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INTRODUCTION

The text consists of five chapters. The generation of higher harmonics

in electrical systems are described in the first two chapters. The last three

chapters are concerned with forced oscillations in self-oscillatory systems of

the negative resistance tyPe.

In Chap. 1 the higher-harmonic oscillations in series-resonance circuit

containing saturable iron core are studied. These oscillations occur when the

amplitudes of the external force is very large. The differential equation which

describes the system takes the form of Duffing1s equa~ion. To a periodic solu­

tion of this equation the terms of the fundamental frequency and one or two ad­

ditional components of predominant amplitudes are assumed. By using the method

of harmonic balance the amplitude characteristics of the oscillations are obtain­

ed. The stability of these oscillations are discussed by solving a variational

equation which characterizes small ~eviations from the periodic states of equi­

librium. The variational equation leads to Hill I s equation. The characteristic

exponent of the solution [26]* is compared with the damping of the system. The

conditions thus obtained secure the stability not only of the oscillation having

the fundamental frequency, but also of the oscillation with higher-harmonic or

subharmonic frequency. These stability criteria are derived by Prof. C. Hayashi

[7, 15]. The results thus obtained are compared with the solutions obtained by

analog-computer analysis and found to be in satisfactory agreement with them.

The numerical analysis is also performed by using a digital computer. A

different method of analysis from that used abave is developed; that is, the

,..
Numbers in brackets indicate references on pages 110 to 112.
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phase plane analysis, where the coordinates are the dependent variable and its

time derivative, is used. We consider the behavior of representative points on

this phase plane which are prescribed at the beginning of' every cycle of the

external force. Mathematically, these points will be obtained as successive

images of the initial point under iterations of the mapping (l~, 21]. Special

attention is directed toward the location of the fixed points of the mapping,

since these points are correlated with the periodic solutions of the differen­

tial equation. The fixed points are sought by iterating the mapping until the

successive images are converged. Because of the way of this procedure, only

the stable solutions are discussed. Stable solutions thus obtained are analyzed

into harmonic components with the aid of Fourier's expansion theorem.

An experimental investigation using a series-resonance. circuit has been

done by Prof. C. Hayashi [7, 15]. His result is cited at the end of this chap­

ter.

Chapter 2 is concerned with the higher-harmonic oscillations in parallel­

resonance circuit. It is found that, as the amplitude of the applied voltage

increases, harmonics of higher orders appear successively at certain intervals

ot the applied voltage. The differential equation of the system is given by

Mathieu's equation with an additional nonlinear term. The same method of analy­

sis as in the preceding chapter is used.

The three chapters that follow are devoted to the study of forced OSCilla­

tions in selt-oscillatory systems. When a periodic torce is applied to a self­

oscillatory system, the frequency of the selt-excited oscillation, that is, the

natural frequency of the system, falls in synchronism with the driving frequency,

provided these two frequencies are not far different [20, 24]. This phenomenon

ot frequency entrainment may also occur when the ~a~i9 of the two frequencies is
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in the neighborhood of an integer (different from unity) or a fraction. Thus,

if the amplitude and frequency of the external force are appropriately chosen,

the natural frequency of the system is e.trained by a frequency which is an

integral multiple or submultiple of the driving frequency [12]. If the ratio

of these two frequencies is not in the neighborhood of an integer or a fraction,

one may expect the occurrence of an almost periodic oscillation [14]. It is a

salient feature of an almost periodic oscillation that the amplitude and phase

of the oscillation vary slowly but periodically even in the steady states. How­

ever, the period of the amplitude variation is not an integral multiple of the

period of the external force; the ratio of these two periods is in general in­

commensurable. Therefore, as a whole, there is no periodicity in the almost

periodic oscillation [10, 15, 20, 24].

In Chap. 3 the system governed by van der Pol's equation with an additional

term for periodic excitation is treated. At the beginning of this chapter such

regions of frequency entrainment are given that, if the amplitude and frequency

of the external force are prescribed in these regions, the entrainment occurs at

harmonic, higher-harmonic, or subharmonic frequency of the external force. In

the next place special attention is directed to the almost periodic oscillations

which occur when the external force is prescribed close to the regions of entrain­

ment. As mentioned above, the natural frequency of the system is entrained not

only by the driving frequency but also by the higher-harmonic and subharmonic

frequencies of the external force. Therefore, almost periodic oscillations must

be discussed in connection with the entrained oscillations at these frequencies.

Since an entrained oscillation at higher-harmonic or subharmonic frequency is

represented by a sum of tha forced and free oscillations having the driving fre­

quency and the entrained frequency, respectively, an almost periodic oscillation
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which develops from it may also be ex?:-essed by the sum of these two, but the

amplitude and phase of the free oscillat~on are allowed to vary slowly with time.

The phase-plane analysis is applied to the study of almost periodic oscil-
•

lations. The coordinates of the "phase plane are the time-varying amplitudes of

a pair of components of the free oscillation in quadrature. Consequently, an

entrained oscillation is correlated with a singular point and an almost periodic

oscillation with a limit cycle in the phase plane. Some examples of limit cycle

representing the almost periodic oscillation are illustrated. The transition

between entrained oscillations and almost periodiC oscillations is discussed by

using this method.

Digital-computer analysis is also performed. As mentioned in Chap. 1, the

mapping procedure is applied. Successive images of the mapping representing the

almost periodic oscillation do not approach a fixed point, but move permanently

and generate a closed invariant curve. Some closed invariant curves are illus-

trated for the same values of the external force as used in the phase-plane

~~alysis. The limit cycles obtained by phase-plane analysis are compared with

the closed invariant curves.

Chapter 4 treats the self-oscillatory system with nonlinear restoring force.

Harmonic and l/3-harmonic entrainments and almost periodic oscillations are stud-

ied for this system. The phase-plane analysis, as described in the preceding

Chapter, is applied for the investigation of these oscillations.

The circumstances which may occur when the detuning, that is, the difference

between the frequencies of the free and the forced oscillations, is neither very

6~all nor very large are quite complicated; for intermediate values of the detun-

ing both the entrained and almost periodiC oscillations occur depending upon dif-

ferent values of the initial conditions. Some description of the phenomena in
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such cases is given for the van der Pol's equation with forcing term [;, 5].

However, such a range of the external force is extremely narrow. On the other

hand in the system under consider~tion, the response curves of the entrained

oscillations are skewed by the nonlinearity of the restoring term. On account

of this property such a range of the external force becomes broader than that of

the linear case. Therefore, we can approach such phenomena by applying numerical

method and computer techniques. Two examples of the phase-plane diagram having

stable singularity and limit cycle are calculated. The first is the case in

which harmonic entrainment and almost periodiC oscillation are sustained. The

second e~ple is l/,-harmonic entrainment and almost periodiC oscillation.

Special attention is directed to the transition between entrained oscillations

and almost periodic oscillations which occurs under such circumstances. When

the external force is varied beyond the boundary of harmonic entrainment an exam­

ple of transition is illustrated by considering the generation and extinction of

singularity and limit cycle on the phase plane. The theoretical results are com­

pared with the solutions obtained by analog-computer analysis and found to be in

satisfactory agreement with them.

The final Chapter? of the text deals with singularities and limit cycles

of some autonomous system. The system under consideration arises as the funda­

mental equations determining the in-phase and quadrature amplitudes of the forced

oscillation in a self-oscillatory system with external force. Region of harmonic

entrainment, in which an entrained oscillation is represented by a stable singu­

lar point, has on either side regions in each of which an a~most periodic oscil­

lation, represented by a stable limit cycle, occurs. Between these two regions,

rather complicated transitions take place such as already explained in the pre­

ceding chapter.
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In this chapter is illustrated an example of phase-plane diagram having,

three singularities and two li~it cycles. Then suecial attention is directed..
to the transformation of these singularities and limit cycles when the external

force 1s varied beyond the boundary of entrainment.

The text is supplemented by two appendixes. In Appendix I are given the

theorems of Bendixsonj in Appendix II is given the theory of centers due to

Poincard. These are cited in our investigation of integral curves near the sin-

gular point in Chap. ~.
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OHAPl'ER 1

HIGHER-HARMONIO OSOILLATIONS IN A SERIES-RESONANOE CIROUIT

1.1 Introduction

Under the a9tion of a sinusoidal external force, a nonlinear system may

exhibit basically different phenomena from those found in I inear systems. One

of the salient features of such phenomena is the generation of higher harmonics

and subharmonics. A oonsiderable number of papers have been published concern­

ing subharmonic oscillations in nonlinear systems [8, 9, 11, 13]j however,

very tew investigations have been reported on the generation of higher harmonics.

This chapter deals with higher harmonic oscillations which predominantly

occur in a series-resonance circuit containing a saturable inductor and a capac­

itor in senes. The differential equation which describes the system takes the

form ot nutting's equation. The amplitude characteristics of periodic solutions

are obtained by using the method of harmonic balance. Particular attention is

directed to the stability investigation of these solutions by applying Hill's

equation as a stability criterion. The results obtained by the above procedure

are examined by using the analog and digital computers.

An experimental investigation using a series-resonance circuit has been

Qone by Prof. O. Hayashi [ 7, pp. 39-41]. His result is cited at the end of

this chapter. The analysis of this experimental result is a motive for the

present investigation.

I
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1.2 Derivation of the Ftm'damental Equation

The schematic diagram illustrated in Fig. 1.1 shows an electrical circuit

in which the nonlinear oscillation takes place due to the saturable-core induct-

enee L under the impression of the alterna.ting voltage E sin W t. As shown in

the figure, the resistor R is paralleled with the capacitor 0, So that the cir-

cuit is dissipative. With the notation of the figure, the equations for the

circuit are written as

d¢ Ri co· tnd't+ R=.c.u.nw

(1.1)

where n is the number of turns of the inductor coil, a.nd~ is the magnetic flux

in the core. Then, neglecting hysteresis, we may assume the saturation curve

of the form

where higher powers of <p than the third are neglected. We introduce dimension..

less variables u and v, defined by

i = I ·un
ep = ~ ·vn

where I and p a.re appropriate base quantities of the current and the fluxn n

respectively. Then Eq. (1.2) becomes

u = (1.4)
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Although the base quantities In ani 'Pn r:an be chosen quite arbitr~rily, it is

pr~ferable, for the brevity of calculation, to fix the~ by the re~ati~ns

:: 1 (1.5)

Then, afte'r elimination of i
R

and i
C

in ~qs. (1.1) and use of Sqs. (1.3), 0.4),

ard (1.5), the result in terms of v is

where T :: wt -

d
2

v k dv ,
d~2 + Ir + clv + C,V ::

tan-lk k = _1__
<..U CR

B cos ~

B ::

(l ~ 6)

I., Periodic Solution Consisting of Odd-Order Harmonics

As the amplitude B of the external force increases, an oscillation develops

in which higher harmonics may not be ignored in comparison with the fundamental

component. Since the system is symmetrical, we assume, for the time being, that

•these higher harmonics are of odd orders; hence a periodic solution for Eq. (1.6

may be written as

(1.7)

Terms of harmonics higher than the third are certain to be present but are ig-

nored to this order of epproxireation •

• Equation (1.6) is uncr.anged if the sign of v is reversed and ~ is shifted

by n radians. Therefore the system governed by ~q. (1.6) is celled the s~nmne~-

rical system.
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(a) Determination of the Coefficients of the Periodic Solution

The coefficients in the right side of Eq. (1.7) may be found by the method

of harmonic balance; that is, substituting Eq. (1.7) into (1.6) and equating the

coefficients of the terms containing sin T, cos L, sin ,-r, and cos '1:' separately

to zero, we obtain

, 2 2
y,)kXl - AIYl + 4 c,[2xl yl x, - (xl - Yl)Y,] s Yl(xl , Y1' x" = B

1 2 2
Y,)- A,x, - ?kY, - 4 c,(xl - 'Yl)x1 S X,(~, 11' x" =0

122
Y,(xl' Y1' x" Y,) (1.8)~, - A,y, - 4 c,(,xl - Yl)Yl - = 0

222
r l = xl +Yl

222r, = x, + Y,

Eliminating x, Y components in the above equations gives

(1.9)

From these relations the steady-state components r l and r, of the periodic so­

lution are determined. Through use of Eqs. (1.8) and (1.9) the coefficients of

the periodic solution are found to be

(1.10)
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and

where

(loll)

(b) Stability Investigation of the Periodic Solution·

The periodic solution as given by Sqs. (1.7), (1.10), and (1.11) actually

exists only when it is stable. In this section the stability of the periodic

solution will be investigated by considering the behavior of a small variation

~ (T) from the periodic solution va (-1" ). If this variation ~ (T) tends. to

zero with increasing -c, the period~c solution is stable; if ~ (-c) diverges,

the periodic solution is unstable. The variation ~ (~) is defL~ed by

(1.12)

where VO(T) is given by Eqs. (1.7), (1.10), and (1.11). It is worth noting

that ~ (T) need not have the same frequency as the periodic solution. Sub-

stituting Sq. (1.12) into (1.6) and bearing in mind-that ~ (~) is sufficiently

small, we obtain the variational equation

d2~ k dl. 2
-:-2 ~ - ~ (°1 ~ ,c~vO)t = 0
dr dT ,/

Introducing a new variable 7 (l) defined by

(1.1,)

J = k/2 (1.14)

• See Ref. 15 for a detailed discussion of stability in nonlinear osc111a-

tory systems.
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yields

(1.15)

(1.16)

in which the first-derivative term is removed. Ins~rting v
O

( T) as given by

So. (1.7) into (1.15) leads to a Hill's equation of the form

d2'1 3 3
~ + ( eO + 2 L., e sin 2n-r + 2 L e cos 2m:] '1 = 0
d-c<:: n=1 ns n=1 nc

where
2., (2 2eO = c1 - 5 + '2 c, r 1 + r,)

ela = ~ c,(xIYl - xIY, + Y1x;), elc = - t c,(xi - yi) + ~ c,(x1x, + YIY,)

By Floquet1e the.,rem (4], the general solution of E:q. (1.16) takes the

form

(1.17)

where A and a are arbitrary constants, ep (T) and c.jJ (--r) are ~eriodic functions

of T of period n or 2n, and ~ is the characteristic exponent to be determined

by the parameters B'e. From the theory of Hill's equation (16, 18, 25, 26] one

sees that there are regions of parameters e's in which the solution, Eq. (1.17),

is either stable or unstable, and that these regions of stability and instabil-

ity appear alternately as parameter eo increases. For convenience, we shall

call the regions of instability as the first, the second, ••• unstable regions

as parameter eO increases from zero. It is known that the periodic f~~ctions

1> (1:") and 4J ('T) in Eq. (1.17) contain odd-order harmonics in the regions of

o1d orders and even-order harmonics in the regions of even orders and that, in
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the nth unstable region, the ~th harmonic com?onen~ predominates over other

harmonics.

Since Sq. (1.7) is an approximate solution of ~q. (1.6), a solution of.

Eq. (1.16) may reasonably be an apprOXimation ~f the same order. Therefore W~

assume that a particular solution in the first and the third unstable regions

is given by

(1.16)

We substitute this into Eq. (1.16) and apply the method of harmonic balance to

obtain

2e t-u -1-eo r Ie
e - 2 L1Is r

=0

- e + e1s 2s

(1.19) .

From ~q. (1.14) and (1.17) one sees that the variation ~ tends t~ zero with

increasing"t" provided that I jJ.1 < J. Hence the stability condition for the

first and the third unstable region is given by

(1.20)

Substitution of para'1latera e IS gi.ven by i::qs. (1.16) into the condition (1.20)

yields

• This form of solution was introduced by E. T. Whittaker (26).
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a~ o~ OX1 O~-- ox, 01',oX1 01'1

aY1 oY1 OY1 oY1

Ll1(d') iii
~ 01'1 ox, 01', O(~, Y1' x" Y,)

>0
==

~~33
0(x1, 1'1' x,~ 1',)

aXl 0"1 ax, i}1',

OY, OY, ·Oy, OY,
oX1 aY'l ax, by,

(1.21)

Differentiating Eqs. (1.8) With respect to B, we obtain

(1.22)

SolVing these simultaneous equations gives

dX l ~21- .. -dB 6.
dX, ~2'
<IE = Ll

d1', _ ~24

dB - Ll

where L1
2i

(1 =- 1-4) is the cofactor of rO)l ~ and column i of the determinant

L1 (= LI l (8 ». Consequently,

dr1 1
<IE =~ (x1Ll 21 + y1L1 22)

1
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(1.24)

where

Hence the vertical tangency of the characteristic curves (Brl and Br) relations)

occurs at the stability limit L1 = 0 of the first and the third unstable regions.

A particular solution of Eq. (1.16) in the second unstable region may pref-

erably be written as

Proceeding analogously as above, the characteristic exponent J.t is determined by

80 +;J.
2 els elc

L12 (}-L) 2818
2 e -4f.l (1.26)- 80 + jJ. - 4 - e2c = 02s

2 elc e2s +4jJ. eO + p. 2 - 4 + e2c

and the stability condition for the second unstable region, i.e., I JA.I < J , is

given by

(c) Numerical Exam~le

Putting k = 0.4, c1 = 0, and c) = 1 in Eq. (1.6) gives

2 .
d v dv)
~ + 0.4 --d + v =B cos ~
dT L

By use of Eqs. (1.9) the amplitude characteristics of Eq. (1.7) were calculated
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for this particular case and plotted against B in Fig. 1.2. The dotted portions

of the characteristic curves represent unstable states, since the stability con-

dition (1.20) or (1.27) is not satisfied in these intervals.

