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A binary mixture of a vapor and a noncondensable gas in contact with the boundary made of the
condensed phase (liquid or solid) of the vapor is considered in the following situation: the amount
of the noncondensable gas contained in the system is of the same order of magnitude as that of the
vapor; the temperature variation along the boundary may be large; the boundary is at rest, and there
is no flow at infinity when an infinite domain is considered; and the Knudsen number is small
(i.e., near-continuum regime). Slow steady flows (with Mach number of the order of Knudsen
number, or equivalently, with Reynolds number of the order of unity) of the mixture, mainly caused
by evaporation and condensation of the vapor on the boundary, are investigated on the basis of
kinetic theory. The basic system used in this work is the fluid-dynamic-type system that was derived
systematically from the Boltzmann system in a previous paper [S. Takata and K. Aoki, Transp.
Theor. Stat. Phys. 30, 205 (2001); erratum, ibid. 31,289 (2002)] in connection with the ghost effect,
and it is solved numerically by a finite-volume method. Some additional computation using the
direct simulation Monte Carlo method, based on the original Boltzmann system, is also performed
for comparison. The behavior of the mixture in the continuum limit in which the Knudsen number
vanishes is discussed with special interest in the ghost effect. © 2007 American Institute of Physics.
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I. INTRODUCTION

Study of vapor flows with evaporation and condensation
on the boundary has been one of the important subjects in
kinetic theory of gases in the last four decades (see, e.g.,
Refs. 1-6). Let us restrict ourselves to the near-continuum
regime in which the Knudsen number, defined by the ratio of
the mean free path of the vapor molecules to the character-
istic length of the system, is small. In this case, fluid-
dynamic-type systems, composed of fluid-dynamic-type
equations and appropriate slip and jump boundary condi-
tions, that describe steady flows of the vapor have been de-
rived by systematic asymptotic analysis based on the system
of the Boltzmann or its model equations.s_10 Some of these
fluid-dynamic-type systems were extended to the vapor flows
in the presence of a noncondensable gas, which neither
evaporates nor condenses on the boundary, for model Boltz-
mann equations.”’12 However, some interesting phenomena
for the mixture of the vapor and the noncondensable gas in
the near-continuum regime (in particular in the continuum
limit) were clarified rather recently.l’L18

In Ref. 16, the following rather general situation was
considered: the amount of the noncondensable gas contained
in the system is of the same order of magnitude as that of the
vapor; the temperature variation along the boundary may be
large; and the boundary is at rest, and there is no flow at
infinity when an infinite domain is considered (see Sec. II for
a more precise statement). The fluid-dynamic-type system
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that describes the steady behavior of the vapor and noncon-
densable gas in this situation was derived from the Boltz-
mann system. In this reference, interest was focused on the
ghost effect”®'®2! in the continuum limit where the Knud-
sen number goes to zero. That is, it was shown that (i) the
flow of the vapor caused by evaporation and condensation
vanishes in the continuum limit; however, (ii) the macro-
scopic flow field in the limit is affected by the invisible or
infinitesimal flow. This seemingly paradoxical result is of
fundamental interest and importance.

On the other hand, the fluid-dynamic-type system de-
rived in Ref. 16 is also of practical importance because it
describes slow flows (with Mach number of the order of
Knudsen number, or equivalently, with Reynolds number of
the order of unity) of the vapor and noncondensable gas,
mainly caused by evaporation and condensation of the vapor,
at small Knudsen numbers in the situation described at the
beginning of the preceding paragraph. In other words, the
fluid-dynamic-type system provides a tool of analysis of
such flows without going back to the Boltzmann system that
is much more complicated than the former system. The fluid-
dynamic-type equations are not the Navier-Stokes equations
but contain additional terms, the so-called Burnett terms.”>
These equations as well as their boundary conditions can be
derived only by kinetic considerations based on the Boltz-
mann system and are not obvious at all if one adheres only to
macroscopic considerations.
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The aim of the present paper is to show the usefulness of
the fluid-dynamic-type system of Ref. 16 for practical analy-
sis. Although the system was derived more than five years
ago, its application to practical problems was not possible
because it contained some coefficients in the equations as
well as the boundary conditions whose numerical data were
not available at that time. In the mean time, these coefficients
were obtained and their databases were constructed in sepa-
rate pape1rs.24’25 Therefore, the fluid-dynamic-type system
has been completed and is available for practical computa-
tions. The construction of a convenient numerical method for
the system is also an important purpose of the present paper.

The paper is organized as follows. In Sec. II, the physi-
cal problem considered in this paper is described in a general
setting. In Sec. III, the fluid-dynamic-type system of Ref. 16
is summarized with the help of Appendices A and B. In Sec.
IV, a numerical solution method based on the finite-volume
method” is constructed for the fluid-dynamic-type system.
In Sec. V, the fluid-dynamic-type system is applied to a spe-
cific problem, and its numerical solution is presented to-
gether with some comparisons with the numerical solution of
the Boltzmann system by the direct simulation Monte Carlo
(DSMC) method.””® Finally in Sec. VI, brief concluding
remarks are given.

Il. PROBLEM AND ASSUMPTION

Let us consider a binary mixture of a vapor (A compo-
nent) and a noncondensable gas (B component) in contact
with the boundary with arbitrary (but smooth) shape, made
of the condensed phase (liquid or solid) of the vapor. There-
fore, evaporation and condensation of the vapor may take
place on the boundary. We investigate the steady flow of the
mixture, caused mainly by evaporation and condensation on
the boundary, on the basis of kinetic theory under the follow-
ing assumptions:

(1) The amount of the noncondensable gas contained in
the system is of the same order of magnitude as that
of the vapor.

(i)  The behavior of the mixture is described by the
Boltzmann equation for binary gas mixtures.

(ili)  The vapor molecules leaving the surface of the con-
densed phase are distributed according to the half-
range Maxwellian with temperature, flow velocity,
and molecular number density equal to the tempera-
ture of the surface, the velocity of the surface, and the
saturation number density of the vapor at the surface
temperature.

(iv)  The molecules of the noncondensable gas reflected on
the surface are distributed according to the half-range
Maxwellian with temperature and flow velocity equal
to the temperature and the velocity of the surface in
such a way that the net molecular flux vanishes (dif-
fuse reflection).

(v) The molecules of the vapor and those of the noncon-
densable gas are hard spheres.

(vi)  The Knudsen number is small.

(vii) The variation of the temperature of the boundary may
be large.
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(viii) The boundary is at rest or moving (without motion in
the normal direction) with a low speed, its Mach num-
ber being as small as the Knudsen number.

(ix) In the case of an infinite domain, the vapor as well as
the noncondensable gas is at rest at infinity or flowing
with a low speed, its Mach number being as small as
the Knudsen number.

In this situation, the behavior of the vapor and the non-
condensable gas can be described by a fluid-dynamic-type
system, which will be summarized in the next section.

lll. FLUID-DYNAMIC-TYPE SYSTEM

In Ref. 16, a systematic asymptotic analysis for small
Knudsen numbers based on the Boltzmann system was car-
ried out in the situation described in Sec. II, and a fluid-
dynamic-type system was derived. The analysis is along the
lines of the asymptotic theoryg’zg’30 for a single-component
gas that has been developed by Sone over the last four de-
cades. The reader is referred to Refs. 5 and 6 for the details
of the theory. In this section, we summarize the fluid-
dynamic-type system derived in Ref. 16.

To begin with, we summarize the main notation appear-
ing in what follows.

The symbol X; denotes the rectangular coordinate system
in space; nh, pA, v, m®, and d* denote the molecular num-
ber density, pressure, flow velocity, molecular mass, and mo-
lecular diameter of the vapor, respectively, and nB, pB, v? s
mB, and d® the corresponding quantities of the noncondens-
able gas; n, p, T, p, and v; are the molecular number density,
mass density, temperature, pressure, and barycentric flow ve-
locity of the total mixture, respectively (p=knT, where k is
the Boltzmann constant). The reference quantities are de-
noted by the subscript “0”; i.e., L is the reference length of
the system, m, the reference molecular mass, d, the refer-
ence molecular diameter, T, the reference temperature, n, the
reference molecular number density, p, the reference mass
density (py=mgny), po (=knyT,) the reference pressure, [ the
reference mean free path (I;=1/ V’Eﬂ'd(z)no), and Kn=[y/L, the
Knudsen number. The symbols n; and ¢; denote, respectively,
the unit normal vector (pointing into the gases) and a unit
tangential vector to the boundary; T, and v, are the tem-
perature and velocity of the boundary (v,,mn;=0), respec-
tively; and n’y and p% (=kn’\T,) are the saturation number
density and pressure of the vapor at temperature T, respec-
tively. Assumption (viii) requires that v,,;/(2kTy/my)"? is of
the order of Kn. The Greek letter « is used to express the
labels “A” and “B” of the component gases (o component,

n®, T%, etc.).

