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Chapter 1 

General Introduction 

1.1 Introductory Remarks 

Trausport phcuon1cna iu porous rncdia are very irnportaut subj<'cts iu tllcUlY 

sncrH·c and eugiuccriug fields. The applicatiou of flow aud ll<'at I rnc-t.<;s transfer ill 

porous ntcdia can be foullcl ill geophysics. hydraulics. soil llH'chauics. chcntical aucl 

pctrolenrn cugiuecring. aucl so 011. Iu these fields. <-t.<:i for flew: in porous nwclia. 

it is in1portant to estin1ate the rnacroscopic properties such cl.<:i pres~urc drops or 

pcrnwability through porous rnedia. As for heatlrn<-t.<:is transfer in porous rucdia, 

on the other hand, the cffcctive thennal conductivities ancl C'ffective tllct.<:is cliffusivi­

tics arc needed to rnany kinds of engineering applications. Iu cheruical cngitH'<Ting 

applications, for exan1pk, knowledge of thern is essential to detenninc' the teru­

pcraturc I concentration distributions in a packed bed reactor. in a fuel cdl. in ;.t 

non-isothcrn1al catalyst pellet. in the drying process. aud so on. In the past studies 

volurnc-aY<'ragcd technique is usually used to obtain these rnacroscopic properties. 

However, when we treat cornplcx porous rneclia with non-unifonn porosity, for in­

stance, it is n1orc irnportant to inn'stigate rnicroscopic process occurring at a pore 

scale and to obtain the properties from the rnicroscopic point of view. In such eases. 

it is considered that both expcrirncntal and theoretical approaches arc sometirncs 

1 



2 ClfA PTF,R I. GF-!\TR:\ L J:'\7RODUCTJO:V 

difficult because of cornpkx fluid flows in porous rncdia. Thns 1 nun1erical approach 

will beconw a powerful ancl useful tool in these stuclics. 

In the prcscut study the analyses of transport phcnorneua in porous struct nres 

arc eoncluctccl by a new nurnerical approach based on the kinetic theory of gases. 

The approach is the lattice Boltzrnann nwthod. 

1.2 Method of Computations 

1.2.1 Lattice Boltzmann Method 

Iu recent years. thC' lattice Boltzrnann rncthod (LBIYI) h<-ts developed iuto an al­

t<'ruative aucl proruising nurn<'rica1 schernc for sirnulating Yiscous fluid flows. The 

rnd.hod is particularly SlHT<'ssful in fluid flow applications inYolving clynaruic inter­

face aucl co111plcx boundaries. The LB1vi is different frorn the conventional nurneri­

cal approaches, such as finite difference rnethocl (FDI\11) and finite clernent rncthod 

(FET\~1) at a ruacroscopic level and frmn the rnolecular dynarnics (MD) sirnulation 

at a rnicroscopic level. The LBI\11 is based on rnicroscopic n1oclcls and mesoscopie 

kinetic equatious. The funclarncntal idea of the LBI\11 is to construct sirnplified ki­

uctic rnoclds that iucorporate the essential physics of the rnicroscopic processes so 

that the rnacroscopic properties obey the desired rnacroscopic equations. The basic 

prcrnisc for usiug these sirnplificd kinetic-type rnethods for rnacroscopic flnicl flows 

is that the rnacroscopic dynarnics of fl uicl is the result of the collective behavior of 

rnauy ruicroscopic particles iu the syst<'lll aud that the rnacroscopic clyuarnics is uot 

scnsitiYc to the unclcrlyiug details in ruicroscopic physics ( Kaclanoff 1986). 

In the convcntioualnunleriralnlethods, the discrctizcd rnacroscopic equations arc 

directly soh·cd. Since the rnacroscopic equations arc nonlinear and the solutions of 

nonlinear equations arc highly related to bonudarics. it should be very difficult to 
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solYe the cqnatious <'specially if the physical systern has cornplcx geornetries such 

as porous nwdia. Besides. ,,·hen the coutinnity eqnation and the l\ a\·ier- Stokes 

equations for incornprcssible fluid arc calculated using the conveutiouaJ unllH'ricaJ 

approaches: the pressure satisfies a Poisson equation and solYing this equation for 

the pressure ofteu produces nun1erical difficulties reqniriug special trcatrnent. such 

as iteration or rela.xation (e.g. Fcrzigcr & Peri( 1996). The I\1D sirnulation, on 

the other hand: can sirnulatc rornplex fluid phenmnena by irnplcrrH'nting the correct 

interrnolecular potential. HoweYer, the IviD sinmlation requires cnonnous conlputa­

tional resources and is rather irnpractical for fluid sirnulations. 

The LBM is a rnesoscopic approach. that is, iutennecliate bet\V<'en the rnacroscopic 

and rnicroscopic approaches. Instead of solving the rnacroscopic uoulinear equatious 

and tracking individual rnolcculcs a .. ~ in the I\1D sirnulations 1 the LB1vi sirnulat<'S 

the fluid flows by soh·ing kinetic equations at the rnesoscopic level. In addition, 

by developing a sirnplified version of the kinetic equation one call axoid soh·iug 

cornplicated kinetic equations such as the full Boltzrn<-tlln equation. Th<'n-fore. the' 

LBM is regarded as an efficient and attractive tool for sirnnlatiug th<' fl nid flows 

including con1plcx phcnmnena. 

1.2.2 Brief History of LBM 

Figure 1.1 shows the brief history of the lattice Boltzrnauu Ul<'t hod. Historically. 

the LBI\11 evoln'cl frmu the lattice gas autorna.ta (LGA), iu \vhich spac<'
1 

tiul<', a.ucl 

particle Yclocitics arc all discrete. Iu the LGA, the physical fluicls arc first assuruccl 

to consist of discrete particles. which reside only 011 the lattice uodes at discrete 

tirne steps. The particles rnovc on the spatial lattice and scatter according to sonH' 

scatteriug rules. Frisch: Hasslachcr & Porncau ( 1986) proposed the first version of 

LGA: what is called FHP rnodcl 1 on a hexagonal lattice ill two-clinH'usional space 
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Figure 1.1: History of the lattice Boltz1nann rncthocl. 
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aud sho,:v·ed that the LGA H'Co\·ers the isotropic hydrodyna1nic equations. The 

central idea."i iu the papers contcrnporary with the FHP paper iuclucle the cellular 

autmnaton rnodcl (\Yolfran1 1986) aud the thrce-diincnsioualnwclel usiug the four-

dirncnsional face-centered hypcrcu bic ( FCH C) lattice ( d 'H nini('rcs , Lalle1naud & 

Frisch 1986). 

On the other hand. the LBI'vl can also be regarded as a special finite difference 

schc1nc for the kiuctic cquatiou of the discrete Yclocity gas 1 in which the particle 

velocity is discrctiz<.'d but space and time arc coutiuuous. This kinetic equation is 

callC'cl the discrC'tC' Boltzrnaun equation (DBE) and describes the eYolntion of particle 

popnlatious that have' discTC'te velocities. SeYeral n'searchers ha.Ye nsccl a variety of 

discrete particle Yclocities rnoclds. Broadwell ( 1964) cn1ployccl the sirnplificd kinetic 

equation \Vith a siuglc-p;-utidc specclruocld to sirnnlate finicl flows for stuclyiug shock 

structures. Iu fact , one can regard the Broadwellruocld a.s a sirnpk OIH'-clinwnsioual 

lattice Boltzrnanu equation ( LBE). Ina1nnro & StnrteYc-ult ( 1990) hav<' also used 

rnultispced discrete particle Ydocities Uloclds for studyiug sho('k-wa\.<' structures. 

Later , Sterling & Chen ( 1996) clcriYecl the LBE by cliscretizing the Boltz1uauu equa-

tion in spatial aud tirne space's. The rdation of the LB 1 to kiuetic theory wa .. "i 

also explored by Abe ( 1997). All thC'sc work arc ba..sccl on the a .. "isnn1ption that the 

underlying discrete vcloci tics arc known a zrrior-i (He, Chen & Dooleu 1999). 

The first LBl\11 model proposed by 1\ld\ arnara & Zanncti ( 1988) ha.<:; the corn-

plicatccl collision operator. An irnportant si1uplification of the LBM was ruade by 

Higuera & .Ji1nencz ( 1989) who linearized the collisiou operator by <-Lssurning that 

the distribution is dose to the local cquilibriurn state. Later by two inclcpcnclcnt 

groups (Chen et al. 1991a; Qian, crHumicres & La1lcmand 1992) , the collision oper-

ator can be further simplified by making the single-relaxation-tirne approximation. 
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The relaxation tcnn is known a.s the Bhatnagar-Gross-Krook (BGK) collision oper­

ator (Bhatnagar ~ Gross & Krook 1954). This so-called lattice BGK rnodel greatly 

reduces the cornputational tirne and rnernory. \Vhat is rnore irnporta.nt , this n1odel 

ensures the isotropy and Galilean invariance and possesses a velocity-independent 

pressure , although the LGA rnodcls do not satisfy these requiren1cnts and have a 

velocity-dependent pressure (Chen , H. , Chen, S. & Matthaeus 1992). Thus, the 

lattice BGK rnodd is the rnost popular form in the LBM. More details arc referred 

to as References , Rothrnan & Zaleski (1997), Chen & Doolen (1998), He , Chen & 

Doolen (1999) , Tsutahara, Takada & Kataoka (1999) , and so on. 

1.2.3 Applications of LBM 

C p to uow , the LBM has been successfully applied to many kinds of sirnulations 

of Yiscous flows as follows: fluid flow in eornplcx geometry including porous and 

ranclorn rnedia (Succi , Foti & Higuera 1989; Cancellicre et al. 1990; Spaid & Phelan 

1997) , nrultipha.se ancl rnulticomponent fluid flows (Gunstcnsen ct al. 1991; Shan 

& Chen 1994; Swift , Osborn & Ycornans 1995; Swift et al. 1996; Inarnuro , Konishi 

& Ogiuo 1999; Inarnuro, Miyahara & Ogino 2000) ; turbulent flows (Martinez et al. 

1994; Benzi , Strnglia & Tripiccione 1996) , suspension , colloidal , and granular flow 

(Aidun & Ln 1995; Ladd 1994, 1997) , heat transfer (McNamara, Garcia & Alder 

1997; Chen, Ohashi & Akiyarna 1997; Shan 1997; He; Chen & DoolPn 1998) , reactive 

and diffusion systcrn (Cali et al. 1992; Holme & Rothrnan 1992; Dmvson~ Chen & 

Doolen 1993; Cheu ct al. 1995 ), and rnany others. 

1.2.4 Challenging Issues on LBM 

As mentioned above , the LBM has been used for a Yaricty of applications in 

recent years. Although the great success of the LBM ha.s been achieved, there remain 

1.2. MFTHOD OF' CO\fPUT,\TTONS 

challenging issnes to be well studied. In the following~ a couple of irnporta.nt topics, 

the relation lH'twceu the LBE and the contiuuity eqnatiou a.ud the I\ a.\·ier- Stokcs 

equatious for incornprcssiblc fluid, the accuracy of the LBivi to the finid-clynarnic 

type cquatious , and boundary conditions in the LBivi , arc given. 

Derivation of Fluid-Dynamic Type Equations and Accuracy of LBM 

To derive the fiuid-dynarnic type equation frorn the LBE, one usnally crnploys the 

Chaprnan- Enskog expansion procedure, which is essentially a fonnal rnultiscaling 

expansion (Frisch ct al. 1987). The Chapn1au- Euskog cxpansiou procccl nrc is au 

asyrnptotic expansion rnethocl for solving the Boltzrnann cqnation iu the kiuetic 

theory of gases. In general , however, the dcrivatiou of the continnity equation a.ucl 

the 1'\avier- Stokes equations for incompressible fluid fronr the LBE by using this 

procedure contains sorne kiuds of <-.kssurnptions aud is not so clear and SlHTessful. 

Likewise, in the investigation of the aecnracy of the LBM to the fl. nicl-clyuaruic type 

equations , the Chaprnan- Enskog expansiou procedure is also usually used for the 

LBE and it ha._c; been found that the LBE approaches the I\ a vier- Stokes equations 

with error tcnns proportional to the Knuclseu nurnber squared and Mach munlwr 

cubed (Hou ct al. 1995; Zou ct al. 1995; Sterling & Cheu 1996). These errors arc 

referred to generally as cornprcssihility error. Siuce the Knuclscu uurnbcr is related 

to lattice resolution by the relaxation tirnc (Hou et al. 1995); it is said that the 

accuracy of the LBl\11 depends on the Kunclscu lllunber, Mach 11urnber; ancl lattice 

resolution. However; Ivlaier ; Bernard & Grunan (1996) have pointed out that neither 

the l'v1ach number nor Knudsen nurnher is sPparatcly a good index for error cstirnatcs 

with a duct flow problem ancl that the product of Mach and Knudsen nurnbcrs is a 

fairly good index for the error cstirnates. Moreover, Reider & Sterling (1995) have 
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pointed out that for a fix ~1ach nurnber the calculated result by LB~f conYerges to 

a certain solution that is different frorn the solution of the incornpressiblc 1'\avier­

Stokcs equations , a.<.J lattice spacing is reduced. It is found fronr the above facts that 

the error estirnates of LBM ba....,ccl on the Chaprnan-Enskog expansion procedure 

have not been so clear and successful. 

Therefore , another way to derive the continuity equation and the l'\ avicr- Stokes 

equations for incornprcssible fluid fronr the LBE and to estimate the accuracy of 

LBM to the fluicl-dynarnic type equations is needed. 

Boundary Conditions in LBM 

\Vall boundary couditions in the LBM were originally borrowed from the LGA. 

In the LBM , the bounce-back boundary condition ( d 'Humicrcs & Lallemancl 1987) 

has been usually used to n1odcl stationary walls. 'C nder the bounce-back rule , all 

the particles colliding with walls are reflected back in the direction frorn which they 

carne. However , it has bee11 found that the bounce-back boundary condition has 

errors in velocity at the wall (l'\obk et al. 1995; Ziegler 1993; Ginzbourg & Adler 

1994). In gcueral , the velocity along the wall obtained by using this boundary 

condition is not equal to that of the wall velocity. The difference between the 

fictitious velocity aucl the wall velocity is called the slip velocity. Skorclos ( 1993) 

proposed a rncthod for calculatiug particle distributions at a boundary node fronr 

fluid variables with the gradients of the fluid velocity. In his ruethocl the density 

is assunred to be known at the boundary. l'\ oble et al. ( 1995) cle,·cloped a rnethod 

for calcnlatiug the density at the boundary and the unknown cornponcnts of the 

particle distributions. \Vhile their rnethocl giYcs accurate results with the se,·en­

velocity model it is not dear whether the nrcthod can be applied to other Yelocity 
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rnodels. }vlaier et al. ( 1996) ruodified the bmurce-back condition to nullify net 

ruorncntnrn ta.ugcnt to the wall and to prcserT<' lllOllH'ntnrn nonual to the \Vall. Zon 

& He (199/) extended the bou11ce-back couclitio11 for the uoiH'qnilibrinrn portion of 

the distribution. It appears. however , that the extensio11 of these sirnple a.ssuruptions 

to arbitrary boundary conditions is difficult. Therefore. a new bou11clary co11ditiou 

which can accurately nrodcl a11y no-slip wall is needed. 

1.3 Summary of Previous Studies 

Iu the past studies on transport phcnoruena iu porous rncdia, volnrnc-avC'raged 

approaches arC' usually used to obtain rnacroscopic properties. such as pressure drops 

or pcrrncabilities , effcctiYe thennal conductivities. aud effective rua.ss diffusivities in 

porous rncdia. Iu order to estiruatc pressure drops in porous rncclia, for cxarn ple , the 

Blake- Kozcuy equatiou (Bird , Stewart & Lightfoot 1960) a11d th<' Ergun equation 

(Ergnn 1952) , which ar<' both ernpirical equatio11s basecl ou expcriHH'utal data, arc 

often used for low and high Reynolds nunrbcrs , respectively. Iu recent cxpcrirncntal 

works , Fand ct al. ( 1987) studied flow through porous ruedia coruposecl of randornly 

packed spheres and proposed the useful corrclatiou equations between pressure gra­

dients and flow \·elocitics. Liu , Afacau & Masliyah ( 1994) stucliccl larninar flows 

in porous media and presented a uew averaging approach to the pressure gradient 

terrn. HowcYcr , iu these studies the relation between flow fields at a pore scale aucl 

pressure drops ha.<.J not been so clear. As for the studies on flow characteristics , 

Dybbs & Edwards ( 1984) carried out experirnC'nts of liquid flow iu porous rnedia 

consisting of plcxigla.s spheres in a close hcxagoual packing ancl cylindrical rods in 

a complex geometrical structure. They cla.<.Jsified flow characteristics into four flow 

regimes: Darcy or creeping flow regime, inertial flov.r rcgirne , unsteady larninar flow 
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rcgnnc. and highly unsteady and chaotic flow regirnc. How<'Ycr. rnore qnantitatiYc 

in,·cstigations arc IH'cclccl to rnakc clear flo\v characteristics iu porous ruedia. 

