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Chapter 1

General In‘rod-iction

1.1 Introductory Remarks

Transport phenonena i porous media are very important subjects in many
science and engineering fields. The application of flow and heat /miass trausfer i
porous media can be found in geophysies. hvdranlies. soil mechanices. chemical and
petrolenm engineering. and so on. In these fields. as for How in porous media.
It Is Important to estinate the macroscopic properties such as pressure drops or
permeability through porous media. As for heat /mass trausfer in porons media.
on the other hand. the effective thermal condnetivities and effective mass diffusivi-
ties are needed to many kinds of engiueering applications. In chemical engineering
applications. for example, knowledge of them is essential to determine the tem-
perature/concentration distributions in a packed bed reactor. in a fuel cell. in a
non-isothermal catalyst pellet. i the drving process. and so ou. In the past studies
volume-averaged technique is usually used to obtain these macroscopic properties.
However. when we treat complex porous media with nou-uniform porosity. for in-
stance. 1t 1s more mportaut to Investigate microscople Process ocenrring at a pore
scale and to obtain the properties from the microscopic point of view. In such cases.

1t 1s considered that both experimental and theoretical approaches are sometimes
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ditficult hecanse of complex fluid flows in porous media. Thus, nuerical approach
will become a powerful and useful tool i these studies,

[n the present study the analvses of trausport phenontena i porous structures
arc conducted by a new numerical approach based on the kinetie theory of gases.

The approach is the lattice Boltzmann method.

1.2 Method of Computations

1.2.1 Lattice Boltzmann Method

Iu recent vears. the lattice Boltzmann method (LBM) has developed into an al-
ternative and promising munerical scheme for simulating viscous Huid flows. The
method is particnlarly successful in Hhad How applications volving dynamice mter-
face and complex boundaries. The LBM is ditferent from the conventional numeri-
cal approaches. snch as finite difference method (FDM) aud finite element method
(FEN) at a macroscopic level and from the molecular  namies (MD) simulation
at a microscopie level, The LBA is based on mitcroscopic models and mesoscopice
kinetic equations. The fundamental idea of the LBM is to construct sunplified ki-
netic models that incorporate the essential phyvsies of the microscoplie processes so
that the macroscopic properties obey the desired macroscopic equations. The basic
preutise for using these simplified kietie-type methods for macroscopie finid tlows
is that the macroscopie dyvnamies of fiuid 1s the result of the colleetive hehavior of
many microscopie particles i the svsten and that the macroscopice dyvnaniies s not
sensitive to the underlving detatls i neroscopic physies (Kadanott 1986).

In the conventional muerical methods. the discretized macroscopic equations are
directly solved. Since the macroscopie equations are nonlinear and the solutions of

nonlincar equations are highly related to boundaries. it should be very difficult to
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solve the equations especially if the phyvsical svstem has complex gcometries such
as porous media. Besides: when the coutinmity equation and the Navier Stokes
cquations for mcompressible fluid are caleulated using the conventional munerical
approaches. the pressure satisfies a Poisson equation and solving this equation for
the pressure often produces numerical difficultios reguiring special treatinent. such
as iteration or relaxation (e.g. Ferziger & Peric¢ 1996). The MD simulation. on
the other hand. can simulate complex fluid phenomena by implementing the correct
intermolecular potential. However. the MD sinmlation regnires cnormous computa-
tional resources and is rather impractical for fiuid simnlations.

The LBM is a mesoscopic approach. that is. intermediate hetween the macroscopic
and microscopic approaches. Instead of solving the macroscopic nonlinear equations
and tracking mdividnal molecules as in the NMD simmlations. the LBMN simmlates
the flnid flows by solving kinetie equations at the mesoscopic level. Tn addition.
by developing a simplified version of the kinetic equation one can avoid solving,
complicated kinetic equations such as the full Boltzimmann cquation. Therefore, the
LBAL is regarded as an cfficient and attractive tool for simulatine the flnid flows

imcluding complex phenomena.

1.2.2 Brief History of LBM

Figure 1.1 shows the brief history of the lattice Boltzmann method. Historieallv.
the LBA cevolved from the lattice gas antomata (LGA ). in which space. time. and
particle velocities ave all diserete. I the LGAL the phyvsical flndds are first assied
to cousist of discrete particles. which reside onlyv on the lattice nodes at diserete
tie steps. The particles move on the spatial lattice and scatter according to some
scattering mles. Frisch, Hasslacher & Pomean (1986) proposed the first version of

LGA. what is called FHP model. on a hexagonal lattice in two-dinensional space
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Figure 1.1: History of the lattice Boltziann method,
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and showed that the LGA recovers the wsotropie hvdrodyvnamie equations.  The
central 1deas m the papers contemporary with the FHP paper melude the cellular
automaton model (Wolfram 1986) and the three-dunensional model using the four-
dimensional face-centered hypereubie (FCHC) lattice (d'Humieres. Lallemand &

Frisch 1986).

On the other hand. the LBM can also be regarded as a special fimte difference
scheme for the kinetie equation of the diserete veloeity gas. in which the particle
veloceity is diseretized but space and time are continnons. This kinetie equation s
called the diserete Boltzmann equation (DBE) and describes the evolution of particle
populations that have discrete velocities. Several rescarchers have used a variety of
discrete particle velocitios models. Broadwell (1964 ) ciuploved the simplified kinetie
equation with a single-particle speed model to simulate inid Hows for studving sl ok
structures. Iu fact. one can regard the Broadwell model as a simiple one-dimensional
lattice Boltzmmann cquation (LBE). Inammro & Sturtevant (1990) have also nsed
multispeed discrete particle velocities models for studvine shock-wave strictures.
Later. Sterling & Chen (1996) derived the LBE by diseretizing the Boltzmann eqna-
tion 1 spatial and time spaces. The relation of thie LBN to Kinetic theory was
also explored by Abe (1997). All these work are based on the assamption that the

underlyving discrete veloceities are known a preors (Heo Chen & Doolen 1999).

The first LBA model proposed by NMeNamara & Zanneti (1988) has the cou-
plicated collision operator. An important simplification of the LBA was made hy
Higuera & Jimenez (1989) who hnearized the collision operator by assnming that
the distribution is close to the local equilibrimn state. Later by two indepeudent
groups (Chen et af. 1991a; Qian. d'Humicres & Lallemand 1992). the collision oper-

ator can be further siuplified by making the single-relaxation-time approximation.
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The relaxation termn is known as the Bhatnagar-Gross-Krook (BGIX) collision oper-
ator (Bhatnagar. Gross & Krook 1954). This so-called lattice BGIX model ercatly
reduces the computational time and memory. \What is more important. this model
cusures the isotropy and Galilean invariance and possesses a velocity-independent
pressure. although the LGA models do not satisfv these requirements and have a
velocity-dependent pressure (Chen. H.o Chen. S. & Matthacus 1992). Thus. the
lattice BGK model 1s the most popular form in the LBM. More details are referred
to as References, Rothman & Zaleski (1997), Chen & Doolen (1998). He. Chen &

Doolen (1999). Tsutahara. Takada & Kataoka (1999). and so on.

1.2.3 Applications of LBN\

Up to now. the LBM has heen sucecessfully applied to mauy kinds of simulations
of viscons Hows as follows: flnid flow in complex geometry including porous and
random media (Snect. Foti & Higuera 1989; Cancelliere ¢t al. 1990: Spaid & Phelan

)97 ). multiphase and multicomponent fluid flows (Gunstensen of al. 1991: Shan
& Chen 1994 Swift. Osborn & Yeomans 1995; Swift et al. 1996: Inamnro. Konishi
& Ogino 1999: Inamuro, Mivahara & Ogino 2000). turbulent Hows (Martinez of al.
1994 Benzi Struglia & Tripiccione 1996). suspension. colloidal. and granular flow
(Atdun & Lu 1995 Lad 1994, 1997). heat transfer (1 -Namara. Gareia & Alder
1997 Chen. Ohashi & Akivama 1997: Shan 1997: He. Chen & Doolen 1998). reactive
and diffusion system (Calt ef a0 1992: Holme & Rothman 1992: Dawson. Chen &

Doolen 1993; Chien et al. 1995). and many others.

1.2.4 Challenging Issues on LBM

As mentioned above. the LBA has been used for a variety of applications in

recent vears, Although the great success of the LBM has been achieved. there remain
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challenging 1ssues to be well studied. In the following. a couple of important topics.
the relation bhetween the LBE and the continuity equation and the Navier Stokes
cquations for incompressible fluid. the accuracy of the LBN to the flnid-dynamic

tyvpe equations. and boundary couditions in the LBNL are given.

Derivation of Fluid-Dynamic Type Equations and Accuracy of LBI

To derive the fluid-dynamic type equation from the LBE. one usually employs the
Chapman-Enskog expansion procedure. which is essentially a formal multiscaling
expansion (Frisch of al. 1987). The Chapman Enskog expansion procedure is an
asymptotic expansion method for solving the Boltzmann cquation i the kinetic
theory of gases. In general. however. the derivation of the continuity equation and
the Navier Stokes equations for wmcompressible fluid from the LBE by using this
procedure contains some kinds of assumptions and is not so clear and successful.

Likewise. m the investigation of the accuracy of the LBN to the fluid-dynamic tvpe
cquations. the Chapman Enskog expansion procedure is also usuallv used for the
LBE and 1t has been found that the LBE approaches the Navier Stokes equations
with error terms proportional to the Knudsen munber squared and Nach mmber
cubed (Hou of al. 19950 Zon et al. 1995: Sterling & Chen 1996). These errors are
referred to generally as compressibility error. Sinee the Knndsen munber is related
to lattice resolution by the relaxation time (How ef al. 1995). it is said that the
accuracy of the LBN depends on the Kundsen number. NMach nmunber. and lattice
resolution. However. Mater. Bernard & Grunan (1996) have pointed ont that neither
the Mach munber nor Knndsen number is separately a cood index for error estimates
with a duct flow problem and that the product of AMach and Kuudsen numbers is a

fairly good index for the error estimmates. Morcover. Reider & Sterling (1995) have
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pointed out that for a fix Mach nuber the calenlated result by LBM converges to
a certain solution that is different from the solution of the incompressible Navier
Stokes eqnations. as lattice spacing is reduced. It s found from the above facts that
the error estimates of LBA based on the Chapman-Enskog expansion procedure
have not been so clear and snecessful.

Therefore. another way to derive the continuity equation and the Navier-Stokes
cquations for incompressible fluid from the LBE and to estimate the accuracy of

LBM to the flnid-dynamic type equations is needed.