We now introduce the following dimensionless
quantities:

xiin/Lo, rﬁazma/mo,

d*=dd,, A%=n"n,,

Pr=p%py,  0F=v(2kTo/mg)"?,

A=nlny, p=plpy, P=p/po, (1)
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0;=v/(2kTy/my)'?,  T=TIT,,

Tw = TW/TO’ ﬁwi = Uwi/(ZkTO/mO) 1/2’

AA A AA A
nwznw/nO’ pwzpw/p()»

where 0,,; is a quantity of the order of Kn. Thus, ﬁ=ﬁf’ and
PA=AAT,, hold.

A. Fluid-dynamic-type equations

According to Ref. 16, the physical quantities are ex-
panded in power series of a small parameter e=(\7/2)Kn.

A

To be more specific, let i stand for any of A% p¢ 0;
(a=A,B), i, p, p, U;, and T, then

h=/’l(0)+h(l)6+ h(2)€2+ RN (2)

where

Wiy  Po 9 ( 1, i1 d
2oy = - 2 | pie ) S
p(O) i) l?x] &Xi (‘7xl K ©) &xj &xj

ﬁ(o) &x] ﬁxl' ox;

7L 7o) 9%;

J AAl/zﬁf(O) J A 5
;j()\T(O) x; B gj[kTp(O)(vj(l)_Uj(l))]

T,
B B (0)
(” 0701 + A0 M (5d)
~/2 A -
LA B To) D g ( ax* + dln T(O)) (Se)
R _— N
i(1) i(1) A(O) xAYB ax; T o,
where
A AA ~B
1(0) = 11(0) + 71(0)» (6a)
Proy = idfy, + mPhgy, (6b)
" AAAA AA ~BAB ~B A
Bicry = (o) Oy + 10y 0 1)/ o) (6¢)
Do) =101 ) (6d)
Xa = I/Al(ao)/ﬁ(o), (66)

o [ Y. ox* T ol T o (. ox?
2 tq 0 9TO _ 2 O Ys—| |, (5¢)
&xl‘
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6;;0) = 6i(0) =(. (3)
It should be noted that the expansion for the velocities 0"
and ©; starts from the first order, which is the difference
between the present expansion and the classical Hilbert ex-
pansion. The coefficients hy, h(),... are governed by the
fluid-dynamic-type equations.

The equations for the first two terms of the expansion for
p are simply

9P (o) )

=0, —=0. 4
ox; ox; “)

1

The constants py and p(;) are to be determined from condi-
tions proper to each problem.

The first nontrivial set of the fluid-dynamic-type equa-
tions are as follows:

(n(o Aj(l)) 0 (Sa)

(”<o>Uj<1>) =0, (5b)

ox i ox g

AR W Li(Y ‘ﬁ«») i(&&‘*ﬁ)
Py i

A 2 34
n(o) (9)(] (9)61' (9)6] l’l(o) t?xi &XJ

A=A +A; = (213)A0;. (6f)
Here, X“ is the local concentration of the & component in the
zeroth-order (X2 +XB=1). The coefficients i, N, D g, k7, Y1,
Yz, Y3, Y4, and YS (transport coefficients, for short), which
and c;'“, of the local
concentration X*. The f, X, and D Ap correspond to the vis-
cosity u, thermal conductivity A, and mutual-diffusion
coefficient D,p, respectively; more specifically, they are

m= (r /2)(2kTo/ mg) ™2 oloT(o L,
N=(\1k/m) (2kTy/m) ™2 poloT(o)\,  and  Dyp=(\ w12)
X (2kTo/mo) PUy(T( 17i0)Dpp. The kp is the thermal-
diffusion ratio, i.e., the ratio of the thermal-diffusion coeffi-
cient to the mutual-diffusion coefficient. The definitions of
these transport coefficients are given in Appendix A.
Equations (5a)—(5¢), with the help of Egs. (6a)—(6e),
form a closed set of equations for ﬁ‘(%), ﬁﬁ]), (0)» XA, XB, P(0)»

depend on m“ are functions

related as

f‘(o), l?f(‘l), ﬁﬁl), ;1) and p(z), which can finally be reduced to
a set of partial differential equations for ﬁf?)) (or XA), f(o),
Uj(1)» and p(y). The partial pressure p;, of each component is
then given by
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Ploy="10T0)- (7)

It should be remarked here that the functional forms of
the transport coefficients [, ):, ﬁAB, kr, Yl, Yz, Y3, Y4, and
YS, as functions of the local concentration X* of the vapor,
cannot be obtained explicitly. However, for application of
Eqgs. (5a)—(5¢) to practical problems, the functional forms are
indispensable. Therefore, in Ref. 24, the functional forms
were obtained numerically, and their database was con-
structed. By making use of the database, Egs. (5a)—(5e) be-
come applicable to concrete problems at least at the numeri-
cal level.

It should be mentioned that equations similar to Egs.
(5a)—(5¢) had been derived from the so-called Burnett equa-
tions for a mixture of noncondensable gases in a more intui-
tive way in Ref. 23, where convection is shown to be in-
duced by the imbalance of the concentration stress.

B. Boundary conditions

The boundary conditions on the surface of the condensed
phase for the fluid-dynamic-type equations (5a)—(5¢) are ob-
tained by analyzing the Knudsen layer, the thin layer of
thickness of the order of the mean free path adjacent to the
surface. The boundary conditions taken from Ref. 16 are
summarized as follows:

fity) = s (=pIT,), (8a)
Toy="T, (8b)
l/jﬁl)ni = 0, (80)

A A A 1 f?f(o) 1 oxA
By = Ut =~ T(l(ﬁ(bm_ ti+by———t;]. (8d)
P) oXi () 0X;

Here, the velocity of the boundary 0,,; has been written as
ﬁwi = Uie’ (9)

with U, being of O(1), and b, and be, which depend on m*
and cAZ"‘, are functions of the local concentration X* of the
vapor. The term containing b, in Eq. (8d) indicates the ve-
locity slip due to the temperature variation along the bound-
ary (the thermal slip or thermal creep), whereas the term
containing bq the velocity slip due to the variation of the
local concentration of the vapor along the boundary (the dif-
fusion slip). The by (thermal-slip coefficient) and bg
(diffusion-slip coefficient) were obtained by the analysis of
the two fundamental half-space problems of the linearized
Boltzmann equation.”” Note that (b7,bo) (here and in Ref.
16) =(=by,—by) (Ref. 25). In this reference, a database from
which accurate values of b; and by can be obtained instanta-
neously for a given X* is constructed. The details are sum-
marized in Appendix B.

The thermal slip is a classical phenomenon in kinetic
theory31’32 and has been investigated by many authors. Here,
we only refer to a few papers that seem to be of some
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importance out of many existing works: Refs. 21 and 32-37
for a single-component gas and Refs. 25 and 38-42 for a
gaseous mixture. The diffusion slip, which is peculiar to a
gaseous mixture, is also a classical problem, about which we
refer to Refs. 25, 38, 40, and 42—46.

C. Remarks on continuum limit

In this subsection, we give a short remark on the con-
tinuum limit where Kn or € vanishes. In this limit, the mac-
roscopic variables ia®, AB, A, f, ﬁf‘, 19?, 0;, P, etc., reduce to
their respective leading-order terms in the expansion (2); for
instance, (ﬁA,ﬁB,f",ﬁ)e(ﬁ@),ﬁﬁ))j"(o),ﬁm)) and (62,0,5,)
—1(0,0,0) [cf. Eq. (3)]. That is, in this limit, the flow veloc-
ity vanishes, and thus evaporation and condensation of the
vapor stop. Therefore, one might expect that the temperature
field in this limit is given by the steady heat-conduction
equation (for a binary mixture) with the no-jump boundary
condition, which is considered to describe the temperature
field in a stationary gas in the continuum limit. However, this
is not the case. The leading-order terms ﬁﬁ)), ﬁl(go), and f”(O) are
determined together with the first-order velocity fields z?f?l)
and 1951) (and d;y) by the fluid-dynamic-type system de-
scribed in Secs. III A and III B, which is different from the
heat-conduction equation. An example demonstrating this
discrepancy will be shown in Fig. 9(d) in Sec. V B. This
means that, in spite of the fact that there is no flow, the
temperature and density fields in the continuum limit are
affected by the infinitesimal flow [note that §j'=0j e+
—0, but ;) is of O(1)]. This is an example of the ghost
eﬂect.19 Since this effect has been discussed in many places,
we avoid repeating the discussion, referring to the literature,
such as Refs. 20, 21, 5, 47, 48, and 6, and the references in
Refs. 5 and 6 (for a gas mixture, see Refs. 15, 16, 49, and
50). We just mention that the ghost effect associated with the

present fluid-dynamic-type system is discussed in detail in
Ref. 16.

