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• I will present a few preliminary results of an ongoing paper with J Atnip, C 
Gonzalez-Tokman, G Froyland and Y Nakano. 

• The following two contributions share our kind of investigation. 

• M. M. Castro, J. S. W. Lamb, G. Olicon Mendez, and M. Rasmussen. 
Existence and uniqueness of quasi-stationary and quasi-ergodic measures 
for absorbing Markov processes: a Banach lattice approach, 2021. 
arXiv:2111.1379lv6. To appear in Stochastic Processes and their 
Applications. FOR MARKOV CHAINS 

• P. Collet, S. Martinez and J. San Martin, Quasi-Stationary Distributions, 
Markov Chains, Diffusions and Dynamical Systems, Springer, 2013. FOR 
GIBBS STATE 

• Our results apply to deterministic dynamical systems and dynamical 
systems perturbed in a quenched way. 

• Basic reference for quenched (fibred) systems: L Arnold: Random 
Dynamical Systems. 
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,· 
• Suppose we have a complete metric space X and a probability space 

(11, F, m) and an ergodic invertible map rr. Define lw (the FIBER) a closed 
subset of X and 

• For each w E n we consider the map 

Tw : fw --+ fuw 

• and the random composition 

rw = TaM-LW O • • • 0 Taw O Tw, 

• Put le:= UwEn{w} X lw; writing BE le means 
'lw,Bw E lw,{w} x Bw = Bn{w} x lw. 

• Ex. Take u an irrational rotation of the circle uw = w + a:, a: E IR\ Q, 
0: = U~1!J), a finite partition of the circle. 

• On each O.j the map w E O.j--+ Tw is constant. 

7;,(x) = T;.,+2a T;.,+a Tw(x). 

• In this context we will consider a probability measure satisfying the 
equivariant condition: 

{ fo Tw dµw = ! f dµuw, 
}1,,, law 

fE L1(/,µuw)- (1) 
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• Take a probability space (11,F, m) and associate to each w En a map Tw. 

• Then construct (n', F', m') and take an element "' E nz as 
~ = ( ... ,w-1,wo,w1, ... ), where Wj En. 

• Define the shift 

(ae!); = e!;+1 

and put 
~➔ T~= Tw0 , 

where wo is the 0-th coordinate of !:!:L· 

• Then 
~ = Tun-1~ 0 • • • 0 Tu!,,,!_ 0 Tl,,,!_= Twn-l O • • • 0 Two• 

• Suppose we define the shift rr over nN. Then we could define the 
stationary measure µ5 satisfying 

/ f(_x)dµ,(x) = / / /(_Tw(x)dµ,(x)dm(w). 

It is the stationary measure of the associated Markov chain Zn with 
transition probability 

IP'(Zn+l E B, Zn= z) = m(w, Tw(z) E 8). 

4 This is the ANNEALED scenario. 
" ◄ ~ ► ~ ./)Q,,0-
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• In the following we could forget the presence of w : the results will be still 
NEW. 

• Invariance µ(,'A)= µ(A) is replaced by equivariance 
µw(T;; 1(A)) = µuw(A). 

• The rate of decay could be affected by norms of functions along fibers 
fa-kw(x),xE f17"w· Use ergodicity of a an especially temperedess. The 
function a(w) is tempered if for wa.e. we have limlnl➔= ~ log la(a"w)I = 0, 

which is equivalent to say that 'le:, :3Aw > 0, 'In: a(a"w) S Aweelnl_ 

• More important powers are replaced by compositions or cocycles; 
quasicompactness of operators are replaced by quasicompactness of 
cocycles. 
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• Given a dynamical system (X, µ, 1) with µ which is T-invariant, Birkhoff 
ergodic theorem states that for any fE L1(µ): 

1 1 n-1 . • 

nil,~ -;;Sn(x) :="Ii,~-;; L f(T'x) = f(x), µ- a.s. 
j=O 

with J fdµ = ffdµ; f{Tx) = f{x). Ifµ is ergodic then l{x) = J fdµ, a.s. 
• How could we formulate it for open systems? 
• Namely for systems which admit a set (the hole), which absorbs the 

trajectories? 

