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CHAPTERIINTRODUCTION

Inanalizingelectro-magneticphenomena,therearethreesteps

tocarryout:

Firststep:Findingaequivalentnetworkforaelectric

｢apparatus.

Secondstep:Findingequationsdescribing七henetwork.

Thirdstep:Findingthesolutionsoftheequations.

Thispaperismainlyconcernedwiththesecondstep.Thefirst

andthethirdstepsareconsidered七〇asmallextent.

FornetworkswhichC‘ontainlinearpassiveresistors,inductors

andcapacitors(RCLnetworks).EmeritusProffesorS.Hayashi

showedamethodofformulatingasetofequations,whichbe｀

calledthefundamentalequations.Thevariablesinthefundamen-

talequationsarethevoltagesacrossthecapacitorsandthe

currentsthroughtheinductors.Thefundamentalequationsare

simultaneousdifferentialequationsofthefirstorder.However,

theyarenotalwaysindependent.

工n195O's,thedescriptionofanetworkbymeansofthestate

equations.

i2Aχ十Bu,.

isproposedforRCLnetworksbyT.R.Bashkow.Afterthat,agreat

manystudiesonSyS七ematicformulationsofthestateequations

forvariousnetworksarepublished.工tiscalledstatevariable

approachtonetworkanalysis.Thestatevariablesareclosely

relativetothenetworktopology.Thestatevariableapproach

isconvenientforcomputer-aidednetworkanalysis.

工nChapter2-5,thestatevariableapproachtovarious｡

1



netv'orksisstudied.InChapter2,thestatevariableapproach

toRLCnetworksisdescribedforlateruse.

工nChapter3,isstudiedsystematicformulationsofstate

equationsforlinear,reciprocal,passive,time-invariantnetworks

withmutualcouplingelements.Thesenetworksareequivalentto

thosewhichcontainresistors,inductors,capacitors,ideal-

transformersandindependentsources(RCLTnetworks).Theprop-

ertiesof七hestateequationsarealsostudied.

工nChapter4,arestudiedthesolvabilityandasystematic

formulationofthestateequationsforlinear,nonreciprocal

passivetime-invariantnetworks.Thesenetworksareequivalent

tothosewhichcontainresistors,capacitors,gyratorsand

･independentsources(RCGnetworks).

工nChapter5,thesolvabilityandasysterna七icformulationof

stateequationsforlinear,active,time-invariantnetworks

(activenetworks)ispresented.

工nChapter6,networkscontainingperiodicallyoperated

switchesareconsideredbyuseoftheresultsofChapter2-5.

Thenetworkshaveimportantapplications.Thesenetworksare

studiedfromapointofviewdifferentfromthatbyS.Hayashi.

2
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CHAPTER2STATEVARIABLEAPPROACH

2-1INTRODUCTION

工nthischapter,graphtheoryanditsterminologynecessaryto

thestatevariableapproachoflumpednetworksaredescribed.A

formulationofexplicitstateequationsoflinearpassivelumped

networkscotainingresistors,inductors,capacitorsandindependent

sourcesasnetwork-elements｡(socalledRLCnetworks)isdescribed.

asapreparationforformulatingexplicitstateequationsofmore

generallinearlumpednetworks.

2-2NETWORKANDGRAPH

Consideralumpedne七work,thenthegraphofthenetworkis

obtainedbyreplacingeachlumpedtwoterminalelementwithan

orientedbranch.ThegraphobtainedfromagraphC7bycontracting

abranchZﾌﾞasetofbranchesS"@isdenotedbyG[b】"G[S】".The

graphobtainedfromGbydeletingabranchy'asetofbranchesS"

isdenotedbyG仙}"刎ﾀ}¨.ThegraphobtainedfromGbycontracting

abranch2,■■asetofbranchesSI゛anddeletingabranchZ)y'aset

ofbranchesS2¨isdenotedbyG[b^;b^}"GlS^;S^}"'

Abranchofagraphcorrespondingtoacapacitor"resistor,･

inductor,voltagesource,currentsource"iscalledacapacitor-"

resistor-,inductor-voltagesource-,curren七source-"branch｡

Anetworkanditsgraphare,respectively,denotedbyK*and

G゛.Thegraph[voltagesouce-branches:currentsource-branches}is

denotedbyG,andi七scorrespondingnetworkisdenotedbyN.

@

･|

Therepetitionofthe(dual)sentenceisavoided.Thewordin

･lare七〇replacetheirprecedingwordsinthe(duaUsen七ence.
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Therank"nullity"ofGisdenotedbyr(G)"μ(G)".

AtreeanditscorrespondingCOtreearedenotedbyrand77,

respectively｡

-
AbranchofmIImIIiscalledatwig"alink".

Afundamentalloop"cut-set"uniquelydeterminedbyalinkZ

andsometwigs"atwig亡andsomelinks"isdenotedby乙oop(Iﾊﾞ'cut-

set(t)"

Ana,i>)elementofamatrix･Aisdenotedbyarも,3)'Thecofactor

ofαN｡jﾉisdenotedbyCof.y1ぽ.jﾉ.Thedeterminan七〇fAisdenoted

bylAI･

LetBandQdenotebasic100pandbasiccut-setmatrices,･

respectively,thennonsingularmajarsubmatricesofB"Q"arein

onetoonecorrespondencewithcotrees"trees".

Agraphisassumedtoposses?zれnodesand?7かbranches.A

fundamental100pmatrixofGforatreeriswrittenas

B=[1,F]j

wherethematrixisa1｣(G)xn

(2-2｡1)

matrix,1indicatestheunitmatrix

oftheorderμ(G)andFisknowntobeaunimodularmatrix.

similarly,afundamentalcut-setmatrixofGfor?iswrittenas

Q=[-FM3.(2-2.幻

゛゛herethematrixQis°n゛(の)(れZ,Illatrixand1indicatestheunit

matriχoftheorderr(の･

ThematrixFiscalledthecharacteristicpartofafundamental

matrixforatree?.EveryroW"column"ofFcorresponds七〇alink

"atwig".ｲ

Thei-throW"thej-th･column"ofamatriχAisdenotedbya(ぞ)

"a{j}".

工｀fbyexchangingalinkHwithatwig亡jZforT,anothertree,

4
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？‾ｔ２チZj″ｃanbeｏbtained″ｓuｃhabranｃh‾eｘｃhanｇeiｓｃaｌｌedｔhe

eｌemenｔary゛ｔree‾tranｓfｏrmaｔiｏn°Aｔree″ｒjZ°ｒ‾r右ｊチ゜゜゜チ右,
7?

ﾉチμ
jZチ゜゜゜

ﾁZ／,iＳaｔreeｏbｔainedby777eｌemenｔaryｔree－ｔranｓfｏrmaｔiｏnｓ

Lemma2-2.1

AssumethatthefundamentalloopmatrixB"thefundamaentalcut-

setmatrixQ"foratree?isgivenbyB=[1,F]¨Q=[-FM]¨.工fa

treeTisobtainedbymtree-transformationsfrom?suchasrj°r‾

にjZ¥'゜゜゜ﾁﾞ右ぷﾁに?“゜゛ﾁ‰ﾉ'゛andthematrix[BI'B2]¨[QI'Q2]¨isobtained

bypel:mutatingcolu°nscon°espondingtot£andり{£゜jj°゜'j″7}Of

B"Q･･fthennextequalityholds.

･

IQ21'IBIﾄr-1)"'.(2-2.3)

Proof:工fthematrixBiswrittenas

B=

then

Q=

も

0

jα

●●

O●●

●●●11'jα

●

抒

:Zjαμjj゛゜゜jαμ『

Qiswrittenas

‾αjZj
j

●

●

-α

1r3

゜゜゜j一α

●

●

μP

j‾αμΓj

も

0

whereα貳ﾌﾞ゛土1jθ'

ThenthematricesB 1

j

0

2

(2-2.4)

andQ2maybewrittenas

5
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BI°

Q2゛

1>'''lo13'°ld23jaljm

･
α
一

●
･

稲jjj°"“稲j2j･゜I"j

j°

･
･

α.･j
yZJ?77

●

●

O3ai
2jｼﾞ3aも£･^2'3ai2jj

●
･

も

0

jα

jα

●

●

も
･
●

･

imjy'βij

0

μj2j°･',aμj
2j゛゜゜゛゜jαμj 77?

j
j

α

●●

●●

i,U°･'j7α£2jj°'‘･゜m

･
･

･
●

j‾ai
l
jj3‾aも2"1*3゛aimjｲ

●1●●

●●●●

J‾αij

●
･

･
奉

･

２

0

j'‾“稲jj'･ず‾≒2jy｀T°■-%･^m'

j‾αyzi'j°゛゜'-'^iV'"゜゛'j‾αら
7?Pj1

Thenthefollowingequalityholds

IQ2日B十 -α

-α

yZ
≒'ぺそ2j2'｀¨Tj‾≒mjl

●●●●

ヱｼﾞぶ‾゜iﾉぶ･゜¨'“゜に
7･･j･7･

6
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ぼ-2.り

{'1j1β≒jj゛゛゛'゜もl^m

●●●●
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j
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Ｓ
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(2-2.∂ﾉ

Q.E.D

ThenumberofelementswhicharecontainedinasetSisdenoted

byl剛･

Thesetoftwig-"link-"capacitor-branches,twig-"link-"resis-

tor-branchesandtwiq-"link-"inductor-branchesare,respectively.

denotedby?にﾉ"?7･rの",T(R)"f(R)"andT(L)"T(い゛.

Definition2-2.1

Anormal'七ree(asdeno七edby7y)foranRLCnetworkisatree

ofC7such七ha七ににﾘ|ﾁぽ陥川isamaximum.

2-3STATEEQUAT工ON

AssumptionA

工nG*,thereexistsneitherloopcomposedofonlyindependent

voltagesource-branchesnorcut-setcomposedofonlyindependent

currentsource-branches.

InanetworkwhichdoesnotsatisfyAssumptionA,theKirchhoffs

voltage"current"lawmaynotholds.工ntheKirchhoff'svoltage

andcurrentlawsholdinthisnetwork,thevoltages"currents"of

independentvoltage"current"sourcesinsuchaloop'･cut-set"are

7
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linearlydependent.Thenetworkobtainedbydeleting"contracting"

anyoneindependentvoltage"current"sourceintheloop"cut-set"･

isequivalenttotheoriginalnetwork.工tsgraphsatisfies

AssumptionA.ThenconsideranRLCnetworkwhichsatisfies

AssumptionA.

Letvandidenotethebranchvoltageandthebranchcurrent

respectively.Theぞ-thcomponentsofvandiarevoltageacross

thei-thbranchandcurrentthroughthei-thbranch.Leta

fundamentalloopandafundamentalcut-setmatricesforatree?

beBandQ,thentheKirchhoff'svoltageandcurrentlawsstate

BV=e(2-S.l)

Qi=j.(2-3.幻

whereeisaloopsourcevoltagevector,thei-thcomponentof

whichisthealgebraicsumofsourcevoltagesappearingintheぞ-

thfundamentalloop,andjisacut-setsourcecurrentvector,the

k-thcomponentofwhichisthealgebraicsumofsourcecurrents

appearinginthe几一thfundamentalcut-set.

