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INTRODUCT ION

The text consists of five chapters, The generation of higher harmonics
in electrical systems are described in the first two chapters., The last three
chapters are concerned with forced oscillations in self-oscillatory systems of
the negative resistance type.

In Chap, 1 the higher-harmonic oscillations in series-resonance circuit
containing saturable iron core are studied, These oscillations occur when the
amplitudes of the external force is very large, The differential equation which
describes the system takes the form of Duffing's equation. To a periocdic solu-
tion of this equation the terms of the fundamental frequency and one or iwo ad-
ditional components of predominant amplitudes are assumed, By using the method
of harmonic balance the amplitude characteristics of the oscillations a;e obtain-
ed, The stability of these oscillations are discussed by solving a variational
equation which characterizes small deviations from the periocdic states of equi-
librium., The variational equation lsads to Hill's equation, The characteristic
exponent of the solution (261" is compared with the damping of the system, The
conditions thus obtained secure the stability not only of the oscillation having
the fundamental frequency, but also of the oscillation with higher-harmonic or
subharmonic frequency., These stability criteria are derived by Prof. C. Hayashi
[7, 15]. The results thus obtained are compared with the solutions obtained by
analog-computer analysis and found to be in satisfactory agreement with them.

The numerical analysis is also performed by using a digital computer, A

different method of analysis from that used above is developed; that is, the

* Numbers in brackets indicate references on pages 110 to 112,
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phase plane analysis, where the coordinates are the dependent variable and its
time derivative, is used, We consider the behavior of representative points on
this phase plane which are prescribed at the beginning of every cycle of the
external force, Mathematically, these points will be obtained as successive
images of the initial point under iterations of the mapping [13, 21]. Special
attention is directed toward the location of the fixed points of the mapping,
since these pointa are correlated with the periodic solutions of the differen-
tial equation., The fixed points are sought by iterating the mapping until the
successive images are converged, Because of the way of this procedure, only
the stable solutions are discussed., Stable solutions thus obtained are analyzed
into harmonic components with the aid of Fourier's expansion theorem.

An experimental invéstigation using a series-resonance circuit has been
done by Prof, C. Hayashi [7, 15]. His result is cited at the end of this chap-
ter,

Chapter 2 is concerned with the higher-harmonic oscillations in parallel-
resonance circuit, It is found that, as the amplitude of the applied voltage
increases, hammonics of higher orders appear successively at certain intervals
of the applied voltage, The differential equation of the system is gi&en by
Mathieu's equation with an additional nonlinear term. The seme method of analy-
sis as in the preceding chapter is used.

The three chapters that follow are devoted to the study of forced oscilla-
tions in self-oscillatory systems. When a periodic force is applied to a self-
osclllatory system, the frequency of the self-excited oscillation, that is, the
natural frequency of the system, falls in synchronism with the driving frequency,
provided these two frequencies are not far different [20, 24]. This phenomenon

of frequency entrainment may also occur when the ratio of the two frequencies is



in the neighborhood of an integer (different from unity) or a fraction. Thus,
if the amplitude and frequency of the external force are appropriately chosen,
the natural frequency of the system is emtrained by a frequency which is an
integral multiple or submultiple of the driving frequency {12]. If the ratio
of these two frequencies is not in the neighborhood of an integer or a fraction,
one may expect the occurrence of an almost periodic oscillation [14]. It is a
salient feature of an almost periodic oscillation that the amplitude and phase
of the oscillation vary slowly but periodically even in the steady states, How-
ever, the period of the amplitude variation is not an integral multiple of the
period of the external force; the ratio of these two periods is in general in-
cormensurable, Therefore, as a whole, there is no periodicity in the almost
periodic oscillation [10, 15, 20, 24]. |

In Chap, 3 the system governed by van der Pol's equation with an additional
term for periodic excitation is treated, At the beginning of this chapter such
regions of frequency entrainment are given that, if the amplitude and frequency
of the external force are prescribed in these regions, the entrainment occcurs at
harmonic, higher-harmonic, or subharmonic frequency of the external force, In
the next place special attention is directed to the almost periodic oscillations
which occur when the external force is prescribed close to the regions of entrain-
ment, As mentioned above, the natural frequency of the system is entrained not
only by the driving frequency but also by the higher-harmonic and subharmonic
frequencies of the external force. Therefore, almost periodic oscillations must
be discussed in connection with the entrained oscillations at these frequencies,
Since an entrained oscillation st higher-harmonic or subharmonic frequency is
represented by a sum of the forced and free oscillations having the driving fre-

quency and the entrained frequency, respectively, an almost periodic oscillation
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which develops from it may also be expressed by the sum of these two, but the
amplitude and phase of the free oscillation are sllowed to vary slowly with time,

The phase-plane enalysis is epplied to the study of almost periodic oscil-
lations. The coordinates of the phase plane are the time-varying amplitudes of
& pair of components of the free oscillation in quadrature., Consequently, an
entrained oscillation is correleted with a singular point and an almost periodic
oscillation with a limit cycle in the phase plane., Some examples of limit cycle
representing the almost periodic oscillation are illustrated, The transition
between entrained oscillations and almost periodic oscillations is discussed by
using this method.

Digital-computer analysis is also performed. As mentioned in Chap, 1, the
mapping procedure is applied., Successive images of the mepping representing the
almost periodic oscillation do not approach a fixed point, but move permanently
and generate a closed invariemnt curve., Some closed invariant curves are illus-
trated for the seme values of the external force as used in the phase-plane
enalysis., The limit cycles obtained by phese-plane analysis are compared with
the closed invariant curves,

Chapter 4 treats the self-oscillatory system with nonlinear restoring force,
Harmonic and 1/3-harmonic entrainments and almost periodic oscillations are stud-
ied for this system. The phase-plane analysis, as described in the preceding
chapter, is applied for the investigation of these oscillations.

The circumstances which may occur when the detuning, that is, the difference
between the frequencies of the free and the forced oscillations, is neither very
gxell nor very large are quite complicated; for intermediate values of the detun-
ing both the entrained and almost periodic oscillations occur depending upon dif-

ferent values of the initial conditions. Some description of the phenomena in
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such cases is given for the van der Pol's equation with forcing term [3, 5].
However, such a range of the external force is extremely narrow, On the other
bhand in the system under consideration, the response curves of the entrained
oscillations are skewed by the nonlinesrity of the restoring term. On account
of this property such a range of the external force becomes broader than that of
the linear case, Therefore, we can approach such phenomena by applying numerical
method and computer techniques., Two examples of the phase-plane diagram having
stable singularity and limit cycle are calculated, The first is the case in
which harmonic entrainment and almost periodic oscillation are Qustained. The
second exemple is 1/3-harmonic entrainment end almost periodic oscillation,
Special attention is directed to the transition between entrained oscillations
and elmost periodic oscillations which occurs under such circumstances, When
the external force is varied beyond the boundary of harmonic entrainment an exam-
ple of transition is illustrated by considering the generation and extinction of
singularity and limit cycle on the phase plane, The theoretical results are come
pared with the solutions obtained by analog-computer analysis and found to be in
satisfactory agreement with them.

The final Chapter 5 of the text deals with singularities and limit cycles
of some autonomous system. The system under consideration arises as the funda-
mental equations determining the in-phase and quadrature amplitudes of the forced
oscillation in a self-oscillatofy system with external force., Region of harmonic
entrainment, in which an entrained oscillation is represented by a stable singu-
lar point, has on either side regions in each of which an almost perioaic oscil-
lation, represented by a stable 1limit cycle, occurs., Between these two regions,
rather complicated transitions take place such as already explained in the pre-

ceding chapter,
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In this chapter is illustrated an exemple of phase-plane diagram having .
three singularities and two limit cycles, Then special attention is directed
to the traneformation of these singularities and limit cycles when the external
force is varied beyoné the boundary of entrainment.

The text is supplemented by two asppendixes, 1In Appendix I are given the
theorems of Bendixson; in Appendix II is given the theory of centers due to

Poincaré, These are cited in our investigation of integral curves near the sin-

gular point in Chap. 3.
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CHAPTER 1

HIGHER-HARMONIC OSCILLATIONS IN A SERIES-RESONANCE CIRCUIT

1.1 Introduction

Under the agtion of a sinusoidal external force, a nonlinear system may
exhibit basically different phenomena from those found in linear systems., One
of the salient features of such phenomena is the generation of higher harmonics
and subharmonics., A considerable number of papers have been published concern-
ing subharmonic oscillations in nonlinear systems [ 8, 9, 11, 13 ]; however,
very few investigations have been reported on the generation of higher harmonics,

This chﬁpter deals with higher harmonic oscillations which predominantly
occur in a series-resonance circuit containing a saturable inductor and a capac-
itor in series, The differential equation which describes the system takes the
form of Duffing's equation, The amplitude characteristics of periodic solutions
are obtained by using the method of harmonic balance, Particular attention is
directed to the stability investigation of these solutions by applying Hill's
equation as a stability criterion. The results obtained By the above procedure
are examined by using the analog and digital computers,

An experimental investigation using a series-resonance circuit has been
done by Prof, C, Hayashi [ 7, pp. 39-41 ]; Hias result is cited at the end of
this chapter, The analysis of this experimental result is a motive for the

present investigation,



1.2 Derivation of the Pundamental Equation

The achematic diagrem illustrated in Fig, 1.1 shows an electrical circuit
in which the nonlinear oscillation tekes place dus to the satureble-core induct-
ance L under the impression of the alternating voltage E 8in wt. A8 shown in
the figure, the resistor R is paralleled with the capacitor C, so that the cir-
cuit is dissipative, With the notation of the figure, the equations for the

circuit are written as

do

nH+RiR=Esmwt
Ri -.-.l i 4% (1.1)
R~ C c ¢
i=iR+ic

where n is the number of turns of the inductor coil, end ¢ is the magnetic flux
in the core. Then, neglecting hysteresis, we may assume the saturation curve

of the form

1=a0 + a5¢5 (1.2)

where higher powers of ¢ than the third are neglected., We introduce dimension~

less variables u and v, defined by
1=1eu , P = @n-v (1.3)

whera I  and @n are appropriate base quantities of the current and the flux

respectively. Then Eq, (1.2) becomes

$ e
u=il..f_riv+_é__riv3=cv+c5v5 (1.4)
n



Although the base quantities In ani (i% can be chosen cuite arbitrarily, it is

preferable, for the brevity of calculation, %o fix them ty the relatisns

2
nw C@n = In C1 + C5 =1 (1.7)

Then, after elimination of i end i, in Zgs. (1.1) and use of Zgs. (1.3), (1.4),

ard (1.5), the result in terms of v is

2

2—% + k %% + clv + 05\15 = B cos T
dt (1.6)
where T = wt - tan 'k ko= = B o= — /1+k2
W CR 'nw@n

1.3 Periodic Solution Conéisting of 0dd-Order Harmonics

As the amplitude B of the external force increases, an oscillation develops
in which higher harmonics may not be ignored'in comparison with the fundesmental
component, Since the system is symmetrical, we essume, for the time being, that
these higher harmonics are of odd orders;‘ hence a periodic solution for Eq. (1.6

may be written as

vo(T-) = X sin T + Y, co8 T + x Bin 3T + y5 cos 3T (1.7)

>

Terms of harmonics higher than the third are certain to be present but are ig-

nored to this order of approximation.

* Bquation (1.6) is unchanged if the sign of v is reversed and T is shifted

by n radians, Therefore the system governed by Za. (1.4) is celled the syrme*-

rical system.



(a) Determination of the Coefficients of the Periodic Solution
The coefficients in the right side of Eq. (1.7) may be found by the method
of harmonic balance; that is, substituting Eq. (1.7) into (1.6) and equating the

coefficients of the terms containing sin T, cos T, sin 3T, and cos 3t separately

to zero, we obtain

[}
(o]

i

2 2
- Alxl - kyl - % 05((X1 - Y1)1<5 + 2x1Y1Y§] xl(xl' yl’ xst y;)

kx

1}
w

1~ Ayt % cs[2x)y) %5 - (« - yi)y5]

m

1 2 2
- A5x§ - 51(}'5 =% °5(x1 - 5Y1)x1 x}(xlr yl’ x5: y§) =0

1 2 2
51(3(3 - A}Y} - 1; 05(5){1 - yl)yl = Y5(x1’ yl’ x5’ y}) =0 (l 8)
where A, =1 -¢; - % ca(ri + 2r§) A3 =9-0¢ - 2 3(2r + )
2 2 2 2 2 2
ry =X +Y Ty = Xz + ¥z

Eliminating x, y components in the above equations gives

2
3r
[(Al-——A5) +k(1+—2) 115 =82
N 1 (1.9)
2 2, 2 2,6
(A5 + 9k°) ry = -3 57

From these relations the steady-state components r. and r, of the periocdic so-

1 3
lution are determined. Through use of Eqs, (1.8) and (1.9) the coefficients of
the periodic solution are found to be

2 2 2 2
k(ry + 9ry) = (A,r] = 3A,.r7)

[}



4r§ 4r5
and Xy = ——-5 [- PA3 + 3kQ] ———3 (- QA - 5kP]
°371 "5 (1.11)
where P = (x i - 5y1)x Q = (5X§ - yl)yl

(b) Stability Investigation of the Periodic Solution”

The periodic solution as given by Zqs. (1.7), (1.10), and (1.11) actually
exists only when it is stable, 1In this section the staebility of the periodic
solution will be investigated by considering the behavior of a small variation
£ (T ) from the periodic solution vo('t). If this variation Z (T ) tends to
zero with increasing T, the periodic solution is stable; if 2 (T ) diverges,

the periodic solution is unstable, The variation £ (<t ) is defined by

v(T) = vo(T) + & (T) (1.12)

where VO(T') is given by Eqs. (1.7), (1.10), and (1.11). It is worth noting
that £ (T ) need not have the same frequency as the periodit solution, Sub-
stituting £q. (1.12) into (1.6) and bearing in mind-that Z (T ) is sufficiently

small, we obtain the variational equation

2
é—é k Eé * (o) + Se v )i =0 (1.13)
dt

Introducing a new variable 7 (T ) defined by

£(t) =" 9T (1) § = x/2 (1.14)

* See Ref., 15 for a detailed discussion of stability in nonlinear oscilla-

tory systems,



yields >

i—% ey - 6%+ §c5v§)'1 =0 (1.15)
-

in which the first-derivative term is removed. Inserting vO(T') as given by

Zo. (1.7) into (1.15) leads to a Hill's equation of the form

427 3 3
?d? + { 90 + 25 ens 8in 2nT + 2nz__,:‘9nc cos 2nT]n =0
where ,
) 2 3 2 2
60 =¢ - 6 +% ci(r1 + r3) (1.16)
2
016 = % ex(x)¥) = X;¥5 4 ¥1%3), B, = - % c5(x) - yi) + % ex(x %5 + ¥,¥5)
6, = 2 ¢ (%,¥2 + ¥1%2) 0, = 2¢ (= XX, + ¥,Y¥4)
2s T2 °3\MY3 VU)o 2¢ T 5 %3\" XXz *+ V)Y3
2 2
O30 = % o557 » | O5c = = § o505 - ¥3)
By Floquet's thesrem [ 4 ], the general solution of Eq. (1.16) takes the
form

N(T) = 2eMTP(T) +Be T 0 (1) (1.17)

where A and B are arbitrary constants, ¢ (T ) and ¢ (T ) are periodic functions
of T of period mm or 2m, and (4 is the characteristic exponent to be determined

by the parameters O's. From the theory of Hill's equation [16, 18, 25, 26] one
sees that there are regions of parameters H's in which the solution, Eq. (1.17),
is either stable or unstable, and that these regions of stability and instabil-
ity appear alternately as parameter 90 increases, For convenience, we shall
call the regions of instability as the first, the second, +++ unstable regions

as paremeter Gb increases from zero; It is known that the periodic functions

P (t) and Y (T ) in Eq. (1.17) contein odd-order harmonics in the regions of

0dd orders end even-order harmonics in the regions of even orders and that, in



the nth unstable region, the nth harmonic componen® predominates over other
harmonics, '

Since 2q. (1.7) is an approximate solution of Zgq. (1.6), a solution of,
Eq. (1.16) may reasonably be an approximation of the same osrder. Therefore ws
assume that a particular solution in the firat and the third unsteble regions
is given by

7(T) =.e“f<p(T) = e“'f[bl sin (T - 7,) + b5. sin (37 - 05)]* (1.18)

We substitute this into £q. (1.16) and apply the method of harmonic balance to
obtain
2
Ooru "1-61c 016721 010~ O2c ~ O1s* 624
2

A (W) = 915+2f" 90+‘“ “l+91c 9181'928 91c+62c = 0
1V = 5 4 )

alc—62c 815+ 628 eof/“‘ -9‘65’c 953-6'“

- els+.92s 91c+62c 6§s+6ﬁL 90+/12—91‘95c
(1.19) -

From 2q. (1,14) and (1.,17) one sess that the variation & tends to zero with

increasing ¢ provided that || < &, Hence the stability condition for the

first and the third unstable region is given by

4,08)>0 (1.20)

Substitution of parameters O's given by £4s. (1.16) into the condition (1.20)

vields

* This form of solution was introduced by £, T. Whittaker [26].
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axl axl X,

oY

1

625 ay3

bYl axl oY,

AI(J) =

ax1 ayl ax3 ay3

o1, 2x,

%
&%,

515 6Y3

‘5¥5 aY5

2
X5
5%,

2(x, ¥y, X5, ¥

C3(xp, ¥y, X5 V)

Differentiating Eqs. (1.8) with respect to B, we obtain

axl dxl axl dyl axl dx axl dy5
= B Yy, B CEw, dB ‘N, T 0
%) déB oYy dB ax5 B ay3 B

ag dxl ax§ dyl axB dx ax dy}
ox, B * 5y, B ax3 * 3y V5 1B =0
dY, dx 2Y oY x oY, dy

-2 1, s dny — el =
axl dB ay1 a * x3 B + ay5 dB ~

Solving these simultaneous equations gives

T B~ A
where A
A (5 41(8 }). Consequently,
dr

1
a8~

dx

° =

A dy

A
"2?2 352 = zfa

1 (1 = 1~4) is the cofactor of row 2 and column i of the determinant

1
*TZ (x;4,5; + 1145))

(1.21)

(1.22)

(1.23)



dry ) |
= = —-—r}A (x5425- + Ysﬂzu) (1.24)
where r2 = 2 + r2 = x2 + 2
158" N 3= X3 + Vg

Hence the vertical tangency of the characteristic curves (Brl and Br5 relations)
occurs at the atability 1imit A = O of the first end the third unstable regions.
A particular solution of Eq. (1.16) in the second unstable region may pref-

erably be written as
N(t) = eHTp(T) = eHT by + b, sin (2T - 03,)] (1.25)

Proceeding analogously as above, the charecteristic exponent u is determined by

2
O+ it 9a O1c
Az(,u) = 2818 (904-,‘.12-4- ch @28——4/.1. =0 (1.26)
201 P

and the stability condition for the second unstable region, i.e., | | < J, is

iven b
® Y AZ(S) >0 (1.27)

