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§0 Introduction and Summary
My topic is Interacting korteweg-de Vries (Int KdVv)

equations and Interacting Toda (Int Toda) equations.

Subject: Nonlinear Classical Wave Solitons
Picture: an Interacting Soliton Picture
Method: New Operators §i

Equation: an Extension or a Decoupling
Solution: a Simple Sum

Identity: Without Exchange

Interaction: Attractive

Table 1 Summary of this talk

We treat nonlinear classical waves. The central idea is an
interacting soliton picture1)’2); it is very simple and easy to
understand. By the picture the original soliton equation such as
the KdV, the sine-Gordon and the Toda equations are extended to
obtain coupled nonlinear differential equations which we call
interacting (Int) soliton equations. They can also be regarded
as results of a decoupling of the original soliton equation. By
introducing new operators, solutions of an Int soliton equations
are obtained starting with the exact N-soliton solution. The
N-soliton solution is decomposed into a simple sum of the
solutions of the Int soliton equations, each of which is regarded

as a soliton suffering much deformation when another soliton

(other solitons) comes near in space. These single solitons as
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classical waves interact attractively and eventually become apart
in space without exchanging their identities. We mean by
"without exchanging their identities" such a situation shown in
Fig.1 in the N=2 case, but not the one in Fig.2.

The relation to the inverse scattering method is also
discussed in detail in several cases. Further, '"partial" Lax
forms corresponding to the Int KdV equations are shown.

To summarize: We shall present an interacting soliton
picture, in which several single solitons interact attractively
with each other. Attractiveness is obvious in the KdV case from
the phase shift analysis3) already done if we accept the fact
that the solitons interact without losing their identities during
collisions.

Linear classical waves do interfere linearly, but interact
neither attractively nor repulsively. On the other hand, the
classical wave solitons interfere nonlinearly (i.e. Uy is
deformed when other solitons come near in space) and interact

attractively.

§1 An Interacting Soliton Picture
We take the KdV equation in the following form as an example

of a soliton equation.

(a/at)u+6u(a/ax)u+(a/ax)3u=o (1-1)

nonlinear term dispersive term
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speed: 6u

u: at t at t+dt

speed

/1
x| /x+dx x

u(t,x)=u({t+dt,x+dx)=u(t,x)+u dt+uxdx

t
nonlinear term only: {3/3t)u+bu(y/ox)u = 0, dx/dt = —ut/uxz 6u

Fig.3 Nonlinear effect

When there is only one single soliton u in space, its speed
originated from nonlinear effect is 6u according to the Kdv
equation (Fig.3). If there is another soliton u' near u, we
expect the total wave becomes u+u'. Then the speed of u becomes
6(u+u'), which is also the one of u'. Of course u and u' greatly
affect each other when they come across, then eventually become
apart without exchanging their identities. The following coupled

equations are expected to hold.
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du.+6u(2)8u.+83u, =0 (1-2)
i i i
and
2 1
u( ) = Uyt Uy u,=u, u,=u (1-3)
where
d = 3/8%t, 9 = 9/93x. (1-4)

Thus, when there are N single solitons initially apart in
space, we expect that they interact with each other satisfying
the following coupled nonlinear differential equations which we

call the interacting KdV equations (Int KdV equations)
au, + sul™au, + a%u, =0, (i=1,2,+++,N) (1-5)
i i i - v =hrsy ’

and that the total wave u(N) is a simple sum of each wave u. i

U(N)= ZN

i=1Yy - (1-6)
One aspect of equations (1-5) is, in this way, a natural
extension of the original KdV equation (1-1). Of course, each
equation of (1-5) may have its own solution with any soliton
number, but here each uy is taken for a single soliton as t-+tow,
There is another aspect of the Int KdV equations, that is,
they are results of a decoupling of the KdVv equation; Summing up
equations (1-5) from i=1 to i=N, we get the KdV equation using
Eg.(1-6). Note that decoupling of the KdV equation is not
unique.
In this section we have used only a knowledge of the form of

the KdV equation.
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An example of the simplest N=2 case is shown in Fig.4.1)