1.4 OccurTence of Even-Order Harmonics

It has been pointed out in Sec. l.~b that even-order harmonics are self-

excited in the second unstable region (see Fig. 1.2). In this region, the self-

excited oscillation would gradually build up with increasing amplitude taking

the form

e(~ - J)~ [b
O

+ ~2 sin (2T"- ~2)] with J.L - J > 0

and ultimately get to the steady state with a constant amplitude which is limited

by the nonlinearity of the system. This implies that, under certain intervals

of S, such even-order harmonics must be considered in the periodic solution.

(a) Periodic Solution and Condition for Stability

From the above consideration, a periodic solution for Eq. (1.6) may be

assumed as

vo(-r) '= z + Xl sin"'C + Yl cos 1; + ~ sin 2"t + Y2 cos 2'( (1.28)

Terms of harmonics higher than the second, especially the third harmonic, are

certain to be present but are ignored to avoid unWieldy calculations. The

unknown coefficients in the right side of Eq. (1.28) are determined in much

the same manner as before; that is, substituting Eq. (1.28) into (1.6) and

equating the coefficients of the nonoscillatory term and of the terms contain-

ing sin .. , cos""[, sin 2T, and cos 21: separately to zero, we obtain
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- AIX1 - kYl + ~;z (YI X2 - xIY2) :: Xl (z, xl' Y1' x2 ' Y2) =0

lexl - AIYl + ;c;z (X1~ + Y1Y2) :: YI(Z, xl' Y1' ~, Y2) = B

- ~X2 - 2ky2 + ;C;ZXIYl :: ~(z, xl' Y1' ~, Y2) :: 0

2kXz - A2Y2 - ~ c;z
2 2

Y2)(xl - Yl ) :: Y2(z, xl' Y1' x2 ' = 0

(1.29)
where AO = - 2 ; 2 2

c1 - c; (z + 2 (r1 + r 2)]

; 2 2 2
A2 = 4 - c1 - ~ c;

222
Al =1 - °1 - 'J; 0; (4z + r 1 + 2r2) (4z + 2rl + r 2)

2 2 2 222
r l = Xl + Yl r 2 :1x2 +Y2

Eliminating x, y components in the above equations gives

2 2
2r2 2 2 4r2 2 2 2

[(AI - ~ A2) + k (1 +~) ] r 1 = B
r l r

l

2 I 2
- AOz + 2 A2r2 = 0

From these relations z, r l , and r 2 are determined. Through use of Eqs. (1.29)

and (1.;0) the coefficients of the periodic solution are found to be

and
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Proceeding analogously as in Sec. l.;b, the condition for stability may also

be derived; namely, inserting VO(T) as given by 2q. (1.28) into (1.15) l'3ads

to a Hill's equation of the form

(1.,,)

where -OT= e • '1

A particular solution of Eq. (1.;;) in the first and second unstable regions

may be assumed as

Through use of Eqs. (1.29) the stability condition is obtained as·

o(Z, Xl' Yl , X2, Y2)
Ll(6) -------->0

a(z, Xl' Yl' x2' Y2)

(b) Numerical Example

(1. ;5)

By use of Eqs. (1.;0) the amplitude characteristics of :<;q. (1.28) were

calculated and plotted in Fig. 1. 3. The system parameters are the same as in

Fig. 1.2, i.e., k =0.4, c l =0, and c; = 1. THe dotted portions represent

• As the coefficient of 7 in ~~. (1.;3) contains even and odd harmonics,

there are regions of parametArs gls in which the subharmonic8 of order 1/2,

;/2, ••• are excited. This implies that in the seco~d unstable ~e~ion of Fig.

1.2 there may exist intervals of B such that 8ubh~cnicB of order 1/2, 3/2,

••• develop. A detailed investigation of such a case is, however, omitted

here (cf. Sees. 1.5, 1.6b).



unstable state since condition (1.;5) is not satisfied. One sees that the

second unstable re~ion of Fig. 1.3 became narrower than that of Fig. 1.2 and

was shifted to the left. This fact results from the neglection of the third

harmonic in Sq. (1.26). It is worth mentioning that the second harmonic is

maintained in the second unstable region even though the system is symmetrical.

1.5 Analog-Computer Analysis

The theoretical results obtained in the preceding sections will be compared

With the solutions obtained by usin~ an analog computer. The block diagram of

Fig. 1.4 shows en analog-conputer setup for the solution of Eq. (1.6), in ,which

the system parameters k, c l ' and c; are set equal to the values as given in Secs.

1.3c and 1.4b; i.e.,

B cos T (1.;6)

The symbols in the figure follow the conventional notation. $ The sol~ions of

Eq. (1.;6) are sought for various values of B, i.e., the amplitude of the exter-

nal force. From the solutions obtained in this way, each harmonic component is

calculated and plotted against B in Fig. 1.5. The first unstable region range~

from B = 0.45 to 0.5;; j~p phenomenon takes place in the direction of arrows.

The second tmstable region extends fro~ B = 2.7 to 12.6. In this region the

ConCurrence of the subharmonics of order 1/2, ;/2, ••• is confirmed in the,in-

terva1s of B approximately from 7 to 11. However, since the solutions accom-

* The integral amplifiers in the block diagram integrate their inputs with

resnect to the machine tine (in second), which is, in this particular case,

5 times the independent variable L.
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panied with such eubharmonics are extremely sensitive to the external disturb-

anoe, the result obtained by computer analysis was not very accurate. There-

tore, we indicate such region by broken lines in Fig. 1.5. The third unstable

region occurs between B a 12.6 to 14.9, and the oscillation jumps into another

stable sta\e on the borders ot this region. These results show the qualitative

agreement with the theoretical results obtained in the preceding sections.

1.6 Numerical Analysis by Using a Digital Computer

In the preceding sections we investigated the approximate solutions of Eq.

(1.6) both by using the haimonic balance method and by using an analog computer.

The results thus obtained state that there are such regions of B that in the

tirst and the third unstable regions there exist two stable states (see Fig. 1.2)

•and in the second unstable region there is the only stable state (see Fig. l.~).

In this section we shall seek for the numerical solution in each unstable region

by using the KOO-l digital computer.

The periodic solutions of Eq. (1.6), that. is,

i_ determined by the folloWing procedure.

The second-order differential equation (1.6) can be rewritten as the sim-

ultaneous equations of the first order

dv •
dT a V

• In the second unstable region, there are two oscillations differing in

eign and in phase by fT radians, but their amplitudes are the same.
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We consider the location of the points whose coordinates are given py v( T) and

V(T) at the instants of 1: =: 0, 211, 411, ••• in the vV plane, since the right

sides of Eqs. (1.37) are periodic functions in T of period 211. Mathematically,

these points P (v (2n11) , V(2n11) ) are defined as the successive images of the
n

initial point PO(v(O), v(O» under iterations of the mapping T from 1: = 0 to

2nl1j and we denote this by the notation

where n = 1, 2, 3, ••••

Actually, these points can be obtained approximately by performing the numerical

integration of Eqs. (1.;7) from T =0 to 2n11. Special attention is directed to­

ward the location of the fixed point and of the periodic point of Eqs. (1.;7).*

* The point wbose location is invariant lmder the mapping is called the

fixed point; i.e.,

and the corresponding solution v( T) is periodic in l with the period 2Tf.

While the periodic points are defined by-the following relations,

(1 ~ i ~ m - 1)

namely, neriodic points are invariant, under every ~h iterate of the mapping.

The corresponding solution V(T), in this case, is also periodic inT but its

least period is equal to 2m11.
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When an initial point PO' the initial condition (v(O), v(O», is chosen suffi­

ciently near the fixed (periodic) point, the point sequence {Pn1 co?verges to

tile fixed (periodic) point as n - 00 provided the fixed (periodic) point is

completely stable. In order to determine the location of the stable fixed

(periodicppoint, we estimate the initial condition by making use of the values

obtained in the preceding sections.

Then numerical integration of Eqs. (1.37) is performed from the above ini-

tial condition until the following condition is reached; i.e.,

or

for the fixed point

for the periodic point

..where E is amall positive constant. Because of the way of this procedure, only

the stable solutions are obtained.

Once the stable fixed (periodic) point is determined, we seek the time re-

I!lponse values of VeT) and v(-r) at the instants of I:" ::: nh) where n = 0,1, •••

2N-l (or 2mN-l), and h (= n/N) is a chosen time increment. From the data obtaln-

ad in this way, we can calculate the desired harmonic components of VeT) with

the aid of Fourier's expansion theorem:

1 ~ n n
V(T) ::: 2' aO + ~ (a I cos - "'t: + b I sin - 'i:.)

n~1 n p p n p p

where
1 ) 2p1T

a - - V(T) cos!!. .... d-.-
nip - prt 0 p '" '" n = 0, 1, 2, ••• (1.40)

.. We shall show the numerical examples afterwards, where the va.lue of E is

taken equal to 10-5•



1 )2Pff
b / := - V ( ,;) sin!l T d't'
n p pff 0 P n := 1, 2, 3, •••
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and p := 1 for fixed point and p := m for periodic point.

By using the method above-described we show some examples of numerical

solution of Eq. (1.6) with the system parameters k = 0.4, c l =0, and c
3

= 1;

i.e. ,

d
2

v 4 dv 32 + o. d + v = B cos T
d"t" 't'

for several values of B.

(a) Numerical Solutions in the First Unstable Region

rle consider the equation

d
2

v 4 dv 3- + 0 - + v = 0.5 cos.-rd-,;2 • d-r "

(1.41)

(1.42)

Fo~ this particular value of the amplitude of the external force (B := 0.5),

there are two stable states of the periodic solution; see Fig. 1.2. In order

to distinguish these two stable states, we shall call them the' resonant and the

nonresonant states, respectively, as the amplitude of the oscillation is large

or small. The numerical solutions for Eq. (1.42) are determined. They are as

follows.

For Resonant Oscillation:

V(T) = 0.298 cos 'T + 1.145 sin T

0.048 cos ;-r - 0.0'5 sin ;T

+ O.OO,? cos 5,; + 0.000 sin 5-r

+ ••• (1.4,)
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For Nonresonant Oscillation:

V(T) = - 0.530 cos -r + 0.294 sin "T

+ 0.001 cos 3"t + 0.006 sin 3~

+ ••• (1.44)

The phase trajectories in the v~ plane of the solutions. given by Eqs. (1.43)

and (1.44). are plotted in Fig.- 1.6a by thick and fine lines. respectively.

Figure 1.6b shows the waveforms v( 'T) converted from the trajectories of Fig.

1.6a. The small circles on the trajectories in Fig. 1.6a indicate the location

of the stable fixed points of the mapping. In performing the numerical integra-

'lion of Eqs. ,(1.37). we used the Runge-Kutta-Gill's method (With the step li

equal to n/30). We also employed the trapezoidal formula for calculating the

second and the third definite integral~ of (1.40).

(b) Numerical Solutions in the Second Unstable Region

Case 1:
2

d v dv 3 4-:-2 + 0.4 d + v:: cos -C
d"t 1:'

There are two stable solutions for Eq. (1.45); one of them is

V(T) :: 0.314

+ 1.591 cos T + 0.597 sin 1:'

- 0.201 cos 2"t - 0.730 sin 21:

+ 0.148 cos 31: + 0.115 sin 31:

+ 0.036 cos 4't" - 0.154 sin 4T

- 0.034 cos 5"t + 0.025 sin 5-r

+ 0.017 cos 6-r - 0.015 sin 6T

- 0.011 cos 71: - 0.001 sin Tr
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+ 0.003 cos 8T + 0.002 sin 8,;-

- 0.002 cos 9,;- - 0.002 sin 9-c

+ 0.000 cos 10"1: + 0.001 sin lO-c

+ ••• (1.46)

The other solution can be represented by -VeT + rr), where v("T) is given by

Eq. (1.46). Figure 1.7a and b show the phase trajectories and the wavefonns

of VeT), respectively.

As we have already predicted the occurrence of subharmonics of order 1/2,

3/2, ••• in Sec. 1.4a, thi.s type of solutions was observed in Sec. 1.5. we

shall show below the numerical solution.

Cue 21
2

d v 4 dv 3-2 + o. -d + v = 9 cos T
dl: 1:'

There are four stable solutions for Eq. (1.47). If we indicate one of them by

VeT ), the remaining three solutions are represented by VeT + 2rr), -v( -r + rr),

and -veT + 3T'f). Therefore only one of them is shown below.

1 1
+ 0.007 cos '2T - 0.062 sin '2T

+ 1.839 cos T '+ 0.585 sin -r

+ 0.007 cos iT - 0.000 sin ~ T

+ 0.337 cos 2-c + 0.258 sin 2 T

- 0.069 cos ~T + 0.096 sin ~T

+ 0.889 cos 3-r + 0.043 sin 3"'t"

+ 0.021 cos iT + 0.015 sin ~"T

+ 0.048 cos 4T + 0.114 sin 4T
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• 0.025 cos ~T + 0.026 sin ~T

+ 0.184 COB 5T + 0.058 sin 5't

+ 0.001 11 sin l!.Tcos '2't + 0.002 2

+ 0.019 cos 6 T + 0.050 sin 6T

• 0.012 cos ~r + 0.010 sin ~T

+ 0.046 cos 7 T + 0.02' sin 7 T

• 0.001 cos ~1" + 0.001 sin l~T

+ 0.005 cos 8T + 0.017 sin 8""t"

• 0.004 cos ¥-r + 0.00' sin ~-r

+ 0.010

- 0.001

+ 0.001

+ •••

cos 9T + 0.008

19
cos ."2"1" + 0.000

cos 10-r +'0.006

sin 9T

sin ~r

sin lo-r

(1.48)

Figure 1.8a shows the trajectories of the stable solutions for Eq. (1.47).

The small circles in the figure indicate the location of the periodic points

which are correlated with the subharmonic oscillation of order 1/2. ~he peri.

odic points 1 and 2 (or, and 4) lie on the same trajectory and, under itera-

tions of the mapping, these points are transferred successively to the points

that follow in the direction of the arrows. In order to distinguish clearly

the trajectory of the point 1 to 2 (or, to 4) from that of the point 2 to 1

(or 4 to '), we show the former by full lines and the latter by dotted lines.

The waveforms corresponding to the trajectories 1~2-.l and ,-.4-., are

shown in Fig. 1.8b.

(c) Numerical Solutions in the Third Unstable Region
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2
d v dv;

1; (1.49)2' + 0.4 d + v = Cos "t"
d-r "t"

wor this particular value of B, i.e. , B = 1; in Eq'. (1.41), two stable solutions

are obtained. They are

V(T) = 2.477 cos T + 0.77; sin l:

- 0.51; cos ;T - 1.21; sin ;T

- 0.08; cos 5T - 0.285 sin 5T

- 0.092 cos 7-r: + 0.046 sin 7i:

- 0.015 cos 9-c + 0.017 sin 9.

+ 0.006 cos lIT + 0.007 sin lli:

+ 0.002 cos l;'t' + 0.000 sin 1;..

+ ••• (1.50)

and VeT) = 1.669 cos T + 0.781 sin T

+ 1.404 cos ;r + 0.074 sin ;-r

+ 0.;50 cos 5T + 0.090 sin 5T

+ 0.115 cos 7-r + 0.047 sin 7T

+ 0.0;8 cos 9T + 0.018 sin 91:

+ 0.012 cos ll-r + 0.007 sin 11-,;

+ 0.004 COB 1;T + 0.00; sin 1;,;

+ 0.001 cos 15-r + 0.001 sin 15r

+ ••• (1.51)

The phase trajectories of v(T), given by Eqa. (1.50) and (1.51) are depicted

in ii'ig. 1. 9a by thick and fine lines , respectively. Figure 1. 9b shows the
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Table 1.1 Stable fixed and periodic points for Eq. (1.41) and the

chosen sten h.

Value of Point . Value of
B

v v h Classification

0.5 Fig. 1.6a 1 0.2526 1.0'98 TT/)O
\

Fixed tloint
2 -0.5290 0.'1~ n It

I
I
I

4 Fig. 1. 78, 1 1.5220 3.1810 TT/?O Fixed point
2 1.8626 -1.1065 It It

9 Fig. 1.8a 1 2.9857 ;.2769 I TT/60 Periodic 'Ooint
2 3.1460 2.2806 It II

; 2.8192 -0.7005 n It

4 2.9;10 0.2684 II 11

1; Fig. 1.9a 1 1. 782; -3.7474 TT/60 Fixed point
2 ;.5927 2.091; 11 11

waveforms of v( -r;) converted from the trajectories of Fig• .i... 9a. As one sees

from the magnitudes of the fundamental components in Eqs. (1.50) and (1.51),

the solution given by Eq. (1.50) corresponds to the upper branch of the char-

acteristic curve r 1 in the third unstable region (see Fig. 1.2).

The values of the coordinates of the stable fixed and periodic points

appeared in the above examples are summed up and listed in Table 1.1. The

values of the time incre~ent h which is employed for finding the correspond-

ing fixed (periodic) point are also shown.

1.7 Sxperimenta1 Result

An exneriment using a series-resona"1ce circuit as illustrated in' Fig. 1.1

has been performed [ 7, pp. ;9-41 J. The result is as follows.