(¢) Numerical Examvple

Putting k = 0.4, ¢, =0, and ¢, = 1 in Eq. (1.6) gives

3
2
Y o & L vP.BcosT
i it

By use of Egqs. (1.9) the emplitude characteristics of Eq. (1.7) were calculated
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for this particular case and plotted against B in Fig., 1.2. The dotted portions
of the characteristic curves represent unstable states, since the stability con-

dition (1.20) or (1.27) is not satisfied in these intervals,

1.4 Occurrence of Even-Order Harmonics

It hasvbeen pointed out in Sec, 1,3b that even-order harmonics are self-
excited in the second unstable region (see Fig. 1.2), 1In this region, the self-
excited oscillation would gradually build up with increasing smplitude taking

the form

e(“ - d)r [bo + b, sin (27t - Oé)) with =48>0

and ultimately get to the steady state with a constent aﬁplitude which is limited
by the nonlinearity of the system., This implies that, under certain intervals

of B, such even-order harmonics must be considered in the periodic solution,

(a) Periodic Solution and Condition for Stability
From the above consideration, a periodic solution for Eq. (1.6) may be

agssumed as

Vo(T) =2 + x; 8InT + ¥, co8T+ X, 8in 2T + y, cos 27T (1.28)

Terms of harmonics higher than the second, especially the third harmonic, are
certain to be present but are ignored to avoid unwieldy calculations, The
unknown coefficients in the right side of Eq. (1.28) are determined in much
the same manner as before; that is, substituting Eq. (1.28) into (1.6) and
equating the coefficients of the nonoscillatory term and of the terms containe-

ing einTt, cos T, 8in 2T, and cos 27T separately to zero, we obtain

2 2
- Aoz + % °§ [leylx?. - (xl - yl)y2] 2 Z(z: xlo ML xz: y2) =0
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= M%) - ky o+ Bogz (vyx; - xlyg) = %,(2z, %, V15 %5, ¥p) = O
kx; - Ayyy o+ 3esz (x)x; + ¥1¥2) = Yi(z, %, ¥1, %5, ¥p) = B
- A%y - %y, *‘5"3“15’1 = X(z, %, ¥5 X, ¥p) = 0

2kxy = Ay - % €52 (xi - yi) = Y5(2, %, ¥y, %Xy, ¥p) =0

(1.29)

2 3,2 2
where Ay = - c; - Cs [z7 + 5 (r] + 15)]

it

2 2
A = 1l - ¢; - % c3 (427 r? + 2r2) A, = 4 . ¢, - % 5 (42 + 2r2 + ra)

e ]
[

2R 222
1N 2= %+ ¥

Eliminating x, y components in the above equations gives

2 2
2r 4r2 0. 2 >
[(a - —EAE) +k(1 rz)]’1=5
1
2 1, 2
- Az 43 Ayr; =0 (1.30)
2 2
uz+m3n§=%¢?z§

From these relstions gz, Ty, and r, are determined. Through use of Eqs. (1.29)

and (1,30) the coefficients of the periodic solution are found to be
2

k(r] + brd) - (ar% - 2ard)
1T yy = B (1.31)
. 4r2
and -————E [A lyl + k(x - yl)]
3c3zr1 ‘
4 | : (1.32)
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Proceedlng analogouslv as in Sec. 1, 5b the condition for stability may also
be derived ; namely, inserting v (1‘) as given by £q. (1.28) into (1.15) leads
to a Hill's equation of the form

2

4
+ 2 e
d*2+[6 nZ_l

4
sin nt + 2] enc cos ntl]7 =0 (1.33)

ns
n=|

-dT
where i(:v-vo)=e /i
A particular solution of Eq. (1.33) in the first and second unstable regions
may be assumed as
n({t) =T (1) = e‘”(bo + by 8in (T - 07) + b, sin (2T - 0,)]
(1.34)

Through use of Eqs. (1.29) the stability condition is obtained as™

a(Z’x1Y9 ’Y)
4(8) = i Ll L L (1.35)

Az, X1, ¥y, X5, ¥p)

(b) Numerical Example
By use of Eqs, (1.30) the amplitude characteristics of Za, (1.28) were
calculated and plotted in Fig., 1.3, The system parameters are the seme as in

Fig., 1.2, i.e,, k = 0.4, ¢, = 0, and ¢, = 1, Tle dotted portions represent

1 3 -

* As the coefficient of / in 3a, (1.33) contains even and odd harmonics,
there are regions of parsmeters ('s in which the subharmonics of order 1/2,
3/2, ... are excited. This implies thet in the second umstable regiocn of Fig.
1.2 there may exist intervals of B such that subharmenics of order 1/2, 3/2,
+»* develop., A detalled investigation of such a case is, however, omitted

here (cf, Seecs, 1.5, 1,6b),
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unstable state since condition (1.35) is not satisfied., One sees that the
second unstable region of Fig. 1.3 beceme narrower than that of Fig. 1.2 and
was shifted to the left, This fact results from the neglection of the third
harmonic in #q, (1.25). 1t is worth mentioning that the second harmonic is

maintained in the second unstable region even though the system is symmetrical.

1.5 Analog-Computer Analysis .

The theoretical results obtained in the preceding sections will be compared
with the solutions obtained by using an analog computer, The block diagram of
Fig. 1.4 shows an analog-computer setup for the solution of Eq. (1.6), in which
the syvstem varameters k, €1 and c5 are set equal to the values as given in Secs,

1.3¢c and 1,4b; i.e.,

2
9y b 0.b ¥ L P B cosT (1.36)
dT2 dt

The symbols in the figure follow the conventional notation.; The solutions of
Zq. (1.36) are sought for various values of B, i.e., the smplitude of the exter-
nal force. From the solutions obtained in this way, each harmonic component is
calculated and plotted against B in Fig. 1.5. The éirst unstable region rangse
from B = 0.45 to 0.53; jump phenomenon takes place in the direction of arrows.
The second unstable region extends from B = 2.7 to 12,6, 1In this region the
concurrence of the subharmonics of orderrl/Z, 3/2, +++ is confirmed in the in-

tervals of B apvroximately from 7 to 11. However, since the solutions accom-

* The integral amplifiers in the block diagram integrate their inputs with
respect to the machine time (in second), which is, in this particular case,

5 times the independent variable T,



14

panied with such subharmonices are extremely sensitive to the external disturb-
ance, the result obtained by computer analysis was not very accurate, There-
fore, we indicate such region by broken lines in Fig. 1.5. The third unstable
region occurs between B = 12,6 to 14.9, and the oscillation jumps into another
stable stade on the borders of this region. These results show the qualitative

agreement with the theoretical results obtained in the preceding sections.

1.6 FNumerical Analysis by Using a Digital Computer

In the preceding sections we investigated the approximate solutions of Eq,
(1.6) both by using the harmonic balance method and by using an analog computer,
The results thus obtained state that there are such regions of B that in the
first end the third unstable regions there exist two stable states (see Fig, 1.2)
and in the second unstable region there is the only st;ble'staté (see Pig. 1.5).*
In this section we shall seek for the numerical solution in each unstable region
by using the KDC-1l digital computer,

The periodic solutions of Eq. (1.6), that.is,

2

d°v dv 3
;;5 ¢ k e + clv +* cjv = B cost

is determined by the following procedure,
The second-order differential equation (1.6) can be rewritten as the sim-

ultaneous equations of the first order

Eas
dt

* In the second unstable region, there are two oscillations differing in

sign and in phase by m radians, but their amplitudes are the same.
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- 3 1'57)
dv = . 5 (
Frialiy kv - clv - C5Y + B cosT

We consider the location of the points whose coordiﬁates are given by v(T ) and
v(T) at the instants of T = O, 2n, 4m, +++ in the vv plane, since the right
sides of Eqs, (1.37) are periodic functions in T of period 2m, Mathematically,
these points Pn(v(2nn), v(2nr)) are defined as the successive images of the
initial point Po(v(o), v(0)) under iterations of the mapping T from T = O to

2nrt; and we denote this by the notation

P = Tn(Po) ' (1.38)

where n = 1, 2, 3, ee+s,
Actually, these points can be obtained spproximately by performing the numerical
integration of Eqs. (1.37) from T = O to 2nnt, Special attention is directed to-

ward the location of the fixed point and of the periodic point of Egs. (1.37).”

* The point whose location is invariant under the mapping is called the

fixed point; i,e.,

Py = Pl(= T(PO))

and the corresponding solution v(T ) is periodic in T with the period 2r,

While the periodic points are defined by the following relations,
< - = =
Po#P (1S1€m-1) Py = Pyl Tm(Po))

namely, periodic points are invariant under every mth iterate of the mapping.
The corresponding solution v(T), in this case, is also periodic in T but its

least period is equal to 2mm,
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When an initial point P., the initial condition (v(0), v(0)), is chosen suffi-

0’
ciently near the fixed (periodic) point, the point sequence {P,} converges to
the fixed (periodic) point a8 n — oo provided the fixed (periodic) point is
completely stable, 1In order to determine the location of the stable fixed
(periodic)® point, we estimate the initial condition by making use of the velues
obtained in the preceding sections.

Then numerical integration of Eqs., (1.37) is performed from the above ini-

tial condition until the following condition is reached; i.e.,

| P, =B, , ] <E for the fixed point
, (1.39)
or l Pn - Pn . m‘ < € for the periodic point

where € is small positive constant,” Because of the way\of this procedure, only
the stable solutions are obtained,

Once the stable fixed (periodic) point is determined, we seek the time re-
sponse values of v(T ) and V(T ) at the instants of T = nh, where n = 0, 1, <o,
2N-1 (or 2mN-1), end h (= n/N) is & chosen time increment. From the data obtein-
ed in this way, we can calculate the desired harmonic components of v(T ) with

the aid of Fourier's expansion theorem:

1 ] n .. n
v(t) =5 a8y + ézi (an/p cos T T 4 bn/p sin ;’t)
where a = _E'SZpﬁ v(T) cos 2 rde n=0, 1, 2, ese (1.40)
n/p ~ pril, P T :

* We shall show the numerical examples afterwards, where the value of £ is

taken equal to 1072,
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and p = 1 for fixed point and p = m for periodic point.
By using the method above-described we show some examples of numerical

solution of Eq, (1.6) with the system parameters k = 0.4, ¢, =0, and ¢y = 1

3 H
i.e.,
2
4 + 0.4 av +v2 =B cos T (1.41)
dta dt

for several values of B,

(a) Numerical Solutions in the First Unstable Region
. e consider the equation

2

2—% + 0.4 %% v = 0.5 cos T (1.42)
dv

For this particular value of the amplitude of the external force (B = 0.5),
there are two stable states of the periodic solution; see Fig. 1.2, In order
to distinguish these two stable states, we shall call them the resonant and the
nonresonant states, respectively, as the amplitude of the oscillation is large

or small, The numerical solutions for Eq. (1.42) are determined. They are as

follows,

For Resonant Oscillation:
v(t) = 0.298 cos T + 1,145 sin T
- 0.048 cos 3t - 0.0%35 sin 37T
+ 0,003 cos 5T « 0,000 sin 57

P (1.43)
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For Nonresonant Qscillation:
v(T) = = 0.530 cos T + 0.294 sin T
+ 0.001 cos 3t & 0.008 sin 3¢

4 oo (1.44)

The phase trajectories in the vv plane of the solutions, given by Eqs. (1.43)
and (1.44), are plotted in Fig. l1.6a by thick and fine lines, respectively,
Figure 1.6b shows the waveforms v(T ) converted from the trajectories of Fig.
1.6a, The small circles on the trajectories in Fig. 1.6a indicate the location
of the stable fixed points of the mapping. In performing the numerical integra-
tion of Egs, (1.37), we used the Runge-Kutta-Gill's method (with the step K
equal to n/30). We also employed the trapezoi‘dal formula for calculating the

second and the third definite integrals of (1.40).

(b) Numerical Solutions in the Second Unstable Region

Case 1: dav-0-01!-31-‘1+v5=’-l»cos‘c (1.45)

There are two stable solutions for Eq. (1.45); one of them is

vitT) = 0.314

+

1.591 cos T + 0.597 sin T

0.201 co8 2T - 0,730 8in 2T
+ 0.148 cos 3T + 0.115 sin 3T
+ 0.036 cos 4T - 0.154 sin 47

- 0.034 cos 5T + 0.025 sin 57T

+ 0.017 cos 6T - 0.015 sin 6T

0.011 cos 7T - 0.001 8in 7T
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+ 0,003 cos 8T + 0.002 sin 8¢
- 0,002 cos 9T =~ 0.002 sin 9t
4+ 0.000 cos 10T + 0.001 sin lov
* e : (1.46)

The other solution can be represented by -v(T + n), where v(-T) is given by
Eq. (1.46)., Figure 1.7a and b show the phase trajectories and the waveforms
of v(T), respectively.

As we have already predicted the occurrence of subharmonics of order 1/2,
3/2, e+ in Sec. l.4a, this type of solutions was observed in Sec. l.5. We

shall show below the numerical solution,

d2v dv
Case 2 —5 + 0.4 1=+ v> =9 cos % ‘ (1.47)
dt

There are four stable solutions for Eq. (1.47). If we indicate one of them by
v(T ), the remaining three solutions are represented by v(T + 2n), -v(T + n),

and -v(T + 3n). Therefore only one of them is shown below.

V(T) = - 0.514

0.062 sin -é-’l.'

0.585 sin T

+ 0,007 cos

-
-
[

+ 1.839 cos

2!
+

PORN
-
]

+ 0,007 cos 0.000 sin g‘r

+ 0.337 cos 2T + 0.258 8in 27T

- 0.069 cos gl‘ + 0.096 s8in -Z-T

+ 0,889 cos 3T + 0.043 sin 3t

0.015 sin %r

+ 0,048 cos 4T ¢+ 0.114 sin 4T

i~
,.\
+

+ 0.021 cos
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- 0.025 cos 3T + 0.026 sin %T’

+ 0.184 cos 5T 4 0.058 sin 5T

+ 0.001 cos %’r + 0.002 8in -l-l-‘l,'

+ 0.019 cos 6T + 0.05 sin 6T
- 0.012 cos %1:4- 0.010 sin —gr
+ 0.046 cos 7T +0.0238in 7T

- 0.001 cos _ET + 0,001 8in -2-T

+ 0.005 cos8 8T + 0,017 8in 8¢
- 0.004 cos ‘-1%1’ + 0.003 sin =T

+ 0.010 ¢cos 9T + 0.008 8in 9T

- 0,001 cos }%T«b 0.000 &in l—g'

4+ 0,001 cos 10T +/0.006 sin 10T

4 oo : (1.48)

Figure 1.8a shows the trajectories of the stable solutions for Eq. (1.47).
The small circles in the figure indicate the location of the periodic points
which are correlated with the subharmonic oscillation of order 1/2, The peri-
odic points 1 and 2 (or 3 and 4) lie on the same trajectory and, under itera-
tions of the mapping, these points are transferred successively to the points
that follow in the direction of the arrows. In order to distinguish clearly
the trajectory of the point 1 to 2 (or 3 to 4) from that of the point 2 to 1
(or 4 to 3), we show the former by full lines and the latter by dotted lines,
The waveforms corresponding to the trajectories 1—+2-»1 and 3—»4-—>3 are

shown in Fig. 1.8b,

(¢) Numerical Solutions in the Third Unstable Region
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2
9_;. + 0.4 %_% + v - 13 cos T (1.49)
< .

For this particular value of

are obtained, They are

v(T) = 2.477
- 0.513
- 0.083
- 0.092

- 00015

+ 0,006
+ 0.002

@ so0

and v(iT) = 1.669
+ 1,404
+ 0.350
+ 0.115

+ 0.038

+ 0,012
+ 0.004

+ 0.001

B, i.e., B = 13 in Eq. (1.41), two stable solutions

cos T + 0.773 sin T

cos 3t - 1.213 sin 3t
cos 5T = 0.285 sin 5T
cos 7t + 0.046 sin T

cos 9T + 0,017 sin 9t

cos 11T + 0.007 sin 1ll<T
cos 13T « 0.000 sin 13t

(1.50)

cos T + 0.781 s8in T
cos 3T + 0.074 8in 3T
cos 5T + 0.090 sin 5T
cos 7T + 0.047 sin 7t

cos 91 + 0.018 sin 9T

cos 11T + 0.007 sin 11T
cos 13T + 0.003 sin 137
cos 15T + 0.001 sin 157

(1.51)

The phase trajectories of v(T), given by Egs. (1.50) and (1.51) are depicted

in Fig, 1.9a by thick and fine lines, respectively., Figure 1.9b shows the
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Table 1.1 Stable fixed and periodic points for Eq, (1.41) and the

chosen step h.

Valug of Point v v Valu; of Classification
0.5 Fig, 1.6a 1 0.2526 1,0398 n/3%0 Fixed point
2 -0.5290 0.3134 n l a
4 Fig. 1.7a 1 1.5220 3.1810 n/30 | Fixed point
: 2 1.8624 -1,1065 " "
9 Fig. 1.8a 1 2.9857 3,2769 n/60 | Periodic voint
2 3,1460 2.2806 1 1
> 2,3192 -0, 7005 n n
4 2,9310 0.2684 n n
13 Fig. 1.9a 1 1.7823 -3, 7474 n/60 | Fixed point
2 55927 2,0913 " n .

waveforms of v{T ) converted from the trajectories of Fig. i.9a. As one sees
from the magnitudes of the fundamental components in Egs. (1.50) and (1.51),
the solution given by Eg. (1,50) corresponds to the upper branch of the char-
acteristic curve r, in the third unstable region (see Fig. 1.2).

The values of the coordinates of the stable fixed and periodic points
appeared in the above examples are summed up and listed in Table 1,1. The
values of the time increwent h which is>employed for finding the correspond-

ing fixed (periocdic) point are also shown,

1.7 Z=xperimental Result

An experiment using a series~resonance circuit as illustrated in Fig. 1.1
has been performed [ 7, pp. 39-41 1. The result is as follows.

Since B is proportional to the amplitude Z of the applied voltage, vary-

ing & will bring about the excitation of higher harmonic oscillations, This
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is observed in Fig. 1.10, in which the effective value of the oscillating cur-
rent is plotted (in thick line) for a wide range of the applied voltage. By
making use of a heterodyne harmonic anslyser, this current is analyzed into
harmonic components, These are shown by fine line, the numbers on which indi-
cate the order of the harmonics., The first unstable region renges between 24
and 40 volts of the applied voltage; the jump phenomenon in this region has
been called the ferro-resonance, The second unstable region extends from 180
to 580 volts, As expected from the preceding analysis; the occurrence of even
harmonics is a salient feature of this region. The third unstable region

occurs between 660 and 670 volts, exhibiting another jump in amplitude.



Fig, l.1.