Therelationbetweenbranchvoltagesandbranchcurrentsmay'

berepresentedby

Yv=Zi,(2-3｡3)

whereYandZarediagonalmatrices.Theeach(k.k)component

ofYandZisspecifiedasfollows.

!ij(k,k)゜1,3(k,TcJ゜'''kforaresistor-branch

!y(k,k)=C.p,z(k,k)=lforacapacitor-branch

!j(k,k)=l3s(k,kJ=L,pforaninductor-branch,

wherePΞd/dt.

Eq･(2-3.1),(2-3.2)and(2-3.3)maybewrittenasamatrie

equatﾕLon:

8
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卜

1

BO

OQ

Y-z

V

･
r
-
･

―e
･
J

-

0

に-3.4)

whichiscalledanetworkequation.Thecoefficientmatrixis

denotedbyecp;.

工tisknownthatifandonly‘ifthematrixeゆﾉisnonsingular,

Eq.(2-3.4)hasauniquesolution.Theuniquesolvabilityof

networkmeansthatEq.(2-3.4)hasauniquesolution.whetherthe

networkhasauniquesolutionornotistheproblemonnetwork･

solvability･

Thenexttheoremhasalreadyobtained.

Theorem2-3.1

AnRLCnetworkwhichsatisfiesAssumptionAhasaunique

solution.

Definition2-3.1[1]

Thenaturalangularfrequenciesofanetworkaredefinedtobe

therootsofthecharacteristicpolynominal0fe(p).Thenumber

ofthesenatura:Langularfrequencies(denotedbya)iscalled

theorderofcomplexityofthenetwork.

Theorem2-3.2
[1]

TheorderofcomplexityaofanRLCnetworkisgivenby

(J則句に川刊≒に川 ば-3.5;

Amethodofformula七ingthestateequationsofRLCnetworks

beenalreadygiven
[2][31

.Letusdescriveitbrieflyforthe

9



studiesinlatterchapters.

Thebranchvoltagesandcurrentsmaybe,conveniently.

partitionedas

V° 's

v

j?

V

£

V

じ

V

C;

V

『

i= 仙

仙

七

り

仙

i
Γ

j (2-3.6)

wher‘ethesubscriptss.j?and£denotelink-capacitors,link-

resistorsandlink-inductors,respectively.ThesubscriptらC7

andΓdenotetwig-capacitors,twig-resistorsandtwig-inductors,

respectively･

ThecharacteristicpartofafundamentalloopmatrixforT

●
mayberepresentedby

F
Sじ

F
召C7

S.

,F

F
LC｀

0,0

RG｀

F
LG｀

0

F
£｢

(2-3.り

Therelationsbetweenbranchvoltagesandcurrentscanbe

expressedas

CI

0 ,C

RI゛

0

2

0

O゛G2

LI゛0

0゛L2

d
石

lj?

VC7

d

一心

V

S

V

と7

1=

仙

i
Γ

一
一

一

一

i

i

S

C7

9

V£

V｢

forcapacitor-branches

forresistor-branches

forinductor-branches,

(2-3.剛

wherethematricesCI゛c,.■^1sG21handL2arediagonal‘

FromtheKirchhoff'svoltageandcurrentlaws,weobtain

10
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V刀

V£

'c

'g

Ir

-

-

e

S

e

j?

e

£

貼

秘

j

『

一

一一

一

一

F

F

F

‰

SびO゛0

j?乙7゛

瓦

,F

Fj?G9

9
F
LG゛

0

F
£｢

RC'^LC

OF'F'
と7

0゛0-nv

ﾘ

り

七

V

C7

V

G

V
『

9

(2-3.9)

(2-3.10)

wheretheloopsourcevoltagevectoreandthecut-setsource

currentvectorjarepartitioned(forexample,the几一thcomponent

ofeSisthealgebraicsumofsourcevoltagesappearinginthe･

乙りりprthek-thlink-capacitorbranchﾉ)..

EliminatingvoltageandcurrentvectorsexceptVandi£from

Eq.(2-3.8),(2-3.9)and(2-3.10),weobtainadifferentialstate

equationas

火=Aχ十Bu,

whereχ=

A=

B=

V

と7

七

c゛八〇

〇,11‾
1

l=‰♂

"゛長-

ご=C

2=R

-1 F
冑ご

-y.H

-H'.一一Z

U°

1゛Fh(尹‾jFj?

O“FLg9

稲

貼

jΓ

eS

e7?

e£

1
一
n
/
』

G

G召

F

j
一

J
い召

F

2十Fﾑじcl

‐
n
/
』

G

戸
ぽ
召

F+

1
‐

Fsc

L-1

‰;

n-1o

-j

z°FLGR‾j'Lg

Z; h 十F£rL2
一
IR

G

‐
召F+

C
V
l

G
一
一9

n

゛F;とpu

,0,

り♂“j,0

'F乙夕‾与臨RI･1

jF刀G

(2-3.11)

(2-3.12)



Property2-3.1

ThematrieesC,LyRand9a｢epositivedefinite.

Proof;ConsiderthematrixC.FromEq.(2-3.12),it"isrewritten

as

゛|“F乱･11 C,,0

0゛C2

'Fsc

1

ぼ-3｡13)

Then,thematrixCmaybepositivesemi-definite.Thefirst

matrixoftherighthandsideofEq.(2-3.13)isafundamentalcut-

setmatrixofG[瓦乙}andthelastmatrixisatransposedma七rix

ofthefundamentalcut-setmatrix.Thereforethedeterminantof

Cisgivenby

IC卜五11(tree-capacitanceproductinG{ゐ£})゜

sincel引尹!∂fromthisexpansion,thematrixCispositivedefinite･

sincethematricesj;jRandgareofthesameformasじftheyare

positivedefiniteinsimilarway｡

Q.E.D

NonsigularMandgguaranteetheexistenceofahybridmatriji,

whoserowscorrespondtothecurrentsthroughthecapacitorsand

thevoltagesacross七heinductors,andwhosecolumnscorrespond

tothevoltagesacrossthecapacitorsandthecurrentsthrough

the.inductors.NonsingularCand£guaranteethatthestate

equation(2-3.11)hasaunique･solution.Theabovediscussions

areessentialtoderivingstateequations.

Property2-3｡2

Let瓦ぽ.jﾉdenoteanぽ,jﾉelementofH,thentheabsolute

valuel7zぽ.j川isnotmorethan1.

‘12
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･

Property2-3.2isaresultofthenon-amplificationproperty

ofaresistivenetwork.Hereanotherproofisgiven.

Proof;工nordertoobtainthevalueof11r£,j),considerthegraph

ど;貳capacitor-branchesexceptごぞ7allinductor･branches

e°{cept£j)'゛゛hereC7ぞandL.aret゛゛ig-capacitorandlink-inductor

corresponding七〇みび,jﾉ.ThegraphG..maybeseparable,thatis,

itmayhavemorethanonenon-separablecomponent.WhenCiisnot

inthecomponentwhereLjis'H(i,d)゜0.Whenりand£jareinone

component,considerthepossibilityofanormaltreeinG.ﾌﾞsuch

thatC7ぞisnotintheZ°゜Pにy°Butsuchanormaltreecanor

cannotbechosen.Considerthecasewheresuchatreedoesnot

exist.Then,‘ifbo七hち?^{i}andf£Grjﾉarenonzero,theelements

ofFRGcol°1°espondingtononzeroち?^{i}and≒Gりﾉarezero.For

iftheywerenonzero,anormaltreewiththeabove-mentioned

propertycouldhaveexisted.Thenweobtain

f≪(i)H‾jFRGG;jZfljj}゜O°a‾J°2む

Eq.(2-3.14)holdsevidentlyinthecasewhere仙jo017≒Gぴﾉis

zero.sinceと7ぞisintheZ°゜p陥y'|んぱ'jﾉﾄ1inthiscase.

Considerthecasewherethereexistsanormaltreeforwhich

じぞisnotin七heloop(L.).LetN..denotethecorresponding2-

por七sofG£j゛1sshowninFig°2'3°1'Let?2り,i'3'denotea2-

tree,wherethenodesづandjareinoneconnectedpartandthe

nodesi'andj'areintheotherconnectedpart°LetM靫

denotethesumof2-treeadmittanceproductscorrespondingt02-

treesTﾘy'Therelationbetweenvoltagesandcurrentsof

the2-portsぶ‥isassumedtobe
り

り

町

ご

1'£PI'£j

l≒μ'1'jj

七

句

13
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Fig.2-3°1Thecorresponding2-portsofGにj

FI°o°Eq.(2-3.15)･theele°ent町も3)isdescribed･as

肩もjﾉ゜‾1*../5?･･

Thetopologicalformula【41leads

りﾀﾞ{りj丿'J'"りj″ﾊﾟ'j}/町幻

町rwj,j'ﾉv(y)'

(2-3.16)

whereY{J)denotethesumoftreeadmittanceproductsandり

thesumoftreeadmittanceproductscorrespondingtotrees^2j,j'

wherethenodejisinoneconnectedpartandthenodej″inthe

otherconnectedpart.since

wj｡j'~^io,i'o'十"id'.i'd

weobtain

㈲丿目勺jl

ﾁM
ii'3,3゛

ﾄぽ,3)＼く1

Consequently,weobtain

|町礼川≦j,

ﾁM
ii'3',3^

(2-3.1り

wheretheequalsignholdsifthereisnonormaltreeforwhich

thebranchじ£isr!otintheloop(L.).
J

Q.E.D

14
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Property2-3.2doesnotholdinRLCT,RCGandactivenetworks

Property2-3｡3
[1]

工fthederivativesofinputfunctionsappearinthestate

equations,thereexistsa七leastone100pwhichconsistsof

voltagesourcebranchesandcapacitorbranchesonly,oratleast

onecut-setwhichconsistsofcurrentsourcebranchesandinductor

branchesonlyinG*.

Property2-3.4
[5]

Ifthereexistsatleastonecut-setwhichconsistsofcapaci-

tor-branchesonly,oratleastoneloopwhichconsistsofindue-

tor-branchesonlyinG,thematrixAofthestateequationis

singular.

15



CHAPER3RLCTNETWORK(1)

3-1INTRODUCTION

Anetworkconsideringinthischaptercontains,asthenetwork-

elements.onlyresistors,inductors,capacitors,ideal-transform-

ersandindependentsources.Furthermoreitisassumedtosatisfy

AssumptionAinChapter2.ThenetworkiscalledanRLCTnetwork

N*.

SeveralpapersonthesolvabilityofRLCTnetworkshavebeen

published[6][7H8].Anecessaryconditionforthesolvabilityin

agraphicalsencehasbeengivenby[61.Differentfromthecase

ofRLCnetworks,however,solvabilityconditionsdependnotonly

onnetwork-topology,butalsoonnetwork-elementvalues.Aneces-

saryandsufficientconditionfortheuniquesolvabilityisthat

thecoefficientmatrixofthenetworkequationisnonsingular.