IV. NUMERICAL METHOD

A. Preliminaries

We first rewrite the fluid-dynamic-type equations in a
different form that is more convenient for our numerical
method.

The continuity equation for each component can be com-
bined to obtain a continuity equation for the barycentric ve-
locity merely by using the definition of ),

Jd
— (P01 =0. 10
&xi(Pm)U,(l)) (10)

Using the definition of the barycentric velocity and Eq. (5e),
we can write each velocity component as
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A ’;lBDABT(l(g XA kg 5f(0)
U=V~ = A | —t+—"— (lla)
i(1) i(1) A XA O a o |
P(o) i T(O) i

SAR A2 5
B - m"DagT() [ 0X*  ky 9T m
Ui(l)_vi(1)+ A A 9 + A 9 : ( )
P(o)(1 -X?) Xi T() Xi

With expression (11a), the vapor continuity equation (5a) can
be rewritten as

P(O)
—| = t(l)XA
dxi T(O)

d DABT”z XA ky ‘ﬁ(o)
= — + —_—
ox; | (mAmB - DX+ 1\ ax; Ty %
(12)
Similarly, the energy equation (5d) can be rewritten as
|
Grondnr) 1 1?1322) 19| p%i 1 3
— (Pl =-= v
o, PO == oo e [ O o | T 2,
1o | Y=Y,
+-—2 +

2 &xj [3(0) (?.Xi (9)6]

b}

T(o)( 5 dY2> PG (9T(o
+ .\ 1a—

ﬁ(o) dX ox; i z?x j

by using the chain rule to expand the derivatives, and defin-
ing a modified pressure 1532):
4 T(O) dJ (

A A 2 A
Y < (7T(0) ) 07T(0) )
Y,—
3 (9)(: 3 p(O ] (?X]
2
2Y, ( T ) ) 2 ¢ T(o) ( &XA>2
Po) I’(o X

2A@ﬁwﬁi@i@§g

- 5
(9x]'

P(z) = P(z

4 A A
3 17(0) (7xj (9)6] 3p(0) (9.76']

47,\1(0)YA\5 &f(o) &A

- : (16)
p(O) (9Xj (7xj

That is, the terms of gradient form arising from the non-
Navier-Stokes terms are put inside ﬁ;rz). By introducing the

modified pressure, the apparent third-order derivatives of f"(o)
and X* in Eq. (5c) are eliminated, and the number of deriva-

A (96-(1) 10 N (9ﬁ-(1)
Y a e _2 2 el
o ox; 3 x; o ox;

37, +
Py 9% 9xj P
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B R
O aap| XA ky 0%

~— o\ S+ | | (13)
&xi 07x,- T(O) o7xl-

where an additional coefficient y has been defined, related to
the other coefficients as

5 whmP-1 kr
2P - DXA+ 1 XA -XY)

'yEbAB|: (14)

Like the other coefficients, it depends only on the molecular
properties m“ and d® and the local concentration X*. Note
that the definition of k; is such that 7y retains a finite value
even when the gas concentration of either component ap-
proaches zero.

The equation of motion (5¢) can be rewritten as (see Sec.
5.3 in Ref. 21)

J

A

¢ Jlo oxr axt f«»( a, A)Kﬁﬁm
4+

axA ax; ox;

(15)

tive terms to be approximated numerically is reduced.
In summary, we are going to solve, instead of Egs.
(5a)—(5e), the equation system (10), (12), (13), and (15), the

unknowns of which are 9, f"(o), XA, and ﬁ'("z). The variable
p(o) is not counted among the unknowns since it depends on
XA and T(g) as

5 P(O)

m® — mB) XA + mP]. (17)

To)

Nevertheless, it is retained in the equations to keep the re-
semblance to the equations of conventional gas dynamics.
B. Finite-volume method

Let us note that Egs. (12), (13), and (15) can be ex-
pressed in the following concise form:



107104-6 Laneryd, Aoki, and Takata
1% Jd J
—(M;¢) = —(F—d’) +b, (18)
&xj &xj (?xj

where ¢ stands for XA, f"(o), or the individual components of
U;1)» and M;, T, and b, in general, depend on XA, f“(o), and
i1y [and ﬁ(T2) in Eq. (15)]. To be more specific,

=X~ M;=(po/T0)j),
(19)
I = DT [P — XA + 177,
for Eq. (12),
b=Tiop M;=(5/2)(po/T0)5;0),
(20)
P=iH,
for Eq. (13), and
d=0i1), M;=plj)
(21)

I'=(12)AT(g},

for Eq. (15); b’s are the rest of the terms in the respective
equations.
We try to solve Eq. (18) using the iteration scheme

_(Mm ld)m) . (Fm 1 ilf) +bm—l’ (22)
J J

under the boundary conditions (8) with appropriate discreti-
zation. Here, ¢ denotes ¢ at the mth iteration, and M;”_l,
I, and o™ mean M;, I, and b evaluated by using X*,
f"(o), 0i(1)> and 13?2) at the (m— 1)th iteration. More specifically,
we construct a sequence {q’)l s </>2, ...}, which is expected to
converge, on the basis of Eq. (22) with an appropriate initial
function ¢° and regard the limit (i.e., ¢ with a sufficiently
large m) as an approximate solution of Eq. (18). Note that
Eq. (22) is linear in each step in the iteration process. Also
note that to ensure the stability and fast convergence, the
change in each variable in one iteration should be limited. In
the actual computation, we use the under-relaxation tech-
nique to limit the change. That is, if ¢" is obtained from Eq.
(22), ¢+ By(¢" ' = ¢™), rather than ¢ itself is used for the
next step of iteration [i.e., Eq. (22) with m=m+1]. The op-
timum under-relaxation factors B, are problem dependent.
Not using under-relaxation may slow or prevent conver-
gence.

The computational domain is divided into a number of
small control volumes. Let us consider a single control vol-
ume () with boundary Q). If we integrate Eq. (22) over this
control volume, we obtain, after application of Gauss’
theorem,
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5§

FIG. 1. A control volume.

— aom—1 ym — 1m-1 (9¢m m—1
o0 90 dx; Q

(23)

where 77; is the outward unit normal vector to the surface d(},
dS is the surface element on d{) in the dimensionless x;
space, and dV is the volume element in the same space. For
simplicity, we explain the discretization of Eq. (23) in the
case of two-dimensional problems (i.e., the problems where
the physical quantities are independent of x3 and 05()=0).
The generalization to three-dimensional problems is straight-
forward.

We consider a two-dimensional control volume ) (with
boundary ¢()), which is assumed to be a quadrilateral, as
depicted in Fig. 1. The center (barycenter) of this control
volume is denoted by “P,” and the centers of the neighboring
control volumes are denoted by “E,” “W,” “N,” and “S.” The
physical quantities are stored at the grid points located at the
centers of the control volumes.

To save space, the method of discretization for the sur-
face integrals in Eq. (23) will be described only for the cell
face 9}, between points P and E, but it is done analogously
for other cell faces. We denote by Lpg the distance between
grid points P and E and by S, the area (the length times the
unit width in the x; direction) of the surface J(),.

We first consider the first term on the right-hand side of
Eq. (23). In the case of a Cartesian grid, the term 72,(d¢™/ dx;)
can be approximated by a finite difference using the values
of ¢™ at the nodes E and P. On a non-Cartesian grid, how-
ever, since the normal vector at the cell surface does not in
general coincide with the line connecting E and P, we need to
incorporate the values of ¢ at other nodes to approximate
the derivative ﬁj(o"cﬁ”/ &xj). On the other hand, we wish to
avoid using more node values than necessary for this ap-
proximation. This can be achieved by the deferred correction
approach suggested by Muzaferija.53 That is, if & is the unit
vector pointing from node P to node E, then the term under
consideration on ¢(), is approximated as

f ! I s = SF’"I¢E i
0 P L

0, Xj PE

ad)ln—l)
x( ) (24)

Ser'en_l(ﬁj - gj)

where ¢} and ¢ are the values of ¢” at node points P and
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“ tL)

E, and the subscript “e” means that the stored value has been
interpolated to the cell surface at its intersection with the line
PE. The point here is that the correction term required when
n;# & is evaluated using the value of (d¢™'/dx;), at the
(m—1)th iteration. The term (J¢™ '/ dx;), on the surface (2,
is obtained by interpolation using the cbrresponding gradient
terms at cell centers. The latter terms are computed by taking
the average over the control volume, with the integral rewrit-
ten using Gauss’ theorem so that it can be expressed through
grid point values interpolated to cell surfaces. For example,
in the x; direction, we obtain

&(bml) 1 f . 1 j L

=— | —¢"'5.d0=— "=17,dS.