Seriese~resonance circuit with nonlinear inductance,
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3 -
k=0.4
2 -
N
S
- Second
I unstable ————
- First , region
N1k | unstable
region
0 L :
0 2 8 10
Fig. 1.3. Amplitude characteristics of the periodic solution as given by Eq. (1.28).



Multiplier 100.

Servo

L " T (— —— o— e — e —— et St . v —

Firs, 1.4, Computer block disgram for ig. (1.36).



20

Fig,.1.9,. Amplitude characteristics obtaeined by analogecomputer analysis,



-1.0 0 1.0
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Fig. 1.7(a). Trajectories of the stable solutions for Eq. (1.45).
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CHAPTER 2

HIGHER-HARMONIC OSCILLATIONS IN A PARALLEL-RESONANCE CIRCUIT

2.1 Introduction

In the preceding chapter, we investigated the Righer-harmonic oscillations
in a series-resonance circuit., Since the series condenser limits the current
which magnetizes the reactor core, the applied voltage must be exceedingly
raised in order to bring the oscillation into the unstable regions of higher
order, Hence we may expect that a higher harmonic oscillation is likely to
occur in a parallel-resonance circuit because the reactor core is readily
saturated under the impression of a comparatively low voltage; and this will
be inveatigated in the present chapter, The differential equation which de-
scribes the system takes the form of Mathieu's equation with additional terms
of linearldamping end nonlinear restoring force, The experimental result is

also given at the end of this chapter,

2,2 Derivation of the Pundemental Equation

Figure 2.i shows the schematic diagram of a parallel-resonance circuit,
in which two oscillation circuits are connected in series, each having equal
values of L, R, and C, respectively., Using the notation of the figure, the

equations for the circuit are written as

dh 1
n dT. = RiRl = ESiCIdt
b '
2 1 S
(2.1)
b dp,
n T +n T E sinwt

24
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i=1 i i =1 + 1

Li-*ip *i01r =i *ip tie

The seme saturation curve is assumed for both of the inductors L( <P1) and
L( 4’2)3 i.e., 3 5

g = P+ 559 ip = 8P, + 8503 (2.2)
If the two osoillation circuits behave identically, one has, from the third mem-

ber of Egqs. (2.1),

E
¢1 = ¢2 s - znw coqut

An increase of the flux 431 by ¢ results in the decrease of ¢, by the same

amount; i,e.,

(Pl - - 2?1&) coswt + ¢ ‘ sz = - .2%0-; coswt - P (2.3)

After elimination of ip,, ip5, 15, and iy, in Eqs, (2.1) and by using Eqs. (2.3),

we obtain
:?24’+5§%%¢£5(1L1-1L2) 2 0 (2.4)

Proceeding in the same manner as in Sec, 1.2, we introduce dimensionless vari-

ables defined by

i =Ty Lo =T P =P v (2.5)

and £ix the base quantities, In and én by the following relations;

nw20§n=1n c1+¢:5=1
3 (2.6)
a
where c, = ﬁ@n c a_ﬁg
1 In 3 In

Then, through use of Eqs. (2.2), (2.3), (2.5), and (2.6), Eq. (2.4) may be

written in normalized form as
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2
dv dv 5 2 2 3
;;5 +kx=+ (c1 + 5 C5B + g c§B cos 2T)V + c5v” = 0
(2.7)
where T = wt k = ...].‘_._ B = ._E‘:___.
CR anén

2.3 Periodic Solutions
We assume for a moment that k = 0 and v is so small that we may neglect

the nonlinear term in Eq. (2.7). Then Eq. (2.7) reduces to a Mathieu's equa-

tion
d2v
—= + (6., +26, cos 2T)Vv = 0
de 0 1
(2.8)
2 2
where 90 = ¢ +_% csB 61 = % ciB

From the theory of Mathieu's equation [ 18, 19, 25, 26 ] one‘sees that there
are regions of parameters, 90 and 91, in which the solution for Eq. (2.8) is
either stable (remains bounded as T increases) or unstable (diverges unbounded-
ly), and that these regions of stability and instability appear alternately as
parameter 690 increases, We shall call such regions of instability as the first,
the second, *++ unstable regions as parameter 60 increases from zero, When the
parameters 690 énd 91 lie in the nth unstable region, a higher harmonic of the
nth order is predominantly excited, Once the oscillation builds up, the nonlin-

3

ear term c,v” in Eq. (2.7) may not be ignored, It is this term that finally

>
prevents the emplitude of the oscillation from growing up unboundedly.
After these preliminary remarks, we now proceed to investigate the solution

of Eq. (2.7) and assume the following form of the solution,

Harmonics vo(‘r) =% 8inT +y, cos T (2.9)
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Second-harmonic: vo(‘r) = % + X, 8in 2T + y, cos 2T (2.10)

Third-hamonics vo(T') =X 8inT 4y, co8 T + x5 sin 3T + y5 cos 37 (2.11)

(a) Harmonic Oscillation

In oxder to determine the coefficients in the right side of Eq. (2.9),
we use the method of harmmonic balance; nemely, substituting Eq. (2.9) into
(2.7) =nd equating the coefficients of the terms containing sinT and cos T

separately to zero, we obtain

- (4 + % °532)"1 - kyy; = 4(x, 73) = 0
kx) - (A - £ c582)y1 = Y (x), y,) = 0 (2.12)
where Al =1l-c¢ - g 65(282 + ri) ri = x? + y?

Elimineting x, y components in the above equations gives

2 2 2424 2
(A2 4% - (2 e539)%] 1] = 0 (2.13)
from which the amplitude ry is found to be
r? a0 (2.14)

or r? = (% - 232) + ,’34 - (%l:_j)z (2.15)

(b) Second-Harmonic Oscillation
After substitution of Eq. (2.10) into (2.7), equating the coefficients of
the nonoscillatory term and of the terms containing sin 2T and cos 2T separate-

ly to zero gives
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2
- Aoz + cBB y2

Z(z, xzs ya) =0

'}

- Ax, - 2y, XQ(z, X, yé) =0

2

2kx, = Ay, + 5 cBB z Yz(z, X9 y2) =0

(2,16)
2 2 2
where Ay=-c¢ - c§[z + %(B +15)]
2 2 2
A, = 4 - ¢, - %-cj(ZB +» 425 o r2)
r2 2 2
2= % *7
Eliminating x, y components in the above equations gives
2 1 2
- Aoz + 35 A2r2 =0
(2.17)

2 2,.2 2,22
(A2 + bk )r2=(gc53)z
from which the unknown quentities z and r, are detemined.

(¢) Third-Harmonic Oscillation
By substituting Eq. (2.11) into (2.7), and equating the terms containing

sin T, cos T, sin 3r, and cos 37T separately to zero, we obtain
2 2 2 2
- (A1 + % 058 )xl - ky; - g cj[(x1 -y, -8B )x5 + 2x1y1y5]
=2 XI(XI, yl,'xi, y5) 8.0
2 2 2 2
kx, - (A1 - g 053 )yl + % cB[Qxlylx5 - (xl -y; -8B )y5]
= Yl(xl’ yl’ x}: YB) =0

1 2 2 2
- A3X5 - 51()’5 + by CBEBB - (Il - 5y1)]x1 = x}(xl, yl) x}: yj) = 0
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1 2 2 2
5kx5 - A5y5 + ]I C5[§B - le - yl) ]yl = Y5(x1: yl: x5: y§) =0
(2.10)

where Ay =1-¢ - % c5(282 + ri + 2r§)v
3 2 2 2

A5 =9-c¢ -% c5(2B +2r] + ri)
r2 = x2 + 2 r2 = x2 + 2
1% N 3 = X3+ Vg

from which unknown quantities X1» Yp» xi, and yj, and consequently the emplitudes
r and ra, are determined.
2.4 Stability Investigation of the Periodic Solutions

The periodic solutions as given in the preceding section actually exist
only when they are stable, In this section the astability of the periodic solu-
tions will be investigated in the same manner as we have done in Sec, 1.3b, We
consider a small variation £(T ) from the periodic aolution~vo(‘r). Then the

behavior of £(T ) is described by the following variational equations:

2
i—% + k %% + (c) + g c582 + g 0582 cos 2T + §c§v§)£ =0 (2.19)
T

Furthermore we introduce a new variable 7(T ) defined by
£(t) = o 9T (T) § =x/2 (2.20)

to remove the first-derivative term, Then we obtain

2
i:f + (cl - 52 + g c332 + g 0382 cos 2T + 3c5vg)q =0 (2.21)

ol

(a) Stability Condition for the Harmonic Oscillation

Inserting vo(t-) as given by Eq. (2.9) into (2.21) leads to



2
a7
2 + ( 90 . 2915 sin 2T + 2910 cos 2T )1 =0
2 2 2
where 6 0=°C " J +~§ 05(8 + rl) (2.22)
2 2 2
Ole = g 2% ¥ 6. = % c5(B” - (x - yp)]

We assume that a particular solution of Eq. (2.22) in the first unstable region

is given by
N(T) = e P(T) = e* T sin (1 - 0) (2.23)

Proceeding analogously as in Sec, 1.3b, stability condition | | < § leads to

2
O+ " -1+ 6, 016 - 29 (X, 1))

Al(d) =2 =

913 + 26. 60 + 62 -1 & Glc a(xlx yl)

>0 (2.24)

(b) Stability Conditions for the Higher-Hammonic QOscillations
The conditions for stability of the solutions given by Egs. (2.10) and

(2.11) may also be derived by the same procedure as above, The results are:

Stability condition for solution (2,10):

3(z, X5, Y,)
0,(8) 2 2 12 5 (2.25)

Stebility condition for solution (2.11):

a( » Y 2 x 2 Y )
A5(8) = a2 B 5 >0 (2.26)
a<x1: yl’ x}: yi)

and Br, rela-

Br 3

The vertical tangency of the characteristic curves (Bz, Brl, 09

tions) also occurs at the stability limit An(5) =0 (n=1, 2, 3).
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(¢) Numerical Example

Putting ¢, = 0 and ¢, = 1 in Eq. (2.7) gives

>
v dv 3 2 3
~= 4+ k= +5B(1l ¢+ co8 2T)v + v/ =0
d12 T 2

By use of Egs. (2.15), (2.17), and (2.18) the amplitude characteristics of Zgs.
(2.9), (2.10), and (2.11) were calculated for k = 0 and 0.4. The result is
plotted against B in Fig., 2.2, The dotted portions of the characteristic curves
represent unstable states, It is to be mentioned that the portions of the B axis
interposed between the end points of the characteristic curves are unstable. One
sees in the figure that increasing B will bring about the excitation of higher-
harmmonic oscillations and that once the oscillation is started, it may be stop-
ped by decreasing B to a value which is lower than before, thus exhibiting the

phenomenon of hysteresis.

2.5 Numerical Analysis by Using a Digital Computer
In this section we shall seek the numerical solutions of Eq. (2.7) with
the system paraﬁeters k = 0.4, ¢, =0, and c5 = 1, i.e.,

2

-gﬁg + 0.4 %X + g 82(1 + co8 2T)V + v =0 (2.27)
dt T

The same method as described in Sec, 1.6 is followed; therefore only the stable
solutions are obtained.

Equation (2,27) is written as

dv .
=7

(2.28)
dv
ar

]

- 0.4v - g B(1 + cos 27)v - v
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Since the right sides of Zqs. (2.28) are periodic functions in T of period n,

the mapping T from T = nn to (n + 1)r, wheren = 0, 1, 2, +.. is considered.

(a) Numerical Solution of the Harmonic Oscillation

Putting B = 0.8 in Eq. (2.27) gives

2
3—% + 0.4 %% + 2(0.8)2(1 + cos 2T)V + v2 = 0 (2.29)
-

The numerical solution for Zq. (2,29) is™*

v(T) = 0.288 cos T = 0.553 sin T
+ 0.005 cos 3t - 0.035 8in 3¢

- 0.000 co8 5T - 0.001 sin 5<%

+ oo (2.30)

The phase trajectory of Eq. (2.30) in the vv plane is shown in Fig. 2.3a., Fig-
ure 2,3b shows the waveforms of v(T ) converted from the trajectory of Fig. 2.3a,
There are two kinds of waveform drawn by thick line and fine line, Their dif-

ference is only in sign; which one occurs depends on the choice of initial con-

ditions (either at point 1 or 2) on the trajectory,

(b) Numerical Solution of the Second-Harmonic Oscillation

2 N
9_% + 0.4 %% + 5(1.8)2(1 4+ cos 2T)V + v5 =0 (2231)
dv

The numerical solution for Eq. (2.31) is

* From the form of Eq. (2.27) one readily sees that if v(<T) is a solution

of Eq. (2.27) - v(T) is also a solution.
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v(T) = - 0.25%
+ 0.555 cos 2T + 0.263 sin 27T
+ 0.128 cos 4T + 0.032 sin 47
+ 0.010 cos 6T + 0.002 sin 67T
+ 0,001 cos 8T + 0,001 sin 87

+ eoe (2.52)

The phase trajectories and the waveforms of v(-T) are shown in Fig. 2.4a and b,

respectively,

(¢) Numerical Solution of the Third-Harmonic Oscillation

2

i—% + 0.4 ZE 4 2(2.8)%(1 + cos 2T)v 4 v = 0 (2.33)
T

The numerical solution for Eq, (2.33) is

v(t) = - 0.065 cos T + 0.376 sin T

4+ 0.162 cos 3T - 0.338 sin 3T

+ 0.046 cos 57

0.170 8in 5t

+ 0,006 cos 7T - 0.027 s8in 7T

0.002 s8in 97

+ 0.000 cos 9T
+ see i (2'54)

FPigure 2,5a and b shows the phase trajectory and the waveforms of v{ T ), respect-
ively. —

The values of the coordinates of the stablé fixed and periodic points are
listed in Table 2.1, The values of the time increment h which is employed for

finding the corresponding fixed and periodic points are also shown.



Table 2,1 Stable fixed and periodic points for Eq., (2.27) and the
chosen step h,

V‘l“; of Point v v Val“; °f | Glassification
0.8 Pig. 2.3a 1 0.2925 -0,6621 n/30 Periodic point
2 -0.2925 +0.6621 - n
1.8 Fig. 2.4a 1 0.4430 0.6727 n/30 Fixed point
2 «-0.4430 -0.6727 n "
2.8 Fig. 2.5a 1 0.1495 -1,7041 n/60 Periodic point
2 -0.1495 »l, 7041 " n

2,6 Experimental Result

An experiment on the circuit of Pig. 2.1 has been performed [ 7, pp.
44.458), The result is as follows,

The self-excitation of the fundamental and higher<harmonic oscillations
was observed under varying E. As a result of the excitation of such a harmonic,
the potential of the junction point of the two resonsance circgits oscillates
with reespect to the neutral point of the applied voltage with the frequency of
that harmonic. In Fig. 2.6, the ;nomalous neutral voltage y (which is related

to the flux ¢ ) is shown against the applied voltage.”

* The self-excited oscillation in the first unstable region (marked by I)
has the same frequency as that of the applied voltage. See the waveform (a)
in the figure, This phenomenon is known as the neutral inversion in electric

transmission lines,
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Fig, 2,1, Parallel-resonance circuit with nonlinear inductance.



Fig. 2.2, Amplitude characteristics of the periodic solutions as given by

Zgs. (2.9), (2.10), and (2.11).
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Fig. 2.3(a). Trajectory of the stable solutions for Zg. (2.29).
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CHAPTER 3
ALMOST PERIODIC OSCILLATIONS IN A SELF-0SCILLATORY SYSTEM

WITH EXTERNAL FORCE

5.1 Introduction

In the preceding chapters we treated the cases in which the restoring force
of the system was nonlinear., In this chapter we consider a case in which the
nonlinearity appears in the damping of the system. This nonlinear damping results
in the build up of an oscillation even in the absence of the external force; in
other words, a self-excited oscillation occurs in this case,

When a periodic force is applied to a self-oscillatory system, the frequen-
cy of the self-excited occillation, that is, the natural frequency of the aystem,
falls in synchronism with the driving frequency, provided theae two frequencies
are not far different. This phenomenon of frequency entrainment may also occur
when the ratio of the two fregquencies is in the neighborhood of an integer (dif-
ferent from unity) or a fraction., Thus, if the amplitude and frequency of the
external force are appropriately chosen, the natural frequency of the ;ystem is
entrained by a frequency which is an integral multiple or submultiple of the driv-
ing frequency [12]. If the ratio of these two frequencies is not in the neighbor-
hood of an integer or a fraction, one may expect the occurrence of an almost peri-
odic oscillation [10, 14]. It is a salient feature of an almost periodic oscil-
lation that the smplitude and phase of the oscillation vary slowly but periodically
even in the steady state, However, the period of the amplitude variation is not
an integral multiple of the period of the external force; the ratio of these two
periods is in general incommensurable, Therefors, as a whole, there is no perio-

dicity in the almost periodic oscillation.

35
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First, we show the regions of entrainment; namely, if the amplitude and
frequency of the external force are given in these regions, the entrainment
occurs at the harmonic (fundamental), higher-harmonic, or subharmonic frequency
of the external force, Second, we shall concentrate ocur attention to the almost
periodic oscillations which occur when the external force is prescribed close to
the boundary of the regions of entrainment and discuss the transition betwsen

entrained oscillations and almost periodic oscillations,

3.2 Entrainment of Frequency

We consider a system governed by the differential equation

d2u 2y du
=3 - €(1-u") Jf +u=Bcosvt + By (3.1)

where £ is a small positive constant, and B cos vt + B_ represents a forcing

0

function containing a nonoscillatory component, Introducing s new variable

defined by v = u - B_, an alternative form of (3.1) may be written as

0’
d2v 2, dv
F-“(l-ﬁv-’p’v)a-{-bv:BcOSVt
o3 (3.2)
where H o= (1 - Bg)E 73 =———02 and T = —-L—z
1 - By 1- BO

Since the system governed by Eq. (3.2) is of the self-excited type, u must be

positive, and therefore Bg < 1. One sees further that st is also a small quan=

tity,

We shall, in this section, confine our attention to entrained oscillations,
When B = O, the natural frequency of the system (3.2) is nearly equal to unity.
Therefore, when the driving frequency v is in the neighborhood of unity, one may

expect an entrained oscillation at the driving frequency v. This type of entrain-
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ment is referred to as harmonic entrainment, and the entrained harmonic oscile

lation v(t) may be expressed approximately by

v(t) = b, sin Jt + b, cos Vt (3.3)

On the other hand, when the driving frequency v is far different from unity,
one may expect the occurrence of higher-harmonic or subharmonic entrainment,
In this case the entrained oscillation has a frequency which is an integral

multiple or submultiple of the driving frequency v. An approximate solution

for Eq. (3.2) may be expressed by

v(t) = 5 cos Vit + b; sin nvt + b, cos nvt
1-v
where n=2,3 eoo for higher-harmonic oscillations (3.4)
n=1/2, 1/3, «.+« for subharmonic oscillations

The first term in the right side of Eq. (3.4) rapresents the forced oscillation
at the driving frequency V. The second and third terms represent the entrained
oscillation at the frequency nv which is not far different from unity. Since u
is small, terms of frequency other than v and nv are ignored to this order of
approximation.