Iu nunH'rical sirnulations, on the other haud, preYious studies. iucluding finite­

difference schcrncs (Schwarz ct al. 1993) aud networking n1odcls (Koplik & Lasseter 

1984). were either lirnitcd to sirnplc physics, small gcornetry size. or both. Buo­

llcUlno & Carotenuto ( 1997) proposed a rnethod to calculate the effective therrnal 

couductivity of a two-ph~sc isotropic porous mediurn by rncans of a volurne-averaged 

technique. As for the LGA and LBM, Rothman (1988) used the LGA for simulations 

of flow t lnongh porous rneclia aud verified Darcy's law (a linear relation between the 

pn'ssun' graclicut a.ncl the vohune flow rate per unit area) in sin1plc and cornplicatecl 

g('Olll<'tric~. Chen et al. ( 1991 b) also used the LG A to study rnicroscopic behaviors 

ocnuTiug at a pore scale and to obtain volume-averaged paran1etcrs fron1 the rni­

croscopic poiut of vi<'W. Succi, Foti & Higuera ( 1989) utilized the LBM to rnca<snrc 

the pcnncability in a thrce-dirncnsional randon1 media. Darcy's law wa._c; confirmed. 

Caucellicrc ct al. ( 1990) studied the penneability a .. c::; a function of solid fraction in a 

systern of ranclon1ly positioned spheres of equal radii using the LBM. However, the 

above-n1entioucd sirnnlations by the LGA and LBM were applied for relatively low 

Reynolds rnunbcrs aucl restricted to laminar flow regions. In recent years, Inamuro. 

Yarnarnura & Ogino ( 1995) have investigated the prohlerns of flow and heat transfer 

in a two-dirnensional porous structure for low and high Reynolds rnunbcrs by using 

the LB:NI. They conclude that the nwthocl is useful for studying rnicroscopic prop­

erties of flow and heat transfer problcrns. although rnore qna.ntitatiYc inYcstigatious 

arc needed clu<' to the two-clinwnsioual sirnulations. Thus. it is desired to study 

thrcc-dirncnsional problerns of flow and h<'at/ rnass transfer iu porous rncdia at high 

Reynolds nurnbcrs c-ts \:Vell a~c.; low Reynolds nurnbcrs. 

l..t. ORJECTnTS .\.\' D Ol"TU.\T OF THIS THESJ.'"i 11 

1.4 Objectives and Outline of this Thesis 

Th<' fiual obj<'cti\·es oft his stncly arc to den' lop t.h<' LBl\1 for sirnulatiou~ of fl nicl 

flow problcu1s aucl flow aud rnc-t.'-is trausfer problerns iu a thr<'e-clirn<'usioual porous 

structure aucl to irn·estigatc the trausport plH'Hornena in the structure frorn the 

ruicroscopic poiu t of view. 

Chapter 2 deals with the funclarncntals of the LBIYI. First. the relation bC'twecn 

the lattice Boltzrnanu cquatiou aud the continuity equation and the I\ a vier- Stokes 

equations for incompressible fluid is clarified. In addition, the accuracy of the LBNI 

to the fluid-dynamic type equations is i11\·cstigated. I\<'xt, bonuclary couditio11s in 

the LBIYI arc discussed. Fiually. the LBIYI for a bi11ary fluid rnixture with a sirnpl<' 

kinetic rnodcl is proposed. 

Chapter 3 deals with llurncrical a11alysis of flows iu a thrce-dinl<'usional porous 

structure. Flow fields at a pore scale a11cl pressure chops through t h<' stn ]('t nn' 

arc calculated for Yarious Reynolds n urnl)('rs. Th<' ca1culat<'d prcssnr<' chops an' 

con1pared with well- knowu crnpirical equations bc-t.'-ic'cl on cxpcrirncn tal data. Also. 

the characteristics of the unsteady flows in the structure at relatively high Reynolds 

nurnbers arc in,·cstigatecl. 

Chapter 4 deals with nurnerical analysis of flow ancl rnass trausfcr for a binary 

fluid rnixture in the porous structure. Flcnv charact.('ristics aucl couc<'utratiou profil<'s 

of cliffusiug cornpoueut at a por(' scale arc sirnnlatecl for Yarious R('yuolcls muul)('rs. 

In additiou. Sherwood unrnbers arc calculated and conlpar<'cl with aYailablc <'Xpcri­

nlcntal data for packed beds. 

Chapter 5 finally gi,·cs the conclusion of this thesis. Rcruarks a11d n'conlUH'nda­

tions for further studi<'s arc also giYen. 



Chapter 2 

Lattice Boltzmann Method 

2.1 Int roduction 

In this Chapter, basic theories for the lattice Boltzrnann n1ethod (LBM) are 

introdncccl. As n1cntioncd in Section 1.2.4, there have been a couple of challenging 

issues to be well discussed in the LBM. Hence, first of all, the S-expansion procedure 

of the asyrnptotic theory proposed by Sone (Sonc 1971, 1991; Sonc & Aoki 1994) 

is applied to the LBM with the fifteen-velocity rnodcl and the continuity equation 

and the 1\ a vier- Stokes equations for incompressible fluid are derived. In addition, 

the accuracy of the LBM to the fluid-dynamic type equations is investigated. I\ ext, 

boundary conditions in the LBM arc studied. A new approach for applying a no­

slip boundary condition at wall is proposed. A periodic boundary condition \vith 

pressure diffcrcuce at inlet and outlet is also presented. These boundary conditions 

arc applicable for sin1ulations of flows through the porous structure in thr following 

Chapters 3 and 4. Then, the LBM for a binary fluid rnixturc with a sirnple kinetic 

rnodcl is proposed and governing equations for rnacroscopic variables arc obtained 

by means of the S-expansiou procedure. Finally, two fundamental problems arc 

calculated to denwnstrate the validity of the above-mentioned methods. 

12 

2.2. RAS' TC THFORTES FOR T~ R .\f 13 

2.2 Basic Theories for LBM 

2.2.1 Basic Equation 

Iu the following, let L be a characteristic length , U a charac:t<'ristic flow speed, 

and c a characteristic particle speed v.:hic:h is of the order of sound speed of the 

nwdelecl g<-L-"i. Siucc incornprcssiblc fluid flows arc considered , a charact<'ristic tirnc 

scale t0 = L/U is used. 

Basic Equation of Discrete-Velocity Gas 

A rnodclcd ga .. c.; cornposcd of identical particles whose vdocities arc rrstrict.rd to 

a finite set of JV vectors , c 1, c2 , ..• , eN, is cousidrred. If the Bhat.uagar, Gross, 

and Krook (BGK) rnodcl (Bhatnagar, Gross & Krook 1954) is used for collision 

terms, the behavior of the particles is described by the followiug discrete Boltzrnanu 

equations (DBE) for the particle velocity distribution fnuctions f;: 

()ji j A (j jeq) at + c.; · \7 i = - c(J 1 - i for i = 1, 2, ... , l'l , (2.2.1) 

where fr" is an equilibriun1 distribution function , A, is a coustant, and (J is the 

density of the particles defined below. It is noted that Ac(J is the collision frequency 

of the particles. As in the kinetic theory of gases, we define density (J, flovl velocity 

u, and internal energy e in terrns of the particle distribution function as follows: 

N 

(J = L Ji, (2.2.2) 
i=l 

(2.2 .3 ) 



14 CHAPTER 2. Li\TTICF BOLTZ?vfANN METHOD 

(2.2.4) 

aucl also we define pressure p in D-din1ensional space by 

2 
p = -pc. 

D 
(2.2.5) 

Equations (2.2.1) - (2.2.5) can be written in non-dimensional forms by using char-

acteristic quantities L, c, and t 0 and a reference density p0 . The resulting non-

dinH'nsional cqnations arc 

A 

Df• A A 1 A A 

S ~ A f A(f fcq) h ;:) A + Ci. \7 i = --p ·i- i 
ut f 

for i = 1, 2~ ... , 1V, (2.2.6) 

N 

p = ~ Ji, (2.2.7) 
i=l 

N 
A 1~ 1AA U =- ·C · 

A ~ t l 

p i=l 

(2 .2.8) 

1 N A 

e = -"""' f·(c· - u). (c· - u). 2 A L t t t I 

Pi=l 

(2.2 .9) 

(2.2.10) 

where ci =cdc x = xjL , i = t/to, Ji = fdPo, p = pfpo, u = ujc, c = cjc.2, 

p = pj(p0c2 ), Sh = L/(t0c), and f = c/(AcpoL). It is noted that Sh is the Strouhal 

nurnber (SonC' & Aoki 1994) and the dirr1cnsionless nun1ber f. is of the same order a ... s 

the Knudsen nurnbcr. In the following three-dimensional fluid flows are considered. 

For thrcc-dirnC'nsional problen1s, the fifteen-Yclocity model ( Qian, d'Humicrcs & 
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Lallnnand 1992), sho\Vll iu Figure 2.1. is usually used. The fifteen- Yclocity rnodcl 

ha.s the follcnviug Ydocity Ycct.ors: 

[ cl ~ c2, c3, c .1, c5, cG, c7 , Cg , cg , CJo~ CJJ, CJ2, cl3 , CJ .1· clo] 

[ 0 1 0 0 -1 0 0 1 -1 1 1 -1 1 -1 
-1] = 0 0 1 0 0 -1 0 1 1 -1 1 -1 -1 1 -1 . (2.2.11) 

0 0 0 1 0 0 -1 1 1 1 -1 -1 -1 -1 1 

On the basis of the Maxwell- Boltzrnaun equilibriurn distributiou fnuctiou up to 

O(u,2 ) by using a small l'v1ach nurnber expansion (He & Luo 1997; Abc 1997), an 

equilibriurn distribution fuuction of this n1odcl is givcu by 

fAcq E A [1 3 A A 9 ( A A )2 3 A A l i = i (J + C.i · U + - Ci · U - - U · U ' 2 2 
for i = 1, 2, 3, ... , 15 , (2.2.12) 

where 

and 

It should be noted that a vc~locity model in the LB1v1 nn1st have discrete particle 

velocities enough to satisfy the requirements of isotropy, Galilcan-inva.ria11ce , ancl 

velocity-independent pressure. Iu practical calculations, ou the other hand, it is 

clearly desirable that a rnoclcl \Vith only a srnall nurnber of particle velocities is nsccl 

for the reduction of con1putational tirnc ancl rnernory. As shown later in Section 

2.2 .2, the fifteen-velocity model satisfies these rcquircrnents in spite of no rnorC' than 

15 particle velocities. Therefore, the fifteen-velocity rnodcl is rcgarclccl as a fairly 

suitable model for three-dimensional problerns. 
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Figure 2.1: Fifteen-vcloci ty rnodel. 
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Lattice Boltzmann Equation 

In the LBI\1 \Yit h the fiftc'eu-\·docity n10dd the physical space is divided iuto a 

cubic lattice spaciug ~.r. aucl a tinH' step is chosen as D.t = ~.rj c. Thns . ...1.1·1 = 

.6..?-2 = .6../·3 = .6..1· ( = ~.rj L) and ~i/Sh = .6..1·. It should be noted that ~./· is 

assnn1ed to be of the sanH.' order as E. By using a first order upwind discretization 

of the left-hand side of Equation (2.2.6) ; the lattice Boltzrnann equation (LBE) 1s 

obtained a.';; follows: 

f 
T=-. 

!:1.1· 

It is noted that T is a dinH'nsionless single relaxation tiruc' aucl is of 0( 1). 

2.2.2 Asymptotic Analysis 

(2.2.13) 

(2.2.14) 

The S-expansiou procedure of the asyrnptotic t hcory proposC'd by Sour is appli<'cl 

to the LBM with the fiftc'c'n-velocity model and fiuid-dyncunic type' <'qnatious ar<' 

obtained. In the analysis; rnacroscopic variables as well a.'-i distribution functions arc 

expanded in the series of srnall KnuclsC'u muubcr taking into n,ccount the rdn,tiou 

among Knuclscu i Reynolds. and Iv1ach nurnl)('rs. although in the Chaprnan- Enskog 

theory rnacroscopic variables arc not c'xpanded. The c'xpausion of nl<-1<Toscopic vari-

ablcs is useful for error cstirnatcs of thC' LBM. since th<' ordC'ring of C'ach tcrrn in 

governing equations for rnacroscopic variable-s is easily treated. 
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Fluid-Dynamic Type Equations 

In the kinetic theory of gases. 1vfaeh number 1v1a and Knudsen nnrnbcr Kn arc 

nsua1ly defined by !via = U I co and Kn = c I ( AcpoL), where co is the speed of sound 

and cis the rncan particle speed of the equilibriurn state at rest. Ho\vcver , since we 

arc interested only in ordering, the Mach nurnber aucl Knudsen nurnber dcfiucd by 

Ma = U I c and Kn = ci(AcpoL) = E arc used in the following. 

H<'rc , we arc interested in the c~se of a srnall Knudsen nurnber with finite Reynolds 

n urnbcr. Since the Mach nurnber Ma, Reynolds nurnber Re = poU L I Jl· (p. is the 

viscosity of fluid), and Knudsen nurnber Kn arc related as 1v1a rv Ku Rc (a definite 

r<'latiou is given later in Equation (2.2.49)), it follows that Ma is of the sarne order l:ts 

K11 iu the case of a finite Reynolds nurnbcr. In addition, since Sh = U I c = Iv1a, thc 

St.rouhal 11nrnlH'r Sh is also of the ord<'r of Kn. Considering this ordering, we carry 

out the a .. syruptotic analysis for srnall Knudsen nurnbcrs according to References , 

Sone (1971 , 1991) ancl Sone & Aoki (1994). 

First, pcrfonning a Taylor expansion of the left-hand side of Equation (2.2.13) 

arouncl x and f, we obtain 

.~ ( x + ci .6. .l:, i + .6. i) - ji ( x, i) 

l fA ( A tA) 1 d2 fA ( A tA) 1 13 fA ( A tA) ( 2 • 2 .15 ) =r.ix . . +
2

! ix, +
3
!c ix, . +···, 

where 

for n = 11 2, 3 .... (2.2.16) 

Here, we use the aforcrncntioned relation. lli = Shll.i:, and retaiu tern1s in Equation 

(2.2 .15) up to 0[(6.i:)3]. Then, substituting the resulting equation into Equation 
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(2.2.13). we have 

I'\ ext, \VC put Ji in the fonn of series expausion of a srnall pararnetcr k. 

\vhere k is of the same order as 6.1: and is related to T. The h: is regarded as a 

rnoclified Knudsen unrnl)('r. It should be uotcd that the first tenn of the cxpausiou 

(the coustaut tern1) rcpreseuts the cqnilibrinrn state at rest with the density p0 , so 

that the deviation of Ji from the cquilibrinrn state at rest is assurued to be of thc 

order of l(n (S-expansiou). Corresponding to Eqnatiou ( 2.2.18 L the rnacroscopic 

variables arc also expanded a.':.; follows: 

(2.2.19a) 

u (2.2.191>) 

~+I,;&( I I+ /,;22(21 + /,;3[/31 + ... , ( 2.2 .19c) 

fj ~ + /,;f)l I+ k21p1 + k:3Jj<3J + ... , (2 .2.19d) 

where 

l.j 

~EiR 1 ) . (2.2.20a) 
i=l 

(2.2 .20h) 
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p( 1) 

~ (3) p 

1 15 1 
- """' E · f~( 1) c · · c · - - r':i 1 ) . 2L_.. lt 1 t 2 

t= 1 

1 ~ c 1 ) + 2 c~ ( 1) 

3(J 3 ' ' 

15 
"""'E·f~(2) 
L_.. t t ' 

i=1 

i=] 

15 
"""'E · f~(3) 
L_.. 't t ' 

i = i 

15 
"""'E 1~(3) ~ ~ (1) ~ (2) ~ (2) ~ (1) 
L_.. i i Ci - p U - (J U , 

i=l 

15 1 1 """'E 1~(3) ~ ~ ~ (3) ~ (1) ~ (2) _ ~ (2) ~(1) 2 L_.. i i Ci · Ci - 2 p - p C p C 

t=1 

(2.2.20c) 

(2 .2 .20cl) 

(2.2 .21a) 

(2 .2.21 b) 

(2 .2.2 1c) 

(2.2 .21d) 

(2.2 .22a) 

(2.2 .22b) 

(2.2 .22c) 

(2.2 .22d) 

It should be noted that the leading tcrn1 of the expansion for the fluid velocity is of 

the order of k because :tvia is of the order of Ku. Also, the cquilibri1un clistribntiou 

function is expanded as follov.rs: 

j;'q = Ei(1 + kj~·q( 1 ) + k2 /icq(
2

) + k3 /ieq(
3

) + k4 /~q(t1) + · · ·) for i = 1, 2,3 , . .. , 15, 

(2 .2.23) 

2.2. Bk':)J(' THEORIES FOR J.R.\f 

.r·q(2) ;/2) + 3f/ 1)ci. uc 1) + 3ci. u(2 ) 

+ ~(c . u(1))2- ~u<I). u<I)_ 
2 l 2 

fJc 3
> + 3fJc2)ci. uCl) + 3r)(1)ci. uC 2) + 3ci · uC 3) 

9 + 2fJc 1)(ci · uc 1>) 2 + 9(ci. u(J))(ci. uc 2)) 

3 ~ (1) ~ (1) ~ (1) 3 ~ (1) ~ (2) - -r) u . u - u . u 
2 

21 

(2.2.24a) 

(2.2.2-±b) 

(2.2.24c) 

fJc-1) + 3f) 3)c;. u(J) + 3fJ( 2)ci . u( 2) + 3fJc 1lc;. u(:3) + 3c,.. u( ·1) 

