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The Asymptotic Behaviors of
Triple Hypergeometric Series, FG ‘ FK ”FN and FR

Near Boundaries of Their Convergence Regions
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1. Introduction

In the series of papers [3] - [6], [8] - [15], the author and his co-
authors have established various asymptotic behaviors of hypergeometric series
near boundary points of convergence regions. (see also [7]) The presént
paper is devoted to produce more six properties {(FGl), (FG2), (FK), (FN1),
(FN2) and (FR), below} for the Lauricella series of three variables, FG ’ FK ,
F and Fpov which are defined as follows [16]:
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(1.1) FG(aran-rB1132133771172172;XIYIZ)

oo

(a)m+n+p(ﬁl)m(52)n(B3)p xmynzp
m,n, p=0 (Yl)n“YZ)n+pm!n!p!

in x| + |yl <1, Ix] + |zl < 1,
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(1.2)  Fyplog,0,,0,,B,B,iByivy¥prY3i%¥,2)

- ; (al)m(a2)n+p(81)m+p(52)n menzp,

myn,p=0 1) n¥2)y¥3) minip!

in x| <1, Jyl <1, lz| < (I-1x])(1-lyl),

(1.3) FN(a11a21a3rBlrﬂzrﬂl;yllerYZ;erlZ)

= § (@) (0 (#3) 5 By gy By xy" 2P
m,n,p=0 (yl)m(YZ)n""Pm!n!p!

in x| + lz] <1, |yl <1,

(1.4) FR(allazlalrB1162131;71172172;XIY1z)

- < (al)m+g(a2)n(ﬂl)m+p(32)n xmynzp
m,n, p=0 (Yl)m(y2)n+pm!n!p!

in YTx1 + ¥7z1 < 1, |yl < 1,

where (ot)m means the usual Pochhammer symbol defined by T (o+m) /T (a).
In the following establishment we shall make use of the following two

formulas for the Gauss series 2F1 [4] and the second Appell series F2 [10]:

! a+b )
(a,b;a+tb;1-p) = - T| . [2y + y(a) + y(b) + log p] + o(1),
a,b

(1.5) 2F1

p > +0),
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{(1.6) F2(a,bl,bz;cl,cz;x—p,1—x—8)

cl,cl—a—b1 —a a,a—c1+1,a+b1—cl;x_1
=T x 3 | =
cl—a,cl—b1 a+b1~c1+l,02;

c.,C i c,-b _ —a—
-2 171 LPi1-Catl (1-x)C1 2 b+l

—a—bl+l

+ T z
a,bl—l,b2+1 1

-b,+1,2-by,1,1;

1 ———

c
F 1
b4

4~ 3 .
cl~a—bl+2,b2+1,2,

c,,C _ o .
1 2 Xbl Ci (1_X)Cl a-b;
a,bl,b2

[2y + w(a+b1—cl) + w(bz) - log(l-x) + log(p+3)]

+ o(l), (p > +0, & > +0)

with atb,+b, = citcy, b, % integer, c,-a-b; % integer and 1/2 < x < 1,

where the generalized hypergeometric series qu of single variable and the

second Appell series F, of two variables are defined by

p
_ IVRRL oo '51 (@) LM
(170 pFqleyrrrrropiByriBgiz) = oFg BB | mzo ! mt !
1/ 4 ql n (Bj)m
J=1
oo (o) B.)_(B,)
+n "1'm'"2'n _mn
(1.8) F, (a,By,BiT,,¥,ixy) = X = Xy, Ixl o+ dyl <1,
240 ByrPoiY /Y, 020 1)) min!
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y 1is the psi function and y is the Euler-Mascheroni constant. When q =
p-1, (1.7) converges in lz| < 1 (cf. [16]). Here and in what follows, we

write, for brevity,

all...,ap F(al)...r(ap)

r T T3

Bll ...’pq

The formula (1.6) holds valid also for 0 < x < 1/2 Dby exchanging b1

with b2 and cq with CZ'

2. The Behaviors of the Series FG

Let us first consider the series FG defined in (1.1) near the points
on the plane x + z =1 (%,z > 0) and on the edge x +y =1, x + z =1

(x,v,2 > 0) of the boundary of its convergence region. The results are:

(FG1) FG(a,a,a,bl,bz,b3;c1,cz,cz;x,y,l—x—p)