The entrained oscillations and their stability were investigated in Ref. 12,
where an exsmple of the regions of entrainment at different frequencies was given.
Namely, Fig. 3.1 shows such regions of entrainment for the following values of

the system parameters:

£ =0.2 and B, = 0.5
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in Eq. (3.1), Consequently, the parameters in Eq. (3,2) are

When the amplitude B and the frequency V of the external force are given in the
interior of these regions, the natural frequency of the system is entrained by
the harmonic, higher-harmonic, or subharmonic frequency of the external force
as indicated in the figure, One sees in Fig., 3.1 that the higher-harmonic or
subharmonic entrainment occurs in a narrow range of the driving frequency V.
On the other hand, the harmonic entrainment occurs at any driving frequency v
provided that the amplitude B of the external force is sufficiently large. 1In
Fig. 3.la, the boundary curve of the harmonic entrainment (drawn by dotted. line
in the figure) lies inside the region of the higher-harmonic entrainment., Since
there is no abrupt change in the amplitudes of the harmonic and higher-harmonic
components of the oscillations at the boundary of harmonic entrainment, this
boundary curve has practically no singificance, 1In Fig, 3.1b, one sees that
the continuity of the boundary curve of the harmonic entrairmment is disturbed
by the intrusion of the region of the 1/2-harmonic entrainment, The regions of
the harmonic and 1/3-harmonic entrainments, on the other hand, have an overlap-
ping area, This indicates that both the harmonic and 1/3-harmonic oscillations
are sustained in this area common to the two regions, but only the 1/2-harmonic
oscillation occurs in the region of 1/2-harmonic entrainment. When the external
force is prescribed outside these regions, an almost periodic oscillation occurs.
In order to illustrate the phenomenon of frequency entrainment, some repre-
sentative waveforms of v(t) obtained by using an analog computer are shown in
Fig., 3.2. Thg block diagram of Fig. 3.3 shows an analog-computer setup for the

solution of Eq. (3.2), in which the system parameters are set equal to the values
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as given above,* Table 3,1 shows the values of the amplitude B and the frequency
v of the external forces corresponding to the Fig. 3.2a to f, respectively, The
poiﬁts on the curves appear at the beginning of each cycle of the external force,
These point marks are helpful for distinguishing between an entrained (periodic)

oscillatign and almost periodic (nonperiodic) oscillation,

Table 3.1, Amplitude and frequency of the
external force in Fig, 3.2

Fig. 3.2 Amplitude B Frequency v
a 0.1 01996
b 0.5  0.499
¢ 0.5 0.332
d 2.0 1.99
° 2.0 2.97
£ 0.55 0.700

* The integrating smplifiers in the block diagram integrates the input with
respect to the machine time (in second), which is, in this particular case, 2

times the independent variable t,



3«3 Almost Periodic QOscillations Which Develop from Harmonic Oscillations

When the amplitude B and the frequency v of the external force are pre-
scribed outside the regions of entrainment, an almost periodic oscillation
results, In the preceding section the solution of Eq. (3.2) was assumed, for
the entrained oscilletion, to take the form of Eq. (3.3) or (3.4). It would
be natural to consider that, for the almost periodic oscillation, the coeffi-
cienta b, and b, in Egs. (3.3) and (3.4) are not constants but vary slowly with
the time t. In this section we shall consider‘the almost periodic oscillation
which develops from the harmonic oscillaetion and derive the relations which

determine the time-varying amplitudes for the almost pericdic oscillation,

N

(a) Derivation of the Fundamental Equations
From the above consideration one may assume that an almost periodic oscil-

lation which develops from the harmonic oscillation is expressed by

v(t) = b (t) sin vt + by(t) cos Vi (3.5)

We now derive the relations which determine the time-varying coefficients,
bl(t) and bz(ﬁ), in the above solution, Substituting Eq. (3.5) into (3.2) and
equating the coefficients of the terms containing cos vt and sin vt separately

to 2ero gives

! (1 rz)x ag B_ - x (x )
TT T\ -t 1Y1*yya°= 1V¥10Y1
i, , (3.6)
F = 0’1x1 +» (1 - rl)yl 2 Yl(xl,yl)
b b
! 2 2 2 2
where xl = ‘;5' }'1 = a'g rl = xl + yl
(3.7)
8, = & Taut q. :1-V2 t detunin
0 /3 2 1 Ty g
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In the derivation of Eqs, (3.6) the following assumptions were mades

(1) b,(t) and b,(t) are slowly varying functions of t so that &zbl/dtz and
d2b2/dt2 may be neglected. (2) Since (4 is a small quantity, LLdbl/dt and
% dbz/dt are also discarded,

The investigation of the solution of the nonautonomous system described
by Eq. (3.2) is replaeced by the study of Eqs. (3.6), in which x and y, denote
the normalized amplitudes of the forced oscillation. Equations (3.6) form an
autonomous system of the first-order equations. The singular points of Egs,
(3.6) represent the harmonic oscillations of the original Eq. (3.2), and the
limit cycles*, if exist, represent the almost periodic oscillations, Thus the
entrained oscillation is obtained from Eqs. (3.6) by putting dxl/df = 0 and

dyl/dt = 0, i.e.,

X (x14s¥19) = © T, (x1qs¥39) = O (3.8)
where the subscript O is added to designate the equilibrium state, Eliminating
X1 @nd ¥y, from Egs, (3.8) gives

B )2
LAVaO

[(1 - 150 + 05115, = ( (.9)

It will readiiy be seen that, when the amplitude B of the external force is zero,
we obtain rio =1 and 0, =0, so that 8, in Eqs, (3.7) represents the ultimate
amplitude of the self-excited oscillation, The amplitudes X0 and Y10° that is,

the coordinates of the singular point of the system (3.6), are given by

* A closed trajectory towards which neighboring integral curves tend is calla
ed the limit cycle. Occurrences of this kind were first studied by Poincaré

(23, p. 53].
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Mmva Huva
0 2,2 0o 2
%o =" "3 (- Te)Tg Y10 = 7B 1710 (3.10)

Equation (3.9) yields what we call the response curves for the harmonic oscilla-
tion as illustrated in Fig. 3.4. Each point on these curves yields the amplitude

rlo which is correlated with the frequency v of a possible harmonic oscillation

for a given value of the amplitude B,

(b) Stebility of the Singular Point Correlated with the Periodic Solution

The stability of the singular ﬁaint of the system (3.6) is correlated with
the stability of the periodic solution of the original system (3.2). In order
to investigate the stability of the equilibrium state, we consider sufficiently

small variations £ and 7 from the singular point defined by

X = X0+ & ¥, = Y0 * 1 (3.11)

and determine whether these deviations approéch zero or not with increase of the
time T. Substituting Eqs. (3.11l) into (3.6) and neglecting terms of higher degree

than the first in £ and 7 gives

dn

il X A LI PX
20Xy
. ) 2 2
with al = (-a—x—]-.-)o =1 = l‘lo leo
oX,
= (— = - - .12
& (ayl)o 71 = 2X9%10 (5.12)
21,
by = (""‘axl)o = 0] = 2%9%10
Y
1 2 2
b2 = (—-—ayl)o =1 - rlO - 2Y10

where (axl/axl)o, coes (aYl/ayl)o stand for axl/axl, ceos aYl/ayl at x; = X},



43

and V) = ¥y The characteristic equation of the system (3.12) is

8 - A
/ "2 =0 (3.13)
b By = A .
or /\2+p)\ +q=0
where p=-(a +b) = 2(2r§o - 1) (3.14)

2 2 2
q=2ab, -ab =(1- rlo)(l - §rlo) + 07
The variations £ and 7 approach zero with the time T, provided that the
real part of A is negative; in this case the corresponding periodic solution
determined from Eqs., (3.10) and (3.5) is stable. This stability conditions is

given by Routh-Hurwitz's criterion as [17]

p>0 and qa>0 (3.15)

By making use of the stability conditions (3.15) the unstable portions of the
response curves are shown dotted in Fig. 3.4, It is readily verified that the
vertical tangencies of the response curves lie on the stability limit q = 0.
Let us take a glance at a discussion of the character of the integral
curves in the neighborhood of the singular points of the system (5.3). For the
singular point (3.10), the characteristic roots are given, by use of (3.14), as

2
-p+ |p - 4q

A = ’ 3.16)
o m it <

Poincard [ 23, p. 14 ] has classified the types of singular points according

to the character of the integral curves near the singular points, namely, accord-



ing to the nature of *he characteristic roots A, as follows:

(1) The singularity is a nodal point, if the characteristic roots sare

both real and of the ssme sign, so that

p2 -h4g 20 and 9> 0 (3.17)

(2) The singularity is a saddle point, if the twe roots are real but of

opposite signs, so that

g <0 (3.18)

(3) The singularity is a focal point, if the two roots are cinjugate

complex, so that

92 -4g<0 ' (3.19)

If, in particular, both the roots are imaginary so that p = 0, the singularity

N o *
is either a center or a focus,

(¢) Limit Cycle Correlated with an Almost Periodic Oscillation
As mentioned in Sec. 3.%a, an almost periodic oscillation which develops

from the harmonic oscillation may be expressed by

v(t) = b;(t) sin vt + by(t) cos vt (3.20)

* Following the above classification, the type of a singularity will be def-

inite when the characteristic roots A, and A, are neither zero nor pure imag-

1 2
inary, Such a singularity is called simple or of the first kind, However, we
have also the singularity of the secaond kind for which the above conditions do

not apply. The detailed discussion of such a singularity will be given in the

following section,
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where bl(t) and b2(t) are slowly varying functions of t, These time-varying
amplitudes, or Xl(T') and y1(1') in normalized form, are to be found from Zgs,.
(3.6). We consider the behavior of integral curves.defined by Zqs. (3.6) in
the x;y, plane. It is known that, if the external force is given just outside
the region of harmonic entrainment, Egs. (3.6) have only one singularity which
is unstable (see Fig., 3.4), It will also be seen that, for large values of X
and Yi0 integral curves are directed towards the origin for increasing T.

Hence the existence of a stable limit cycle may be concluded, We shall not go
into the problem in which the detuning becomes so large that the natural fre-
quency of the system is entrained by a higher-harmonic or subharmonic frequency
(see Fig, 3.1). Even though the entrainment of such a type would not occur, an
almost periodic oscillation should preferably be expressed in a different form
than Eq. (3.20).

An example of the 1limit cycle is shown in Fig. 3.,5a. The integral curves
are drawn by meking use of the isocline method., The system parasmeters in Zgs.
(3.1) and (3.2) are the same as those in Sec, 3.2; the amplitude B and the fre-
quency v of the external force are prescrived just outside the region of harmonic

entrainment (see Fig. 3.1b), i.e.,

Through use of Egs, (3.10), (3.14), and (3.19), the details of the singular point
in Fig., 3.5a are readily known and are listed in Table 3.2, The period required
for the representative point (xl(‘r), y;(T)) to complete one revolution along
the limit cycle is 12,8 «¢¢ times the period of the external force; hence the
assumptions made in the derivation of Zgs, (3.6) are permissible,

Once the integral curves are obtained in the X1y plane, the time-response
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Table 3,2, Singular point in Fig. 3.5a

Singular .
pogzt %10 Y10 A 17 Ao Classification

Fig. 3.5e -0.245 | -0.400 | 0.561 + 1.2544 Unstable focus

curve may be calculated by the following line integral:
T = ds
[B(x,3) + Blxpy)
’ (3.21)

where ds = Jkdxl)a + (dyl)2 3 line element on the ihtegral curve

The waveform of the almost periodic oscillation obtained in this way is shown
in Fig. 3.5b. The amplitude of the almost periodic oscillation varies period-
ically with large period. The points on the curves ;ppear at the beginning of
each cycle of the external force. One sees that in this case the phase of the

almost periodic oscillation gradually lags the phase of the external force as t

increases,”’

* By using the relations (3.7), the solution (3.20) may be represented as

v(t) = aorl(t) ein [vt +» 6 (t)]
where 8(t) = ten~! v, (2) /% ()

We see in Fig, 3.5a that the limit cycle contains the origin X =Y, = 0
in ite interior and that the representative point moves in the clockwise direc=-
tien. Therefore, the phase angle of the oscillation lages by 2n radians when the

representative point makes one revolution along the closed trajectory.
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(d) Transition between Entrained Oscillations and Almost Periodic Oscillations
We consider the behavior of integral curves of Eq. (3.6) particularly in

the case where the amplitude B and the frequency v of the external force are

given near the boundary of harmonic entrairmment., As mentioned in Sec. 3,3b,

the boundary of harmonic entrainment is given by

= (1 - rio)(l - Br?o) + Of =0

€]
i

(3.22)

or P 2(2r§0 -1)=0

The first equation applies in the case where the amplitude B and consequently
the detuning o, are comparatively small (see Fig. 3.4). Typical examples of
integral curves in such a case are shown in Pig. 3.6a, b, and ¢, These figures
show the integral curves under the conditions that B and v of the external force
are prescribed inside, on the boundary of, and outside the region of harmonic
entrainment, respectively, Aas will be discussed in Sec. 3,4a, the coalescence
of singular points occurs at the boundary of harmonic entrainment.

When the amplitude B and consequently the detuning 01 are large, the secogd
equation of (3.22) applies. Typical examples of integral curves in such a csse
are shown in Fig, 3.7. At the boundary of harmonic entrainment the only singu-
larity is a stable focus as will be verified in Sec. 3.4b, Slight increase in
the detuning beyond the boundary will result in the occurrence of a stable limit
cycle which is small in size, however, The limit cycle grows large as the detun-
ing increases,

For intermediate values of B and 01, some complicated phenomena may occur
[ 3, 5 ]. But we shall not enter this problem here, because such a region of
external force is extremely narrow [cf. Chap. 4].

The difference in the behavior of integral curves between Figs. 3.6 and 3.7
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is explained as follows: An almost periodic oscillation may be considered as a
combination of two components, i.e., the free oscillation with the natural fre-
quency of the system and the forced oscillation with the driving freguency.
When the entrainment of frequency occurs, the situation in what follows may
arise, If ,the amplitude B of the external force is small, the forced oscilla-
tion‘is not predominant, Since the detuning 7 is also small in this case,
the free oscillation is entrained by the driving frequency (see Fig. 3.6). On

the other hand, if B is large, the free oscillation is suppressed by the forced

one (see Fig. 3.7).

3.4 Geometrical Discussion of Integral Curves at the Boundary of Harmonic

Entrainment

We have considered the nature of singular points of Eqs. (3.6) in the pre-
ceding sections, As mentioned there, the types of singularities are determined
once the roots (different from zero or pure imaginary) of the characteristic
equation (3.13) are known, However, there still remain special cases to discuss
in which the singular points are of higher order,

The following discussion is based on the autonomous equations (3.6) for
critical values of B and vV, And so the application of results, which will be
obtained from them, to the oscillations governed by the nonautonomous equation

(3.2) requires further examination, since the assumption is used to derive Egs.

(3.6).

(a) Coalescence of Singular Points
Following the method of analysis due to Bendixson [2, pp. 58, 62, 74], we inves
tigate the nature of singular point 2 in Fig. 3.6b., In this case the singularity

lies on the boundary q = 0 in Fig. 3.4; its coordinates are, from Eqs. (3.10) and
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the first equation of (3.22), given by

uva
0 2 2
10="95 [L+30;-1-30]
2
(1 = vT)a
Vg =~ 2+ 1 - 507

where the amplitude B and the frequency v of the external force are related by

*

9ol - (-3 - () (5.24)

Transferring the origin to the singular point, i.e,, putting
X=X+ Yy =Y+ 1

we obtain, from Egqs. (3.6),

E-af +anex(2, 1)
(3.25)
%% =D& + b7 4 Yl(Z,,W)
where al =8, = 0]
‘ ) 2 2
by = 01 = 2X15¥4 by =1 - T15 " Wy
2 2 2 2
Xl(é )7) = - Bxlos’: - 2}'1027 - xlo"] - (é. + 7 )Z. (5526)

2
Y (E,7) == 3yg2° = 20027 = 37,477 = (22 4 1)1

* Relations (3.23) and (3.24) correspond to the upper boundary of the ellipse
represented by the stability limit q = O in the 71Tl plane (see Fig. 3.4),

since this portion turns to the boundary of entrainment on the Bv plane,
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when xl(a »7) and Yl( Z," ) are ignored, the characteristic equation of the

system (3.25) is given by

from which we obtain

Thus the singular point with which we are dealing is that of the second kind,
and so we shall investigate the stability in what follows.
The tangents of the integral curves at the origin of the £7 plane are

determined by (see Appendix I)

Z (b2 +D,7) =0 (3.27)

We shall first show that there sre two and only two branches of the inte-
gral curves which tend to the origin with the tangent % = 0. By making use of

the transformation Z = ¢7, equations (3.25) lead to

d
T=-59 - X107 *+ %(9,7)

(3.28)
an

== 5,7 + Yo(¥,7)
where X,(¥,7 ) and Y2(<,P,'[ ) are the polynomials containing terms of higher

degree than the first in ¢, %, The characteristic equation becomes in this

case

= by - A - X

0 b, = A



from which we obtain®

A g!b

1,2 2
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so that the singularity is a saddle point, Hence there aere four branches of

the integral curves tending to the origin in the ¢n plans, two of which are

represented by 7 = 0, but these are reduced to the origin £ = 7 = 0 of the &7

plene, We have, therefors, two and only two branches of the integral curves

tending to the origin & = 7 = 0 with the tangent & = 0O, one of them being sit-

uated above and the other under the Z axis.