(3)61 Al =g )
(25)

Here, AQ) is the cell volume (the area times the unit width in
the x5 direction in the present two-dimensional case).

Although technically the approximation equation (24) is
of only first-order accuracy on a nonuniform grid (and non-
uniformness is required because high accuracy demands
smaller cells in some parts of the computational domain, e.g.,
in the vicinity of walls), the approximation is asymptotically
of second order, as demonstrated in Ref. 26.

The left-hand side of Eq. (23) on dQ), is discretized
through linear interpolation

| mprtaras=sa-ag v -ne. o)
19

e

where r is a parameter associated with the nonuniformity of
the grid (0<r<1; r=0.5 for a uniform grid; see Fig. 1), and
M'"_ indicates i M;” ! at the point where the line between
nodes P and E crosses the cell surface.

On the other hand, the source term (the second term on
the right-hand side) in Eq. (23) is approximated by taking the
values at the grid point multiplied by the cell volume, i.e.,

J pmldv = AQpE. (27)
Q

After the discretization described above, Eq. (23) can be
written in the form

_ld’gl:( gl E+ay ¢I\ZLV+aN ¢m
+B™ ! (28)

where each of the coefficients ap~ L ag” ! ayw I ay” !

, and
a2, and the source term B! are evaluated by the use of
the values of the physical quantities at the previous step
[(m—1)th step] at the nodes {P, E, W, N, S}. Equation (28) is
also valid at boundary control volumes if the coefficients
ag” L ,ag”_l that correspond to boundary nodes are set to
be zero, and the boundary conditions are implemented by
incorporating them in B™~! (the treatment of the boundary
condition will be discussed in Sec. IV C). Thus the linear
system of equations obtained by writing Eq. (28) for each
control volume is closed and can be solved by standard nu-
merical methods. In this way, a discretized solution ¢™ for

the mth step is obtained.
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So far we have described how to construct the mth ap-
proximation of X*, f“(o), and 0,(;) from their (m—1)th ap-
proximation using Egs. (12), (13), and (15). Now we must
also deal with the modified pressure 1322). However, there is
no equation dominated by ﬁz'z); in fact, the only occurrence of
13:2) is in the form of a gradient in the momentum equation
(15). This is a feature that the fluid-dynamic-type equations
in this paper share with the incompressible Navier-Stokes
equation, so it is suitable to attempt similar solution tech-
niques. A well-known method is the SIMPLE algorithm.26’51’52
In its original formulation,”" it was described for a staggered
grid; i.e., flow velocities were stored at cell surfaces rather
than cell centers. For complicated geometries, however, it is
more suitable to use a co-located grid, i.e., a grid system
where all variables are stored at cell centers. A description of
how to construct a solution method for a co-located grid in
the case of the incompressible Navier-Stokes equation is
found in Ref. 26.

The main idea is to use the continuity equation (10) to
derive an equation from which an updated value of ﬁzz) can
be obtained. We assume that from the previous step in the
iterative process we already have a velocity field v 1) satis-
fymg continuity, and a corresponding modified pressure field
ﬁé’; Using these values to calculate the relevant coeffi-
cients and solving the linear algebraic system [Eq. (28) with
P running all nodes], we obtain a velocity field 13:.‘(1) that
cannot be expected to satisfy continuity. Therefore, we intro-
duce corrections jy) and ), and set

PRy =PG " + Pl (292)
Bity = Uiy + D1y (29b)

We then assume that Eq. (10) is satisﬁed with ﬁ(0)=ﬁ2’(’);1
[(m~1)th approximation of j)] and §;,)=0(;, and integrate

it over a control volume to obtain
0

If we assume that there is a relation between the velocity
correction and the pressure correction, for example, of the
form

AT/
P(z)
- , 31
=€ (31
we then have, from Egs. (29b) and (30),
— am—1 A% — Am— (7]3{2,)
f njp(o)lvj(l)dS + cJ njp(o)leS =0. (32)
a0 0 Xj

This relation, which is similar to Eq. (23), leads to a linear
algebraic system for the values of 1322,) at the grid points.
However, the matrix for the resulting algebraic system is
symmetric, and in addition it should be solved with high
accuracy in each iteration to ensure convergence, so that in
actual implementation it might be more appropriate to use a
different solver for the linear algebraic system.
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There is some freedom to choose a suitable relation (31)
because for the converged solution the corrections should all
go to zero. However, since we also want the velocity field to
satisfy the conservation of momentum, a reasonable choice
could be a relation based on the momentum equation. If we
insert Egs. (29a) and (29b) into the discretized momentum
equation, Eq. (28) with ¢=0,), and neglect the influence of
the velocity corrections at the neighboring nodes, we then
have the relation

N

AQ 9P

P . (33)
24y~ (Byry) O,

Al _
Vi) =

where ag’_l(ﬁk) indicates af;”_l [see Eq. (28)] when ¢=0,.
Note that a’,f'_l should be equal for §(;, and 0(;) for compu-
tational efficiency. In particular, this should be kept in mind
in implementation of the boundary conditions. Equation (33)
is known as the SIMPLE approximation. In the present study,
we use Eq. (33) as the relation (31).

Ideally, the same discretization of the pressure gradient
term should be used in both the momentum equation (15)
and the pressure correction equation (32). Unfortunately, do-
ing this on a co-located grid gives rise to oscillations in the
pressure field. To avoid these oscillations, we adopt the
pressure-velocity coupling of Rhie and Chow.>* The details
are omitted here (see Ref. 26).

C. Boundary conditions

The solution process described in Sec. IV B is performed
under the boundary conditions (8). The boundary conditions
for XA, f"(o), and the tangential component of ;) can be
implemented straightforwardly from Eq. (8) after substitut-
ing ﬁ(o)zﬁ(o)/f‘(o) and XA:ﬁf(‘))/ﬁm). For example, Eqgs. (8a)
and (8b) give the condition for X*, i.e.,

XA = phIp o) (34)

On the other hand, the boundary condition for the normal
component of the barycentric velocity can be obtained from
Eq. (8¢) in combination with Egs. (5e) and (6¢):

AR A .
mADABT(lo) XA kp 9T ()
2z a0

PuN—— A (35)
Poy(1-X% "\ ax; T Ix;

nviy=-—

When the mixture is confined in a closed domain V, it
may be more natural to specify the average amount of the
noncondensable gas inside the domain, rather than to specify
the constant p g, directly. As the former quantity, we choose a
dimensionless parameter n> /ng, where n>, is the (dimen-
sional) average number density of the noncondensable gas in
the domain, which is expressed as

B

n, 1

= f AgydV, (36)
ny Vliy

with the condition [yi(,dV=0 (m=1), where V is the vol-
ume of V in the x; space. Then, p( is expressed in the
following form:
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) 1 oo
Poy= (J — —XA)dV> Vn—a- (37)
T 0

Therefore, p(g) is computed as a part of the iterative process.

It should be noted that a factor (1-X*) is contained in
the denominator in Eq. (35). The expression is theoretically
sound even in the case where the local concentration of non-
condensable gas approaches zero, because the concentration
gradient and the coefficient k; both also go to zero in the
limit. However, when the expression is discretized in the
course of numerical analysis, the induced error could be
large and cause divergence. This is more likely to occur for
small values of n2 . In fact, if Po) is computed from Eq. (37)
during the iteration process, it is quite possible that at some
point p()<ph which unphysically implies that XA> 1. Al-
though this will cause trouble for the boundary condition
(35), the rest of the equations are not greatly affected, and
will still converge towards a solution. If in the final solution
XA<1 everywhere, we can overlook the fact that somewhere
during the solution process there was an unphysical solution.
It is therefore enough to find an alternate boundary condition
for the normal flow velocity in the case where X* is close to
unity, for example by setting the boundary normal velocity
so that the continuity equation is satisfied in the control vol-
ume next to the wall.