~ 
6 

'JO.(' 

l 

• When the orbit enters the hole it disappears. Do we have points whose 
orbit never disappears? The surviving set. 

• How does mass escape into the hole? Escape rate. 

• How could we describe the metastable statistics of convergence to the 
equilibrium state on the surviving set? 

• The hole. Let H be a measurable set in /,. For each w E r1 the fiber sets 
Hw ~ lw are uniquely determined by the condition that 
{w} x Hw = Hn ({w} x lw). For each w E r1 and n 2 0 we define 

Xw.n : = { x E lw : "Pw(x) </c Hujw for all OS j S n} = n lwj (Xujw,o) (2) 
j=O 

to be the set of points in Xw,o whose trajectories avoid the hole for n 
iterates. Note that ><w,o = lw\Hw and Xw,n = {T(w, •) > n}, where Tis 
the first hitting time to H (i.e. T(w,x) = inf{i 2 1 : -Pw(x) E H0 jw} ). We 
call Xw,n the nth level surviving set. We then naturally define 

><w.= := n Xw,n = n T;;"(Xu'w.o) (3) 
n=O n=O 

7 the w-surviving set. 
◄ □ ►◄ ~ ►◄ - ► ◄ ~ ► ~ ~Q,,0-

• A probability measure ( on (0 x X, F@ B) is said to be a RANDOM 
PROBABILITY MEASURE if it satisfies the following properties: 

0 For every BE 8, the map 0: 3 w 1------t (w(B) E [O, 1] is measurable, 
0 For m-a.e. w E Q, the map B 3 8 1------t (w(B) E [D, 1] is a Borel probability 

measure. 

• CONDITIONALLY INVARIANT 
Det If n : 17( B) = "(T~("J,7x,) 

Ran 'In: Pu"w(B) = Pw(:2(":w~~w.,) 

• YAGLOM LIMIT 
Det "r::r":,7x,J ➔ 17(8) 

Ran (w(;::(~~~w ,) - Pu0 w(B)-+ 0 

• CONDITIONING LIMIT 
Det <<,~~~n) --+ some measure 

Ran '(~~~~~f) --+ some random measure 

8 
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• From the abstract point of view, we will assume the existence of a measure 
(CONFORMAL) and of operators (transfer or Perron-Friibenius) verifying: 

• Det: f Lc(</!),pdvc = AJ ¢,Po Tdvc, A= f Lc(l) dvc 

• Ran : 
J Lw,c(<Pw),PewdVew,c = Aw J <Pw ,Pew O TwdVw,c, Aw= J Lw,c(lw) dVew,c 

• Warning: the choice of the functional spaces is essential. 

• (Ex: for billiard systems and hyperbolic diffeos with singularities, 

Le: B--+ B, Lc(h)(¢) = h(¢ o T), 

where h EB, and ¢ is a test function.) 

• We will consider iterates of these operators 

L:,c( f) = Le"-'w,c • • • Lw,c( f) 

which become powers in the deterministic setting 

L~(f). 

9 
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• We will consider a weight function g: X--+ (0, oo ). 

• We assume there exists a Banach space (B, II · II) of complex-valued 
functions on X such that 

• there is Co > 0 for which 

llf· vii s Coll~lllvll, 11~1= s Coll~I 
for any f,vEB, 

• Bis dense in L1(vw,c) for any w E Q, 

(4) 

• x,,g EB a.s. for any n EN (recall that A is the indicator function of A), 

• the fiberwise transfer operator £w,c: !3--+ l3 (associated with g) given by 

Lw,c(f)(x) := L f{y)gw(Y), fE B, XE Xew (5) 
Tw(y)~x 

is well-defined 
for each w E Q, 

• the map 
(w,x) >-+ (.Ccf)w(x) (6) 

is measurable for any !3-valued random variable f, where 

(.Ccf)w := Le-'w,Je-'w 10 for w E Q. 