Boundary Conditions in LBM

Wall boundary conditions in the LBA were originally borrowed from the LGA.
In the LBML the bounce-back boundary condition (d"Humicres & Lallemand 1987)
has been nsually used to model stationary walls. Under the bounce-back rule. all
the particles colliding with walls are reflected hack in the direetion from whiclh they
came. However. it has been found that the bounce-back bonndary condition  as
errors in velocity at the wall (Noble ef al. 1995: Zicgler 1993: Ginzbourg & Adler
1994). In general, the velocity along the wall obtained by using this houndary
condition is not equal to that of the wall velocity. The difference between the
fictitious velocity and the wall velocity is called the slip velocity. Skordos (1993)
proposed a method for caleulating particle distributions at a boundary node from
fiuid variables with the gradients of the fuid veloeity, In his nmethod the density
is assumed to he known at the boundary. Noble of al. (1995) developed a method
for calenlating the density at the houndary and the nuknown components of the
particle distributions. While their method gives acenrate results with the seven-

veloeity model. it is not clear whether the method can be applied to other velocity
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models. Mater of alb (1996) modiied the bounce-back condition to nullify net
momentunl tangent to the wall and to preserve momentum normal to the wall. Zon
& He (1997) extended the bouncee-back condition for the nonequilibrinm portion of
the distribntion. It appears. however. that the extension of these simple assumptions
to arbitrary boundary couditions is ditficult. Therefore. a new boundary condition

which can accurately model any no-slip wall 1s needed.

1.3 Summary of Previous Studies

In the past studics on transport phienomena in porous media. volume-averaged
approaches are usnally used to obtain macroscopic properties. such as pressure drops
or permeabilities. effective thermal conductivities. and effective mass diffusivities
porous media. In order to estimate pressure drops in porous media. for examy . the
Blake- KKozeny equation (Bird. Stewart & Lightfoot 1960) and the Ergun equation
(Ergun 1952). which are both cmipirical equations based on experimental data. are
often used for low aud high Reyvnolds numbers. respectively, In recent experimental
works. Faud ef al. (1987) studied How through porous media composed of randomly
packed spheres and proposed the nseful correlation eqgnations between pressure gra-
dients and flow velocities. Liu. Afacan & Maslivali (1994) studied laminar flows
1 porous media and presented a new averagiug approach to the pressure gradient
term. However. in these studies the relation between flow ficlds at a pore scale and
pressure drops has not been so clear. As for the studies on flow characteristies.
Dyvbbs & Edwards (1984) carried out experiments of Lhquid flow in porous media
consisting of plexiglas spheres in a close hexagonal packing and cylindrical rods in
a complex geometrical structure. They classified flow characteristies into four flow

regimes: Darey or creeping flow regime. inertial low regine, unsteady laminar How
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regime. and highly unsteady and chaotic low regime. However. more quantitative
investioations are nceded to make clear flow characteristies i porous media.

[n unmerical simmlations. on the other hand. previous studies. inclnding finite-
ditference sehemes (Schwarz ef al. 1993) and networking models (Koplik & Lasseter
1084). were either limited to simple phyvsics. small geometry size. or T h. Buo-
nanno & Carotenuto (1997) proposed a method to caleulate the effective thermal
conductivity of a two-phase isotropic porous medinm by means of a volnme-averaged
technique. As for the LGA and LBM. Rothman (1988) used the LGA for simulations
of low through porons media and verifie  Darcy’s law (a lincar relation between the
pressure eradient and the vohune flow rate per unit area) in simple and complicated
ceometrics. Chen of al. (1991h) also used the LGA to study microscopic behaviors
occenrring, at a pore scale and to obtain volume-averaged parameters from the mi-
croscopic point of view. Sucel. Foti & Higuera (1989) utilized the LBM to measure
the permeability in a three-dimensional random media. Dareyv’s law was confirmed.
Cancelliere et al. (1990) studied the permeability as a function of solid fraction in a
svste 1 of randomly positioned spheres of equal radii using the LBM. However. the
above-mentioned simmlations by the LGA and LBM were applied for relatively low
Revnolds numbers and restricted to laminar flow regions. In recent years. Inamuro.
Yamamura & Ogino (1995) have investigated the problems of flow and heat transfer
in a two-dimensional porous structure for low and high Revnolds numbers by using
the LBM. Thev conclnde that the method is useful for studying microscopic prop-
erties of low and heat transfer problems. although more quantitative investigations
are needed due to the two-dimensional simmlations. Thus, it is desired to study
three-dimensional problems of low and heat /mass transfer in porous media at high

Revnolds numbers as well as low Revnolds numbers.
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1.4 Objectives and Outline of this Thesis

The final objectives of this study are to develop the LBAL for sinntlations of th |
fow problems and fow and mass trausfer problems in a three-dimensional porous
structure and to investigate the transport phenomena in the structure from the

nicroscopic point of view.

Chapter 2 deals with the fundamentals of the LBAL First. the relation between
the lattice Boltzimnann equation and the continuity equation and the Navier Stokes
equations for incompressible fluid is clarified. In addition. the accuracy of the LB
to the fluid-dynamic type equations is investigated. Next. boundary couditions in
the LBA are discussed. Finally. the LBM for a binary finid wixture with a simple

kinetic model is proposed.

Chapter 3 deals with numerical analvsis of flows in a three-dimensional porons
structure. Flow fields at a pore scale and pressure drops throueh the structure
arc caleulated for varions Revuolds numbers. The calenlated pressure drops are
compared with well-known cmpirical equations hased on experimental data. Also.

the characteristics of the unsteady flows in the structnre at relatively high Revnolds

winmbers are investigated.

Chapter 4 deals with numerical analysis of flow and wmass transfer for a binary
fluid mixture in the porons strueture. Flow eharacteristios and concentration profiles
of diffusing component at a pore scale are simmlated for varions Reviolds nmbers.
[ addition. Sherwood numbers are calenlated and compared with available experi-

mental data for packed heds.

Chapter 5 finally gives the conclusion of this thesis. Remarks and recommenda-

tions for further studies are also given.
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and also we define pressure pin D-diniensional space by

9
P = 5/)(: (2.2.5)

Equations (2.2.1) (2.2.5) can be written in non-dimensional forms by nsing char-
acteristic gquantities L. ¢, and ty and a reference density pg. The resulting non-

dimensional equations are

Sl (.jf,'+<l Vo= = ) for i=1020 (2.2.6)
C €
N
b=/ (2.2.7)
=1
1.,
a=1y e (2:2.8)
r =1
1 n
S — ‘(e — 1) - (¢ — 1 RIS
(—2/}1_;.1‘,(61 u)- (¢, —u). (2.2.9)
2
p= b—[)(& (2.2.10)

where ¢, = e,fc. & = x/L.t = t/te. f, = fi/po- p = plpy. w = ufe. ¢ = ecfc?.
p= p/(/)“(,z)_ Sh = L/{tye). and e = ¢/(A.pol). It 1s noted that Shois the Strouhal
munber (Sone & Aoki 1994) and the dimensionless nmumber € 1s of the same order as
the Knudsen number. In the following three-dimensional fluid flows are considered.

For aree-dimensional problems. the fifteen-velocity model (Qian. d'Humicres &
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Lallemaud 1992). shown in Figure 2.1, is usnally used. The fifteen-velocity model

has the following velocity veetors:

{C]. Cy. C3. Cy. C', Cy;. CT. C. Cy. le Cll‘ Ciy. Cyy. Cyy. Cl;’.]

g1ro00 -t 0 01 -1 1 1-1 1-1—1
=(0010 0-1 01 1-=1 1-=1-1 1=11] (2211
0ool 0 0-11 1 1-1-1-1-1 1

On the basis of the Maxwell Boltzmann equilibrinan distribution function up to
O(u?) by using a small Mach mumber expansion (He & Luo 1997: Abe 1997). an

equilibrinm distribution funetion of this model is given by

O( -~ - N { R g S .
ff=FEp 1+3c,v-u+3(c,-~u)“—3u~u for +=1.2.3..... 15. (2.2.12)

where

EQT—‘E;;:El:L‘ir’,:]f“:}‘:?:l/f).

ancl

Ex=FEy=Lyw=Ly=Lyw=Ey3=FE=F;:=1/72

It should be noted that a velocity model in the LBA must have diserete particle
velocities enongh to satisfyv the requirements of isotropy. Galilcan-invariance. and
velocity-independent pressure. In practical caleulations. on the other hand. it is
clearly desirable that a model with only a small munber of particle veloeitios is nsed
for the rednetion of computational time and memory. As shown later in Seetion
2.2.2. the fifteen-velocity model satisfies these requirements in spite of no more than
15 particle velocities. Therefore. the fifteen-velociry model is regarded as a fairly

suitable model for three-dimensional problems.
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Fluid-Dynamic Type Equations

[ the kinetie theory of gases. Mach number Ma and Knudsen muber K are
usually defined by Ma = U/eg and Kn = ¢/(A.ppL). where ¢ 1s the speed of sound
and ¢ is the mean particle speed of the equilibrium state at rest. However. since we
arc interested only in ordering. the Mach number and Knndsen nmuber defined by
Ma = U/c and Kn = /(A poL) = € are used in the following.

Hereo we are interested in the case of a small Knudsen number with finite Revuolds
number. Sinee the Mach munber Ma. Reynolds number Re = poUL/pe (4 is the
viscosity of Huid). and Kuudsen nunber Ikn are related as Ma ~ Ikn Re (a definite
relation is given later in Equation (2.2.49)). 1t follows that 1 vis of the same order as
Kn in the case of a finite Reynolds munber. In addition. since Sho= U7/¢ = Ma. the
Strouhal number Shois also of the order of Kn. Considering this ordering. we carry
out the asvmptotic analyvsis for small Knudsen munbers according to References.,
Sone (1971, 1991) and Sone & Aokt (1994).
First. performing a Tavlor expansion of the left-hand side of Equation (2.2.13)

around & and . we obtaln

file 4+ e it + AN — fi(z. )

- . Voo
=df(x.t)+ _T'(/“_f,»(:i:.f) + %(Z"ji(m.ﬂ 4+ e {2.2.15)
where
\ : o\
T— ((A‘z')c, v +(Af)7—;> for n=1.2.3..... (2.2.16)
(

Hereo we nse the atorementioned relation. At = ShAAr. and retain ters i Equation

(2.2.15) up to O[(A.)}]. Then. substituting the resulting equation into Equation
{ g eq {
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(2.2.13). we have

0 2\ S D 1 o
(A [ Sh—+¢ -V | f + (A7 (Sh— + ~¢, - N
| ( 1(% c >j + (A < 110r + ¢, V) (e, N f,

+

(8N
o
—
=1

(A (e -V, +0[ A0 = -%,M; — f

[ N

Next.we put f; in the form of series expansion of a small parameter k.