Since B is proportional to the amplitude c of the applied voltage, vary-

ing E will bring about the excitation of higher harmonic oscillations. This



2J

is observed in Fig. 1,10, in which the effective value of the oscillating cur­

rent is plotted (in thick line) for a wide range of the appliea voltage. By

~aking use of a heterodyne ha~onic analyser, this current is analyzed int~

harmonic components. These are shown by fine line, the numbers.on which indi­

cate the order of the harmonics. The first unstable region ranges between 24

and 40 volts of the applied voltage; the jump phenomenon in this region has

been called the ferro·resonance. The second unstable region extends from 180

to 580 volts. As expected from the preceding analysis, the occurrence of even

harmonics is a salient feature of this region. The third unstable region

occurs between 660 and 6]0 volts, exhibiting a~other jump in amplitude.



R
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Fig. 1.1. Series-resonance circuit with nonlinear induct~~ce.
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CHAPT3R 2

HIGHER-HARIDNIC OSCILLATIONS IN A PARALLEL-RESONANCE CIRCUIT

2..1 Introduction

In the preceding chapter~ we investigated the ~igher-harmonic oscillations

in a series-resonance circuit. Since the series condenser limits the current

which magnetizes the reactor core~ the applied voltage must be exceedingly

raised in order to bring the oscillation into the unstable regions of higher

order. Hence we may expect that a higher harmonic oscillation is likely to

occur in a parallel-resonance circuit because the reactor core is readily

saturated under the impression of a comparatively low voltage; and this will

be investigated in the present chapter. The differential equation which de-

scribes the system takes the form of Mathieu's equation with additional terms

of linear damping end nonlinear restoring force. The experimental result is

also given at the end of this chapter.

2.2 Derivation of the Fundamental Equation

Figure 2.1 shows the schematic diagram of a parallel-resonance circuit~

in which two oscillation circuits are connected in 8eries~ each having equal

values of L~ R~ end C~ respectively. Using the notation of the figure~ the

equations for the circuit are written as

(2.1)

24
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The a.e aaturation curve is assumed for bot.h ·of 1-he induct.ors L( 4'1) and

t( 4>2) J i.e.,

iLl • ~ 4>1 + a,<pr
It t.he two osoillation circuit.s behave ident.ically, one has, from t.he t.hird mem-

ber ot Eqs. (2.1),

An increase ot the flux <PI by ep results in t.he decrease of <1>2 by t.he same

8IIOuntJ 1.e.,

<PI • - ~w c~awt + ep ,..., E· rh
'1"2 .. - ~ coswt. - ...,...

Atter elimination of i Rl , i R2 , i Ol ' and i 02 in Eqs. (2.1),and by using Eqs. (2.'),

we obtain

(2.4)

Proceeding in the 88111e manner as in Sec. 1.2, we int.roduce ~imensionless vari-

abIes defined by

<p .. q> .v
n (2.5)

and fix t.he base quant.it.ies, In end i.E n by t.he following re lations I

where

2 '
nw C P .. I

n n

~epn
c l .. I

n

(2.6)

Then, through use of Eqs. (2.2), (2.~), (2.5), end (2.6), Eq. (2.4) may be

written in normalized form as
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2
; 2 2d v k dv (C l +~ cos 2-r)v + c v;-+ (ft+ + ~ C;B c;B = 0

dol "'t ;

where T = wt 1 B E
k = ::5'CR = 2nwpn

2.' Periodic Solutions

We assume for a moment that k = 0 and v is so small that we may neglect

the nonlinear term in Eq. (2.7). Then Eq. (2.7) reduces to a Mathieu's equa-

tion

( eO + 2 e1 cos 2r)v = 0

(2.8)

where

From the theory of ~~thieu's equation [ 18, 19, 25, 26 ] one sees that there

are regions of parameters, eO and 8 p in which the solution for Eq. (2.8) is

either stable (remains bounded as T increases) or unstable (diverges unbounded­

1y), and that these regions of stability and instability appear alternately as

parameter eO increases. We shall call such regions of instability as the first,

the second, ••• unstable regions as parameter eO increases from zero. When the

parameters eo and e1 lie in the ~th unstable region, a higher harmonic of the

~th order is predominantly excited. Once the oscillation builds up, the nonlin­

ear term c,v' in Eq. (2.7) may not be ignored. It is this term that finally

prevents the amplitude of the oscillation from growing up unboundedly.

After these preliminary remarks, we now proceed to investigate the solution

of Eq. (2.7) and assume the folloWing form of the solution.

Harmonic:
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Second-harmonic I V0 (T) • Z + ~ sin 2-r + '12 Cos 2-r

(a) Harmonic Oscillation

In 0t:.der to determine the coefficients in the right side of Eq. (2.9),

we use the method of harmonic balance; namely, substituting Eq. (2.9) into

(2.7) and equating the coefficients of th!i' terms containing sin T and cos 1:"

separately to zero, we obtain

- (AI + i 0,B
2

)X1 - kYl =X1(xl , 11) = 0

kX1 - (~ -i c,a
2

)Y1 ~ Yl(x1, '11) =0

where .1- ~ 2 2 2 2 2
~ 01 - 0,(2a + r 1) r 1 = Xl + '11

(2.12)

Eliminating x, '1 components in the above equations gives

from which the amplltude r l is fOlmd to be

or

(2.14)

(2.15)

(b) Second-Harmonic Oscillation

After substitution of Eq. (2.10) into (2.7), equating the coefficients of

the nonoscillatory term and of the terms containing sin 21:" and cos 2-r separate-

1'1 to zero gives



where
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(2.16)

4 ~ 2 2 2
~ = - c1 - ~ c,(2B + 4z + r2 )

222
r2 = x2 + Y2

Eliminating x, y components in the above equations gives

(2.17)

from which the unknown quantities z and r 2 are detennined.

(c) Third-Harmonic 08c111ation

By substituting Eq. (2.11) into (2.7), and equating the terms containing

sin T, cos L, sin }r, and Cos 'r separately to zero, we obtain



29

where

3kx
3 - A3Y3

1 2 2 2
Y3(Xl'+ 4' C 3[)B - (3x

1 - Y1) ]Y1 - Y1, x3' Y3) = 0

1 - - i C 3(2B
2 2 2

Al = c l + r 1 + 2r
3
)

3 2 2 2A3 = 9 - cl - '4 C 3(2B + 2r1 + r
3

)

(2.10)

222
r l = xl + Y1

222
r 3 = x3 + Y3

from which unknown quantities xl' Yl , x
3
, and Y3' and consequently the amplitudes

r l and r
3

, are determined.

2.4 Stability Investigation of the Periodic Solutions

The periodic solutions as given in the preceding section actually exist

only when they are stable. In this section the stability of the periodic solu-

tions will be investigated in the same manner as we have done in Sec. l.3b. We

consider a small variation ~(-r) from the periodic solution vO(1:'). Then the

behavior of t. (1:') is described by the follOWing variational equation:

Furthermore we introduce a new variable 7 (-r) defined by

~ (-r) = e - a-r. 7 (T ) & = k/2

to remove the first-derivative term. Then we obtain

= 0 (2.21)

(a) Stability Condition for the Harmonic Oscillation

Inserting voCr) as given by Eq. (2.9) into (2.21) leads to
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(2.22)

We assume that a particular solution of Eq. (2.22) in the first unstable region

is given by

(2.23)

Proceediilg analogously as in Sec. 1.3b, stability condition I fJ. I < 0 leads to

e + .r2 _ 1 _o U

eo + ,,2 - 1 + elc

(2.24)

(b) Stability Oonditions for the Higher-Harmonic Oscillations

The conditions for stability of the solutions given by Eqs. (2.10) and

(2.11) may also be derived by the same procedure as above. The results are:

Stability condition for solution (2.10):

o(Z, ~, Y2)
~2( C) E > 0

O(z, x2 ' Y2)

Stability condition for ~olution (2.11):

L1,(8)
oOS.' Y1' ;(i' Y

i
)

>0;:

O(xl , Y1' x" Y3)
(2.26)

The vertical tangency of the characteristic curves (Bz, Brl' Br2' and Br3 re la­

tions) also occurs at the stability limit Ll (8) = 0 (n = 1,2,3).
n
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(c) Numerical Example

Putting c l =0 and 0; = 1 in Eq. (2.7) gives

2
:T; + k :: + ~ B

2
(1 + COS 2T)V + v; =0

By use of Eqs. (2.15), (2.17), and (2.18) the amplitude characteristics of Eqs.

(2.9), (2.10), and (2.11) were calculated for k =0 and 0.4. The result is

plotted against B in Fig. 2.2. The dotted portions of the characteristic curves

represent unstable states. It is to be mentioned that the portions of the B axis

interposed between the end points of the characteristic curves are unstable. One

sees in the figure that increasing B will bring about the excitation of higher-

harmonic oscillations and that once the oscillation is started, it may be stop-

ped by decreasing B to a value which is lower than before, thus exhibiting the

phenomenon of hysteresis.

2.5 Numerical Analysis by Using a Digital Computer

In this section we shall seek the numerical solutions of Eq. (2.7) with

the system par~eters k = 0.4, c 1 = 0, and c; = 1, i.e.,

::~ + 0.4 ~~ + ~ a2
(1 + co. 2T)V + v} , 0

The same method as described in Sec. 1.6 is followed; therefore only the stable

solutions are obtained.

Equation (2.27) is written as

dv •
'(ft= = v

d~ ; 2 ;
d. = - 0.4v - 2 B (1 + cos 2.)v - v

(2.28)



Since the right side~ of ~qs. (2.28) are periodic functions in. of period n,

the mapping T from,. = nn to (n + l)n, where n = 0, 1,2, ••• is considered.

(a) Numerical Solution of the Harmonic Oscillation

Putting B = 0.8 in Eq. (2.27) gives

2
d v 4 dv, 2( ,
d~2 + O. ~ + 2(0.8) 1 + cos 2T)V + V =a

The numerical solution for ~q. (2.29) is·

V(T) = 0.288 cos. - 0.55, sin -r

+ 0.005 cos ,T - 0.0,5 sin ,<;
- 0.000 cos 5T - 0.001 sin 5.

+ ••• (2.~)

The phase trajectory of Eq. (2.30) in the vv plane is shown in Fig. 2.'a. Fig-

ure 2.'b shows the waveforms of v('T) converted from the trajectory of Fig. 2.'a.

There are two kinds of waveform drawn by thick line and fine line. Their dif-

ference is only in sign; which one occurs depends on the choice of initial con-

ditions (either at point 1 or 2) on the trajectory.

(b) Numerical Solution of the Second-Harmonic Oscillation

The numerical solution for Eq. (2.,1) is

• From the form of Eq. (2.27) one readily sees that if v(.) is a solution

of Eq. (2.27) - v( T) is also a solution.



"
v( T) = - 0.250

+ 0.555 cos 2-r + 0.26, sin 21:

+ 0.128 cos 4r + 0.0,2 sin 41:'

+ 0.010 cos 6"t' + 0.002 sin 6-r

+ 0.001 cos 8T + 0.001 sin 81:

+ ••• (2.,2)

The phase trajectories Elnd the waveforms of v( "t") are shown in Fig. 2.4a and b,

respectively.

(0) Numerical Solution of the Third-Harmonic Oscillation

The numerical solution for Eq. (2.,,) is

v( I: ) = - 0.065 cos 'T + 0.,76 sin T

+ 0.162 cos ,r - o. ,,8 sin ,,;
+ 0.046 cos 5"t" - 0.170 sin 5,;

+ 0.006 cos 7-r - 0.027 sin l-r

+ 0.000 coS 9"( -' 0.002 sin 9-r

+ •••

Figure 2.5a and b shows the phase trajectory and the waveforms of v( T), respect-

ively.

The values of the coordinates of the stable fixed and periodic points are

listed in Table 2.1. The values of the time increment h which is employed for

finding the corresponding fixed and periodic points are also shown.



Table 2.1 Stable fixed and periodic points for Eq. (2.27) and the

chosen step h.

Value of Point
. Value of

B
v v h Classification

0.8 Pig. 2.'a 1 0.2925 -0.6621 n/~ Periodic point
2 -0.2925 +0.6621 a n

1.8 Fig. 2.4a 1 0.44~ 0.6727 n/~ Fixed point
2. -0.44~ -0.6727 n a

2.8 Pig. 2.5a 1 0.1495 -1.7041 n/60 Periodic point
2 -0.1495 +1.7041 n n

-

2.6 Experimental Result

An experiment on the circuit of Fig. 2.1 has been performed [ 7, pp.

44-48]. The result 1s as follows.

T~ self-excitation of the fundame~tal and higher-harmonic oscillations

WU ob.erved under varying E. As a result of the excitation of such a harmonic,

the potential of the junction point of the two resonance circuits oscillates

with respect to the neutral point of the applied voltage with the frequency of

that harmonic. In Fig. 2.6, the anomalous neutral voltage VN (which is related

•to the flux <p) is shown against the applied voltage.

• The self-excited oscillation in the first unstable region (marked by I)

baa the same frequency as that of the applied voltage. See the waveform (a)

in the figure. This phenomenon is known as the neutral inversion in electric

transmission lines.
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Fig. 2.1. Parallel-resonance circuit with nonlinear inductance.
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CHAPTE"R ,

ALMOST PERIODIC OSCILLATIONS IN A SELF-OSCILLATORY SYSTEM

WITH EXTERNAL FORCE

'.1 Introduction

In the preceding chapters we treated the cases in which the restoring force

of the system was nonlinear. In this chapter we consider a case in which the

nonlinearity appears in the damping of the system. This nonlinear damping results

in the build up of an oscillation even in the absence of the external force; in

other words, a self-excited oscillation occurs in this case.

When a periodic force 1s applied to a self-oscillatory system, the frequen-

cy of the self-excited oecillation, that is, ·1:.he natural frequency of the system,

falls in synchronism with the driVing frequency, provided these two frequencies

are not far different. This phenomenon of frequency entrainment may also occur

when the ratio of the two frequencies is in the neighborhood of an integer (dif­

ferent from unity) or a fraction. Thus, if the amplitude and frequency of the

external force are appropriately chosen, the natural frequency of the system is

entrained by a frequency which is an integral multiple or submultiple of the driv­

ing frequency [12]. If the ratio of these two frequencies is not in the neighbor­

hood of an integer or a fraction, one may expect the occurrence of an almost peri,.

odic oscillation [10, 14]. It is a salient feature of an almost periodic oscil­

lation that the amplitude and phase of the oscillation vary slowly but periodically

even in the steady state. However, the period of the amplitude variation is not

an integral multiple of the period of the external force; the ratio of these two

periods is in general incommensurable. Therefore, as a Whole, there is no perio­

dicity in the almost periodic oscillation.



First, we show the regions of entrainmeBt; namely, if the amplitude and

frequency of the external force are given in these regions, the entrainment

occurs at the hannonic (fundamental), higher-hannonic, or 8ubharmonic fre~uency

of the external force. Second, we shall concentrate our attention to the almost

periodic oscillations which occur when the external force is prescribed close to

the boundary of the, regions of entrainment and discuss the transition between

entrained oscillations and almost periodic oscillations.

).2 Entrainment of Frequency

We consider a system governed by the ,differential equation

d
2
u ( 2) du2 - £ I - u err + u = B Cos v t + BOdt

().l)

where £ is a small positive constant, and B cos vt + B
O

represents a forcing

function containing a nonoscillatory component. Introduc~ng a new variable

defined by v =u - BO' an alternative fonn of (3.1) may be written as

d
2

v 2 dv2 -,u (1 - /3 v - '0 v ) 'dt + v = B cos v t
dt

where 2
fA. = (1 - BO) C and 1

'0 =--~
1 _ B2

o

Since the system governed by Eq. (3.2) is of the self-excited type, M must be

2positive, and therefore B
O

< 1. One sees further that,u. is also a small quan-

tity.

~e shall, in this section, confine our attention to entrained oscillations.

When B = 0, the natural frequency of the system ().2) is nearly equal to unity.

Therefore, when the driving frequency 1/ is in the neighborhood of unity, ona may

expect an entrained oscillation at the driVing frequency II. This type of entrain-
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ment 1s referred to as harmonic entrainment, and the entrained harmonic oscil-

lat10n v(t) may be expressed approximately by

vet) • bl sin vt + b2 cos vt (3.3)

On the other hand, when the driving frequency v is far different from unity,

one may expect the occurrence of higher-harmonic or subharmonic entrainment.

In this case the entrained oscillation has a frequency which is an integral

multiple or submultiple of the driVing frequency II. An approximate solution

for Eq. (~.2) may be expressed by
"

Bvet) = 1 _ v2 cos yt + bl sin nvt + b2 cos nvt

where n =2, ~, •••

n • 1/2, l/~, •••

for higher-harmonic oscillations

for subharmonic oscillations

(~.4)

The first term in the right side of Eq. (~.4)·r3presents the forced oscillation

at the driVing frequency v. The second and third terms represent the entrained

oscillation at the frequency nv which is not far different from unity. Since ~

is small, terms of frequency other than ~ and n~ are ignored to this order of

approximation.

The entrained oscillations and their stability were investigated in Ref. 12,

where an example of the regions of entrainment at different frequencies was given.