"' ◄ ~ ► ~ ~~~ 
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• We now introduce the operators for the open systems 

Lwf= Lw,c(flxw,o) 

and its iterates 

L:f= L:,c(flxw,a-1) 

• Suppose one could prove the existence of a random measure vw,= 
supported on Xw,= and such that (Assumption A): 

0 Aw J fwdvw,oo = f Lwfwdva-w,oo, Aw = f Lwldva-w,oo 
& Lwc/Jw = Aw'Pew , J c/Jwdvw,= = 1. 
0 IIL::,fw - Vw,=(fw)'Pe"wll= S Dll~lt<" 

• Then a few interesting results follow, notably 

• The measure µw,= = ¢wvw,= is equivariant 

I few O Twdµw,= = I fewdµew,= 

• Assumption A is basically the quasi-compactness in the deterministic case 
and the quasi-compactness for random cocycles using MET. 
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• The measure 
rJw(B) = Vw,c(la</!wlxw,o) 

Vw,c(<Pwlxw,o) 

is conditionally invariant. 

• 'f/w is the Yaglom limit of any other measure absolutely continuous wrt Vw,c 

and with positive Radon-Nykodim derivative, class Pc,.,w,c, 1) 

• Each element of P(vw,c,+) has a (conditioning) limit and in particular Vw,= 

is the conditioning limit of Vw,c and µw,oo of 'f/w 

• The previous results were known in a few cases for deterministic systems 
(see Demers, Young, Liverani, Maume, Todd, etc, they are new for random 
systems. We now begin to state results which are new in both framework). 

• In the case of billiards quoted above, Demers proved that the conditionally 
invariant measure v is simply the eigenmeasure of L = lx0 Lc(lx0 ) 

Lv = Aev, 

where v(Xn) = A:, Ae being the escape rate. 

• In that case v is singular wrt to the Lebesgue measure, but it is its Yaglom 
limit, so the escape rate could be practically computed. 

12 
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• We remind that (w,,(B) = 'c:~~~~i°) and 1/w is the conditionally invariant. 

Choose ( E P(vw,c,+) • 

• We already said that (w,n has a (conditioning) limit (w,=• 

I~ 

Under Assumption A, there exist are"' E (0, 1) and a measurable function 
C: 11 ➔ (0, oo) such that 

I (( r) ) I C(w)ll'l'wllll¢wll .l k 
(w,o f,,w O w Vw -11,,w,,-k(f,,w)(w,=(vw) :,; inf<pukwinf,Pw llf,,wll=ll"ll" 

for every ( E P(vw,,,+) with density ,p, measurable f: I, ➔ JR. v EB, integers 

n ::0: 1, 1:,; k:,; n and m-a.e. w E 11. Moreover, if w ➔ log llfwll= is in L1 (m) 
then the right-hand side goes to zero exponentially fast as k, n--+ oo. 

• We should add inf ¢w is tempered ; moreover log llfwll= is also tempered. 

13 
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• We could now state the ergodic theorem for our open systems 

,~ 
Under Assumption A Then, µw,oo is the unique quasi-ergodic probability 
measure with respect to P(vw,c,+)· 
Furthermore, for each (w E P(vw,c,+) and B-valued random variable fw : fw ➔ IR 
with 11~1= E L1(m), there exist sets lw,o C:: Xw,o with (w,,(fw,,) = 1 a.s. for 
each n ~ 0 such that for m-a.e. w E 0: and any {xn}n~O E rr:o I w,n, we have 

n-1 

lim .!, L f0 Jw O 1Ux,) = J fw dµwoo, 
n➔= n 

j=O 

14 
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• We now establish a few limit theorems 

• We first define the dynamical variance. 

• Let (5,/)w(x) := ~;;:01 f0 ,w o TUx). 
Assume that 

µw,=(fw) = 0 m-almost surely. 

Then, 

(s'(/J)w := µw,= (l) + 2 f> 0 - 0 w,= (fw O 1'.:-"w • f0 - 0 w) 
n=l 

exists m-almost surely. Set 

I:2(/) := J s2(/) dm. 

Furthermore, 
I:2( I) > 0 if and only if f is not cohomologous to a constant; 

15 
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,~ 
Under Assumption A. Let f: X-+ IR be a B-valued random variable. Assume 
that µw,=(IJ = 0 m-a.s. and I:2(/) > 0. Then, for any ( E P(vw,c,+) and a E IR. 