Il
—
18]
b
—
<
SN}
[V
—
(V9]

f:, _ E;(l i A_f:i(]) + A.'_)fi[('_’} + A.;;f:;:z) + L"If} 1) 4. ) for

where & s of the same order as Ar and is related to 7. The b s reearded as a
modificd Knndsen number. Tt should be noted that the first term of the eXpansion
(the constant term) represents the equilibrinm state at rest with the density - SO
that the deviation of f, from the equilibrinim state at rest is assmmed to he of the
order of Ku (S-expansion). Corresponding to Equation (2.2.18). the macroscopie

variables are also expanded as follows:

po= 1+ hp R 3 (2.2.19)
w o= hu'' 4 e e (2.2.10h)
1 y oo .
F— 5 + ]“(,11» Ny R -+ /‘..3(;(.31 . (2 2.19¢)
. 1 . (9 3 -
po= 3 S ST STy kN (2.2.19d)
where
1 1
01 _—
plo= SR (2.2.20a)
(=1
15
u' = SEfle, (2.2.200)

=1
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15
Py :4% E Ve . e — —ph (2.2.20¢)
I -
(1 1 2~1l) IO D)
= (2.2.20d)

(2.2.21a)

=1
15
L) - . 5«
u(2| - L:ff( c, — /)(1'u( ) (2221]))
=1
1 15 o . 1A i . 1» . oo
PEI N . Eif,u) 1 CI_3/)(2)_/)(1)((1)__)_,“(1) att (2_221()
= - -
0 ]‘) (1) (1) = (2)
P e (2.2.21d)
15
P = STE (2.2.22a)
[
15
W YR (22220
=1
(3) 1 15‘ ( 1( (1) ~(2) (2) (1)
& — —)‘ L_‘b/fl C,-C — ;/) e ( =0 (
<=1 .
—_alh. g _ E/A)(l)f&(l ath (2.2.22¢)
)]
3) B L2 )2 A2 A1), 2 a(3) 5.
]”)(- [ A/”)( ) + __/)( l( S 5[) ( + g(w' . (2222(1)

It should be noted that the leadi ; term of the expansion for the finid velocity is of
the order of & bhecanse Mais of the  der of K. Also. the equilibrium distribution

function is expanded as follows:

FIU = EL 4 k0 g2 R g3 S gt ey for (= 102030015,

1 1
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where

qu( 3]

S

f-[t't{( 1

We consider a moderately varving solntion [(’)_/}/(’)f = Of) and Of,/Or, = O(f))

(1 LR (1 2 - -
P3P e w430 e u 30, - u

9 .. ,
Yoy, 12 (1 Iy e
+ 50 e, a7+ 90 e - u e, utt)
9
Jo (2)42 (1 B
+5lcu D Eore - u e uwtt
3'(‘_’1 (1) (1 (ly i1y (2)
-5 u = 3p U
T3
Do 2
——)’LL )"U,| }_'%u(1|’u|§1

3 -
{ '+3C,'7L(“

i

with o = 1.2.3 (a : Cartesian coordinate)] of Equation (2.2.17). Substituting
Equations (2.2.18) and (2.2.23) into Equation (2.2.17). we obtain the following si-
mltancons equations governing the component functions 0 = 1230 of
the velocity distribution fuuctions f;:
fly coqgli ) - -
L =1 (2.2.25)
P2y regli2) T . ~ o) 1y g0 reqil) .
1, = f, - c, Nf L= puf ). (2.2.20)
A3 eql3) T LG 2
.fz - .// o C, - vf/
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B f—\'_" {ihd . 1 <5\'> (& 'vf} lem

A Aot 2\ k
U FRY = T = e, (2.2.27)
f,‘ b .f’./mu o 7?"‘6[ _ Vf,' 3)

_T,Ai ili_(l+l i (C'V)_J f[(?)
IS Aot 2\ k

7T ’ - Sh o 1 /AT . oo )
- e V) |7+ {7 ) le -V
(&) e mlin s (3w

. (G eql3 2y, A2) eq(?) 30 pth peatl)y 5 909
= PO = ) = T = Y = P = 1. (2:2.28)

chrale equations as

which are also written i the form of lincar algc

18 1hH
(1) (1) : Aopth (2.2.2
f=STE T =3e > Ejeif, = 0. ( 9)
Jo =1
15 15 o) -
N ~ o~ glm) - - MR _ L { 2 (DD -
j} L Ejf; ~30,‘-ZEJCJ']‘J- = I (> 2). (2.2.30)
J=1 Jj=1

where 708" represents the inhomogencous terms given by

9 9 9 3 NIt B T-A‘I\.~ = M) D .
H]('-u _ 5(& at'? - Eum AR TC{. SV f (2.2.31a)
(3 9 BARV: : Uhyie . qt™)
]11 - 3/)( <C, - Uu )~ +g(cl U ,‘(Cl ! )
3 (1)~ (1) (H @B (2
_ .,)/) u'ou ' —3u u
- S + \.r ) 1 AL ) il
B ,ALC T b 7%’ th(w o (c;- V) } f{“
P bl kor o 2\ k
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(R 9-(") (1) ! (11 (2
I = grole-uw ) +90 e u e - utt)
9 - i) (1 (3
+gle, - uw™ )+ 9 - u e s ut)
3 v o~ (-1 (2) 3

Equation (2.2.29) is a homogencous linear algebraie cquation and the solution is

written with macroscopic variables hy Equation (2.2.25) with Equation (2.2.24a).

{l
(RN
e
<

- . . . . - . Ay

Equation (2.2.30) are inhomogencons linear aloehraic cquations for /" and have the
saie cocfficient matrix in spite of 1 (see Appendix A). Thus, from the fundanment al
theorem of the lincar aleebra (Conrant & Hilbert 1953 Strang 1976: sce Appendix

B) the solvability conditions for Equation (2.2.30) are obtained as follows:

15
EJN" =00 (>0, (2.2.33a)

=1

SCE T = 0 (> 2 (2.2.33h)
1

\

15
=

with a=1.2.3,
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From the solvability conditions (2.2.33a) and (2.2.33b) for m = 2. we get the
following partial differential equations for the component funetions of the expansions

of the macroscopic vartables:

oty
—— = 0. (2.2.34)
0‘1'()
apth .
L (2.2.35)
drg
with @ — 1.2.3. The summation convention is used for the subscript o and 3
hereafter., Also. substituting Equation (2.2.26) into Equation (2.2.21c¢) we obtaln
2=, (2.2.36)
From the solvability conditions (2.2.33a) and (2.2.33b) for m =3 we get
Shaph  out? _
DRAP ey, (2.2.37)
kot dr,
Sh ol N ol 19pt%) . 1 ( 1) A otall (2.2.38)
— 24 L= - e 2.2.3¢
koot 700y 305, 3 2) b 0i7
with .3 =1.2.3. Also. substituting Equation (2.2.27) iuto Equation (2.2.22¢) we
obtain
o 1oa?
PR LN (2.2.39)
3 dr,
From the solvability conditions (2.2.33a) and (2.2.33b) for m =4 we get
Shap™  1X:dp? 0 A 5, :
AT A R IR} (2.2.40)
koot 6 A Or? ar.,
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1RV
[\

Sh o ) J | A,
S T ST Sttt e e at et
‘l" ()f O (‘),1')’ / 0 1 0 1 } )
o 1apt (, 1) Ao fou! . 00N
3 dr, 3 2/ h day \ dr, Ay 2:241)
with a. J=1.2.3.
From Equation (2.2.35) we get g = C where (7 is a coustant. if a boundary

. . . ~ . /\'I L - . . . . .
condition for p' is time-independent. Then. including the constant density in a
reference density pg. we can reduce to p'" = 0. Hence. we obtain the governing

cquations for all and pt:

dutl
ST (2.2.12)
Shoa, ! ot o 1 (-5) 7 G o
b Ot ' ary o, 3 / 2 I ()"'}); : 2.2.43)
and for o' and p* we obtain
D2
o W (2.2.41)
Shows a0k Qi 0Pt ] ( DAt
kOt T00 or, o, 03 ! 2) ST 2.2.49)

[

Multiplving Equation (2.2.42) by & and Equation (2.2.44) by A7 and taking the

summation of both equations. we obtain

(7 i1 2 (2) . c N
F%kuﬁ +hmu )y =10, (2.2.46)

AN
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. . . . 9 . PERNEN - U
and similarly. mmltiplving Equation (2.2.43) by &% and Equation (2.2.45) by &7 and

takine the smomation of both equations. we obtain

) () 9 D (2 “) PN
Sho== (bl 4 A2ul?y + 1,‘//%11'0—_—%(/\'//5,” + B2ty 4 A'“u(, " (kat
Ay

gy

() Do .
= R
RPN

")'Z D () —_
+% (T o ‘];“> A}()() ll\l‘”i)“ + Am”i‘l;l)' <224l)
, : 7

2
Substituting Aat A% 02 40, and A7 p 2 4+ A2 pP 4 N into the continnity equation and
the Navier Stokes equations for imcompressible flnd and comparing with Equations
(2.2.16) and (2.2.47). we obtain the equations for o, and A which are the same as
the contimity equation and the Navier Stokes equations with inhomogencons teris
of O(FY). Frow the equations for &, aud \ it is scen that o, is of O(F*) and A is of
OUFYY. Henee, we find that Ao' D+ 22020 and A2 + 225 are the solutions of the
continmity equation and the Navier Stokes equations for incompressible fluid with
the crrors of O(A%) for velocitios and O(A") for pressure gradient.

From higher-order solvability conditious we obtain sinular equations for higher-
order components of the macroscopic variables. hut the equations are not the sanie as
the continnity equation and the Navier Stokes equations for incompressible Huid for
the higher-order components. Therefore. it follows that by nsiug Equation (2.2.13)
with Equations (2.2.7) (2.2.10) and (2.2.12) we can obtain the macroscopic flow
velocitios and the pressure gradient for incompressible fluid with relative errors of
O,

[n addition. it is found from Equation (2.2.47) that the viscosity of the fluid is

eiven in the dimensionless form as follows:
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Thus. we obtain the following relation in general:

1
NMa = (r — 3> A Re. (2.2.4¢

Lot —

Taking account of the relation of Equation (2.2.49). we see that the relative errors of
Equations (2.2.13) with Equations (2.2.7) (2.2.10) aud (2.2.12) against the continn-
ity equation and the Navier Stokes equations for incompressible finid are of O(Ma?)
for a fixed Revnolds nmunber and they do not change for fixed Revnolds and Mach
numbers. Finally. it is noted that in practical calenlations of incompressible fluid
flows by LBAL we tirst specify the value of Re and then choose the values of Ao and
7 50 that Ma = O(A 1) using the relation of Equation (2.2.49) and considering that

relative errors become ()(A‘Q).

