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DIFFERENTIABLE SINGULAR COHOMOLOGY

RELATED TO FOLIATION

H. Suzuki B A B

Dept. of Math., Hokkaido Univ.

Introduction

Let (M,F) be a c¢®-foliation of codimension g on a
paracompgct Hausdorff manifold of dimension n.  T(M) be the
tangent bundle of M and F = T(7?) the subbundle of T(M)
consisting of tangent vectors of leaves of 7. Let V denote the
normal bundle of 7 with respect to a Riemannian metric on'M.
Then we have the splitting of T(M) into a Whitney sum:

TIM) = F®V
and the dual splitting of cotangent bundle,
*on = v* @
On a local foliation chart, (x,ﬁ): U»RPxR? one chooses

differential forms



9j=dxj * ? ajadua 1 £ S p,
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such that {QI,'v-,Bp,du1,°'~,duq}, {d/8x1,~«-,3/8xp,v1,---,vq}

are dual bases of T;(M) and T _(M), m € U.

Let Ar,s be the vector space of differential forms which
are locally
ra, .. du, ---du, 0 ]
Lyrroipdyrrtdg 1y r 41 Ig

Let A(M) denote the vector space of Cm—differential forms on M.

Then we have
AM) = ® AT’S,
The exterior derivative of an w € Ar,s is of the form

dw = dlw + d2w + de

where d,u € AT, dyw = ATT1+5 ang d,w € AT 5t are

uniquely determined.

From the relation d = 0, it follows that



r,s +1

r,s
In particular dF: A 2> A

defines a cphomology vector
space H;ﬁg(M) with transverse degree r and leaf degree s.

Let C; denote the sheafiof géfms of real valued C -func-
tions on M constant along leaves of 7 and ﬁs(M;C;), the Cech
cohomology vector space of M with the coefficient sheaf C;. We
have already a de Rham type isomorphism

Hipp (M 5 HS (M5CD),
as a part of the Dolbealt isomorphism for foliation. (Cff,
e.g., [V, Théorém 3,21, [S, Theorem 4.21.)

In the present paper, we establish a singular cohomology

version of this isomorphism, Let Ci(M;R) be»the chain complex

with the coefficient group R generated by differentiable

singular simplexes in leaves of 7. Then we introduce a

differentiable singular cochain complex C;(M,R) for C:(M;R).
(See Section 2 belbw.)

Let H?D(M;R) denote the cohomology vector space of

0,s

% . ;
CFD(M;R) and A: A - C?D(M;R), the homomorphism defined by

the integration
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of w € AO’S on a simplex og € CQ(M;R).

MAIN THEOREM. A induces an isomorphism

> yS .
(M ;,HFD(M,R).

{See Section 3.)

This relation can be used to give Weil operators [HH,
DEFINITION 1.6] a meaning as cohomology classes (cf. [S.

Theorem 5.41).

All manifolds, maps and foiiaticns are assumed to be of

class C°° and manifolds are without boundaries.

1. Differentiable singular chains in leaves

Let (M,7) be the Cm-foliation of codimension g on the
paracompact Hausdorff manifold of dimension n. Let OZ be a

Cm—singular s-simplex such that the image of Gz is contained

a leaf of 7.

in



Let C;(M;R) denote thebvector spacé over R with the basis
{ag}. Then we have obviously

Fon. Fooovmeny
aC, (M;R) C CL_, (M;R)

for the boundary operator 3, and obtain a chain complex

7 _ 3 3 . P 3 p
Cp(M;R): -+ C_(M;R) = CS_J(M;R) 2.0 Co(M3R) = 0,
P ' .
C'(M;R) = )} R (R_ZR).
0 DEM m m

Let (M',7') be a codimension g foliation on a manifold Mf
of dimension n'. Let f: M 2 M' be a Cm—map which is transverse
to 7' anq preserves leaves, i.e., fbr each leaf L of 7, there
is a leaf L' of 7' such that f(L) C L'. One can see that 7
coincides with the pullback £*7* of 7'. £ induces a chain map

£,: COGR) - ¢l R,

Let fO’ flz M > M' be Cw—maps transverse to 7' so that

fOF' = flf' = F.. If there is a Cw—map H: MXR - M' transverse

to 7' such that

'fi(m) = H(m,1) i=20,1,



where n; MXR » M is the first factor projection, then fo, fl

are called Cm—homotopic by leaf preserving map and denoted by

fo 77 f;. H is called leaf preserving c”-homotopy of f, and

- Let H;(M;R) denote the s-dimensional homology vector space

of C,(M;R). The chain map f,: C,(M;R) » ¢, '(M';R) induces the
F _
homomorphism of homology vector spaces, f*: H*(M;R) -

H, (M';R).