工nthischapter,anecessaryandsufficientconditionwhich

dependsonnetwork-topo:Logyandturn-ratiosoftheideal-trans-

formersISgiven.

AnexplicitformofstateequationsofRLCTnetworksisgiven

in[6],however,theprocessofderivingthemisnotdiscussed.

工nSection3-2,themagneticandtheelectricpropertiesofthe

multiwindingideal-transformersarestudied.

工nSection3-3,theproblems゛onsolvabilityandtheorderof

complexityarestudied.

犬工nSection3-4,theexplicitformsofstateequa七ionsare

formulated.

16
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3-2MULTIWINDINGIDEAL-TRANSFORMER

Consideranideal-transformerfive-portasshowninFig.3-2.1,

wheretwooftheportsareconectedtotwoinductorsandtherest

arefree.Letvandidenotethevoltage-andcurrent-vectorsof

freeports.Thenweobtain

v=K'A

whereK=

嚇 A嚇,
^
11'

た
2P

^
12'

k
223

(3-2.1)

k13

k23

A= L,.O

0°L2

ThematrixMmaybeconsideredtobeaninductancematrixofa

mutualcouplinginductor.･｡

Consideramutualcouplinginductorwhoseinductancematrixis

representec!byannxMmatrixoftherankV,whichIsdenotedbyM

ThematrixMisknowntobesymetricandpositivesemi-definite.

thereforeitisrepresentedby

M=K'AK.(3-2.幻

whereAIsanrxrpositivediagonalmatrix.ThematrixKisan

rxnmatrixwhoseelemen七Sたびy3)=0.ifぞ>jandたぴ,i)=l.

1

2

1'2'

Fig.3-2.1Exampleofideal-

transformerfive-port.

17
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Consequentlyamutualcoupling

inductorisequivalenttoanideal-

transformerれ+r-port,whererport

areconnectedtorinductorsandれ

portsarefree.Foreχampleamu-

tualcouplinginductorwhichis

characterizedby3×3inductance

matrixofrank2isequivalentto

anetworkshowninFig.3-3.2｡

ThereforeanRLCTnetworkmay

bestudiedinsteadofageneral

passivereciprocalnetworkwithmu-

tualcouplinginductors.

Considertheelectricandmag-

neticpropertiesofmultiwinding

ideal-transformers.Themagnetic

3

3'

1
2

2゛

Fig.3-2.2Equivalentnet-

workofmutualcoupling

inductorcharacterizedby

3×3inductancematrixof

rank2.

propertyofraultiwindingideal-transformerscanbecharacterized

bymagneticgraphs.Forexamplethemagne七icgraphofthemulti-

windingideal-transformershowninFig｡3-2.3(a)isthatinFig.3-

2.3(b).

Themagneticgraphsrepresentthemagneticcircuits.since

ideal-transformerscanberegardedasunitycoupledinductorsof

infiniteinductance,wehave

Qm*=o

BMξ゜0,
(･3-2､3)

where●andこarethebranch-fluxandthebranch-magnetomotive

forcevectors″respectively.Thematrices%andBMarefundamen-

talcut-set-andthefundamentallQOpmatricesderivedfromthe

18
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S乃

賃

2

3

2″

3'

4

4'

1

(a)

Figo3-2≫3(a)Fivewindingideal-transformer

magneticgraph｡

3

(b)

(b)工ts

magneticgraphM.Let'iandiJdenotetheport-voltage-andthe

port-currentvectorsofidealtransformers.LetKdenotethe

diagonalmatrixthatspecifiesturn-ratiosofideal-transformers.

Thenweobtain

VJ° K紬or知゜K'jvJ

1;゜Ki^

K-diagべk'",k}.

Eq.(3-2.3)and(3-2.4)leadusto

QW゛ﾀﾞOQwAQMK“j

BWiﾀﾞOB^AB^K

(3-2,り

(3-2.5)

sincethematricesBMandQMare″respectively″writtenas

BM°[1･FM]QM°[‘FM･1]'

whereFMisthecharacteristicpartofthefundamental100p

●matriχderivedfromthemagneticgraphM.Eq.(3-2.5)becomes

゛jK右FiKy｀'zAMI｀'z

19



where "l

V亡

M

K

t

°VJ｀

几かM

卜

几

J

=i

J
h'O

O゛Kt

=K

(S-2.6)

ThesubscriptsZandtdenotelinksandtwigs,respectively,of

themagneticgraphμ｡

ConsidertheelectricpropertyofanRLCTnetwork.工tcanbe

characterizedbyanelectricgraphGwhichisobtainedfroman

RLCTnetworkbyreplacingeachoftwoterminalelementsandeach

portofideal-transformerswithabranch.Forexample,theelec-

trieandmagneticgraphsof七heRLCTnetworkshowninFig.3-2.4(a)

areinFig.3-2.4(b)and(c),respectively.

c,

L,

R3
(a)

c,
Fig.3-2.4

(a)RLCTnetwork

13(b)itselectric

graph

(c)itsmagnetic

graph.

20
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･

Inelectricandmagneticgraphs(GandM),everybranchinM

correspondstoabranch‘inG.Howeveronlyeverytransformer

branchinGhasone-to-onecorrespondencewiththatof‘μ.

weヽdefine

Definition【513-2.1

Apropertree"p ofanRLCTnetworkisasetofbrancheswhich

formsatreeinitselectricgraphG.Besidesthetransformer

branchesinthesetformatreeinitsmagneticgraphM.

ConsideranalgorithmofselectingapropertreeofRLCTnet-

works.LetS｡71S｡IIdenoteasetofallbranchesinG"G,､"｡

Definition3-2.2

Acommontreeisatreeintwographsこ72andと72whereeach

branchinGjZhasaone-to^onecorrespondencewithabranchinG^″

£｡a｡S
GI°SG2磐G｀

Selectingcommontreeshavebeengivenin[10】and'･[11].They

maybesummerizedasfollows.LetT^"T"denoteatreeofG^"G^"

Thenweobtain

!Zy7りち?゜i2り(T^r^T).

sincei2r゛(TJ＼T)゜φ″Weobtain

い十≒ﾄ|ﾘ刊ﾌｸﾘ･

(3-2.り

(3-2.剛

since＼TJ＼T＼≦=lyZIro゛け2Dand＼Tlisconstant,ifandonlyif

にjZﾊ?2liS°iximized.に?721ismaximized.sinceT^isidenti-

calwith?
2ifandonlyifにみﾉﾌ21祠SGI″thealgorithmisoneof

maximizing口y≒1″instead*of＼TJ^T＼

21



Modifyingtheabovecoiranontreealgorithm,weobtainan

algorithmofapropertreeinRLCTnetworks.

LetSG"Sμ"denoteasetofallbranchesinGn>≪n･ThesetSm

isasubsetofSC7″thatis,SSM｀Let?♂l?μ"denoteatr6eof

a"M".CorrespondingtoEq.(3-2.7)and(3-2.8),thefollowing

equationshold.

≒J町戸�ﾛ(√｀陥)

げ洲仙|祠%ﾄ･に酒乱|

こい化ﾉﾁr(M).

(3-2.9)

rJ-2.ﾕ0)

Byuseofthecommontreealgprithm″trees?Gand21Msuchthat

□wyIismaximumcanbechosen.工f‘?Gisapropertree″i七is

necessai°ythati認?μ゛φand?と7177μ゜φ゛lsshov゛ninFig°3‾2‘5{a).工11

genera]り?GnちjZφfevenif゛け汐?μﾄismaximumandi♂｀?μ゜φ.(as

showninFig.3‘2.5(b).)Thereforeli(7UΓμlismaximizedbythe

commontreealgorithm″andthenifiびﾊ?μ゛φ･い&J%lismaximized

byitsdualalgoi°ithm.工f?jJyM°6?びisapropertree.

(a) (b)

Fig.3-2‘5Venn'sdiagrams.(a)!ZIGisapropertree‘

(b)＼T^かismaxiitminandr(戸炉φ･

LetusobtainapropertreeofanRLCTnetworkwhoseelectric

andmagneticgraphsaregiveninFig.3-2.6AssumethatTと7andT

22
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｢

S

6

I

4
a

ぐ

8
1

I

3
b

ぐ

Fig.3-2.5Example,(a)Electricgraph乙7.

(b)MagneticgraphM.

゛areinitia!1y゛lsrG°{Jjもら㈲゛andTM°{1.3}.Bythecommontree

algorithm″rび andTsuchthatぽGUrJisamaximumareobtained

asTG°{2j3jも5}and?M°{1,3}‘FI°ol゛these″|7(!M?^|ismaximized.

and七henapropertreeisobtainedasT={2,s.ら7},where?Gべ

and?μ゜{2,3}゜

Letusdefineapropertreegivingtheorderofcomplexity･

Definition【613-2.3

Amaximumpropertree作四z ofanRLCTnetworkisdefinedto

beapropertreehavingmaximum川作に川州T(L)＼)

3-3NETWORKEQUAT工ONANDSOLVAB工L工TY

AnetworkequationofanRLCTnetworkisgivenby

23



0印ﾉ
i

V

△

に

ΓΣ)(M)(Σ)(M)

Q

Σ'

Q

が

O･0

O

゛

O

゛

B

Σ゛

B

M

Z,0,-Y,0

OsBW゛090

O

'

O

'

O

'

Q

W

1Σ

'm

VΣ

VM

一
一

e
o

0

j
(S-S.l)

wherethesubscriptMandΣdenotetheideal-transformersandthe

network-elementsexcepttheideal-transformers,respectively.く

ThematrixQA|QΣ,%|¨BAI.BΣ,B｡|¨isabasiccut-setma七rix"abasic

●
100pmatrix"intheelectricgraph.

Thenexttheoremisgivenin[6].

Theorem3-3｡1[6]

AnecessaryconditionforanRLCTnetworktohaveaunique

solutionisthatthereexistsatleastonepropertreeinits

electricgraph.

Theproofoftheorem3-3.1isnotgivenin[6】andtherefore

wegiveonehere.

(proof)BytheLaplaceexpansionofdet＼B(p川,weobtain

det＼Q(丿卜Σ8g�sΣﾉ會町回七川[QΣ'%]しΣJﾉ[BΣ'B″]しf≒

where

S

S

ΣsAsubsetofSG‘■'m

J'z.Asubsetof'm

iがSG'SM'SI

iｴ゛SM'SI

刈Z;-YU

Σ

24

sΣIBwl≒IQwしy(3-3.2)
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●

|[QΣ'q″]ISΣUり¨|[BΣ'B“]U^"=Thedeter°゜inantofthesub‘

matrixv゛hichiscomposedofthecolumnsof[QΣ'QM]¨[BΣ゛BM]"corre-

spondingtoSΣﾘs^"-sΣﾘiy"

|Z;-Y|5 ･S°Thedeterminantofthediagonalmatrixwhoseele-
Σ゜Σ

merits･ofZcorresponding･tojΣandthoseof-YtoSΣ'

sincedet|6(p川Z∂ifthenetworkhasauniquesolution,there

existSΣ andSI suchthat

|[%'%]しがり[BPB″]ly≒IBwl≒IQwし/ら
thatis″SΣﾘSlisatreeinGand弓isatreeinM.Consequently

SΣus^isapropertree°

Q.E.D.