Furthermore, our treatment of pressure requires continu-
ity to be satisfied globally in each iteration, and thus the
normal velocity boundary condition must be consistent with
continuity. The evaporation and condensation should balance
each other exactly. In the general case it cannot be known
beforehand exactly where on the boundary evaporation takes
place and where condensation takes place. The part of the
wall that has condensation can be identified by checking
where the normal velocity is directed towards the wall. Inte-
grating the normal velocity across this area, the total amount
of condensation C\, is obtained. In a similar way, the total
amount of evaporation E,, can be obtained. The normal ve-
locity boundary value in the evaporating region is then mul-
tiplied by C,/E,; everywhere to make the evaporation and
condensation balance.

V. NUMERICAL EXAMPLES

In this section, we apply the fluid-dynamic-type system
summarized in Sec. III to a specific problem.

A. Problem

Let us consider a slightly rarefied gas mixture of a vapor
and a noncondensable gas, contained between two walls of
sinusoidal shape, located at

X, = +(Ly2)[1 - D sin(2mX,/L,)], (38)

where 0<D<1 (Fig. 2). Both walls, consisting of the con-
densed phase of the vapor, have a common temperature 7.
We assume that the wall temperature 7,, and the correspond-
ing saturation number density nfv‘ have the following sinu-
soidal distribution:
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Xo

Ly,

FIG. 2. Geometry.

T, =To[1-T, cos(2mX,/Ly)], (39a)
niy=ng[1 - i cos(2mX,/Ly)], (39b)

where 0<7,<1 and 0<#%<1. In terms of the dimension-
less variables, Egs. (38), (39a), and (39b) become

x,= £ (1/2)[1 - D sin(2mx,)], (40a)
T,=1-T,cos(2mx,), (40b)
Al =1- A% cos(2mx,). (40c)

We assume that the solution is symmetric with respect to
x,=0 and is periodic with period 1 in x; and consider the
domain 0<x;=<1 and 0=<ux,<(1/2)[1-D sin(2mx,)], im-
posing the symmetry condition at x,=0, and the periodic
condition at x;=0 and 1. Thus, nfv is the average molecular
number density in this domain. We analyze the behavior of
the gas mixture numerically, using the fluid-dynamic-type
system in Sec. III, under the assumption that the amount of
noncondensable gas is comparable to that of the vapor, i.e.,
nd Ing is of the order of unity. If we take m” and d* as the
reference molecular mass m and diameter d,), then the prob-
lem is characterized by the following dimensionless param-
eters: mB/m?, d®/d*, D, T., A, and n® /n.

In the following, we mainly show the result in the case
of plane (D=0) and isothermal (f"c=0) walls. The assump-
tion of isothermal walls seems unphysical because the satu-
ration pressure p’> (or the saturation number density n’) de-
pends on the temperature 7,,. However, we consider an
idealized case to simplify the physical situation. This ideali-
zation is acceptable because of the fact that in general a
small variation of T, results in a large variation of pﬁ. Inci-
dentally, the configuration of the problem is not a model of a
specific real problem but is designed to demonstrate the ca-
pability of the present numerical method for fully two-
dimensional flows. Once its efficiency is confirmed, we can
apply the method to practical problems, such as evaporation
of droplets into a background gas.55

B. Numerical results

In Figs. 3-7, we show some results for different mass
ratios in the case of d8/d*=1, D=0 (plane walls), 7.=0
(isothermal walls), 7i%=0.5, and n® /ny=0.8. Figure 3 shows
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FIG. 3. The first-order coefficient 13,’.?1) of the flow velocity of the vapor for
different m®/m* in the domain 0<x,;<1/2 and 0<x,<1/2 [d®/d*=1,
D=0 (plane walls), 7,=0 (isothermal walls), #A*=0.5, and n5 /ny=0.8]. (a)
mB/m*=0.2, (b) mB/m*=1, and (c) m®/m*=5. In the left-hand figures, the
arrow indicates the flow velocity vector ﬁ;?l) in the x,-x, plane at its starting
point, and its scale is shown in each figure. The right-hand figures show the
streamlines of the corresponding flow velocities.

the first-order coefficient of the vapor flow velocity ﬁl{?l), Fig.
4 that of the noncondensable gas flow velocity 1321), and Fig.
5 that of the barycentric flow velocity ¥,.); in each figure,
panel (a) shows the result for m®/m*=0.2, panel (b) for
mB/mA=1, and panel (c) for m®/m*=5. Since the flow field
is symmetric with respect to x;=1/2 in the case of plane
walls, only the part 0<x;=<1/2 and 0<x,=<1/2 is shown in
the figures. In the left-hand figures, the arrow indicates the
flow velocity vector 13;?1), 6?(1)’ or ¥y in the x-x, plane at its
starting point, and its scale is shown in each figure. The
right-hand figures show the streamlines of the corresponding
flow velocities. Figure 6, on the other hand, shows the iso-
lines of the concentration of the vapor X* based on the
leading-order number density for mB/m”=0.2, 1, and 5 in
the same domain. Figure 7 shows the distribution of the
leading-order temperature f”(o) along the lines x;=0 and 0.5
for various values of m®/m”* in the case where the other
parameters are the same as in Figs. 3—6.

The vapor evaporating from the part of the wall with
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FIG. 4. The first-order coefficient ﬁﬁl) of the flow velocity of the noncon-
densable gas for different m®/m” in the domain 0<x;<1/2 and 0=<x,
<1/2 [d®/d*=1, D=0 (plane walls), T,=0 (isothermal walls), #*=0.5, and
nB /ny=0.8]. (a) m®/m"=0.2, (b) mB/m*=1, and (c) m®/m*=5. In the left-
hand figures, the arrow indicates the flow velocity vector 15?]) in the x;-x,
plane at its starting point, and its scale is shown in each figure. The right-
hand figures show the streamlines of the corresponding flow velocities.

high saturation number density, flows back to the wall form-
ing half-loop streamlines, and condenses on the part with
low saturation number density (n$<n0) (Fig. 3). This flow
of the vapor induces a circulating flow of the noncondens-
able gas (Fig. 4). As the molecular mass of the noncondens-
able gas increases (m®/m*=0.2—1—5), the speed of the
vapor flow as well as that of the resulting noncondensable
gas flow decreases because the impeding effect on evapora-
tion and condensation caused by the presence of the noncon-
densable gas increases. The barycentric velocity is subject to
the velocity slip on the wall described by Eq. (8d). In the
case of isothermal walls, the velocity slip is due to the dif-
fusion slip (the slip proportional to by). When mB/m”=1
(and dB/d*=1), the coefficient by becomes zero, so that the
tangential component of the barycentric flow velocity van-
ishes on the wall [Fig. 5(b)]. The diffusion slip is leftward in
Fig. 5(a) and rightward in Fig. 5(c). As the result, a circula-
tion appears in the latter figure. According to Fig. 6, the
distribution of the concentration of the vapor is almost inde-
pendent of m®/m* near the walls. Although the temperature
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FIG. 5. The first-order coefficient o, of the barycentric flow velocity for
different m®/m”* in the domain 0<x,<1/2 and 0<ux,<1/2 [d®/d*=1,
D=0 (plane walls), ZA"(:O (isothermal walls), ﬁf:O.S, and nf\,/n0=0.8]. (a)
mB/m*=0.2, (b) mB/m*=1, and (c) m®/m*=5. In the left-hand figures, the
arrow indicates the flow velocity vector ;) in the x;-x, plane at its starting
point, and its scale is shown in each figure. The right-hand figures show the
streamlines of the corresponding flow velocities.

of the walls is uniform, there appears a slight nonuniformity

in the temperature 7'), as shown in Fig. 7. That is, there is a
slight heating for mB/m®>1 and cooling for m®/m* <1, the
temperature being uniform for m®/m*=1 (although the tem-
perature distribution is shown only at x;=0 and 0.5 in Fig. 7,
the above statement is true for any other x;).