. CyrCy—a=bg (1ox) 2 pl:2:1 a:a—c2+1,a+b3—02; by; o ,

€,—a,Cn-b 0:2;1) _. a4b.-c.+1,c,;c,-b ;X 1 1%

2 °rv2 "3 . ) 3 ¥2 "rr1rv2 Y3
C.sC c,-b A -
+T 1 2 < i_b3+1 XCz a b3+1(1__x)b3 co+1
a,b,-1,b.+1 2 3
3 1

Fé:g;i c2—b3+l: 2—b3,1,1; b2; xl,l

:3; o e . LK™ -x
! ic,-a b3+2,b1+1,2,c2 b3,
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c.,C s
172 LC2-a bs
a,b bl

-7 (l_x)b2+b3*02(1_x_y)—b2

3’
[2y + w(a+b3—c2) + w(bl) - log x + log p]
+ o(1l), (p — +0)

with a+b1+b = +c

5 = Cytcy, by X integer, a+bs-c, % integer and 0 <.x < 1/2,

x<y<1.

Note. The formula (FGl) holds valid also for 1/2 < x < 1 by ex-

changing b, with b3 and c with

1 Ca-

(FG2) Fola,a,a,by,b,,bgic Cy Cyix,1=x=p, 1-x-p)

c,,C,—a-b _
=T 17-1 1 <@ 3F
cl-a,cl—bl

af,a—cl+1,a+b,1--cl;x__-1

2 X
a+b1 c1+1,c2,

cl'cz ,cl_bl bi-ci1+1
c —a—b1+1 x
2+b3+l 1

(1-x) C1-a"bi+l

a,bl—l,b

¢
—

e ,cl—b1+1,2—b1,1,1;x_1

4" 3 X
cl—a—b1+2,b2+b3+1,2,

c.sC _ o
-T 17-2 bl—C1(1_x)Cz a-b,
a,bl,b +b

b

273
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[2y + w(a+b1—cl) + w(b2+b3) - log(l-x) + log pl

+ o(l), (p = +0)

with a+b1+b2+b3 = c tCyy, b2+b3 % integer, atb -c; X integer and 1/2 < x <
1.

Note. The formula (FG2) holds valid also for 0 < x < 1/2 by ex-
changing b1 with b2+b3 and Cq1 with Cy-
Proof of (FGl). Expanding FG in the series of vy, we have its

representation in térms with Fy:

(2.1) FG(ara:arBlrﬂzrﬁaiyllel'Yz;errz)

L

() (By)

m
= =0 ('Yz)mmf F2(0‘+mrﬁlrl33;’yl,?2+m;x,z)y

Then the relations (2.1) and (1.6) lead us to for a+b1+b3 = c1+c2

(2.2) FG(a,a,a,bl,bz,b3;cl,c2,c2;x,y,1—x—p)

o (a) (by)

o W F2 (a+m,b1,b3;c1,cz+m;x, 1"X"P)ym
m= m ‘ g
o (a)_(b,) c,tm,c,-a-b L
= 3 (ém) i'm m r 2 2 3 (1-x) "™
=0 2'm c2—a,c2—b3+m
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a+m,a—c2+1,a+b3—c2;

F

372 .
a+b3—c2+1,cl,
+ T Cptmy g Cp~bytm c2—a—b3+1(1_x)b5—02—m+1
at+m,by-1,b, +1 Cpma=batl :
c,~bg+l+m,2-bg, 1, 1;
aF3

c2+m'cl Cz‘a‘ba(l;x)ba-CZ-m

a+m,b3,bl

[2y + y(atby—c,) + w(b)) - log x + log p]

+ o(l)

c,-a-by+2,b,+1,2;

X

x-1

=_
x—-1

which deduces the formula (FGl) in terms of the Kampé de Fériet series (cf.

[11, (16]):
(2.3) szr;u al’ .'apzyl""’yr;nl"'"nu;x,y
sV Bll qu:alr"'rssiglr err
o G n
- (@) ron b Y I LI 0
M, n=0 q s v m!n!
e I1 . | S. I .
sm1 (Bj)m+n 5o ( j)m so1 (Cj)n
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, . . 1:2;1 =1:3;1 ;
Here, the Kampe de Fériet series F0:2;1[X'y] and F :3;1Ex’y] in (FG1)

converge in x| + |yl < 1.

