F .
NIM

hyperfunctions is defined and is invariant under real analytic local

real analytic submanifold N, the sheaf B of F-mild

coordinate transformations of M fixing N.

F k-
NIM)' Let x be

a point of S M and U be a neighborhood of x' in Monm,(H). Let

Proposition 3.2. (Edge of the wedge theorem for B

Q be a neighborhood in X of i = t(x*) and =z be an admissible
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local coordinate system of X over (. Let Fj(z) be a

n

holomorphic function on a neighborhood in C of

{z = (x',2") € QN M; (x',x") € T(U), y" € ro

such that

J
L F. (x',x"+/=-1".0) = 0
j=1 4 J

as a hyperfunction on T(U) N (MN\N). Then for any open convex cones

F} CcC Fj, there exist a neighborhood U’ C U of x* in MonN(M), a
neighborhood Q' CQ of x in X, and holomorphic functions
ij(z) on a neighborhood of
{(z = (x',2") € Q' N M; (x',x") € T(U"'), y" € Fj + I
such that
J
Fj(z) = L ij(z), ij(z) + ij(z) =0 (1 ¢ i,k < n).
k=1
This proposition is proved by means of curvilinear wave
decomposition of hyperfunctions with holomorphic parameters and the
edge of the wedge theorem for F-mild hyperfucntions in the
l1-codimensional case (cf. [4]). By virtue of this propositon we can

define boundary values of F-mild hyperfunctions:

Proposition 3.3. There exists a sheaf homomorphism

F
NIM

b : B _— t'lBN

F

NiM is written as

J
such that b(u) = ). ijo,x"+/-1rj0) if ue€®B
Jj=1

(4). Moreover, b is independent of local coordinate system.

Now we can prove that the B -solutions of a coherent

NIM
Dx—module M are F-mild if Y 1is non-characteristic with respect

to M. For this purpose we introduce a sheaf ﬂA.
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Hn_d

Definition 3.2. gh .= .

(GXIY)QwN.

Lemma 3.2. There are injective homomorphisms

~1xA F —1xA
B —— By Byiw/Buiy — B/t B

By using this lemma we can prove

Proposition 3.4. Let M be a coherent D,-module for which Y is

X
non-characteristic. Then we have
Hom,, (M, B.../BL .y =0
DX i NiM‘ NIM
and in particular, '
Homg, (M BF ) = Hom, (M, B )
ﬁx i NIM SX ' NiM™*®

By means of Propositons 3.1, 3.3, 3.4 we can finally prove the

invariance of the local boundary value homomorphism Y:

Theorem 3.1. The sheaf homomorphism
. -1
Y ¢ Homgx(m, BNIM) —_— T Hdmﬁx(MY’ BN)

coincides with the one

F -1
induced naturally from b : Bgln — t_IBN. -Thus the above Y is

YF )

Hdmzx(M, B N

defined independently of # (hence without assuming the existence

~

of M).
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