Now we may conclude that all the other integral curves which tend to the

b

origin have the tangent 7 = - -sli. In order, therefore, to investigate them,

2
we apply the transformation

b
'7’(‘1"52)2

to (3.25), and get

1,(5,v)
- b24’+ bl
¥
A ~-(y-)E
2 x(z,v) B2
g
or
£ Hmaw s bz +)(2,¢)
3
- b
where &= = 2 =
b1%10 = 2bybaYyg + 30y,

(3.29)

(3.30)

* When g = 0, the coefficient b, is given by

uva
0,2 _4 2 2
b, = 4(...._....3 ) rlo(l - rlo)(l - 2r10)

from this b2 < 0 results at the upper boundary of q = O.
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2 2
(b + b5)(byx 5 + by )

5 5
by (b1 %y = 2byboyy o + Sbox) )

b =

Bl(é , ¥ ) being a series containing terms of higher:degree than the first in z,
¢ » This takes the form of Eq., (I.3) in Appendix I withm = 2 (an even num-
ber).* Hence, dividing the Zw plane into two regions along the ¥ axis, we see
that all the integral curves tend to the origin on either side of the axis (which
side it will be depending on the sign of a), and that, on the other side, one and
only one branch of the integral curves tends to the origin, while all the others
veer away from the origin. Therefore, in the end, we may concldde that the equi-
1ibrium state correlated with the singularity is semistable,

We shall further derive an approximate equation of the integral curves in
the neighborhood of the singularity. By making use of the further transforma-
tion

1
p=3¢§ qQ = ay+ bZ

equation (3.30) becomes

p? %% = q + 8, (p,q) (3.31)

where B]: (p,q) contains terms of higher degree than the first in p, q, 8o that
it may be neglected as compared with q, since we confine the discussion to the
singular point and its vicinity alone. Integrating (3.3l) under this conditien,
we have _1
P

q= Ce.e (5'52)

C being a constant of integration, and, turning back to the original 27 relae

*x . 2 2
It is here assumed that bix), = 2bybyy g + 3byx 4 # O.
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tion, we finally obtain
b -2
z

7.(-%«§g+0w )£ (3.33)

Numerical Example
In order tp illustrate the foregoing analysis, we consider a case when the am-

plitude B and the frequency V satisfy the following relations

B .2 1
(HVSO) * 10 qQ=20

From this the following quantities are readily obtained;* i,e,,

B = 0.0842 V = 1,0243
Xjo = = 0.1675  y,4 = = 0.9570
bl =z - 0.6412 bz = = 1'7756

8 = 10;6& b = - 60891"’

Substituting these values into (3.33), we can draw the integral curves for sev-
eral values of C, They are plotted in Fig, 3.8a. From equations (3.25), we see
that a representative point moves on the integral curves in the direction of the
arrows, Thus a point (&£ (T ), 7(T)) tends to the origin in the region % > 0,
but leaves the origin in the other region Z < 0, Hence, the singular point is

semistable,

* Equations (3.6) are unchanged if ¢, and y; are replaced by - ¢, and - y,
respectively, This implies that the phase-plane diagrams of the system (3.6)
are symmetric about the x axis each other if tlr_ze external forces are prescribed
by B/uy 8y, 7 and B/uv 8y, = 0';. Hence we consider the right-hand boundary
given by V > 1.
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Now, in order to domplete our discussion, we shall deal with the exception-
al case in which

b2x - 2b,b

2 ‘
1%10 = 2Pyba¥yg * Pbp%yp = 0 (3.34)

Thie takes place when tho singularity is located at the points where the bound-

ary q = 0 has vertical tangency. In this case we have

8 2

and the following values are readily obtained for 0’1 = - 1//3; i.e.,

X = - --1—’ y = - -—-1-—- r2 = g
10 \/—6— 10 /? 10 3
2 2
bl = - -B—:- b2 = - 3
Substituting these values into Eg. (3.29), we have
c Ry hfmr - By s aBR 4 2P - 1084 3BEF - B
2 dv ' fa - (¢- D=
v T2 2
- bz s 2{3‘29»4»{—29» - &y

However, this does not take the form of Eq. (3.30), and so, applying the further

transformation ¥ = (£ + 6/2)2, we obtain

22 =30 + 858+ 8,(2,0) (3.35)

where 82(.{ , () contains terms of higher degree than the first, This teakes the
form of Eq. (I.3) in Appendix I withm = 3 (0odd) and a = 1/6 > 0, and so the
singularity is a nodal point. In order to find the integral curves in the neigh-

borhood of the singularity, we further put
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p= 62 qz%c+85a
Equation (3.35) may then be written in the form

p’ %g = q + By(p,q) (3.36)

where Bé(p,q) contains terms of higher degree than the first., Hence, neglect-
ing this, we integrate (3.36) and obtain

1
-27
q = Cee P

C being a constant of integration, and in the 27 plane
1

2 " 1262 ‘
7 =(-[3+62- 48[32° + CZ e Y& (3.37)
The integral curves are computed for several values of C, and plotted in Fig,
3.8b, From equations (3.25), we see that a representative point moves on the
integral curves in the direction of the arrows, Thus a point (£ (T ), 7(7))

from any initial condition tends ultimately to the origin, Hence, the singular

point is stable,

(b) Existence of a Stable Focus
We investigate the nature of singular point in Pig. 3.7b. 1In this case
the singularity lies on the boundary p = 0 in Fig. 3.4; its coordinates are,

from Eqs. (3.10) and the second equation of (3.22), given by

uva, | (1 - Vz)ao
10" T I Y10 ® 2B - (3.38)

where the amplitude B and the frequency v of the external force are related by*

* It 1s noted that |0yl > 1/2, (B/;AVaO)2 > 1/4,



1,1 2 B 2
'2"('5 + o_l) = (.Uvao) (5-59)
Transferring the origin to the singular point, i.,e., putting

=X té NN=Y+ 7

we obtain, from Egqs. (3.6),

%%=alé*a27*x1(£’7)
. (3.40)
E’%': b+ 5,7 + Yl(i,’[)
8.2 a2
. 1 0 0
where a, = - x + = (1l -=x)0
1 ItoR ) 2
a2 . a2
0 0
b, = (3 « =) 0 Dr = % = ———
1 201 232 A2
B
A =T_V§ ‘ (3.41)
2
xl(é ,'7) == 5xlo£2 - 2y102'7 - x107 - (22 + 72)£
2

When Xl( 2,n) and Yl(a ,"1) are ignored, the characteristic equation of the

system (3.40) is given by [cf, Eqs. (3.14)]

/\2+pz\+q==0

Since p2 -b4g=1- 40’? < 0 and p = 0, the roots A are imaginary, so that the

singularity is either a center or a focus (see Sec. 3.3b), Following the analy-
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sis due to Foincaré [22, 23], we shall investigate the type of singularity in

what follows (see Appendix II).

Introducing new variables defined by
X = falb2 - ayb; (Z +7)
y=(a; +b)Z+ (a8, +1b,)7

we obtain, from Eqs. (3.40),

%% = ¥+ xz(x,y) = X(x,y)
%% = - x + Y,(x,¥) = Y(x,y) (3.42)

2
where z= [aby - 8,007 = \/01 - 1/4. 1

and xz(x,y), Yé(x,y) are polynomials containing terms of degree higher than the

first in x and y. Now let us consider a closed curve around the singularity as

given by
F(x,y) =k

where k is a small positive constant. If the function F(x,y) could be construct-

oF oOF : . aF oF
ed such that 55 X+ 357 Y = 0, the singularity is a center; while, if e X+ 3§’Y

is either positive or negative in the neighborhood of the singularity, the singu-
larity is a focus.

In Pig. 3.7b the external force is chosen such that B = 0.2 and v = 1,0688,
which are located on the boundary of harmonic entrainment. The other system

parameters are the same as in Sec. 3.2. Then we obtain, from Eqs. (3.38),



Following the procedure as described in Appendix II, we obtain
P(x,5) = Fo(x,5) + Fx(x,y) + Fu(x,y) = k

where Fz(x,y) = x2 + y2
Fy(x,3) = - 1,260 + 6.89:<%y - 0.33%7 + 6,507

Fh(x,y) = - 11.86xh - 12.87x5y - 6.26xy5 + 11.01y4

In the neighborhood of the singularity we have

dF _OF . . OF

2 2,2
Ez.&X+ayY=-6.92(X -"y) *¢5(XIY)<O

where <$5(x,y) is a polynomial containing terms of degree higher than the fourth
in x and y. Hence the integral curves of Eqs. (3.42) cross the closed curve
F(x,y) = k from the exterior to the interior with increasing z. Therefore, we
may conclude that, in the original xy, pleme, the singularity (xlo,ylo) is a

stable focus,

2.5 Almost Periodic QOscillations Which Develop from Higher-Harmonic Oscillations
#e shall, in this section, deal with the almost periodic oscillation which

develops from the second- or third-harmonic entrainment,

(a) Fundamental Equations

Almost periodic oscillations which develop from these higher-harmonic oscil-

lations may be expreasssd by

v(t) = 5 cos vt o+ bl(t) s8in nvt + bz(t) cos nvt n=2or3j (3.43)

1 -V

where bl(t) and b2(t) are slowly varying functions of t., We here derive the



29

relations which detgrmine the time-varying coefficients, bl(t) and b,(t), in
the above solutions,

Proceeding in the same manner as in Sec. 3.3a; namely, substituting REq.
(3.43) into (3.2) and equating the ccefficients of the terms containing cos nvt

and sin nvt separately to zero gives

dxn 2
= = (D - rn)xh - oY, = Xh(xn’yn)
i, . (3.44)
I = Tp%, * (D - rn)yn -F = Yn(xn’yn)
b, by 2 2
where xn - .a— yn = ;—- I‘n =X <+ ¥
0 0
2
ao = -li D=1 - g'é'z" A= B 2
7 a5 l=-v
5 (3.45)
_/:_4 - 1 - (nv .
T = 5 t 05 = s+ detuning
B2 _ 7,3
Fo = Tag A Fs = T2a, A

It is noted that the same assumptions as those mentioned in Sec. 3,3a must be
made for the derivation of Zgs. (3.44). The entrained higher-harmonic oscil-
lation is obtained from Eqs. (3.44) by putting dxn/dr = 0 and dyn/dT = 0., From
these relations, we can readily find the amplitude characteristic for the higher-

harmonic oscillations, i.e.,*

[(D - ri)z . aﬁ] ri - pi (3.46)

* In order to avoid the troublesome notation, we hereafter omit the subscript

0 which designastes the equilibrium state,
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The amplitudes of the higher-harmonic component x and y , that is, the coordi-
n

nates of the singular point, are given by

2 2

g.r (D - r2)r

n _ n’'n T

Y 7 Yy = 7 (3.47)

n
n n

Proceeding in the same manher as in Sec, 3.%b, the stability conditions for

the singular point are as follows:

el
i

2(2ri -D) >0
(3.48)
(D - ri)(D - 5r§) + Ui >0

4°

(b) Limit Cycles Correlated with Almost Periodic Oscillations

#e consider the behavior of integral curves in the X ¥, plane defined by
the igs, (3.44). It is known that, if the external force is given outside the
regions of higher-harmonic entrainment, Eqs, (3.44) have only one unstable sin-
gularity.* It will also be seen that, for large values of x and Yp? integrsal
curves are directed toward the origin for increasing T. Therefore the existence

of a stable limit cycle and hence of an almost periodic oscillation may be con-

* For nonzero values of D, equation (3.46) may be rewritten as

r2 r2 F2
n,2 Tn2; n n
Q-5+ (51 5=

The above equation has the same form as Zg, (3.9). Therefore, if the quantities

2
ag

T10r 1’ 0

the response curves of Fig, 3.4 also apply to the case of higher-harmonic oscil-

and (B/uva )2 are replaced by ri/D, Gh/D and Fi/Di, respectively,

lation, As we can verify shortly, the dotted portions of the response curves

are also unstable for the higher-harmonic oscillation,
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cluded,

Figure 3.9a shows an example of the limit cycle of Egs. (3.44) for n = 2,
In this case the corresponding almost periodic oscillation devel&ps from the
second=-harmonic oscillation., The amplitude B and the frequency v of the exter-
nal force are given by

B = 0.8 and V = 0.47

-

which are located just outside the region of the second-harmonic entraimment (see
Fig. 3.la). The other system parameters are the seme as before, The period re-
quired for the representative point to complete one revolution along the limit
cycle is 7,6 «e. times the period of the external force, Figure 3,.9b shows the
waveform of the almost periodic oscillation represented by the limit cycle, 1In
Fig. 3.10a is plotted the limit cycle of Egs., (3.44) for n = 3; the correspond-
ing almost periodic oscillation develops from the third-harmonic oscillation,

The amplitude B and the frequency v of the external force are given by

B = 1.0 and vV = 0.345

which are located just outside the region of the third-harmonic entrainment (see
Fig. 3.1la), The period required for the representative point to complete.one
revolution along the limit cycle is 10.4 +++ times the period of the external
force, Figure 3,10b shows the waveform of the almost periodic oscillation rep-
resented by the limit cycle, The details of the singular points in Figs, 3.9a

and 3,10a are readily known and are summed up in Table 3.3,

(¢) Trensition between Entrained Oscillations and Almost Periodic Oscillations

Introducing new variables defined by'

]

xn=J—D—y yn=mx T Dr
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Table 3.3, Singular points in Figs. 3.9a and 3,10a

Singular
po%ﬁt x Y AyrAp Classification
Fig. 3.9a 0.226 0.066 0.187 + 0.8241 Unstable fosus
Fig. 3.10a -0.195 | 0.043 0.061 + 0,457 Unstable focus
(3.49)
a =DC T = Z/D

n

we obtain, from Egs. (3.44),

dax (1 2) Fn
iz = - T x-Uy+D7§

(3.50)
%% = 0x + {1 - rz)y

Zquations (3.50) have the same form as (3.6). Hence the behavior of integral
curves during the transition between entrained oscillations and almost periodic

oscillations is analogous to that occurring between harmonic and almost periodic

oscillations. ~

3,6 Almost Periodic Oscillations Which Develop from Subharmonic Oscillations
de shall, in this section, deal with the almost periodic oscillation which

develops from the 1/2- or 1/3-harmonic entrainment.

(a) Fundemental Equations

Almost periodic oscillations which develop from these subharmonic oscilla-

tions may be expressed by

B
1 -y

v(t) =

5 cos Vi + bl(t) sin vt + b,y(t) cos vt

n = 1/2 or 1/5 (3'51)»
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where bl(t) and bz(t) are slowly varying functions. of t. We here derive the
relations which determine the time-varying coefficient, bl(t) and ba(t), in the

above solutions,

Proceeding in the‘same manner as in Sec, 3.3%a; namely, substituting Zq.
(3.51) into (3.2) and equating the coefficients of the terms containing cos nyt

and sin nvt separately to zero gives

n = 1/2s
! dx
1/2 2 1
7= = (D= 1) ¢ 5BRX s = Ty po¥y o = Ky po(%y 201 0) 5.2
vy /2 - 2 15 a) 2 Y (x ) ]
== Ty + (D= Ty = 3RAY o = Yy p(X) 00Y) /2
n=1/3
dx
1 2 A )
72 = 0= ns s Tys e Bysys = Rystysis) 5,55
4¥,/3 2 A2 2 )
T2 = Tuygtys (00 rysiys v ety - vys) = ystaysys)
b b
where x = '53; Yo 3133 ro=Xx +Yy,
2
4 2A B
aos; D=1--;—g A 1—:7 (5054)
2
T =5t T L = B7) ., detuning

It is noted that the same assumptions as those mentioned in Sec., 3.3%a must be
made for the derivation of Egqs. (3.52) and (3.53). The entrained subharmonic
oscillation is obtained from Eqs. (3.52) or (3.53) by putting dxn/dr = 0 and
dyn/dr = O, From these relations, we can find the amplitude characteristics
for the subharmonic oscillations, i.e.,

2

n = 1/2s ((D - rf/z)2 * 91

- 3N 1], = 0 (3.55)



n=1/3

From these relations, the smplitude r

to be

n=1/23

or

n=1/3;

or

When the amplitude T is zero, no subharmonic response is obtained,

sequently, the periodic solution (3.51) has only the harmonic component

2 2 2 T 22 2
[ -7y 5) + 0y s - AT 5l Tyys=0

2
Ty =9

2
2 85 2 2
Tz =D j‘ﬂ‘ Yz
2
/3= ©

[/]

rf/5= (D+§A2) + J(D+BA2)2-D2

2
= %3

(3.56)

of the subharmonic oscillation is found

(3.57)
(3.58)
(3.59)

(3.60)

Con-

B/(1 - v2)-cos Vt. The emplitude r of the subharmonic oscillation may be

obtained from Eq. (3.58) or (3.60) provided that the right sides of these equa-

tions are positive,

One will-notice from Egs. (3.58) and (3.60) that the detun-

ing 7, must be small enough when the entraimment at these subharmonic frequen-

cies is expected (see Fig. 3.1b).

x and Y, that is, the coordinates of the singular points, ere given by

n= 1/2:
where
n = 1/3

X)/p = Ty/p coB 61/2 rl/2 cos( 91/2 + )
i/ = T1/p ®in 91/2 *1/2 sin( 91/2 + )
2
-2(D-r7,) 20
1/2 1/2
cos 291/22 /3A Ein291/2=-mé-

The amplitudes of the subharmonic component

(3.61)

X)/3 = Ty o8 91/5 Ty /3 cos ( 91/5 S % ) T1/3 cos( 61/3 + % )
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Yi/3 = F1/3 sin.@l/5 Ty /3 sin( 61/5 + % ) Ty /3 sin( 61/5 + % )

a0 a(p-12,y %
%%y T %\ =Ty
vhe‘re cos 361/5 “1/5 8in 3 91/3 = “1/5

Proceeding in the ssme manner as in Sec. 3.3b, the stability conditions

for the singular points are as followss

For r§/2=03
2 1 .2,2 2
p1/2=-2D>o ql/2=lD "E/GA + 0'1/2>O (3~65)

2
For r1/2 + O: .

For rf/j = 0t
Brsz= =200 Q5= D0+ 05,550 (3.65)

2
For r1/5 % 0:2 , ,
Py =22 s - D) >0 g s=- 6l e F a1 )50 (3.66)

(b) Limit Cycle Correlated with Almost Periodic Oscillations

We consider the behavior of integral curves in the X Y, plane defined by
the Eqs. (3.52) or (3.53). Analogously as in the preceding sections, it may be
concluded that, if the external force is given outside the regions of subharmon-
ic entrainment, Eqs., (3.52) or (3.53) possess a limit cycle correlated with an
almost periodic oscillation,

The graphical solution of Eqs. (3.52) or (3.53) may conveniently be obtain-
ed by introducing polar coordinates x =71 cos Qn, ¥, = T, sin Gn. Thus we

write, from Eqs., (3.52) and (3.53),
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dr
1/2 2 8
’E%L = (D=1, +3 Aryj, co8 26, ) = Ryya(Tisos 61 0)
48 (3.67)
1/2 8
T = T1p-zhsin 26, =6, /,( 6,
dr
1/3 2 A 2
mi e 0 ry o T3 o 285 = Ryyslryys O ) .60
d >
1/3 A
i = 0'1/3 + ‘ES I'l/3 cos 591/5 5@1/5(1'1/5, 91/5)

Equations (3.67) are unchanged if 91/2 is replaced by 91/2 + n, while Egs.