If one tries to solve the present problem within the
framework of continuum fluid dynamics, natural fluid-
dynamic equations would be the compressible Navier-Stokes
equations with slow motion, which is equivalent to Egs.
(5a)~(5¢) with Y,=Y,=Y;=Y,=Y5=0. On the other hand,
the boundary condition corresponding to Eq. (8a) is usually
assumed from considerations on the physical nature of the
surface of the condensed phase and the structure of the
Navier-Stokes equations. Other boundary conditions based
on macroscopic considerations would be the conditions
equivalent to Egs. (8b) and (8c), and the no-slip condition for
the tangential flow velocity, i.e., Eq. (8d) with b;=by=0.
Therefore, we call the system consisting of Egs. (5a)—(5¢)
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FIG. 6. The isolines of the concentration of the vapor XA based on the
leading-order molecular number density for different m5/m* in the domain
0<x;<1/2and 0<x,<1/2 [dB/d*=1, D=0 (plane walls), 7,=0 (isother-
mal walls), 7, A=0.5, and n /ny=0.8]. The short dashed line indicates the
result for mB/mA=0. 2, the long dashed line that for m®/m*=1, and the solid
line that for m®/m*=5.

with YI:YZ:Y3=Y4=Y5:O and boundary conditions
(8a)—(8d) with b;=by=0 the Navier-Stokes system.’>*™’
An example of the difference between the full fluid-
dynamic-type system and the Navier-Stokes system is dem-
onstrated in Fig. 8. More specifically, the streamlines of 9
[Fig. 8(a)] and the isolines of X* [Fig. 8(b)] obtained by the
respective systems are compared for mB/m*=5, d®/d*=1,
D=0 (plane walls), f"C:O (isothermal walls), ﬁf:O.S, and
n® Iny=0.8. A decisive difference is that there is a circulation
in the barycentric velocity field in the case of the full fluid-
dynamic-type system [Fig. 8(a)]. The difference in the con-
centration is less significant [Fig. 8(b)].

Figure 9 shows the result when a sinusoidal temperature
distribution is imposed along the wall, i.e., when f"c=0.3, in

the case of mB/m =5, dB/d*=1, D=0 (plane walls),

=0.5, and 12 /ny=0.8. Figure 9(a) shows the flow velocity
Vector of the barycentrrc velocity 0, Fig. 9(b) the corre-
sponding streamlines, Fig. 9(c) the isolines of the concentra-
tion of the vapor X?, and Fig. 9(d) those of the temperature
f"(o). The dashed line in Fig. 9(d) will be commented in the
following paragraph. The corresponding isothermal case is
shown in Figs. 5(c) and 6; more precisely, Fig. 5(c) corre-
sponds to Figs. 9(a) and 9(b), and Fig. 6 (for m®/m*=5) to
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FIG. 7. The distribution of the leading-order temperature f(o) along the lines
= =0 and 0.5 for various values of mB/m* [dB/dA=1, D=0 (plane walls),
7,=0 (isothermal walls), 7 i%=0.5, and nB /ny=0.8]. (a) x,=0, (b) x,=0.5.
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FIG. 8. The difference between the full fluid- dynamrc type system and the

Navier-Stokes system [mB/mA= 5 dB/d*=1, D=0 (plane walls), 7,=0 (iso-
thermal walls), 72=0.5, and n /ng=0.8]. (a) Streamlines of ), and (b)
isolines of XA. Here the sohd line indicates the result by the full fluid-
dynamic-type system, and the dashed line that by the Navier-Stokes system.

Fig. 9(c). The flow pattern changes because the thermal slip
[cf. Eq. (8d)] caused by the rightward temperature gradient
enhances the velocity slip in the same direction.

Let us consider the continuum limit in the case of Fig. 9.
As commented in Sec. III C, in this limit, the flow vanishes

and the temperature field reduces to f"(o), which is shown by
the solid line in Fig. 9(d). On the other hand, the dashed line
in the same figure indicates the corresponding isolines of
the temperature field given by the steady heat-conduction
equation that is, the solution of Egs. (5d) and (5e) with

13’? n= ](1 y=0 and the boundary condition (8b) for the same

values of the parameters. In this case, in place of the condi-
tion (8a), we need to specify a parameter associated with the
amount of the component A. Here, the total amount of the
component A is set to be equal to that of the vapor in the
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FIG. 9. Flow field with a temperature variation along the walls [m®/m*

=5, d®/d*=1, D=0 (plane walls), T =0.3, ”A =0.5, and n /ny=0.8]. (a)
Flow velocity field of 0;), (b) streamlines of ¢ v,“ (c) 1solme§ of X*, and (d)

isolines of T(o) (solid line). In (a), the arrow indicates the flow velocity
vector 0 in the x;-x, plane at its starting point, and its scale is shown in
the figure. In (d), the dashed line indicates the corresponding isolines of the
temperature field by the steady heat-conduction equation (see the fifth para-
graph in Sec. V B).
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FIG. 10. Flow field for the isothermal walls of sinusoidal shape (m®/m*

=5, d8/d*=1, D=0.1, T,=0, #A*=0.5, and n®/ny=0.8). (a) Flow velocity

field of §y), (b) streamlines of Gy;), and (c) isolines of X*. In (a), the arrow

indicates the vector @), and its scale is shown in the figure.

numerical result in the case of the mixture of the vapor and
noncondensable gas. Since the dashed lines coincide with the
corresponding solid lines on the wall, their labels are omit-
ted. As is seen from the figure, the correct temperature field
differs significantly from that given by the heat-conduction
equation. This discrepancy is caused by the ghost effect.

In Figs. 10 and 11, the result for walls of sinusoidal
shape (D=0.1) is shown for fC:O (Fig. 10) and 0.3
(Fig. 11) in the case of m®/m*=5, d®/d*=1, ﬁCA=0.5, and
n® Iny=0.8. Since the flow field is not symmetric with re-
spect to x;=0.5, it is shown in the full period O0<x;=<1. In
each figure, panel (a) shows the barycentric flow velocity
vector U;;), panel (b) the corresponding streamlines, and
panel (c) the isolines of the concentration of the vapor X*.
Figure 11(d) shows the isolines of the temperature f(o). Since
the temperature variation is very small in the case of Fig. 10,
the isothermal lines are not shown there.

The fluid-dynamic-type system has been solved on a
240 X 120 nonuniform grid with finer control volumes near
the wall (although for some cases the solution has been com-
pared with the solution of double grid-size to ensure the
accuracy). Furthermore it has been confirmed that the present
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FIG. 11. Flow field for the nonisothermal walls of sinusoidal shape
(mB/mP=5, dB/d*=1, D=0.1, T.=0.3, ”*=0.5, and n® /n,=0.8). (a) Flow
velocity field of 0y, (b) streamlines of dy), (c) isolines of X*, and (d)

isolines of f"((]). See the caption of Fig. 10.
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FIG. 12. Comparison between the DSMC result and the continuum limit:
barycentric flow velocity (D;: 72(:0, mB/mr=dBld =1, ﬁ?=0.5, and
nBing=1). (a) G,/e=(2/\m)(G/Kn) at Kn=0.00625. (b) 0y
=lim,_o(0;/€) obtained by the fluid-dynamic-type system. (c) Distribution
of 0,/ e=(2/\m)(d,/Kn) on the wall (x,=0.5) at various Kn and the con-
tinuum limit d,(y)=lim,_,((6,/€). In (a) and (b), the arrow indicates the
vector 0,/ € [(a)] or 0;;)=lim,_(3;/ €) [(b)] at its starting point, and its scale
is shown in the figures. The corresponding streamlines are also shown in the
figures.

code yields the same results as Ref. 14 for a one-dimensional
problem (two-surface problem of evaporation and condensa-
tion in the presence of the noncondensable gas). All compu-
tations were carried out on a Dell™ Workstation running an
Intel® Pentium® 4 (2.2 GHz) CPU, or a computer of equiva-
lent capacity.

C. Comparison with DSMC result

We also investigate the same problem, in the case of
plane (D=0) and isothermal (f‘czO) walls, numerically on
the basis of kinetic theory, using the DSMC method.””*® In
this subsection, we show some results, which will be com-
pared with the results based on the fluid-dynamic-type sys-
tem. Since the flow field is symmetric with respect to x,=0,
x1=0, and x;=0.5, the computation is performed in the do-
main 0<x;<0.5 and 0=<x,=<0.5 with the specular reflec-
tion condition on x,=0, x;=0, and x,;=0.5. The DSMC
method is explained in many places, so that we only show
the results, omitting the description of the method.