Theorem3-3.2【6】

TheorderofcomplexityofanRLCTnetworkisnotgreaterthan
|

thesumofthenumberofcapacit二〇rsinanymaximumpropertree

andthenumberofinductorsinitscorrespondingcotree.

Abovetwotheoremsareobtainedinconsiderationsofnetwork-

topology.However,solvabilityofanRLCTnetwork･>thatis.

whetherithasauniquesolution,dependsuponnotonlynetwork-

topologybutalsonetwork-element-values｡

Considerhowthenetworkelement-valuesaffectnetwork･solv-'

ability.AssumingthatapropertreeTcanbeobtained,wehave

thefundamentalloopandcut-setmatricesas

B=

Q=

F

F

£7
,1,F

£t
,0

2?9
0゛Fjt゛1

1゛“Flr゛09'FI?

O゛‘Flt゛1'-'it

(3-3.3)
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wherethesubscript£II!r"denotesthelinks"twigs"inΣ.Thesub-

scriptl"t"denotesthelinks"twigs"inm.

LetTΓΣﾉ"T(m)"denotethesubsetof?Pexcludingtheideal-

transformer‾branches'?p‾?pΓΣ/I'.Thenthecoefficientmatrixmay

bewrittenas

0∂S 0ﾉご

T
P
(Σ)T(Σ)T(M)f(M)T

1゛‘'lt゛O''^lT9

O'-'It゛1'-'it9･

F

O

F

Z
!r゛

0,

0
0

0
S

ΓΣ)f(ΣJ.?p

0

£r゛

2!r゛

-Y

0
0

2

K

･
t4
J

K

M

F

£

Ｚ
O

0
S

0
9

0
9

0

71S

S

9

9

1

0

0

Y
£

0

0

0

9

9

9

1

9

(M)f

F

Lt

'
it

0

ぐ

9

9

0

(M)

0
1
-

,0

9'FMK;1

同一S.4)

wherethema七rixZ£"I,"isadiagonalmatrixwhosediagonalele-

mentsarethoseofZcorrespondingtothelinks"twigs"ofT,

andthematrixY£"Yr"isadiagonalmatrixwhosediagonalelements

arethoseof‘Ycorrespondingtothelinks"twigs"of?P'

ConsiderthetermintheLaplaceexpansionofdet＼6^
^

(p川cor-

respondingto? ΓΣﾉ.工七isrewrittenby
｀'p'‾

|%jP心rΓΣ戸副ZJIYJ[KjFMKに目K;1゛qKﾌF2tl

P‥.n
かlzう|IYi.|略

p
ΓΣら

り-J｡肩

whereα=!j｡

considertheterminlOθs印川correspondingtoanothei°proper

treeT^^

becomes

Byexchangingthe･rowsandcolumnsofe∂s印几it

26
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1 '

0
2
(p)=

T ΓΣ)ipl

jgj

2Q5

9

9

2“?゛

0

ΓΣ)T

j%

j%

9

9

0

(M)f

jQ3

j%

0

£
Ｚ
jI
0

wherethematrix

0

0

9

9

(M)T

j(り

j%

7^Wt'7^WI

9

9

ΓΣ

.

)i

pl

1^2

j

‾j

B
5

Y

『

0

9

9

9

9∽

0

ΓΣ)T
PI

0

i

h

jZ

B

∂

0

j

Y

£

9

9

(M)f

2^3

jBｱ

0

0

9

9

(M)

7B4

jB∂

l%t'1%1

り-3.6)

I'-L-lZ?"isadiagonalmatrixwhosediagonal

elementsarethose･ofZcorrespondingtothelinks"twigs"of?pj

Thematrix
j
Y

£
"j Yy'isadiagonalmatrixwhosediagonalelements

arethoseofYcorrespondingtothelinks"twigs"of?pj

matrix

j
(ﾄ

j
B°

1

j

Q"

Q

j
Q

j
B

j
B

j

.The

B"isobtainedfromQ"B"byexchangingcolumns,and

1'1^2'1^3'1‰

5'j%'j(ﾘ'j%

jり

5｀1

B2り

B∂り

B

J゛jZ

B

4

B,mB,

Assumethat!TisobtainedfromTbymtree-transformations

amongthebranchesofΣandn^tree-transformationsamongthe

branchesofM‘Thematrix'lrPﾉisobtainedfrom0ひ/p)byml十n2

row-exchangesand2m-+n^column-exchanges°

By七heelementarytransformation,Q.j(p)istransformedto

‘0

2S
(p)as
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0

2S
印j=

where
j

T ΓΣ).i?

PI

1｡“jF

0

゛゛1

F

7Z ?S

9
0

0

ΓΣ)T
PI

£『

I
Lt

0

jZ£

9

S

0

(M)T

0
1

i^m'j

0

゛'1

゛1

0

(M)T

1

2『

‰

K29/t

ΓΣ)i
PI

l^LT

jF2『

'jY!『

0

9

9

9

9

0

ΓΣ)T
PI

1

0
0

｀lY

0

(M)T

りF£た

り
･^
it

£

0

函1

1

9

0

゛j

(M)

0
1

り･沢1

(3-3.り

F‥denotethesubmatricesofthecharacteristicpartof

thefundamentalloopmatrixforthetreeT(associatedwiththe

subscripts).Thematrix1KyljZKt¨is゛ldiagonalmatri°cwhose

diagonalelementsarethoseofKcorrespondingtothelinks"twigs"

of? μ (M).

ThetermintheLaplaceexpansionofdet＼B^^(p川corresponding

toT ΓΣﾉiswrittenas

102.
㈲し
pi
ΓΣ戸副jZJI,Y,IljKjちFM'j《t'l''lt＼

刈jK;1ちF1°2K;1‘2F2と|

かしzJljYr1略

Letuscompare102srP川?

pi

ΓΣﾉ

ΓΣﾊﾟ

wi七hleθsQ ΓΣﾉ

(3-3｡∂j

whichisthe

termintheLaplaceexpansionofdet＼6(p川correspondingto

T ΓΣﾉ.FromLemma2-2.1,weobtain

|%jP川作j ΓΣ,=r-i;

Theterm
2

Pl

Zm^+3゛zj'(-ifl'-^'llQ(p川T

=|o,rpﾘT ΓΣﾉ

ΓΣﾉ
iswrittenas
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●

α7

T ΓΣﾉ司jK2十jFM゛jzK
F

り"jj'Mj2"t2'It

則
2K211いくtl“111tjK

'ﾘ

'1.

G≒ FrS¶゜2K;

1

'7FJt

l

jFMｿ《t≒FltlI'‘11rM2"trit'

刈1ちFlt≒K;1°jFMﾂくtl

FromLemmaA-3｡1,weobtain

宍

j
ΓΣ戸IKI"""ljKtlｻﾘ《?jFMljKt'jF;tl2

祠KI‘≒ｼ勺j‰'゜゜゜'゜■'l≪l几

wheregj(k,k

a-3､10)

(3-3.2刀

jたIMIﾉ゜11K-z十jFM゛jKt°jFIと|″whichisapolyno-

minalofturnratios几
Li

.|川}

OnlyonepropertreeT,obtainedfromTbytree-transforma-

tionisconsideredabove,however,withoutlossofgenerality.

Eq.(3-3.9)and(3-3.11)holdforanypropertree.Thenweobtain

Lemma3-3.1-

工fanRLCTnetworkhasatleastonepropertree,thedetermi-

nantofthecoefficientmatrixe(p)inthenetworkequationsis

givenby

det＼e(p川=a'n

where‰ 哉

そ=1
ず Σ{nC,P-nj?n£p
町丿Σ八戸1Dﾛぐざふ(Σに√ｿﾞΣﾉ

恥7乙限rk2j ﾊﾟ|河lj}】jμ‾3°j幻

l'^2'°'‘'゜jた|MIJisapolynominal0fた£″whichis

specifiedbythem-thpropertreerP?77°

FromLemma3-3.1,twotheoremsareobtained

Theorem3-3.3

AnecessaryandsufficientconditionforanRLCTnetworkto

haveauniquesolutionisthatthereexistsatleastoneproper

treesuchthat五川K?FMKtFltlμ･
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ProofごFromEq.(3-3.12),det＼Q印川ﾒ∂ifandonlyif9;μりjR2･･･

゜･た|川ﾉﾀ!∂゜sinceg,7,祠.K2゛･.FM‘｡Kt°.F;tl'thellthetheoremholds.

Q.E.D.

･Wehaveasufficientconditiondependingonnetworktopology

only,thatis,

Theorem3-3｡4

AsufficientconditionforanRLCTnetworktohaveaunique

solutionisthatthereexistsatleastonepropertree?Psuch

thattherexistsnootherpropertree･whichcontains私侈八

Proof:?orapropertreesatisfyingtheabovecondition″び777is

゛1monomial(not゛lpolynominal)‘Then,知加゜

Q.E.D.

Next,thetheoremsconcerningtheorderofcomplexityare

obtained.

Theorem3-3.5

工fthereexistsamaximumpropertree?P?7?αz forwhichdetIK2十

hh^'lt

toけ

＼^0,theorderofcomplexityofanRLCTnetworkisequal

pmax

-
rC7ﾉﾁ?

P77?αZ
ぽ川.

Theorem3-3.6

Ifthereexistsnootherpropertreewhichcontainsamaximum

propertreerP77?αa;ΓΣ几theorderofcomplexityofanRLCTnetwork

isequalto'pmαa7

-
(C)十T

pmax
(L)

―
Φ
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SomeexamplesofnetworksforTheorem3-3.4-3-3.6areshown

inSection3-5.

3-4STATEEQUAT工ON

工nthissection,amethodofformulatingstateequationsof

RLCTnetworksformaximumpropertreesisstudied.

Thecharacteristicpartofthefundamentalloopmatrixfora

maximumpropertree?

givenas

F

F

F

SC゛

RC

£び

090゛FSt

゛FRG

gF£G

F
1C｀

,F

F2C7゛
F

0,F

£Γ9

2Γ9

F

F

vmax
ofanRLCTnetworkisassumedtobe

(2-4｡1)

別

£t

2t

Fromthematrix(3-3.1),Kirchhoff･svoltageandcurrentlaws

state.

-V

-V

-V

-V

S+eS°Fsc^c

刀十ej?゜FRCVじ十F7?びV(7

£十e£゜F£じVC十F£びVぴ十F£ΓVΓ

2十e2°F瓦7Vぴ十F2GVG十FjΓVP

●●'c-^c

●●
≒7“Jこ7

●●
1Γ‘行

●●
lt“Jt

゜‰

--

一一

is十Fい

弓が

゜Fﾑti十Fふ亡

j?十Flc7i£

7?十noh

当七

i゛乱

+F
Stvt

十F召亡't

十F乙tvt

十'it't

十''ic'i

十FI
(7
1
2

4弓『

i慌;t

≒

i2j

ΓαJ

(b)

rて?ﾉ

(d)

Γαj

(b)

(C)

(d)

り-4.2)

μ-4｡3)

wheree｡"j｡Ilisaloopsourcevoltagevector"acut-setsource

currentvector"associatedwiththesubscripts.