• ( 1 o-l • ) 1 /_' ( ,?- ) ,~";!, (w,o y'n ~ f0 Jw o T'w S a = ✓2,rP( /) -= exp - 2P( /) dz 

(7) 

We emphasise that the right-hand-side of (7) is a (non-random) constant. 

16 
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,~ 
Under Assumption A. Let f: X-+ JR be a B-valued random variable. Assume 
that µw,oo(f) = 0 m-a.s. and I:2(f) > 0. Then, for any ( E P(vw,c,+), there is a 
nonnegative, non-random, continuous, strictly convex function 
c: (-oo , oo)-+ lll. with some oo > 0 such that c vanishes at O and that for any 

( E Pvw,"+(v,) and O 2 0, 

lim - log(w,o - "f0 1w o T'w > o = -c(o) , m- a.s. 
1 (1 o-l • ) 

n➔= n nL...., 
j=O 

17 
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,~ 
Under Assumption A. Let f: X-+ JR be a B-valued random variable. Assume 
that µw,oo(f) = 0 m-a.s. and I:2(f) > 0. Then for any ( E P(vw,,,+),, there is 
C = Cr,, such that 

I ( 1 °-1 
• ) 1 {' ( :l ) 11 c ~~~ (w,o vn~faJwDT'w(w,x)Sa - ✓21r'P(f)Loo exp -2-P(f) dz S y'li 
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•.J~_E 

• The limit theorem are proved by adapting the Nagaev-Guivarc'h method in 
terms of the twisted operator to the cocycle of transfer operators. 

• This theory, which used an implicit function result of Hennion, was 
proposed in our two papers: 

0 D. DRAGICEVIC, G. FROYLAND, C. GONZALEZ-TOKMAN, 5. VAIENTI, 
A spectral approach for quenched limit theorems for random expanding 
dynamical systems, Comm.Math. Phys., (2018). 

0 D . DRAGICEVIC, G. FROYLAND, C. GONZALEZ-TOKMAN, 5. 
VAIENTI, A spectral approach for quenched limit theoems for random 
hyperbolic dynamical systems, Trans. Amer Math. Soc, {2020). 

• We used the quasi-compactness of the cocycle (and therefore the 
Multiplicative Ergodic Theorem) plus the implicit function theorem . 

19 
◄ □ ►◄~►◄ - ► ◄ ~ ► ~ ~~~ 

• Focusing on the CLT, we will try to prove it by the convergence of the 
characteristic function of our process. By denoting with Sn the (random) 
Birkoff sum, we must control a term like 

(w,o(e"(Saryw) = (w,o(e'E]~1 f,JwoPw) = 

Vw,,(e9(Saryw Xw,o · '<Pw) 

Vw,,()C,o • '<Pw) 

where 'f/; is the density of (w w.r.t. Vw,c and F = lF. 

• By using duality one reduces the previous quantity to 

where 

Va"w,,(£'/,;"'</Jw) 

Va"w,,(£/1,,Pw) ' 

£!(<p) := £w(e°fw • <p) = >-.;:,1Cw,,(e"fw )C · <p), 

is the twisted operator. For the CL T 0 = --!f;; 

<pEB. 

20 
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• There are an open set Uc IC containing 0, C1 maps¢: U--+ L =(n, B), 
V: U--+ L =(n, B*), and a C3 map,\: U--+ L =cm) such that the 
following hold: 
(1) For every 0 E U and m-almost every w En, 

£!¢! = ,\~¢~w, and 

>.0 = vw(e"¢!) 
(2) For every 0 E U, there is an £!-equivariant splitting B = C¢! EB Ker(v~). 

where Ker(v!) = {u EB: v!(u) = O}. Moreover, there is Kt E (0, 1) such 
that for every 0 E U and m-almost every w E n, 

lim ! log IIL'.~"lc,, IIB = /7ice) dm 
n➔oo n "'w 

and 

1 ' ;-lim - log IIL:w•"IKe,(v')IIB :S tc1 A{0) dm, 
n➔oo n w 

where A is the function A: U ➔ L =(m) given by A(0)w = log At for 0 E U 
and w En. 

(3) It holds that 

A{O) = A'{O) = a / A"{O) dm = I:2 (1). 