Fig.4
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§2 Interacting KdV Eguations
2-1 The Form of Equations
As was explained in the preceding section, the form of the
Int KdV equations are able to be derived using only the knowledge
of the form of the original KdV equation. The form of egs.(1-5)

has already been obtained in Ref.4)

an extension = a decoupling

the original KdV eq. :::€> Interacting KdV egs.

du+6udu+du = 0 ' du, +6udu, +3°u, = 0
i i i
simple sum
the exact N-soliton solution u(NL$ ui(a single soliton as ta>tw)
(N) N
4 Li-qY
(N) 2 -
u = 2371n det(I+B) u; = 230;1ln det(I+B)
3z3/3x , aiF(x1,x2,‘°-,XN)=(8/8X1)FIX1=X2=._.zx
N ~
9 Liz13s
where I,B: N x N matrices I,B: N x N matrices
Tig = 84y Ti5 = %5
Biy = ¢i¢j/(Ki+Kj) Biy = ®i®j/(Ki+Kj)
- _ 2 3 _ B 2 3
¢i:Ciexpyi_Ciexp(Kix—2 Ky t) @i:Ciepri_Ciexp(Kixi—Z Ky t)
O<K1<K2<°"<KN

Table 2 Summary of 2-1 and 2-2

2-2 Solution Uy of the Int KdV Equation
We have obtained Int KdV equations in the previous section

by a physically natural consideration. Their exact solutions can
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be obtained in the following three steps.

a) First step: The exact N-soliton solution of the K4V

3)-8)

equation has already been obtained in several ways and its

)

asymptotic behavior was fully examined.3 We shall take these

results as our starting point. It is known that the solution

u(N) has the form

a N L 2(5/8%)%1nE. (2-1)

The function f is defined as

B0y 1Y reveryy) = det(I+B) (2-2)

where I and B are N x N matrices whose elements are

Te1 = S
and Ckcl
Bkl = T el eXp(Yk+Yl), (1=k,1:zN}, (2-3)
kU1
and here > 3
Yi = Kix - 2 Ki t (i=1,2,+++,N) (2-4)

with Kronecker's Gij and arbitrary positive constants Ky and Ci'
We assume

K,<K ooy (2-5)

172 N
without losing generality. Note that the function f is a
rational function of expyi's.
Here we remember that there is a notice in Ref.3) that f and

feexp{a(t)x+B(t)} give the same solution u(x,t) for any functions

a(t) and B(t).



131

b) Second step: Before obtaining solutions of Egs.(1-5), we
introduce new variables, a function and operators. First, let us
introduce N independent space variables X, (i=1,2,-<+,N) and

following the definition (2-4) define Fi as
I'n =z k.x, - 27x,"t. (i=1,2,°¢+,N) (2-6)

We can define N independent time variables ti as well. 1In

dealing with the Toda equation in §3, we will use them.

(N)

Secondly, we define a function F of Fi following (2-2):

p(N)

(F1,F2,°°-,FN) = A{Fi} det(Ifg), (2-7)

where B is a N x N matrix whose elements are
'

&1
Ekl = —E;:EZ exp(Fk+Fl) (1<k,1:sN) (2-8)

and A{Fi} is exp{Z?_Tai(t)Fi+B(t)} with arbitrary functions ui(t)

and B{(t). Lastly, new operators ai (i=1,2,¢++,N) are introduced.
They operate as follows;
.'F

BiF(F1,T2," N)

= [(B/BXi)F(F1,F2,"',FN)]i . (2-9)

X =Xo= e e =X =X

Using these operators, the following equations hold;

A

(3/8%)€ = 3f = [)_,3,F (2-10)

-10-
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Note that these operators §i and Hirota's bilinear differential
operator DX are much alike.