/Tv
sk
Since affine simplexes are differentiable ones and the

homotopy H: MR -»> M' préserves leaves, prism operators are well

defined in C;(M;R) and one obtains,

PROPOSITION 1.1. f f£f., f

1f £, M > M' are homotopic by leaf

13

preserving map, then fO# and f are chain homotopic and hence

1#

we have

*

(M';R).

n ™

o |
fou = f140 H OGR) 2 H

Again since affine simplexes are differentiable ones, as

well as prism operator, one can construct subdivision operators



sd’ (Cg(M;R) d C;(M;R) which are chain maps and one obtains

n W

Sd .

the chain homotopies @;’ Cg(M;R) - C;+ (M;R) between the

1
identity operator and SdZ by the'usual manner (see, e.g., [G,
p.651).

An open set X ©T M has the restricted foliation‘ef F

denoted by the same symbol. Cg(X;F) has an excision property

as follows:

PROPOSITION 1.2. 1If X

1 and X2 are open sets of M, then

. . . A . F F v .
the natpral inclusion map 1: C*(Xl,R)+C*(X R) = c*(xluxz,R)

2;

gives a chain homotopy equivalence.

Let Ak: Xlﬂx ~» X  and uk: X

2 K - XIUX2 be the natural

k
inclusion maps for k = 0, 1, which induce chain maps

. of . Foex L of
At Cu(XMX,3R) » C (X, 3R and . ,: C (X

F i .
- R) » C_ (X ,UX,;R).

k;
We define chain maps

. o . Fex. s Fex
A CL(X;MX,3R) = CL(X;3R) @ C (X,;R),

u: CL(X;3R) @ CL(X,3R) » CL(X5R) + C (X, 3R



c,) = One

by A(e) = (Al#c, -2 #c) and uf(c 5 “1#01+“2#C2‘

2 1’
obtains a short eXact sequence of chain complexes,

. A - uoo .
F . r . r . r . r .
0 = C*(XIHXZ’R) = C*(XI,R)®C*(X2,R) - C*(XI,R)+C*(X2,R) = 0.

Let A* and M be homology homomorphisms induced by A and u

respectively.

COROLLARY 1.3. If Xl and Xz are open sets of M, then we

have the Maver-Vietoris exact sequence of H;:

A
F . * o F . F .
-+> HI(X,MX,3R) —5 H] (X 5R) @ Hi(Xsz)
My 7 % &
—5 H (X UK, 3R =5 HY (X MKy 5R) 2 e e,

where 8* is the connecting homomorphism.

2. Differentiable singular cochains restricted leaves

Let AS be the standard s-simplex and Dq(e) C Rq be an open
e€-ball around the origin for sufficiently small number &€ > 0

AF
and US

: Dq(s)xﬁs = M any differentiable map such that

WF WF F
G ixr = O | € C (M;R),

{x}XAS



for each x € pd(e). An s-cochain £ for Cg(M;R) is called

differentiable with 7 if the value E(Gg{x}) is differentiable

AF
with respect to x and Gs

n W

is éalled an €-thickening of Gg if o

= 4.(0).

7
s
Let & denote the usual coboundary operator for cochains of
Cg(M;R). We denote the set of differentiable cochains of
CQ(M;R) by C§ (M;R)>. This is a vector subspace of the s-

D

cochain vector space C?(M;R).