From-Eq.(3-2.6),(3-4.2d)and(3-4.3d),weobtain
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‾(Kj

'(Kt

工f?

十F

十F

It^t
ﾘ1)ぐ

;tK2FM)Ki

pmax

1

vj°'ic'

it°Fい

ど7十FjGvjFjrvr“e2

jF臨ijFltijjt

(3-4.4)

rJ一4｡5)

satisfiestheconditionsofTheorem3-3.5,thatis,

ifthematrix(K

F;

t
K
j
FM

vt゛i.z･

-Z十FjtKtFI;1)isnonsingular″tりenthematrix(K十

isnonsingularfromLemmaA-3.1.ThenthevectorsV2゛

andi

'V7?刈:F

●
1

召ぴ

瓦7

t canbeeliminatedfromEq.(3-4.2)and(3-4.3),and

'st^'

FRtlへF

Vﾀﾞ{FJ‾F£tMF

2

j

n7
}

瓦'

}

V-FMFV-FMFv-p

り+{‰G'‰
yF

j
jv
び'‰

jF

vj{F£ﾚF£jF2jvj{F£Γ'

-e

S十'st^'i

2ΓVr‾ej?+F7?tMe.zr‾

/･ﾉ
MF

F£tMF2Γ

£十F£tMe

ﾍﾆr､､ﾉ
ど{Fk'FkMF乱}ij{F祐'FkMF1と}ij{F祐'F1♂Flt

≒7°'FIGMIFﾑt is十{陥G
F

}VΓ

j

}i
£

月がF祐Mjt

1芦IF這}ﾂﾞ町F長“FI丿IFh}七

泌ﾉ

(b)

化ﾉ

(3-4.6)