Furthermore, by shrinking U if necessary, there are C > 0, r E (0, 1) such 
that for every 0 E U and m-almost every w E n, 

IIL'.~•"IKc,(v~JIIB :S Cl'. 21 
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• We show quasi strong law of large numbers in the following abstract form. 
We introduce the correlation function 

Cu,v(n, k) := (o (ro T' · v) - (µ=(IJ)k(o(v) 

for each ( E Pv0 , each B-valued random variable fand each v EB. 

Let ( E Pv0 , and f be a B-valued random variable such that 11~1= E L1(m). 
Suppose that 

lim ! f ICu,,(n,k)I =0 
n➔oo n 

l=O 

for every v E B. Then, there exist sets , " C:: Xn with ( 0 (10 ) = 1 a.s. for each 
n ~ 0 such that for m-a.e. w En and any {xn}n~O E TI:o I w,n, we have 

o-1 ! 
lim ! Lfo T"w{x0) = fdµ=. 

n➔oo n 
l=O 

◄ □ ciP ◄ ~ ► 
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Suppose that 

01i,~ ~f ICuh,k)I =0 
l=O 

for every vE B. Then, since Bis dense in L1(vw,c) for each w E 0., we can 
assume that 

o-1 

0 1i,~ ~LICu,,(n,k)I =0 
l=O 

for every VE L1 ((w,n)- For each w E Q, let Zw := TT~o(w,/, which is a probability 
measure on TI~o Xw,f· To get the conclusion, it is enough to show that 

( 
o-1 ) ! ~ ~(fn'w O Tf:(xo)- µn,w,=Cfn,wl V(x,,x,, ... )dZw(xa,x,, .. . ) -t Q 

as n ➔ oo, for and VE L1(Zw) and m-a.e. w E Q (recall that 

limn➔oo i :EJ==-01 µakw,oo(fakw) = f fdµ 00 by the ergodicity of (a, m)). D 
23 
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On the other hand, for every n EN, 

11 ( ~ tcrnkw O 1':.,(xo)-µn,w,=(fn•wl) VdZwl :S ~ ticu,v,w(n, k)I 

where 

v(x)= ! V(x,,x,, ... ,Xo-l,Xo+1,·••ld(rr(w,/). 

'"'" 
On the other hand, by construction ii belongs to L1((w,0). Hence, from the 
claim at the beginning of this proof, we get the desired convergence. 
The quasi-ergodicity follows from the above estimate Uust Lebesgue dominated 
convergence theorem). 

◄ □ ► ◄~ ◄ ~ ► 
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• J. ATNIP, G. FROYLAND, C. GONZALEZ-TOKMAN, S. VAIENTI, 
Thermodynamic formalism for random weighted covering systems, 
Communication Mathematical Physics, 386, pp. 819-902 (2021) 

• J. ATNIP, G. FROYLAND, C. GONZALEZ-TOKMAN, S. VAIENTI, 
Equilibrium states for non-transitive random open and closed dynamical 
systems, Ergodic Theory and Dynamical systems, 43, (10), pp. 3193-3215, 
(2023) 

• J. ATNIP, G. FROYLAND, C. GONZALEZ-TOKMAN, S. VAIENTI, 
Thermodynamic Formalism and Perturbation Formulae for Quenched 
Random Open Dynamical Systems, submitted, 160p, to appear on Disser. 
Math. 
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• Suppose that the spaces Jw = [0, 1] for each w E n and the maps 
Tw : [0, 1] ➔ [0, 1] are surjective, finitely-branched, piecewise monotone, 
nonsingular (with respect to Lebesgue measure), and that there exists 
C 2: 1 such that 

ess supw ITwl :SC and ess supw d( Tw) :S C, 

where d(Tw) := sup,El□ ,ll #T;:, 1(y). We let Zw,o denote the (finite) 

monotonicity partition of Tw and for each k .2: 2 we let z~k~ denote the 

partition of monotonicity of Yw. ' 
• The map": n ➔ n is a homeomorphism, the skew-product map 

(8) 