2.3 Boundary Conditions in the LBM

2.3.1 No-slip Boundary Condition at Wall

First. a new approach for applyving a no-slip boundary condition at a wall is pre-
sented. For explanation the fifteen-velocity model is used. but it is straightforward
to apply the method to other velocity models.  Also. we use the horizontal wall
shown in Fignre 2.2 to explain the procedure of the method. hut it is casy to extend
the method to the inclined wall (see Chapter 3).

Hereafter. nou-diensional variables are used as in Secetion 2.2.1 and the caret
syviubol denoting non-dimensional propertics is not written for the sake of simplicity.

At the no-slip wall we have to specify the distribution funetions whose velocity points
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two components of the above-mentioned counter slip velocity. It is noted that we
have no normal velocity jump at the wall becanse as mentioned above there exists
no difference of the normal velocity to the wall between the tluid and the wall on
the assumption of ditfuse reflection. The three nnknown parameters are determined
on the condition that the Hnid velocity at the wall is equal to the wall velocity.
Henee. we obtain three equations correspouding to the r-. y-. and z-components of
the fluid velocity. Morcover. the density at the wall. py. 1s an nnknown quantity
and is calenlated by Equation (2.2.7). Therefore. we finally obtain four equations

for the four nnknowns. The solutions are as follows:

: — i+ h+fi+h+ 1

1 - Uy
+2(fs + fro+ fio+ fis+ fis)] (2.3.3)
S o= Gl)“'lv“'+(.f6+fl()+f1‘2'j"f13+f15>. (2.3.4)
1+ 30y + 303
, 1 [6 Putly — (fo = fs + fio— fio+ fis = fis)
! 1+ 30y e
— Uy — 311“('\\.]. (2.3.5)
/ 1 [G petty — (v = fr4+ fio— fio = fia + fis)
T T3, %

— '\ — 3('\\'“'\\‘} . kl}G)

Substituting Equations (2.3.4)-(2.3.6) into Equation (2.3.1). all the unknown dis-

tribution functions at the wall are determined.
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2.3.2 Periodic Boundary Condition at Inlet and Oui st

A periodic bonndary condition with a pressure difference Ap at the inlet and
outlet i presented. Hercafter. the subseript -in” and “out’ represent quantitios at
the inlet and ontlet. respeetively. Figure 2.3 shows the distribution functions at the
ilet and ontlet. At the inlet in Fignre 2.3(a). the unknown distribution functions are
foo £ froe foand fiyo Taking account of the form of the equilibrinm distribution
functions given by Equation (2.2.12) and neelecting the second- and Ligher-order
terms of Knudsen nmumber compared with the ters of O(1). it is assumed that
the nnknown distribution functions at the inlet can be written by adding constant

values Woand A'/8 to the corresponding known distribution fanctions at the ontlet:

ol = Bl + IV (2.3.7)
. . L. o
Fliw = Bl + oA for /= 8.10.11.13. (2.3.8)

Similarly. at the outlet in Figure 2.3(h). the unknown distribution functions fn fy.
fio. firy and fi5 are assunied to be written by subtracting the constant values from

the corresponding known distribution functions at the inlet:

folow = fal,, — IV (2.3.9)
, . 1. o § .
o = LM—gh for /=9.12.14.15. (2.3.10)

Then the coustant value N is deterinined so that the pressure difference hetween
the inlet and outlet is equal 1o Apo That is. nsing Equations (2.2.7). (2.2.9). and
(2.2.10). we get

i - A/) o i(./llin o f‘!(mt + -f:5)1|| o -f3|(n|L + fl‘in o «f'”un!

+ .fﬁ’in o f?’j|:mt + ./I‘Tlin o f?’mn ) (2311>
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the cffect of B-B collistons can be neglected in comparison with B4 collisions.
Thercfore. the evolution equation of the particle distribution function f,, of a-species
(0 =A. ) with velocity ¢; (1 = 1. 2. 3. ....15) at the point & and tine ¢ can be

written as follows:

1 ‘
fodl@+ e, X t+ At) — folz.t) = o [foil@. t) — fh (@ 1)]

oAy

for i =1.2.3..... 15, o=4. B,  (2.41)

where £ 1s an cquilibrium distribution function for g-species aud 7, is a single
relaxation tune of O(1).

As i the kinetie theory of gases. we define the density pyof component AL the

concentration py of component B the flow velocity u, of component o (o0=4. B).

and the mternal energy oy of cotuponent A i terms of the particle distribution

funection as follows:

17

pe = S fa  for o=A. B (2.4.2)
(=1
T
w, = —3 fue,  for o=A B (2.4.3)
J. 15
cy = 3‘/)— Z failei —wq) (i —wy). (2.4.4)
==

and also we detine pressure pyoof component A4 by

2
Py = Tj/) 1Oy

.

1o
NN
[

ere. it should be noted that Equation (2.4.1) for component A has the same form as

Equation (2.2.13) for single phase low. Thus. the equilibrinm distribution function
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r O R . N
s 1s also the same as Equation (2.2.12). 1.0,
() 9
o R . 2 ) . . _
Fov=FEipal+3cuy+ 5 (e uy) — Ui ugl o for =123 15.

On the other hand. we proposed a new equilibrium distribution funetion fih, as fol-
lows. We referred to the kinetic model for a multicomponent gas proposed by Garza.
Santos & Brey (1992) and assumed the following form of cquilibrinm distribution
function:

3

9 )
fuvi = Eips [1 e uy+ e ua); - suycu ‘]

X {1 + AN(up —wy) - (upy —u)+ Noluy —u,) (e, —u,)
Alup —wq) - (up —uy)le, —uy) (e — U:.\)}- (2.4.7)
where Apo Ay and Ay are nnknown parameters. These three paranicters are de-

termined so that total mass. total monentun. and total cnergy ool [3-species are

conserved 1 the collision at cach lattice node. That is.

15

S (fwi— k) = 0. (2.1.8a)
i=1
1h
Sl fui— i) =0 (2.1.8)
r -]
] 15 \ . .
5 Z(C/‘ —up)-(e; —up)fr— fi;,) = 0. (2.4.8¢)
=1
Consequently. we obtain
3 3 3 ,
/\} — —1 /\2 — 5 /\\3 — 3 (24{)}
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In practice. only the terms up to O(u) in Equation (2.4.7) arc taken into account.
hecanse the convection diffusion equation contains no terms of second order i ve-
locity. although the terms up to Of u?) are required to obtain the convecetion term
in the Navier Stokes equations (Rothman & Zaleski 1997). Therefore. the resu ng

cquilibrinm distribution fanetion fih; is reduced to

. . 3 1 _
@;:Amﬁ1+;xu“+umj for i =1.2.3..... 15. (2.4.10)

2.4.2 Fluid- )ynamic Type Equation

Fluid-dynamic type equations are derived by using the S-expansion procedure of
the asvinptotic theory in Section 2.2.2. Here 13 also considered the case of a small
Kuudsen nnmber with finite Revnolds number. In this case. sinee NMach number is
regarde  as the same order as Knudsen number. it is assumed that the deviation of

the distribution function from its equ brium state at rest with the local dews v 15

of - ¢ same order as WKnudsen munber. Then fy; and fp; are expande  as fo Hws:

foo = EA 4 kS + W00 KA R )

for 1=1.2.3..... 15. o=A. B. (2.4.11)

(0) . . .
where p'y = 1. and A =« Ar) is of the same order as Kuudsen number and is
related to 7,. Corresponding to Equation (2.4.11). the macroscopic varlables are
also expanded as follows:

e = /)EYU)+]\~,) + k2 pt? 2 38 .~ for o=4. B. (2.4.12)

w, = kulll +r*ul? Ay & u .. for o=A. B. (2.4.13)
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e e T STAney S T (241

[

9

l ' R
o= i§+A1) B A A (2.4.17
Also. the equilibrinm distribution functions 1 are expanded as follows:

T o N A 0 S Y S T O MRS SRR

eAY LAY

Substituting these equations into Equation (2.4.1). we obtain mhomogencons lnear
algebraic eqnations for the component functions fo7 (m = 1.2.3....). From the
solvability conditions in the fundamental theorenn of the linear algebra. it 1s shown

that w, ::/»'u_(‘” + L'Euf\z) + Oy and py =47 p Uy p + O(F") satisfy

(7(/‘,\“ |
= > 417
Ou (2.4.17)

Dl 44 duy Ip 1 1 7
Sh . +u. Aa — A . ) Ao 9 N
or T = T, Tl gt R
and /m:/) gut /u/),; + O(k?) satisfies
0[)[,' 0/)]; 2 1 0 )
Sh—— = Sy — = rn .

R S =) 53 (2.4.19)

where a7 = 1.2.3. Equations (2.4.17) and {2.4.18) correspoud to the continnity
ecquation and the Navier-Stokes equations for incompressible fluid of component
A. respectively. Also. Equation (2.4.19) corresponds to the convection diffusion

equation for component B in the binary fluid mixture. Therefore. it is found that
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using Equations (2.4.1) (2.4.6) for 0= A we can obtain the How velocities and the
pressure eradient for incompressible fluid of component A with relative errors of
OR2). And it is also found that nsing Equations (2.4.1)-(2.4.3) and (2.4.10) for
0 = I3 we can obtain the concentration of diffusing component B in a binary fhud
mixture with relative errors of O(A%).

In addition. from Equations (2.4.18) aud (2.4.19) the viscosity g of the fluid and
the diffusivity Dy in the binary fluid mixture are related to 7. 7. and Au as

follows:

jo= ;(rhé)_\.r. (2.4.20)
2 1
Dy, = §<T,;—i>_\..1'. (2.4.21)

2.4.3 Bc nd :y Condition at Wall

Finally. we present boundary condition for component B at wall. which is needed
in the following simmlations. Here. the case that constant concentration of com-
ponent B s given at the wall is considered. For example. at the wall in Figure
29 the unknown distributions are fus. fgs. fro. fpin. and frr As the single
phase flow. the unknown distribution functions are assumed to be the equilibrinm
distribution fanction given by quation (2.4.10) with connter slip velocity having

two components. The unknown distribution funetions are given by

: . 3 S
.}LH, = 1;1/),” 1+ 5 (“H() + Uy + 11'[;”) for + = 3.8.9.11. 1. (3—122)

where
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o = 0. Wy = U for ¢ = 3.