+ 9 A (2)( ~ ~( 1))2 + 9 ~ (1)( ~ ~( !))( ~ ~ (2)) - (J C.; · U (J C; · U Ci · U 
2 

+ ~(C;. i/.(2))2 + 9(C;. iJ.IIJ)(C;. iJ.I3J) 

3 ~ (2) ~ (1) A(l) 3 ~ (l) A (1) ~ (2) 
- 2(J u . u - p · u . u 

3 A(2) A(2) 3 ~ (1) ~ (3) - -u · u - u · u . 
2 (2.2.24d) 

VIc consider a lllOdcratdy varying solution [a l! ai = 0( I) and D ld D.l·()' = 0( I) 
with 0' = 1. 2. 3 (o : Cartesian coordinate)] of Equation (2.2.17). Substituting 

Equations (2.2.18) and (2.2.23) into Equation (2.2.17), we obtain the followiug si-

rnultaneons cqnations governing the colnpOlH'llt functions l(w.) ( rn = 1, 2, 3, ... ) of 

the velocity distribution functions I: 

!
Acq( l) 
1 • (2.2.25) 

fAcq(2)- Ttl :[· A' . n!A(1)- ~ (1)(/A( J)- ! A:q(l)) 
• l k c1 v 1 P 1 t , (2.2.26) 

!A~q(3) - T ll.i: c . Vf~(2) 
t k t t 
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(2.2.27) 

\vhich arc also writtcu in the fonn of liucar algebraic equations as 

15 15 

f
A(l)- ~ E·fA(l)- 3c· · ~ E·c·fA( l) 
I ~ )) "t~ ))) 

0, (2 .2.29) 
j=l j=1 

15 15 

f
A(m)- ~ E·fA( rn) - 3A .. ~ E · A ·fA(m) 

• ·t ~ 1 1 cl ~ 1 c1 1 
Ih (m) ( > 2) ,

1 
rn _ · , (2 .2.30) 

j=l j=l 

where Ih~m) represents the iuhornogcncous terms giYcn by 

(2.2.31a) 

9 A( l)( A A(l))2 + 9( A A( l))( A A(2)) - f) c . . u c .. u c .. u 2 t /. t ! 

(2.2 .31b) 
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~rPl(c, · u(lll 2 + gp(ll(c;. u(ll)(c,. u(2l) 

+ ~( c, . U(2
)) 2 + 9( c, . u(J l )( c, . u( 3l) 

- _23 fJ(2)u(l). u(l)- 3p(l)u(l). u(2)- ~u(2). u(2)- 3u(l) . u<3) 
2 

- ~ci · Vf1 -- -~ +- - (c . V) 2 j'( 2
l 

T~i A A A(3) T~i [sh a 1 (fl./·) A ·] A 
"' k k at 2 k , 1 

-(T6..i)
2

(c··V)[sh~ ~(6.:7::) A .. A 2] A(l) k 1 k ai + 6 k ( c, v) fi 

- p(l\1(3) - 1eq(3)) - A(2)( fA( 2) - fAcq(2)) 
l l p ·l 'l ' (2.2.31c) 

Equation (2.2 .29) is a. hornogcucous linear algebraic cquatiou aucl the solutiou is 

written with rnaeroscopic variables by Equatiou (2.2.25) with Equation (2.2.24a). 

Substituting Equation (2.2 .25) into Equation ( 2.2 .20c) we obtaiu 

(2.2.32) 

Equatiou (2 .2.30) arc inhomogeneous linear algebraic <'qnatious for 1
1
( 

111
) aucl have the 

sarnc coefficient n1atrix in spite of rn (sec Appendix A). Thus, frorn the fnud<uncutal 

theorcrn of the linear algebra (Courant & Hilbert 1953· Str·'rlg" 19....,6· · A 1· ' , , ' (',l, I , SCC pp<'lH lX 

B) the soh·ability conditions for Equatiou ( 2.2 .30) arc obtaiucd a.~ follows: 

l!J 

L E.i fl~~ rn) 0 ('111, 2:: 2). (2 .2.33a) 
i=l 

0 (rn 2:: 2) (2.2.33b) 

with a= 1, 2, 3. 
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Frorn the solvability conditions (2.2.33a) and (2.2 .33b) for rn = 2, we get the 

following partial differential equations for the cornponent fuuctious of the expansions 

of the 1nacroscopic variables: 

(2.2 .34) 

(2.2.35) 

with n = 1, 2, 3. The sun1n1ation convention is used for the subscript a and {3 

hereafter. Also, substituting Equation (2.2.26) into Equation (2.2.21c) we obtain 

(>(2) = 0. 

Fro111 the solvability conditions (2.2.33a) and (2.2.33b) for m = 3 we get 

ShofJ(l) au~2 ) 
---+-- =0 
k ai 8xa ' 

(2.2 .36) 

(2.2.37) 

(2.2.38) 

with n, ,6 = 1, 2, 3. Also, subst ituting Equation (2.2 .27) into Equation (2.2.22c) we 

obtain 

(2.2.39) 

Frorn the solvability conditions (2.2.33a) and (2.2.33b) form =4 we get 

(2.2.40) 
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(2 .2.41) 

with (}', ,3 = 1, 2, 3. 

Fron1 Equation (2.2.35) we get p(l) = C \Vhcre C is a constant, if a bouudar:y 

coudition for p(l) is tirne-indepeudent . Then, includiug the constant clcusity in a 

reference density Po, \VC can reduce to p(l) = 0. Hence. we obtain the governing 

equations for fL~}) and j'/2): 

and for fL~2 ) and p(3) we obtain 

(){1(1) 

;:) A(} = 0, 
u.'t(} 

(2 .2.42) 

(2.2.43) 

(2.2.44) 

(2.2.45) 

Multiplying Equation (2.2.42) by k and Equatiou (2.2.44) by k2 and taking the 

sum1nation of both equatious, we obtain 

(2.2.46) 
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and sirnilarly. nmltiplying Equation (2.2.43) by 1..: 2 and Equation (2.2.45) by k3 and 

t akiug t h<' surnrnation of hot h eq nat ions. \Ve o bt aiu 

+~ (T- ~) ~i-~(1,_;// 1 ) + k2 ft( 2)) (2 2 4,...1) 
3 2 · ai~ (}' n · · · 

S n h~titu tiug k il.~x' l + ~· 2 u~}l + bn aucl k2 j)( 2 l + k 3 jJ( 3l +A into the coutinuity equation and 

th<' · a\·icr Stokes <'quations for inccnnpressible fl nid and cmn paring with Equations 

(:2.2.46) and (2.2.4:7). \V<' obtain the equations for bn aud A \vhich arc the s<une a,s 

t lH' ('011 tinuity <'q uatiou aud the I\ avier- Stokcs equatious with inhornogeneous tenns 

of 0( 1..: 1). Frmn the equations for bu and A it is seen that bn is of 0( k3 ) and A is of 

0(1..: '1 ). Hence. we find that ku~}l) + k2 f£~12 l ancl k2j3( 2) + k3[J( 3) arc the solutions of the 

continuity equation and the I\ a vier- Stokes cquatious for iucmnpressiblc fl uicl with 

the errors of 0(1..:3 ) for velocities and 0(1..:1 ) for pressure gradient. 

Frorn higher-order soh·ability conditions we oht ain sirnilar equations for higher-

orclcr cmnponcnts of the rnacroscopic variables , but thC' equations arc not the sc-unC' a.'s 

t 11<' continuity cquatiou ancl the I\ axicr- St.okes cqnat ions for incornprcssibk fl nid for 

the high<'r-orclcr cornponents. Therefore, it follows that by using Equation ( 2. 2.13) 

with Eqnatious (2.2.7) (2.2 .10) and (2.2.12) \V<' cau obtain th<' nwcroscopic flo\\' 

Yclocitics and the prcs~urc gradient for iucornprcssiblc fluid with rdati\·c errors of 

In addition. it is found frcnn Equation (2.2.47) that the Yiscosity of the fluid is 

giYc'n in th<' dirnensionlC'ss fonn as follo\YS: 
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Ft = - 1
'- = ~ (T - ~) ~.1·. 

[JoeL 3 2 
(2.2 .-18) 

Thus. \VC obtain the following relation in general: 

(2.2.-19) 

Taking account of the rdation of Equation (2.2.49)i we sec that the rdatin' errors of 

Equations (2.2.13) with Equations (2.2.7)- (2.2.10) aud (2.2.12) agaiust the contiuu­

ity equation and the I\ a vier- Stokes equations for inccnnprcssibk fl uicl a.re of 0( .lv1a 2 ) 

for a fixed Reynolds nurnl)('r and they do not change for fixed Reynolds aud l\Iach 

nurnbcrs. Finally. it is not eel that in practical calculations of irH·on1prcssiblc fluid 

flows by LBl\fi we first specify the value of Re ancl tlH'n choose the values of ~.1· aud 

T so that Ma = 0( .6.i) using the rdation of Equation (2.2.49) and cousideriug that 

relative errors bccmne 0( 1..; 2 ). 

2.3 Boundary Conditions in the LBM 

2.3.1 No-slip Boundary Condition at Wall 

First. a new approach for applying a no-slip boundary couclitiou at a wall is pre­

sentee!. For explanation the fiftccn-\·clocity rnoclcl is used, hut it is straightforward 

to apply th<' rnct hod to oth<'r Ydocity rnoclds. Also~ we usc the horizoutal wall 

shown in Figure 2.2 to explain the procC'dure of th<' rn<'thod~ hnt it is ('<-l."iY to extend 

the rncthocl to thC' indinccl wall (sec Chapter 3). 

Her<' after, non-clirnensional variables arc usecl as in S<'ction 2 .2.1 and the caret 

syrnbol denoting llon-clinH'llsioual propcrtie~ is 110t written for the sake of sirnplicity. 

At the no-slip wall we haYc to specify the distribution functions whose Yclocity points 
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to fluid region. In Figure 2. 2, for cxa1nplc. the' unknowu distribution functions arc 

!3. f s. fg. /11. ancl /1 .1. In the kinetic theory of gases the a.ssun1ption of diffuse 

reflection is often used at the \Vall. In this approxi1nation gas nwlcculcs that. strike 

the wall arc a.ssu1ned to lraYe it with a Iviaxwclliau ,·clocity distribution haviug 

the Yelocity and the tcrnpcraturc of the V/all (Soue & Aoki 1994). In general, the 

velocity aloug the wall obtaiucd with this assun1ptiou is uot equal t,o that of the 

\vall velocity, although the uonnal velocity to the wall is equal to that of the wall 

velocity. The difference between the fictitious Yelocity and the wall velocity is called 

the slip velocity. The idea of the present rnethod is that the unknowu distribution 

functions are assnn1ecl to be the equilibriun1 distribution fuuctious with a couutcr 

slip \·docity vv·hich is dctcnninccl so that the fluid Yclocity at the \vall is equal to tlH· 

wall velocity. That is, iu the case of Figure 2.2 the nuknown distribntion functions 

f3 , f s, fg , fi 1, and fi -1 arc assurncd to be 

]; E;p' { 1 + 3(uo + Vw + Wo) + ~(uo + '"w + wo )2 

3[( 12 2 ( 12]} - 2 'llw + 'U ) + 'l\v + 'Ww + 'W ) 

Figure 2.2: Particle distribution functions of the fifteen-velocity model at the wall. for 1: = 3, 8, 9, 11 , 14, (2.3 .1) 

where 

uo = 0, wo = 0 for 7. = 3, 

7Lo = 'llw +ul : IL'o = 'lUw + wl for 7. = 8, 

uo = - 'Uw - 'U.I, wo = 'Ww + wl for 7. = 9, (2.3.2) 

'uo = 'llw + 't/, wo = -11'w -w~ for 1. = 11, 

·uo = -7lw - ·ul, wo = -7f)w -w~ for 'l. - 14, -

where uw, Vw, and Ww arc the :r-, y-, and z-cornponcnts of the wall velocity, rcspec-

tivcly, and p
1

, 'U
1

, and w
1 are unknown parameters. The unknown u1 and w 1 arc the 



30 CT-! .1\ PTP-R 2. T./\ TTTCP- ROLTZMA !':!\' MP-THOD 

two cmnponcnts of the abov<'-rncntionecl counter slip velocity. It is noted that we 

haxe no nonnal velocity jurnp at the v;all lwcausc a.c..; Inentioncd abon' there exists 

no diffcr<'IlC<' of the nonnal velocity to the wall between the fluid and the wall on 

the assuruption of diffuse reflection. The three unknown parameters arc dctennincd 

on the condition that the fluid velocity at the \vall is equal to the wall velocity. 

Hence , we obtain thrcc cquations corrcsponding to the :c-. y- , and .:-components of 

the fluid velocity. 1v1orcovcr, the density at the wall , Pw , is an unknown quantity 

and is calculated by Equation (2.2.7). Therefore , we finally obtain four equations 

for the four unknowns. Thc solutions arc as follows: 

(Jw 

' p 

' ll 

' ll' 

1 [it + !2 + !"' + fs + !1 1- Uw 

+ 2(!6 + ho + /12 + /!3 + hsl] , 

1 [ 6 Pwll\v-(f4-/?+f~o-h2-/I3+.fls) 
1 + 31\v (J 

-ll'w- 31'wll'w] · 

(2.3.3) 

(2 .3.4) 

(2.3.5) 

(2.3.6) 

Substituting Equations (2.3.4)- (2.3.6) into Equation (2.3.1). all thr unknown dis-

tri bu tion functions at the wall arc dctcnninecl. 
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2.3.2 Periodic Boundary Condition at Inlet and Outlet 

A pcrioclic boundary condition with a pressure difference ..:::,.p at the iulct and 

outlet is presentecl. Hereafter. the subscript 'in· aud 'out· represeut quantities aJ 

the inlet aud outlet. respectively. Figure 2.3 shows the clistributiou fuuctions at the 

iulct and out let. At the iulet in Figure 2.3( a). the unkno\Vll distribution fuuctious arc 

/2 , .fs. !10· f 11 . ancl j 13. Taking account of the fonu of the equilibriuru distribution 

functious givcu by Eq nation ( 2. 2.12) aud neglecting the second- aud higher-order 

tcnns of Knudsen nurubcr corn pared with the tenus of 0( 1). it is a.ssurnecl that 

the unknown distribution functions at thc inlct can be written by aclcliug coustant 

values 1\ and J\ /8 to the corrcspoucling known clistribu tion functious at the on tlct: 

(2.3.7) 

! ., + ~]{ 
t out 8 for i = 8.10, 11 , 13. (2.3.8) 

Si1nilarly, at the outlet in Figure 2.3(b ), the uuknown distributiou fnuctious fs. fo, 

/ 12 , / 1.1 . aucl f 15 arc <-1ssurnccl to be writtcu by subtractiug the coustaut valw's froru 

the corrcspoucling kuown distribution functions at the inlet: 

f r:l - ]{ ,) in ' (2 .3.9) 

! .,. - ~]~ 
1 Jrl 8 for i = 9. 12, 14, 15. (2.3.10) 

Then the constaut Yaluc J\ is detcnuiuccl so that the pressur(' diffen'llC<' bdw<'en 

the inlrt and outlet is equal to ~p. That is. nsiug Eqnatious (2.2.7). (2.2.9). and 

(2.2.10), we get 

1 
]~ = ~]J- 3 ( h Ln - fllollt. + /3Ln - J31oll1, + Jt1 Ln - /t1loll1. 

+ /Giin- /GI 011 t + J1Ln- f71 011 J · (2.3 .11) 
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inlet 

(a) 

fluid region 

outlet 

(b) 

Figure 2.3: Particle' distribution functions of the fifteen-velocity rnodel: (a) at the 

inlet; (b) at the outlet. The solid and cla .. shcd ano\vs indicate the known and un­

known distribut ion functions, rC'spect ivdy. 
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Substituting Equation (2.3.11) into Equations (2.3.7)- (2.3.10). all the nnknowu dis-

tributiou fuuctious at the iulet aucl outlet arc cletenuiued for the givc'u ~p . 

In adclitiou. on the coruer liues of the iulet aucl outlet the nukucnn1 clistribn-

tion fuuctions arc calculated by corubiuing the above-rnentioned periodic and no-

slip boundary couditions as follows. For exarnplc. 011 the botton1 line's of the in-

let and outlet in Figure 2.3 , we first express the unkuowu distribution functions 

with a constant value 1\0 . Then, applying the no-slip boundary couditious on the 

lines and specifying the pressure difference betWC'Cll the inlet and outlc~t, we obt aiu 

uine equations for uine unknowns. The solution for 1\0 is given by 

(2.3.12) 

The solutions of the other unknowus can also be obtained by usiug Equations (2.3.3) 

(2 .3.6). Thus, the unknown distribution functions arc detennined by Equations 

(2.3 .1) and (2.3.7)- (2.3.10). 

2.4 LBM for Binary Fluid Mixture 

2.4.1 Basic Equation 

In the following, the LBl\I for a binary fluiclrnixtnr<' with a sirnple kinetic rnocld 

is proposed to sirnulate flow and ruass trausfer problerns. Her<' , it is c-tssun1ecl that 

an isothcnnal binary fluid rnixturc of A- and B-species under the condition that the 

fraction of B -spccics is much srnallcr than that of A-species. C nder this conditiou, 

the effect of A-B collisions can be ucglectcd cornpared to A- A collisions. Also, 
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the effect of B - B collisions cau be ueglected in cornparison with B - A collisious . 

