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MODIFIED ANALYTIC TRIVIALIZATION OF MAPS

T. Fukui (A% # B AE)

It has been well-understood that finding a 'nice and natural’
equivalence relation of real analytic objects (functions, maps,
varieties and so on) is one of the fundamental problems in the
theory of real singularities. T.-C. Kuo has introduced the notion of
modified analytic trivialization and proposed us that this induces a
‘nice and natural' equivalence relation. In this talk, we try to
seek some condition for modified analytic trivialization of maps.

We first recall some well-Kknown fact in singularity theory. Let

W, (z,y) = Ty(z-¥)(z-ty), t22. Then W, is Cl'-equivalent to W,. if
and only if t=t’. Generally speaking if f(ml,...,mn) is not simple
germ, there are Cc”-moduli near f. If we want to classify all function
germs, by differential equivalence, then the situation is disastrous
and causes many problems. For the toplogical equivalence relation, it
does not seem to cause moduli but is too weak to provide a workable
theory. Thus we are interested in the following observation, due to
T.-C. Kuo[4]. Let m:M — R2 be the blowing up at the origin.'Then
there is a family of analytic isomorphisms Ht of M which induces a
family of homeomorphisms ht of R2 with wt°ht =_W2. Since the proof of
this observation is instructive, we repeat it briefly. Let grad W be

oW oW aw
the vector field defined by 55L 5% + 551 5% + §¥L 5%, and V' be the

orthogonal projection of 5% to the orthogonal complement to grad W.

Let V be the multiplcation of V° such that the t-component of V is 1.

: awt 2 awt 2\ -1 ewt awt a3 awt
Easy computation shows that V = ((ﬁ‘) +(W) ) (éT) (@-— 3z + 51/—
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§§).+ 5% and has an analytic 1ift on MX[2,®). The integration of V

gives the disired iSOmdrphisms; Thus we are lead to the definition of
modified analytic equivalence.(due to essentially Kuo)

Let X, Y, X,... be real analytic manifolds and m:X —— X a
proper real-analytic modification of which complexification is a
proper complex-analytic modification. ‘A continuous map f:X — Y is
said to be modified analytic via nbif fer is real analytic. We say f
is modified analytic if f is modified analytic via some n. A
homeomorphism ¢: X —— Y of real spaces is called modified analytic
if both ¢ and ¢ 1 are.

Let An;p be the set of real analytic map germs of (R",0) to
v’ Au ~the set of real analytic function-
germs with coordinate system x, ¥, U, respectively.

(RP,0). We denote Ags A

For given fl’ f2 € An;p’ we say they are modified analytically
R-equivalent if there exists a modified analytic local homeomorphism
¢: (R",00 —— (R™,0) such that fpe8 = f. We say f1 and f, are
modified analytically d~equivalent if there exist modified analytic
local homeomorphisms é:(R",00 — (R",0) and ¥:(RP,00 — R?,0
such that f2°¢ =’¢°f1. We say f1 and f2 are modified analytically
X-equivalent if there exist a modified analytic local homeomofphism
$:(R",0) — (R™,¢) and a modified analytic family of local
modified analytic homeomorphisms ¢m:(RP;O) _ (RP,O) such that
f2°¢(x) = ¢$°f1(z). If ¢ is identity gérﬁ;9 we say fl and f2 are
modified analytically ﬂ—eguivalént..Wevsay fl and f2 are modified
analytically V-equivalent if there exists a modified analytic local

1 1

homeomorphism ¢:(R?,0) —— (R™,0) which transfers f1_ (0) to fz_ 0).

Obviously R-equivalent implies d-equivalent, d-equivalent implies



X-equivalent, and X-equivalent implies V-equivalent. These definition
ia an analogy of J.Mather[5]. As the usual way we can define the
notion of modified analytically $-trivial unfolding, via x, of a map
germ where ¢ = ®,4,X,8, and V.
§1. The blowing up.

To describe the first result for the modified analytic
trivialization we prepare some language.

A polynomial germ fO:(Rn,O) —— (RP,0) is weighted homogeneous

of type (al, cees @3 dl’ ey dp) if each coordinate germ foj

y.°f0 is a weighted homogeneous polynomial germ of type

s eees, Ay d). h g i R =1.
1 a, dJ) We call fo is homogeneous if a, a, 1

A polynomial unfolding f of a weighted homogeneous polynomial

germ fo is an unfolding of non-negative weight if writing

o
o, i €

, —an} when ua j # 0.

’

fw=F@,w,u and Fz,u) = f@ + 3 u with u, € A

J u’

then wt(ma) > dj and > max(-al, .o

Theorem. (¥ = ®, X or 8)

Let f be a homogeneous polynomial map germ. If f is ¥$-finite, then

any unfolding of f of non-negative weight is a modified analytically

$-trivial unfolding via the blowing up at the origin.
This theorem is originally due to Kuo when ¥=®, and p=1.
To show this theorem we need the following lemma proved by direct
computation.
. Lemma. (A generalization of Cramer's rule)

Let p and n be integers with p < n. Let A = (a

Let ji) be a p X n
matrix and b = t(bl,...,bp) be a column vector. Let
a,. ...a
AG ,.oesni) 1= det| M gl
P a R S
pi1 plp
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;18 DI y := det| 111 Ypop M|, ang
1 p-1 a a
: pi, Pij 4 bp
gl:= 2 ZICPURREYS FUNEE DL1C PERERYS SUSpR

11<...<1p_1

Then A£’ = det(A'A)b, where £’ = t(gi,...,g;l).

Remark. When n=p, this is the usual Cramer's rule.