c) Last step: With these preparations, we are now able to
obtain the solution of Eg.(1-5). Using Egs.(2-10) and (2-11), we
get the expression

(N) _ N _ n : .
u = ZBEkaklnF = ZZkakzlallnF. (2-12)

Substituting Eg.(2-12) to Eg.{(1-1), we have

" 2
Ziai[(a/at)(ZZkBklnF)+3{Zlal(ZikaklnF)}
3
+(Zlal) (szaklnF)]zo. (2-13)
In this equation, [ 1=zG is a rational function of exp Fi's

and K4 (i=1;2,---,N), for F is such a function. N.B. that
gjexpri = 0 (i#j) and giexpl“i = K expy; - Further, the values
Ki's are arbitrary. Therefore, to satisfy Eq.(2-13), XigiG = 0,
G must be identically zero as a function of space variables
XyrXop e, Xy and of time variable t;

G = 0. (2-14)
So, for each i we reach

A

aiG = 0. (2-15)

Using Egs.{(2-10) and (2-11), we get from Eqg.{(2-15)

“11-
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(3/3t) (283 1nF) + 6(2821nf)8(288i1nF)

+83(238ilnF) = 0. (2-16)
Thus we obtain the solution Uy of the Int KdV equations (1-5);

u, = 288ilnF. (i=1,2,¢¢+,N) (2-17)

It is obvious from Egs. (2-10),(2-1) and (2-17) that

(N) _ N 2 _ N
u = 2821:18ilnF = Xi=1ui' (2-18)
Equation (2-18) is Eg.(1-6) itself.
It is easy and straightforward to derive certain properties
of the ui's. For example, we can get
oo
f_muidx = 4Ki, (2-19)
therefore the total area of uy is invariant in time whatever
deformation it suffers. We can also show that each uy becomes a
single soliton as t+:tx. The simplest N=2 case is very

1)

interesting and important. We will see in the next subsection
that there is a relation of our ui's to the eigenfunctions which
appear in the IM and they have many well-known properties.

In this subsection we have only made use of the fact that
the solution u(N) is of the form 3X (here X=231nf) and that the
function f is a rational function of expyi's. In the next

(N)

subsection we shall use the full information about u

-12-~
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2-3 A Relation to the IM in the KdV case

I

def. ljJk = 2(f:§)km¢m
0By = (k+Ky)Byy - gigkl = K3 (61 +0;7)By,
9ln det(I+B) = 3Tr 1n(I+B) Try,;1n(I+B) = 2k, (I+B)
'y 1 E5)k1 Bk =2, -2x; (£5) 15

=2 )k [ITB)kk

I
=2k 216 (T8 kk
1 1 1

Using 8A° = -A  (3A)A
u = 23{9ln det(I+B)} u; = 2aailn det(Ifg)
I
= 4ZK(I+B)1k¢k¢1(I+B 1i =~k 0 ()i
a 2
= 42 K. Y. = 4Kiwi

itivi

Table 3 Summary of 2-3

Here we shall show that the following relations hold.

(i =1,2,+++,N) (2-20)

In ref. 8), Wadati and Sawada showed that: Using a formula

In det(I+B) = Tr 1In(I+B) (2-21)

for a square matrix I+B (2-3) and with the properties

and 3B

Bkl: Blk (2-22)

k1 = (KrKq)Byys (2-23)

-13-
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they derived

I

I+B)klaB

9 1n det(I+B) = j, ;( K1

B I
= 20 (T ke = 2k~ 2k (Tpl ke (2729
Then they defined ¢m and wl for 1zm,1lsN as follows;
o, = C, exp Yo (2-25)
_ ¢N I
by = Em=1(I+B)lm®m' (2-26)
For any normal matrix A, we have
52”1 = —a”Tea)al. (2-27)
From this and eg.(2-24) follows
u = 23{31n det(I+B)}
I I 2
= Ik, 1,n %k (T8 k1010 (T me = L14<p¥y 7. (2-28)