Therefore. the <'Yoln tiou eqnatiou of the particle distribn tiou fnuction f cri of (J -species 

((J =A, B) with velocity ci (i = 1, 2 , 3 , ... , 15) at the point x and tirnc t can be 

written a.s follows: 

for i = 1, 2, 3, ... , 15, O" =A, B , (2.4.1) 

where ~~~L is an cquilibriurn distribution function for O"-spccies aud Ta 1s a single 

rda.xation tiuH' of 0 ( 1). 

As in the' kiuetic theory of ga."<'S , we define the density p / \ of cmnponcut A , the 

COll<'('lltratiou (JR ofcornpoucnt B , the flow Yclocity Ucr ofcmnponcnt (J ((J=A , B), 

aud the iut<'rual euergy rA of cornponcut A iu tenus of the particle distribution 

function a.s follows: 

15 

L fai for O"=A , B , (2.4.2) 
i=l 

1 15 

-'L:fcriCi for a=A, B, 
Pa i=l 

(2.4.3) 

(2.4.4) 

a.ucl a1so \Ve defiue pressure p ,.\ of cmnponcu t A by 

2 
P.·\ = 3 PA c ,~\. (2.4.5) 

Here, it should be noted that Equation (2.4.1) for component A has the san1c form a..s 

Equatiou (2.2.13) for single phase flow. Thus. the cquilibriun1 distribution function 
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f.~~,\i is also the ScUll(' a .. " Equatiou ( 2.2.12). i.e .. 

for i=1.2,3 ... . ,15. 

(2.4.6) 

Ou the other hancl , ·v.re proposed a new cquilibrinrn distribution fnnctiou .f~<\i as fol-

lows. \Ve referred to the kinetic rnodcl for a ruulticon1poncnt ga.s proposed by Garzo. 

Santos & Brey (1992) and a.c.;snn1ed the following fonu of cqnilibriuu1 clistributiou 

function: 

f eq 
Bi\i E;pa [1 + 3c; · uA + ~(c; · uA) 2

- ~u,1 • uA] 

x [1 + )q(ua- uA) · (ua- u il) + A2(u 8 - u .l) · (c;- u .l) 

A3(ua- uA) · (ua- uA) (c; - uA) · (c;- u ,l)], (2.4.7) 

where A1 , A2 , and A3 arc nnkuowu pararnetcrs. These three pararnct.ers are de-

tcnnined so that total rnass , total rnon1entun1 , ancl total erH'rgy of B -spccics ar<' 

conserved in the collision at each lattice node. That is 
' 

15 

L(fRi - ~~~_J 0, (2.4 .8a) 
i=l 

15 

L ci(f Bi- ~~~~i) = 0, (2.4.8b) 
i = l 

1 ],') 
2 ,L(ci- uB ) · (ci- uR ) (!Ri- ~~~!\ 1 ) = 0. 

I.= I 
(2.4.8c) 

Consequently, we obtain 

(2.4.9) 
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In practice. only the tcnns up to O( 'u) in Equation (2.4.7) arc taken into account, 

beca.usr the conYrction- diffusion equation contaius no tcnns of second order in Y<'-

locity. although the trrrns up to 0( u2 ) arc required to obtain the con\Tctiou trnn 

in the KaYicr- Stokes equations (Rothn1an & Zaleski 1997). Therefore, the resulting 

cquilibriurn distribution function ~~~i is reduced to 

for i = 1, 2, 3, ... , 15. (2.4.10) 

2.4.2 Fluid-Dynamic Type Equation 

Flnid-dywunic type equations arc clcrivrcl by using the S-expansion procedure of 

thC' asy1nptotic theor~y iu Scctiou 2.2.2. Here is also considered the case of a srnall 

K11ndsC'n uurnbC'r with fiuitc Reynolds uurnbcr. In this ca..sc, since Iviach nurnber is 

regarded a .. .., thC' sarnc order a.s Knudsen nurnber , it is <-l.Sslnncd that the drYiation of 

tlH~ distribution function from its equilibriurn state at rest with the local density is 

of the sarne order as Knudsen number. Then !Ai and fBi are expanded as follows: 

E·(p(O) + kf(1) + k2f(~) + k3f(~) + k4f(4) + .. ·) 
t (T (Tt (Tt (Tt (Tt 

for i=1,2,3, .. . , 15, (}=A, Bi (2.4.11) 

where p~) = 1, and k = 0( .6.T) is of the sanlC order as Knndscu nu1nbcr and is 

related to T(T. Corresponding to Equation (2.4.11). the rnacroscopic \·ariablcs arc 

also expanded a..s follows: 

(2.4.12) 

(2.4.13) 

2A. LB.\f FOR RJSA RY FU"'·ro .\1JXT[ .RE 

e .. \ 

Also, the cqnilibriurn distribution fuuctions f~.:l arc expaudccl as follcY\Vs: 

f eq 
a"J\i 

E ·(p(O) + kjcq(l) + k2jeq(2) + k3jeq(3) + A_- '1j<'q(_4) + ... ) 
l (T CT! h CTi\1 CTAt CT! \t 

for i = 1. 2, 3 .... , 15. CJ=A, B. 
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(2.4.14) 

(2.-±.15) 

(2.4.16) 

Substituting these equations into Eq natiou ( 2 A .1), Vi(' obtaiu iuhouwgC'neous linC'ar 

algebraic cquatious for the con1poucut functions J~:~~) ( 111 = 1. 2. 3 .... ) . Fro1n thC' 

solYability conclitious in the fuudarncu tal t heorC'lll of the liuC'ar algr bra. it is showu 

that u;~ = ku.\
1

) + k2 u.~12 ) + 0( k3
) and PA = k2p~2 ) + k3J/{) + 0( A;·1 ) satisfy 

(2.4.17) 

Sh OllA(} 'IL 011;1(} - - O]J A ~ ( 1) . 02ILJ1o-

8t + !1 {1 8 . - ~ . + 3 TA - :- .6..t ~. 
.1 fJ u.r n 2 u.r 11 

(2.4.18) 

d (0) (1) 2 . 
an PB = p8 + kp 8 + O(k ) sat1sfics 

ShaPR 'U apR- ~(T - ~) _D2PR 
Of + /\o- O:r - 3 R 4 .6,,1 ~ .2 ' 

n u.l ()' 
(2.4.19) 

where (Y:f3 = 1,2: 3. Equations (2.4.17) and (2.4.18) correspond to thC' continuity 

equation and the K aYier-Stokes equations for incon1pressibk fluid of cornponC'nt 

A, rcspectiYcly. Also; Equation (2.4.19) eorrcsponds to th(~ convPction- diffusion 

equation for component B in the binary fluid rnixture. Therefore , it is found that 



38 CHJ\PTF:R 2. LJ\TTICB ROLTZM.I\N :Y MF:THOD 

using Equations (2.4.1)- (2.4.6) for a=A, we can obtain the flow velocities and the 

pressure gradient for iucornprcssiblc fluid of cornponcut A with relative errors of 

O(A:2
). Aucl it is also found that using Equations (2.4.1)- (2.4.3) aud (2.4.10) for 

a= B we can obtain the concentration of diffusing component B in a binary fluid 

rnixturc with relative errors of O(k2
). 

In addition, frorn Equations (2.4.18) and (2.4.19) the viscosity J-L of the fluid and 

the diffusivity DR;\ in the binary fluid rnixturc are related to TA, T8 , and ~:r as 

follows: 

1 1 
I'· 3(TA- 2)~ :L:, (2.4 .20) 

DEi\ ~ ( TR - ~)~:c. (2 .4.21) 

2.4.3 Boundary Condition at Wall 

Finally, we present boundary condition for component B at wall, which is needed 

111 the followiug sirnulations. Here , the case that constant concentration of com-

pouent B is given at the wall is considered. For exarnple, at the wall in Figure 

2.2, the uuknown distributions arc .fB3, f 88 , f 89 , f 811 , and .f814 . As in the single 

pha.':lc flow, the unknown distribution fuuctions arc assumed to be the cquilibrinn1 

distribntion function givcu by Equation (2.4.10) with couutcr slip velocity haYing 

two cmnporH'nts. The unknown distribution functions are given by 

(2.4.22) 

where 
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II RO = 0. U'no =0 for I = 3. 

ll RO = llw + ll.~. wno = U'w + /l!~ for I = 8. 

uno = -ll.w - 'll~. wno = IUw + lL'~ for I = 9, (2.4.23) 

LlBO = 'lfw + U 1

8 , 'lURa = - 'Ww- 'W~ for 'l = 11, 

u.Ro = -V.w - 'ILIR' wao = I for 14, -ww - w R I = 

where P
1
R, 1£

1

8 ., aud W
1

8 arc unknowu r):..tr·arllet.('I·s. Tl k 1 1 1 
• - - H' nn -uowu 'll 8 anc w 8 arc 

two cornponcnts of the counter slip velocity. The three uukuown pararnC'tcrs arc 

determined on the conditions that two con1ponents of the fluid velocity along the 

wall arc equal to those of the wall velocity a.ucl that cor1centratiou of corupoueut B 

at the '\vall is equal to a given value fJB/w· Thus , '\Ve obta.iu three cqnations for the 

three unknowns. The solutious are a.s follows: 

I 

PB 

I 
WB 

12 [ 
2 + 3vw PR/w- (fBI + .fB2 + fn .1 + .fm) + fnG + .fn7 

+fRio+ .fRl2 + .fRu + hml] , (2.4.24) 

12 (J R / w 'lL'w - ( f R-1 - f R7 + f B1 0 - f R 12 - .f R 13 + f R] !j) 

P's 
- 'Ww. (2.4.26) 

Substituting Eqnatious (2.4.24) - (2.4.26) into Equatiou (2.4.22). n,ll thC' uuknowu 

distribntion functious for cornponeut B at th<' wall ar(' clctcnniuecl. 

2.5 Numerical Examples 

To dcrnonstratc the validity of the rnethods described in prcccdiug Sections, 

two fundamental steady problC'ms arc calculated. The first problcrn is a three-
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dirncnsional flow through a square duet with a constant pressure gradient. The 

second probkrn is a rnass transfer between two parallel plates. In both sirnulations , 

the LBM with the fifteen-velocity rnodel is used. 

2.5.1 Flow through Square Duct 

The first problcrn is a flow through a square duct whose sizes arc at ~r2 = ±1/2 

and :c3 = ±1/2. The non-dimensional .T 1-rnornentum equation for this problem is 

(2.5.1) 

The analytical solution uj is given by 

* 1 rlp [ 1 2 ~ ( -1 /+ 1 
n l 

u 1 (.r2 ,.r3) = ---
1
- --:r2 +8~. 3 scch-;-coshnx3cosnx2 , 

2jl. r..l'J 4 f=O 11 2 
(2.5.2) 

when~ n = (2e + 1 )1r. 

In the LBM siruulations, we maintain the conditions at Rc = u*1 /11 = 2, where 
max 

u*1 is the analytical velocity at x2 = 0 and x 3 = 0. On the walls and at the inlet and 
max 

outlet we usc the no-slip boundary condition and the periodic boundary condition 

with constant pressure gradient described in Section 2.3. respectively. It is noted 

that on four corner lines along x 1-direction and at every corner point of the walls. 

one cannot determine unknown distribution functions by using these boundary con-

ditions , since there exist distribution functions whose velocity points frorn the ontcr 

to outer region. Thus , in the following calculations , all the distribution functions 

including known distribution functions at the nodes arc set to be aYcragccl value of 

the corresponding distribution function at two nearest neighboring lattice nodes in 

the x2- and x3-directious. The calculations are carried out with llx = 1/10, 1/20, 

and 1/30 and with T = 0.8, 1.1, and 1.4, while Rc is kept at the constant value of 2. 

2 .. J. .YU.\fERJC..U 8.\,\.\fPL BS 

0.5 
0.4 
0.3 
0.2 
0.1 

(\J 0.0 
>< -0.1 

-0.2 
-0.3 
-0.4 
-0.5 

0.0 

Exact 
• Present Calculation 
(0.8~r~1.4) 

0.2 0.4 0.6 

41 

0.8 1.0 

Figure 2.4: Calculated velocity profiles 'UJ /'u 1 , rnax along the :r2-dircction at :r3 = 0 of 

a flow through square cluct with llT = 0.05 and T = 0.8 , 1.1 , and 1.4. 
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Table 2.1: Spacc-aY~ragccl \'alncs of counter slip velocity - ·u; /u l max at every wall in 

the calcnlatious with the present boundary conditiou for different T ancl ~.L:. 

~J' = 1/10 ~:r = 1/20 fl:c = 1/30 

T = 0.8 3.29 X 10-l 1.50x1o- 1 9.67x 10-2 

T = 1.1 4.57x 10- 1 2.10x1o- 1 1.35 X 10-l 

T = 1.4 5.86 X 10-1 2.71 X 10-l 1.70x1o- 1 

Figure 2.4 shows the calculated velocity profiles u1 / 'LL lmax along :r;2-direction at .T3 = 0 

with ~:1 : = 0.05 and T = 0.8 , 1.1 , and 1.4. It is seen that the calculated results for 

0.8 ::; T ::; 1.4 agree well with the analytical solution within n1achinc accuracy. For 

diff<'rent T ancl ~:r: , the spa('(~-avcragcd values of the counter slip velocity -TL~/ulmax 

at every wall ;u·c' shown in Table 2.1. l\ otc that the values of u'1 arc negative 

for all ca,ses. It is found from the results that the magnitude of the counter slip 

velocity increases a.."l T and ~x become larger. For cornparison with the present 

results , the sirnnlation of the sarne problem arc carried out with the bounce-back 

bouudary condition in which /3 = /6, /s = /12 , fg = /13 , /u =Its, and !t4 = /10· 

For fixed ~:r = 0.05, the calculated values of the slip velocity Us are 'U5 /lLJ , rn<tx = 

5..-12 x 10- 3 . 1.46 x 10-2, and 2.71 x 10-2 with T = 0.8 , 1.1 , and 1.4, rcspccti,·cly. It is 

fonucl frotu the r~snlts that using the bounce-back boundary conclitiou \VC haYc th~ 

slip ,·elocity a.t the \Vall aucl the slip velocity increas~s as T becmncs larger. I\ ext~ the 

errors of the calculated rcsnlts frmn the analytical solution arc cxa.n1incd for various 

~J: and T. If \VC take the ordering of thc a.sytnptotic theory in to account. the lcft-

hancl side of Equation (2.5.1) is of O(k2 ) since dp(1)/d.t:1 = 0, and thc right-hand 

side is of O(!tk). It follows that k is of O(p) and hence the errors arc proportional to 

[( T- ~ ).6.T]2. Figure 2.5 shows th<' error norrn Er1 = L:r2 L:r3 Ju1 - 'arl/ Lx2 Lx3 JuT I 
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Figure 2.5: Error nonn of a flow througl1 a square duct. The solid line indicates an 
incline of 2. 
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where the sun1s arc taken over the san1e 11 x 11 nodes on the square section for all 

cases. It is found that the errors decrease ahnost in proportion to [( T - ~ )6..TJ2 for 

various cornbinations of 6. ~1· and T. The srnall dispersion of the errors at the sanre 

value of ( T- ~ )6.:r is clue to the incomplete irnplcrnentation of boundary conditions 

such as periodic conditions with constant pressure gradient at inlet and outlet and 

no-slip conditions at corner lines on walls. 

2.5.2 Diffusion Problem between Parallel Walls 

The second problPrn is a rnt-1ss transfer between two parallel walls. The lower 

and upper walls arc located at :r2 = 0 and :r2 = 1, respectively. The two walls arc 

a.c..;snnH'cl porous ones and a constant nonnal flow VAo of con1ponent A is injected 

through the lower wall and is rernoved frmn the upper wall. On the other hand , the 

coiH'<'ntratiou of cornponent B at the lower and upper wall is n1aintaincd with p BO 

and PBl (PBo < PBI), respectively. Therefore, component B diffuses counter to the 

flow of cornponent A. The governing equation for this steady state probkm becomes 

(2.5.3) 

where IT 8 is a dimensionless concentration defined as follows: 

ITB = PB- PBO . (2 .5.4) 
PBl -PRO 

The analytical solution IT'B is given by 

(2.5 .5) 

2.5. .\T'.\fF:RTC.-H F:.\.UfPLES 
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Figure 2.6: Calculated concentration profile ITn = (pn- PBo)/(pn 1 - (Jno) of a rua.c..;s 
transfer problem between two parallel walls with 6..r = 0.1 ancl TB = 0.85. 
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Table 2.2: Error norrns of diffusion problern bcbvcen parallel \valls. 

~ : 1' 

0.1 

0.05 

0.025 

0.0125 

TR 

0.85, 1.15, aud 1.45 

0.85 , 1.15, and 1.45 

0.85 , 1.15, and 1.45 

0.85 , 1.15, and 1.45 

£'1'] Er2 

8.13x1o-3 6.61 X 10-3 

2.01 X 10-3 1.63 X 10-3 

5.00x 10-1 4.06 X 10-4 

1.25 X 10-4 1.01 X 10-4 

In the following calculations , we maintain the conditions at VAo/ DBA = 4 and 

PRI - fJRO = 1. The periodic boundary condition is in1posed in the x 1- and x3-

dircctions. On the lower and upper walls the bouudary condition \Vith constant 

couccutration of cornponcnt B described in Section 2.4.3 is used. It is noted that 

ou every corner line and at every corner point of the walls , one cannot dctern1ine 

uuknown distribution functions for component B by using the boundary condition 

for the saine reason as in the duct flow problen1. Therefore , the same procedure 

as in the previous problcn1 is conducted in this problem. Figure 2.6 shows the 

calculated concentration profile with ~x = 0.1 and T 8 = 0.85. The solid line and 

dosed circles indicate the analytical solution and the calculated results, respectively. 