Proof of (FG2). By virtue of the series expansion of FG in terms of

the Appell series ’Fl:

(2.4) FG(alalalﬁll621B3;71172172;XIYIZ)

(a)mlﬁl)m m.
= mEO —TyzygaT— Fl(u+m132rﬁ3;72;YiZ)X

and by the relation [1]

(2.5) Fq(a,Bi,Byivix,x) = ,F (a,B 4B ivix),

we have the formula

(2.6) Fgloya,a,By ByrBaivyr¥or¥yixyey) = Fplo By BotBaivy,v,yix,y),

where the Appell series F

1 is defined by [1]

oo ()
m, n=0

m+n(Bl)m(BZ)n m n
(y) mint Y .

Thus the relation (FG2) follows immediately from (1.6), (2.7) and [1]

, o (a)_ (B.)
(2.8) FZ(Q,B]_,BZWI,YZ,’X,Y) = 2 __m_____lm

. . m
w0 Y1) 2Pyt Boivyiy)x.



3. The Behavior of the Series FK

Now let us treat the series ‘FK near the surface z = (1-x) (1l-y)

(x,v,z2 > 0), then we have:

(FK) FK(allazlazlbllbzlbl;cllbzrC3;XIYI(1—x)(1—Y)—p)

cl,cl—al—bl -b, bl’bl_c +1,a1+b1—c

-r % 3F2 1 1 x;l
cl—al,cl—bl i a1+bl—c1+l,c3;
Cl,C3< . C1‘a1 a—-c1+1 ‘c1—a1tbi1+1
T -2, b, 41 ¥ (1)
bl,al—l,a2+1 171 71
- cl—a1+1,2-a171,1;x_1
473 .
¢y b1+2,a2+l,2,
C,,C _ e
-T 1 3 xa1 cl(l-X)cl ai—-bi
al’a2’bl

[2y + w(a;#b -c,) + y(a,) - log(l-x) - log(l-y) + log p]
+ o(l), (p — +0)

+cg, a2'¥ integer, a1+b -cy % integer and 1/2 < x < 1,

with a.+a 1

1°°2
0 <y < 1.

tby = ¢4

/

Note. The formula (FG2) holds valid also for 0 < x < 1/2 by ex-

changing a; with a, and cq with Cy-
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Proof. The series Fp may be expanded by the Gauss series as

(3.1) FK(al'aZ'GZ'Bl'32'31;71'72'73;2{'1,'z)

(“1)m(“2)n(51)m+n
(Yl)m(73)nm!n!

oo
= p 2F1 (a2+m,32?72;Y)Xm2n

m, n=0
Then by noting the relation [2]

(3.2) L,F (0,BiBiz) = (1-z) 7%,
we have the formula
(3.3) Fylag,0p0)B10ByBy7yBoryziziy,2)
= (1-y) %2 F2(Bl;al,a2;71,73;x,1§§),
which together with the relation (1.6) leads us to (FK).

4. The Behaéiors of the Series FN

Following two formulas for Fa defined in (1.3) will be derived:
{FN1) FN (al’aZ’aB’bl’bZ'bl;cl’ C2l czl'xr Y 1‘X‘P)

-T CyreqmagThy i T byrby=eytlsa thy=ciiy g
. - 372 _ X
C1731r¢170y a1t -cytlscyi

- 10 -



179 xa1¥cl+l ci-a -b,+1

‘ c,,C
1772
+T (1-x)
c,=a.,-b,+1
bl,al—l,a3+1 17171
v cl—al+1,2—al,1,1;x_1
4" 3 4
’cl—al—bl+2,a3+1,2,
a,b -::=; - ;b.:a ;a,+1l,b,+1,1;a,;
n 2 2 v F(3) 17172 2 3 x,y, 1-x
2 -::—:cz+1; —icqi 2; -
c.,C _ L
-r 1 2 Xa1 C1 (l—X)cl a:-b,
a1s33/Dy

[2y + w(a;+by-c;) + w(az) - log(l-x) + log pl]

+ o(l), (p — +0)

with a1+a3+b1 = c,tey, ag %vlnteger, a;tb,-c, % integer and 1/2 < x < 1,
0 <y < 1.