泌ﾉ

月fF祐M≒it

価ﾉ

~~~~iΓ゜-F-M-F乱与'F1ΓM'Fht臨十{Fn'FIΓM'Flt}七十jr'F1ΓMljt'化/

(3-4.刀

wherei°M'(1十FjtMI)

1

Ifthematrix-productsFStMF.1G｀ FStMF2r゛ F八面2Γ･FkMFﾑt'

~~F;ΓMIFﾑtandF1ΓM'Fj?と″inEq.(3-4.6)and(3-4.7)arezero-I･

matrices,!E:q.(3-4.6)and(3-4.7)areofthesameformasEq.(2-3

9)and(2-3.10)inChapter2.Thenastateequa七ionofanRLCTI

networkcanbeobtainedbythesameprocedureasinSection2-3.

Lemma3-4.1

Thematrix-productsFStMF1G｀FStMFjΓsFj?t^^r'F;GM

F;ΓMIFﾑt andF-M-Fｶt

‰;

areallzero-matricesforanymaximum
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●

l

propertree.

Proof:KssumethatarP丿7ﾉelementofFStMF.Zrisnonzero°Then

thereexistmandにsuchthat

fst印'幻WMﾊﾟﾉらΓは'りμ゛(3-4.幻

工ffSjP'妁ﾒらthereexistalink-capacitor-branch(denotedby

S)correspondingto七heP｀七hrowofFSt″fStrp几andatwig-

transformer-branch{denotedbytm).inthehﾌop(S)intheelec-

triegl7゛aphG｡工ffjΓN'ﾘﾒらthereexistalink-transformer-

branch(denotedbyI.)correspondingtofjΓΓ幻゜11datwig-induc-

tor-branch(denotedbyΓ

9)illtheZ°゜p(I.)inG｡

Examinetherelationbetweenz7･伽｡幻尹!∂and七henetwork-topology.

FromEq.(3-2.6),thematriχMiswrittenas

'M=M'(1゛FnMI)'1

=K

=K

(1+F
it

tFμ[1･F2t]

AKtF~二I,

where

X°[1･F2t]

K

亡

F

K
29

0,

固
0

h

K2゛0

0゛Kt

1

ﾘ1

1

1

-1

‐
M
F

}‾1

(3-4.9)

(3-4.10)

Thematrices[1･Fjt:](ABj)and[1･FM](ABM)arethefundamental

100pmatricesoftheelectricgraphG【?

byGI】andthemagneticgraphμ.

pmax
ΓΣﾉﾘ

Iflr｡｡i)^0,thereexistjandたsuchthat

kt(゛'j)fM哉'j/瓦‾1(k,j)≠o

pmaz
ΓΣ)}(denoted

N一々.j刀

Ifk(m,o)7^ら″'゜j,sincehis゛ldiagonal°゜tl°i゛sIff.(k.

0,thereexﾇi‘statwig-transformer-branch右
詞inM,andalink‘
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transformer-branch(denotedbyH)inthecut‾8~亡に｡ﾉinμ゜

Examinethenetworktopologywhenた‾1(k,そ)≠0.Thevalueた

,ぞﾉisgivenby

た‾1(k.も)=Cof.K(i,k)/|刻.

Thereforeitisrewrittenas

た‾糾≒幻万一j戸ﾊﾟIBINﾉKBI卜り|/|則･

-1
哉

(3-4012)

Q-4｡13)

whereB.(i)isthematrixobtainedfromBjbydeletingthe^-th

row°ThematrixBIrぞ/isthefundamentalloopmatrixofthe

●
graphら.il,}.The“1°trixBM哉ﾉisthefundamentalloopmatrixof

●
thegl°゜phMil.}°

Fromtheelectro-magneticpointof‘view,themagnetic-motive

forceof≒iszerosince≒;isdeletedinC7j{≒}゜Thereforethe

branchI.inMmaybeconsideredtobecontracted.Theinduced
7,

electro-motiveforceof≒is2el°osinceりisdeletedinM{lA.

ThereforethebranchhinGJmaybeconsideredtobecontracted.

Consequently,t゛ographesGjZがI.}andM[Zj歿]maybeconsid-

eredforEq.(3-4.13),whichmayberewrittenas

;C‾j叱幻ぎ‾1)k十七IBG
I{1kili}l{iぐ}B;(≒;ﾘl/|則j(5-4｡14)

whereB
GI {乙が≒}¨BM[≒jzj¨isthefundamental100pmatrixofGJ[

Zj≒}¨μ{≒j咬}¨'ThematrixK{心几}isamatrixobtainedby

removingthei-throwandthek-thcolumnfromx.Thatk~'^(k,i)≠

∂leadstothatthereexistsatleastonepropertreeinGIUkμぞ

}゛゛hosemagneticgraphisM{≒j≒}

Consequently,-iffSjP'm)m(m,'>')f■,Γに'○ﾀざらthereexist(1)a

twig-transformer-branchtm1inloop(S)andalink-transformer-

branchりin°ut-set(T)inG[?p'7･αjΣ'-'<,βpmaxΣJ‾作]″(2)a

1
.link-transformer-branch≒in°ut-se灯心ﾉinM,and(3)aproper
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(3-4.19)

りｰもj剛

夢

treeT^ in伺作四£ ΓΣJfZA:
-

pmax
ΓΣﾉﾁﾞ乙.

2. }whosemagneticgraphis

μ【≒ﾊﾞj'

From(3),thereexistsaproper七reerepresentedbyVΓ9in

G[7
Pz7･αa;
ΓΣqk'pn,･αzΓΣ)‾sP+1j｀゛゛hosemagneticgraphisW[Z^;Z,}

Thereforefrom(1)and(3),thereexistsapropertreeplk‾tm十

S+1
p

Let

?

ぞ

?

inG[T
pmax

denote

ΓΣﾉ“Γji
P77･αa･

ΓΣﾉ‾s
P
}whosemagneticgraphisμ

Pれ~り

△?八TJ･Z-t+s十ﾚ.十Tに)-Γ
pneu色友

Then″?
Pn~り

|?

Pnazj

isapropertreeinG.Futhermore,

rのpn･ﾖ･･J陥川刈?P･7･αi防丿ﾁip･7･αz陥川j

whichcontradictsthat?PMαz

FStMF2Γ≡0

･samaximumpropertree.

(3-4､15)

(3-4o16)

Therefore

(3-4.1刀

Inthesimilarmanner,itcanbeprovedthatthematrix-

productsFStMF1G｀FRtMF2Γ9F'M'F'F;ΓMIFﾑtandFIΓMIFふ

allzero-matrices.

Q.E.D.

FromLemma3-4.1,Eq.(3-4.6)and(3-4.7)become

V―p=―F＼゛

C

v

R

こ
■'e

R°｀FRCvC'FRGVG

LLLCaLGG '几Γ

is十F;じ≒?十F

稲'でr♂りGﾘ凧し七

iΓ'?ﾄﾞ号Γ七･

where

Lc'

VΓ

£

r丿

(b)

ﾘﾉ

泌ﾉ

(b)

raﾉ

'sc°Fsこ7'FstMFjご9Fj?c゛F刀c“Fj?tMFjじsFj?G°Fj?G'FｼﾞFjG
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JC

一

一

JC

£t

MF
1C゛

Fsjiej゛

り西
と･

£t

MF

2と7゛

eR=p_F'Tip

‰゛jfF;丿jt'

/卜
F£Γ

ﾍﾉ

゛F£Γ-ht

ぎ_=e-F

Q゛
≒

MF2Γ

.≒.ﾉ

ﾉ

丿r呵声

e
2

Jt

Eq.(3-4.18)and(3-4.19)areoneswhereF｡｡arereplacedwith

F‥inEg.(2-3.9)and(2-3.10).

sincethevoltagevscurrentrelationsofthenetwork-elements

arespecifiedbyEq.(2-3.8),amatricformofstateequationsof

anRLCTnetworkmaybewrittenas

;゜Aχ十Bu,にり4J刀

where

X°

B=

U°

VC

七

-
C

O
'
･
≒

'
≒
.
'
･
行

･
馬
馬

町

9

1
,0

,£'
1

A=

0,£
-1

-＼>H

-H',-z

1･鳥岬'1らGG;≒0,

~-1~
O゛“F£G9｀'F£ΓL2゛

C°C2

rR♂当‰･

ccl･ら♂'1

0
―_■]--'

L2恰

゛几夕‘IFy7

~~1~~
H°F1じ‾F£Gg'FﾑGGIFRC

i?=R, 拝長 6;≒,7･r62焉ぷlj‰

1
一
り
/
』

R

,0

,1

工nanRLCnetwork.Property2-3.1-2-3.4hold.InanRLCT

network,considerpropertiesofstateequations.

Property3-4｡1

Thematricesと7jZ;jj?and!7arepositivedefiniteunlessthere

arenospecialrelationsamongthenetwork-element-values.

ProofごSineethematrixCisrewrittenas
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c°[1･'F乱] C290

0゛CI

1

F
Sご

(3-4.21)

whichispositivesemi-definite.sincetherearenospecial

relationsamongthenetwork-element-values,|c|/0.Then,Cis

positivedefinite.similarlythematrix£ispositivedefinite.

similarlythematricesj?and!7canbeprovedtobepositive

definite｡

Q.E.D.

ApropertysimilartoProperty2-3.2doesnotholdsince

theremayexistelementsofFLCwhoseabsolutevaluesaregreater

than1.

Property3-4｡2

工fthestateequationscontain･derivativesofinputfunctions.

thereexistsatleastonesetofbrancheswhichconsistsof

capacitor-branches"inductor-branches"andvoltage-source-branches

"current-source-branches"only,whichisthering-sumofsome

loops"cut-sets"inB-S-graphsofG゛{･allresistor-,inductor-and

current-source-branches}andA/"S-B-graphsofG゛[allcapacitor-.

resistor-andvoltage-source‘branches]andy゛.

PrQ乙･/･･SeeAppendix]V｡

Q.E.D.

Property3-4.3'

工fthereexistsatleastonesetofbranchescontaining

capacitor-branches"inductor-branches"whichisthering-sumof

PSeeAppendix:IV
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somecut-sets"loops"inS-B-graphsofG[allresisitor-and

inductor-branches]andW"B-S-graphsofと;{allcapaci七〇r-and

resistor-branches}andM",thematrixAofthestateequationis

singular.

Proof:SeeAppendixⅣ｡

Q.E.D.

3-5CONCLUDINGREMARKS

Basedonpropertrees,theproblemsonthesolvability-

conditionsandtheformulationofstateequationsarediscussed

intheprevioussections.Thenetworkswithoutpropertreesare

oneswhichdonotsatisfytheKirchhoffslaws,orwhichare

physicallymeanless.Considerthematrices.

Q^A QΣ'OM

O゛Bw

B.A
BΣ゛BM

O'Qw

(notingthatBWQyO.)

Therow-rankofQA'IBA"″derivedfromnetworkswithoutproper

trees,isnotequaltothenumberofrows.Thentherearecut-

sets"loop"containingonlytransformer-branchesintheelectric

graphs.AsimpleexampleisshowninFig.3-5.1(a),wherethe

networkhasnopropertree.工thasnouniquesolution.

ThenetworkshowninFig,3-5.Kb)haspropertrees,however.

ifたj°た2″ithasnouniquesolution°

Considerwhetherthereexistsanetworkwhichisequivalentto

agivennetworkA'andcontainslessideal-transformersthanN｡

工fthereexistsagraph(denotedbyG)whosebasiccut-set
,/1,

matrixisQA″thenthenetworkcorrespondingto'amayhave

38
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･

(b)

(a)

R

C

R

C

Fig｡3-5.1

(a)Networkwithout

propertrees｡

(b)Networkwithout

uniquesolutionif

k-k.

noidealtransformersandis

equivalentto7V.工fthere

existsagraphwhosebasic

cut-setmatrixisaproper

submatrixofQA″andcannot

beQafthenthel°emaining

submatrixofQacorrespondsto

idealtransformerswhichis

containedinanetworkwhich

isequivalenttoぶandcontainslessideal-transformersthany.
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CHAPTER4RCGNETWORK(2)(3)

4-1工NTRODUCTION

Thenetworkconsideredinthischaptercontainsresistors.

capacitors,two-port-idealgyratorsandindependentsources.

FurthermoreitisassumedtosatisfyAssumptionAinChapter2.

Severalpapers[6][12][13]onthesolvabilityhavebeen

published.E.S.Kuhandet.al.】gavetwobasicconjectureson

･
thesolvabilityandtheorderofcomplexity.K.Abdullahandet.

αZ.[12]provedthatgeneralpassivenetworksareterminalsolvable?

butdidnottouchcompletelysolvability.M.M.Milic【13】[14]has

provedtheconjecturesgivenby[6]usingthethoremtha七the

determinantofanevenorderskew-symmetricisa2ndorderpoly-

nominalinitselements.

Severalpapers[6][15]ontheformulationsofexplicitformof

●
stateequations,havebeenpublished.Theyformulatethestate

equationsofthenetworksundercertainspecialassumptions.

工nSection4-2,thepropertiesofmulti-por七-idealgyrators‘

arestudied.工七ispointedout七hatinsteadofalinearpassive

network,itsequivalentRCGnetworkmaybeanalized

工nSection4-3,conditionsonthesolvabilityandtheorderof

complexityarestudied.

工nSection4-4,anexplicitformofstateequationsbasedon

七hesolvabilityconditionobtainedinSection4-3isformulated.

l

@Thatis,thecomplementaryvariablesofthesourcesassociated

withtwo-terminalelementscanbedetermineduniquelybutthe

othervariablesmaynotbedetermineduniquely･
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･

4-2MULTｴｰPORTGYRATOR