Namely, Fig. ~.l shows such regions of entrainment for the following values of

the system parameters:

E. = 0.2 and



38

in Eq. (;.1). Consequently, the parameters in Eq. (;.2) are

J.1 = 0.15 t3 = 4/; and a = 4/;

When the amplitude B and the frequency V of the external force are given in the

interior of these regions, the natural frequency of the system is entrained by

the harmonic, higher-harmonic, or subharmonic frequency of the external force

as indicated, in the figure. One sees in Fig. ;.1 that the higher-harmonic or

eubharmonic entrainment occurs in a narrow 'range of the driVing frequency v.
On the other hand, the harmonic entrainment occurs at any driVing frequency II

provided that the amplitude B of the external force is sufficiently large. In

Fig. ;.la, the boundary curve of the harmonic ent.rainment (drawn by dotted. line

in the figure) lies inside the region of the higher-harmonic entrainment. Since

there is no abrupt change in the amplitudes of the harmonic and higher-harmonic

components of the oscillations at the boundary of harmonic entrainment, this

boundary curve has practically no singificance. In Fig. ;.lb, one sees that

the continuity of the boundary curve of the harmonic entrainment is disturbed

by the intrusion of the region of the 1/2-barmonic entrainment. The regions of

the harmonic and l/;-harmonic entrainments, on the other hand, have an overlap­

ping area. This indicates that both the harmonic and l/;-harmonic oscillations

are sustained in this area common to the two regions, but only the 1/2-harmonic

oscillation occurs in the region of i/2-harmonic entrainment. When the external

force is prescribed outside these regions, an almost periodic oscillation occurs.

In order to illustrate the phenomenon of frequency entrainment, some repre­

sentative waveforms of v(t) obtained by using an analog computer are shown in

Fig. ;.2. The block diagram of Fig. ;.; shows an analog-computer setup for the

solution of Eq. (;.2), in which the system parameters are set equal to the values



•as given above. Table ~.l shows the values of the amplitude B and the frequency

v of the external forces corresponding to 'the Fig. ~.2a to f, respectively. The

points on the curves appear at the beginning of each cycle of the external force.

These point marks are helpful for distinguishing between an entrained (periodic)

oscillati~n and abnost periodic (nonperiodic) oscillation.

Table ~.l. Amplitude and frequency of the

external force in Fig. '.2

Fig. ~.2 Amplitude B ,Frequency V

(

a 0.1 0.996

b 0.5 0.499

c 0.5 o.,~

d 2.0 1.99

e 2.0 2.97

f 0.55 0.700

• The integrating amplifiers in the block diagram integrates the input with

respect to the machine 'time (in second), which is, in this particular case, 2

times the independent ~ariable t.
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,., Alm08~ Periodic Oscillations Which Develop from Harmonic Oscillations

When the amplitude B and the frequency 1/ of the external force are pre-

acribed o~8ide ~he regions of entrainment, an almo.st periodic oscillation

reaul~s. In the preceding section the solution of Eq. (5.2) was assumed, for

~he entratped oscillation, to take the form of Eq. (5.5) or (5.4). It would

be natural to consider that, for the almost periodic oscillation, the coeffi-

clents bi and b2 in Eqs. (5.5) and (5.4) are not constants but vary slowly with

~he time~. In this section we shall consider the almost periodic oscillatio~

which develops from the harmonic oscillation and derive the relations which

determine the time-varying-amplitudes for the almost periodic oscillation.

(a) Der!vation of .the Fun9emental Equations

'ram the above consideration one may assume that an almost periodic oscil-

lation which develops from the harmonic oscillation is expressed by

vet) • bl (t) sin lit + b2 (t) cos lit

We now derive the relations which determine the time-varying coefficients,

b1(t) and b2(t), in the above solution. Substitutin~ Eq. (5.5) into (5.2) and

equating the coefficients of the terms containing cos .... t and sin lit separately

to zero gives

where 222
r l = Xl + YI

a = ("f
o vi

1 _ y2
~l • t detuning

IJ.v
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In the derivation of Eqs. (,.6) the following assumptions were madel

(1) bl(t) and b2 (t) are slowly varying functions of t so that d2b
l
/dt2 and

d
2

b2/dt
2

may be neglected. (2) Since ~ is a small quantity, ~ dbl/4t and

~ db2/dt are also discarded.

The investigation of the solution of the nonautonomous system described

by Eq. (,.2) is replaced by the study of'Eqs. (,.6), in which Xl and Yl denote

the normalized amplitudes of the forced oscillation. Equations (,.6) form an

autonomous system of the first-order equations. The singular points of Eqs.

(,.6) represent the harmonic oscillations of the original ~q. (,.2), and the

limit cycles·, if exist, represent the almost periodic oscillations. Thus the

entrained oscillation is obtained from Eqs. (,.6) by putting dXl/dL = 0 and

dYl/dT =0, i.e.,

(,.8)

where the subscript 0 is added to designate the equilibrium. state. Eliminat.ing

XlO and YlO from ~qs. (;.8) gives

It will readily be seen that., when the amplitude B of the external force is zero,

we obtain r~o = 1 and 0'"1 =0, so that a
Q

in Eqs. (,.7) represents the ultimate

amplitude of the self-excited oscillation. The amplitudes %10 and YIO' that. is,

the coordinates of the singular point of the system (,.6), are given by

• A closed trajectory towards which neighboring integral curves tend is call-

ed the limit cycle. Occurrences of thia kind were first studied by Poincar'

[2" p. 5,].
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Equation (~.9) yields what we call the response curves for the harmonic oscilla-

tion as illustrated in Fig. ,.4. Each point on these curves yields the amplitude

rIO which is correlated with the frequency v of a possible harmonic oscillation

for a given ~alue of the amplitude B.

(b) Stability of the Singular Point Correlated with the Periodic Solution

The stability of the singular point of the system (~.6) is correlated with

the stability of the periodic solution ot the o!iginal system (~.2). In order

to investigate the stability of the equilibrium state, we consider sufficiently

small variations E. and ? from the singular point. defined by

Yl = Y10 + '1

and determine whether these deviations approach zero or not with increase ot the

time T. Substituting Eqs. (~.Il) into (~.6) and neglecting terms of higher degree

than the first in ~ and ~ gives

dE.
al~ + a2l'f

d'1
bl~ + b2 Yf<iT = d"t' =

()~

1 -
2 2with a l = (ax-) 0 = rIO - 2x101

oXl
('.12)a2 = (Oy )0 = - 0"'1 - 2X10YIO

1
oYI

(il - 2xlOY10bl = (8X)0 =
1

b2

oY1
1 -

2 2
= (bY )0 = rio - 2YIO

I



and Yl • YIO• The characteristic equation of the system ('.12) is

=0

or

where

2
A + pA + q = 0

The variations ~ and ,., approach zero with the time T, provided that the

real part of ~ is negative; in this case the corresponding periodic solution

determined from Eqs. ('.10) and ('.5) is stable. This stability conditions is

given by Rout.h-Hurwitz I s crite rion as [1 7]

p>O and q>O

By making use o~ the stability conditions (,.15) the unstable portions of the

response curves are shown dotted in Fig. ,.4. It is readily verified that the

vertical tangencies of the response curves lie on the stability limit q =O.

Let us take a glance at a discussion of the character of the integral

curves in the neighborhood of the singular points of the system (,.6). For the

singular point ('.10), the characteristic roots are given, by use of ('.14), as

- p ± J p2 - 4q

2
('.16)

PoincartS [2', p. 14] has classified the types of singular points according

to the character of the integral curves near the singular points, namely, accord-



in~ to the nature of ~he chRracteri3tic roots A, as follows:

(1) The singularity is a nodal point, if the characterist~c roots are

both real and of the same sign, So that

p2 _ 4q Z 0 and q> 0

(2) The singularity is a saddle point, if the two roots are real but of

opposite signs, so that

q < 0 (~.l8)

(~) The singularity is a focal point, if the two roots are cinjugate

complex, so that

If, in particular, both the roots are imaginary so that p : 0, the singularity

*is either a center or a focus.

(c) Limit Cycle Correlated with an Almost Periodic Oscillation

As mentioned in Sec. ~.~a, an almost periodic oscillation which develops

from the harmonic oscillation may be expressed by

vet) = hl (t) sin lit + b2 (t) cos lit

* Following the above classification, -the type of a singularity will be def-

inite when the characteristic roots A 1 and A2 are neither zero nor pure imag­

inary. Such a singularity is called simple or of the first kind. However, we

have also the singularity of the second kind for which the above conditions do

not apply. The detailed discussion of such a singularity will be given in the

following section.



where bl(t) and b2 (t) are slowly varying functions of t. These time-varying

amplitudes, or Xl (L) and Yl (L) in normalized form, are to be found from 2:qs.

(~.6). We consider the behavior of integral curves. defined by ~qs. (3.6) in

the x1Yl plane. It is known that, if the external force is given just outside

the region)of harmonic entrainment, Eqs. (;.6) have only one singularity which

is unstable (see Fig. 3.4). It will also be seen that, for large values of Xl

and Yl , integral curves are directed towards the origin for increasing T.

Hence the existence of a stable limit cycle may be concluded. He shall not go

into the problem in which the detuning becomes so large that the natural fre­

quency of the system is entrained by a higher-harmonic or subharmonic frequency

(see Fig. 3.1). Even though the entrainment of such a type would not occur, an

almost periodic oscillation should preferably be expressed in a different form

than Eq. (3.20).

An example of the limit cycle is shown in Fig. 3.5a. The integral curves

are drawn by making use of the isocline method. The system parameters in 2:qs.

(3.1) and (3.2) are the same as those in Sec. 3.2; the amplitude B and the fre-

quency v of the external force are prescribed just outside the region of harmonic

entrainment (see Fig. ;.lb), i.e.,

B =0.2 and II = 1.1

Through use of Eqs. (3.10), (;.14), and (3.19), the details of the singular point

in Fig. ;.5a are readily known and are listed in Table 3.2. The period required

for the representative point (Xl(T), Yl(T» to complete one revolution along

the limit cycle is 12.8 ••• times the period of the external force; hence the

assumptions made in the derivation of 2:qs. (3.6) are permissible.

Once the integral curves are obtained in the xlYl plane, the time-response
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Table '.2. Singular point in Fig. ;.5a

Singular xlO YI0 A l' '>'2 Classificationpoint

Fig. '.5a -0.245 -0.400 O.56l + 1.254i Unstable focus

curve may be calculated by the folloWing line integrall

T •

(;.21)

wb8re I line element on the integral curve

The wavetorm of the almost periodic oscillation obtained in this way is shown

in Fig. '.5b. The amplitude ot the almost periodic oscillation varies period-

ically vith large period. The points on the curves appear at the beginning of

each cycle ot the external force. One sees that in this case the phase of the

almost periodic oscillation gradually lags the phase of the external force as t

•incr.......

• By using the relations (;.7), the solution (;.20) may be represented as

where

We see in Fig. '.5& that the limit cycle contains the origin Xl = Yl =0

in its interlbr and that the representative point moves in the clockwise direc-

t1on. Therefore, the phase angle of the oscillation lags by 2~ radians when the

representative point makes one revolution along the closed trajectory.
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(d) Transition between &ntrained Oscillations and Almost Periodic Oscillations

We consider the behavior of integral curves of Eq. (,.6) particularly in

the case where the amplitude B and the frequency v of the external force are

given near the boundary of harmonic entrainment. As mentioned in Sec. '.~b,

the boundary of harmonic entrainment h given by

or
2

P = 2(2rlO - 1) = 0

The first equation applies in the case where the amplitude B and consequently

the detuning OJ. are comparatively small (see Fig. ,.4). Typical examples of

integral curves in such a case are shown in Fig. ,.6a, b, and c. These figures

show the integral curves under the conditions that B and v of the external force

are prescribed inside, on the boundary of, and outside the region of harmonic

entrainment, respectively. As will be discussed in Sec. ,.4a, the coalescence

of singular points occurs at the boundary of harmonic entrainment.

When the amplitude B and consequently the detuning OJ. are large, the second

equation of (~.22) applies. Typical examples of integral curves in such a CaBe

are shown in fi'ig. '.7. At the boundary of harmonic entrainment the only singu­

larity is a stable focus as.will be verified in Sec. ,.4b. Slight increase in

the detuning beyond the boundary will result in the occurr~nce of a stable limit

cycle which is small in size, however. The limit cycle grows large as the detun-

ing increases.

For intermediate values of B and ~l' s~me complicated phenomena may occur

[ ~, 5]. But we shall not enter this problem here, because such a region of

external force is extremely narrow [cf. Chap. 4].

The difference in the behavior of integral curves between Figs. ~.6 and '.7
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1. explained as ~ollows: An almost periodic oscillation may be considered as a

combination o~ two components, i.e., the free oscillation with the natural fre­

quency of the system and the forced oscillation with the driving frequency.

When the entrainment o~ frequency occurs, the situation in what follows may

arise. If )the amplitude B of the external force is small, the forced oscilla­

tion is not predominant. Since the detuning Ul is also small in this case,

the free oscillation is entrained by the driving frequency (see Fig. ;.6). On

the other hand, i~ B is large, the free oscillation is suppressed by the forced

one (see Fig. ~.7).

,.4 Geometrical Discussion of Integral Curves at the Boundary of Hannonic

Entrainment

We have considered the nature of singular points of Eqs. (~.6) in the pre­

ceding sections. As mentioned there, the types of sihgularities are determined

onc. the roots (different from zero or pure imaginary) of the characteristic

equation (~.l~) are known. However, there still remain special cases to discuss

in which the singular points are of higher order.

The following discussion is based on the autonomous equations (~.6) for

critical values of B and v. And so the application of results, which will be

obtained from them, to the oscillations governed by the nonautonomous equation

('.2) requires further examination, since the assumption is used to derive Eqs.

(a) Coalescence of Singular Points

Following the method of analysis due to Bendixson [2, PP. 58, 62, 74], we inves

tigate the nature of singular point 2 in Fig. ~.6b. In this case the singularity

lies on the boundary q =0 in Fig. ~.4; its coordinates are, from Eqs. (~.lO) and



the first equation of (;.22), given by

(;.2;)

where the amplitude B and the frequency v of the external force are related by·

2 . 2 . 2 ;/2 B 227 [1 + 9 £71 - (1 - ; 0"1) ] = ('j7;a)
o

Transferring the origin to the singular point, i.e., putting

Yl = YIO + ~

we obtain, from 3qs. (;.6),

where

X ( I!: 7) z:, .2 2 l!: 2
1 '" = - /xIO t. - Y10~ '7 - xIO 1

• Relations (;.2;) and (;.24) correspond to the upper boundary of the ellipse

represented by the stability limit q =0 in the ~lrlO plane (see Fig. ;.4),

since this portion turns to the boundary of entrainment on the Bv plane.
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When ~(~ _ '7) and YI (~ _ 7 ) are ignored_ the characteristic equation of the

system ('.25) is given by

= 0

from which we obtain

A 1 = 0

Thus the singular point with which we are dealing is that of the second kind,

and so we shall investigate the stability in what follows.

The tangents of the integral curves at the origin of the l, '1 plane are

determined by (see Appendix I)

We shall first show that there are two and only two branches of the inte-

gral curves which tend to the origin with the tangent z, = O. By making use of

the transformation ~ = 'f'7 _ equations ('.25) lead to

(3.28)
d'7
(ft=

where ~ (If , '7 ) and Y2 ('f _'7 ) are the polynomials containing terms of higher

degree than the first in ~_ 1. The characteristic equation becomes in this

case

:I 0
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trom whioh ve obtain·

eQ that the singularity is a saddle point. Henao there are four branches of

tbe integral curves tending to the origin in the Cf'l plane, two of which are

repre.ented by '7 = 0, but these are reduced to the origin ~ = 1 = 0 of the l yt

plane. We have, therefore, two and only two branches of the integral curves

tending to the origin!, = 7 = 0 with the tangent t. = 0, one of them being sit­

uated above and the other under the ~ axis.

Now we may conclude that all the other integral curves which tend to the
bl

origin have the .tangent '7 = - b t,. In order, therefore, to investigate them,
2

we apply the transformation

to (,.25), and get

or

where

2 dIf'
~ 4"i. a '#I + b 2, + Bl (~ , ~ )

- b'2
a • """!r2--------""'l2--

blxlO - 2b1b2YIO + ,b2x10

• When q • 0, the coefficient b2 is given by

from this b2 < 0 results at the upper boundary of q = o.
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Bl ( t, , 'fJ) being a series containing terms of higher' degree than the f'irst in ~,

"f. This takes the form of Eq. (I.3) in Appendix I with m = 2 (an even num­

ber).· Hence, dividing the ~'4J plane into two regions along the '1J axis, we see

that all the integral curves tend to the origin on either side of' the axis (which

side it will be depending on the sign of a), and that, on the other side, one and

only one branch of the integral curves tends to the origin, while all the others

veer away from the origin. Therefore, in the end, we may conclude that the equi-

librium state correlated with the singularity is semistable.

We shall further derive an approximate equation of the integral curves in

the neighborhood of the singularity. By making use of the further transforma-

tion
1p=-z.a

equation (3.30) becomes

q = aep + b~

(3.31)

where B~(p,q) contains terms of higher degree than the first in p, q, so that

it may be neglected as compared with q, since we confine the discussion to the

singular point and its Vicinity alone. Integrating (3.31) under this condition,

we have 1- -
q = C.e p (3.32)

C being a constant of integration, and, turning back to the original ~7 rela-

• It is here assumed that



tion, we finally obtain

Numerical Example

In order ~ illustrate the foregoing analysis, we consider a case when the am-

plitude B and the frequency II satisfy the following relations

B 2
(~"'a )o

1
=TO q = 0

From this the following quantities are readily obtained;· i.e.,

B = 0.0842 V = 1.024,

x IO = .. 0.1675 Y10 = - 0.9570

bi = - 0.6412 b2 = - 1.7756

a = 10.64 b = - 6.894

Substituting these values into (,.,~), we can draw the integral curves for sev­

eral values ot C. They are plotted in Fig. ~.8a. From equations ('.25), we see

that a representative point moves on the integral curves in the direction of the

arrows. Thus a point (f. ( -r ), '1 ( -r» tends to the origin in the region !, > 0,

but leaves the origin in the other region ~ < O. Hence, the singular point is

semlstable•

• Equations (,.6) are unchanged it 0'"1 and Yl are replaced by .. 0"'1 and - Yl'

respectively. This implies that the phase-plane diagrams of the system (~.6)

are symmetric about the Xl axis each other it t~e external forces are prescribed

by B/1-I Y aO' 0"1 and B/.u II aO' - 0"1. Hence we cons ider the right-hand bo~dary

given by II > 1.