Let ei: As—l - As, i =20,---,8 be the standard face map
and 3;, a differentiable &-thickening of Gg. Then the map
A\ F -
aiag pd(e)xa?™ ! 5 M defined by

éABF = GF-(‘d xe. )
i%9 T Ug t10pd )7y
. . o . . F . s~1
.is obviously a C e¢g-thickening of Sios. So, if & € CFD (M;R)

N F
and £ > 0 is sufficiently small, then E(aiog{x}) is
differentiable with respect to x € Dq(a) for i = 0,+++,s8.

Therefore we have



10

A ~AF
GE(GS{X}) E(Bas{x})

it
"ner~n

-1l (5" x1))
1 S

i=0

S . AN T
Y -1'ed 6 x)).
i=0 vs

The last formula shows 55(3;{x}) is differentiable with

. respect to x € Dq(s), and so we have 8% € C?D(M;R). Thus one

obtains,

LEMMA 2.1. C;D(M;R) = {C;D(M;R),é} is a cochain complex.

C?D(M;R) is called the differentiable singular cochain

complex for the foliation (M,7). In the rest of this section
we introduce cochain maps induced by transverse Cm—maps for
foliations, cochain homotopies induced by leaf preserving
Cw—hombtopies between transverse Cm—maps and cochain
homotopies between cochain subdivisionlnperators. "These are
obtained by checking that the images satisfy differentiability
condition for £-thickenings of differentiable singular

simplexes contained in leaves.

- 10 -
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Let (M,7) and (M',7') be C”-foliations of the same

codimension q and f: M =2 M' a C@—map transverse to 7' such that

f 7 = 7

LEMMA 2.2, f inducgs a_cochain map f#: C?,D(M';R) -
Crp(MiR).

Let fO’ flz M > M' be Cm-maps transverse to 7' so that
fSF‘ = ff?' = F. Assume that fO FF,F f1 by a leaf preserving

C?—homotopy H: MR =» M"'.

LEMMA 2.3. 1f we have £, 77 _ £

* LIRS
7',/’» l! f . GF'D(M’R)

- C;ﬁ(M;R) are cochain homotopic.

Let Sdf = {Sdg}: C;(M;R) - C;(M;R) be the subdivision
operator and & *°¢ = {@g'Sd}: C,(M;R) » C,_ (M;R) the chain

homotopy operator between the identity operator and Sdf. We
define cochain map Sd)T = {Sdi}: C;(M;R) - C;(M;R) by the

formula,

—

6y, £ e cER), o, € cLOGR
S S

v W
n W

s s, _
(SdFE)(OF) = £(Sd

and also define a homomorphism

- 11 -



o = (8% ot CrOMGRY - c?‘l

7,sd F,Sd (M:R) by the formula,

0} g B o, ) = £ 2%, £ e cism,

o € C (M;R).

-1 s-1

n W

. * .
(M;R) = CFD(M’R) and

LEMMA 2.4. SdF is a cochain map C?D

*-1
D

QF Sd is a cochain homotopy Cf (M;R) » C

7D (M;R) between the

identity map and SdF.

3. Differentiable singular cohomology for foliation

*

The cohomology vector space HFD

(M;R) = @ H?D(M:R) of the
‘ s20

differentiable singular cochain complex C? (M;R) in LEMMA 2.1

D

is called the differentiable singular cohomology for the

foliation (M, 7).

Let (M',7') be another foliation apd f: M2 M, a Cw—map
transverse to 7' such that t¥F = 7. By LEMMA 2.2, f induces a
homomorphism of differentiable singular cohomology vector
spaces:

*

t . * -
f ¢ H (M';R) - HFD(M’R)'

~ %

'D

- 12 -
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Let fo,fi: M'" > M be Cm-maps transverse to 7' so that f*

0
= f??' = F. Assume that fO ;-zf-fi. Then by LEMMA 2.3, we
have

* * % .. * .
fo = fl. HF'D(M ,R)k% H7D(M,R).

If Xl,and X2 are open sets of M, then the natural
inclusion map 1: CF(X 'R)+CF(X sRY = CF(X JX,;R) induces a
! R Rt 00 w1020

cochain map

#oo0* oy ux - .
1 Cop (X UX, 5R) 2 fD(X SR+ cﬁ p(¥y iRy

By making use of a chain homotopy equivalence of PROPOSITION

1.2 and LEMMA 2.4, one obtains,

LEMMA 3.1. 1# is a cochain homotopy eguivalence.