Remark. det(A'A) = S Al )2,

. . P
11<...<1p

Proof for ¢ = %.
Assume that fo be a ®R-finite homogeneous map germ and f be a

polynomial unfolding of fo of non-negative weight. Let aji =

5%—(yj° f ) and bj = - 5%i—— . Let &, ; = det Al s g & pirect
i ,

| «, i Szi
computation shows ﬁa j has an analytic 1lift on the blowing up at the
origin. By lemma (d?)ﬁ = —§1;~, thus the trajectory of & .
o, ] Sua j o,

gives the desired trivialiiation.

Proof for ¢ = 4.

2d.
Let gj = T, J. Define a meromorphic vector field Ny ; on R"xRP
i s
by
- P _
o (yj°5%i-) 2 (Y o) Mgy,
S o, k=1 mEK 3

- p - 5 9y .’
=L 3 @ hing i

k=1 m=k
1£f fo is €~-finite, Ny

m

has an analytic lift via nxidRp, where 7t be

the blowing up at the origin in Rn. Thus the trajectory of na i gives
the desired homeomorphisms.
Proof for ¢ = X.

= t 14 2
Let & i = ((det AA) + 3

y.+H
j=1 4

2)Y~-1 ,_9
ng ) 2 &7, and
k=i © 18z,
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o s E 7 VR
Me,y = ((det AtAy « 3 . PP gi) 1( 2 yj°(82 ) 2V f T gy
. ist 37 ke i o, j” k=1 mek
8 ' PE, =g 4 q }
) e Then, by the lemma, (APE, . = 555-; + 0y T

Direct computation shows that Ea i’ n have analytic lifts via

o, ]

nxidRp. Thus the trajectories of Ea and ﬁu j gives the desired

s J
homeomorphisms.

§2. Newton polygons.

First we recall Newton polygons. Let f=(f1,...,fp):IRn —— RP be

a real analytic mapping of n variables z = (ml,...,mn). Let 2 ai-vmv
. ’

be the Taylor expansion of .fi (i=1,...,p). Let us set F+(fi) = the

convex hull of (v+R} la; , # 0), Ty = (T (f,...,T (f)), and

v

Fof)y =T (f) + oo # T (). Let £ be ( 2 ay

y mv,..., z ap vm“)
veyl ’

sV 2
"VE

YP

for any subset y = (Yl,...,vp) in Ff. We say a face Y of Ff is
compact if ?1+...+?p is a compact face of F+(f). We say vy is

coordinate if 71+...+?p is a coordinate face of F+(f), up to a

parallel transformation T with ©(I'_(f)) c R].

Definition. We say f is ®&-nondegenerate if the matrix JfY t=

ar.
((miﬁij)?j

.zn‘ﬂ 0}, for any compact face 7y of Ff. We say f is g—nohdegenerate

)i=1,...,n;j=1,...,p has the maximal rank on the set (ml....

if the set {fY = O}n{zl.....xn#O} is empty for any compact face Yy of

Ff. We say f is X-nondegenerate if the matrix ny has the maximal

rank on the set {fy = 0, ml ..... xn # 0}, for any compact face vy of Ff.
We can construct a proper analytic modification n:X———*Rn
corresponding to F+(f).(See 2,61, for example.)

Theorem. (¥ = &, € or X) Let (fu(m).u) be an unfolding of fo’ Suppose
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that ', is independent of %, f, is Y-nondegenerate and f is
- 1y u » 1 u,y
independent for any coordinate face v of rf . Then (fu(m),u)“ig a
“u

modified analytically $-trivial unfolding via n.

Proof. The proof is similar to the case for the‘blowihg up at the
origin, énd the detailed proof will appear in [3j for the case of ¢ =
X. The idea of proof is to consider the gfadient vector with respect
to the singglar metric defined by (miggz, xjééi) = 513' The
construction of vector fields is similar to the case for the blowing
up.
§3 d-triviality.

It seems to be hard to obtain conditions for modified anaiytic

d-triviality. The only statement, I can staté now, is the following

Proposition.

Let fo be a homogeneous polynomial map germ with d1 :...=dp = d.

1f f0 is 4-finite and n<p, then any polynomial unfolding f of fO of

non-negative weight is a modified analytically d—trivial unfolding.
Unfortunately, I do not have non-trivial examples which satisfies the
suppositions of‘this proposition.

Proof. Under‘the supposition of the broposition, there is én L >0

) 3
such that if g € Am,u{ami and wt(g) 2 {, then

{z2-}. (This is due to [11,p.312, Lemma5.8)

8f 8
g € A { }+A eyj

T,u ami y,u

Thus there is an N so that, for £ > N,

‘t @L € Am’u{‘g%} + A

9
Y5 au u{ayj )

Let £ > N and p = 2 y?t, then
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o Bl e a8 v, Lt
} B]
. gz ( 8,) 3 _ ( 3 )
Thus we can write -p 7 € > ai(m)5§; 7 > Bj(y)Syj . Since p and
af ,
21 are homogeneous, we may assume ai and Bj are homogeneous. Then
- - QE) ; - (Qi)
wt(ai) wt(p) = wt(au + 1 > 0, and wt(Bj) wt(p) = wt ou) * d > 0.

Direct computation shows that p—1 2 Bj(y)§§“ has an analytic lift on
B

the blowing up at the origin. Since fo is 4d-finite, thus X-finite ,

and n < p, direct computation shows that p 1 3 a15%~
i

has an analytic
lift via the blowing up at the origin; Therefore the trajectories of
these vector fields give the desired homeomorphisms.

Problem. Find conditions for modified analytical d-triviality.
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