T: r1 x [0, 1] ➔ r1 x [0, 1] is measurable, and w >-+ Tw has countable range. 
• Recall that the variation off: [0, 1] ➔ Ill+ on Z C [0, 1] be 

k-1 

varz(/) = sup L ll(xH,) - l(xj)I, 
xo<··•<xk> xjEZ j=O 

and var(/) := vaqo,11(/). We let BV = BV([0, 11) denote the set of 
complex-valued functions on [O, 1] that have bounded variation. 
We define the Banach space BV1 C:: L =o to be the set of (equivalence 
classes of) functions of bounded variation on [0, 1], with norm given by 

11~1Bv1 := _ inf var(/)+ (l~)-
f=f a.e. 26 
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:•Ja=--f:]t~;,": 

• We set Jw := II'wl and define the random Perron-Frobenius operator, 
acting on functions in BV 

Pw(/)(x) := L J:(;) · 
yE/wl(x) 

The operator P satisfies the well-known property that 

{ Pw(/)d= { fd 
110,11 110,11 

for m-a.e. w En and all fE BV. Recall that go= {gw, □Len and that 

.Cw,o(/)(x) := L gw,o(y)t(y), fE BV. 

YE/w1(x) 

• We assume that the weight function gw,o lies in BV for each w E f2 and 
satisfies 

(9) 

ess supw llgw,oll=,1 < oo, 
and 

ess inf w inf gw,o > 0. 

(F2) 

(F3) 

• We also assume a uniform covering condition: For every subinterval 
JC [0, 1] there is a k = k(J) such that for a.e. w one has 7;;,(J) = [0, l]. 
We will use it with the further requirement that there are only finitely 

27 
many maps Tw. □ i:, ~ ./)0.,(\-

• There is a uniform-in-n and uniform-in-w upper bound ~ .2: 1 on the 
number of connected components of Hw,n 

• We also assume that 

n~"!i ess supw(Hw,n) = 0. 

• Further we suppose that there exists N .2: 1 such that (contracting 
potential) 

(F6) 

(9 + 12fJI\/) • ess supw 11/w~J II =,1 < ess inf w inf .c::_an. (F8) 

• With these assumptions we can prove the quasi-compactness of the 
unperturbed operator by using two important facts: 

0 The construction of the closed measure Vw O given in our paper 
Thermodynamic Formalism for Random Weighted Covering Systems, CMP 
(2021}. 

8 The generalisation to general potentials of the quasi-compactness 
decomposition obtained for geometic ponential in O . Dragicevic, G. 
Froyland, C. Gonzalez- Tokman, 5. V, Almost Sure Invariance Principle for 
random piecewise expanding maps, Nonlinearity 

28 
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• We now use quasi-compactness (or hyperbolicity) of the unperturbed 
transfer operator cocycle to guarantee that we have hyperbolic cocycles for 
large n for the perturbed operators. This requires 

0 lw,O is a hyperbolic transfer operator cocycle on BV1 with norm II· 11Bv1 

and a one-dimensional leading Oseledets space and slow and fast growth 
rates. 

fJ The family of cocycles {lw,n,s}n2:no satisfy a uniform Lasota-Yorke 
inequality 

lllt,n,,~IBv, <:: Aclll~IBv, + Bkll% 
for a.e. w and n ~ n0, where o: :'.S: / < r $ B. 

e limn➔ oo ess SUPw 111..cw,O - lw,n,sl 11 = 0, where • is the BV - L 1() triple 
norm. 

• The main technical problem is to translate to 8V1 what we got for v,o. 
• We may now apply Theorem 4.8 in H. Crimmins, Stability of hyperbolic 

Ose/edets splittings for quasi-compact operator cocyc/es, to conclude that 
given 8 > 0 there is an Eo > 0 such that for all c <:: co the cocycle 
generated by £w,n,s is hyperbolic, with 

(i) the existence of an equivariant family ¢w,n,s E BV with 

ess SUPw 11¢w,n,s - ¢w,O 11Bv1 < 8, 

{ii) existence of corresponding Lyapunov multipliers Aw,n,s satisfying 

l.>,w,n,s - 11 < Ii, 
(iii) operators CJw,n,s satisfying II( Ow,n,s)nl1Bv1 :S K'('y + O)n, where "( is the 

29 decay rate for Qw,O· 

" ~ ./)0.,(\-