Now, in order to complete our discussion, we ahall deal with the exception-

al case in which

This takes place when tho singularity is located at the points where the bOWld-

ary q =0 has vertical tangency.

B 2 8
('7i'V'a) =Tf

o

In this case we have

2 1
0"I =-;

and the following values are readilyobtained for ~i =- 1/~; 1.e.,

1 1 2 2
xlO =-- YIO =-- rIO =;{6 {2

b1
2

b2 '"
2

= - ;0
Substituting these values into Eq. ('.29), we have

2 f') 16 2 ~ 2 2 2 2 2'
- 3'1'+ 4~2~ - -=-l,'f + 4JJl; + -'l,tf - lO~ 'I' + ,~~ 'P - t; 'J'

2d'f J6 {2 ( f2
~ d<: = ----------~~------::~~---- - ~ - J')t.

c, _ 4 ~ + 2~ f, 'f + ..! lf2 ~ 'f2
J6

However, this does not take the form of Eq. ('.yO), and so, applying the further

transf'ormation If '" (s + 612) t., we 0 btain

where B2 ( t. , C.) contains terms of higher degree than the first. This takes the

form of Eq. (I.~) in Appendix I with m '" ~ (odd) and a = 1/6 > 0, ~d 80 the

singularity is a nodal point. In order to find the integral curves in the neigh-

borhood of the singularity I we further put
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1
q • bc, + 8[5 t.

Equation (3.35) may then be written in the form

where B~(P,q) contains terms ot higher degree than the first. Hence, neglect­

ing this, we integrate (3.~) and obtain

1
- :2

q = C.e 2p

C being a constant ot integration, and in the l.. 7 plane

1
- :-::2

7 = (- B + 6 J2 ~ - 48,B E.
2

+ C~ e l2t.) l.

The integral curves are computed tor several values of C, and plotted in Fig.

3.8b. From equations (3.25), we see that a representative point moves on the

integral curves in the direction ot the arrows. Thus a point (E; (T ), 7 (T »

trom any initial condition tends ultimately to the origin. Hence, the singular

point is stable.

(b) Existence ot a Stable Focus

We investigate the nature ot singular point in Fig. 3.7b. In this case

the singularity lies on the boundary p =0 in Fig. ,.4; its coordinates are,

from Eqs. (3.10) and the second equation ot (3.22), given by

•where the amplitude B and the trequency v of the external force are related by



Transferring the origin to the singular point, i.e., putting

Y1 = YIO + 7

we obtain, from Eqs. (;.6),

(;.40)

where

A = ---:;B;......'lI:'
1 _ v2

=-

, y (~ n) 2 2 ~ 7 :l; 2 ( J" 2 + 72 ) "'I1 c..., I = - YlOt. - xlO c;., -,,/Y10 ? - c... (

When Xl ( ~ , '7) and Yl (l. , '1) are ignored, the characteristic equation of the

system (;.40) is given by [cf. Eqs. (;.14»)

2
A + p~ + q ::: 0

Since p
2

- 4q = 1 - 4 o-~ < 0 and p = 0, the roots A are imaginary, So that the

singularity is either a center or a focus (gee Sec. ;.;b). Following the analy-
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sis due to Poincar& [22, 2~], we shall investigate the type of singularity in

what follows (see Appendix II).

Introducing new variables defined by

we obtain, from Eqs. (~.40),

dx
~(x,y) :: X(x,y)"= Y +

*= - x + Y2(x,y) :: Y(x,y)

/ cr~where Z :I ja1b2 - a
2

b
1

• L = - 1/4. L

and ~ (x,y), Y2 (x,y) are polynomials containing terms of degree higher than the

first in x and y. Now let us consider a closed curve around the singularity as

given by

F(x,y) =k

where k is a small positive constant. If the function F(x,y) could be construct­

ed such that :~ X + ~; Y = 0, the singularity is a center; While, if ~~ X + ;~Y

is either positive or negative in the neighborhood of the singularity, the singu-

larity is a focus.

In Fig. 3.7b the external force is chosen such that B =0.2 and v = 1.0688,

which are located on the boundary of harmonic entrainment. The other system

parameters are the same as in Sec. ~.2. Then we obtain, from Eqs. (~.~8),

x10 = - 0.3471 and Y10 = - 0.6160



Following the procedure as described in Appendix II, we obtain

where

F(x,y) • F2 (x,y) + F,(x,y) + F4 (x,y) • k

2 2=x + Y

F,(x,y) =•

=0 •

In the neighborhood of the singularity we have

where <P5(x,y) is a polynomial containing terms of degree higher than the fourth

in x and y. Hence the integral curve8 of Eqs. (,.42) cross the closed curve

F(x,y) = k from the exterior to the interior with increasing z. Therefore, we

may conclude that, in the original '1. Y1 plane, the singularity (xlO 'YlO) 11 a

stable focus.

'.5 Almost Periodic Oscillations Which Develop from Higher-Harmonic Oscillations

we shall, in this section, deal with the almost periodic oscillation which

develops from the second- or third-harmonic entrainment.

(a) Fundamental Equations

Almost periodic oscillations which develop from these higher-harmonic oscil-

lations may be expressed by

B
vet) = -l~.~v~2 cos vt + bl(t) sin nvt + b2 (t) cos nvt n = 2 or ,

where b
i

(t) and b2 (t) are slowly varying functions of t. We here derive the
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relations which determine the time-varying coefficients, b
1

(t) and b
2

(t), in

the above solutions.

Proceeding in the same manner as in Sec. 3.;a, namely, substituting Eq.

(,.4,) into ('.2) and equating the coefficients of the terms containing cos nvt

and sin nvt separately to zero gives

dx
2n

Xn (Xn'Yn )F= (D - r)x - O"nYn -n n

dy (,.44)
n 2

Yn(xn,yn)ere = (1 x + (0 - r)y - F -n n n n n

where
b1 b2 2 2 2x = - Yn =- r =x + yn a
O

a
O

n n n

=/t D
2A2

A Ba
O =1 - 2 =' _ \/2aO 1

(nv)2
(3.45)

T =~t cr 1 - detuning=n Mnll

13 2 F; a ;
F2 = 4ii':' A = 12a

O
Aa

O

It is noted that the same assumptions as those mentioned in Sec. ;.3a must be

made for the derivation of Eqs. (3.44). The entrained higher-harmonic oscil-

lation is obtained from 8qs. (;.44) by putting dx Ide = 0 and dy Id~ = O. From
n n

these relations, we can readily find the amplitude characteristic for the higher-

harmonic oscillations, *i. e. ,

(3.46)

* In order to avoid the troublesome notation, we hereafter omit the subscript

o which designates the equilibrium state.
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The amplitudes of the higher-harmonic component x and y , that .n n ~s. the coorii-

nates of the singular point, are given by

proceeding in the same manner as in Sec. 3.3b, the stability conditions for

the singular point are as follows:

2
Pn = 2(2rn - D) > 0

(b) Limit Cycles Correlated with Almost Periodic Oscillations

We consider the behavior of integral curves in the x y plane defined by
n n

the ~qs. (3.44). It is known that, if the external force is given outside the

regions of higher-harmonic entrainment, Eqs. (3.44) have only one unstable 8in-

gularity. * It will also be seen that, for large values of x and y , integral
n n

curves are directed toward the origin for increas.ing T. Therefore the existence

of a stable- limit cycle and hence of an almost periodic oscillation may be cor.-

may be rewritten as

F
2
n

=~
D

equation (3.46)

2r
n

D

,..
For nonzero values of D,

The above equation has the same fo~ as ~q. (3.9). Therefore, if the quantities

2 2
(/1' and (Blu II aO) are replaced by r n/D, (/ ID and p2/D3, respectively,

n n

the response curves of Fig. 3.4 also apply to the case of higher-harmonic 08ci1-

lation. As we can verify shortly, the dotted portions of the response curves

are also unstable for the higher-harmonic oscillation.
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eluded.

Figure '.9a shows an example of the limit cycle of Eqs. (,.44) for n = 2.

In this case the corresponding almost periodic oscillation develops from the

second-harmonic oscillation. The amplitude B and the frequency v of the exter-

nal force are given by

B =0.8 and II = 0.47

which are located just outside the region of the second-harmonic entrainment (see

Fig. '.la). The other system parameters are the same as before. The period re-

quired for the representative point to complete one revolution along the limit

cycle is 7.6 ••• times the period of the external force. Figure '.9b shows the

waveform of the almost periodic oscillation represented by the limit cycle. In

Fig. '.IOa is plotted the limit cycle of Eqs. (,.44) for n = 'j the correspond-

ing almost periodic oscillation develops from the third-harmonic oscillation.

The amplitude B and the frequency v of the external force are given by

B = 1.0 and

which are located just outside the region of the third-harmonic entrainment (see

Fig. '.la). The period required for the representative point to complete one

revolution along the limit cycle is 10.4 ••• times the period of the external

force. ?igure '.lOb shows the waveform of the almost periodic oscillation rep-

resented by the limit cycle. The details of the singular points in Figs. '.9a

and '.lOa are readily known and are summed up in Table ,.,.

(c) Transition between Entrained Oscillations and Almost Periodic Oscillations

Introducing new variables defined by

x = JD yn
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Table ;.;. Singular points in Figs. ;.9a and ;.lOa

Singular x Yn -\1' A 2 Classificationpoint n

Fig. ;.98. 0.22'6 0.066 0.187 ± 0.824i Unstable fcc\..;.;;

Fig. ;.lOa -0.195 0.04; 0.061 ± 0.457i Unstable focus

0- = D 0­
n

we obtain, from Eqs. (;.44),

T = z/D

dx 2 F
(1 -

n
dz = r )x - o-y + :J72

D

~- 0- x + (1 _ r 2)y
dz -

2quationa (3.50) have the sane form as (;.6). Hence the behavior of integral

curves during the transition between entrained oscillations and almost periodic

oscillations is analogous to that occurring between harmonic and almost periodic

oscillations.

;.6 Almost Periodic Oscillations Which Develop from Subharmonic Oscillations

de shall, in this section, deal with the almost periodic oscillation which

develops from the 1/2- or l/;-harmonic entrainment.

(a) Fundamental Equations

Almost periodic oscillations which develop from these subharmonic oscilla-

tions may be expressed by

vet) = 8 2 cos vt + b l (t) sin mIt + b2 (t) cos mit
1 - V

n = 1/2 or 1/;



where bl(t) and b2(t) are slowly varying functions of t. We here derive the

relations which determine the time-varying coefficient, bl(t) and b2(t), in the

above solutions.

Proceeding in the same manner as in Sec. 3.3a; namely, substituting Eq.

(3.51) into (3.2) and equating the coefficients of the terms containing cos nvt

and sin nvt separately to zero gives

n =1/21

~-d. -

(D - r~/3)xl/3 - ~1/3Yl/3 + ~ 2xl/3Yl/3 =Xl / 3 (Xl / 3'Yl/3)

2 A 2 2 )
~1/3xl/3 + (D - r l / 3)Yl/3 + a

o
(xl / 3 - Yl/3) =Yl/3(x1/ 3'Yl/3

hl b2 2 2 2
where x :1- Yn ='- r = x + Y

n aO
aO

n n n

a :I ~ D = 1 2A2
A = B 0.54)o 7f -2 1 _ ",2a

O 2
1': =~t (J" 1 - (nil)

I detuning=n I.J. nv

It is noted that the same assumptions as those mentioneq in Sec. 3.3a must be

made for the derivation of Eqs. (;.52) and (3.5;). The entrained subharmonic

oscillation is obtained from Eqs. (;.52) or (;.5;) by putting dx /dL = 0 and
n

dy /dL = O. From these relations, we can find the amplitude characteristics
n

for the subharmonic oscillations, i.e.,

n = 1/21
222 122 2

(D - r l / 2) + 0"1/2 - '4/3 A ] Tl / 2 = 0
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(;.56)

From these relations, the ~plitude r of the subharmonic oscillation is foundn

to be

n = 1/21
2 (;.57)r l / 2 = 0

2
D 1:

j /32 2 2 (;.58)or r l / 2 = 0" 1/2T A -

n = 1/;1
2 (;.59)r l /; = 0

2
(D + ! A

2
) jeD + ~ A

2)2 _
D2 _ 2 (;.60)or r l /; = ~ 0"1/;

When the amplitude r is zero, no subharmonic response is obtained. Con­
n

sequently, the periodic solution (;.51) has only the harmonic component

2B/(l - V ) ·cos lit. The amplitude r of the subharmonic oscillation may ben

obtained from Eq. (;.58) or (;.60) provided that the right sides of these equa-

tions are positive. One will~notice from Eqs. (;.58) and (;.60) that the detun-

ing u must be small enough when the entrainment at these subharmonic frequen­n

cies is expected (see Fig. ;.lb). The amplitudes of the subharmonic component

Xn and Yn' that is, the coordinates of the singular points, are given by

n = 1/2:

where

n =1/;:

Xl / 2 =rl/2 cos 81/ 2 r l / 2 cos( 81/ 2 + 1'T)

YI/2 = r 1/ 2 sin el / 2 r l / 2 sin ( e1/2 + 1'T) (;.61)

2

cos 28 1/ 2 =
- 2(D - r 1/ 2)

sin 28 1/ 2 =
2 (j 1/2

(3A f3A

2
r l /; cos ( e1/; + ~ 1'T)

4
r 1/; cos( e1/; + ~ 1'T)
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where COS

Proceeding in the same manner as in Seo. '.'b, the stability conditions

tor the singular points are as follow8 J

2
For r 1/ 2 =o.

Pl/2 =- 20 > 0

2
For r 1/2 :+ 0:

2
Pl/2 =2(2rl / 2 - 0) '> 0

2
r 1/, =O.

PI/, = - 20 > 0

2
For r l /, + O.

2
p l /, • 2(2r l /, - D) > 0

2 1 2 2 2
q1/2 .. D - '1; fJ A + (J 1/2 ,. 0

2 2
ql/' = D + (J 1/' ,. 0

(,.64)

(b) Limit Cyole Correlated With Almost Periodio Oscillations

We oonsider the behavior of integral ourves in the x y plane defined bynn

the Eqs. ('.52) or ('.5'). Analogously as in the preceding sections, it may be

conoluded that, if the external force is given outside the regions of subharmon-

ic entrainment, Eqs. ';.52) or ".5;) possess a limit cycle correlated with an

almost periodio oscillation.

The graphical solution of Eqs. ';.52) or (;.5;) may conveniently be obtain-

ad by introducing polar coordina.tes x = r cos () , y • r sin (). Thus ve
n n n n n n

write, from Eqs. ('.52) and (;.5'),
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2 {j
(D - r 1/ 2)r1/ 2 + '2 Ar1/ 2 cos 28 1/ 2 :; R1/ 2 (r1/ 2 , 91/ 2)

fJ
(J'1/2 - 2' A sin 2 e1/2

and

(;.68)

Let ep be the angle with which the integral
n

Equations (;.67) are unchanged if 81/ 2 is replaced by el / 2 + n, while Eqs.

(;.68) are unchanged ,if e1/; 1s replaced by e1/; + ~ n. This implies that

phase-plane diagram of the system (;.67) is n symmetric about the origin and

2that of (;.68) is 3 n symmetric.

curve traverses the radius vector, then

tan ep =
n

de
n

r -=n dr
n

n = 1/2 or 1/;

The graphical construction of integral curves is much facilitated by drawing

iso- <P curves instead of isoclines.

Figure ;.11a shows an example of the limit cycle of Eqs. (;.67). Some of

the iso-4> curves are shown dotted in the figure. In this case the correspond-

ing almost periodic oscillation develops from thd l/2-har.monic oscillation. The

amplitude B and the frequency v' of the external force are given by

B = 4.0 and v = 2.15

which are located just outside the region of the l/2-harmonic entrainment (see

Fig. ;.lb). The other system parameters are the same as before. The period T

required for the representative point to complete one revolution along the limit
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cycle is readily obtained fram the second equation of (;.67), i.e.,

T ::I
de1/2 ::I 211

- -2/j A sin 2 e1/2 j 2 1 2 2
fT1/2 - 7; 13 A

It i8 worth noting that in this particular case the limit cycle is also obtain­

ed analytically by constructing a Liapunov function in what follows [15, pp. 74-

82).

When the amplitude B and the frequency V of the external force are given

outside the region of the 1/2-harmonic entrainment, the system (;.52) has the

only singular point which is unstable focus and is located at the origin x1/ 2

::I 11/2 ::I 0 (cf. Eqs. (;.6;)]. Hence the linear part of Eqs. (;.52), i.e.,

dXl / 2 1
d-r ::I (D + 2,6A)xl / 2 - (Tl/2Yl/2

has an asymptotically unstable singularity at the origin.