It is seen that the results agree well with the analytical solution. 1\ext , the errors 

of the calcnlatccl results frorn the analytical solution with various 6.:-r and T 8 arc 

cxt-uninecl. It is SC'en frorn Equations (2.5.3) and (2.5.5) that 11 8 is not directly related 

to DBA as long a.s VAo /DR.'\ is kept at a constant Yaluc. Hence, TI 8 is independent 

of TR siucc the effect of TR appears in Inacroscopic variables only through D B1\. 

Thus, k is in proportion to 6.:r alone. It follows frorn the asyn1ptotic theory that 

the errors arc proportional to ( ~~r )2 . Table 2.2 represents the error norrns Er1 = 

L:T2 ITIR- I18 I/ L:T2 ITI'B I and Er2 = vL:x2 (TIR - TI'B )2 I JL:J'2 (TI'B )2 where the sums 

arc taken o\·cr the saine 11 nodes bct.\vccn the \valls for all ca .. c.;cs. It is clearly found 

that the cnors clccrca.sc in proportion to ( ~.r )2 regardless of TR. 

2.6 Concluding Remarks 

Iu this Chapter basic theories for the lattice Boltznutuu lllC'thod (LB1v1) arc 

described and nurnerical calculatious arc carriC'cl out to dnnonstratC' the validity of 

the theories. The results arc sunnnarizcd as follows: 

1. The a.syinptotic theory proposed by Sonc is applied to the LBivi with the 

fifteen- velocity model and the continuity cqnatiou and the r\ a vier Stokes equa­

tions for incon1prcssible fluid arc derived. Frorn the fluid-clyucunic type equa­

tions of the LBivi it is found that by usiug the LB1v1 one can obtaiu the 

n1acroscopic flow velocities and the pressure gradient for incornprcssiblc flnicl 

with relative errors of 0( k2
) where k is a rnodificcl Knudsen llUHlbcr \vhich 

is of the saulC order as the lattice spacing aucl is related to a cliincnsioulcss 

relaxation tin1e. 

2. A new approach for applying a no-slip boundary conclitiou at a wall is pro­

posed. In the present Inethod unknown clistrihutiou fuuctious at the wall arc 

assumed to be an equilibriurn distribution function with a couutcr slip velocity 

which is deterrnined so that fluid velocity at the wall is equal to the wall veloc­

ity. A thrcc-clirncnsiona.l flo\v through a square duct with a constaut pressure 

gradient is calculated with the preseut bouuclary couclitiou aucl the accnracy 

of the rncthod is investigated. Frorn the results it is found that tlw present 

boundary condition is accurate to rnodcl a uo-slip boundary iu the LBM. 

3. The LBM for a binary fluicl mixture with a si1uplc kinetic nwdd is proposed. 

The a.syrnptotic theory is applied to the LBivi for a binary fluid ruixture and 
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fluid-dynamic type equations arc obtained. From the fluid-dyn<:unic type equa­

tions it is found that by using the LBM for a binary fluid mixture one can 

obtain the rnacroscopic concentration of diffusing component with relative er-

Chapter 3 

Flo~ Analysis in Porous 
Structure by LBM 

3.1 Introduction 

In this Chapter , flcnvs in a thrcc-clirneusional porous structure arc UllllH'rically 

studied. As stated in Section 1.3, the previous studies arc tnainly based ou the 

volurne-avcraged approaches to obtaiu rnacroscopic properties of flows in porons 

rucdia. However , in the case of cmnplcx porous strncturcs snell <-L<-; with uou-nuifonn 

porosity, it is irnportaut to investigate flow characteristics in porons rnedia frmn 

the rnicroscopic point of view·. Recently, several studies on the iuv<'stigatiou of 

rnicroscopic behavior occurring a.t a pore scale haxc bccu carried on t for relatively 

low Reynolds nurnbers. As the Reynolds uurnb<'r increases, on tlw other hand , it is 

considered that flow fields in porous rnedia becmnc rornpletdy cliffereut fnnn those 

at low Reynolds nurnbers clue to the appean1ucc of unsteady vortices. Thus , it is 

interesting to study flow charactr'ristics in porous nwclia at high Reynolds nurnlwrs. 

partic-ularly in the transition region frorn laminar to turbulent flow. 

In the present study, the LBM with the fifteen-velocity rnodcl is clcvdoped and 

applied to simulations of flows in a thrce-dirncnsional porous structure. Flow char­

acteristics at a pore scale and pressure drops through the structure arc investigated 

49 
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at. high Rcyuolcls nurnlwrs a.c..; well a.c..; low Reynolds nurnbcrs. In additiou. flO"w char-

acteristics in the transition region frmn la.rninar to tnrbnknt flov,' arc exc-uninccl. 

3.2 Problem 

The probkrn of flow in a thrcc-dirnC'nsionaJ porous structure. sho\Vll iu Figure 3.1, 

is considered. ThC'n' exist nine identical spherical bodies in the rectangular don1ain of 

Ly = L z = 0.945L.r. ThC' body is rnadc up of a lattice block. The equiYaknt cliarneter 

DP of the body is 0.403L.r, which is dctcrn1incd by the procC'durc C'Xplained later in 

Scctiou 3.4. Then the porosity E of thC' strnctnrC' is 0.654. The ccntC'rs of the bodies 

arc located at (.r/ LJ .. y/ Ly, ::/ L z) = (0.21, 0.29, 0.22). (0.21, 0.74, 0.81). (0.22. 0.71 , 

0.22). (0.23. 0.32, 0.80) , (0.48 , 0...±9, 0.49); (0.75, 0.80. 0.29), (0.78. 0.23, 0.70). (0.78, 

0.78 , 0.70). and (0.80 , 0.23 , 0.29). 

3.3 Boundary Conditions 

Boundary conditions iu the LB1v1 , needed for the following sirnulations, arc prc­

seutcd. A no-slip boundary condition is used on thC' body. A periodic boundary 

conditiou with a pressure difference is used at the inlet ancl outlet . The othC'r facC's 

are considered slip v,;alls. 

No-Slip Boundary Condition on Body 

First. the boundary condition on the body is consiclcTC'Cl. As shown in Figure 

3.2 the lattice node P is a boundary point on the body aud S is a ta,ngcnt plane 011 

the uocle P. Here. let n be the nonnal \Tctor along the line cmu1ecting the node P 

with the center of the body. a,nd t and b the unit Yectors perpendicular to n. The 

Ydocity Ycctors of the particles ci arc written in terrns of the orthononnal bases a,s 

3.3. ROl:SD.'\RY COSDTTJO.\'S 

J 

~ 
Outflow 

H 

Figure 3.1: Threc-dirnC'nsional porous structure. 
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Figure 3.2: Tangent plane S on the lattice node of body and orthononnal bases n, 
t, and b. 

3.3. ROUND,\RY COSDTTTO:YS 53 

(3.3.1) 

As seen fron1 Figure 3.2, at the bouudary uodC' P the clistribu tiou functions with 

Cin > 0 arc unknown. The idea of the present rncthod is the s;-uuc as that of 

the no-slip boundary condition at the wall described iu Section 2.3.1. The unknown 

distribution functions are assumed to be the equilibriurn distribution functions given 

by Equation ( 2.2.12) with two cornponents of a counter slip velocity, u~ and 'l.L~n a..~ 

follows: 

j, = E,p' [ 1 + 3( c;,u; + c,bu~) + ~( c,,u; + c;bu~f - ~( u;2 + u;?J] for c;n > 0, 

(3.3.2) 

where p', 'U~, and 'U~) are unknown parameters. The three unknowu parameters arc 

detennined on the condition that the fluid velocity on the boundary node is equal to 

zero. Moreover, the fluid density Pw at the boundary node is an unknown quautity 

and is calculated by Equation (2.2.7). Hence, four equations for the four uuknowns 

are obtained. Assuming that u? and 'l.L~)2 arc negligibly srna.ll, th<' solntions ar<' 

obtained as follows: 

' G 'U =-
t F' (3.3.3) 

(3.3.4) 

L Cinf.i 
t i(cin~O) p = ---------------------------L Eicin(1 + 3cit11~ + 3c.;t/ll;J : 

(3.3.5) 

i(Cin >0) 

(3 .3.6) 
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where 

D, I: Cit.f'i· ( 3.3.7) 
i ( r,, :S O) 

D2 I: Cin Ji · (3.3.8) 
i(r~n :S O) 

D3 I: CiiJji, (3 .3.9) 
i( r.,, :S O) 

F 9 L Ei<it ( D2ci1- D1 Cin) X L EiCiiJ( D2cib- D3cin) 
i(r,, >0) i(r.in >0) 

-9 L Eicib(D2cit-DtCin) X L EiCit(D2cib-D3Cin), (3.3.10) 
i(r,, >0) ·i(r.;, >0) 

(3.3.11) 

H 
i(Cin >0) 

EiCit(D2CiiJ- D3cin ). (3 .3.12 ) 

Substituting Equations (3.3.3)- (3.3.5) into Equation (3.3.2) all the unknown distri-

bntion funetious on the boundary node arc dctermincd. 

Howcver. it should be uotcd that the counter slip velocity often causes nurucri-

cal instabilities at high Reynolds nurnbers. One rcasou for thC' fact would be that 

the ruatrix reprC'senting thc syste111 of the linear algebraic Equations (3.3.3)- (3.3.6) 

bccornes ill-conclit.ioncd (nearly siugular). Thus. Eqnatiou ( 3.3 .1 0), which is cleuoin­

inator in Equations (3.3.3) and (3.3.4), approaches zero a ... c.; thC' Rcyuolds number 

increases. In prcliruinary coruputations of thc thrcc-din1ensional duct fio\:v problem 
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clcscribecl iu Section 2.5.1. the rnagnitucle of the counter slip velocity decreases a.c.; 

T aucl ~ . r lH'conl<' s1ualkr. In the followiug ~i1nulatious. sine<' ~ . r is kept at about 

1/70 and T is changC'cl in the rang<' of sntall Yalnes ( approxi1uatcly lH't\\·e<'ll 0.52 

aud 0.55 ) at high Reynolds munl)('rs. it is esti1natcd by the extrapolation that the 

Yalue of the COlllltCr slip Yclocity is at lllOSt about 3 rv .J c;{ of the lllain fio\\· \·docity. 

Therefore. two con1poncuts of the counter slip velocity. ~~~ aucl l/~1 • arc set to lH' zero. 

Theu we havc ouly oue unkno'ivu pararnctcr p'. \\.hie h is reduced to 

(3.3.13) 

Periodic Boundary Condition at Inlet and Outlet 

A periodic bouuclary condition with a pressure cliff<'H'ne<' ::::.p is used at th<' inlet 

aud outlet clcscribccl in Section 2.3.2. 

On the corner liuc. e.g .. on the liuc CD iu Figure 3.1. f2- fs1 f1o · h 1·. f~:3· f:3· fD· 

aucl ft ·1 arc unknown. Iu these uukuowu clistribntiou fnuctious . . h. f s. f 1o. f 11 • aud 

f11 arc cletenninccl by the boundary conclitiou at the iukt. aucl t lH' ot hC'rs. f:1. fD. 

and f 1 •1. arc cletcnninccl by thc slip boundary conclitiou dC'scri h<'d below. 

Slip Wall Boundary Condition 

Finally. a slip boundary conditions at thC' side wall is prcsC'nt<'d. For c'xarnple , at 

the lattice node on the facC' CDHG in Figure 3.1. j3. fg. j9. f 11 . ancl f 1t1 arc nnkuowu 

distribution functious aud simply cktennincd as follows: 
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calculations . Iu this study. \Ve tried to dctcnniuc the value of DP by c:ornparing 

!3 !6· a calculated pressure drop with the Blake- Kozeuy equation at the lo\\·est Reyuolcls 

f s ho , 
uurnber a .. c.; explaiued bdcnv. The dctcnnin<'d value of DP is <'qual to 29. -L .. ~ . r. and the 

fg !Is , (3.3.14) 
porosity E of the structure is 0.654. In the calculations , the prcssnr<' diffcrcuce ~p 

fu !13 , 
between the iulct and outlet and the fluicl viscosity p. arc changed so that the range of 

!14 h2· 

On the corner line , e.g. , on the line DH , j3 , fs , fg , fu , h4 , !1 , h2 , and !13 arc arc the tirnc- and space-averaged density and velocity at the inlet after transitional 

unknown . In these unknowns , j3 , f s, fg , f 11 , and !14 are determined by Equa- flows , respectively. The initial conditions for the flow vdocity and density are u = 0 

tion (3.3.14) , and the others , J7 , JI 2 , and f 13 , are determined by regarding the line and p = 1 in the whole domain. In preliruiuary cornputatious , 38 x 35 x 35 and 

DH as a part of the face EDHI , i.e .. 49 x 46 x 46 cubic lattices were also used. Theu alrnost gricl-inclepcndent results 

were obtained at low Rcyuolds uun1bers ~ but unnH'rical instabilities occluTecl at high 

(3.3 .15) 
Reynolds nurnbers when the coarse grids were used. 

3.5 Results and Discussion 

Moreover , the unknown distribution functions at the vertex can be dctennincd by 3.5.1 Flow Characteristics and Pressure Drops 

the cmnbination of the abovc-nlCntioncd conditions. For exan1ple , at the vertex D , 
Figures 3.3- 3.5 show the calculatccl results of velocity \'<'ctors ou the different 

the unknown distribution functions are !2 , j3 , !1 , fs , fg , !10 , !11 , !12 , h3 , and !1-1· 
planes (y/Ly = 0.17 , 0.62 , and .T/L:r = 0.51) for various Reynolds nurubers after 

In these unknown distribution functions , !2 , f s, !10 , fu , and !13 , arc detennined by 
trausitioual flows. In these figures , the length of vectors is rwnualizccl so that the 

the procedure at the inlet and the others , j 3, f 7 , fg , !12 , and !11 , arc detcnniuecl by 
'Uin has the sarnc length in spite of different Rcyuolds nurnlwrs , and the bodies iu 

the abovc-rncntioncd slip boundary condition on the side. 
the structure arc clcpictccl by the spheres with the equiYalent clia.ruetcr DP. It is 

3.4 Computational Conditions 
found frorn Figures 3.3- 3.5 that at low Reynolds nnrnber Re = 0. 842 , the fluid flow 

avoids the bodies aud goes through opeu spaces. At Rc = 20.3 , 011 the other hand. 

The whole dornain is clivicled into 73 x 69 x 69 cubic lattice in the .r-. y-, and the flow separations hegiu to occur and weak nntices :-tppear behind the bodies. At 

.:-directions. The diaructer of the circurnscribcd sphere of the body is 28.4~.T. It Rc = 164, the vortices bf'hind the bodies grow thrce-dirncnsionally aucl heucc the 

is expected that thr equivalent diarn<"'tcr of the body. Dp. is larger than that of flow field on :r/ L:r = 0.51 is completely different frmn those at the lower Reynolds 

the circurnscribed sphere, but one cannot dctern1ine the value of Dp in advance of 
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z 

(a) 

z 

X 

(b) 

Figure 3.3: Vrlocity Yectors on the plane y I Ly = 0.17 in the porous structure for 

various Reynolds nnn1hers: (a) Rc = 0.842, ll.in = 4.29 x 10-3
; (b) Rc = 29.3i ·uin = 

1.86 X 10-2 ; (c) Rc = 164 'Uin = 4.46 X 10-2
. 
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(a) 

X 
(b) 

z 

X 
(c) 

Figure 3.4: Velocity vectors on the plane y I Ly = 0.62 in the porous structure for 

various Reynolds nurnbcrs: (a) Re = 0.842 i Uin = 4.29 x 10- 3 ; (b) Rc = 29.3. ·u·in = 
1.86 X 10-2 ; (c) Rc = 164. 'Uin = 4.46 X 10- 2 . 



60 CHAPTER 3. FLO'\.\' ANAT.YSTS TN POROUS STRUCTURE BY LRiH 

(a) 

(c) 

Figure 3.5: Velocity vectors on the plane .r/ Ll. = 0.51 in the porous structure for 

various Reynolds numbers: (a) Rc = 0.842~ Uin = 4.29 X 10-3
; (b) Rc = 29.3 , 'Uin = 

1.86 X 10-2 ; (c) Re = 164, 'Uin = 4.46 X 10-2
. 
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llurnlwrs. Also, it is foullci that at the high Reyllolds lllunlwrs the strellgth of each 

vortex varies a" tirnc goes ou . and the flow field lwcmnes tirne-clepelldcllt. It is noted 

that the tinw variatioll oft lw space-axeragccl velocity a.t the illlet ill this ca.'-ic' is only 

about 2% of the IIH'i:Ul \'aluc ill spite of the large tinH' variatiolls of the local velocity 

fields as shown later (e.g. Figures 3.8. 3.10, ancl 3.12). 