Upo = thy =+ ”/If' Wy = Wy + H'/,,» for + — &,

Hpy = =y — . Why = 0y + 1y for + = 9. (2.4.23)
Uy = the + . Why = =Wy — wh for 7 =11.

Uy = =iy =ty Wpy = =y — Wy for + = 14

where ply.dyoand wly ave unknown parameters. The nnknown o), and o, are
two components of the counter slip velocity, The three unknown parameters are
determined on the conditions that two components of the fluid velocity along the
wall are equal to those of the wall velocity and that concentration of component 13
at the wall is equal to a given value pyf. Thns, we obtain three equations for the

three nuknowns. The solutions are as follows:

19
/ = o . . : N :
P = 5 pile = Um+ Foo+ fro 4 fin + foo + fi:
+ o+ S+ T+ ,/'mmJ C (2082
Jo— 19 Pty — (f/fz—‘/'/ff.+.f‘/xm’*,f'mgff'(l:; —fisin) -
B ; iy . (2.1.25)
i
o= 19 Pislett — R TR e A I e LI (2190

/
s

Substituting Eqnations (2.4.24) (2.4.26) into Equation (24221 all the nnknown
distribution funetions for component B at the wall are determimed.
2.5 Numerical Examples

Lo demonstrate the validity of the methods deseribed i preceding Sections.

two fundamental steady problems are calenlated. The first problem is a three-
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dimensional flow through a square duct with a constant pressure gradient. The
second problent is a mass transfer between two parallel plates. In botly sinulations.

the LBN with the fifteen-velocity model is used.
2.5.1 F >w through Square Duct

The first problem is a flow through a square duct whose sizes are at 1o +1/2

and 1y = £1/2. The non-dimensional 1rj-momentun equation for this problem is

a2
—— = 5+ = |- (2.5.1)
The analvtical solntion o} is given by

, 1 dp |1 5 > (1) ! n
wilgoay) = ———— | = =5+ 8) ————scchz coshnrzcosnay| . I 5.2)
l 2pday |4 - (5_‘:“ n3 2

woere n = (204 1)m.

In the LBM simulations. we maintain the conditions at Re=wj [11="2. where
wy s the analytical veloo v at =0 and r3=0. On the walls and  the  tand
outlet we use the no-slip boundary condition and the periodic bo idary condition
with constant pressure gradient deseribed in Section 2.3, respectively. s noted
that on four corner lines along ri-direction and at every corner point of the walls.
one cannot determine unknown distribution functions by using these houndary con-
ditions. since there exist distribution f 1etions whose velocity points from the outer
to outer region. Thus. in the fo Hwing caleulations. all the distribution functions
including known distribution functions at the nodes are set to be averaged value of
the corresponc 1g distribution function at two nearest neighboring lattice nodes i
the - and rz-directions. The calculations are carried out with Ao = 1/10. 1/20.

and 1/30 and with 7 = 0.8. 1.1, and 1.4, while Re is kept at the constant value of 2.
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)% - —— Exact
| ® Present Calc ation
-0.21  (08<r<1.4) ]

1

0) 12 )4 06 08 1

U1/U1 max

Figure 2.4: Calculated velocity profiles uy fuy .. along the ro-direction at gy = 0 of
a flow throngh square duet with A = 0.05 and 7 = 0.8.1.1. and 1.4,



42 CHAPTER 2. LATTICE BOLTZMANN METHOD

Table 2.1: Space-averaged values of counter slip velocity =) /iy at every wall in

max

the caleulations with the present boundary condition for ditferent 7 and Ao

Ar=1/10 Ar=1/20  Ar=1/30

r=081 320x107! 1.50x 107! 9.67x107?
r=1.1] +157x107! 2.10x107! 1.35%x 107!
=141 5.86x107" 2.71x107! 1.70x 107!

Fignre 2.4 shows the calenlated velocity profiles wy /uy, along ao-direction at gy =0
with A= 0.05 and 7 = 0.8, 1.1, and 1.4, It is seen that the calenlated results for
(.8 < 7 < 1.4 agree well with the analvtical solution within machine accuracy. For
different 7 and Ao the space-averaged values of the counter slip velocity —a} fuy,
at every wall are shown in Table 2.1, Note that the values of @) are negative
for all cases. It is fonnd from the results that the magnit le of the counter slip
velocity increases as 7 and Ao become larger. For comparison with the present
results. the sinmlation of the same problem are carried out with the bounce-back
houndary condition in which fy = fs. fx = fio. fo = fis. fru = fis. and fiy = fro-
For fixed Ao = 0.05. the caleulated values of the slip veloeity wg are /iy

H5A42x 1073 146x 1072 and 2.71 x 1072 with 7 = 0.8. 1.1. and 1.4. respeetively. It is
found from the results that using the bounce-back boundary condition we have the
slip velocity at the wall and the slip velocity inereases as 7 becomes Tareer. Next. the
crrors of the calenlated results from the analvtical solution are examined for various
A and 7.0 I we take the ordering of the asvinptotic theory into acconnt. the left-

hand side of Equation (2.0.1) is of O(A*) since dpt" /day = 0. and the right-hand

side is of Ok, Tt follows that A is of O(y) and henee the errors are proportional to

[(7 = 3)Ar]?. Figure 2.5 shows the ervor norm Ery = ¥, 32, Jin = uil) ., 2 |
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Figure 2.5 Error norm of a flow throngh a square duct. The solid Tine indicates an
incline of 2.
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where the sus are taken over the same 11x11 nodes on the square section for all
cases. It is fonnd that the errors decrease almost in proportion to [(7 — %)A.I‘]z for
varions combinations of Ao and 7. The small dispersion of the errors at the same
value of (7 — %).A.r is due to the incomplete implementation of boundary conditions
such as periodic conditions with constant pressure gradient at inlet and outlet and

no-slip conditions at corner lines on walls.

2.5.2 )iffusion Problem between Par ¢ Walls

The second problem is a mass trausfer between two parallel walls. The lower
and upper walls are located at y = 0 and o5 = 1. respectively. The two walls are
assnmed porous oues and a constant normal flow o of component A is injected
through the lower wall and is removed from the upper wall. On the other hand, the
concentration of component B at the Hwer and upper wall 1s maintained with ppg
and pgy (ppo < pg1). respectively. Therefore. component B ffuses counter t the

How of component 4. The governing equation for this steady state problem becomes

{11 11
1',.\0( .E = DBA( '.ZB. (253)
dry das

where ITp  a dimensionless concentration defined as follows:

R — )
M, = LB P8 (2.5.4)
PB1 — By

The analytical solution 7 1s given by

. oxp(eggaa/Dpy) =1
g exp (tag/Dpa) —1
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Figure 2.6: Calculated concentration profile Iy = (pg — puo)/(pn — ppo) of a mass
transfer problem between two parallel walls with N = 0.1 and 75 = 0.85.
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2: Frror norms of diffusion problem between parallel walls.

!
~

=
[§]
Q]

A R Er Ers .
0.1 (.85, 1.15. and 1.45 8.13x1073 6.61x1073
0.05 (.85, 1.15. and 1.45 2.01x1073 1.63x1073
0.025 0.85. 1.15. and 1.45 5.00x107" 1.06x10~"
00125 0.85. 1.15. and 1.4 1.25%x10°! 1.01x107"

In the following calculations. we maintain the conditions at ¢49/Dpgy = 4 and
pur = puy = 1o The periodic boundary condition is nmposed i the ap- and rs-
direetions. On the lower and upper walls the boundary condition with constant
concentration of component B described in Section 2.4.3 1s used. It 1s noted that
on every corner ne and at every coruer point of the walls. one cannot determine
nnknown distribution functions for component B by using the honndary condition
for the same reason as in the duct flow problem. Therefore. the same procedure
as in the previous problem is conducted in this problem.  Figure 2.6 shows the
calculated concentration profile with A = 0.1 and 75 = 0.85. The solid line and
closed cireles indicate the analvtical solution and the calculated results, respectively.
It is seen that the results agree we  with the analvtical solution. Next. the errors
of the caleulated resnlts from the analvtical solution with various Aur and 75 are
examined. It is seen from Equations (2.5.3) and (2.5.5) that Iy 1s not directly related
to Dy oas long as eqg/Dpy is kept at a constant value. Henceo Iy is independent
of 7 siuce the effeet of 75 appears in macroscopic variables only through Dy
Thus. A 15 i proportion to Ao alone. It follows from the asvimptotic theory that
the errors are proportional to (Ar)?. Table 2.2 represents the error norms Ery =

/3, 5| and Ery = \/Z“(Hn - 113, \J‘—’/\/ZJ._,(H;)?’ where the sums

S, [y =115
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arc taken over the same 11 nodes hetween the walls for all cases. It is clearly found

that the crrors decrease i proportion to (Ar)” regardless of 7.
2.6 Concluding Remarks

In this Chapter basic theories for the lattice Boltzinann method (LBM) are
deseribed and numerical caleulations are carried ont to demonstrate the validity of

the theories. The results are summarized as follows:

L. The asymptotic theory proposed by Sone is applied to the LBM with the
fitteen-velocity model and the continuity equation and the Navier Stokes equa-
tions for meompressible fluid are derived. From the fluid-dyuamnic tvpe eqna-
tions of the LBM it is found that by using the LBM one can obtain the
macroscopic flow velocitios and the pressure gradicent for incompressible fluid
with relative errors of O(A%) where & is a modified nndsen mumber which
15 of the same order as the lattice spacing and is related to a dimensionloss

relaxation tince.

2. A new approach for applying a no-slip bonndary condition at a wall is pro-
posed. In the present method unknown distribution functions at the wall are
assumed to be an equilibrinm distribution function with a connter slip velocity
which is determined so that fluid velocity at the wall is equal to the wall veloe-
ity A three-dimensional flow through a square duct with a constant pressure
gradient is calenlated with the present howndary condition and the accuracy
of the method is investigated. From the resnlts it is fonnd that the present

boundary condition is accurate to model a no-slip honndary in the LBAL

3. The LBM for a binary fluid mixture with a shmple kinetie model is proposed.

The asvimptotic theory is applied to the LB for a binary fhid mixture and
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fluid-dynamic type equations are obtained. From the fluid-dynamic type equa-
tions it 1s found that by using the LBM for a binary fluid mixt ¢ one can
obtain the macroscopic coucentration of diffusing component with relative er-

rors of O(F?).