We try to determine a Liapunov function for the linear system (;.71) and

assume a quadratic form

The unlmown coefficients a, b, and c will be determined in such a way that

dV/d~ is a positive definite function of the form



where

1 1 2 .
a .. ~ [(D - 2~A)D + 0"1/2]

1 1
b ::I - ;;i 2,l3A 0"1/2

1 1 2
c =:; [(D + 2 ~ A) D + CT 1/2]

L3 .. (D
2

- ~ fj2A2 + CT~/2)D

(~.74)

Then, using Eqs. (~.52), we obtain

dV av dX1!2 ~ V dYl /22 _ v)- = • - +-. =2r / (1d"t aX1/ 2 d-r OYI/2 d-r 1 2

so that the ellipse V ::I 1* represents a stable limit cycle to which neighboring

integral curves tend asymptotically with increasing 1:. Using the values of the

system parameters as mentioned above, we obtain, from Eq. (~.70), T = 10.07 •••

or equal to 45.9 ••• times the period of the external force. An analytical ex­

pression for the limit cycle of Fig. ~.lla, derived from Eqs. (~.72) and (;.74),

is

The waveform of the almost periodic oscillation, calculated from the limit cycle,

is shown in Fig. '.llb.

Figure ~.12a shows an example of the limit cycle of Eqs. (;.68). The ampli-

tude B and the frequency v of the external force are given by

B = 6.7 and II = 2.85

which are located just outside the region of l/,-hannonic entrainment (see Fig.

* It is not difficult to show that a>O, c>O and ac - b2 > OJ hence V is

positive definite.
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,.lb). The period required for the representative point to complete ona ravo-,

lut.ion along t.he limit. cycle is 67.1 •• • times t.he period of the external force.

Figure '.12b shows t.he waveform of the almost periodic oscillation represented

by the limit. cycle. The details of the singular points in Figs. 3.lla and 3.12a

are readily known and are summed up in Table 3.4.

Table 3.4. Singular points in Figs. 3.11a and 3.12a

Singular
x Yn Al' A2 Classificationpoint n

Fig. '.lla 0 0 0.187 :!: 0.624i Unstable focus

Fig. '.12a 0 0 0.410 :!: 0.684i Unstable focus

(c) Transition between Entrained Oscillations and Almost Periodic Oscillations

We shall investigate the behavior of integral curves of Eqs. (3.52) when

the external force is given near the boundary of 1/2-harmonic entrainment.

Three typical cases of integral curves are sketched in Fig. 3.13; namely, a, b,

and c, are such cases that B and \I of the external force are prescribed inside,

on the boundary of, and outside the region of 1/2-harmonic entrainment. Singu-

larities 1 and 2 in Fig. 3.13a are stable nodes correlated with entrained oscil­

lations. Singularities' and 4 are saddles which are intrinsically unstable.

The origin is an unstable node. Therefore any integral curve will tend either

to 1 or 2, depending on the location of the initial point from which the inte-

gral curve has started. In Fig. 3.13b two singular points coalesce so as to

form a singularity of a higher order. Such singularities, 1 and 2, are of the

node-saddle type. The representative point on the closed trajectory may stay
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for a moment at one of these singularities; but I when affected by a slight dis­

turbance, the point will move to the other singularity in the direction of arrows.

The limit cycle in Fig. ;.l;c is correlated with an almost periodic oscillation.

Proceeding in the same manner as above l integral curves of Eqs. (;.5;) are

plotted in Fig. ;.14. The singularities are equidistant and equiangular about
1

the origin. In Fig. ;.14a singularities 1, 2 1 and ; are correlated with entrain_

ed oscillations of the l/;-harmonic frequencYI while singularities 4, 5, 61 and

the origin are unstable. In Fig. ;.14b the coalescence of singular points occurs

resulting in the node-saddle distribution of integral curves near the singulari-

ties. The limit cycle in Fig. ;.14c is correlated with an almost periodic oscil-

lation.

;.7 Digital-Computer Analysis

In the preceding sections we investigated the almost periodic oscillations

on the basis of the derived autonomous systems. In this section we examine these

results by using the KDC-l digital computer.

The !:lethed of analysis is similar to that we have used in Sees. 1.6 and 2.5;

that iSI the second-order differential equation (;.2) can be rewritten as the

simultaneous equations of the fi~st order

dv 2).err = J.l (1 - f3 v - ~ v v - v + B cos lIt

(;.75)

We consider the invariant curve [21, pp. 6;-65] under the mapping in the vV plane;

that is, the curve composed of the locus of the images. The mapping from t = 2n11h

to 2(n + l)11/v, where n = 01 11 2, ••• is considered, since the right sides of

£qs. (;.75) are periodic functions in t ot period 211/".
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#hen the amplitude B and frequency v of the external force are prescribed

outside the regions of entrainment, the point P (v(2nn/v), v(2nn/v)) does not
n

get to a stable fixed (or periodic) point, but moves permanently and generates

a closed invariant curve, which corresponds to an almost periodic oscillation.*

The state of closed 'invariant curve is analogous to lL~it cycle in the xy plane.

We show some examples of closed invariant curves of Eq. ('.75) for several

combinations of B and v, and compare the results with those obtained in the pre-

ceding sections.

(a) Almost Periodic Oscillation Which Develops from Harmonic Entrainment

We consider the case when the amplitude B and frequency II of the external

force are prescribed just outside the region of harmonic entrainment.

A numerical analysis of the system (,. 75) was carried out for the external

force as given by

B =0.2 and v = 1.1

which are the same as those we have used in Fig. '.5. The system parameters in

Eqa. (,.75) are the same as those in the preceding sections; i.e.,

JJ. = 0.15 and

After a long period of time t, a point P (v(2nn/v), v(2nn/Il» moves along the
n

closed invariant curve as illustrated in Fig. ,.15. The small circles on the

curves represent an example of the time intervals which are 2n/v or equal to

• Strictly speaking we cannot see with mathematical rigor that an almost

periodic oscillation is whether a periodic oscillation with large period or a

nonperiodic oscillation. At this point, however, we regard an almost periodic

oscillation as a nonperiodic oscillation.
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one period of the external force. The period required for the point P to Com­
n

plete one revolution along the closed invariant curve is 11.4 ••• times the

period of the external force. In performing the numerical integration of E:qs.

(,.75), we used the Runge-Kutta-Gill's method (With the step h equal to n/12v).

The closed curve converted from the limit cycle of Fig. 3.5a is also shown

(by dotted line) in the figure. It is obtained by the following relations [cf.

Eq. ('.20)].

(;.76)

One sees in the figure that these two closed curves show fairly good accordance;

thus, the expression (;.20) for the almost periodic oscillation is considered to

be legitimate.

(b) Almost Periodic Oscillations Which Develop from Higher-Harmonic Entrainment

Figures ;.16 and 3.17 show.the closed invariant curves of Eqs. (;.75) with

the external forces as given by

B =0.8

B = 1.0

and

and

II = 0.47

v =0.;45

for Fig.~ 3.16

for Fig. ;.17

which correspond to Figs. 3.9a and ;.loa, respectively. The system parameters

are the same as before. The periods required for the point P to complete one
n

revolution along the closed invariant curves of Figs. 3.15 and ;.16 are 9.9 •••

and 8.1 ••• times the period of the external force, respectively. Closed curves

converted from the limit cycles of Figs. 3.9a and 3. lOa are also shown by dotted

lines. They are obtained by the following relations [cf. Sq. (3.43)].

dy
v = A + aOYn v = aO(nvxn

n
+ err) :: aOn\lx. n

(;.77)
where A = B/(l _ V2) and n = 2 or 3
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one sees in the figures that in both cases there are considerable discrepancies

between the full and dotted lines.

(c) Abnost Periodic Oscillations Which Develop froo Subharmonic Entrainment

Figures ;.18 and ;.19 show the closed invariant curves of Eqs. (;.75) with

the external forces as given by

B =4.0

B = 6.7

and

and

v = 2.15

v' = 2.85

for Fig. ;.18

for Fig. ;.19

which correspond to Figs. ;.11a and ;.12a, respectively. The system parameters

are the same as before. The &.mall circles on the curves indicate the courses of

the successive mapping: that is, initial point (marked by the number 0 in the

figure) is transferred in turn to the points marked by the natural number in suc.

cession. Thus the time intervals between two successive points on the closed

invariant curves are the integral multiples of the period of the external force;

i.e., 4n/v and 6n/v for Figs. ;.18 and ;.19, r~spectively. The periods required

for the point P to complete one revolution along the closed invariant curves of
n

Figs. ;.18 and ;.19 are about 41 and 72 times the period of the external force,

respectively. Closed curves converted from the limit cycles of Fig. ;.lla and

;.12a are also shown by dotted lines. They are obtained by the following rela-

tiona [cf. Eq. (;.51)].

where 2
A = B/(l - V ) and n = 1/2 or 1/;

(;:76)

One sees in the figures that in both cases two closed curves (drawn by full and

dotted lines) show fairly good accordance.
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3.8 Concluding Remarks

Almost periodic oscillations which occur in a self-oscillatory system under

a periodic force have been investigated by making use of the method of variation

of parameters which assume the slowly varying amplitude and phase of the oscil­

lation. When the amplitude and frequency of the external force are prescribed

close to the regions of harmonic and subharmonic entrainment, this approximate

method furnishes a fairly good description of the almost periodiC oscillation.

But when the external force is given close to the regions of higher-harmonic

entrainment, this method brings less satisfactory results as we saw in Sec. ;.7b.

This fact results from the form of approximate solution as given by ~q. (;.4;).

If we consider higher-harmonic components moreover, results will be improved.

However, this method becomes practically inapplicable, since the analysis is com­

pelled to resort to the graphical solution in a higher-dimensional state space.

In addition when the external force is given just between but not near the regions

of entrainment, the analysis does not account for very well, because the assump­

tion that the amplitude and phase of the oscillation vary slowly does not hold.

The method of combination oscillations which consist of two simple harmonic Com­

ponents, one with the natural frequency of the system and the other with the

driving frequency [24, pp. 16,-171], is useful under such situation.
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CHAPTER 4

SELF-OSCILLATORY SYSTEM WITH NONLINEAR RESTORING FORCE

4.1 Introduction

In the preceding chapter we treated the problem in which the damping of

the system was nonlinear. In this chapter we consider a problem in which both

the damping and the restoring force are nonlinear; that is, a system governed

by the differential equation

(4.1)

where ~ is a small positive constant and ~ is positive also and B cos vt rep-

resents a forcing function.

In the preceding analysis we overlooked the case where both the entrained

and almost periodic oscillations occur even for the same values of the external

forces, since such a range of the external forces is extremely narrow. On the

other hand in the system described by Eq. (4.1) the response curves are skewed

by the nonlinear restoring force as one will see later. From this standpoint

it may be conjectured that such a range of the external forces becomes broader

than that of before. Therefore we consider a particular case in which two types

of steady-state responses occur depending only on different values of the initial

conditions. Special attention is directed toward the transition between entrain-

ad oscillations and almost periodic oscillations which occurs under such circum-

stances. The method of analysis is much the same as we have used in the fore-

going chapter.

75
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4.2 Harmonic Oscillations

We shall, in this section, deal with the harmonic entrainment and the tran-

sition between entrained and almost periodic oscillations.

(a) Fundamental Equations

When no external force is applied to the system, a free oscillation is self-

excited. To find the ultimate amplitude and frequency of the oscillation, we

put, to a first approximation,

(4.2)

and substitute this into Eq. (4.1) with B = O. Then, equating the coefficients

of the terms containing sin wot and cos w ot separately to zero, we obtain

(4. ;)

We see that the natural frequency uJo of the system is proportional to the ampli­

tude a
O

of the free oscillation. These results due to the presence of nonlinear

restoring force.

When the external force with the frequency V being nearly equal to w 0 is

present, the entrained harmonic oscillation or the almost periodic oscillation

which develops from hannonic entrainment occurs depending on the value of B.

Hence we assume the approximate solution of the form

v (t) = b1 (t) s in ~ t + b2 (t) cos "t (4.4)

where bl(t), b2 (t) become constants for entrained oscillations and slowly vary­

ing functions of the time t for almost periodic oscillations.

Proceeding analogously as in Sec. ;.;a, we shall derive the relations which
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determine the time-varying coefficients, bl(t) and b2(t), in the above solution.

Thus we substitute Eq. (4.4) into (4.1) and equate the coefficients of the terms

containing cos vt and sin vt separately to zero. The result is

dYl
(4.5)

0'1x1 + (1 -
2

Yl (xl'Yl)<Fr = r1)Yl =

where
bl b2 2 2 2

xl =- Yl =- r l = xl + Yla
O

a
O

aO = fl Wo =[: u (4.6)T=2't

2 2 2
wOrl - V

0"1 = detuning
JJ,V

It should, however, be remembered that the same assumptions as those mentioned

in Sec. ~.~a must be made for the derivation of ~qs. (4.5). Those equations

have the same form as Eqs. (~.6), but it should be noted that the definition of

the detuning ~l differs from that of in Eqs. (~.7). In this case, the detuning

is a function of both the amplitude r l and the driving frequency V. This is a

reasonable result since the natural frequency of the system is modified to ((JOr l •

Equations (4.5) serve as fundamental equations in studying almost periodic oscil-

lations as well as entrained oscillations. The entrained harmonic oscillation

is obtained by putting dXl/dT = 0 and dyl/dT = 0, i.e.,

(4.7)

Eliminating Xl and Yl from the above equations gives

(4.8)
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The amplitudes xl and Yl' that is, the coordinates of the singular point, are

given by

Figure 4.1 shows the response curves as given by the Eq. (4.8) for the follow-

ing values of the system parameters:

J.i. =0.2 and 1 = 8

One sees that the response curves in the case of nonlinear restoring force could

be thought of as arising from those for the linear case (see Fig. ;.4) by bend-

ing the latter to the right.

(b) Stability of the Singular Point Correlated with the Periodic Solution

Proceeding analogously as in Sec. ;.;b, we investigate the stability of the

equilibrium state by considering the behavior of sufficiently small variations!

and '7 from the singular point and determine whether these ~eviation8 approach

zero or not with increase of T. The character of the integral curves near the

singular point is to be determined by the following equations:

dE
all. + a27

d'1
blf. + b27d-r= 'd.r=

ax 2 2
(.02

1 0with a1 = (ax-)0 = 1 - r l - 2X1 - 2 ~v Xl Yl
1

aXl
2

Wo 2
(4.10)a2 = (ay )0 = - 2xl Yl - (/1 - 2-y

1 IJ. v 1

oYl
2

hI
W o 2

= «(5X)0 = - 2x1Yl + (Tl + 2-x
1 /wlll 1

bY1
2

2 2 Wob2 = (~Y )0 = 1 - r 1 - 2Yl + 2~ x1Y11
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where (~X1/~xl)O' ••• , (oyl/ayl)O stand for O~/dXl' ••• , aYl/OY
l

at the singu­

lar point. By making use of the Routh-Hurwitz's criterion, the conditions for

stability of the singular point are given by

- (al + b2)
2

p = = 2(2r1 - 1) > 0

2
2 2 2 Wo 2

q = al b2 - ~bl = (1 - rl)(l - ~rl) +0'"1 + 2 J.J.II (T1 r 1 > 0

(4.11 )

The stability limits p =0 and q =0 are also shown in Fig. 4.1. Hence the

dotted-line portions of the response curves are unstable. It is readily veri-

fied that the vertical tangencies of the response curves lie on the stability

limit q =o.

(c) Region of Harmonic Entrainment

From the results obtained in the preceding s~ction, the region of harmonic

entrainment is obtained on the B\1 plane as illustrated in Fig. 4.2. On this

plane each point (V,B) represents a particular patterns of integral curves (i.e.,

the phase portrait) of Eqs. (4.5) on the xlYl plane. The number and character

of the singularities is prescribed by 'the location of the point (v,B). The

boundary curve BD~OEA corresponds to the upper boundary of q = 0 in Fig. 4.1,

and ACGB to the lower boundary of q = O. For points on these boundaries, phase

portrait has a higher-order singularity corresponding to a point on the stability

limit q =0 (cf. Sec. ~.4a). The boundary curve HDCF corre&ponds to the boundary

of P = O. It touches the curve BGA at the point 0 and Bc.Uo at D. The points 0

and D correspond to the intersection of q =0 with p =0 in Fig. 4.1. For points

on the curve OD, the singularity on p =0 is a saddle point within q < 0, and

hence, this boundary curve has practically no significance. On the other hand,

for points on the curves HD and OF, the singularity on p = 0 is a higher-order



singularity representing the transition between a stable and unstable focus

(cf. Sec. ,.4b).

From the above explanation, we see that when B and V are in the region

represented by the curvilinear triangle c.uOAB, Eqs. (4.5) have three singular­

ities, one of which is a saddle point. OUtside this region, there are only

one stable or unstable singularity according as above or below the boundaries

HG and EF. Hence in the regions represented by the curvilinear triangles ACE

and BDG there are three singularities, one of which is a saddle point and the

remaining two are the stable singularities in the region ACE and the unstable

singularities in BDG. The region above the line HD WOEF (drawn by thick line

in the figure), therefore, becomes the region of harmonic entrainment since

there are at least one stable singularity in the phase portrait.

