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CORMITTRL2E12A 1 2 BITbhAOBBEOERTHS, HELVARIR
[Sad] ZZ2REhicv, WRONERB X [Sad] ixdh 3BOHREI (RET 3 - IR T 38T
D - ERBEROBELSWE 2V IEE S bDTHD, TOEFMCAE S LD
V-EOBINETIEAT 4/ ThD, EZT—ROERE G L 2OMEOERTF
PINTLELNT 4 U TOEEMTH D B,(G) B4 DHFERBL 22, B+ -2
L BOMER KBRS R < RS NI M O—RE 2R IE ) 7 0 L0 3 B
THZE, EBEEOHTY —HOBOLALF 4L 7L VoW 5”Sporadic Geometries”
& —BI DD systematic ICEBAET B2 L THB, %ISR L 5 ICERS RS By(G)
IRMUADSFTHLEERRFIZRILLTHY, ThbOMEES Lonb LIELAR
LEAXDO—B/HEBL TV RELEBEDI B,

1 Standing notation and B,(G)

UTWH 620 RY G 2 BFRERE. p % G DNEOKEF. S% G D—oD Sylow
pEOIBLET D, REZOBEOF TR OEEIL 2> TL HAEE B,(G) Th 5, B,(G)
EEWED GO p WA U T Op(No(U)) =U 2T b0SEOES L+ 5, Ekh
SEDBLICHND L DI 0,(G) REI B,(G) IWBT 3, £Z TR B,(G) L B7-5
O0p(G) BRIV THL Z LI2T 5L, B B,(G) := (U< G : p#syet | Op(Ng(U)) =
UN{O:(G)}. By(G) BT 2 pBHIBEDZ L % G D pradical ERAEE L FES,

2 Model case

Bxd p- B O—RHBEBEALEY, T CEFEOETALICAS ) — R OBI
B3 2ELT 4 TiconTiir3,

2.1 Tits building G associated with Lie type groups

G 2fi¥ip DR ETERINTNET 2 I OY —BOE, B % Sylow normalizer Ng(S)
(Borel subgroup). {Py,...,R} % B & G DX parabolic BHBLENESL L

*This manuscript was written while the author was visiting to University of Illinois at Chicago during
1999-2001 using a grant from JSPS. :

10,(G) % B,(G) ic&®H 3 & By(G) Z BRIZEMAFFES L Bl Li-rs 0,(G) BEDHFTRFE—>DH
NEEIeY By(G) BAMIZR>TLES S LIC b BEET S
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3, {P,...,P} X G DX parabolic DD G-#£BEOREREERXD, Ihb %
AT coset 817 G AT DI BT Do

g = (G/Pl, ,G/P,;*).

BIGK + 13 [gP; x yPy(i # j) <= sPNyP; # 0] TEHRSND, ZHT G ICBMHEENA
D, EBICGHEATF AV R bERT B. G 13 —HOBCHEET S Tits L7 1
7 LRI T VW3,

2.2 Some properties of G

887 ¢ OELH4 (barycentric subdivision) sd(G) &2 %, sd(G) X G D flag 2&D
HMOVTEABEL L, TIRBERLEEBREMAT I I LI - TRALN D BEEED
T L ThB, B 5d(G) = {(erP) |9€G, O£ FC{L,...,1}} LERTES, BB
(NierB)? 28 G @ flag THY . ABTHIL G OHED parabolic BB LEEDRELED.
ZZTED "dual” #EZNIT sd(G) ¥ Op(G) ZBRV 7= unipotent radicals 247> 5 K
AMABBREICHRERVWERYHD, X 5T Borel-Tits DEEN L ZHITH S HEE
B,(G) & —%% %, % unipotent radical &% G @ p-#5IH U T Op(Ng(U) =U T
eI ohBdL VWO ETH D,

G~ sd(g) = {(NierP)’ | 9 € G, 0 £ FC {1,...,1}}
~ the set of all unipotent radicals except for O,(G), by the duality
= B,(G), by Borel-Tits

Lo TMABBE B,(G) EEAT AV T EDOLDELERRT I LHHEKD, FIZ—ROF
FREE G iZxT 3 B,(G) &£ & 5 it unipotent radical DL, BILEAT 1 > 7 DR
P EBOTWBRZLIMRBRVWEEIZ LTS, < G D (BIB B,(G) @) EXK
HRE LTKREETSZ ENHEKS,

Basic properties of the basics 1. For X C (By(G)min)<s, (X) € B,(G)és.
2. For U € B,(G)<s, there ezists P; such that Ng(U) < Pi.
3. ForU € B,(G)<s, U is weakly closed in S with respect to G, that is, (U%)<s = {U}.