By making the best use of their results with our new
operators ai introduced in subsection 2-2, we can show explicitly

that Eg. (2-20) holds: We have introduced B in Eg.(2-8),

C1
Kx*K1

11

Ekl exp(Fk+Fl) (2-29)

for which eguations

-14-
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A

93Bk1 = ki (85 +851)B (2-30)

hold, and so we get
Tr 5 In(I+B) = 2k, ( B ) = 2¢. - 2k, ( L ) (2-31)
i N i'I+B/ii i i I+B/ii”
Hence Eqg.(2-20) is proved to hold:
N I
u;, = 2393;1ln det(I+B) = _4K18(I+B)ii
-4 L Loy s a2 (2-32)
=40y, 1 (T58) ax0k 1 (Tm) s = 4%y

This means that there exists an explicit relation between our
method and the IM. The function by which appear in the IM is not
an auxiliary quantity to the solution u of the KdV equation, but
relates directly to it.

In this subsection we have used the full knowledge of the

form of the KdV N-soliton solution.

2-4 "partial" Lax Forms

It is well known that for the KdV equation (1-1) there

exists the Lax form9)
(3/3t)L = [A,L] = AL - LA, (2-33)
where
L= -3% - u (2-34)
and A = -43° - 6uy - 3u_. (2-35)

Here u, is a function obtained by differentiating u with respect

-15-



137

to x. With these operators L and A, two equations

L\Dl = —Ki l,l)l (2’"36)
and (3/3t)¥. = AU, (2-37)
i i
hold.
We only point out a fact, using a relation
(3;u} = I,(3,u,) (2-38)
with
u = 2] ,(8,8,1In(I+B)}, (2-39)
that "partial'" Lax forms
(a/at>£i = [éi,gj (i=1,2,+**,N) (2-40)
hold, where L = —(Z.B.)Z _u, (2-41)
Ei = _aizjaj - u (2-42)
and A, = -4().3.)%3, -4ud, -2u.V.3. -3u, _.  (2-43)
Ml i3 i ~ i it ~i,x%

In Eg.(2-43) Yi x stands for a fupctlon Zj{ajgi}. Here {ajai}
means a function obtained by differentiating u, with respect to

Xj' So, for example, ajgi

= {9.,u,} + u,9.. It is obvious that
Jvi vio]
summing up Egs.(2-40) from i=1 to i=N and equating all Xy with x,
we get equation (2-33).
We can not give a ‘discussion based on the unitary

equivalence here. It is left for a future study.

-16-
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§3 Interacting Toda Equations

In this section, we only present tables without discussion;

they speak for themselves. Detailed discussion will soon be

published elsewhere.

3

-1 Int Toda Equations and their Solutions Vn 5
!

2

an extension = a decoupling

the original Toda-eq.:::§ Interacting Toda egs.

dT1In(1+V_ )=V +V -2V
n n+1 n-1 n
ala v_/(1+v_)} = A%y atav_ ./(1+v_ )} = 8%y
n n n _ n,i n n,i
(Av_=v_ - v )
n n+; I’l-";
simple sum
the exact N-soliton solution V :§V . (a single soliton as t>*%)
n n,i
% A
n i=1"n,i
V_ = a°1ln det(I+B) V. = dd,ln det(I+B)
n R n,i 1 v
= 8 8 e e - a a
d = e/ot diF (B ity T ty) =9/ ti)F!t1:t2:"'=t
N
d , DAY
I,B :N x N matrices I,g: N x N matrices
I.. = 6. I.. = 6,
1] 1] i3] 1]
_ - = ¢ 9 -
Bij = ¢i¢j/(1 zizj) gij i j/(1 zizj)
= ' _a ¢ = _a
®i Ciexp{Bit i(n+1)} i CieXp{Biti i(n+1)}
. -1
= u = — = -a
Bi sinh i (zi zi)/2, z, exp( i)