Figures 12 and 13 contain the results for mB/mt=1,
d®/d*=1, #%=0.5, and nB /ny=1. Figure 12(a) shows the
flow velocity vector magnified by the Knudsen number, i.e.,
13,-/6=(2/\f‘377)(6,-/Kn), at Kn=0.006 25 and the correspond-
ing streamlines, and Fig. 12(b) the corresponding figure in
the continuum limit, lim,_o0;/€=0,,), obtained from the
fluid-dynamic type system. Figure 12(c) shows the distribu-
tion of the normal component of the velocity, magnified by e,
i.e., U,/ €, along the wall at x,=0.5 for Kn=0.1, 0.05, 0.025,
0.0125, and 0.006 25. In the figure, the result for the con-
tinuum limit, lim,_ o0,/ €=05(;), is also shown. Figure 13(a)
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FIG. 13. Comparison between the DSMC result and the continuum limit:

concentration and average molecular number density of the vapor ([A)=7A"r
=0, mB/m*=d®/d*=1, #*=0.5, and n /ny=1). (a) Isolines of the concen-
tration of the vapor y*=74"/7 at various Kn including the continuum limit
Kn— 0. (b) Distribution of y* along x,=0.405. (c) Distribution of x* along
x,=0.105. (d) Average molecular number density n’, vs Kn.

shows the isolines of the concentration of the vapor, i.e.,
X2 =it/ (7*+1PB), for Kn=0.05, 0.025, 0.0125, and 0.006 25,
together with the corresponding result in the continuum
limit, i.e., lim_ ox*=X". Figures 13(b) and 13(c) are, re-
spectively, the distribution of the concentration of the vapor
X" along x,=0.405 and that along x,=0.105 for Kn=0.1,
0.05, 0.025, 0.0125, and 0.006 25. Figure 13(d) shows the
average molecular number density of the vapor nﬁ\, over the
computational domain versus Kn. As is seen from Figs. 12
and 13, the DSMC result tends to approach the continuum
limit obtained by the fluid-dynamic-type system as the
Knudsen number becomes small. However, a closer look at
Figs. 13(a) and 13(c) reveals that the speed of approach to
the continuum limit is not monotonic near the center line
(x,=0). The curve in Fig. 13(d) also exhibits a slightly un-
natural behavior for small Kn. Such behavior may be true
physically. At the same time, we cannot exclude the possi-
bility that it is attributed to insufficient accuracy of the
DSMC computation. This point will be discussed below.
Figures 14-16 show the results for m®/m*=5, d®/a*
=1, ﬁf=0.5, and nf’v/no=0.8. Figure 14(a) shows the flow
velocity vector magnified by the Knudsen number, i.e.,
0;/ €=(2/\m)(0;/Kn), at Kn=0.0125 and the corresponding
streamlines, and Fig. 14(b) is the corresponding figure in the
continuum limit, lim._(0;/€=0,), obtained by the fluid-
dynamic type system. Figure 14(c) shows the distribution of
the normal component of the velocity magnified by e, i.e.,
U,/€, along the wall (x,=0.5) for Kn=0.1, 0.05, 0.025,
and 0.0125, and Fig. 14(d) is the corresponding figure for
the tangential component, i.e., 0;/€. In the figures, the
results for the continuum limits, i.e., lim._ 0,/ €=0y(
and lim,_o0,/€=0,(y), are also shown. Figure 15(a) shows
the isolines of the concentration of the vapor, i.e.,
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FIG. 14. Comparison between the DSMC result and the continuum limit:
barycentric flow velocity (DA=7A“E=O, mB/mhr=5, d®/d*=1, ﬁf=0.5, and
nS/ng=0.8). (a) ©U,/e=(2/\m(6;/Kn) at Kn=0.0125. (b) 0y
=lim,_o(0;/€) obtained by the fluid-dynamic-type system. (c) Distribution
of 0,/ €=(2/\m)(9,/Kn) on the wall (x,=0.5) at various Kn and the con-
tinuum limit 0,(,=lim,_((d,/€). (d) Distribution of 0,/ €=(2/\m)(5,/Kn)
on the wall (x,=0.5) at various Kn and the continuum limit &,
=lim,_,((d,/€). See the caption of Fig. 12. In (a) and (b), the arrow indicates
the vector 9,/ € [(a)] or 0;y=lim,_((3,;/€) [(b)] at its starting point, and the
corresponding streamlines are also shown.

xA=A?1 (% +7AB), for Kn=0.05, 0.025, and 0.0125, together
with the corresponding results in the continuum limit, i.e.,
lim,_,ox*=X". Figures 15(b) and 15(c) are, respectively, the
distribution of the concentration of the vapor x* along
x,=0.405 and that along x,=0.105 for Kn=0.1, 0.05, 0.025,
and 0.0125. Figure 15(d) shows the average molecular num-
ber density of the vapor naAV over the computational domain
versus Kn. Figure 16 shows the distribution of the tempera-

ture T along x,=0.005 at various Knudsen numbers. The
tendency of approach of the DSMC result to the continuum
limit based on the fluid-dynamic-type system is more or less
similar to the previous case (Figs. 12 and 13). One thing to
be stressed here is the fact that, as is clearly seen from Figs.
8(a) and 14, the DSMC velocity field does not approach the
velocity field based on the Navier-Stokes system [the dashed
line in Fig. 8(a)].

The aim of the present DSMC computation is to show
that its results approach the continuum limit obtained by the
correct fluid-dynamic-type system as the Knudsen number
becomes small. As is well known, the DSMC method has
difficulties for computation in the near continuum regime.
However, in the present problem, additional and more seri-
ous difficulties associated with the ghost effect manifest
themselves. As discussed in Sec. III C, when the Knudsen
number is small, the density and temperature fields are af-
fected by the flow velocity that is of the order of the Knud-
sen number and thus vanishes in the continuum limit. There-
fore, in order to obtain reliable density and temperature fields
by the DSMC method, we have to obtain the velocity field
accurately in such a way that 19?/ Kan, 19}3/ Kn, and ¢;/Kn are
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FIG. 15. Comparison between the DSMC result and the continuum limit:

concentration (or molecular number density) of the vapor (D=7.=0,
mB/m*=5, d®/d*=1, i*=0.5, and n® /ny=0.8). (a) Isolines of the concen-
tration of the vapor y*=#*/7 at various Kn including the continuum limit
Kn— 0. (b) Distribution of x* along x,=0.405. (c) Distribution of x* along
x,=0.105. (d) Average molecular number density nf‘\V vs Kn.

accurate enough. This requirement becomes increasingly dif-
ficult to fulfill as the Knudsen number approaches zero.
In the present computation, the computational domain O
=<x;=<0.5 and 0=x,=<0.5 is divided into 100X 100 cells,
and the average number of particles per cell in the final
steady state is about 100 for the vapor and about 100 (or 80)
for the noncondensable gas in the case of Figs. 12 and 13 (or
Figs. 14—16). In the most difficult case of Kn=0.006 25 in
Figs. 12 and 13, 16 independent computations were carried
out. The averages of necessary moments of the velocity dis-
tribution function are taken over 150 X 10* time steps, after a
steady state seems to be established, for each of 16 indepen-
dent computations. The averages of the 16 time averages are
then regarded as the steady states of the moments. Each in-
dependent computation took 600 h (including the time re-
quired to reach a steady state) on a Pentium® 4 3.6 GHz
CPU. Other DSMC computations were carried out on a
Dell™ Workstation running an Intel® Pentium® 4 2.2 GHz
CPU.

As pointed out earlier, we cannot exclude the possibility
that the approach to the continuum limit demonstrated in
Figs. 13(a), 13(c), and 13(d) and in Figs. 15(a), 15(c), and
15(d), which seems to be slightly unnatural, is not true, and
is attributed to inaccuracy of the DSMC computation. How-
ever, noting the small scales of the ordinates in Figs. 13(c)
and 15(c), one can claim that the present computation shows
the approach to the continuum limit with a sufficient accu-
racy. In order to resolve the ambiguity, we need finer cells
and more particles. However, such computation is quite hard
with normally accessible computational environments. Keep-
ing this in mind, we should stress that the fluid-dynamic-type
system summarized in Sec. III is a very powerful and prac-
tical tool to deal with the problems described in Sec. II.
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FIG. 16. Comparison between the DSMC result and the continuum limit:
temperature (D=7,=0, m®/m*=5, d®/d*=1, i*=0.5, and n® /ny=0.8). The
temperature 7 along x,=0.005 is shown for various Kn including the con-
tinuum limit Kn—0.