R 2
(3.68) are unchenged if 91/5 is replaced by 61/5 +3 This implies that
phase-plane diagrem of the system (3.67) is n symmetric about the origin and
that of (3.68) is %n symmetric. Let <Pn be the angle with which the integral

curve traverses the radius vector, then

6
tand = r d_P. - @n(rn' o) n=1/2 or 1/3 (3.69)
n” ndr " n Rnlrn, 9n5 - :

The graphical comstruction of integral curves is much facilitated by drawing
iso- ¢ curves instead of isoclines,

Figure 3.lla shows an example of the limit cycle of Ege. (3.67). Some of
the iso~¢ curves are shown dotted in the figure, 1In this case the correspond-
ing almost periodic oscillation develops from the 1/2-harmonic oscillation., The

amplitude B end the frequency v of the external force are given by
B = 4.0 and vV = 2,15

which are located just outside the region of the 1/2-harmonic entrainment (see
Fig. 3.1b). The other system parameters are the same as before, The period T

required for the representastive point to complete one revolution along the limit
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cycle is readily obtained from the second equation of (3.67), i.e.,

2n
46
1/2 5
" [a, . ""A/i 26, , [2 nl 2 2 (3.70)
- = ain
o ''1/2' 72 1/2 J"l/a‘h’"‘-

It is worth noting +that in this particular case the limit cycle is also obtain-
ed analytically by constructing a Liaspunov function in what follows [15, pp. T4-
82]. \

When the amplitude B and the frequency v of the external force are given
outside the region of the l/2-harmonic entrainment, the system (3.52) has the
only singular point which 1s unstéble focus and is located at the origin xl/é
=Y ® 0 [cf. Eqs. (3.63)]. Hence the linear part of Egs. (3.52), i.e.,

dx
‘T}cﬁ = (D %’3‘“‘)‘1/2 = Ny

dy12=¢ X, e (D-2aa)y. .
d< 1/2%1/2 Z R /2

(3.71)

has én asymptotically unstable singularity at the origin.

We try to determine a Liapunov function for the linear system (3.71) and

assume a quadratic form
v(x ) = ax>,, + 2bx + cy> (3.72)
1/22%1/2 1/2 1/251/2 * Y1 /2 .

The unknown coefficients a, b, and ¢ will be determined in such a way that

dV/dt is a positive definite function of the form

=2, 4050 (3.73)

From Eqs, (3.71), (3.72) and (3.73), we obtain



a= ZJ;' {((o - ém)n + ‘7:12/2]

1
b=-23840,

Dir

) . » (3.74)
c =3 [(D +§BA)D + 0'1/2]

where 4 a (02 - 1]&/32.‘.2 + Gi/z)D

Then, using Egs. (3.52), we obtain

av_2v_ e oy e Lo o
dt ~ axl/2 dt ayl/2 drt "~ T'1/2

8o that the ellipse V = 1* represents a stable limit cycle to which neighboring

integral curves tend asymptotically with increasing v. Using the values of the

system paremeters as mentioned sbove, we obtain, from Eq. {3.70), T = 10.07 <=

or equal to 45.9 <+. times the period of the external force., An analytical ex-

pression for the limit cycle of Fig., 3.lla, derived from Egs. (3.72) and (3.74),
is
13.9 x2,, - 17.9 x 10.5 y2, = 1
o7 Xyya T AT Xy Yo ¥ 20T Ty =
The waveform of the almost periodic oscillation, calculated from the limit cycle,

is shown in Fig. 3.1l1b,

Figure 3,12a shows an example of the limit cycle of Eqs, (3.68). The ampli-

tude B and the frequency vV of the external force are given by

B=6.7 and Y = 2.85

which are located just outside the region of 1/3-harmonic entrainment (see Fig,

* It is not difficult to show that a>0, ¢>0 and ac - b2‘> 0; hence V is

positive definite,
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3.1b). The period required for the representative point to complete ons revo-
lution along the limit cycle is 67,1 +++ times the period of the external force.
Figure 3.12b shows the waveform of the almost periodic oscillation represented
by the 1limit cycle, The details of the singular points in Figs. 3.1la and %,12a

are readily known and are summed up in Table 3.4,

-

Table 3.4, Singular points in Figs, 3.lla and 3.12a

Singular .
pofzt X ¥, Al,.ka Classification
Fig. 3.lla 0 (o} 0.187 + 0.6241 Unstable focus
Fig. 3.12a 0 0 0.410 & 0.684i Unstable focus

(¢) Trensition between Entrained Oscillations and Almost Periodic Oscillations
We shall investigate the behavior of integral curves of Eqs, (3.52) when
the external force is given near the boundary of 1/2-harmonic entrainment,
Three typical cases of integral curves are sketched in Fig. 3.13; nemely, a, b,
and ¢, are such cegses that B and v of the external force are prescribed inside,
on the boundary of, and outside the region of 1/2-harmonic entrainment. Singu-
larities 1 and 2 in Fig. 3,13%a are stable nodes correlated with entrained oscil-
lations, Singularities 3 and 4 are saddles which are intrinsically unstable,
The origin is an unstable node, Therefore any integral curve will tend either
to 1 or 2, depending on the location of the initial point from which the inte-
gral curve has started, In Fig. 3.13b two singular points coalesce sp as to
form a singularity of a higher order., Such singularities, 1 and 2, are of the

node-saddle type, The representative point on the closed trajectory may stay
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for & moment at one of these singularities; but, when affected by a slight dis-
turbence, the point will move to the other singularity in the direction of arrows.
The limit cycle in Fig, 3.13c is correlated with an almost periodic oscillation.
Proceeding in the sesme manner as above, integral curves of Egs. (3.53) are
plotted in Fig, 3.14, The singularities are equidistent and equiangular about
the origin., In Fig. 3.l4e singularities 1, 2, and 3 are correlated with entrain.
ed‘oscillations of the 1/3-harmonic fregquency, while singularities 4, 5, 6, and
the origin are unstable, In Fig. 3.14b the coalescence of singular points occurs
resulting in the node-saddle distribution of integral curves near the singulari-

ties. The limit cycle in Fig, 3.l4c is correlated with an almost periodic oscil-

lation,

3,7 Digital-Computer Analysis
In the preceding sections we investigated the almost periodic oscillations
on the basis of the derived autonomous systems, In this section we examine these

results by using the KDC-1 digital computer,

The method of analysis is similar to that we have used in Secs, 1.6 and 2.5;
that is, the second-order differential equation (3.2) can be rewritten as the

simultenecus equations of the first order

dv. .
a-{--v

. (3.75)
%% =M (l-Bva-y va)G - Vv + B cos vt

We consider the invariant curve [21, pp. 63-65] under the mapping in the vVv plane;
that is, the curve composed of the locus of the images. The mapping from t = 2nm/y
to 2(n + 1)n/V, where n = 0, 1, 2, «+- is considered, since the right sides of

32gs. (3.75) are periodic functions in t of period 2m/v.
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when the smplitude B and frequency v of the external force are prescribed
outside the regions of entrainment, the point Pn(v(Qnﬂ/u), v(2nm/v)) does not
get to a stable fixed (or periodic) point, but moves permanently and generates
a closed invariant curve, which corresponds to an almost periodic oscillation.®
The state of closed 'invariant curve is analogous to limit cycle in the xy plane,
We show some exemples of closed invariant curves of Eq, (3.75) for several
combinations of B and v, and compare the results with those obtained in the pre-

ceding sections,

(a) Almost Periocdic 0Oscillation Which Develops from Harmonic Entrainment

We consider the case when the amplitude B and frequency V of the external
force are prescribed just outside the region of harmonic entrainment.

A numerical analysis of the system (3.75) was carried out for the external

force as given by
B = 0.2 and V = 1.1

which are the same as those we have used in Fig. 3.5. The system parameters in
Eqs. (3.75) are the same as those in the preceding sections; i.e.,

M = 0.15 B = 4/3 and ¥ = 4/3
After a long period of time t, a point Pn(V(Znﬂ/V), v(2nn/V)) moves along the

closed invariant curve as illustrated in Fig., 3.15, The small circles on the

curves represent en example of the time intervals which are 2n/V or equal to

* Strictly speaking we cannot see with mathematical rigor that an almost
periodic oscillation is whether a periodic oscillation with large period or a

nonperiodic oscillation., At this point, however, we regard an almost periodic

oscillation as a nonperiodic oscillation,
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one period of the external force. The period required for the point Pn to com~
plete one revolution along the closed invariant curve is 11.4 ¢« times the
period of the external force. In performing the numerical integration of Zgs.
(3.75), we used the Runge-Kutta-Gill's method (with the step h equal to n/12v),
The closed curve converted from the limit cycle of Fig., 3.5a is also. shown

(by dotted line) in the figure, It is obtained by the following relations [cf.

Eq. (3.20)].

dy
. 1 . .
v = &%) Ve aglvx e ) = oA (5.76)

One sees in the figure that these two closed curves show fairly good accordance;
thus, the expression (3.20) for the almost periodic oscillation is considered to

be legitimate,

(b) Almost Periodic Oscillations Which Develop from Higher-Harmonic Entrainment
Figures 3,16 and 3.17 show the closed invariant curves of Eqs. (3.75) with

the external forces as given by
B = 0.8 and V = 0.47 for Fig, 3.16

B =1.0 end v 0.345 for Fig. 3.17

il

which correspond to Figs. 3.,9a and 3,10a, respectively, The system parameters
are the same as before, The periods required for the point Pn to complete one
revolution along the closed invariant curves of Fige., 3.15 and 3.16 are 9,9 -
and 8,1 ¢+« times the period of the external force, respectively, Closed curves
converted from the limit cycles of Figs, 3.9a2 and 3.10a are also shown by dotted

lines, They are obtained by the following relations [cf, 2q. (3.43)].

dy
— o L4 n -
V=A+agy vV = ao(nvxn + ag-) = agnvx

(3.77)

where = B/(1 - v2) and n=2o0rj3

o
i



one sees in the figures that in both cases there are considerable discrepancies

petween the full and dotted lines,

(¢) Almost Periodic Oscillations Which Develop from Subharmonic Entrainment
Pigures 3,18 and 3,19 show the closed invariant curves of Egs. (3%.75) with

the external forces as given by
B = 4.0 and vV = 2.15 for Fig, 3.18

B = 6.7 and V 2,85 for Fig., 3.19

which correspond to Figs. 3.11la and 3,12a, respectively, The system parameters
are the same as before. The small circles on the curves indicate the courses of
the successive mapping: that is, initial point (marked by the number O in the
figure) is tramsferred in turn to the points marked by the natural number in suce
cession, Tlus the time intervals between two succeésive points on the closed
invariant curves are the integral multiples of the period of the external force;
i.,e,, 4n/V and 6n/y for Figs. 3.18 and %.19, réspectively. The periods required
for the point Pn to complete one revolution along the closed invariant curves of
Figs., 3.18 and 3.19 are about 41 and 72 times the period of the external force,
respectively, Closed curves converted from the limit cycles of Fig, 3.1la and
3.12a are alsc shown by dotted lines, They are obtained by the following rela-
tions [cf. Eg. (3.51)].

dy,
: Ny .
vV =A4+ &Oyn vV = ao(ann + EF-) = aonvxn
(3:76)

where A=3B/(1 -2 and n=1/2 or 1/3

One sees in the figures that in both cases two closed curves (drawn by full and

dotted lines) show fairly good accordance,



74

3,8 Concluding Remarks

Almost periodic oscillations which occur in a self-oscillatory system under
a periodic force have been investigated by meking use of the method of variation
of paremeters which assume the slowly varying amplitude and phase of the oscil-
lation, When the amplitude and frequency of the external force are prescribed
close to the regions of harmonic and subharmonic entrainment, this approximate
method furnishes a fairly good description of the almost periodic oscillation,
But when the external force is given close to the regions of higher-harmonic
entrainment, this method brings less satisfactory results as we saw in Sec, 3.7b,
This fact results from the form of approximate solution as given by 2q. (3.43).
If we consider higher-harmonic components moreover, results will be improved.
However, this method becomes practically inapplicable, since the analysis is com-
pelled to resort to the graphical solution in a higher-dimensional state space,
In addition when the external force is given just between but not near the regions
of entrainment, the analysis does not account for very well, because the assump-
tion that the amplitude and phase of the oscillation vary slowly does not hold,
The method of combination oscillations which consist of two simple harmonic com-
ponents, one with the natural frequency of the system and the other with the

driving frequency [24, pp. 163-171], is useful under such situation.
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Fig. 3.4. Normalized response curves for the harmonic oscillation,
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of entrainment, (c) Limit cycle representing the almost periodic oscillation.
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Pig. 3.1€. Closed invariant curve of Eqs, (3.75) in the case

where B = 0.8 and v = 0.47.



Fig. 3.17. Closed invariant curve of 3gs. (5.75) in the case

where B = 1.0 and / = 0,345,
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CHAPTER 4

SELF-0SCILLATORY SYSTEM WITH NONLINEAR RESTORING FORCE

4,1 Introduction

In the preceding chapter we treated the problem in which the demping of
the system was nonlinear, In this chapter we consider a problem in which both
the demping and the restoring force are nonlinear; that is, a system governed
by the differential equation

2
v

.

-#(1- Jvz)%%-va:BCOBVt (4.1)

M

where i is a small positive constant and y is positive also and B cos vt rep-
resents a forcing function.

In the preceding:analysis we overlooked the case where both the entrained
end almost periodic oscillations occur even for the seme values of the external
forces, since such a range of the external forces is extremely narrow. On the
other hand in the system described by Eq. (4.1) the response curves are skewed
by the nonlinear restoring force as one will see later, From this standpoint
it may be conjectured that such a range of the external forces becomes broader
than that of before, Therefore we consider a particular case in which two types
of steady-state responses occur depending only on different values of the initial
conditions, Special attention is directed toward the tranaition between entrain-
ed oscillations and almost periodic oscillations which occurs under such circum-

stances, The method of analysis is much the seme as we have used in the fore-

going chapter,

&
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4,2 Harmonic Oscillations
We shall, in this section, deal with the harmonic entrainment and the tran-

sition between entrained and almost periodic oscillatioens,

(a) Fundamental Equations
When no external force is applied to the system, & free oscillation is self-
excited, To find the ultimate amplitude and frequency of the oscillation, we

put, to a first approximation,

v(t) = 8, cos Wit (4.2)

and substitute this into Eg. (4.1) with B = 0. Then, equating the coefficients

of the terms containing sin w_.t and cos w .t separately to zero, we obtain

0 o]
2 4 2 % 2 _3
ao = % COO = 80 = T (4'5)
We see that the natural frequency uJO of the system is proportional to the ampli.
tude &, of the free oscillation. These results due to the presence of nonlinear

restoring force,

When the extefnal force with the frequency V being nearly equal to a)o is
present, the entrained hermonic oscillation or the almost periodic oscillation
which develops from harmonic entrainment occurs depending on the value of B.

Hence we assume the approximete solution of the form
v(t) = bl(t) sinvt + bZ(t) cos vt (4.4)
where bl(t), bz(t) become constants for entrained oscillations and slowly vary-

ing functions of the time t for almost periodic oscillations.

Proceeding analogously &s in Sec., 3,3a, we shall derive the relations which



77

determine the time-varying coefficients, bl(t) and bz(t), in the above solution.
Thus we substitute Eq. (4.4) into (4.1) and equate the coefficients of the terms

containing cos vt and sin v/t separately to zero., The result is

dx, 2 B
i = (1 - rl)x1 - a’lyl + W g = Xl(xl’yl)
4.
4y, , (4.5)
reatie lel + (1 - rl)yl = Y1<x1,y1)
b b
1 2 2 2 2
where X =7 Y1 =5 ry =X + ¥
0 0
4 3 u
8.0-:6' u)ozl;; T:zt (4.6)
2 2
I
ai = : detuning
) wuv

It should, however, be remembered that the same assumptions as those mentioned

in Sec. 3.3a must be made for the derivation of Zgs. (4.5). Those equations

have the same form as Egs. (3.6), but it should be noted that the definition of
the detuning ¢} differs from that of in Egs. (3.7). In this case, the detuning
is a function of both the amplitude ry and the driving frequency ¥. This is a
reasonable result since the natural frequency of the system is modified to a)orl.
Equations (4.5) serve as fundamental equations in studying almost periodic oscil-

lations as well as entrdined oscillations, The entrained harmonic oscillation

is obtained by putting dxl/dT = 0 and dyl/dT =0, i.e,,

Xl(xl’yl) =0 Yl(xl’yl) =0 (407)
Eliminating Xy and Y from the above equations gives
2,2 2 2 B 2

(1 rl) + 01] r, = (W) (4.8)

0
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The smplitudes Xy and i, that is, the coordinates of the singuler point, are

given by
uvao MVAO

2, 2 2
1" B (1 - rl)rl ¥y = B Ulrl (4.9)

X

Figure 4,1 shows the response curves as given by the Eq. (4.8) for the follow-

ing values of the system parameters:

M = 0.2 and T =8

One sees that the response curves in the case of nonlinear restoring force could
be thought of as arising from those for the linear case (see Fig. 3.4) by bend-

ing the lstter to the right,

(b) Stability of the Singular Point Correlated wifh the Periodic Solution
Proceeding analogously as in Sec, 3.3b, we investigate the stability of the
equilibrium state by considering the behavior of sufficiently small variations &
and 1 from the singular point and determine whether these deviations approécﬁ
zero or not with increase of T, The character of the integral curves near the

singuler point is to be determined by the following equations:

d& a7

2x, ) w?
with &l = (3?1-)0 =1 - X‘l - 2X1 -2 W lel

% Wy >

&2 = (73_57;)0 = - 2xlyl - 0‘1 -2 :‘7 yl (4. 10)
oYy u)g 2

bl = (-5-;;)0 = - 2X1yl + 0'.1 + 2 —UV Xl
oYy 2 . @g

bz = ('a—y—l' 0 = 1 - rl - 2yl + 2 ‘Z‘—V- xlyl
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where (0X)/0X,)q, «+., (9Y)/3y,), stand for 0X)/2%X1, «.u, 2Y,/0y, 8t the singu-
lar point, By making use of the Routh-Hurwitz's criterion, the conditions for

stability of the singuler point are given by

2
p=- (al + b2) 2(2rl -1)>0

2 (4.11)
Wq 2

2 2 2
g =ab, - ab = (1 - rl)(l - 3r]) +0] + 2 ;ZT'Jlrl >0
The stebility limits p = 0 and q = O are also shown in Fig. 4.1. Hence the
dotted-~line portioné of the response curves are unsteble, It is readily veri.