Finally, the calculated results of pressure drops arc cornparecl ·with well- knowll 

crnpirical equations ba."ed Oll cxpcriruental data. Figure 3.6 shows the clirnellsion-

numbers Rc' = Re / ( 1 - t ). It is noted that the porosity t of the structure depends 

Ollly on DP as long <-1...'-' the \Vhole rectangular dornain is unchallgccl. As llH'ntiolled 

aboYc , we tried to clctcnnine the value of DP by emu paring the calcula.tccl pressure 

drop with the Blakc- Kozcny equation a.t the lowest Reynolds llUinlwr. The error 

bar at the lowest Reynolds nurnlH'r in Figure 3.6 shows the range of the results 

calculated by changing the Yaluc of DP hctwccll 28.-!~ . l' and 30.-±~ . r . Cmnpariug 

the calculatccl results \Vit h the Blake- Kozeuy cquatiou. it. w:-ts fonnd that a good 

agrcerncut is obtained with DP = 29 . .J:~.r ~ as shcnn1 by the dosed c·irdC' in Figure 

3.6. Then the sarne value of DP was used for other Reyllolds nurul)('rs. It is S<'ell 

frcnn Figure 3.6 that the calc·ulatecl results of the prC'ssurc drops agn '(' well with th<' 

e1npirieal cquatious for the wid0 range of the Reyuolcls muulH'rs. although at the 

high Reynolds nurnbcrs the cakulat.C'd results l)('C'CHlH' a.littl<' s1naJl<'r 1' hall the Ergull 

<'quation. It is also found frorn Fignn'S 3.3- 3.6 that the regiou of the nc'yuolds nnnl-

bcrs where the pressure drops clcYiatc' froru the I3lake Koz<'llV equation c·onc'spollcls 

to the appearance of the vortic<'s behiud the bodies iu t h<' struC't.Ur<'. 
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Fignre 3.6: Press nrc drops versus Reynolds ruunbers in the porons structure: • : 
the present calcnlatcd results; - - - ; the Blake- Kozeny equation; - . the Erguu 

equation. The error bar indicates the range of calculated results by cha11gi11g DP 
bet\\TC11 28.4~.1' and 30.46.r:. 
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3.5.2 Analysis of Unsteady Flows 

l\ ext. in order to inYestigate the characteristics of the tra11sition frc)lll la1ni-

11ar to turbnle11t flow. the Ydocity fluctuations. the p<nver spectra. a.ncl the tur-

bukncc intensities arc calculated at three differe11t poi11ts in the structure. These 

points arc located at (:r/ L1.~ y/ Ly. :;f L z) = (0.45. 0.62. 0.09). (0 .51, 0.84 ; 0.1-!). and 

(0.55,0.17.0.88). In the following these points are referred to a .. ":l P 1: P2. and P3. 

respectively. These points an"' depicted by the syrnbol ~ in Figure 3.7. The point 

P 1 is located in the wake behind a body. The poi11t P 2 is, 011 the other haucl. lo-

cated in front of a body and the fluid is affected by approaching flows. Also, the 

1nagnitude of the ti1ne-aYeragccl flow vdocity at the poiut P 2 is largest iu the three 

points. Finally. the point P 3 is located iu fro11t of a bocly aucl hehiud another body. 

Thus, the fluid at the point P 3 is affected by both flow characteristics. 

Fluctuations and Power Spectra 

Figure 3.8 shows the fluctuations of the .r-con1poueut of the flow Ydocity. ll1 .. 111 

the rauge of 84.9 ~ Re ~ 164 at the point P 1• In the followiug analysis. the caku-

latccl results of flow vdocity after trausitioual states arc used. First. at R<' = 84.9 

flow Yclocity is tirne-inclcpeuclent ; but at Re = 94.3 a p<'riodic sinusoidal fluctuation 

with almost constant arnplitudc and frequency ca11 lH' scc11. Thc11 at Re = 107, the 

sinusoidal fluctuation is rnaintaincd. although the ;-unplitude of the fluctuation bC'-

cmncs a little larger. At Rc = 127. on the other ha11d. it is expect<'d that th<' Yclocity 

fluctuation has different frequency cornpoueuts lH'cansc th<' ainplitnd<' ancl frequency 

slightly change with tiruc. Howe\·cr. it should b<' uot<'cl that one' cannot cletcnni11<' 

only fron1 the results of the \·clocity fluctuations whether the fr<'qne11cy cornpo11cuts 

arc incornrneusuratc or hannonic with each other. Moreover. at Rc = 145 and 164. 
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Figure 3. 7: Velocity V<'ctors at Re = 127 and the location of t hC' points 1 P 1. P 2 ~ 

and P 3 (indicated by [8] ) , where the fluctuations of th<' flow velocity arc inYcsti­

gated: (a) P1, (x/L~nY/Ly,z/Lz)=(0.45,0.62 , 0.09); (b) P2, (.T/L 1.,y/Lv,z/Lz)= 
(0.51, 0.84, 0.14); (c) P3 , (.r/ LJ'I vi Ly, ::/ Lz) = (0 .55. 0.171 0.88). 
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Figure 3.8: Fluctuation of the .r-cotnpou<'nt of th(' flcrv,· \·docity aJ thf' point P 1 • 

ft.:J. is the tin1c-axeraged Yalu<' of nJ.: (a) R<'=84.9; (b) RC'=94.3; (c) Rr=107; (d) 

Rc= 127; (c) R<'= 145; (f) Rc= 164. 
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Figure 3.9: Power spectra of the velocity fluctuation at the point P 1. St is the 

Strouhal nurnbcr St=FL'.l.juin, where F is a frequency: (a) Rc=127; (b) Rc=145; 

(c) Re=164. 
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the arnplitndc bccouws still larger aud their rnaguitude chauges \Vith tirnc in an 

irregular n1aurHT. I\ ext. the pov:cr spectra of the vcloci ty flnct ua.tiou arc c:alcnlatccl. 

Here. only the typical results at Rc = 127. 1.J:5. and 16.J: arc shcnvu in Figure 3. 9. 

Iu the <-Ulalysis , the nurnber of sarnpling data is .J:O ,OOO dnriug clirncusionlcss tirnc 

tuin/ L:l.' = 18.9, 21.6 , and 24.4 at Re = 127, 145 , ancl 16.J: , rcspcctin'ly. In Figure 

3.9 the horizontal axis represents the Stronhal nnrnlwr St = F LJ. / fiin , where F is a 

frequency. At Re = 127, it is seen that thC' power spcctnun h<-Lc.; distinct peaks at 

St = 4.54 and its hannonic , St = 9.09. Thus, the behavior of the velocity flnctnaticm 

in Figure 3.8( d) is considered periodic with a single fnuclarncntal frcqnC'ncy. At 

Re = 145 , on the other hand , two peaks appear at St = 1.80 ancl .J:.39 , which arc 

both diffcrcut frorn abovc-nlCutionC'd frequencies at Rc = 127. It is consiclerccl that 

these tv,ro frequencies arc expected to be incorurncusuratc : that is: the ratio of these 

two frequencies is irrational. This rncans that the behavior of the fluctuatiou is 

quasi-periodic , or double-periodic with the two diffcreut fuuclarueutal frecpwucics. 

However , it is uotcd that onC' caunot decide whether this is t.nw only fron1 the 

results of the power spectrurn. Besides , at Rc = 164 siuce the power spectn1111 has 

no distinct peaks , it is consiclcrccl that a nou-pcriodic fluctuation occurs. Therefor<' , 

frorn these results the following conclusions arc obtaiued. At the poiut P 1 , t.lw st<'acly 

larninar flow is at Rc = 84.9 . The unsteady larninar flow occurs at Rc = 94.3 : and 

it. is still rnaiutainccl at Rc = 107 and 127. Thcu the trausitiou froa1 larniw-1x to 

turbulent flow begins to occur at Rc = 145. 

I\cxt: the sarnc analyses arc caniccl out at the points P 2 and P 3 . The fluctuations 

of the :r:-cornponent of the flow ,·clocity and their puv-.rcr spectra at the points an~ 

showu in Figures 3.10- 3.13. At the point P 2 (Figure 3.10 ): the flow velocity is 

tin1e-independent at Rc = 84.9. \Vhen the Reynolds nnrnbcr bccorncs Rc = 94.3 , 
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Figure 3.10: Fluctuation of tlH' .r-co1nponcnt of the flow Yclocity at the point P 2. 

i'i.:r is the ti1nc-avcragcd Yaluc of 'U :r: (a) Rc=84.9; (b) Rc=94.3 ; (c) Re= 107; (d) 

Rc=l27; (e) Rc=145; (f) Re=164. 
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Figure 3.11: Power spectra of the \·clocity fluctuation at the point P 2 . St is the 

Strouhal number St.=FL:r(uin , where F is a frequency: (a) Rc=127; (b) Re=145; 
(c) Re= 164. 
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Figure 3.12: Fluctuation of the :r-cornponent of the flow Yclocity at the point P3. 
fi,:r is the tiruc-avcra.gcd valnc of ·ur: (a) Rc=84.9; (b) Rc=94.3; (c) Rc= 107; (d) 

Re = 127; (c) Rc = 145; (f) Re = 164. 
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Figure 3.13: Pov.rer spectra of the velocity fiuctuatiou at the point P 3 . St. is the 

Strouhal number St = F L:r· /Ttin ; where F is a frrqncncy: (a) Rc = 127; (b) Rc = 145; 
(c) Re = 164. 
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on the other ha11cl 1 it is found frorn Figure 3.10(b) that the appcariug fluctuation 

is ahnost periodic but not sinusoidal That is, the upper portio11 of the wave shape 

is fiat and the lower is sharp. In additiou, the arnplituclc of the finctuation is 

Ycry large) and especially at Rc = 145 and 164 the fluctuation has rnan)' high­

frequcucy cornponcnts. r\ext, frorn the results of the power spectra (Figure 3.11), it 

is considered that the transition frorn larninar to turbulent flow occurs at Re = 145 

for the sanlC rrason as that at the point P 1. At Rc = 164 broad-band power spectrun1 

appears over a wide range of frequency and the slope of the power spectrurn is nearly 

-5/3 around 4 :s; St :s; 20. In genrral, the appearance of the slope of -5/3 in the 

power spectnun is known a.':l a halhnark of turbulence. Hcnvcver , it can be seen 

that the flow is 11ot contplctdy turbulent because the ·weak peaks arc still rernainecl 

aronncl St = 2. Therefore, it is consiclcrccl that at Re = 164 the flow is just in 

tll<' <'arly stag<' of turbulence. Finally, at the poiut P 3 (Figure 3.12), it should be 

11otcd that the periodic fluctuation already occurs at Re = 84.9 1 while it docs not 

appear at the points P 1 and P2. At Rc = 68.1 the fl.o\v docs not change with 

tirnc although the result is not shown. As the Reynolds number increases, the 

fl.uctuatiou has srnall an1plitudc but rnorc high-frequency con1ponents and becorncs 

very cornplicat<'d. 1\ ext, frorn the results of the power spectra (Figure 3.13) ~ it 

is found that at Re == 127 the qua..'-'i-periodic or triple-periodic fluctuation \vith 

three different fnndanwntal frequencies already appears~ aud thus the transition 

fron1 larniuar to tnrbulcnt ficnv begins to occur. At Rc = 1.f5 the finctnatiou has 

aln1ost broad-band power spcctrun1 except for one peak at St = 2.63, aud at Rr = 

164 cornplrtdy broad-baud power spectrun1 appears. ThC'rcforc~ it is found frmn 

the abcn'C'-rneutioncd results that at the poiut P 3 the Reynolds uurnbcrs where the 

velocity fluctuation begins and the transition fron1larninar and turbuleut flow occurs 

3.5. RES[: J.TS .i\ .\·n DJSCTSSTOS 13 

arc both lowest iu the three points. 

Turbulence Intensity 

Finally, turbulence inteusity of the .r-cmupou<'nt of flcn\' ,·clocity at the three 

poiuts is calculated iu the range of 68.1 :s; Rc :s; 164. The turbulence iutensity ]
1

. is 

defined as 

(3.5.1) 

where ('u.J. - liJ: )2 rcprescuts the tirnc-avc'ntgccl \'<-tln<'. Iu the analysis. the 11nrul)('r of 

sarnpli11g data is 8~000 i11 clirncnsiouless tirue t-liin/ L 1. = 2.45. 2.53. 2.81. .3.19. 3.78. 4.05, 

4.33~ 4.57, a11cl 4.89 at R<' = 68.1, 84.9, 94.3, 107, 127. 136. 1.f5. 153~ aucl 1G4, respec­

tively. Figure 3.14 shows the caknlatecl turbul<'uce i11teusity versus R<'yuolcls uuu1-

bers. It is fouucl fron1 this figure that at the poiut P 1 thC' ,·aln<' of I.r is approxirua.tdy 

zero at Rc :s; 84.9, where the flow velocity clo<'s 11ot finctuatc'. and irHT<'asc's gradu­

ally with incrcasiug Rc. On the contrary, at the poiut P 2 thC' v;-tlu<' of ]
1

• ill<T('asc's 

at 84.9 :s; Re :s; 145, dC'cTcascs slightly arouud Il<' ~ 150. and th<'ll increa..'-i<'s agaiu 

at Rc ~ 150. Also, at the point P3 the clcpendcllc<' of 11 . 011 t.hC' Rc'yuolds muulH'r is 

quite sin1ilar to that at the point P2. although the rnaguitncl<' of the turbulcnc<' iuteu­

sity is rnuch srnallcr than the pre\·ious one. That is , 11 . irHT<'asc's at 68.1 :s; R<' :s; 100. 

decreases slightly at 100 :s; Re :s; 135. aud then irHT<'aS<'S again at R<' ~ 13S. Frmu 

the results in the preceding Section as wdl a.'-i in this S<'ct.ion. the followiug corwlu­

sions arC' obtained. The value of the turbulcuce i11tcusity of tb<' fl.c)\v velocity first 

increases with increa,sing Re in the unsteady larniuar flow region aud iu the C'a.rly 

stage of transition from laminar to turbulent flow 1 then decn'as<'s sligbtly; and fiually 

increases again around a critical Reynolds n urn her , where the flow is considered to 
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Figure 3.1-±: Turbulence intcusity of the :r-cornpoueut of flow velocity versus Reynolds 

uurnbers. 
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bcconH' turbulcut. At the point P 1 • ou the other haud 1 the value of IJ. rnonotonously 

iucrcc-t..~cs in the raugc of Rc :::; 164: aud the slope of -5/3 iu the power spcctnun 

canuot be dearly se('ll. Therefore. it is considered that the trausitiou frorn larninar 

to turbulcut docs uot occur at Rc = 164. 

Fiually, the sarnc analyses were carried out for they- aud .:-cou1poncuts of the flow 

velocity at the three points, though the figure's of these results arc uot showu. At 

the point P 2 . we cau s<'e that th<'rc arc a little difference in the results at Re = 16-±. 

That is , in the power spectra of the y- aud .:-cornpoueuts of the flow \'docity. weak 

peaks rcrnain around St ~ 4.5 as well as around St. ~ 2. In additiou. the turbuleuce 

intensity of the y- aud z-cornpouents of the flow velocity at Rc = 164: still decreases. 

while the turbulerH·c intcusity of the .r-cornpoucut bcgius to irH·n'asc agaiu. Hcucc . 

it is fouucl that the behavior of the trausitiou frorn larniuar to t.urbulcut flow clq)('uds 

on the cornponents of the flow velocity at the point P 2 . At. the poiuts P 1 aucl P 3 , 

on the other hand , alrnost the saUH' results arc obtaiuccl in spite of the cou1poucuts 

of the flow velocity. 

3.6 Concluding Remarks 

The LBM with the fiftccu-vdocity rnoclcl is applied to sirnulations of fluid flows 

1n a three-dimensional porous structure. Flow fields at a pore scale ancl pressure 

drops through the structure are calculated for various Reynolds uurnbers. Also, the 

characteristics of uusteacly flows in the structure at relatively high Reynolds uurubcrs 

arc iuvcstigatcd. Froru these results the followiug coudusious arc obtaiuccl: 

1. The calculated pressure drops agree well with the Blakc- Kozcuy cquatiou for 

low Reynolds numbers ancl with the Ergun equation for high R('ynolcls nurn-

bers. 
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2. \Vhcn the Reynolds nurnbcr. defined by the superficial velocity and the equiv­

alent diauwtc'r of the body, is higher than about 80, unsteady vortices appear 

bC'hind the spherical bodies and the flow fields becornc tirnc-dcpendent. 

3. Frmn the fluctuation of the flow velocity and its power spectrum, it is found 

that in the transition region from laminar to turbulent flow a periodic fluctu­

ation appears at first, then the fluctuation hccornes qua .. si-pcriodic. ancl finally 

a uou-perioclic and cornplicated fluctuation appears. 

4. It is found that the Reynolds rnunbers where the \·elocity fluctuation begius 

and the transition fronr larninar and turbulent flow occurs depend on the 

positions in the structure. 

5. Tnrbuleuce intensity of the flow velocity first iucreascs with incrca..sing Reynolds 

munlH'r in the unsteady larninar flcwv region aud in the early stage of transition 

frorn larniuar to turbulent flow. then decreases slightly, and finally increases 

again around a critical Reynolds nurnber. where thC' flow is considered to be-

c·ornc turbulent. 