(d) Example of the Phase Portrait

From the result above obtained, we see that if B and v of the external

force are prescribed outside the region of harmonic entrainment, Eqs. (4.5)

have only unstable singularity. It will also be seen that, for large values

of ~ and Yl' the representative point on the integral curve will cross the

family of concentric circles centered at the origin from the outside to the

inside as ~ increases. Hence the existence of a stable limit cycle in the xlYl

plane may be concluded, which corresponds to an almost periodic oscillation.

However, even if B and v are given inside the region of harmonic entrainment,

Eqs. (4.5) can possess a stable limit cycle in addition to a stable singular

point for particular values of B and v.

Figure 4., shows an example of phase portrait of such a case. The ampli­

tude B and the frequency v of the external force are given by

and V. = 1
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Table 4.1. Singular Points in Fig. 4.3

Singular point xl Yl A l' >-2 ~1,J..l2 • Classification

I -0.086 -0.546 0.39 ~ 3.8Oi Unstable focus

2 0.5)6 -1.212 0.87, -5.89 2.80, 0.09 Saddle (unstable)

3 1.571 -0.255 -1.11 , -7.02 4.77,-2.54 stable node

•1J. 1, J.i 2 are the tangential directions of the integral curves at the singu-

lar points.

which are located in the region of harmonic entrainment (see Fig. 4.2). The

other system parameters are the same as in Sec. 4.2a. The details of the sin-

gularities in Fig. 4.3 are readily known and are listed in Table 4.1. We see

in the figure a stable limit cycle which encircles the unstable focus 1. One

of the integral curves (drawn by thick line in the figure) that contains the

saddle point 2, that is, the separatrix, divides the whole plane into two re-

gions, in one of which all integral curves tend to the limit cycle, while in

the other to the nodal point 3. Thus both the almost periodic and entrained

oscillations may occur in this system, which one it will be depending on the

initial condition.

(e) Transition between Entrained Oscillations and Almost PeriodiC Oscillations

In the preceding section we showed the case in which both the entrained and

the almost periodic oscillations occur depending only on different values of the

initial conditions. Here we consider the transition between entrained oBcilla-

tions and almost periodic oscillations which occurs under such circumstances.

2
Figure 4.4 shows an example of the amplitude characteristic (B VB. r 1) when
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V i8 kept constant (= 0.9). By making use of the stability conditions (4.11)

we classified the singular points along the amplitude characteristic illustrated

in Fig. 4.4. The results are listed in Table 4.2.

Table 4.2. Olassification of singular points along the

amplitude characteristic of Fig. 4.4

Interval 2
- 4q Classificationp q p

oa - + - Unstable foci

ab + + - Stable foci

bc + + + Stable nodes

cd + - + Saddles (unstable)

de + + + Stable nodes

ef + + - Stable foci

The occurrence and extinction of a limit cycle, as B varies along this

characteristic, will most easily be understood by plotting the phase portraits

of Eqs. (4.5) for various values of B. The results are shown in Fig. 4.5.

When B is given below Bl of Fig. 4.4, a limit cycle exists which encircles an

unstable focal point. This state is shown in Fig. 4.5a. Coalescence of singu-

larities appears at B = Bl • Further increase in B results in the separation of

this higher-order singular point into two simple singular points, that is, the

coexistence of a stable limit cycle and a stable node. When B = B2, there exists

a closed integral curve starting from the saddle point and coming back to the

same point. The limit cycle disappears when B is increased beyond B2• However,

when Breaches B, the integral curves show the same behavior as in Fig. 4.5d.



A limit cycle appears once more for B, < B <; B4 and shrinks up to a stable focus

at B :II B4 (cf. Sec. ,.4b). For values of B between B4 and B
5
, there exist two

types of stable singularities, correlated with the resonant and non-resonant os-

cillations, but there is no limit cycle. The coalescence of singularities occurs

at B :II B
5

and then this higher-order singularity disappears.

ed that an almost periodic oscillation occurs for B < B2 and

Hence it is conclud-

a res-

onant oscillation for Bl <; B, and a nonresonant oscillation for B4 < B < B
5

•

Here we introduce the mean-square amplitude of the almost periodiC oscilla-

tion defind by

(4.12)

where C is an integration path being taken round the limit cycle and T is a pe-

riod for the representative point (Xl (T), Yl (T» to complete one revolution

along the limit cycle. This mean-square amplitudes r~ of the almost periodic

oscillation are plotted by chain lines in,Fig. 4.6. The arrows in the figure

show the transition of these oscillations. Thus we see that between Bl and B2

there exists hysteresis and at B, and B
5

jump phenomena take place from the

lower to the higher branch.

It should also be mentioned that, for other values of the external forces,

the situation may somewhat be different from that mentioned above. Under cer-

tain conditions (for example, for different values of v), an almost periodic

oscillation occurs for any values of B below B4, that is, chain lines are con­

nected, or only for values below Bl and between B, and B4. In the latter case

no hysteresis between Bl and B2 results, since,the coalescence of singularities

appears on the limit cycle (cf. Fig. '.5b).

In this section we investigated the right hand transitional region as given

by 1/ > wo' but for certain values of B and v, particularly in the neighborhood
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of the curvilinear triangle BGD in Fig. 4.2, some complicated phenomena may

occur [6]. However, we shall not enter into this problem here, because such

a region of the external forces is extremely narrow (cf. Ohap. 5).

(f) Analog-Oomputer Analysis

In the preceding sections two types of steady-state responses and the tran-

sition between these were investigated on the basis of the derived autonomous

system (4.5). In this section we examine tl~se results by using an analog com-

puter.

The solution of the original differential equation (4.1), i.e.,

B cos v t

are sought for various combinations of B and v.

same as in Sec. 4.2a, i.e.,

The system parameters are the

1.1 =0.2 and '1 = 8

The region of harmonic entrainment thus obtained is shown in Fig. 4.7. The

lines in the figure show the boundaries of entrainment, or boundaries of differ-

ent types of oscillations. The hatching area indicates the presence of an almost

periodic oscillation in addition to an entrained oscillation. The other domains

0-: the different types of oscillations are the same as already explained in Fig.

4.2 and should be self-explanatory. The result concerning hysteresis (cf. Fig.

4.6) is also confirmed.

4.) Subharmonic Oscillations of order 1/)

(a) Fundamental Equations
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When the external force with the frequency v being nearly equal to ) W
o

is present, the entrained oscillation or the a~ost periodic oscillation which

develops from l/,-harmonic entrainment occurs depending on the value of B. We

assume· the approximate solution of the form

with

where bl(t), b2 (t) become constants for entrained oscillations and slowly vary­

*ing functions of the time t fo·r almost periodic oscillations.

Proceeding analogously as before, we shall derive the relations which de-

bl(t) and b2(t), .in the. above solutions.

(4.1') into (4.1) and equate the coef-

1sin 3 II t separately to zero. The

termine these time-varying coefficients,

Thus we substitute the first equation o£

1ficients of the terms containing COB 3 oJ t and

result is

2 2
+ ~w(xl/' - Yl/,) + 2wxl/'Yl/~ =Xl/,(xl/~' YI/,)

dYI/ i _ 2 2
d - (rrl/~ + 6kw )xl/~ + (D - rl/,)YI/,

(4.14)

where 2 2
= xl/' + Yl/5

* The amplitude of the harmonic component in Eq. (4.15) is given by Eqs.

(4.6) and (4.9), and this will be investigated in Sec. 4.3c.
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f..).
1" = 2 t

2
Wo 2

k =--- D = 1 - 2w
/.1 V

2 2 2
w Orl / 3 - (v/3)

0-1/
3

= _---:.~--­
J.J. (v/~)

detuning

(4.15)

It should, however, be re:nembered that the same assumptions as those mentioned

in Sec. 3.3a must be made for the derivation of Eqs. (4.14). The entrained

l/)-harmonic oscillation is obtained from Eqs. (4.14) by putting dX l /
3
/dT = 0

and dYl /
3
/dT = O. From these relations, we can find the amplitude characteristic

for the l/;-harmonic oscillation, i.e.,

2 2 22 222 2
[(D - r l /;) + ( ~l/; + 6kw) - (1 + 9k )w r l / 3 ] r l/; =0 (4.16)

From the above relation, the amplitude of the l/;-harmonic oscillation is found

to be

or 2 122
r l/; = D + 2(1 + 9k )w

J
1 222 2 22

± [D + 2(1 + 9k )w] - D - ( ~1/3 + 6kw )

(4.17)

(4.18)

When the amplitude r l /; is zero, no subharmonic response is obtained. Conse­

quently, the approximate solution (4.13) has only the harmonic component. The

amplitudes of the 1/3-harmonic component xli; and Yl/;' that is, the coordinates

of the singular points, are

Xli; = r 1/; cos 81/; cos cos

sin sin



where

sin

- ~k(D -

2
~ ( 0"Iii + 6kw ) - (D -

~ el/~ = 2
(1 + 9k )wr1/~

87

(4.19)

Proceeding analogously as before, the stability conditions for the singu-

lar points are as followss

2
For rl/~ = Os

P1/~ = - 2D > 0
2 2 2

ql/~ = D + ( (J"l/~ + 6kw ) > 0 (4.20)

2
For r l/, * Os

2
PI/~ =2(2rl/~ - D) > 0

2 2 2 2
ql/~ = (D - rl/,)(D - 7rl/~) + ~~l/' + 6kw )

2 2 222
+ 18k( (1"1/' + 6kw )rl /, - 4(1 + 9k )w r l /, > 0

(b) Region of l/,-Harmonic Entrainment

(4.21)

From the above results, the region of l/~-harmonic entrainment is obtained

on the B~ plane as illustrated in Fig. 4.8. The system parameters are the same

as those in the preceding sections. One sees that the region of l/~-harmonic

entrainment becomes broader than that of the linear case (see Fig. 3.1b). In

the figure the. boundary curve of the harmonic entrainment as given by D = 0

[see Eqs. (4.20)] is also shown.

The number and character of the singularities of the system (4.14) is pre-

scribed by the location of the point (~,B). When the amplitude B and frequency

V of the external force are given inside the region of l/,-harmonic entrainment,



Eqs. (4.14) have six singularities, which are non vanishing and are correlated

with the subharmonic oscillations of order 1/3. The three of which are stable

and the remaind6rs are unstable singularities. It must also be mentioned that

the origin is always the singular point of Eqs. (4.14), which is correlated

with the harmonic oscillation [see Eq. (4.17)]. The boundary curve D =0 de-

cides the stability of this singularity. Therefore, in the area common to two

regions (harmonic and l/)-harmonic entrainments), two types of entrained oscil-

lations are sustained.

(c) 'Remarks on the Approximation in the Analysis of Sec. 4.)(b)

dhen the frequency V is in the region where the subharmonic entrainment

2 2 2 Under this conditionoccurs, the condition (Tl» (1 - r 1) is satisfied. we

neglect the amplitude ~ as compared with Yl in Eqs. (4.9), and we obtain the

approximation, by using the notation w for r l , from Eq. (4.8)

(4.22)

which is consistent with the assumption made for the amplitude of the forced

oscillation in Eq. (4.1). Using the relation (4.22), the first condition of

Eqs. (4.11) may readily be written as

D _ 1 - (4.2)

It is clear that the second condition of Eqs. (4.11) is satisfied for large

d·etuning (T 1. Therefore, Eq. (4.2;) is the only condition for stability of the

harmonic oscillation.

(d) Example of the Phase Portrait

As we saw in Sec. 4.2d, where the phase portrait has a stable limit cycle



89

as well as a st.able singular point. However, in the system given by Eqs. (4.14),

the similar situat.ion may arise. We shall show in what follows an example of

such a case.

Let us consider a case in which the external force is given by

B :: 2.5 and II :: 2.4

which are located in the region of l/,·harmonic entrainment but outside the

region of harmonic entrainment (see Fig. 4.8). By using these values in Eqs.

(4.14), the phase portrait is plotted in Fig. 4.9. In the figure we see seven

singular points, which are determined directly from Eqs. (4.17) and (4.19)! and

are shown in Table 4.;.

Table 4.;. Singular points in Fig. 4.9

Singular
A l' ..\2 * Classificationpoint xII' Yl/; J..i. l' /-L 2

0 0 0 0.206 ± 2.l;9i - Unstable focus

1 0.1;7 1.2;5 -2.882 ± 4.64;i - Stable focus

2 -1.1.38 -0.499 -2.882 ± 4.64;i - Stable focus

; 1.001 -0.7;6 -2.882 + 4.64;i -- Stable focus

4 0.50; 0.456 2.484, -;.914 -0.060, 18.77 Saddle (unstable)

5 -0.646 0.207 2.484, -;.914 -1.998, 0.508 Saddle (unstable)

6 0.14; -0.66; 2.484, -;.914 1.516, -0.651 Saddle (unstable)

...
J..l l' J.( 2 are the tangential directions of' the integral curves at the singu-

lar points.

In Fig. 4.9 we see that the three stable singular points 1, 2, and ; are
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correlated with the l/)-harmonic oscillation, and that they are equidistant

from the origin, the angular distance between any two of these singular points

2
being equal to ~ radians. The same properties are also applied to the Bingu-

,
lar points 4, 5, and 6, whi~h are saddle points. A stable limit cycle which

encircles the origin (unstable focus) exists, which is correlated with the

almost periodic oscillation. The separatrices (drawn by thick lines in the

figure) that cont~in the saddle points ), 4, or 5 divide the whole plane into

four regions, in one of which containing the origin all integral curves tend

to the limit cycle, whereas in the others either to the singular point 1, 2,

or). Thus both the almost periodic and entrained oscillations may occur in

this case, which one it will be depending on the initial condition.

(e) Transition between Entrained Oscillations and Almost Periodic Oscillations

In the present section we shall investigate the appearance and disappear-

ance of limit cycle around the origin when the external force is varied beyond

the boundary of harmonic entrainment.

It will easily be seen from the stability conditions (4.20) that the origin

is a focus for all values of the external forces under Consideration. Then, the

system (4.14) assumes the form, by introducing (~, 7) for (XI/), y1/)'

d!
at. - b7 ~(!,'7)(f;'= +

d?
b~ + a7 Y2 (z. , '1 )d,; = +

2 2 _ (v/)2
2 2'00"

a =: D = 1 - 2w b =
J-( (v/)

~(~ , '7 ) = )kw( ~ 2 _ 7 2) + 2w 1.1 _ (~ + )k 7 )(~ 2 + '7 2)

Y2(Z., 7) = w( ~2 - 7 2) - 6kwl7 + ()k~ - '7 )(z:2 + '1
2

)
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We see in the above equations that a, b, and the coefficients of ~ and Y2 are

determined once the external force is given.

2characteristic roots and becomes zero when w

is stable or unstable according as w
2 > ~ or

parameter.

Since a is the real part of the

= fr ' the focal point (the ~rigin)

2 1
w < 2" Hence we regard w as a

Passing to polar coordinates t:." <f given by l, = ~ cos 'of, 7 = C, sin <f ,

Eqs. (4.24) are transferred as

2 ::l\
de. a4 + w(;k cos ;'f + sin ;'f)C - c,'/
d == 2

If b + w(cos ;'f - ;k sin ;<f)l; +;k £::
(4.25)

Since the origin is a f'ocus, the integral curve starting from C. = C,0' 'f == 0

-"till pass completely round the origin, provided C. 0 is sufficiently small. We

~o~ fellow the standard procedure due to Poincar~ [1, pp. 215-224], to obtain a

solution of this equation for small values of c..
We write the Eq. (4.25)

(4.26)

where Ai and B
i

(i = 1, 2, ;) are given in the previous equation. ~e see that

A
2

and B
2

are the functions of ; If and the others are constants determined by

2
the external force. This implies that integral curves of Eq. (4.26) are ~

symmetric about the origin.

We expand the denominator of Eq. (4.26) in ascending powers of C. to give

d~ K r + ' K
2

r 2 + K c,;d'f == 1'" .... ; + •••

where
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(4.27)

.....

Let , = f (If, C, 0' w) be the solution of the above equation such that

, = C:: o when 'f = 0; that is,

(0 = f(O, 4 0 , w) (4.28)

This solution may be expanded in powers of '0' if Co is sufficiently small,

•in the form

(4.29)

By substituting Eq. (4.29) into (4.27) and equating the coefficients of like

powers of CO' then we obtain a set of differential equations

dU
l

dcp - Kl u l = 0

(4.;0)

• S·~nce ( = 0 is a solution of Eq. (4.27), we must have f - 0 for '0 = 0,

and so the series has no constant term.
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In view of the relation (4.26) we have

u. (0, w) = 0
~

(i = 2, 3, .•• ) (4.31)

The differential equations (4.30) together with the initial conditions (4.31)

enable us to determine u l ' u2 , ••• in succession. Thus the solutions of Ega.

(4.30) with the initial conditions (4.31) are

(4.32)

The necessary and sufficient condition for the existence of the small limit

cycle around the focus at the origin cutting the C

'f = 0 is that

axis at the point C = I
'-> 0'

or rejecting C0 = 0

(4.33)

'P(C o' VI) - CX1(ti) • cX 2 (,y)C O • <X-.:Ct'i)C 2
•••• = 0

/ 0

where I)
2= w

(4.34)
cXl(ri)

2 w) - 1 2a ] 1= u l (5"' = exp[~ -

(i=2,3,"')



This equation establishes a relation between N and ~ 0' and we readily see that

1
the curve "'(CO' W) = 0 passes the point 'l'iO(W = 2' ' C;o = 0) on the ,ic.,O plane.