fied that the vertical tangencies of the fesponse curves lie on the stability

limit q = 0,

(¢) Region of Harmonic Entrainment

From the results obtained in the preceding section, the region of harmonic
entrainment is obtained on the By plane as illustrated in Fig. 4.2. On this
plane each point (V,B) represents a particular patterns of integral curves (i,e.,
the phase portrait) of Eqs. (4.5) on the X9 plane, The number and character
of the singularities is prescribed by the location of the point (v,B). The
boundary curve BDW,EA corresponds to the upper boundary of q = 0 in Fig. 4.1,
and ACGB to the lower boundary of q = 0, For points on these boundaries, phase
portrait has a higher-order singularity corresponding to a point on the stability
limit q = 0 (cf. Sec, 3.4a). The boundary curve HDCF corresponds to the boundary
of p = 0. It touches the curve BGA at the point C and Bcoo at D, The points C
and D correspond to the intersection of g = 0 with p = 0 in Fig., 4.1. For points
on the curve CD, the singularity on p = O is a saddle point within g < 0, and
hence, this boundary curve has practically no significance. On the other hand,

for points on the curves HD and CF, the singularity on p = O is a higher-order



singularity representing the transition between a stable and unstable focus
(cf. Sec. 3.4b),
From the above explanation, we see that when B and Vv are in the region

represented by the curvilinear triangle w _AB, Eqs. (4.5) have three singular-

0
ities, one of which is a saddle point, Outside this region, there are only

one stable or unstable singularity according as above or below the boundaries
HG and EF., Hence in the regions represented by the curvilinear triangles ACE
and BDG there are three singularities, one of which is a saddle point and the
remaining two are the stable singularities in the region ACE and the unstable
singularities in BDG., The region above the line HDcoOEF (drawn by thick line

in the figure), therefore, becomes the region of harmonic entrainment since

there are at least one stable singularity in the phase portrait,

(d) Example of the Phase Portrait

From the result above obtained, we see that if B and vV of the external
force are prescribed outside the region of harmonic entrainment, Egs. (4.5)
have only unstable singularity, It will also be seen that, for largs values
of X, and i the representative point on the integral curve will cross the
family of concentric circles centered at the origin from the outside to the
inside as T increases, Hence the existence of a stable limit cycle in the XYy
plane may be concluded, which corresponds to an almost periodic oscillation.
However, even if B and V are given inside the region of harmonic entrainment,
Eqs. (4.5) can possess a stable limit cycle in addition to a stable singular
point for particular values of B and v,

Figure 4.3 shows an example of phase portrait of such a case, The ampli-

tude B and the frequency v of the external force are given by

B =0.35 and Y =1
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Table 4,1, Singular Points in Fig. 4.3

Singular point x ¥y Ay dy ﬁll,ﬁlz* Classification
1 -0,086| -0,546 | 0.39 + 3,801 Unstable focus
2 0.536| =1.212 0.87, -5.89 2,80, 0.09| Saddle (unstable)
5 1.571 ‘0.255 “1 .11, '7.02 4077,°2'54 Stable nOde

',ul, H, are the tangential directions of the integral curves at the singu-

lar points,

which are located in the region of harmonic entrainment (see Fig. 4.,2)., The
other system parameters are the same as in Sec, 4.2a, The details of the sine
gularities in Fig. 4.3 are readily known and are listed in Table 4,1, We see
in the figure a stable limit cycle which encircles the unstable focus 1., One
of the integral curves (drawn by thick line in the figure) that contains the
saddle point 2, that is, the sepsaratrix, divides the whole plans into two re-
gions, in one of which all integral curves tend to the limit cycle, while in-
the other to the nodal point 3, Thus both the almost periodic and entrained
oscillations may occur in this system, which one it will be depending on the

initial condition,

(e) Transition between Entrained (Oscillations and Almost Periodic Oscillations
In the preceding section we showed the case in which both the entrained and
the almost periodic oscillations occur dependinglonly on different values of the
initial conditioris, Here we consider the transition between entrained oscilla-
tions and almost periodic oscillations which occurs under such circumstances,

2
Figure 4.4 shows an example of the amplitude characteristic (B vs. rl) when
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¥ is kept constant (= 0.9). By making use of the stability conditions (4.11)
we classified the singular pointe along the amplitude characteristic illustrated

in Pig. 4.4, The results are listed in Table 4.2,

Table 4,2, Classification of singular points along the
smplitude characteristic of Fig. 4.4

Interval P q p2 - bq Classification
oa - + - Unstable foci
ab + + - Stable foci
be + + + Stable nodes
cd + - + Saddles (unstable)
de + + + Stable nodes
ef + + - Stable foci

The occurrence and extinction of a limit cycle, as B varies along this
\characteristic, will most easily be understood by plotting the phase portraits
of Eqs. (4.5) for various values of B, The results are shown in Fig. 4,5,
When B is given below B1 of Fig. 4.4, a limit cycle exists which encircles an
unsteble focal point, This state is shown in Fig. 4.5a. Coalescence of singu-
larities appears at B = Bl‘ Further increase in B results in the separation of
this higher-order singular point into two simple singular points, that is, the
coexistence of a stable limit cycle and a stable node. Wwhen B = By, there exists
a closed integral curve starting from the saddle point and coming back to the
same point, The limit cycle disappears when B is increased beyond B,. However,

when B reaches B, the integral curves show the same behavior as in Fig. 4.5d.

>
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A limit cycle appears once more for B§-< B < By and shrinks up to a stable focus
at B = B, (ef. Sec. 3.4b). PFor values of B between B, and B5, there exist two
types of stable singularities, correlated with the resonant and non-resonant os-
cillations, but there is no limit cycle, The coalescence of singularities occurs
at B = 85 and then this higher-order singularity disappears. Hence it is conclud-
ed that an almost periodic oscillation occurs for B < B, and 53<: B < By, & res-
onant oscillation for Bl < B, and a nonresonant oscillation for Ba<< B < B5'

Here we introduce the mesn-square emplitude of the almost periodic oscilla-

tion defind by
2 1( 2.
Fy = -,F§Cr1d1' (4.12)

where C is an integration path being taken round the limit cycle and T is a pe-
riod for the representative point (xl(T'), y1(1')) to complete one revolution
along the limit cycle, This mean-square amplitudes ?i of the almost periodic
oscillation are plotted by chain lines in Fig, 4.6, The arrows in the figure
show the transition of these ocacillations, Thus we see that between Bl and B,
thers exists hysteresis and at'B3 and 85 jump phenomena take place from the
lower to the higher branch,

It should also be mentioned that, for other values of the external forces,
the situstion may somewhat be different from that mentioned above; Under cer-
tain conditions (for example, for different values of V), an almost periodic
oscillation occurs for any values of B below 84, that is, chain lines are con-
nected, or only for values below B1 and between B3 and Bh' In the latter case
no hysteresis between B, and B, results, since the coalescence of singularities
appears on the limit cycle (e¢f. Fig. 3.5b).

In this section we investigated the right hand transitional region as given

by v>w,., but for certain values of B and V, particularly in the rieighborhood



of the curvilinear triangle BGD in Fig. 4.2, some complicated phenomena may
occur [6]. However, we shall not enter into this problem here, because such

& region of the external forces is extremely narrow (cf. Chap. 5).

(f) Analog-Computer Analysis

In the preceding sections two types of steady-state responses and the tran-
sition between these were investigated on the basis of the derived autonomous
system (4.5). 1In this section we examine these results by using en analog com-
puter,

The solution of the original differential equation (4.1), i.e.,

2
E—% -u(l -7 v2) %% + v5 = B coavi
dt

are sought for various combinations of B and ¥, The system parameters are the

same as in Sec, 4.,2a, i,e.,

v = 0.2 and T =8

The region of harmonic entrainment thus obtained is shown in Fig. 4.7. The

lines in the figure show the boundaries of entrainment, or boundaries of differ-
ent types of oscillations, The hatching area indicates the presence of an almost
periodic oscillation in addition to an entrained oscillation. The other domains
ol the different types of oscillations are the same as already explained in Fig,
4,2 and should be self-explanatory., The result concerning hysteresie (cf. Fig.

4,6) is also confirmed.

4.3 Subharmonic Oscillations of Order 1/3

(a) Fundamental Equations
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When the external force with the frequency v being nearly equal to 5000
is present, the entrained oscillation or the almost periodic oscillation which
develops from 1l/3-harmonic entrainment occurs depending on the value of B, We

assume- the approximate solution of the form

1 L
v(t) = A cos vVt + bl(t) 8in S;It + bz(t) cos g»ut

(4.13)
B

with A:B.OW=—Z—§—-—-§
o.)ow - )

where bl(t), ba(t) become constants for entrained ocscillations and slowly vary-
ing functions of the time t for almost periodic oscillations.*

Proceeding analogously as before, we shall derive the relations which de-
termine these time-varying coefficients, bl(t) and bz(t),,in the above solutions,
Thus we substitute the first equation of (4.13) into (4.1) and equate the coef-
ficients of the terms containing cos %nlt and sin %;lt separately to zero, The

result is

dx
1 2
_ﬁéé = (0= 1f)xy s e (75 e 610.,?-)3;1/5

2 2
Sew(x) /5 = Vyy5) + 295 sa¥) s5 2 Xy (%) sme V) )s)

+
N (4.14)
1 2 2
2 2
+ W(x)5 = Y1y3) = OKE vy pno2 T a(X) s V) s)
Where X = Ei y = Eg r2 = x2 + y2
/37 5, 1/5 " 5, 1/3 = X173 * Y13

*
The amplitude of the harmonic component in Zg. (4.13) is given by Zgs,

(4,8) and (4.9), and this will be investigated in Sec. 4,3c.
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-

K 3 v

% =7 o =\7 T=%¢

w? (4.15)
k= —2 D=1-20" aws= B

Uy ol - -1

wew” - v
52 2
Wl s - /3)
01/5 = : detuning
K (v/3)

It should, however, be remembered that the same assumptions as those mentioned

in Sec. 3,3a must be made for the derivation of E£qs. (4.14). The entrained
1/3-harmonic oscillation is obtained from Eqs. (4.14) by putting dx1/3/dr =0

and dyl/i/dT = 0, From these relations, we can find the smplitude characteristic

for the 1/3-harmonic oscillation, i.e.,

[(p - rf/i)2 + ( Ty /s + 6kw=)2 - (1 + 9k2)w2r§/5] ri/i =0 (4.16)

From the above relation, the amplitude of the 1/3-harmonic oscillation is found

to be
2 .
rl/5 = O (4. 17)
2

or 1'1/5 =D + %(1 + 91{2)“2

+ J[u 31+ 9 - 07 - (0 e B0n®) (4.18)

When the emplitude rl/5 is zero, no subharmonic response is obtained. Conse-
quently, the approximate solution (4.13) has only the harmonic component. The
amplitudes of the 1/3-harmonic component X1 /3 and Y13 that is, the coordinates

of the singular points, are

2 4
X) /5 = Ty /5 COS 91/5 Ty /3 €03 ( 91/5 * Bﬂ) r| /3 o8 ( 91/5 + gﬂ)

. . 2 4
Yi/3 = Tz oin Oy5  Tyssin (O 54 3m) 1y ein (854 3m)
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-%(D-r2,)- (g 6icw (4.19)
where cos 591/5 = (1/5)91{2; 1/3 * OkW )
+ er/5
6% 6kw2) - (D - r2
otn 3 61/5 . 1/3 * ( rl/;)

2
(1 + 9% )wrl/5

Proceeding analogously as before, the stability conditions for the singu-

lar points are as follows;

2
For r =
Q 1/5 Q:

P sz == 2D>0 9 /3 = D° + (01/5 + 60v°)2> 0 (4.20)

2
For rl/5 ¥ O3
2

P13 = 2(2:r1/5 -D)>0
2 2 2,2
9 /3 = (D - rl/i)(D - 72'1/5) + (71/5 + Gkw") (4.21)
+ 18k( 01/5 + 6kw2)rf/5 - 401 » 9k2)w2r§/3'> 0

(b) Region of 1/3-Harmonic Entrainment

From the above results, the region of 1/3-harmonic entrainment is obtained
on the BV plane as illustrated in Fig, 4.8. The system parameters are the same
as those in the preceding sections, One sees that the region of 1/3-harmonic
entrainment becomes broader than that of the linear case (see Fig., 3,1b). In
the figure the. boundary curve of the harmonic entrainment as given by D = 0O
[see Eqs. (4.20)] is also shown,

The number and character of the singularities of the system (4.14) is pre-
scribed by the location of the point (¥,B). When the amplitude B and frequency

V of the external force are given inside the region of 1/3-harmonic entrainment,
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Egs. (4.14) have six singularities, which are non vanishing and are correlated
with the subharmonic oscillations of order 1/3, The three of which are stable
and the remainders are unstable singularities. It must also be mentioned that
the origin is always the singular point of Eqs., (4.14), which is correlated
with the harmonic oscillation [see Eq. (4.17)]. The boundary curve D = O de-
cides the stability of this singularity, Therefore, in the area common to two
regions (harmonic and 1/3-harmonic entrainments), two types of entrained oscil-

lations are sustained,

(¢) 'Remarks on the Approximation in the Analysis of Sec. 4.3(b)

When the frequency v is in the region where the subharmonic entrainment
occurs, the condition a’f:» 1 - rf)2 is satisfied, Under this condition we
neglect the amplitude x, as compared with y, in Egs. (4.9), and we obtain the

approximation, by using the notation w for r,, from Eq. (4.8)

¥ VY

which is consistent with the assumption made for the amplitude of the forced

oscillation in Eq. (4.13). Using the relation (4.22), the first condition of

Eqs. (4.11) may readily be written as
2

Dsl-?—A-z-<o (4.23)

o)

It is clear that the second condition of Eqs. (4.11) is satisfied for large

detuning ¢ Therefore, Zg. (4.23) is the only condition for stability of the

lo

harmonic oscillation.

(d) Example of the Phass Portrait

As we saw in Sec. 4,24, where the phase portrait has a stable limit cycle



as well as a stable singular point.

the similar situation may arise.

such a case,

i
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However, in the system given by Eqs. (4.14),

We shall show in what follows an example of

Let us consider a case in which the external force is given by

B = 2.5

and

Vo= 2.4

which are located in the region of 1/3-harmonic entrainment but outside the

region of harmonic entrainment (see Fig. 4.8).

(4.14), the phase portrait is plotted in Fig. 4.9.

By usiﬁg these values in Eqs,

In the figure we see seven

singular points, which are determined directly from Egqs., (4.17) and (4.19), and

are shown in Table 4.3,

Table 4,3, Singular points in Fig. 4.9
Singular * : .
point xl/5 yl/5 Al’ A, 111,112 Clasgsification
o] 0 0 0.206 + 2.139i — Unstable focus
1 0.137 1.235 | -2,882 + 4,6431 -_— Stable focus
2 1,138 | -0.499 | -2,882 &+ 4,6431 —_ Stable focus
3 1.001 | -0.736 | -2,882 4+ 4,6431 — Stable focus
4 0.503 | 0.456 | 2.484, -3.914 | -0.060, 18.77 Saddle (unstable)
5 -0.646 0.207 2.484, -3.914 -1.998, 0.508 | Saddle (unstable)
6 0.143 | -0.663 2,484, 3,914 1.516, -0.651 | Saddle (unstable)

*

lar pointa,

H 15 H, are the tangential directions

of the integral curves at the singu-

In Fig. 4.9 we see that the three stable singular points 1, 2, and 3 are
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correlated with the 1/3-harmonic oscillation, and that they are equidistant
from the origin, the angular distance between any two of these singular points
being equal to %ﬂ radiens, The same properties are also applied to the singu-
lar points 4, 5, and 6, which are saddle points, A stable limit cycle which
encircles the origin (unstable focus) exists, which is correlated with the
almost periodic oscillation., The separatrices (drawn by thick lines in the
figure) that contuin the saddle points 3, 4 or 5 divide the whole plane into
four regions, in one of which containing the origin all integral curves tend
to the limit cycle, whereas in the others either to the singular point 1, 2,
or 3, Thus both the almost periodic and entrained oscillations may occur in

this case, which one it will be depending on the initial condition.

(e) Transition between Entrained Oscillations and Almost Periodic Oscillations
In the present section we shall investigate the appesarance and disappear-

ance of limit cycle around the origin when the external force is varied beyond

the boundary of harmonic entrainment,

It will easily be seen from the stability conditions (4.20) that the origin
is a focus for all values of the external forces under consideration. Then, the

system (4.14) assumes the form, by introducing (%, %7) for (xl/j’ y1/5)’

£-az - b7 +x,(25,1)
%:bi +a7 + ¥,(%,7)
) 205 - (v/3)
where a=D=1- 2w b = (4.24)

H(v/3)

K(8,7) = 5n( 22 - 72) w2080 - (& + T NEZ + 7°)

2)

L,05,7) = w(g2 - 72) - 6wET « (kE - 1)(2% + 7
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We ses in the asbove equations that a, b, and the coefficients of X2 and Y2 are
determined once the external force is given., Since a is the real part of the

characteristic roots and becomes zero when w2 = % , the focal point (the Qrigin)

2

is stable or unstable according as w2> é—or w < -;- . Hence we regard w as a

parameter,

Passing to polar coordinates 4, given by £ = S cos @ , 7= 4 sin ¢,

Eqs. (4.24) are transferred as

2 z
g 86 + w(3k cos 3¢ 4+ 8in 39 )C " - 2”7 (4.25)
& .25
de b + w(cos 3¢ - 3k sin 3¢ )G + 3k 42

Since the origin is & focus, the integral curve starting from £ = Co s =0
will pass completely round the origin, provided 'CQ is sufficiently small, We
now follow the standard procedure due to Poincaré [1, pp. 215-224], to obtain a
solution of this equation for smell values of (.

We write the Eq. (4.25)

2 3
i Alé, * AZC. + A5C

i = (4.26)

1+ 325, + B5Q

where A, and B, (i =1, 2, 3) are given in the previous equation. We see that

A, and B, are the functions of 3¢ and the others are constants determined by

the external force, This implies that integral curves of Eq. (4.26) are %n

symmetric about the origin.

We expand the denominator of Egq, (4,26) in ascending powers of § to give

dZ . 2 3
E:ch +K2C +K3C LA
A
where Kl =5

-
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A281 - AlB2

[}

5 ) (4.27)
_ AsBy - ABiBy - AByBg 4 A)B,
5 ° 3
1

s0sce

Let & = f£(¢, Gor W) be the solution of the above equation such that

€ = G vwhen ¢ = 0; that is,

0

Co = f(O, C’ 0’ W) (4°28)

This solution may be expsnded in powers of 1:0’ if (IO is sufficiently small,

in the form"

£ o=y, Wly +uylp, Wig+ug(P, WEQ + +es (4.29)

By substituting Eq. (4.29) into (4.27) and equating the coefficients of like

powers of (§ then we obtain a set of differential equations

O’

dul . )
dg "1™

=¥
<

n

n

al
6

- Klu2 = K2ul
(4.30)

(=3
o
\N

3
1% 2}(2ulu2 + Kiu1

o
d
'
=
<
1}

* Since & = 0 is a solution of Zg. (4.27), we must have £ = 0 for CO =0,

end so the series has no constant term.
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In view of the relation (4.28&) we have

ul(o! W) =1 ui(o’ w) =0 (i =2, 3, "') (4~51)

The differential equations (4,30) together with the initial conditions (4.31)

enable us to determine Ups Uy, ooe in succession. Thus the solutions of Egs.