Table 5 1Int Toda equations and their solutions Vn i
7

~17-=




139

3-2 The Form of Solutions Vn'i of Int Toda Equations
4

I - I
def. d)k(n) = z[I+Bka¢m(n)’ Xk(n) = Z(fzg)km¢m(n—1)
dB,; = (ek+gl)¢k¢l/(1~zkzl) dL§k1=Bi‘5ik+511)®k®l/(1'2
= (z %%k+z7%Q )b 1/2

)

Z

k™1

={ oy (n-1)¢ (n)+py (n)o, (n-1 )} /2
B

dln det(I+B) = §28 (o5 d,1n det(1+B) = 28, (32,
V_ = d°ln det(I+B) V_ . = dd.ln(I+B)
n n,i ! bv¥

I i
=18 m(TB) mk{ 0k (n=1)oy (n) 4oy (n)oy (n=1)) (F35) 1y | =2B8;x (n)v, (n)

=Zm28mxm(n)wm(n)

Table 6 The form of solutions Vn i of Int Toda equations
1

3-3 N. Saitoh transformation1o);the Toda Eg. to the KdV Eq.

Toda eq. h -+ 0 . Kdv
v_(t) (0<hs1) ’ u(x,t)
v, = hzun(r)
n=(x/h)+(h " %-h%)7/h » x=hn-(h"%-n?)1

(3/30)E(V_(1)) = ((3/3t)-(h"*-h%)(3/3x)) £ (ulx,1))
the Toda eq.: dzln(1+vn) = h—4{u(x+h,r)+u(x—h,r)—2u(x,T)}
:—23Zu/axaTth:z%gﬂ7§§%—2*za2(uz)/axz n-252 % +72f184u/8x4
3(KAV) : (3/3%){-20u/a1-2" 3 (u?)/3x) (3/3x)(127 '57u/ax>)

similarly,v Int Toda egs. » Int KdV egs.

Table 7 N. Saitoh transformation; the Toda eq. to the KdV eq.

-18-
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84 Direct Relationships to the IM; the KdV, the sine-Gordon
and the Modified KAV cases'')
It is shown that the solutiohs of three kinds of the
interacting soliton equatiohs can be expressed explicitly by the
squared eigenfunctions of the corresponding two-component
equations which appear in the IM. The KdV, the sine—Goraon and
the modified KAV (MKdV) cases are shown.
We consider the KdV, the sine-Gordon and the MKdV equations

in the following forms;

. {(a) The K4V equation:

du + 6udu + d°u = 0. (4-1)

The operators d and 9 are,

9/0t (4-2)

[oN)
H1

and 5 = 3/ox. (4-3)

i

{b) The sine-Gordon equation:

ddoo = sing,

but here we use u = 30/2 instead of o, so the form is

dou = ucoso. ‘ (4-4)

(c) The MKdV equation:

-19-
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du + 6u23u + 33u = 0. (4-5)

The Int soliton equations in the three cases are then given
as follows. Detailed discussions in the cases of (b) and {(c)
will soon be published elsewhere.

(a) The Int KdV equations:
du, + 6u(du.) + d5u, = 0. (4-6)
i i i
(b) The Int sine-Gordon equations:

ddu, = u,cosO. (4-7)
i i

(c) The Int MKAV equations:

du. + 6u®(du.) + d°u, = 0. (4-8)
1 1 1

Of course, each solution Uy of Egs.(4-6)Vv(4-8) may have its own

solution with any soliton number, but here each uy is taken for a

2)

single soliton as t+iw, Summing up each solution Uy from 1 = 1
to i= N gives the exact N-soliton solution u(N);

N _ L (N)

Zi=1ui = u . (4-9)

Here, we adopt the two-component equations in the following

forms:12)’13)

(0 - K>w1 = uwZ : (4-10a)

-20-
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(0 + K)¢2 = rw1 (4-10b)

and -
dw1 = A(t,X,K)kJJ1 + B(t,X,K)Wz (4-11a)
dwz = —A(t,x,K)dJ2 + C(t,x,K)U)1 (4-11b)

where « is an eigenvalue, w1 and wz are corresponding
eigenfunctions and functions A, B and C are so chosen that kK is
time invariant.