Amulti-portgyratorisapassiveelement.LetVandi9

denoteport-voltage-andcurrent-vectors,respectively.ofa

multi-portgyrator,whoseport-characteristicisgivenby

V9°R
●
1

ori9°G GV9゛
り-2.ﾘ

whereRど'RGorG6°'GG°

工tiswell-knownthatforaskew-symmetricmatrixRG″there

existsanonsingularmatrixPsuchthat

RG°P(E+O)P'･

whereEAEliEli¨4EI'E績
0,1

-1,0

[16]

りｰ

りｰ

2.2

2.3

J

J

ThematrixEIrepresentsaport-characteristicofatwo-port

gyra七〇r,thesymbol0fwhichisshowninFig.4-2.1(a).

AsmentionedinSection3-2,anymultiwindingtransformer

whoseportcharateristicisrepresentisspecifiedbyasyitimetric

T
>
^
―
>

11
→12

→R←

↑
心
土

(a)

Figo4-2ol(a)Symboloftwo-prot

gyrator｡(b)Equivalentnetwork

ofmulti-portgyrator.

ﾌ
ﾄ
ﾚ
y
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J-

5.
T

Fig.4-2.,2Equivalentnetworkof

idealtransformer｡

I
■

ﾔ
こ
芦
~Ξ

Figo4-2o3Equivalentnetworkof

inductor｡

positivesemi-definitematf‘ix,isequivalenttoanetworkwhich

consistsonlyofidealtransformersandinductorswhithoutmutual

coupling.工七canbeseenfromEq.(4-2.2)thatanymulti-port

gyratorisequivalen七toanetworkwhichconsistsonlyofideal

transformersandtwo-portgyrators(Fig.4-2.1(b)).Furthermore,

anyidealtransformerisequivalenttoanetworkwhichconsists

onlyoftwo-portgyrators･.TheidealtransformerinFig.3-2.2is

equivalenttothenetworkshowninFig.4-2.2.工tiswellknown

thatanyinductorisequivalenttoacascadeconnectionofatwo-

portgyratorandacapacitorasshowninFig.4-2.3.Consequently,

alinearpassivenonreciprocalnetworkcanbeconvertedtoanRCG

network,andtheRCGnetworkobtainedmaybeanalizedinsteadof

thelinearpassive‘nonreciprocalnetwork｡

Thevoltage-current-relationoftwo-portgyratorsinanetwork

42
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isgivenby

VG°GiGj‘

wherethematrixgivenby

G=EG

where

GD°G

G｡=

1.

D9

1十
●●●

"･i'O

03rそ

4-G

(4-2.引

り-2.5)

阿�numberoftwo-portgyrators.

(NotethatthesubscriptGdenotestwo-portgyratorsandmatrixG

denotestheresistancematrixoftwo-portgyrators,althoughin

Chapter2and3,thesubscpiptGdenotestwig-resistorsandthe

matriχGdenotestheconductancematriχoftwig-resistors.)

ANRCGNETWORKAND工TSGRAPH

Agraphforatwo-portgyratorisobtainedbyreplacingeach

portofthegyratorwithabranchwhichisorientedfromanodej

toj″.AgraphGcorrespondingtoanRCGne七work7Visobtained

asshowninFig.4-2o4.1fonebranchcorrespondingtoaportof

gyratorislabeledwithi,theotherisassumedtobelabeledwith

.ﾁ
1. Twobranches£andぞﾁ

pairofgyrator-branches.

foratwo-portgyratorarecalleda

Definition[614-2.1

Apropertree7inanRCGnetworkisatreeofthegraphと7
P

whereeverypairofgyratorbranchesareeitherinthetreeorin

itsCOtree.
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Definition[614-2.2

Amaximumpropertree?
pmacじ

4

(b)

Fig｡4-2.4(a)RCGnetwork

and(b)itsgraph｡

foranRCGnetworkisdefinedto

beapropertreehavingmaximumけP に川.

LetusintroduceanqthergraphdenotedbyG十

graphGforanRCGnetwork.

Definition4-2.3

AgraphGﾁ

definedas

inducedfromthe

inducedfromthegraphGforanRCGnetworkis

1)｢rwographsGandG'exceptlabelingsandorientationsare

isomorphic｡

2)Fornon-gyrator-branches,thelabelingandtheorientationsof

everybranchinG十IsthesameasthatinG.

3)Forgyratorbranches,agyrator-branchinびﾁcorrespondingto

44
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agyrator-branch£inGislabeledwith£,anditisorientedin

thesamedirectionasthebranch£inG.Agyrator-branchinGﾁ

correspondingtoagyratorbranchiinGislabeledwithi,and

itisorientedintheoppositedirectionasthebranchiandG｡

(a)

Fig.4-2.5Examplefor(a)Gand(b)Gﾁﾞ

くb)

ThegraphGandGfforthenetworkshowninFig.4-2.4(a)are

showninFig.4-2.5(a)and(b),respectively.

Definition4-2.4

Acommontree?
び
ofGandGﾁisatreeinbothGandGﾁ

Themarkmayberegardedasanoperatorforabranch£or

asetofbranches,thatis,

i)forgyratorbranches,(i)十=iﾅ(も十)十=ぞ

ii)fornon-gyratorbranches,(i)十=そ

iii)forasetofbranchess,s"*" isasetofbrancheswhichcontains

exactlyeveてy(勧十forbranchぞinS.

ForacommontreeTC″defineasetsgas

%゛Jヽoca
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ThesetSgconsistsonlyofgyratorbranches,andifabranchis

inSg″itspair-branchisinSg'

DefineasetSg?7?whichincludeseitherofeverypairofgyrator

branchesinS,then
g

ぶ=SﾁSﾁSﾊSﾁ=φ(4-2｡7)
99mgmamgm

Definition4-2.5

ﾘS

Foracommontree?c″theremayexistacommontreeTcm°(TざへTU)

g�whichiscalledacommontreeofthesameclassof?a゛
●

Lemma4-2.1

工f?isaconunontreeofGandG十,thenrﾁisacommontree
て?a

ofGandG十.

Proof;EverybranchぞinびcorrespondstoabranchriﾉﾁinG+,

andeverybranchぞinG十correspondstoabranchぽﾉﾁinび.From

Definition4-2.3,if?isatreeofG,then?ﾁisatreeofGﾁ,

andびにaaびersa.工f?cisacommontreeofGand(7ﾁ,?lisa

commontreeofG十andGo

FromDefinition4-2.2and4-2.3,weobtain

Q.E.D

Lemma4-2.2

Aproper七ree?PforanRCGnetworkisacommontreeofits

graphesGandGﾁﾞ.

Proof:

(T

P

ﾁ

sinceT
P
isatreeofG,(t/
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ﾁ

.since

Q.E.D
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0

0
0

(4-S.l)
i･
1
-
5
<
U

―

'c

≒

'g

V

V召

VG

゛;herethesubsci°iptGdeno七esgyrators°ThematrixQA[Qじ,q7?,Q,]

"BA[BCgB刀｀Bび]"isthebasiccut-set"thebasicloop"matrix

AnecessaryandsufficientconditionthattheRCGnetworkhas

auniquesolutionisthatthecoefficientmatrixOゆ/isnon-

singular.

Lefusconsiderwhatpropertiesthenetwork-topo:Logyhasif

0(p)isnonsingular.ThematrixOゆﾉistransformedinto

47
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4-3NETWORKEQUATIONANDUNIQUESOLVABILITY

工nthissection,uniquesolvabilityofanRCGnetworkis

studied.Solvabilityofthenetworkmaydependnotonlyonthe

network-topologybutalsoonthenetwork-element'svalues,

工nSection4-3.1,solvability‘conditionsdependingonlyonthe

network-topology(socalledtopologicalconditiononsolvability)

arestudied.

工nSection4-3.2,solvability-conditionsdependingonthe

network-element'svaluesares七udied.(overallsolvability)

4-3.1TOPOLOGICALCOND工TIONSONSOLVABILITY

NetworkequationsofanRCGnetworkcontainingn^capacitors,

町?
resistorsand?IG

(n)(n

0印ﾉ ●1

V

two-portgyratorsaregivenas

ﾊﾞ2れ
G)(れC)(nR)(2れG)

△

-

q

6･'%'%'O'O'0

0゛030゛BC゛B7?゛BG

-1,0,0,Cp,0,0

0,R,0,0,-1,0

0,0,G,0,0,-1



O｢

%

BCC'1 p‾j

9

9

-

0

Qc'Qj?'Qc7

0,0,

%

Bj?R
一一

9

9

%

%10,0,0

B,G|Bび゛

-一一一一

B
召゛ %

C,0,0

0,-1,0

0,0,-1

swswl｀‘じ

ｰ一一一一一一

-1,0,01

0.,R,01

0,0,GI

゛り

一一-

0

-

bymultiplyingthematrices.

1,o.o|

O山O10

__旦j)z11___

c-'p-へ0
9011.0,0

0,R.0|0,1.0

0,0,0｢0.0,1

O｢

-1

-

fromtheright,respectively･

partitioningofthematrices.

BG

一一

1,0.0

0,1,0

0,0,1

-一一

C,.0,0

0,R‾1,0

|ﾄoﾂ

'l,0,

G‾1

--

0

010,1,0

10,0,1

り-J｡幻

り-J｡幻

Herethedottedlinesshowthe

sincethelowerrightpartitionedsubmatrixof(4-3.2)isa

nonsingulardiagonalmatrix,theupperleftsubmatrix(denotedby

AI)isnonsingularifOゆﾉisnonsingularandびぞび~びersa.

similarlytheupperrightsubmatrixof(4-3.3)(denotedbyA2)is

nonsigulariferPﾉisnonsingularandびぞceびersa.sincethe

matricesAlandA2areofthedimensionれCﾁy77?ﾁ2れび,theproductof

A,°A;existsand
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魯 ､

一
I
-
C
M

A

1

A A

11゛

A

A,21゛A

12

22

where

A11°%cPQy%R

1

Qy%(G'1)'%

A12咽じBy%貼4｀%Bと

A

21°BじQyB涸ひ%G(G'1

A22゛BCC'IP
-7

%

Bﾙ十B7?RBj?十BびGBJ

り-3.り

ThematrixA11"A22"isknownasthecut-set-admittance"the

100p‘impedance"matrix.ThematrixA,pisazeromatrixbecause

oftheorthogonalityofthecut-set-andtheloopmatricesofa

graph°Therefore″thematricesA11andA22arenonsingularif

thematrixA,A-isnonsingularandび£c?aびersa｡

A
22

UsingthematrixGpidefinedin(4-2.5),thematricesA11and

mayberewrittenas

A11°[%･%･%E]

A22°[Bじ'%'%E]

Cp,0,0

09R'1,0

0,0r-1

Cp八〇90

0
0

,R,0

゛O゛GD

‐
{
じ

Q

%

%
--
C
し

R
1

1
刄
B

Bふ

(4-3,5)

り-3.と;ﾉ

Thelastmatrixontherighthand-sideofEq.(4-3.5)"Eq.(4-3.6)"

isthetransposedma七rixofthebasiccut-set"loop"matrix.The

secondmatrixontherighthand-sideofEq.(4-3.5)"Eq.(4-3.6〉"is

adiagonalmatrix｡

Thefirstmatriχontherighthand-sideofEq.{4-3.5)"Eq.(4-3･

6)¨isthematrixwhosesubmatrixcorrespondingtothenon-gyra七〇｢

elementsisidenticaltothesubmatrixofthebasiccut-set"loop"

matrixcorrespondingtonon-gyrator-elements,andwhosesubmatrix
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correspondingtothegyratorsisthematrixobtainedfromthesub-

matrixofthebasiccut-set"100P'lmatrixcorrespondingtothegy-

ratorsbymu1七iplingthematrixEfromtheright.

ThemultiplicationofthematrixEfrom七herightmeansthat

everypairofcolumnscorrespondingtoeverypair｡0fgyrator-

branchesareinterchangedandeveryonecolumnofthepairis

multipledby-1.Fromatopologicalpointofview､thefirst

matriχontherighthand-sideofEq.(4-3.5)"Eq.(4-3.6)"isabasic

cut-set"loop"matrixofthegraphG'^definedinDefini七ion4-2.3｡
･

ThenthematricesA11andA22maybewrittenas

A11咽+YDQIり‾J°刀

A22°B十ZpB',＼阿-3､8)

whereQ,"B十"iSabasiccut-set"loop"matrixofGﾁ.Thematrix

Y

DandZDare″respectively″

YD°
Cp,0,0

09R‾
1
,10

0,0,G51

andZD°
C

0
0

二IP‾7,0
90

,R,0

,0,G.

り-3｡9)

ThecolumnsforanonzeromajardeterminantofQ十"B+1'corre-

spondtoatree"cotree"ofGﾁ .Thecolumnsforanonzeromajar

determinantofn"B"correspondtoatree"cotree"ofG.Thereare