~e will then consider the behavior of the curve at WOe Here we notice from

Eqs. (4.;2) and (4.)4) that the following four relations are satisfied at ".1
0

:

i.e. ,

a (1-.)
I 1 4,;

= 0 C(l('2) = - ;b1 2

(4.35)
1 1 2rrex: 2 ('2) = 0 (X 3('2) = - 3b

where tne prime over a quantity refer to a differentiation with respect to ~.

The slope of the tangent at any point of the curve ep = 0 is the value of

d C,o/d"1f = - (¢w/<Pco )' At the point 'NO this expression is infinite, as one

will easily see from the first and the second members of Eqs. (4.35). Hence

the tangent at 'NO is vertical. To find out whether the arc coming to ~O rises

to the right or to the left of the tangent, we must examine ~O for a maximum

or minimum of .'/ as a function of c: O. 3y differentiating Eq. (4.34) and by

using the relations (4.35) we have

- 1 < 0 (4.36)

From the above result we see that W has a maxiDum value at ~o' and the arc of

¢ = 0 comes to 'flO from the left of the tangent as in Fig. 4.10. Hence limit

cycles may exist only for W< ~ and are necessarily stable. The region W> ~

;s free of l;~;t cycles. Thus s W' r th f cst bl b 1 ~... .......... a. lnc eases, e 0 u , una a e e ow . 0'

becomes stable and the stable limit cycle shrinks up to the focus when 1'1
0

is

passed.

The limit cycle of Fig. 4.9 shrinks up to the origin as B increases and
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passes the boundary D =0, and the phase poM.rait has the stable s:n~~:ari~:03

representing both the harmonic and the l/,-harmonic entrainment. Further :n­

crease in B Comes to extinction of the singularities representing the 1/3­

harmonic responses through the coalescence of sin~lar points at the bounjary

of 1/3-harmonic entrainnent, and only the ori~in is left which represents the

harmonic en~r3.L..:.;.unt. ..'hen B is decreased from ?ig. 4.9 the limit cycle grows

large and passes through the saddle points and then disappears. But for other

values of ~ the limit cycle is existent for all values of B below D = O. At

the lower boundary of 1/3-hannonic entrair.m~nt (Y' > 3WO) the hysteresis phe­

nomenon, similar to those between Bl and 32 (see Figs. 4.6 and 4.7), may occur.

This tyPes of transitions are comfirmed by analog-computer analysis.

4.4 Concluding Remarks

Various types of oscillations in the system described by Sq. (4.1) have

been investigated on the basis of the derived autonomous systems. In partiCU­

lar we were mainly concerned with the transition which occurs in the right hand

regions (ll;> W o or v > 3WO) on the 3v plane. It may be conjectured that the

general features of the transition in the case of linear restoring force -­

particularly in the neighborhood of (B/ /.J V a
O

) 2 = 8/27 and / (J" 1 1 = 1/2 (see Fig.

3.4) or v ~ 3 and the boundary of harmonic entrair~ent (see Fig. '3.lb) -- are,

to some extent, similar to those obtained in this chapter.
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CHAPT2:R 5

TH::: SINGULARITES A.~D LI:HT CYCL:!:S OF SOYZ AUTOr-;OMOUS SYST.i:~l

5.1 Introduction

In the present chapter we consider an autonomous system governed by the

simultaneous differential equations

dx
(1 - '6' v2r2 )x O'y B X(x,y)-;rr= - +--=

/.All a
O

-

~- 2 2
Y(x,y)d-r - a x + (1 - '( v r )y -

2 2 2
2 2 2 wor - v

r = x + y (J =
Jill

2 4 2 1a
o =

;~
Wo = -

-0

(5.1)

The syst6m (5.1) arises as the fundamental equations determining the in- .

phase and quadrature amplitudes of the forced oscillation in a self-oscillatory

system with external force." In Eqs. (5.1) and (5.2) fJ. and 0' are the system

,. The system to be considered is

0<fJ.« 1

By assuming an approximate solution for the above equation of the form

vet) = bl (t) sin lit + b2 (t) cos lit

and by making use of the method of harmonic balance under the analogous assump-

tions made on bl and b2 in the preceding chapters, we obtain Eqs. (5.1) with

the relations x = bl/aO' y = b2/aO' and T =~ t. The constants aO and W o rep­

resent the first approximating values of the amplitude and frequency of the free

oscillation, respectively.
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parameters; B and v are proportional to the amplitude and frequency of applied

force; that is, the same symbols as in the preceding chapter are used.

The system (5.1) also describes the phenomenon of frequency entrainment.

Region of harmonic entrainment, in which an entrained oscillation is represented

by a stable singular point, has on either side regions in each of which an almost

periodic oscillation, represented by a stable limit cycle, occurs. Between these

two regions, rather complicated transitions take place such as already explained

in the preceding chapter.

In the present analysis, we show the example of transition which occurs

involving as many as three singular points and two limit cycles.

5.2 Quantitative Investigation

Equations (5.1) cannot be integrated by known methods, and there are a few

theorems regarding the existence of limit cycles. We are therefore compelled

to resort to the numerical methods, which can prove very laborious and possibly

unreliable in critical regions, however.

(a) Singular Points and Conditions for Stability

In Eqs. (5.1) x and y, regarded as cartesian coordinates of a point on xy

phase plane, are functions of the time T. The singular point of Eqs. (5.1),

determining solution x = constant and y = constant, may be obtained by putting

dx/d. = 0 and dy/d. = 0, i.e.,

X{x,y) = 0 Y{x,y) = 0 (5.;)

By eliminating x and y from the above equations, we obtain the relation

(5.4)
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2which yields the squared radius r from the origin to a singular point. The

coordinates of the singular point are written as

x = JJ'I aO 2 2 2
(1 - '1 'I r )r- ---r- y =

In physical systems, the equilibrium states determined by Eqs. (5.5) are

not always sustained, but are only able to last so long as they are stable.

These conditions for stability of the singular point may also be derived by

the same procedure as already used in Secs. '.'b and 4.2b. The results are:

Figure 5.1 shows the resonance curves given by the relation (5.4) for the

following values of the system parameters:

IJ. = 0.2 and -0 = 2

The stability limits p = 0 and q = 0 given by Eqs. (5.6) are also shown in the

figure. Hence the dotted-line portions of the resonance curves are unstable.

One sees that Fig. 5.1 is similar to Fig. 4.1 except the shape of the stability

limit P = O. From this result the region of harmonic entrainment is reproduced

on the Bv plane as illustrated in Fig. 5.2, which is also analogous to Fig. 4.2.

In the figure the curvilinear triangle BGD corresponding to that of Fig. 4.2 is

broader than that of before. Therefore, we can, somewhat easily, deal with the

behavior of integral curves when the extenlal force is given in the vicinity of

this region.

(b) Example of the Phase portrait
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In this section we show an example of phase portrait having three singu­

larities and two limit cycles. The special case we have in mind is that spec-

ified by the following value of the external force;

B = 0.065 and v = 0.57

The other system parameters are the same as in Sec. 5.2a.

By substituting these values into ~qs. (5.1) and (5.2), the phase portrait

is plotted in Fig. 5.~. As illustrated in the figure, there are three singu-

larities in this case. As in the case of the preceding chapter, the details of

the singularities are readily known and are shown in Table 5.1. Ne see in the

figure an unetable limit cycle which encircles the stable focus ), and outside

this a stable limit cycle enclosing three singular points. The unstable limit

cycle divides the whole plane into two regions, inside this limit cycle all in-

tegral curves tend to the stable focus ;, outside to the stable limit cycle.

Thus both the stable singular point and limit cycle exist in this system.

Table 5.1. Singular points of Fig. 5.)

Singular
) l' ..\2 J..I

l
, * Classificationpoint

x y 1-4 2

1 -0.089 -0.2;9 0.915 :t 2.26li - Unstable focus

2 -0.474 -0.507 2.006, -1.260 -0.249,-2.027 Saddle (unstable)

; -0.551 0.698 -0.027 ± 2.0841 - Stable focus

* fJ. l' 1-l 2 are the tangential direotions of the integral curves at the singu-

lar points.
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(c) Transformation of Singularities and Lirr.it Cycles ."hen the External Force

is Varied

In this section we consider the transformation of singularities and limit

cycles of Fig. 5., when B is varied. By substituting II = 0.57 into iq. (5.4),

the E: 2 relation is calculated and plotted in Fig. 5.4. As in the case of Sec.

4.2e, the singularities are classified and the results are listed in Table 5.2.

Table 5.2. Classification of singular points along the

amplitude characteristic of Fig. 4.4

Interval 2
- 4q Classificationp q p

oa - + - Unstable foci

ab - + + Unstable nodes

be - - + Saddles (tmstable)

cd - + + Unstable nodes

de - + - Unstable foci

ef + + - Stable foci

Figure 5.5 shows the phase portraits of Eqs. (5.1) for various values of

B. The phase portrait of Fig. 5., is again sketched in Fig. 5.5d. When B is

decreased the tmstable limit cycle diminishes in size and shrinks up to the

tmstable focus when B2 of Fig. 5.4 is passed. This state is shown in Fig. 5.5c.

Further decrease in B brings the coalescence of singular points at B = Bl and

then this higher-order singularity disappears (see Fig. 5.5a and b). When B is

increased from Fig. 5.5d the unstable limit cycle grows large and the higher-
,

order singularity is formed between two limit cycles at B = B;. Two limit cycles
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persist for values of B between B) and 34 but one singular point, and Breaches

B4 they overlap one another and form higher-order limit cycle which is semi­

stable (Fig. 5.5h), and then disappear still subsisting only one stable focus.

Hence it is concluded that a stable limit cycle ~ppears for B < 3
4

, an un­

stable limit cycle for B2 < .a < 34 and a stable singular point for B
2

< B in

this particular case.

As we have already used in Sec. 4.2e, we again introduce the mean-square

radius of the limit cycle defined by

-2 1 ~ 2
r ::: if j r d-r

C
(5.7)

where C is an integration path being taken round the limit cycle and T is a

period for the representative point (x(-r ),y(-c)) to complete one revolution

along the limit cycle.

By using Eqs. (5.1) and (5.7), we have

~ c>;{ "y )T(- ... -) d-r ::: 2 (1
C c>x oy 0

(5.8)

From the Poincar~ls criterion for orbital stability [24, pp. 25;-258], we see

that a stable limit cycle has mean-square radius greater than 1/2 ~ \12, an un-

stable limit cycle

mean square radius

2less than 1/2'6 v ,

2
equal to 1/2"3"11 •

and a limit cycle of higher order has

The results above obtained are summarized and sketched in Fig. 5.6. In

the figure the mean-square radii r2 of the limit cycle are plotted by chain

lines, and the arrows show the jump phenomena between stable steady-states when

B is varied.·
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?hat is to say, in physical term, an entrained oscillation is sustained

for 82 < S, an almost periodic oscillation for B < 84, a.'1d hysteresis occurs

between 82 and 84,

5.3 Concluding Remarks

Singularities and limit cycles of the system governed by Eqs. (5.1) have

been investigated. Particular attention has been directed to the transfonna-

tior:. of the phase portraits on the left hand transitional region ( Ii < .;.u 0) on

the By plane, and the example illustrating such transformation has been given.

The application of this result to an original differential equation (given

in the footnotes on page 96) requires further examination, since the represent-

ative point moves along the stable limit cycle rather quickly.

In addition such a region represented by the curvilinear triangle BGD in

Fig. 5.2 is nonexistent in the case of linear restoring force [cf. ~q. (3.6)].

* Eqs. (5.1)When B = 0, are easily integrated; that is,

2 2
2 WO

r
Or = 222 -2t" 2 2

(c.u O - V rO)e + V rO

where 2
r21 T = 0r

O =

We see that the limit cycle of this particular case is a circle centered at the

origin with the radius r2 = 1/ a- y 2•
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APPENDIX I

THE THEOREMS OF BENDIXSON

The following theorems· are due to Bendixson and cited in our investigation

of integral curves in chapter ~.

1°. First theorem of Bendixson

We consider a system of differential equations

(1.1)

where ~ and Ym are polynomials which are homogeneous and of degree m in x and

;n X 1 and Y 1 are analytic functions containing terms of degree higher than
m+ m+

m.

The theorem of BendixBon states that the integral curves of the system

(1.1) tend to the origin without any definite direction, thus in the manner of

spirals, or with the definite direction as determined by the equation

xY - yX = 0m m

2°. Second theorem of Bendixson

We deal with the differential equation

xm~ = ay + bx + B(x,y)

* For the proofs of these theorems Bee BendixBon [2, pp. )4, 45].

103

(1.2)

(1.3)
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where B(x,y) is a polynomial containing terms of degree higher than the first

in x and y" and we assume that a '*' O.

Bendixaon has obtained the following conclusions.

Case 1. a > 0, m: even number.

There is one and only one branch of integral curves tending to the origin

on the left side of the y axiS, while integral curves on the other side consti­

tute a nodal distribution, i.e., they form a nodal region for x > O. These in­

tegral curves are schematically illustrated in Fig. I.l.

Case 2. a < 0, m: even number.

By the substitution x = - Xl, this case may be transformed to the forego­

ing case; thus we have a nodal distribution of integral curves for x < 0, and

a saddle distribution for x > O.

Case~. a > 0, m: odd number.

The origin is a nodal point.

Case 4. a < 0, ms odd number.

The origin is a saddle point.



y

Fig. I.I. Coalescence of node and saddle.

x



APPE!mIX II

7HEORY OF' C~:TSRS (PqINCAR~)

The types of singular points have been classified accordinE to the roots

of the characteristic equation (see Sec. 3.3b). If, in particular, the roots

are purely imaginary, so that

p = .. ( a l + b2) = c
(II.l)

2
- 4q = (al

2 4a
2

bl <p - b2) + 0

the singularity will be either a center or a focus. The following procedure

due to Poincare [20, pp. 32-,8J will distineuish between these two tyPes of

singularity when the conditions (11.1) are satusfied.

'we consider a set of differential equations

dx
X ~ X Xdt = + + ... + -1 n

(II. 2)
~ = Yl + y + ... + y y
dt 2 n -

where X and Y (m = 1, 2, ••• n) are homogeneous polynomials of degree m in
m m

x and y. Since both X and Y vanish for x = y = 0, the origin is a singular

point of the system (11.2).

In order to investigate the behavior of integral curves near the singular-

ity, we consider a family o~ closed curves around the origin defined by

F(x,y) = C

where F(x,y) is a positive definite function of x and y, and C is a sufficient-

ly small positive constant. lYe wri~e
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where F. (i =2, 3, 4, ••• ) is a homogeneous polynomial of degree i in x and y.
~

Then, using Eqs. (11.2) and (11.4), we obtain

If we write

then

(rr.6)

Following the analysis due to Poincar~, the unknown functions F. will be sought
~

by equating zero the polynomials of the same degree in the right side of Eq.

(11.6); namely,

(II.?)

.....
When the conditions (11.1) are satisfied, an appropriate linear transformation

of the variables and a change in the time scale will enable to choose -S and YI

in Eqs. (11.2) such that

~ = y and

Then F2
2= x

2
+ Y , and Eqs. (11.7) may be written in the form

of of
--S y _~ x - H

q~x oy - q = 2, ;5, 4, ••• (II.B)
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Introducing polar coordinates x = r cos ~ and y = r sin y , we have

~quation (11.8) may be rewritten as

<if
-S=-h(cp)dep q q = 2, " 4,

where p = rqp (cos '-P, sin 'f) =q q (II. 9)

sin If )

A necessary condition for the solution of this equation is

2"
\ h (<f) dCf = 0J0 q

(II.IO)

It is clear that this condition is also sufficient because, if it holds, we

have
<if ('f)

q =-h(\f)
d'f q

q
= L (a v cos vp + bv sin V<f)

>,=1

and, therefore,

f (<f)
q

q ali b v
= L [- sin v'f - - cos v''f] + const.

1/=1 Ii Ii

If q is odd, the condition (11.10) is obviously satisfied. If, however, q is

even, it may happen that the integral does not vanish and thus we are stopped

in our procedure. He consider the following two cases.

Case 1. When the condition (11.10) ceases to hold as q increases.

Suppose that f 2, f" ••• , f q_l are determined such that they satisfy the

first (q - 2) equations of (II. 9), but f does not satisfy the (q - 1 )th equa­
q

tion. In this case we replace the (q - l)th equation by
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where

(II.H)

and thus achieve the integrability for f. Returning to the cartesian coordi­
q

nates, we obtain, after multiplication by r q,

3F of 2 2 qj2
~ Y - ~ x • Hq(X,y) - cO(x + y )ox oy (II.12)

It is noted that q is even in this case. We stop our procedure at this point

and consider the polynomial

Then, for a sufficiently small value of C, F =C represents a closed curve en-

circling the singularity. If Co is negative, we see, from Fqs. (11.6), (11.12),

and (II.l~), that

d1l' of (IF
-n-==-X+-Y>O
0... ox oy

so that the representative point on the integral curve will cross the closed

curve from the inside to the outside as t increases. Hence the singularity is

an unstable focus. If Co is positive, on the other hand, the representative

point will cross the closed curve in the reversed direction, so that the sin-

gularity is a stable focus.

Case 2. When the condition (11.10) holds for all values of q.

In this case Eqs. (11.8) are solved for all values of q; thus we obtain

F(x,y) == F2 + F~ + ••• + Fq + ••• (II.14)
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which satisfies

(II.l5)

The solution of Eqs. (11.2) is given by

F{x,y) =C (11.16)

which represents a family of closed curves encircling the singularity. Hence

the singularity is a center.
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