Z 2T By(G)min 1 By(G) DB/NTLREDEE . By(G)<s i Sylow p-#oEE S IC& TN
% B,(G) DELUNLRIEETHD, Thbid § DL DEFIMRTHY 225,
HBIZRD LT, AR ERNVCEATV S,

2.3 How G is useful

RICEAT 47 GREDKRITDOY —HOB G IZH L TRIZEL>TW=DhE R T
%,

1. ¥79 G 3 G D _LIZ flag-transitive TEA L TWAH Z & MBFETFHN D, FKiTB~7
#RZ G 13 unipotent radical T3 Y parabolic MABTH 5, ML DEAEZBEL TG D
WoBMETHE LMD LMK,
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2. G DEBRABE Aut(G) ¥E X5, G IXARIC Au(G) OPIEENT BOTH
BR. 2D EE G bEAZD Outer LALERBARN, BB G 13 G 2 KEETT 5,

3.GN G OEREEBEIMATVHEESHMABMNRFIE LT, GG DH—HLE
WMtEDIFBAZ 52 TWAZ ENHE TS,

4. G DXRERY—H H,(G) ¥E x5, it Solomon-Tits DEHEL LTHOLNT
W5 &I, by FRERY— H|(G)H G O Steinberg module St (= H)(G)) #5 % 5,
BB G i3 G IR LTRVWERBRZERMEZ EX T3,

3 What we want to do

%™ model case NDH— K &E LIZWVWDNEE I &, —ROBMBRHE G IZHLTHLELT 4
VTG DESIIHOBERLREARP B RBEN TV ERME—RIZEZ-WEES 2
ETHD, £ THRATMRICKOREEHERT 5 L5 223t (G, p) ICHTRET 5817 A, (G)
FERL TN,

Our requests 1. Ay(G) is a generalization of the building G.
2. Ap(G) is homotopy equivalent to the subgroup complex B,(G).

EFTHEANY —BOBOFEIHEICIEL Vo TVBELT 4 T OBEEEATNS
EEIFETHD, EAT A7 O—BIICEL TIINETEL DAL BNSNSR5MH
DT THimz LTETWDHRTH DD, HxDHFEITEIZ Ap(G) & B,(G) DFE FE°—
FEHEZZER LTV, TADREKRT DL ZATIROEY THD, 7., dErY—FIX
RE PE—RETHD I LIZEBLTEL, BICRZLIICEALT 47 G i Steinberg
module St £ 5 BRVWRBRZEMZTO ) —BOBICEZ TV D, EHIZ B,(G) iT—#&D
BIREE G ICRHTDENT 4 T OEEHTH o7z, bbb A G) ~ B,(G) 13F % %
EZDNERMANG) bEAT 4 IR EZ DX I RBVWRERALEMZTOR G TR
L&, LEIZLZERLTVWADTHD, MILRBFRICE L CEELRFEREZHEL T
WHZERZERLTVWD, EoTHIL, HOBEICEHL TRBSKRBLTHEALWVWEES Z
ETL ZREL, REMIBLTOLRIKBMLTHKLWVWEES>Z L T2 ZRELTW
LHDOTHD, UTOFEZH D “BRZ " KEDO T THRLADERT D A(G) BEICHFEL
TWHEEHIZETHD,