Chapter 3

Flow Analysis in Porous
Structure by LBM

3.1 Introduction

I this Chapter. fows in a three-dimensional porous structure are numerically
studied. As stated in Section 130 the previons studies are mainly based on the
volume-averaged approaches to obtain niacroscopic properties of flows in porons
media. However. i the case of complex porons structures such as with non-uniforin
POrosity. it is lmportant to investigate flow characteristics in porous media from
the microscopic point of view. Recently, several stndies on the jnvestioation of
microscopic hehavior ocenrring at a pore scale have heen carried ont for relatively
low Reynolds numbers. As the Revnolds mumber increases. on the other hand. it is
considered that fow fields i porons media becowe completely different from those
at low Revnolds mumbers due to the appearance of nnsteady vortices. Thus, it is
mreresting to study How characteristios in porons media at hieh Reviolds mumbers.
particularly in the transition region {from lamiar to turbulent ow.

I the present study. the LBN with the fifteen-velocity model is developed and
applied to simmlations of flows in a three-dimensional porons structure. Flow char-

acteristics at a pore scale and pressure drops through the structure are investigated

49
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where

Ul - Z “h f/ ( 3 3 { )
Heyn s U
Dy = 3 culi (3.3.8)

e <0)

Dy = > ufe (3.3.9)

e <0

F =9 % Ecy(Dyy—Diciy) xS Eici(Docy— Daci,)

e >0) e >0)

- 9 Z Ej(','f,(D‘_)(‘j/_Dl('[n> Z Ei(}u‘(DL)(.ih_Dli('in)- (3310)

(e >0) ’(('111>O)

G o= 3 Z b‘,'(D](',,,—DQ(‘,‘/) X Z E,'(',[,(D‘g(]'l;_Dii('/n)

e >0) e >0)

-3 Z EI(DB(‘IH_D'Z()N)) X Z Ei('ih(DZ('it—Dl(‘in‘% (3311>

Hewm >0) i1 >0)

H = 3 Z E.,‘(Dg(‘,‘,,—DQ(‘,‘;,)X Z E,‘('H(DQ(‘//_D](’M)

t(cin >0) ey >0)
-3 L Ei(Dﬂ‘m—Dz‘-'u)X Z Eicy(Dociy—Dgeyy). (3.3.12)
’(('1¥\>0) 7’((‘1n>0)

Subs uting Equations (3.3.3)-(3.3.5) into Equa Hn (3.3.2) all the nnknown distri-
bution fune Hus on the boundary node are determined.

However. it should be noted that the counter slip velocity often causes mumeri-
cal mstabilities at high Revnolds numbers. One reason for the fact would he that
the matrix representing the system of the linear algebraic Equations (3.3.3) (3.3.6)
becomes ill-conditioned (nearly singular). Thus. Equation (3.3.10). which is denom-
mator i Equations (3.3.3) and (3.3.4). approaches zero as the Revnolds number

creases. In preliminary computations of the three-dimensional duct flow problem
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[\

deseribed in Secetion 2.5.10 the maenitude of the connter ship veloeity decrcases as
7oand Ao become smaller. Tnthe following simmlations, since Ao is kept at abo

1/70 and 7 s changed in the range of small valiues Lapproxiiately hetween (.52
and 0.551 at high Revnolds nimbers. it is estinated by the extrapolation that the
value of the conmuter slip velocity is at most abont 3 ~ 4 of the main fow velocity,
Therefore. two components of the connter slip veloeity, uy and ay.are set to he zero.

Then we have only one unknown parameter /. which is reduced to

Z ('/nfi

/ ey <0)

==
: :l('IH

ey 20

(3.3.13)

Periodic Boundary Condition at Inlet and Outlet

A periodic bonndary condition with a pressure difference Ap is used at the inlet
and outlet deseribed in Section 2.3.2.

On the corner line. e.g.on the line €D in Fienre 3.1, foo b Nos firs D fa Sy,
and f1; are unknown. In these nnknown distribution functions, foo fs fio. [ and
fiz are determined by the bonndary condition at the inlet. and the others, fs. [,

and fiy.are determined by the slip bonndary condition deseribed helow,

Slip Wall Boundary Condition

Finallv. a slip boundary conditions at the side wall is presented. For example. at
the lattice node on the face CDHG in Figure 3.10 f5. foo fo. f11. aud fiq are unknown

distribution functions and simply determined as follows:
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(a1
(@)

fs = fo
fs« = fu-
fo = fis (3.3.14)
fii = hs.
fii = fio

Ou the corner line. e.g..ou the line DH. f3. fs. fo. fir. fue fro fizo and fiz are
unknown. In these nuknowns. fi. fx. fo. fir. and fiy are determined by Equa-
tion (3.3.14). and the others. fr. fo. and fiz. are determined by regarding the line

DH as a part of the face EDHIL 1.0

f- = h
fio = fis (3.3.15)
fis = ho

Morcover. the unknown distribution functions at the vertex can be determined by
the combination of the above-mentioned conditions. For example. at the vertex D.
the unknown distribution functions are fo. f3. fz. fso fo. fio- fire fioo figoand fi.
In these unknown distribution functions. fo. fx. fio. fir. aud fiz. are determined by
the procedure at the inlet and the others. f3. fr. fo. fio. and fiy. are determined by

the above-mentioned slip boundary coudition on the side.

3.4 Jcmju.at a Cond it ons

The whole domain is divided into 73 x 69 x 69 cubic lattice in the -, y-. and
=-directions. The diameter of the circnmscribed sphere of the body s 28 4. It
i« expected that the equivalent diameter of the bo . D, is larger than that of

the circumsceribed sphere. but one cannot determine the valne of Dy, in advance of

=1

(G}

3.0 RESULTS AND DISCUSSION

caleulations. In this study. we tried to determine the valne of D, by comparing
a calculated pressure drop with the Blake KNozeny equation at the lowest  vnolds
munher as explained below. The determimed value of D, s equal to 2940 and e
porosity = of the structure is 0.654. In the caleulations. the pressure difference Ap
bhetween the mlet and outlet and the Hud viscosity g are changed so that the range of
the Reynolds number. Re = gy, i, D, /15 0.842 < Re < 164 where py, (= 1) and a,
are the time- and space-averaged density and veloeity at the inlet after transitional
flows. respectively, The mitial conditions for the flow velocity and density are w = 0
and p = 1 i the whole domain. In preliminary computations. 38 x 35 x 35 and
49 x 40 x 46 cubic lattices were also used. Then almost grid-independent results
were obtained at low Revoolds numbers. but numerical instabilities ocenrred at high

Revnolds numbers when the coarse grids were used.

3.5 Results and Discussion

3.5.1 Flow Characteristics and Pressure Drops

Figures 3.3 3.5 show the caleulated resnlts of velocity vectors on the different
planes (y/L, = 0.17. 0.62. and /L, = 0.51) for various Revnolds nmbers after
transitional flows. In these figures: the length of vecetors is normalized so that the
iy, has the same length mospite of different Revnolds mmbers: and the Hhodies in
the structure are depicted by the spheres with the equivalent diamneter 1,0 Tt s
found from Fieures 3.3 3.5 that at low Revuolds nmnber Re = 0.812. the thud flow
avolds the bhodies aud goes throueh open spaces. At Re = 2930 on the other hand.
the How separations hegin to ocenr and weak vortices appear behind the bodies. At
Re = 164, the vortices behind the bodies erow three-dinmensionally and henee the

flow field on /L, = 0.51 is completely different from those at the lower Reynolds
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5 U1ﬂ

Fieure 3.3: Velocity vectors on the plane y/L, = 0.17 in the porous structure for Figure 3.4 Velocity veetors on the plane y/L, = 0.62 in the porous structure for
varions Revnolds numbers: (a) Re = 0.8420 i;, = 4.29 x 1073 (b)) Re =29.3. i, = various Revunolds nmunbers: (a) Re = 0.842. wy, = 4.29x 10 %1 () Re = 293w, =
1.86 x 1077 (¢) Re = 164, i1, = 4.46 x 1072, 1.86 x 1077 (¢) Re = 164, iy, = 446 x 10 2.
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Figure 3.5: Velocity vectors on the plane /L, = 0.51 in the porous structure for
varions Revnolds numbers: (a) Re = 0.8420 @, = 4.29 1073 (b) Re =29.3. w;, =
1.86 x 1072 (¢) Re = 164, i, = 4+.46 x 107~

3.5 RESULTS AND DISCUSSION 01

numbers. Also. 1t 1s found that at the hiegh Revnolds numbers the strength ot ach
vortex varies as time goes on. and the ow tield hecomes time-dependent. It is noted
that the tine variation of the space-averaged veloeity at the inlet 1o this case s only
about 2% of the mean value in spite of the large time variations of the local veloeity

fields as shown later (e.g. Fignres 3.8 3,100 and 3.12).

Finally. the calenlated results of pressure drops are compared with well-known
cmpirical equations based on experimental data. Fignre 3.6 shows the dimension-
less pressure drops (Ap/(piiz )0 Dy /L0-(23 /11 = -)) versus the modified Reyvnolds
numbers Re = Re/(1 — ). It is noted that the porosity = of the structure depends
only on D, as loug as the whole rectangular domain is unchianged. As mentioned
above. we tried to determine the value of D, by comparing the caleulated pressnre
drop with the Blake Kozeny equation at the lowest Revnolds mmmber. The erron
bar at the lowest Revnolds number in Figure 3.6 shows the range of the reo s
caleulated by changing the value of D), between 254280 and 30000 Comparing,
the calenlated results with the Blake Kozenyv equation. it was found that a good
agreement s obtaied with D, = 29400 as shown by the closed cirele e Figare
3.6. Then the same value of D), was used for other Revnolds ninbers: Tt s seen
from Figure 3.6 that the caleulated results of the pressuve drops agree wellwith the
empirical equations for the wide range of the Revnolds munbers: although at the
high Revuolds numbers the calenlated results become a little sialler than the Fronn
cquation. It is also fonnd from Fignres 3.3 3.6 that the region of the Revnolds -

hers where the pressure drops deviate from the Blake Kozeny equation corresponds

to the appearance of the vortices hehind the hodies i the strmetnre,
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When the Revnolds number. detined by the superticial velocity and the equiv-
alent diameter of the body, is higher than abont 80, nnsteady vortices appear
behind the spherical bodies and the flow fields become time-dependent.

From the finctuation of the flow velocity and its power spectrum. it is found
that in the transition region from laminar to turbulent flow a periodic fluctu-
ation appears at first. then the fluetnation beconies gnasi-periodic. and finally
a non-periodic and complicated fluctuation appears,

It is fonnud that the Revnolds numbers where the velocity flnctuation begins
and the transition from  uninar and turbulent flow oceurs depend on the
positions i the structure.