(4.%0) with the initial conditions (4.31) are

, ¢ o
ul((f, w) = exp[ SOKld"P ]= exp[-gtf]

P
u2(97, W) = Uy ) Kou dep
O B
(4.32)
“g 2
u5(9>, W) = EI + Uy SOKjuld?

srese

The necessary and sufficient condition for the existence of the small limit
cycle around the focus at the origin cutting the £ axis at the point £ = Z;O’

¥ =0 is that

CGEM - Co=2Gn g W =-Co= CoPlGy, w)=0 (433

or rejecting 0=0

P(Cor M) = A(H) + ap(NC o+ A5()EG 4 +ox = 0
whe re i = Wl
(4.34)
NOE ul(%ﬁ, W) - 1= exp[%%ﬂ] -1
o, (W) = “i(%“’ W) (i =2, 3 «o0)
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This equation establishes a relation between W and (¢ o’ and we readily see that
the curve <P(Co, W) = O passes the point WO(W = % , CO = 0) on the 45 o plana.
We will then consider the behavior of the curve at wo. Here we notice from

Egqs. (4.32) and (4.34) that the following four relations are satisfied at NO:

i,s,,
1 U] 4r
*(G) =0 G =5
(4.35)
1 1 o

where tne prime over a quantity refer to a differentiation with respect to .
The slope of the tangent at any point of the curve ¢ = 0 is the value of
d.CO/dW = - (‘Pw/qbco). At the point WO this expression is infinite, as one
will easily see from the first and the second members of REgs. (4.35). Hence
the tangent at WO is vertical. To find out whether the arc coming to NO rises
to the right or to the left of the tangent, we must examine NO for a maximum
or minimum of 4 as a function of C;O. 3y differentiating Eq. (4.34) and by

using the relations (4.3%) we have

1
2, - 2a,(3) .
L), =—==-1<0 (4.26)
dCO 0 “1(5)

From the above result we see that W has a maximum value at No, and the arc of
¢ = 0 comes to NO from the left of the tangent as in Fig. 4.10. Hence limit

cycles may exist only for W < % and are necessarily étable. The region W > %

is free of limit cycles. Thus as W increases, the focus, unstable below wo,

becomes stable and the stable limit cycle shrinks up to the focus when WO is

passed,

The limit cycle of Fig, 4.9 shrinks up to the origin as B increases and
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pesses the boundary D = O, and the phase portrait has the stable sinsularitias:
representing both the harmonic and the 1/2-harmmonic entrainment. Further in-
crease in B comes to extinction of the singularities representing thne 1/3-
harmonic responses througn the coalescence of sinzular points at the boundary
of 1/3-harmonic entrainment, and only ths origin is left which represents ths
harmonic en*rai.uent, When B is decreased rrom Fig. 4.9 the limit cycle grows
large and passes through the saddle points and then disappears. 3ut for other
values of Vv the limit cycle is existent for all values of B below D = 0. At
the lower boundary of l/3-harmonic entrairment (V > 5a)o) the hysteresis phe-
nomenon, similar to those between B, and 3, (see Figs., 4.6 and 4,7), may occur.

This types of transitions are comfirmed by analog-computer analysis.

4.4 Concluding Remarks

Various types of oscillations in the system described by Zq. (4,1) have
been investigated on the basis of the derived autonomous systems, In particu-
lar we were mainly concerned with the transition which occurs in the right hand

regions (V¥ > w,. or vV > Bcoo) on the 3y plane, It may be conjectured that the

0

general features of the transition in the case of linear restoring force —

particularly in the neighborhood of (B/uv a . 8/27 and | Oi( = 1/2 (see Fig.

o

2,4) or ¥V = 3 and the boundary of harmonic entrainment (see Fig. 3,1b) — are,

to some extent, similar to those obtained in this chapter,
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CHAPTZR 5

THZ SINGULARITIZS AND LIMIT CYCLZS OF SOME AUTONOMOUS SYSTiM

5.1 Introduction

In the present chapter we consider an autonomous system governed by the

simultaneous differential equations

dx 2.2 .
=0 -7vr)x- oy« e = X(x,y)
(5.1)
d 2.2
E%-: dx + (1 - 7v°ri)y = Y(x,y)
i
where r2 = x2 + y2 g = 0
MV
. (5.2)
32 = a)2 = 'l'
0 7 0 7

The system (5.1) arises as the fundamental equations determining the in-
phase and quadrature amplitudes of the forced oscillastion in a self-oscillatory

system with external force,® In Egs. (5.1) and (5.2) u and 7 are the system

* The system to be considered is

2
dv 2,dv 2, dv 3
dtg-“[l - 7 (a-{) ]E‘FV = B cos vVt O0< u« 1

By assuming an approximate solution for the above equation of the form

v(t) = bl(t) sin vt + b2(t) cos vt

and by meking use of the method of harmonic balance under the analogous assump-
tions made on b, and b, in the preceding chapters, we obtain Zgs. (5.1) with
the relations x = bl/ao, y = bz/ao, and T = % t. The constants a, and w, rep-
resent the first approximating values of the amplitude and frequency of the free
oscillation, respectively,

96
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parameters; B and v are proportional to the amplitude and frequency of applied
force; that is, the same symbols as in the preceding chapter are used,

The system (5.1) also describes the phenomenon of frequency entrainment,
Region of harmonic entrainment, in which an entrained oscillation is represented
by a stable singular point, has on either side regions in each of which an almost
periodic oscillation, represented by a stable limit cycle, occurs. Between these
two regions, rather complicated transitions teke place such as already explained
in the preceding chapter,

In the present analysis, we show the example of transition which occurs

involving &s many as three singular points and two limit cycles.

5.2 Quentitative Investigation

Equations (5.1) cannot be integrated by known methods, and there are a few
theorems regarding the existence of limit cycles. We are therefore compelled
to resort to the numerical methods, which can prove very laborious and possibly

unreliable in critical regions, however,

(a) Singular Points and Conditions for Stability

In Egs. (5.1) x and y, regarded as cartesian coordinates of a point on xy
phase plane, are functions of the time T. The singular point of Egqs. (5.1),
determining solution x = constant and y = constant, may be obtained by putting

dx/dt = 0 and dy/dt = 0, i.e.,

X(x’}') =0 Y(x,y) =0 (5'5)
By eliminating x and y from the above equations, we obtain the relation

[ - 7392+ 6711 - (7;?-;5)2 (5.4)
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which yields the squared radius r? from the origin to a singular point. The
coordinates of the singular point are written as

My a

uve
=2 (1 - 7/%°)r? y = —2¢1?

rr (5.5)

X = =

In physical systems, the equilibrium states determined by Eqs., (5.5) are
not always sustained, but are only able to last so long as they are stable,
These conditions for stability of the singular point may alsoc be derived by

the same procedure as already used in Secs. 3.3b and 4.2b. The results are:

2

2(2’0’\/21' -1)>0

o
"

2 (5.6)

W
= (1 - 1v2r2)(1 - 51v2r2) r 7242 L-&Qar2> 0

N =]
|

Figure 5.1 shows the resonance curves given by the relation (5.4) for the

following values of the system parameters;

"
N

/J = 002 and a’

The stability limits p = 0 and q = O given by Egs. (5.6) are also shown in the
figure, Hence the dotted-line portions of the resonance curves are unstable,
One sees that Fig. 5.1 is similar to Fig. 4,1 except the shape of the stability
1imit p = 0. From this result the region of harmonic entraimment is reproduced
on the Bv plane as illustrated in Fig. 5.2, which is also analogous to Fig, 4.2,
In the figure the curvilinear triangle BGD corresponding to that of Fig. 4.2 is
broader than that of before., Therefore, we can, somewhat easily, deal with the

behavior of integral curves when the external force is given in the vicinity of

this region.

(b) Example of the Phase Portrait
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In this section we show an example of phase portrait having three singu-
larities and two limit cycles, The special case we have in mind is that spec-

ified by the following value of the external Porce;

B = 0.065 ar)d V = 0.57

The other system parameters are the same as in Sec, 5,2a,

By substituting these values into Zgs. (5.1) and (5.2), the phase portrait
is plotted in Fig, 5.3, As illustrated in the figure, there are three singu-
larities in this case, As in the case of the preceding chapter, the details of
the singularities are readily known and are shown in Table 5,1, We see in the
figure an unstable limit cycle which encircles the stable focus 3, and outsidse
this a stable limit cycle enclosing three singular points. The unstable limit
cycle divides the whole plane into two regions, inside thiallimit cycle all in-
tegral curves tend to the stable focus 3, outside to the stable limitlcycle.

Thus both the stable singular point and limit cycle exist in this system.

Table 5.1, Singular points of Fig, 5.3

Singuler *
point x y Al’ A2 “l, “2 Classification
1 -0.089 | -0.239 0.915 + 2,261i — Unstable focus
2 -0.474 | -0.507 2.006, -1,260 -0.249,-2,027 Saddle (unstable)
3 -0.551 0.698 | «0.027 + 2.0841 —_ Stable focus
*

Ail, “2 are the tangential directions of the integral curves at the singu-

lar points,
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(¢) Trensformation of Singularities end Limit Cycles shen the External Force
is Varied
In this section we consider the transformetion of singularities and limit
cycles of Fig. 5.3 when B is varied. By substituting v = 0.57 into £q. (5.4),
the 8:2 relation is calculated and plotted in Fig. 5.4. As in the case of Sec,

4,2e, the singularities are classified and the results are listed in Table 5.2,

Table 5,2, Classification of singular points along the

emplitude characteristic of Fig. 4.4

Interval P q p2 - 4q Classification
oa - + - Unstable foci
ab - + + Unstable nodes
be - - + Sad&les (unstable)
cd - + + Unstable nodes
de - + - Unstable foci
ef + + - Stable foci

Figure 5.5 shows the phase portraits of Egqe. (5.1) for various values of
B. The phase portrait of Fig. 5.3 is again sketched in Fig, 5.5d, When B is
decreased the unstable limit cycle diminishes in size and shrinks up to the
unstable focus when B2 of Fig. 5.4 is passed, This state is shown in Fig. 5.5c.
Further decrease in B brings the coalescence of singular pointe at B = Bl and
then this higher~order singularity disappears (see Fig., 5.5a and b). When B is
increased from Fig., 5.5d the unstable limit cycle grows large and the higher-

order singularity is formed between two limit cycles at B = 85. Two 1limit cycles
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persist for valges of B between 35 and B4 but one singular point, and B reaches
B4 they overlap one another and form higher-order limit cycie which is semi-
stable (Fig. 5.5h), and then disappear still subsisting only one stabie focus,

Hence it is concluded that a staeble limit cycle appears for B < By, 8n un-
stable limit cycle for B, < B < B4 and a stable singular point for B,< B in
this particular case,

As we have already used in Sec. 4.2e, we again introduce the mean-square

radius of the limit cycle defined by

-2
22 - %%Credr (5.7)

where C is an integration path being taken round the limit cycle and T is a
period for the representative point (x(7),y(t)) to complete one revolution
along the limit cycle,

By using Eqs, (5.1) and (5.7), we have

T
§ 324 Dyar - zg (1 - 27v?r) it = b1 7P (s - ) (5.8)
c Y 0 27v

From the Poincaré's criterion for orbital stability [24, pp. 253-258], we see
that a stable limit cycle has mean-~-square radius greater than L&ZUVZ, an une-
stable limit cycle less than 1/2’JV2, and a limit cycle of higher order has

mean square radius equal to 1/2 3V2.

The results above obtained are summarized and sketched in Fig. 5.6. In
the figure the mean-square radii PZ of the limit cycle are plotted by chain
lines, and the arrows show the jump phenomena between stable steady-states when

. . *x
B is varied.
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That is to say, in physical term, an entrainesd oscillation is sustained

for 82'< B, an almost periodic oscillation for B < 84, and hysteresis occurs

between B, and 84.
5.3 Concluding Remarks

Singularities and limit cycles of the system governed by Egs. (5.1) have
been investigated, Particular attention has been directed to the transforma-
tion of the phase portraits on the left hand transitional region { v <cuo) on
the BY plane, and the example illustrating such transformation has been given,

The application of this result to an original differential equation (given
in the footnotes on page 96 ) requires further examination, since the represent-
ative point moves along the stable limit cycle rather quickly,

In addi*ion such a region represented by the curvilinear triangle 3GD in

Fig. 5.2 is nonexistent in the case of linear restoring force [cf. 2q. (3.6)].

* When B = 0, Egs, (5.1) are easily integrated; that is,

2r2
2 “o'o
- 2 2. 2y =2t 22
(wy = v7rg + VT,
2 2
where ro =7r T=0

We see that the limit cycle of this particular case is a circle centered at the

origin with the radius r2 = 1/3'V2.



Fig..5.1.. Hesonance curves of the system (5.1).
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APPENDIX I

THE THEOREMS OF BENDIXSON

The following theorems® are due to Bendixson and cited in our investigation

of integral curves in chapter 3,

1°. First theorem of Bendixson

We consider a system of differential equations

dx
aa " xﬁ + %m+l

(1.1)

d
E% = Yﬁ + Y;n+l

where Xh and Yﬁ are polynomials which are homogeneous and of degree m in x and

v; X and Y are analytic functions containing terms of degree higher than

m+l m+l
m.
The theorem of Bendixson states that the integral curves of the system

(I.1) tend to the origin without any definite direction, thus in the manner of

spirals, or with the definite direction as determined by the equation

xY -yX =0 (1.2)

2°, Second theorem of Bendixson

We deal with the differential equation

X %% = ay + bx + B(x,y) (1.3)

* For the proofs of these theorems see Bendixson [2, pp. 34, 45].
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where B(x,y) is a polynomial containing terms of degree higher than the first
in x and y,. and we assume that a % O,

Bendixson has obtained the following conclusions.

Cese 1. a > 0, m: even number,

There is one and only one branch of integral curves tending to the origin
on the left side of the y axis, while integral curves on the other side consti-
tute a nodal distribution, i.e., they form a nodal region for x > O, These in-

tegral curves are schematically illustrated in Fig, I.l.

Case 2, a < 0, m: even number.

By the substitution x = - x', this case may be transformed to the forego-
ing case; thus we have a nodal distribution of integral curves for x < 0, and

a saddle distribution for x > Q.

Case 3, a > 0, m: odd number,

The origin is a nodal point,

Case 4, a < 0, m: odd number,

The origin is a saddle point,



Fig. I.l. Coalescence of node and saddle,



APPINDIX II

THEORY OF CENTERS (PQINCARS)

The types of singular points have been classified according to the roocts
of the characteristic equation (see Sec., 3,3b), 1If, in particular, the roots

are purely imsginary, so that

1]

o] ..‘(&l-&bz):C
(I1.1)

2
p- - 4q

2
(al - b2) + 4a2bl < 0

the singularity will be either a center or a focus, The following procedure
due to Poincaré [20, pp. 32-38] will distinguish between these two types of
singularity when the conditions (II.1l) are satusfied,

We consider a set of differential equations

dx . . . .
H=K1+K2+"'+)(n§x(
(11.2)
4y . . e o T =
dt'Yl+f2+ +1’n=1’

where Xh and Yﬁ (m =1, 2, ¢++, n) are homogeneous polynomials of degree m in
x and y. Since both X and Y venish for x = y = O, the origin is a singular
point of the system (II.2).

In order to investigate the behavior of integral curves near the singular.

ity, we consider a family o2 closed curves around the origin defined by
F(x,y) = C (11.3)

where F(x,y) is a positive definite functicn of x and y, and C is a sufficient-

ly small positive constant, wWe write

F(x,y) = Fy + F} +Fp o+ eee (11.4)
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where Fi(i =2, 3, 4, ...) is a homogeneous polynomial of degres i in x and y.

Then, using Egqs., (II.2) and (II.4), we obtain

48 _OF dx | OF dy
EZx{X oy It
oF oF oF oF
2 2
= (5;— + 3;2 + ---)(X1 + X+ cee) + (5§_ + 3;2 + ---)(Yl + Y, . ces)
If we write 5 aFi aFi
ik T 5% Xk + 5;- Yk (11.5)
then

g’% = ¢21 + (cp}l + ¢22) + (4>41 + ¢52 + ¢25) * oo (II.é)

Following the analysis due to Poincaré, the unknown functions Fi will be sought
by equating zero the polynomials of the same degree in the right side of Zq,

(I1.6); namely,
¢

i
o

21
4’31 =- ‘Pzz

Py = - d’}z - ¢23

(11.7)

seo e

When the conditions (II.l) are satisfied, an appropriate linear transformation
of the variables and a change in the time scale will enable to choose xl and Yl

in Egs. (II.2) such that

X1=y and Yl=-x
2 2 :
Then F2 = x +Yy, and Eqs, (II.7) may be written in the form
7] oF
Y -5 %= H Q=2, 3 4 - (11.8)
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Introducing polar coordinates x = r cos ¢ and y = r 8in ¢ , we have

oF oF oF
3y oS- 9
ax}’ X =

oy o¥

Zquation (II.8) may be rewritten as

dfq
Eeor(e) a=2, 3,k

whers Fq = quq(cos ¢, sin ¢ ) = rqfq(q>) (11.9)
Hq = rqu(cos ¢, sin ¥ ) = rqhq(&p)

A necessary condition for the solution of this equation is
2n

S hq(tp)dcf =0 (II.10)
0

It is clear that this condition is alsoc sufficient because, if it holds, we

have e ()
—4— ==-n (¢) = 2, (a, cos v + b, 8in v )
dQF 4 v=1l
and, therefore,
9 8y by
f‘q(‘P) = J [_V_ sin vy - —- cos vy ] 4 const,

v=1

If g is odd, the condition (II.10) is obviously satisfied. If, however, q is

even, it may happen that the integral does not vanish and thus we are stopped

in our procedure, We consider the following two cases,

Case 1, When the condition (II1.10) ceases to hold as q increases,
Suppose that f2, f5’ XN fq | ere determined such that they satisfy the
first (q - 2) equations of (II.9), but fq does not satisfy the (q - 1)th equa-

tion., In this case we replace the (q - 1)th equation by
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ar (%)
d? = hq(?) + co
! 2n (11.11)
where o = 37 go hq(cp Ydy

and thus achieve the integrability for fq. Returning to the cartesian coordi-

nates, we obtain, after multiplication by rq,

oF oF
2 2,q/2
5;3 y - 553 X = Hq(x,y) - co(x + Y )Q/ \ (11.12)

It is noted that q is even in this case, We stop our procedure at this point

and consider the polynomial

F(xIY) = F2 + F} *.“' +* Fq‘l + Fq (IIoli)

Then, for a sufficiently small value of C, F = C represents a closed curve en-

circling the singularity, If ¢, 1is negative, we see, from Fgs., (II.6), (II.12),

and (II.13), that
dF OF )4

T = 3% X+ 3y Y>0
80 that the representative point on the integral curve will cross the closed
curve from the inside to the outside as t increases, Hence the singularity is
an unstable focus., If °o is positive, on the other hand, the representative

point will cross the closed curve in the reversed direction, so that the sin-

gularity is a stable focus.

Case 2, When the condition (II.10) holds for all values of q.

In this case Eqs. (II.8) are solved for all values of gq; thus we obtain

F(x,7) = Fp + Fg 4 co0 + Fo v oo (II.14)
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which satisfies

oF oF -
5—}-{-X+‘a—y-Y=O (11.15)

The solution of 2gqs. (II.2) is given by

F(x,y) = C (11.16)

which represents a family of closed curves encircling the singularity, Hence

the singularity is a center,
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