4 How to construct A,(G)

FIZBERLIRBEEZRMTZT Ap(G) ZHERT D720, ETRINC—IROEREE G XL T
parabolic #E % iR 57X EREICIRY H L TS 2FN 6559 5, pradical U € B,(G) iX
unipotent radical DELEH Th o7z, BIHZDERLE Ne(U) 1Z G D p-parabolic Th5y#E
TN D NEBDITR2TND, WANWAREIIOWTEHEZ LTRSE Ng(U) O
I RHEEIZIRD 3 DI KANHHKD “BKR L7 ICRoT3, BILHL ETHLHEERTH B,
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Ng(U)

el

(UL (2) (T xsimple)(g) (UL
natural action central extension
(parabolic type)

(M) IXU CHd8 L BERMEA LTS\ parabolic type DIEMHILEE, (2) i
U%VULEOERLLE ZAICHMBEL VEXORRTHRIZERALTHY 2D EIZ Outer 28
WLRHSTWVWBEEILD, HBWE(3) ELTHLB U THDEHRPUIEKRTH B,
ZLOHERTHD L (2),(3) FFIANNICEHENEE ZDFE U IXFHEFEIZ/NE W pradical
IZRoTW3B, £ZTHRAIE (1) @ parabolic type D IEFLEEZ B BIFNIZ > D IEREIZER
DHLZV, EZTROBEEZAV3,

Definition 1 (p-centric) For a p-subgroup U of G, U is called p-centric if any p-element
of Cg(U) is in U, that is, in Z(U).

Notation 1 By"(G) := By(G) N {p-centrics of G}

Z D#EIT p-centric 'C‘fﬁ'“‘ﬂ?;%\')_;: LIZE-T“BE” D (2),3) ZBBANCEVER Z &
HHES, ZHX“BE” simple RV L OMEMNHKIZ p TRNTWBZENGHALNTH
5y, TITHBTREZLIZIGIER p DEETEESIN TV Y —BOBOR B,(G)
% p-centric THIFRL THMAMHED LR, BIH Be(G) = By(G) LES>Z L THD, =
DB R A BER LT b E—REEOZE A,(G) ~ B,(G) % A,(G) ~ BZ(G)
RKEZTHFREHRBOBRNZ LEE>TW3S,

& T U € BX™(G)min 1348/N72 unipotent radical DL THZ 25 Ng(U) i G @
HBKX p-parabolic 8528 L FFITN A REBTRSTV D, S OICHABE (M,,... , M} =
{Nc(U) |U € (BE™(G)min)<s} £EH D, TIIBALHNIMEKZR parabolic #5 BN %
BORRZRODEEMEEZ TV, LIZV—F 70—t ThHD, hbZHAVTHRA
DT Ap(G) % coset BT TEHET 5.

AH(G) = (G/My,... ,G/M;; %)

MEDOLEF 1D ANG) 1%t (G, p) WATRET B EBR Y $E(T (maximal parabolic geome-
try) LFREN A REBDIZRSTND, 2B G PEH p DEELETERILTWVWS Y —#
DBEDBE Ay(G) BEAT 4 Y ZI—HLTVWAZLIRIBITPHLNTH A I, A(G) i
L TKROERBBON TS,

Theorem 1 ([Sa4]) Suppose Op(G) =1, and
1. For X C (By™(G)min)<s, (X) € By™(G)<s,
2. For U € By"(G)<s, there exists M; such that Ng(U) < M;,
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8. For U € (By™(G)min)<s, U is weakly closed in S with respect to G.
Then Ap(G) is homotopy equivalent to Be™(G).

ED 1,2, 3 IEEICERIEEAT 4 v 7 OEARBERED TRELEbDTHS, BbEL
F o4 I DO RRRIRO T TRA OERT 58T A,(G) REIHEET B0 THS,

5 Example

RICEHE 1 DIREXM-THOFIZ R TN,
1. G = a group of Lie type in characteristic p. BEIZIR~7=4RICZ DHE AL(G) 1X @
CRBEST D ELT 4 I —BL, ZRIETIEBIIT VXU RETH B,

2. G = a Sporadic group. Sporadic M#&7% individual Z2BEIZH L THRM 1,2,3 %
Ty Z LESETHLEETRANTIE D LTHZEDED pradical BYBEEHET AISLE
PHTL D, ZHICEALTIISEIERBENOBICEL DAZICL>THROATY
% (See [AC],[Ki-Yo],[Sal],[Sa2],[Sm-Yo],[Yo1],[Yo2],[Y03],[Yo4],...). Sporadic (Zxt3 5 &
BVl E L TIRBZEIT 53,