VI. CONCLUDING REMARKS

In the present paper, we considered slow steady flows of
a mixture of a vapor and a noncondensable gas, caused
mainly by evaporation and condensation of the vapor, at
small Knudsen numbers in the situation described in Sec. II.
A fluid-dynamic-type system that describes such flows was
derived in Ref. 16 by a systematic asymptotic analysis for
small Knudsen numbers on the basis of the Boltzmann sys-
tem. However, the fluid-dynamic-type system could not be
applied immediately to practical problems because it con-
tained some coefficients whose numerical data were not
available in the equations as well as the boundary conditions.
Some years later, these coefficients were obtained numeri-
cally in separate papers,24’25 so that the fluid-dynamic-type
system is now ready for application. One of the important
purposes of the present paper was to summarize the fluid-
dynamic-type system in a concise and usable form putting
together the pieces of information obtained so far. This was
done in Sec. III with the help of Appendices A and B. In Sec.
1V, we constructed a numerical solution method for the fluid-
dynamic-type system that is flexible for different geometries,
with the help of the finite-volume method for the incom-
pressible Navier-Stokes equations. The new method was ap-
plied to solving specific physical problems in Sec. V, and the
numerical results were discussed. Some results were also
compared with the numerical results obtained from the origi-
nal Boltzmann system by the DSMC method. As discussed
in Sec. V C, because of the special structure of the physical
situation under consideration, it becomes extremely hard to
obtain a reliable result by the DSMC method as the Knudsen
number decreases. Therefore, the fluid-dynamic-type system
treated in the present paper is a powerful tool to analyze the
flows of a mixture of a vapor and a noncondensable gas in
the situation described in Sec. II.
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APPENDIX A: TRANSPORT COEFFICIENTS
AND THEIR DATABASE

In this appendix, we give the definitions of the transport
coefficients occurring in Egs. (5¢)—(5¢). In addition to a,
other Greek letters (8, v, and k) will be used to indicate the
labels “A” and “B.”

Let us denote by A%({), B¥({), and D'P({) the solutions
of the following equations, where the independent variable ¢
indicates the magnitude of a vector ({;,4,43), ie.,
{=(L)'"2. That is, A%({) is the solution of

> KPXPLPU AP LA™ == (0 =502), (A
B=A.B
with the subsidiary condition
> mPXPIAP) =0, (A2)
B=A.B
B%({) is the solution of
> KPXPLP*(c;;BP,c;B%) = - 21y, (A3)
B=A.B
where
cij= L= (113)8;, (A4)
and DP({) is the solution of
E f(ﬁaxﬁXaZﬁa(giD(y)B’ (DY)
B=AB
== {{( 8y = M)/ (o)) (AS)
with the subsidiary condition
> mPXPIA(D@P) =0, (A6)
B=A.B
Here,
LP(f.g) = [JP*(EP.E®) + JP(EP gEONE",  (ATa)
JP(f.9) = 4\%7 J [AEE8 (&) = F(L)g(8)]
Xle;V |dQ(e)d* ¢, (A7b)
I(F)= (877/15)J0 "F(OE*(Dd, (A7c)
E*(Q) = (%) exp(= L), (A7d)
= G+ (PP 1) (e;V )e;, (A7e)
8 = L= (PP (e;V))e,, (ATf)
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Vi=lu— L (A7g)
KP=[(dP + d*)I2)%, (A7h)
[P = 2P (P + m®), (A7i)
&L= dEndlndles. (A7))

In Eq. (A7b), which is the collision integral of the Boltz-
mann equation for a binary gas mixture, {,; is the integration
variable for {;, e; is the unit vector, d{)(e;) is the solid-angle
element in the direction of ¢;, and the domain of integration
is all the directions of e; and the whole space of {,;. The LB
is the linearized collision operator. Note that pg=(R*X*
+mPXP)ii ) and 7y =X ). We should also recall that X*
and X® are not independent (X*+XB=1) and note that A%,
B®, and D'®* depend on X* (or XB), /m®, and d°.

We then define the functions A{({), AS(0), D(IV’K)a(g"),

D(z%K)“(g), Dﬁ]l)“(g), and Df];“(g), which also depend on X

(or XB), m®, and dae, by the following integrals:

LOAT+ASS, = X KPUXPIPA(LAP, (A9,
B=A.B

(A8)

éviéij(l%K)a_,_Dg%K)a(gij: E [%Baxﬁjﬁa(gil)(v)ﬂ’ {jD(K)a),
B=A.B

(A9)

LEDN + DY 8= X KPXPLTP((AP, D)

g
+JP(LD YR, LA, (A10)

where
TP (f,g) = JP*(FEP, g E*) (E*)™". (Al1)

The transport coefficients are defined with the aid of the

functions introduced above. The f, ﬁAB, kr, and X are de-
fined as follows:

a= > mPXPIE(BP), (A12a)
B=A.B
[)AB = XAXB(AAA + AABB - AAAB - AABA)’ (A12b)
kT:[jT/[jAB? (A12C)
N=N — kDX X5, (A12d)
where
A, p=315DP), (A13a)
Dy=3X"XP[I}(A%) - I3(AP)], (A13b)
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~ 5 5
N = E 2 Xﬂlf((ﬁ’lﬂgz— E)AB).

B=AB

(A13c)

As mentioned in the second paragraph in Sec. Il A, 4, ):,

and ﬁAB correspond to the viscosity u, thermal conductivity
A, and mutual-diffusion coefficient D,p, respectively; i.e.,
they are related as w=(\m/2)(2kTy/my)"""? OIOT('éf,&, A
= (Vak/mo) kT mo) Ppolo Tk, and  Dpp=(w/2)
><(2kTO/mO)I/ZZO(T(lg/n(O))DAB The D; corresponds to the
thermal-diffusion  coefficient DT, ie., DT (\, l2)
X (2kTo/mg) *1o(T i3 1) Dy. The Yy, Yo, Y, Yy, and Ys
are defined by

. B
Y1=% > Xﬁlg(BB{AfHﬁzB{Z 3ar-t2 D

B=AB 29
(Al4a)
L1
Y2=§ > XPIE(APBA), (A14b)
B=AB
Y= YPA 4 Y BB _yAB _yBA) (Al4c)
Y, =YW -YP, (A144)
Y= YA -Y®), (Alde)
where
ey _ ] 818( pery @b _ ry@p?B”
Y =— > xPr8| BPD*F - ple (A15a)
2 5ons ax?
Y(a) __ 2 XBIB(BB(D(O‘)'B+ (,;lﬁgﬂ _ z)D(a)B
2,6 A.B
oD\ P oBP
¢ —AP—, (A15b)
2 A X
., 1
Yg‘”:E > XPIE(BPD\@F), (A15¢)

B=AB

It should be noted that the partial derivatives of B“ with
respect to the concentration X* or X® appear in Eq. (A15).
Their meaning is as follows. Since Eq. (A3) is also valid for
X and X that are independent of each other, the solution B%
can be regarded as functions of two independent variables
X* and XB. We first take partial derivatives of such B¢ and
then introduce the restriction XA +XB=1.

A database that gives accurate values of fi, X, ﬁAB, kr,
Yl, Yz, Y'3, Y4, and YS immediately for any value of X in
the case of d®/d*=0.5, 1, and 2 and for many values of
mB/m?, was constructed in Ref. 24. The database is available
from the present authors.
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APPENDIX B: SLIP COEFFICIENTS AND THEIR
DATABASE

The slip coefficients b; and by contained in Eq. (8d) can
be obtained by analyzing the two fundamental half-space
boundary-value problems for the linearized Boltzmann equa-
tion for a binary gas mixture, that is, the thermal-slip (or
thermal-creep) problem and the diffusion-slip problem. In
Ref. 25, these problems were studied numerically on the ba-
sis of the linearized Boltzmann equation and the diffuse-
reflection boundary condition. In the present study, the vapor
molecules obey the boundary condition (iii) in Sec. II, which
is different from the diffuse reflection. However, the values
of b7 and by are unchanged. In Ref. 25, these coefficients are
expressed in the following form:

bo[=— by (Ref. 25)] =

N
1
BT, 22X = 1), Bl
e 2 A T@X 1. (B
b9[=— bﬂ (Ref 25)] =
! E bIT, (2XA ~ 1) (B2)
A ) G e S ’
where T,(x) is the Chebyshev polynomial defined by
T,(cos 6) =cos n#, (B3)
for 0 < < 7. The numerical values of bf”) and bi;’) are tabu-

lated for mB/m”=2, 4, 5, and 10 and for d®/d*=1 in Tables
I and II in Ref. 25. For m®B/mA=1/2, 1/4, 1/5, and 1/10 in
the case of d®/d*=1, the corresponding b; and by are ob-
tained from these tables with the help of the following
simple relation derived by interchanging the roles of A and B
components: when d®/d*=1,

mB mB -1 mB -1/2
e ()2
mB mB -1 mB -1/2
bg(XA,%>=—b9(l—XA,<%> vy B (B4b)

With Egs. (B1) and (B2), we can obtain accurate values of b,
and by instantaneously for any X*. The corresponding data-
base is available from the authors.
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