Turbulence intensity of the fow veloeity first increases with inereasing Reynolds
mumber in the unsteady laminar flow region and in the carly stage of transition
from laminar to turbulent How. then decreases slightlyv, and finally mercases
again around a critical Revnolds mumber. where the flow is counsidered to be-

come turbulent.

Chapter 4

Flow and Mass Transfer Analys’s
in Porous Structure by LBM

4.1 Introduction

In this Chapter. flow and mass transfer in the three-dinmensional porons st cture
are nunierically studied. As shown in Chapter 3. the flow characteristios in the
porous structure at hieh Revnolds munbers ave very complicated and nite different
from those at low Revoolds munbers. In particnlar. concerning, heat /mass transfor
i porous media at high Revnolds umnbers. the volimme-averased approaches often
give the incorrect estimate of macroscopic properties duce to the turbulent vortey
mixing. which is referred to as ~dispersion” (Koeh & Brady 1985 Haun & Cheng,
1990) mtrinsic to turbulent flows throngh porous media. Therefore. it is essential
to mvestigate the relation between heat /mass transfer and fluid flow characteristics

from the microscopic point of view.

[ the present stndy. the LBA for a binary fluid mixture is developed and applied
to the problems of flow and wass transfer in the porons stracture. The applicability
of the method to calenlations of concentration profiles and of Sherwood mmbers in

the stricture is investigated.
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4.2 Problem

The problem of How and mass transfer in the three-dinmensional porous strueture.
shown in Fignre 3.1. is cousidered. The details of the structure are explained i
Chapter 3.

I this study, it is assued that the fluid of A-species flows through the strueture
and B-species is ditfused from the bodies. A periodic boundary condition with pres-

sure difference is considered at the inlet and outlet. A slip wall boundary condition

is applied to the other sides of the domain.

4.3 Boundary Conditions

Boundary conditions for B-particle distribution functions. which are needed
for simulations of How and mass transfer problem in the structure. are presented.

Bonudary conditions for component 4 are the same as ones deseribed in Chapter 3.

On the Body

At the lattice node P oon the body, shown in Figure 3.2, two types of houndary
condition for component B are considered. One is the case that concentration of
component B is given at the surface of the body. and the other is the case that normal
mass flux of component B is constant at the surface. The distribution functions of
component B such that ¢;-n > 0 are unknown at the lattice node PoAs in the case
of single phase How. when the concentration of component B is given at the node
P. it is assumed that the nnknown distribution functions have a similar form of the
equilibrium distribution function given by Equation (2.4.10). In the following. the
conuter slip velocity which has two components at the node P is assmned to be zero

for the same reason as described in Section 3.3, Then the unknown distribution

L3 BOUNDARY CONDITIONS -9

functions are expressed by

o= E:ply for ¢, -n > (. (43 )

where piy is an nnknown parameter. The unknown parameter is deternined on e
condition that the concentration of component B at the node P is equal to a given
value pgle. Substituting Equation (4.3.1) aud the known distribution functions Tt
for e¢,;n < 0 into Equation (2.4.2) for 0 = B. the unknown paramceter ply is specitiod

as follows:

pule = Y. fu

, (G, <) |30
/)H B 7‘— ( ' _)
> L
HC-TL )

On the other hand. when norinal mass flux of component £3 is constant value ny, (=
/);;|W1/R,,) at the node P.the unknown distribution Mmncetions at the node I are also
assuiied to he Equation (4.3.1). Tn this case. substituting Equation (+4.3.1) and the
known distribution fuuctious fg; for ¢;-n < 0 into Equation (2.4.3) for o = I3, the
unknown parawicter gy is specified as follows:
Ny — Z (C/ "n')flfl
;o (e m-n .
= : (4.3.3)

Z (e, -n) k),

HC-TL> ()

On the Side of Domain

On the sides of the domain except for the inlet and ontlet. we assume that
the normal flux of component B is equal to zevo. Thus. the boundary condition

on the body with constant mass flux is also applied to this case by setting the
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constant valne ny, in Equation (4.3.3) to be zero. For example. at the lattice node
on the face CDHG o Figure 3.1 we eapress the muknown distribution functions
Fisse e fuue fro aud frpy by nsing Equation (4.3.1). The unknown parameter

hy 1s given by Equation (4.3.3) for ny, = 0. Le.

Py = 60 e + foo+ foo+ fois+ frn) (+.3.4)

On the corner line. c.o.on the line CG. fps. fai. fose fro. fow- e frs
and [y are nnknown distribution functions. In these unknowns. since fpige frir-
Frny. and fs are the distribution functions whose veloceity polnts from the outer
to outer region. one caunot determine the above-mentioned nuknown distribution
functions even thoueh the line is regarded as a conumon part of the two faces. In
the present caleulations. ¢ the distribntion functions inclunding known distribution
functions on the CG are set to be averaged value of the corresponding distribution
function at two nearest neighboring lattice nodes in the y- and z-divections. The

same procedure is nsed on the other three corner lines and at every vertex from C

through J.

At the It :t an Outlet

At the inlet and outlet. a periodic boundary condition is assumed. For given
values of Reyvnolds and Schmidt nunbers. the solution the dimensionless con-
centration (pply = pr)/(pils — Prln). where ppli, is a time- and space-averaged
concentration of component B at the inlet in each periodic section. can be nniguely
obtained in every periodic section. However. the concentration of component B at
the inlet is unknown quantity in advance. Thus. the concentration difference App

etween the inlet and outlet 1s specified.

13 BOUNDARY CONDITIONS &

The unknown distribution functions at the mlet and outlet are determine  as
follows. At the inlet. the vuknown distribution functions are fro. free frn. fo-
and fry.0 Taking acconnt of the form of the equilibrinm distribntion functions eiven
by Equation (2.4.10) aud negleeting the second- and higher-order terms of knin wcn
munber compared with the terms of O(1). we assute that the unknown distributio
functions at the inlet can be written by adding constant values to the corresponding

known distribution functions at the outlet as follows:

f/f/li“ — f/f/|(,m + ]5/([\71 + (.IJ'I\-‘_’ + “ry l\’fi + o ]\‘1>

tor =28 10 11. 13. (1.3.9)

where Iy Iy are constants and ¢, ¢ and ¢, are the o— y-oand S-components of
the veloeity veeror ¢;. respectivelv, Similarlyv. at the ontlet . the unknown distribntion
tunctions fpa. fro. frioe fore and frs are assuned to be written by subtracting,

coustant values from the correspouding kuown distribution functions at the inlet:

.f‘/ff|4)||1 — .f” no_ E/(]\’l + (‘/.I‘[\'Q + (‘z.i/]\'.'ﬁ ‘+' o, ]\~1J

for +=5.9.12.14. 15 (1.3.6)

Then the constant values Ny Koo Ny and Ly oare determined by the following
conditions. First. the concentration difference of component 3 hetween the inlet

and ontlet is equal to Npy (= pplow —prlin ). that s,

15

v:(.f[fll()lﬂ - flf/lin) - A/)l# (4‘ T)

1=1
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C

Next. considering the boundary condition for component 4 at the inlet and o .

we ect

15
Z (‘:n(fff[]uut - f[fllin) = A/)H “inlin f()l' =0 . (438)

oo

where 1y, )i is the a-component of the fow velocity of compouent A at the mlet.
Therefore. we finally obtain four equations for four unknowns. The solutions are

obtained as {ollows:

Noo= 3 Fmlon = foilio + Fuslon = Foslin + Frilon = fuili

+ flfli‘uln - flf(ilin + f/i I mt f/lein - A/)H] . (439\)
]\’g = =3 ._\/)]; “;\.rlin- (4310)
]\73 — 9 [fl!li’uu! - flf.‘i‘in o fH( it + flf[ilin - A/)IJ’ “.\yiin:l . (4311)

out + fotlin — App ”,1:|in} (4.3.12)

Ny = Q[fmlmu — ol — fur

Substituting Equations (4.3.9) (4.3.12) into Equations (4.3.5) and (4.3.6). all the
mnknown distribution functions for component B at the inlet aud outlet are deter-
mined for the given App.

In addition, the unknown distribution functions on the corner lines of the inlet
aud outlet except for the vertices are caleulated by the combination of the above-
mentioned bhound v conditions at the inlet and outlet and on the sides of the
domain. For example. on the lines CF and GJ in Fignre 3.1, taking acconut of the

out - 2111(1 f81'1|()m

fact that « . =0. we first assume foli. failin- foislio. faslon fa12

to be written by the following equations with constant values Ny, Ky, and A
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fu Fodow + EADS 4+ ¢ Wy + 7)) for 7=211.13. (4.3.13)

e

o, = i, = EidUINs + ¢ Ny + o ) for o =050120 10 (13014

Then. the other nnkuown distribution functions are expressed by using Equation
- a1 “tor / P / e - 1

(4.3.1) with paramecters [, and plylon. The unknown parameters ave deternnmed

by Equations (4.3.7). (4.3.8) for a = 1. y. and (4.3.3) at the inlet and outlet. Hence,

we obtain five equations for five nuknowns. The solntions are given hy

Kyoo= 3 fulon — frilin + fr3

out T f/fli’in + f])’(i!nnl

= Fuilin + 20  wrlow = Fulin) = A/'n}- (1.3.15)
LNy = ——15—8 AR (1.3.16)
Ly = 1¢ Lfn:s|mn = fslin = Foilow + ol = Npg //1;,|‘.“} (1.3.17)
Pplin = é(,[\'n + Ng) +6 [fmlm + frit]ou
+ fralin + foslon + fo 1|mJ : (4.3.1%)
Pilow = “é( Ny — Ng)+6 [,f}f?lmn + fotlom

+ fuilin + frslon + f/mlmJ. (4.3.19)

IThe same method is used on the other corner lines of the inlet and ontlet.
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.6 Concluding Remarks

The LBM for a binary fluid mixture s applied to the problem of fow and mass
transfor i a three-dimensional porous structure. Qualitatively reasonable results for
concentration profiles are obtained for varions Revnolds numibers. In addition. Sher-
wood numbers are calenlated and compared with the experimental data for packed
beds by Petrovie & Thodos. The results mdicate that the calenlated Sherwood
mmbers are i agreement with the experimental data. Finally. it should be noted
that by taking advauntage of the formal analogy between heat an mass transfer.
the caleulated concentration profiles aud the Sherwood numbers can be regarded as
temnperature distributions and Nusselt numbers. vespectively. in the analogous licat
transter problem. Therefore. the present method 1s useful for the vestigation of

nicroscopic properties of heat transfer as well as mass transfer in porous media.