L; S2) Ly( 2)2>< L3(2) 5;4 (:)

Ay(My): O_—o0O —0 —{]
+
RO L) Lo
Ay(Coy) : Q0O E —0
+
T Ll Spixle®)  La@xMu o
Ay (M)(?) : C——— O I O O
May L2(2)xL4(2) Spa(2)' xL3(2) Us(3).2
211 26+8 23+12 21+12 3
Ao(Fiy,): Q @) O O- ]
Ua(2) Ly(2)xLy(4) Spa(2)’
. 21+6 22+8 24+6 3
As(Suz):  Q @) @)
35pa(2) 3Sp4(2)
26 26
Ay (He) :
L3(2
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PSps(3)2  PGL2(3)xPGL2(3) %u
31+4 2 34+3 2 30.2
A3(Cor) : O—,  &——0

iz bicgEd Lz 2-BAr# Mii £ T M.A.Ronan-S.D.Smith IZ X > TEEICR R I T
B5HbDTHD, ZHDDRMILREINLHASHIT essential 2D EFBEEINTVW-DT
H DD, HELFIED ad-hoc methods (2L 5 HDTH >7=72% general 72 A2 5 DFEA
MM oTz, LM L4 OBKEDBTO—BRIZ LML DOPTEZXD L, REZD
X572 2-RATRANFEETION, FETIHIRELRONEE ) KRENRBANFL DT
b5,

6 Other connections

HLBHE B,(G) H 5\ MF BE(G) BBECHBEIT BTN LTEDE S KEETHS
MLEICRIED Th D, RICETLNCH B B,(G) & BN\ Tk~ 5,

P. Webb H*(G,Z,), = ZUEB,(G)/~G (-1)%m H*(G,, Zy)p

F9. P.Webb iI2&L 3 B,(G) AV arEuP—0RRMSBARLHON TS, Bl
LaRERT—RORFIC p-part OMOBEPBEEDOEERSIHOELNITREINDILE
) inductive RERTH D, & ZHBI< B J.Grodal IZ& > T By(G) & BX"(G) I2&
ZTHRBRZFEHBRY SIHOZ ENFEAINTVS,

J. Grodal ([Gr]) H*(G,Z,), = Z,,GB;".(G)/NG(—l)d‘m(”)H*(G,,Zp)p

BB & DTN E 5 LT centric collection THI XL Vo TWBDMEE 5 KB E
BB BTDITIE, &0 PR PN FRNMBIIIDI ERLETHDZ L E2TEL
TWARICH BN D, 61 B,(G) 3BERBORBAROF TEELRHNR L LTHNAT
< %,

general
e.g. viewpoint
B (G) [Sa-Wa,...
?
. . reformulation
Alperin’s conj (G
Dade’s conj l

radical p-chains [Sa3]

Ap(G)

B<HONTWE XS ZTARY U FRIZEERE B, (G)  AWVWTERRT 5 Z Lotk
%, VW% Knérr-Robinson {2 & % reformulation Toh 5, kI DFHED original form
DRIV TR BEA TE Y, BEDORER L LTIIHI 2T [Sa-Wa] R BRI N0,
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FIU RBERCTHECEERT A FFELZERT HBICBN DV DB radical p-chains
b B,(G) EESBMRL TS (See [Sa3])e 7. ZHIIRRDOFEHFRAIZLDERRD
T¥ HH, &L Robinson 23 defect group @ self-centralizing subgroups # i\ CZih b
2ODFRDHIEMEDOTTOEV MR ZIHA LTV 5, M3 p-block D defect group iE
p-radical B,(G) T ¥ . self-centralizing condition iZ\ i centric condition TH 2, £
T BEMG) RINODTFRIZESBERLTVENEE S DIIRKDOHTS DL AT
BD, b L BLG) BB L TOIITER AL (G) bREL T 5, ULEDIRIZHBNS
LHDOBEEEZER LR O L OBRBYEM A (G) D—RwE S HDICEFHESD
TERRWPEHIFL TV D,
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