Chapter 4 

Flow and Mass Transfer Analysis 
in Porous Structure by LBM 

4.1 Introduction 

Iu this Chapter. flow andnt<-1..<-;S transfer in the t hn'<'-dinH'llsional porous structur<' 

arc unnHTically studied. As shown iu Chapter 3. the flcnv charact<'ristics in th<' 

porous struct un' at high Reynolds n nrnlwrs arc \·<'ry corn plic at <'cl a.11cl quit.<' diff<'r<'ll t 

frorn thos<' at low Reynolds uurnh<'rs . Iu particular. COIH'<'nting ll<'at/rw-l..c:.;s trausf<'r 

in porous rnedia at high Reynolds munbcrs, the \·olurnc-averagccl approa,chcs oft<'ll 

give the incorrect estinratc' of rnacroscopic propcrti<'~ clue to the turbnl<'Ilt vort<'x 

rnixing , \vhich is referred to a..c:.; 'dispC'rsiou· (Koch & Brady 1985; Hsn & Ch<'ng 

1990) intrinsic to turbulent flows through porous rnC'dia. Ther<'for<'. it is <'SS<'ntial 

to invC'stigatc the relation bC't\VC'C'll hC'at/nt<-1..<-;s trausfcr aucl fluid flow characteristics 

frorn the rnieroscopic point of ,·iew. 

In the prcseut. study, the LB1v1 for a binary flniclrnixturc is dcvdop<'cl and applied 

to the problcrns of flcnv anclrna.c:.;s transfcr in the porous structur('. Th<' applicability 

of the method to caleulatious of concentration profiles and of Sherwood nurubcrs in 

the structure is investigated. 

77 
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4.2 Problem 

The problcrn of flo\v and nl<-l.c..;s transfer in the thrcc-dinlCnsioual porous structnn\ 

shown iu Figure 3.1, is cousidcred. The details of the structure arc explained in 

Chapter 3. 

Iu this stncly, it is a,.ssurnccl that the fluid of A-species flows through the structure 

ancl B-spcciC's is diffused from the bodies. A periodic boundary condition with pres-

sure difference is cousidcrcd at the inlet and outlet. A slip wall bouudary condition 

is applied to the other sides of the dmnain. 

4.3 Boundary Conditions 

Boundary couditious for B-partide distribution functions, which arc needed 

for si1n nlations of flow and rn~:-1..c..;s transfer problem in the structure, arc presented. 

Boundary couditions for compouent A arc the same as ones described in Chapter 3. 

On the Body 

At the lattice node P on the body, shown in Figure 3.2, two types of boundary 

<"oudition for cornponE'nt B arc considered. One is the case that concentration of 

cornponent B is given at the surface of the body, and the other is the case that norrnal 

rna.ss flux of cmnponcnt B is constant at the surface. The distribution functions of 

cmnponcut B such that ci · n > 0 arc unknown at the lattice node P. As iu the case 

of single pha .. se flow, \vhcu the concentration of co1nponcnt B is giYcn at the node 

P, it is assurncd that the unknown distribution functions haxc a sirnilar fonn of the 

equilibrinn1 distribution function given by Equation (2 .4.1 0). In the following, the 

counter slip velocity \vhich has two cornponents at the node P is a .. ssurncd to be zero 

for the sarne rca..son as described in Section 3.3. Then the unknown distribution 
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functions arc expressed by 

for ci · n > 0 1 ( 4.3.1) 

where p~ is au uukuown pararnctcr. The uukuown pararnctC'r is clctC'nniuccl ou thC' 

condition that the couccntratiou of cmnponcn t B at the node P is equal to a giY('Il 

value PBiw· Substituting Equation (4.3.1) and the known distribution functions fBi 

for ci·n:::; 0 into Equation (2.4.2) for a=B, the uuknowu pararnctcr p'8 is specifiC'cl 

as follows: 

(4.3.2) 

On the other hand, when nonual1nass flux of cornpoucut B is cousta.ut Yalnc 'II 87, ( = 

PBiw11Bn) at the node P, the uuknown distribution fnuctious at the uod<~ P arc also 

assurncd to be Equation ( 4.3.1). In this case, substituting Equation ( 4.3.1) and the 

known distribution functions fBi for Ci · n :::; 0 into Eqnatiou (2.4.3) for a= B , tlw 

unknown para1neter p'8 is specified a.s follows: 

nRn- L (ci · n)JRi 
, i(C;·n ::; o) 

PB = ----~=--------------2.:: (ci·n)£1 
( 4.3.3) 

i(C;·n>O) 

On the Side of Domain 

On the sides of the dornain except for the inlet and outlet, \Vc assurnc that 

the normal flux of component B is equal to zero. Thus , the boundary condition 

on the body with constant n1a..ss flux is also applied to this case by setting the 
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constant value n Bn in Equation ( 4.3.3) to be zero. For ex<-unplc, at the lattice node 

on the face CDHG iu Figure 3.1. we express the nukllo\Vll clistribntion fnnctious 

!R3· fn s- !R9· fniJ, aucl fnH by using Equatiou (4.3.1). The unkno\Vll panuneter 

p'8 is giv<'n by Equation ( 4.3.3) for n Rn = 0, i.e., 

P
1
n = 6(fn6 +Jato+ !Bt2 + fn13 + fn15). (4.3.4) 

On the corner line, e.g., on the line CG , fn3, !Btt, !Bs, fBg, !BIO, !Bll, !BI4, 

and f 8 I.'J arc unknown distribution functions. In these uuknowns, since f BIO, f n 11, 

f R 14 , and f 815 an"' the distribution functions whose velocity poiuts front the outer 

to outer region. one cauuot detenninc the above-rncntioncd nukuowu distribution 

fnuctions <'V<'ll though the li11e is regarded as a cornn1011 part of the two faces. In 

th<' pn'scut calculations, all the distribution functions including known chstribution 

fn11ctions on the CG a,rc set to })(' averaged \·aluc of the corresponding distribution 

function at two nearest neighboring lattice nodes in the v- and .:-directions. The 

same procedure is used on the other three corner lines and at every Yertex frmn C 

through J. 

At the Inlet and Outlet 

At the inlet and outlet, a periodic boundary condition is a.ssnrued. For grYcu 

values of Reynolds and Sehrnidt nurnbers, the solution of the dirueusionlcss cou-

C<'ntratiou (Pnlw- PR )/(PBiw- PBiin), where PBiin is a tirne- and spacc-aYentgecl 

concentration of cornponcnt B at the inlet in each periodic scctiou. can be uniquely 

obtained in every periodic section. Howe\-cr , the concentration of component B at 

the inlet is unknown quantity in advance. Thus , the concentration difference 6.pB 

between the inlet and outlet is specified. 
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The unkuo\Yn distribution functions at the inlet and outlet arc clctcnnincd a.<-; 

follows .. -\t the iulct. the nHkHcnnl distribution functious ar<' frn_. f 88 . f 810 . f 811 . 

aucl fRI3 · Takiug accouut of the fonu of th<' cqnilibriuut cli~tribntiou functious gin'll 

by Equation ( 2.4 .1 0) and neglecting the sccoucl- aucl higher-order tenus of Kuuclscn 

nurulwr contparcd with th<' tenus of 0( 1). we a.<-;snrne that the nnkuo\Vll clistri bn t.iou 

functions at the inlet can be written by aclcli11g constant ,·alncs to the corrcspoucli11g 

knowu distribution functious at the outlet as follows: 

for i = 2. 8. 10. 11. 13, (4.3.5) 

where I\1 - J\.1 arc co11stants and ci:r' ciy, and <'i:. arc the .r- , y-, aucl :.:-contpoll<'Hts of 

the velocity vc'ctor ci , respectively. Sirnilarly. at th<' outlet. the uuknowu distributiou 

fu11ctions .fR:J, fng. fRI2· fRJ .1, aud .fR15 ar<' a.c.;s1uncd to be writt<'ll by subtractiug 

constant valn<'s from the corresponding kuowu distribution functions at. th<' inlet: 

fnilout. 

for i = 5, 9, 12, 14, 15. ( 4.3.6) 

Theu the consta11t Yalucs J\1 , J\2. l\3 , and J\4 arc clctcnniucd by the following 

conditions. First. the concentration difference of con1poucnt B b<'tWe<'u the inlet 

and outlet is equal to 6.p R ( = (J n lout.- p B I in), that is. 

15 
L)fRilout- fBi lin) = 6.pn. ( 4.3.7) 
i=l 
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1\cxt, considering the boundary condition for cornponcnt A at the inlet and outlet, 

we get 

15 

'""" ( f I f I ) Ap 'U I for a = .r ., yt , z, ~ Cirx Bi out - Bi in = Ll B Arx in (4.3.8) 
·i=l 

where u.Aolin is the n-cornponcnt of the flow velocity of cornponcnt A at the inlet. 

Therefore , we fiually obtain four equations for four unknowns. The solutions arc 

obtained as follows: 

](;. 

3 [!sJiont ~ /RJj;, + /s3lont ~ /s31i" + /R4Iout ~ /s1lin 

+ /RG !,,,, ~ f RG I in + f 871 ...... ~ f ml;, ~ !::>(JR l' 

9 [1 R3lont. ~ .fRJI;n ~ /sGim•l + /sGiin ~ !::>ps UAylin] ' 

9[/s1lont ~ .fs4lin ~ /s?lout + .fmhn ~ !::>(JR ltAzhn]· 

( 4.3.9) 

(4.3.10) 

(4.3.11) 

( 4.3 .12) 

Substituting Equations (4.3.9)- (4.3.12) into Equations (4.3.5) and (4.3.6), all the 

nnknown distributiou functions for cornpoucnt B at the inlet ancl ontlct arc deter-

ruined for the given ~p B. 

Iu adclitiou, the uuknowu distribution functious on the corner lines of the inlet 

aucl outlet except for the vertices arc calculated by the cornbination of the above-

rncnticmccl bonudary conditions at the iulet and outlet ancl on the sides of the 

clornain. For cxa.n1plc, on the liucs CF aucl G.J in Figure 3.1. taking accouut of the 

to be written by the following equations with coustant values 1\s, K6, and J\7: 
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Then, the other unknown distribution functions arc expressed by nsiug Eqnatiou 

( 4.3.1) with paran1etcrs p~ I in and p'8 lout. The unkuown pararneters arc cletenniued 

by Equations ( 4.3. 7), ( 4.3.8) for a= .T , y , and ( 4.3.3) at the iulct aud ontlct. Hcucc. 

we obtain five equations for five unknowus. The solntious arc givcu by 

3 [.f RJ!out ~ f 81 j;, + .fs3lont. ~ .fRJiin + .fsGionl 

~ .fsGI;n + 2(fmlont. ~ .f R71in) ~ ~(JR ]. (4.3.15) 

(4.3.16) 

18 [.fs3lont. ~ .fs3l;n ~ .fsGiont.. + .fsGiin ~ 6.pJ11tAyj;,], ( 4.3.1/) 

~(!{5 +KG)+ 6 [.fml;n + .fs1 J!,,, 

+ .fsdin + .fndont. + .fnHiin], (4.3.18) 

~~(I<o ~KG) +6[.fmlont. + .fs11lont. 

+ .fnd .. + /Hd,,,, + .fsHi; .. ]. (4.3.19) 

The same rnethod is used on the other corner lines of the inlet and outlet. 
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4.4 Computational Conditions 

The cmnputational clcnnain is divided into 73 x 69 x 69 cubic lattice in the .r-. y-:. 

and -:-directious. The Schrnidt nurnbrr Sc=p/(p1~inDBA) is fixed at 0.1 iu ordrr to 

rnain tain m1nwrical stability at high Reynolds nurnbcrs. The pressure difference of 

cornpoucnt A between the inlet and outlet and the viscosity of fluid A arc changed 

so that the range of the Reynolds number Re = PAlin 'UA]in Dr/ f.1 is 1.71:::; Rc:::; 105, 

where PAlin ( =1) and 'LlA]in arc the tirnc- and space-averaged density and velocity of 

cornponcnt A at the inlet after transitional flows, respectively. The concentration 

cliffercucc of cornp.oncnt B brtwcen the inlet and outlet is fixed at ~p R = 0.2. The 

iuitia1 conditions for the velocity and density or concentration of cornponents A and 

B a,r<' UA = uR = 0, and {J -'\ = p B = 1 in the whole don1ain. 

4.5 Results and Discussion 

4.5.1 Flow Characteristics and Concentration Profiles 

\Vc first consider a rna<;s transfer problcrn under the condition that B-spccies is 

diffused only frorn the center-located body l\1a whose center is located at Cc/ L:J. , y/ Ly , 

z /L z) = (0.48 , 0.49 , 0.49). On the body M8 the concentration of con1poncnt B is 

kept at constant value (p 8 I w = 3), and on the other bodies norn1al rnass flux of 

cornponent B is zero. Figures 4.1- 4.3 show the calculated results of velocity vectors 

of cornponent A and concentratiou profiles of con1poncnt B ou the different planes 

(y / Ly = 0.36 , 0.88, and .r / L.r = 0.51) for various Reynolds rnunbcrs after trausi-

tional flows. In these figures , the length of vectors is uonnalizcd so that the 'UA I in 

ha'1 the sarr1e length iu spite of different Reynolds unrnbcrs , and the bodies in the 

structure arc depicted by the spheres with the equivalent dian1etcr Dp = 29.4~x. 

Note that in Figures 4.1 and 4.3 the center-located dark gray body represents the 
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X 

(c) 

Figure 4.1: Vclo(:ity vectors of corr1poncut A (left) aucl concentratiou profiles of 

component B (right) on the plane of y / Ly = 0.36 at various RC'ynolds nurr1bers: 

(a) Rc = 1.71 , OpE = 4.76 x 10-3
; (b) Re = 30.9 ; 6p8 = 1.23 x 10-2 

; (c) 
Re = 105, 8pa = 3.80 x 10-2

, where 6pa is a contour interval. The center-located 

dark gray body is M 8 . 



86 CHAPTER '1. F'LO\V AND MASS TRANSPF:R 1\N:\LYSTS TN POROUS STRL'CTURF: R1' J,BM 

z z 

(a) 

z 

(h) 

z 

(c) 

Figure 4.2: Velocity Yectors of cornponrnt A (left) and concentration profiles of 

cmnponcnt B (right) on thr plane of y / Ly = 0.88 at various Reynolds nurnbcrs: 

(a) I\C' = 1.71 1 bp8 = 4.76 x 10-3 ; (b) Rc = 30.9 , bp8 = 1.23 x 10-2 
; (c) 

Rc = 105, 8p8 = 3.80 x 10-2 , whC'rc bp8 is a contour interval. This plane has no 

cross-section of thC' body Ma. 
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z 
(a) 
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Figure 4.3: Velocity vectors of con1ponC'nt A (left) aud conC'cntration profiles of 

cornponcnt B (right) on the plane of :t/LJ. = 0.51 at various Rcynolcls nurnbcrs: 

(a) Rc = 1. 71 , 8 p B = 4. 7 6 x 1 0- 3 ; (b) R c = 3 0. 9, 6 p n = 1. 2 3 x 1 0- 2 ; (c) 
Rc = 105, Dpa = 3.80 x 10-2

, where bpa is a contour interval. The dark gray body 
is M 8 . 
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body 1v1 8 frmn which B-species is diffused. Figures 4.1 and 4.2 shov,r the results on 

the two different planes parallel to the main flo\v. It is found frorn Figure 4.1 that at 

low Reynolds nurnher of Rc = 1.71 the flow of component A avoids the bodies and 

goes through open spaces, and the couccntration of con1ponent B increases almost 

liucarly in the :r-dircction. Also, it is found frorn Figure 4.1(a) that the concentratiou 

gradicut in front of the body M 8 becorr1cs large because of the diffusion of component 

B counter to the fiov.r of cornponcnt A. When Re = 30.9, on the other hand, it 

is seen that the flow speed becon1es a little larger and con1ponent B is diffused 

together with flow of component A. At high Reynolds number of Re = 105 the 

flow separations occur and weak vortices appear behind the bodies. In addition, the 

couccutration of cornponent B is highly affected by the convection of component A. 

Figure 4.2 shows the calculated results on the different plane parallel to main flow. 

It is uoted that this plauc ha.'1 no cross-section of the body M8 . At low Reynolds 

uurnbcr the conceutration profiles of the component B is ahnost uniforn1 vertical to 

rnain flow. On the contrary, at high Reynolds rnunbcr ~ the component B diffuses 

rr1ainly through the central region of the dornain and is completely different fron1 

those at low Reynolds uun1bcrs. Figures 4.3 shows the results on the plauc vertical 

to the rnain flov.,r. It is seen frorn Figure 4.3 that at Re = 1.71 the concentratiou 

of component B is almost uniform on the y-z planes: while at Re = 105 the steep 

concentration gradient exists around the body 1v18 and the concentration profile 

becornes rnore con1plicated. Finally, flow characteristics of cornponent B arouud the 

body 1v1 8 arc inYcstigatccl. Figure ~.4 shows the nl<-tss flux vrctors of cmnponcnt B 

on the plaucs y I Ly = 0.49 and .T I L:r = 0.48 at low and high Reynolds un1nbcrs. It 

is noted that both planrs intt'rsect the ccntrr of the body l\1 8 . At low Reynolds 

nun1bcr corr1ponent B is diffused in alrnost isotropic direction around the body M8 . 
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yj Ly = 0.49 

(a) 

z 

y/ Ly = 0.49 

(b) 

Figure 4.4: Mass flux vectors nH (= (JBUB) of cornponcnt Bon the planes of y I Lv = 

0.49 (left) and x)L:r = 0.48 (right) at low and high R<~yuolcls nurnbcrs: (a) Rf' = 
1.71, nRiin = 1.45 X 10-2

; (b) Re = 105; fi.R/irl = 1.05 X 10- 1: wlwn~ hslin is the 

time- and space-averaged .T-componcnt mass flux of cornponcnt B at the inlet. The 

center-located dark gray body is M 8 . 
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HoweYer. at high Reynolds nurnbcr cornponent B is n1uch influenced by the ap-

proaching flow of cornponent A in front of the body ~v1 8 and is carried downstrcaru 

by the convection of component A. In adclitiou , it is seen that the flow separation 

of cornponent B occurs in the neighborhood of the body M 8 . On the other hand, it 

is found that the mass flux of component B behind the body :NI 8 is directly affected 

by the wake. 