Let Xk CM k=1, 2 be open sets and let Ak: XlﬂX 2 X

and uk: Xk - XIUX2 be the natural inclusion maps. They induce

. #, . #, ok , .
cochain maps Ak. CFD(X ;RY = CFD(X ﬂXz,R)_and Myt CFD(Xluxz,R)

*
- CFD(Xk’R)'

We define cochain maps

#, *

A fD

R)Cﬂ (XE’R) 2 Cﬁ (X ”XZ,R),

- 13 -
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#, A% . * . % . * .
uo CFD(Xl’R)+CFD(X2’R) - CFD(Xl’R)CCFD(X’R)

# - L # X # _ # #
by A (El, tz) = Al(El) A2(£2) and u (&) = (ul(E), uz(i)).

One obtains a short exact sequence of cochain complexes

"
0 5 C* (X RI+CE (X iR o (X, sRECE (X 3R
PARIE 7p ¥y 7p¢¥ys 7pXy3
A¥ .
— CFp (X, MX,3R) > 0.

Let A* and u* be cohomology homomorphism induced by A# and

u# respectively. By LEMMA 3.1, we obtain,

THEOREM 3.2. 1f X1 and X2 are open sets of M, then we

* -

have the Mayer-Vietoris exact sequence of HfD‘

u

i . % i . i .
> Hzp (X,UX, 5R) — Hyp (X 5RO®H, [ (X, 3R)

A e

5 Hpp (X NX i+l

5
* * * .« 0
L Xy R) — Hop " (X UK, 3R 2

* . .
where 8 1is the connecting homomorphism.

We call codimension q foliation (M, 7) F7-contractible if

there exists a g-dimensional submanifold N transverse to 7 and
amap f: M » N C M transverse to 7 which is Cm—homotopic to the

identity map idM,by leaf preserving map, i.e., f = id

- 14 -
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Let U = {Ua} be an open cover of M. If anrintersection of
finite open sets of U is F—contracﬁible, then we call U an
F-simple cover of (M,7). 1If (M,7) is a foliation on a
paracompact Hausdorif manifold, then by [S, Lemma 4.11, every
open cover ( of M admits a refinement U = {U{} which is
F-simple.

Moreover, by taking sufficiently small neighborhood of
foliation chart as U{, one can assume ﬁ{ is compact. One

constructs, by induction, an increasing sequence {Vj} of open

1]

sets in M such that Vj is compact, Vj C Vj+1 and \u}Vj M.
i

058 , ¢ (M;R) defined by

The integral operator A: A D

7. _ | 0,s 7 F g
A(w)(os) = w, W E A . OS € CS(M,R)

g

w -

is a cochain map [S, Lemma 5.2] and defines a natural
homomorphism,
g 0,s

> v S .
AT HZPROD > HEL (GR).

If Ui C M is on F—contractible open set, there exists a

.- 15 -
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g-dimensional submanifold N C U{ transverse to 7 and by LEMMA

2.3,

]
<

S L Y -— ®©
HE (UsRY = [ c®an s
0 s >0

where Cm(N) is the vector space of'Cmefunctiun on N. By IS,

ot S 1.
Corollary 3.21, A gives the 1som0rph1sm HPDR U Y = HFD(Ui’R)'
By making use of the Mayer-Vietoris seguence of hFD
obtained in THEOREM 3.2, that of H~ and the five lemma, we

7DR

have,

LEMMA 3.3. For each j, A* is an isomorphism of vector

. 0 x yS .
spaces: ”DR(V ) 5 FD(VJ’R)'

PROOF OF THE MAIN THEOREM. Both sequences {H9 S(V )} and

{H (V ;RY)} satisfy the Mittag-Leffler condition since Vj C

D
Vj+1 is compact. Therefore, the isomorphism A* of LEMMA 3.3

gives, by the arguments [Ml, $%A.3-A.4]1 and [MQ, Appendix %31,

the isomorphism
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