Note. The formula (FN1l) holds valid also for 0 < x < 1/2 by ex-
changing 2, with a3._and cq with Cy-

(FN2) FN(al,a2,a3,b1,b2,bl;c1,a2+b2,a2+b2;x,l—p,z)

+b 3 1 : 1,' a3+1,1,1;
.3 X, Z
2 : _— :cl;a2+1,b2+l,2;

2 371

a
a2,b2 2

- 11 -
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aytb,
-T| . 2Fl(al,bl;cl;x)“[Zy- + w(az) + w(bz) + log pl
a2,b2 . . }

+ o(l), (p = +0).

Proof of (FN1). By the series representation of FN:

(4-1? FN(a11a21a3lB11B21Bl;yllYZIYZ;XrYIZ)

oo (o) (B,) :
2'm'"2'm m
= ¥ — 5 F (B1,0, 051, oMK, 2Z)Y
=0 Yol m! 211 ‘3 1ri277 = o

= FZ(BliaquB7711723X:Z)

o (o) | (Bo+D)

Y
To me0 (Yot (2)

m
Fz(Bl,al,a3;yl,72+l+m;x,z)y

and the relation (1.6), the formula (FN1l) follows, where the Srivastava series

(3 is defined by [16]: -

(3) (@ ::BH: BBy (v

(4.2) F ] X,Y,2
(3):: (MY ;MMM (EN) G2 (8%
00 m n_p
_ X z
where

- 12 -
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A B, . ‘B, , Bj s
jgi (aj)m+n+p jgl (Bj)m+n jI:l/wj)n-i»p jgl ‘Bj)p+m
A{m,n,p) = ) B, 1 E, ) E. ]
m (s.) I (mi) I (n3) o m:2)
j=1 Jj mtn+p j=1 3 m+n 3=1 J'n+p j=1 3 ptm
C, s C. , Cs s
Iom (y:) o (v oI (v3)
3=1 Jj'm 3=1 Jjn 4=1 3P
i . Fa ) Fi s ’
o (€ O (g3 _ - I (L)
3=1 Jj'm 4=1 j'n 3=1 1'p
and (o) abbreviates the set of A parameters al,---}aA and similar inter-

pretations for (Bl), (BZ) etc. Here, the Srivastava series F(3) in (FN1)

converges in |x| + lz| < 1, [yl < 1.
Proof of (FN2). The series expansion

(4.3) FN(al,a2103r31,BzrﬁlinrerYzixrylZ)

- (ul)m(a3)n(ﬂl)m+n
m, n=0 (yl)m(YZ)nm!n!

n

I
™8

2F1(a2,32;y2+n;y)xmz

and (1.5) imply the formula (FN2), where the Kampé de Fériet series

Féfifg x,y:] converges in |x] + |yl < 1.

- 13 -~
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5. The Behavior of the Series FR

For the series Fo we have:

(FR) FR(al,az,al,bl,bz,bl;cl,a2+b2,a2+b2;x,1—p,z)

5 a,+1,b.+1: -; 1,1;
. :3 X,z
2 —————— :cl;a2+l,b2+1,2;

- T 2Fl(al,bl;cl;x) [2y + w(az) + w(bz) + log pl
azrby :

+ o(l), (p = +0).

Proof. By noting‘the series representation of Fp:

(5.1) FR(dlrazrai;BlrﬁzlB1;717721727XIYIZ).

= E (al)m+n(Bl)m+n

= F.(o,,B,:y +n;y)xmzn
“m, n=0 (1) (¥,) minl 271 2rv2rt2

we have

FR(al,aZ,al,bl,bz,bl;cl,a2+b2,a2+b2;x,1—p,z)

, o (a,) (b,)
1'm*"1'm m
= _F.(a,,b,;a,+b,;1-p) Y ——7F—F—
2717277275272 =0 (Ci)mm!

- 14 -
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+ 2

m, n=

+n+l;14p) L,

(al)m+n+1(b1)m+n+1

+b
0 (€1) g (ay#by) o ml (n+l) ]

oF 1 (ayrbyiasth,

which implies (FR) by virtue of (1.5) and the Gauss formula [2]

'YIY_G—B
(5.2) 2Fl(a,B;y;l) = T for Re(y-o-B) > 0.
y-o,Y-B . '

Here, the Kampé de Fériet series Fgfgfg[:x,y:] in (FR) converges in

VT=T + Tyl < 1.
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