4.5.2 Sherwood Numbers 

We next consider another ma..c;;s transfer problem under the condition that B-

species is diffused froru all the bodies in the structure. In the following calculation, a.s 

an <'x;.uuple of au ideal ca .. c.;c , the couceutration of con1pouent Bat the lattice nodes on 

th<' bocli<'s is changed linearly frcnn the inlet through outlet so that the concentration 

diffr~r<'IH·e of cornponcnt B between the body and the fluid , PB lw - p Bm (p Bm: bulk 

couccntration of cornponcnt B), can becorne equal value at the inlet and outlet 

under the periodic boundary condition. The other conditions arc the same as the 

previous ones. The calculations arc carried out for Re = 62.6, 79.0, and 104. The 

averaged Sherwood number Shav is calculated by 

Sl _ 6.pB R S LyLz 
lav- ( 

1 

C C , 
PB w - PBm )in Stat 

(4.5.1) 

where Stat is the total surface area of all the bodies in the structure and (PRiw - fJRm )in 

is the bulk concentration difference of cornponent B between the bodies and the iu-

let. Figure 4.5 shows the comparison of calculated results with expcrirnental data 

with a low Sclnniclt nurnber (Sc = 0.6) for packed beds (PetroYic & Thodos 1968). 

It is found frorn this figure that the calculated vaJucs of Shav Sc -l/
3 agree \Vith the 

expcrirnental data, although a little larger especially at the low Reynolds nurnber. 
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Figure 4.5: Coruparison of calculated Sh<'nvood uurnl)('rs with ('Xp<'rirncu taJ data: 

e , the present calculated results; X , th<' cxperirueutal data by Petrovic & Thodos. 
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4.6 Concluding Remarks 

The LB1v1 for a biuary fluid rnixture is applied to the problcrn of flow and n1ass 

trausfer iu a thrcc-clinwusional porous structure. QualitatiYely rrasouablc results for 

concentration profiles arc obtained for various Reynolds nurnbers. In addition, Sher­

wood uurnbcrs arc calculated and cornparcd with the cxpcrirncntal data for packed 

beds by Petrovic & Thodos. The results iudicate that the calculated Sherwood 

nurnbers arc in agreernent with the cxpcrirncntal data. Finally, it should be uotccl 

that by taking advantage of the fonnal analogy between heat and mass transfer, 

the cakulat<'cl coiH'<'utratiou profiles and the Sherwood nun1bcrs cau be regarded as 

tcu1pcrat nrc clistribu tious and I\ usselt nurnbers. respectively: in the analogous heat 

trausf<'r problern. Therefore, the prcseut rncthod is useful for the inYcstigation of 

rnicroscopic properties of heat transfer a.s well as nut..ss transfer iu porous rneclia. 

Chapter 5 

General Conclusion 

5.1 Conclusion 

In this thesis. nurnerical studies 011 fluid fl(nv problcrns and fl(nv and nw.ss traus­

fcr problcrns in a threc-dirneusional porous structure arc carried out by the lattice 

Boltzrnanu rncthod (LB1v1). The transport phcnonH'lHL iu the struct nrc arc iuv<'S­

tigatccl frorn the rnicroscopic point of \·icw. Frmn ttH' whole results the following 

conclusions arc obtained. 

In Chapter 2: the funclanH,ntal theories of the LBI'v1 ar<' discussed. First. th<' 

a.syrn ptotic theory proposed by Sonc is appliC'd to the LB 1v1 \Vi t h the fift.<'<'ll- vdoC'i ty 

rnoclcl and the continuity cquatiou aud the I\ a vier Stokes equations for iucornpr<'ss­

iblc fluid arc derived. Frorn the fluicl-clynarnic typ(' equatious of the LB1v1 it is 

found that by usiug tll<' LBI'vf one cau obtain the rnacroscopic flow v<'locities aud 

the pressure gradient for incmuprcssiblc fluid with rdatiYc errors of 0( k2 ) wher<' k 

is a nwdificcl Knndscu lllnlllwr which is of the sarn<' orcl<'r <-LS the latti('<' spaciug aucl 

is related to a dirncnsionless relaxation tirnc. l\ext. a no-slip boundary couclitiou at 

a \vall and a periodic boundary conditiou at iule't. aud on t let arc proposed. By cal­

culating fundamental problems with these boundary couditions: it is found that the 

present methods arc accurate to mocl<:>l the boundaries in physical systerns. Finally, 

93 
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the LB:t\1 for a binary fluid rnixtur~ with a sirnplc ki11etic rnoclel is proposed. As lll<'11tioncd in Chapter 4. by taking acl\·a11tagc of the fonnal analogy bctwce11 

Iu Chapter 3, nuntcrical studies 011 flows i11 a thrce-dirnensio11al porous struc-
heat a11cl rna.c.;s tra11sfcr. the results i11 the rnass transfer problcrns ca.u be Yic\Ycd as 

tun' arc carri~d out by using the LBl'vi. Flow fields at a pore scale ancl pressure 
those iu the a11alogous heat. tra11sfer probkrns. HcnYeYcr. \Y hen the problcrns of heat 

drops through the structure ar~ calculat~d for Yarious Rey11olds nurnbers. Frorn 
tra11sfcr in porous rneclia are co11sid~red. it is oftc11 irnportaut to iuYestigat~ heat 

the coruparison of the calculated pressure drops with ernpirical ~quations ba .. secl on 
transfer i11siclc the bodies a.c.; well as i11 the fl uicl regicm. Beside's. the problerns of 

~xpcrirncntal data, it is found that the calculated pressure drops agree \vcll with the 
sirnultancons heat/rnass transfer and chcrnical reaction/diffusion systerus i11 porous 

e'rnpirical equations for low and high Rey11olcls uurnb~rs. I\ ext , the characteristics 
rnedia arc also attractiv~ topics. Since the LBl\I hc-ts the adYa11tagcs of the sirnplicity 

of thc unsteady flows in the transition region frorn lanrinar to turbulent flow ar~ 
of the algoritlnn and flexibility for cornplcx flows, it is highly exp~ctcd that the LBl\1 

i11vestigatecl. It is fou11cl that the Reynolds 11urnbcrs where the velocity fluctnatio11 
is capable of simulating these problerns. Therefor~. it is n'cornnH'IHlccl to den' lop 

lH'gins aucl the trausitio11 frmn larninar a11d turbulent flow occurs clepcncl 011 the 
the LBl\tl for t hcse sirnulations a11d to a11alyzc the transport. plH'llOllH'lla i11 porous 

rnedia. 
positio11s i11 the' structure. 

In addition , the LBI'vi has a11other a.ch·a11tage of the parallel algoritluu lwcansc 

I11 Chapt.e'r 4~ 1111IIH'rical studies on flow anclrnass trausfer in the porous structure of its locality \vhich is suited to parallel cornputcrs , although the ;-tnthor has 11ot 

a.r<' carried out by using the LBM for a binary fluid rnixturc. Flow characteristics used these rnachiucs iu this study. Thus , it is also H'C'OillllH'lHlccl that high spC'c'd 

a11cl c·ouccutratiou profiles of diffusi11g cornponcnt at a pore scale arc obtai11ed for lattice Boltzrna1111 sirnulations be perfonncd by 111aki11g usc of np-t.o-dat(' parallel 

Yarious Reynolds nurnbers. At high Rcy11olcls nnrnbers concentration profiles arc cornpu ters. 

n1nch affected by flow co11Ycction a11cl bccorn~ con1pletely different frorn those at low 

Reynolds nurnbcrs. In additio11 , Sherwood 11urnbcrs arc calculated and cornparecl 

with aYailablc cxperirncntal data for packed beds. The results indicate that the 

present. rncthocl is useful for the rnicroscopic studies of tra11sport phc'nonlcrHt i11 

porous structures. 

5.2 Remarks for Further Studies 

Fiuallv rcrnarks ai1d recornrnendation for further studies arc rriY~n. In this thesis . .,; u 

nurnerical studies on heat transf~r in the porous structure ha\·e not been discussed. 



Appendix A 

Matrix Notation of Equation (2.2.30) 

The inhornogeneous linear algebraic equation (2.2.30) can be written as 

Af =y, (A.1) 
with 

1 

72 

A = 

56 -8 -8 -8 -8 -8 -8 -1 -1 -1 -1 -1 -1 -1 -1 

-16 40 -8 -8 

-16 -8 40 -8 

-16 -8 -8 40 

-16 16 -8 -8 

16 -8 

-8 16 

-8 -8 

40 -8 

-8 -4 2 -4 -4 2 -4 2 2 

-8 -4 -4 2 -4 2 2 -4 2 

16 -4 -4 -4 2 2 2 2 -4 

-8 2 -4 2 2 -4 2 -4 -4 

-16 -8 16 -8 -8 40 -8 2 2 -4 2 -4 -4 2 -4 

-16 -8 -8 16 -8 -8 40 2 2 2 -4 -4 -4 -.J 2 

-16 -32 -32 -32 16 16 16 62 -4 -4 -4 8 2 2 2 

-16 16 -32 -32 -32 16 16 -4 62 2 2 2 8 -4 -4 

-16 -32 16 -32 16 -32 16 -4 2 62 2 2 ---1 8 -4 

-16 -32 -32 16 16 16 -32 -4 2 2 62 2 ---1 ---1 8 

-16 16 16 16 -32 -32 -32 8 2 2 2 62 ---1 -4 -4 

-16 -32 16 16 16 -32 -32 2 8 -4 -4 -4 62 2 2 

-16 16 -32 16 -32 16 -32 2 -4 8 -4 -4 2 62 2 

-16 16 16 -32 -32 -32 16 2 - 4 -4 8 -4 2 2 62 

(A.2) 
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where 

and 

y [ll (m) ll (111) n (rn) 17· (rn) n (rn) n (m) ll (111) ll (m) 
/, 1 1 12 1 7,3 1 11 1 75 • I G 1 17 1 l g 1 

07 

·with 111 ~ 1. (A.3) 

n (111) fl('IIL ) fl(m ) fl (m) fl(m) fl_(1n) fl(m)]T 
lg 1 I I 0 ' 11 I ' 11 2 ' /, 13 ' 1·1 -1 ' I I G 

with 111 > 1. (A.4) 

It is easily verified that rauk (AT) = 11 aucl the hmnogcncons cqnat.iou AT!' = 0 

ha.') the following fonr uontrivial solutious: 

!'= 

[2/9 , 1/9 , 1/9. 1/9. 1/9. 1/9, 1/9, 1/72, 1/72. 1/72. 1/72. 1/72. 1/72, 1/72. 1/72]T. 

[0, 1/9, 0, 0, -1/9. 0. 0, 1/72 , -1/72. 1/72. 1/72. -1/72. 1/72. -1/72. -1/72)T. 

[ 0, 0. 1/9. 0, 0. -1/9. 0, 1/72. 1/72, -1/72. 1/72. -1/12. -1/72. 1/72. -1/72 )T . 

and 

[0. 0. 0. 1/9 , 0. 0. -1/9, 1/72, 1/72. 1/72. -1/72. -1/72. -1/72. -1/72. 1/72)T. 

It should be noted that the clc'lllC'nts of thc fonr uoutrivial solnt.ion vectors ar<' 



Appendix B 

Solvability Conditions of Linear Algebraic Equa­

tions 

Consicl('r linear alg<'braic C'quatious 

Af =y. (B.1) 

If th<' 't rausposccl ' houwgcncous liucar algebraic equations 

(B.2) 

has a positiYc nnrnber ,,. of nontrivial (not identically zero) linearly independent 

solutions, f'1, J; , ... , f~ , then the solvability conditions of linear algebraic Equatiou 

(B.1) arc 

~~. y = 0 for j = 1, 2. . .. , ,. . (B.3) 

This lll<'cUlS that Equation (B .1) has solutions if and only if y is orthogoual to 

cYcry uon trivial solution f' of Equation (B .2). 
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Nomenclature 

A 

b 

c 

c 

co 

D 

DRi\ 

E· l 

c, e 

F 

f 

!' 

coefficient rnatrix of linC'ar algebraic equations 

constant ccwfficiC'nt in collision tcnu 

uuit VC'ctor pcrpC'nclicular to n 

characteristic particle' spC'C'd 

lllC'an particlC' spC'C'cl 

speC'cl of sound 

particlC' YdocitiC's 

nurnbcr of clinH'usional space 

cliffnsiYity in binary finicl rnixtnrC' 

cquivalcut cliarn('t('r of body 

c:oustant coefficients 

error nonns 

intC'rnal C'nC'rgy pC'r nuit rna .. c.;s 

iutC'rnal cnC'rgy of cornpouent A p('r unit n1ass 

frcqnC'ncy 

solution vector of liuear alg<'braic <'qnatious 

uontriYial solution of trauspos('cl hmnogC'nC'ons 
linC'ar algebraic C'qnations 

particle distribution fnnctious 

local cquilibriurn distribntiou functions 

particle clistribu tiou functions for a -spC'ciC's 

90 

[-] 

[-] 

[-] 

[ ru/ s] 

[ rn/ s] 

[rn/s] 

[rn/s] or [-] 

[-] 
[-] 

[-] 

[-] 

[-] 

[rn2 /s2
] or[-] 

[rn2/s2
] or[-] 

[-] 

[-] 

[-] 

[kg/rn3] or [-] 

[kg/rn3] or [-] 

[-] 
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f('Cj 
A<Ti 

l;· 

n ( m ) 
'' i 

Kn 

!.· 

L 

L;. , Lv : 

lv1R 

Ma 

~\r 

n 

nu 

p 

PI , P2 , 

p , p 

P.l\ 

Rc 

Rc' 

s 
Stot 

Sc 

Sh 

Shav 

St 

t 

t , t 

L:. 

p3 

local cquilihriurn distribution functions for 
(J -spcnes 

inhmnogcncous tcrrn of linear algebraic equations 

Knudsen nurnber , ci(Ac[JoL) 

rnodificd Kn no sen n urnber 

characteristics length 

lengths of dornain 

body frorn which B-species is diffused 

Mach nurnber : U I c 

n1unbC'r of particles 

unit uonnal vector 

rna.ss flux of cmnponcut B. fJRUR 

bouudary lattice uocle 

points in porous strnctnn~ 

pressure 

pressure of con1poncnt A 

Reynolds n urnber , (Jo U L I fl· 
rnodificcl Reynolds number , Rcl(1- E) 

taugcnt plane on lattice node 

total surface area of all the bodies 

Sclllnidt nnrnbcr, fL/ CPA I in D R.l\) 

Strouhalnumber. L I (toe) 

Sherwood uumbcr 

Strouhal nnn1ber , FLxluin 

unit vector perpendicular to n 

tin1c 

[-] 

[-] 

[-] 

[-] 

[-] 

[n1] 

[-] 

[-] 

[-] 

[-] 

[-] 

[Pa] or [-] 

[-] 

[-] 

[-] 

[-] 

[-] 
[-] 

[-] 

[-] 

[-] 

[s] or[-] 

to 

U. U 

'll. l '. "' 

'llin 

{lT 

u' 

X. X 

:ro, ./' (} 

y 
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characteristic tinw scale. LIC [s] 

characteristic flow speed [1nls] 

flow velocity [ruls] or[-] 

flow velocity of con1ponent (J [ -] 

.r-. y-. ancl .:-cmupoucnts of flcn\· n'locity [ -] 

nonnal flow velocity of cornpoueut B [ -] 

slip , ·clocity at wall [ -] 

tirne- ancl space-averaged flcnv velocity of coutpoucut 
A at inlet [-] 

tirnc- and space-averaged flow velocity at iulct 

tiinc-axcragecl va.lue of :r-contpoucut. of flow velocity 

space-averaged value of couutcr slip n 'locity 

positiou vector 

Cartesiau coordiuates. (.r 1 ~ ·~' 2: .r:3) or (.r , !) , -=:) 

iuhcnnogeneous vector of liucar algebraic equations 

[-] 

[-] 

[-] 

[1n] or [-] 

[-] 

[-] 

Greek Symbols 

6.p pressure clifferencc hctwceu inlet aud outlet [-] 

[s] or[-] 

[1n] or [-] 

6.t , 6.i tinH' step 

6.:r , 6. :i: lattice spacing 

concentration cliffercucc of contponeut B ])('tW<'<'ll iulct 
and on tlct [-] 

concentration coutour iutcrval of cornpoucnt B [-] 

f dirncnsionless number of the s;-unc' order as Kn. 

ci(AcpoL) [-] 

porosity [-] 

fJ ) fJ· fluid viscosity [Pa·s] or[-] 



Over lines 

aYcragcd 

non -clinH'nsioual 

Subscripts 

A cornpoucut A 

B cornponrnt B 

a.Ycragccl 

ith direction of particle Yrlocity 
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