Chapter 5

General Conclusion

5.1 Conclusion

In this thesis, numerical studies on fluid How problems and flow and mass trans-
fer problems in a three-dimcusional porons structure are carried ont by the lattice
Boltzinanu method (LBA. The transport phenomena in the stracture are inves-
tigated from the wicroscopic point of view. From the whole resnlts the followine

conclusions are obtained.

In Chapter 2. the fundamental theories of the LBN are discussed. First. the
asvinptotic theory proposed by Sone is applied to the LB with the fifteen-velocity
model and the continnity equation and the Navier Stokes equations for incompress-
ible fhuid are derived. From the fluid-dynamic tvpe cqnations of the 1A it s
found that by nsing the LBM one can obtain the macroscopic flow velocitios and
the pressure gradient for incompressible fluid with relative crrors of O(A7) where &
1s a modified Knudsen munber which is of the same order as e lattice spacing and
is related to a dimensionless relaxation time. Next. a no-shp boundary condition at
a wall and a periodic boundary condition at inlet and ontlet are proposed. By cal-
culating fundamental problems with these boundary conditions. it is found that the

present methods are acenrate to model the bouudaries in physical systems. Finally,
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the LBM for a binary flnid mixture with a sinple kinetic model is proposed.

In Chapter 3.0 nerical studies on flows 1 a three-ditensional porons strue-
ture are carried out by using the LBAL Flow ficlds at a pore scale and pressure
drops throueh the structure are calculated for various Revuolds numbers. From
the comparison of the caleulated pressare drops with empirical equations based on
experimental data. it is found that the caleulated pressure drops agree well with the
crupirical equations for low and hieh Revnolds numbers. Next. the characteristies
of the nusteady flows i the transition region from laminar to turbulent How are
imvesticated. 1t is found that the Revnolds numbers where the velocity Hhuetnation
bhegins and the transition from laminar and turbulent How oceurs depend on the

positions e the struceture,

In Chapter L nnmerical studies on How and mass trausfer i the porous strocture
arc carried ont by nsing the LBN for a binary finid mixrure. Flow characteristies
and concentration profiles of diffusing component at a pore scale are obtained for
various Revoolds numbers. At high Revnolds nmmbers concentration profiles are
much affected by flow conveetion and become completely different from those at low
Revnolds numbers. In addition. Sherwood numbers are calenlated aud compared
with available experimental data for packed beds. The results indicate that the
present method is useful for the microscopic studies of transport phenoniena in

pOrots struenures.

5.2 Remarks ¢ Fi1 ] 2r S udies

Finally. remarks and recommendation for furtlier studies are given. In this thesis,

numerical studies on heat transfer in the porous structure have not been discussed.

520 REMARKS FPOR FURTHER STUDIES 95

As mentioned i Chaprer 4. by taking advautaee of the formal analogy between
heat and nass transfer. the results in the mass transfor problenis can he viewed as
those i the analogons heat transfer problemws. However, when the problems of heat
trausfer i porous media are considered. it is often important to investigate heat
transfer inside the bodies as well as i the fluid recion. Besides. the problems of
simultancous heat /mass transfer and chemical reaction/ditfusion svstems in porons
media are also attractive topies. Sinee the LBM has the advantages of the simplicity
of the algorithm and Hexibility for complex flows. it is highly expected that the LB
15 capable of simnlating these problems. Therefore. it is recommended to deve Hp
the LB for these simnlations and to analvze the trausport phenomena in porous
media.

In addition. the LBA has avother advantage of the parallel aleorithin hecanse
of its locality which is suited to parallel computers. althongh the anthor has e
used these machines in this study, Thos, it is also reconnmended that lieh speed
lattice Boltzinann snnulations be performned by making use of up-to-date parallel

computers.



Appendix A

Matrix Notation

of Equation (2.2.30)

The inhomogencous hinear algebraic equation (2.2.30) can be written as
Af=vy. (A1)
with
A =
" -§ -8 -8 -8 -8 -8 -1 -1 -1 -1 -1 -1 =1 -1
-6 40 -8 -8 16 -8 -8 -4 2 -4 -4 2 -4 2 2
-6 -8 40 -8 -8 16 -8 -4 -+ 2 -4 2 2 -4 2
-6 -8 -8 40 -8 -8 16 -4 —-f -+ 2 2 2 2 -1 |
-6 16 -8 -8 40 -8 -8 2 -4 2 2 -4 2 -1 —4
-6 -8 16 -8 -8 40 -8 2 2 -4 2 -4 -4 2 -
-6 -8 -8 16 -8 -8 40 2 2 2 —4 -4 -1 -1 2
-_l‘)» -16 =32 =32 =32 16 5 16 62 -4 -4 -4+ & 2 2 2
Tl o160 16 32 32 32 160 16 -4 62 2 2 98 4
-16 =32 16 -32 16 -32 16 -4 2 62 2 2 —f § —{
-16 =32 -32 16 16 16 -32 -+ 2 2 (62 2 —4 —1 8
-16 16 16 16 =32 -32 =32 8§ 2 2 2 (2 —4 —1 —4
-16 =32 16 16 16 =32 =32 2 8 —1 —4 —4 62 2 2
-16 16 =32 16 =32 16 =32 2 —¢f & —f —1 2 62 2
L —-16 16 16 -32 -32 -32 16 2 -4 -4 8§ -4 2 2 62 |
(A.2)
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where

SR

L F U A SR RS SN Y TN NN AN I SAM AN T UMt
with o > 1. (A3)
anl
y o= [V
Iy sy e
with e > 1. (A

[t is casily verified that rank (A") = 11 and the homogencons cquation A f" = 0
has the following four nontrivial solntions:

f'=

[2/9.1/9.1/9.1/9.1/9. 1/9. 1/9. 1/72.1/72. 1/72.
[0.1/9. 0.0, =1/9. 0. 0. 1/72. =1/72. 1/72.1/72.
(0.0, 1/9. 0.0, =1/9. 0. 1/72. 1/72. —1/72. 1/72.
and

[0.0.0.1/9.0. 0. =1/9. 1/72.

/T2 1/T2 =172 =172 T2 17,

It <hould bhe noted that the elements of the four nontrivial solution vectors are

E.  Eciyo Eicmoand Ecy respectively,



Appendix B

Solvability Conditions of Linear Algebraic Equa-

tions

Consider hincar algebraie equations
Af =y (B.1)
If the “transposed” homogencous lincar algebraic equations
AT =0 (B.2)

has a positive number 7 of noutrivial (not identically zero) linearly independent
B / / ! . .. ‘e . .
solutions. fi. fh.. .. £, then the solvability conditions of lincar algebraic Equation

(B.1) are

firy=0 forj=1.2..r (B.3)

This means that Equation (B.1) has solutions if and onlv if y is orthogonal to

- - . ! . . N
every nontrivial solution f7 of Equation (B.2).
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Nomenclature

‘f,(‘(] ) .f’(‘q
foi

coctlicient matrix of linear algebraic equations
constant cocthicient in collision term

unit veetor perpendicular to n

characteristic particle speed

mean particle speed

speed of sound

particle veloeities

munber of dimensional space

diffusivity in binary fluid mixture

cquivalent diameter of hody

constant cocfficients

CITOL 1OTTHS

wmternal cuergy per unit mass

mterual energv of component 4 per unit mass
frequencey

solution veetor of linear algebraie eqnations

nontrivial solution of transposed homoeencons

lincar alechraie equations
& |
particle distribution functions
local equilibrimn distribution functions

particle distribution functions for a-species

/]

[/

/-
/o] or [+

ko /] or [~]
/] or |-
-]



oq
J Ay

Na

mn

Ty

])

cye

local equilibrimn distribution functions for
T-Speeies

turbulence intensity. yf (w,—u, )7 [,

mhomogencous term of linecar algebraie equations
Knudsen mumber. ¢/(ApyL)

modified Kuudsen muber
characteristies length

lenoths of domain

bhody from which B-species is diffused
Aach number. U7/¢

nuniber of particles

unit normal veetor

mass Hhix of component B ppuy
boundary Tattice node

polnts 1 porous strueture

pressurce

pressure of component A

Revuolds number. poU L/ p

modified Revnolds number. Re/(1 — 2)
tangent plane on lattice node

total surface area of all the hodies
Schmidt number. o/ (p4]inDpa)
Strouhal munber. L/(tc)

Sherwood number

Strouhal nunber. FL, /u,

unit vecetor perpendicular to n

tine

NOMENCLATURE

Pa] or [—]

[ or [

NOMENCLATURE 101
ty characteristie tie seales L/ ]
- characteristic low speed [u1/s]
w. u Hlow velocity [i/s] or [~
U, fHow velocity of component @ [—]
n.oe.ou =y~ and z-components of flow veloeity -
U, normal fow velocity of component I3 (-]
i, slip veloeity at wall [
ol time- and space-averaged flow velocity of component

A at inlet [-
it tinie- and space-averaged flow velocity at inlet -
i, tine-averaged value of r-component of flow veloeity [-
it space-averaced value of comnter slip velocity [~]
€T.x position vector [ti] or [-]
L. Cartesian coordinates. (. oyl or (e gy 2 -
Y ihomogenconus vector of linear alochraic equations [-

Greek Symbols
Ap pressure difference hetween inlet and ontlet [—]
ACAE time step <] or [—]
Ars A lattice spacing [1] or [-
Npp concentration difference of component 3 hetween inlet
aud outlet (-]
Oy concentration contour imterval of component [3 (-]
€ dimensionless munber of the same order as K.
c/(Acpol) -]
: porosity (-]
[t finid viscosity [Pa-s] or [~]
Y
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Iy

/). /)
4
1
B
Dl

o Pl

dinmensionless concentration of component 3.
(o — prod /s — pro)

flnid density

density of compoucnt A
concentration of component I3

bulk concentration of component 3
concentration of component I at wall

constant concentration of component B

N density at wall
) reference density
R time- and space-averaged Huid density of component
Aat et
205 i time- and space-averaged concentration of component
I3 at let
Din tine- and space-averaged finid density at inlet
T single relaxation time
s single relaxation time for o-species
Ovel i
— averaged
non- mensional
Subscripts
A component
B component 3
av averaged
' /th direction of particle veloeity

NOMENCLATURE

NOMENCLATURE

1 let

1 bulk or mixing

1 normal

notob n-. t-. and h-components
ot outlet

S ship

W wall

N T -y~ and z-components
o T-species
Superscripts

o4 equilibriiam

(m) mtl order

* analyvtical
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