Now, we shall give proofs that the solution of the Int
soliton equations are expressed explicitly by the sqﬁared
eigenfunctions of the corresponding two-component equations.

(a) The KdV case: In this case,

u; = cyv, (4-12)

r = -1 (4-13)
and
3
A = —(4x7 + 2Ku + ux)
B = _(4K2u + 2Ku_ + 2u2 + u. )
X XX
c = 4c® + 2u. (4-14)

(Subscripts denote partial differentiation.) From Egs.(4-10) and

(4-13), we get

(4-15a)

~21-
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and
whence
a2¢1 = (-u + Kz)w1 +u b, (4-16a)
2 2
3 wz = (-u + K >w2 (4-16Db)
and

<?) (89,) ~u_ . (4-17)

Q
<
N
|
1
o
+

From Egs.(4-16),(4-14) and (4-15b),
dv, = —(4x? 4 2u) (30,) + u b,. (4-18)

The proof is very simple and straightforward. Substituting

(4-12) to the 1l.h.s. of ?q.(4—6) divided by 2ci, we have

Qb + 6ub, B, + U, (370,) + 3(30,)(3%0,)

= b, {-(4c% + 2u)(30,) + u ¥} + 6uv, v,

s {(-u v €5 (BU,) - u Uy} ¢ 30U ((-u + k2)uy) = 0. (4-19)

(b) The sine-Gordon case: In this case
) (4-20)
where c is a constant,

r = -u (4-21)

-22-
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and coso/ (4K)

>
It

B = C = sino/(4K). (4-22)

‘Using the following relations

2 2
w18w1 - wzawz = K(d}1 + wz ) 2uw1W2
and
Y30, + V.3, = u(b,? - v, ?) (4-23)
1 2 271 7 1 2 !
l.h.s. of Eqg.(4-7) becomes
2 2 )
daui = 2ci8(\b1dd}1 + wzdwz) = 2ci8{A(1b1 - wz ) o+ 2Bw1w2}
= c.a{coso(V.% - ¥.%) + 2sinoy, .}/ (2K)
i 1 2 172
= c.{-2using (V.2 - ¢.%) + 2coso(V. 3V, - U.dy.)
i 1 2 1 1 2 2
i }
+ 4ucosGw1w2 + 251n0(¢18w2 + w28w1,/(2K)
= c. (Y 2 + U 2)coso = u,cos0 = r.h.s. of Eq.(4-7)
it 2 i e . -
(c) The MKAV case: Similar to the sine-Gordon case, the

proof is simple and straightforward. 1In this case we use the

following relations obtained from Egs.(4-10) and (4-21):

2

2

~23-
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2
¢13w1 ~ wzawz = K(UJ1 + wz ) o+ 2u¢1w2

2 2
w1aw2 - w28w1 = —u(lb1 + w2 ) - 2K¢1w2. (4-24)

We have shown in this section that the solutions Uy of the
Int KdV, the Int sine-Gordon and the Int MKdV equations are
proportional to one of or a sum of the squared eigenfunctions of
the corresponding two-component equations, using only the
knowledge of the form of the equations. If we use the full
knowledge of the functional form of the exact N-soliton solution,
we can determine the values of cy in each cases: e.g. the
functional form of the MKAV solution is found in Ref.14). A
detailed discussion will soon be published elsewhere.

Similar treatment of the Toda equation is left for a future
study. There is also a problem left about the relation between

the dependence of u, on { and the type of the equations under

consideration.

-24-
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