somerelationsbetweenthedeterminant1^1I"IAI"andtrees

"cotree"inGandGﾁ

Property4-3｡1

ByBinet-Cauchytheorem.thedeterminant]A111"IA221゛lmaybe

writtenas

1^1
IIIAI"゜Σ{Productsofcorrespondingmajardeterminants

ofQ+YD"B+ZD"゜ndQ'"B"≒}j
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wherethesummationisoverallsuchmajardeterminants.

AnonzeroproductofthemajardeterminantsofQ十Y｀D"B十ZD"and

Q'"BI"correspondstoatree"acotree"ofGﾁandatree"acotree"

ofG,thatis,toacommontree"acommoncotree"ofGandG十.

Notethattheproductsofthemajardeterminantsarea11

positiveincaseofanRCLnetwork,buttheymaynotbea11

positiveinEq.(4-3.10).

FromDef‘inition4-2.5andProperty4-3.1,weobtain

Property4-3｡2

Leta"e"betheproductofmajardeterminantscorrespondingto

acommontree?y?ar77″acommontreeofthesameclassof?y°゛

工fl尺liseven″(l°町

り-J｡11)

工fl刈isodd,a=-B,

whete瓦A?
(7‾?ぶII?ご777°

Proof:FromLemma4-2.1,71and嘸commontreesofGandGﾁﾞ.

since?az7?isacommontreeofi二hesameclassofT^,Tよyr;゜?こぶ;へam゜

Letびandydenote几いぐ゛ld乱一孔いじ�respectively,thenthe

followingequalitieshold;

ひW=φ｡ひ'貳=φ｡肋｀ぼ=φ｡

Thenweobtain

?｡=びﾁMﾁ火｡ T十=n+w十十K十､T=U十W十K十､T十=U十W十十K
Cjび77?jぴ阿C‘C'am'C阿‘

LetTy"yﾙ"″YyIYI"andYぴdenote･themajardeterminantsforW'W'''",

K"k"^"andびofthesubmatricesofQcorrespondingtoGlU,K],G[ぴ,

y]andG[心M],respectively.LetYQ?ﾉIYG??

a

ごlandYQ
ﾁﾞﾌ
"y

ﾁﾞ
ﾌc
j'

denotethemajardeterminantsofQandQ十for?y゛7c?切"″respec-

tively.Thenthefollowingequalitieshold;
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゛｀fQTﾆ｀f♂fW7｀fr^｀fQT_ご゛(UIW゛(t°
C'Cm

Letn.,"れ..゛『denotethenumberoftheelementswiththemark'+･in

M"瓦"″andmj,AIa:I-れ .Thenweobtain
｀“‘｀4¨‘瓦二|‘｀に¨K｀‘“゛“"゛｀‘｀'｀'｀^“‘

T°■■y^(-l)

り＼<-"れ瓦Tly

jYQ?゜Yびr‾幻

れM
Ytr‾jﾉ

″?瓦

Y瓦

aﾁぴ詞^+o‾

Thereforeweobtain

a°(-1)(-1)

゛zx

YjYy7;YXY;yj6ﾆr‾月
゛2μΓ
｀刀

″'瓦
YjYly'YひYyﾉ,

whereyistheadmittance-productforﾌﾂﾞ'ormII

Thenifl刻iseven,a=3,andifl則isodd,a=一日.

Q.E｡D

Property4-3｡1statesthatanecessarycondition【15】thatan

RCGnetworkhasauniquesolutionisthatthereexistsacommon

treeinGandGﾁ.Property4-3.2statesthatevenifthereexists

acommontreeinGandg'^,thenetworkmaynothaveaunique

solution.sinceevenifthereexistsacommontreeofthesame

classofT,wherel刈iseven,theremayexistanothercommon

treeofthesamec:Lassof2≒^,wherel瓦lisodd″weintroducea

specialcommontreeofGandぴ
･

Definition4-3ol

Acommontree"cotree"correspondingtoaproductofmajarde-

terminantsofQ十YD"B十ZD"andQ"'B"'whichremainsintheexpansion

9fthedeterminant[A111¨IA221¨Withoutcancellationiscalledan

independentcommontree"cotree".

Fromtheabovedefinition,iflA111ﾀﾞ∂¨IA221ﾒ∂¨″thel7eexists

atleastoneindependentcommontree"cotree"inGandGﾁ

52



●､

Lemma4-3｡1

工fthereexistsanindependentcommontreeinGandG十,there

existsatleastonepropertreeinG｡

Proof:

工fS

9°φ″

@

Let?beanindependentcommontreeinGandGﾁ
C

?cisapropertree.工''9 Zφ,considergraphesび[?夕?ﾝ

な｀ぢ}゜11dj{ﾘ｀とβ夕と}(de°olﾆedbyちandぺ,respectively)

Thebasiccut-setmatrixofGandGﾁ
gg

existsuchthat

゜sdenotedbyq9゛andQ+9

Q+9゛qgEjり-3.j幻

wherethedimensionofEisequaltol勺|'ThesubmatrixofA

for‘≒7isQgEG5ぶQふ'where･^DgisthesubmatrixofGDforSg‘

Thismatrix-productisaskew-symmericmatrix.Itsdeterminant

iswrittenas

%叫沁 ＼={p(°''.OS..,゜'り}≒ り-J｡j幻

wherep("･'゛ij'゜゜りis8pf°ffi8j16]゜11d゛りis811rらjJelement

ofthematrixQ

1
n
n
I
Dr
u

F
』

n
ｺ

Qa'Theele°ent゛£jis゛ls°1of゛ご'゛helre

りlisdefinedinEq.(4-3.5)‘Thereforethereexistsoneterm

representedbyrr;jj''kl'‥゜,r;j,‥り2inthedeterminant

IV引Qいwhichcorrespondstoapropertreeinc;g'Conse-

quently,thereexistsapropertreeinGifthereexistsaninde-

pendentcommontreeinGandG.

similarlyitcanbeprovedthatthereexistsapropertreeif

thereexistsanindependentcommoncotreeinGandG'^.

FomtheproofofLemma4-3.1,weobtain

QSeeEq.(4-2.6)
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Corollary

Thereexistsapropertreewhichcontainsanyonebranchofan

independentcommontree.Andthereexistsaproper七reewhich

contains?r＼T,where?isanindependentcommontree.
CC?a

FromLemma4-3.1,weobtain

Theorem4-3.1

AnecessaryconditionforanRCGnetwork七〇haveaunique

solutionisthatthereexistsatleastonepropertree.

weobtainthetheoremontheorderofcomplexityas

Theorem4-3.2

TheorderofcomplexityofanRCGnetworkisnotgreaterthan

?P?77αJに川″where7P詞azisamaximumpropertree.

Proof:LetDIandD2denotethel°ightlowersubmatrixof(4-3.2)

andtheleftlowersubmatriχof(4-3.3),respectively,thatis,･

Dﾄﾞ Cp,0,0

0,-1,0

0,0,-1

り-3､13)

Weobtain

10叫げ祠DI目D2日A11日A221

D2° 1,0,0

0,R,0

0,0,G

(4-3ﾊﾞ4)

り-3｡15)

sincethemaximumdegreeofPin|Ai11is.けpmaxに川andthe

minimumdegreeofp~inlAPPIis馬7‾?PMaa;rCﾉ″themaximumdegree

i川A1111A221is利巧z凹jのﾄりFromEq.(4-3.15),themaximum

degreeofPin|erP川2is利?P尻a£化7川゜Consequently,themaximum

degreeofPinlOゆ川is'pmaxに川'｡
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4-3-2SOLVABILITYDEPENDINGUPONNETWORK-ELEMENT-VALUES

Wehavestudiedatopologica:Lsolvability-conditioninSection

4-3-1.工fanRCGnetworkhasauniquesolution,thereexistsat

leastonepropertree,buttheconverseisnotalwaystrue.工t

dependsonnetwork-e:Lement-values.工nthissection,itisstudied

hownetwork-element-valuesaffectsolvability･

Assumethat七hereexistsatleastonepropertreeinthegraph

corresponding七〇agivenRCGnetwork.Anetworkequationofthe

networkiswrittenas

0印ﾉ

where

Q(p)=

Z=

1°

V°

●
1

V

一
一 J

e
o

-FMI0

_n｣!岨

ZIY

1,

R1゛

札

i

2

V7

V2

0

Gj゛

0

1,

R2゛

lj°
●
1

●
1

●
1

V7°

G2

引

Rl

G2

Vi

V召7

VGj

F= F
じじ゛

F
j?c

F
GC゛

Y

12゛

V2°

一

一

F
CR｀

F
j?7?゛

F
G刀9

-C

'C2

i刀2

'g2

V2

^/?2

'g2

狸
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F
CG

F
RG

'gg

-1,

0

-1,

(4-3｡16)

0

'C2P

-1,

-1

り-3J17)



1

Thesubscripts1and2representlinksandtwigs,respectively･

Lemma4-3.2

工fanRCGnetworkhasatleastonepropertree,thedeterminant

ofe(p)iswrittenas

＼Q(p)|=anr;?Σ {Hと7

町7
?､､rび.刀j?

where'＼'らj?ﾊﾞ
2

P

=如月G;

(C)
聯

『

1馬し

fundamentalloopmatriχin引『

(R)

召ぞ (P,らR))
2

G;1‰小

/ら眉ﾘP

}, (4-3｡jZ∂ﾉ

Thematrix'ggisthe

(C.R)].ThevalueP?

P
rらj?ﾉ

isasumoftree-gyratoradmittanceproductscorrespondingto

independentcommontreeswhichcontain?Prじﾊﾞ?ﾉ゛αﾆj∂r‾j°

Proof:

y

BymultiplingbytheGaussmatrix

言卜
O11

ontheleft,thematrixOゆJistransformedinto

ﾄﾞ

-

-

1,

-

R,,

0

0

一一

0

G,,

0

1,

R29

C,Ps00

OR71,0

00G71

一
―

IC夕,

|

10

-一一

1一
2R

-

F

0

G;1

一一

17四--皿四-四十一一一一

-CgP9

0

G2

-1,
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0

-1

CgP,

0

0

1,

(4-5｡19)



57

Then,bytheLaplaceexpansion,thedeterminantofo(p)isrepre-

sentedbytheproductsofthedeterminantsoftheleftlowersub-

matricesandtherightuppersubmatricesof(4-3.19)as

五刊o岬ﾚ叫ﾌﾟﾍﾞﾌﾟｼ川qdq;u
where

Q= 1゛O゛OS'F2'ご゛二F;C7゛‘Fふて7

0,1,0,-ﾘﾌﾌ?-F'?゛｀FJ7?

0,0,1,-F'
び゛'Fj?�'FとG

D=Diag.{CF'R;1'G5yC7P'Rﾉ'G51}

Q+゜ 1,0,0,‘''cc'-'e?Cs'FふcE

091゛09'Fj7刄゛'Fj?7?"Fふj?E

0,0,1゛'ﾘ7G゛'Fj?G゛'Fとg'

り-3.20)

り-J｡2月

ThedimensionofEis2けﾊﾞの|'Thedeterminantiqdq;iisgiven

byasumofindependentcommontree-admittanceproducts,therefore

ふ3t＼B(p川iswrittenas｡

fil al

町叩
(C)S ―

V
G≫

ｱ
ふt
)

H
‐
？
.
ｔ

刄

'
ﾉ
刀/
―
j
び

wherer
ol
isanindependentcommontree.

s卯凪yA㈲
T
C工

(帽

rぞj (4-3､22)

T
C工

FromCorollaryofLemma4-3.1,thereexistsapropertreeT

whichcon七ains?
こ?

treeofG[作

rじﾊﾞ?ﾉ.Let7
g

-
rら7?句?

P

denoteanindependentcommon

に,E)}andGﾁﾞ[?/ら瓦りろ

Eq.(4-3.22)isrewrittenas

五川0印川=αΣ

?Pにj7?ﾉ

゛/here穴昂

since穴万

Sび川'?P

ﾉ=Σsgn(TﾉHr.
T｀jgmt

gg

(C,t?ﾉﾉH

7

P

に,R)}.Then

C･回7?.･μTﾘ,(4-3.23)
rの゛ら防ﾉ2'P

ﾉisrepresentedbythesumofindependentcommoncotree

impedanceproducts,then



穴作 ﾉ゜Sgれr?p 化句H
れ

ﾊﾟ

G

7'

A,sgn(T化月n

‾PれC7

2
.
ｔ
r

|≒ﾊﾞのG'1

Pj

PにjRμ

Q゛/の|

whereP?

P(C^l?JisthepfaffianofthematrixG;1十FふGG;IFGG゛
Thematrix%化ﾉandQ+?rのarebasiccut-setmatricesofthe

graphs刎7_に
p
､｡に.j?丹KndGﾁ{乙に｡眉ji､､に､眉}､respectively･

ThenEq.(4-3.23)isrewrittenas

血判0印川=αΣs卯ぽ川c.pn
?ﾊﾞら幻P?ﾊﾞの゛ろ

゛゛heresgn(T^)則Q ?

P

IQ十し

P

Letusprovethats9れr『

IQ+し゜d゛亡

P

Then,sgnr7p

1,0

0,E

凶し

P

2
･
―r｡

!

召

rj?ﾉ‘'4
G

P?rCﾊﾞ?ﾊﾟ

P
(4-3｡24/

P
J°j‘FromEq.(4-3.21),weobtain

■

り｡3｡25)

ﾙIQしIQ+し

Pp

=1.

Consequently,weobtain

心則Q(p)|=anr^Z
nG

(R一万j)l｡｡丿づ臼『
?r(ﾌﾊﾞ?ﾉ?
P P

FromLemma4-3.2,weobtain

-
T(R) P

(C,旧)

2 }

(4-3｡26)

Q.E.D.

Theorem4-3.3

AnecessaryandsufficientconditionthatanRCGnetworkhasa

uniquesolutionisthatthereexistsatleastonepropertree

suchthatづﾊﾞら幻祠G;≒F臨GﾉF゛|μ゛

Wehaveasufficientconditiondependingonlyonnetwork
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topology,thatis,

Theorem4-3.4

Asufficientcondi七ionthatanRCGnetworkhasauniquesolution

isthatthereexistsatleastonepropertree7Psuchthatthere

existsnootherpropertreewhichcontainsT(Cﾊﾞ?ﾉ゜

Proof:sincethereexistsnootherpropertreewhichcontains

'p
rC7ﾊﾟ?ﾉ,P

?P
心眉引Gﾉ|.sincel(ﾂﾞ|μ,10叫|瀕

Q.E.D

4-4STATEEQUATION

工nthissection,amethodofformulatingstateequationsof

RCGnetworksformaximumpropertreesisstudied.

Thecharacteristicpartofthefundamentalloopmatrixfora

maximumpropertree?ofanRCGnetworkisassumedtobe
pmax

givenas

F

F

cc ゛
F

こ7Σ

ΣC゛
F
ΣΣ

(4-4.1)

wherethesubscriptΣΓepresentsresistor-andgyrator-branches,

thatis.

Fて7Σ゛[FCR゛Fじび]゛FΣじ゛ F

RC

F
Gご

F
ΣΣ゜

F
j?刀s

F
C7刀゛

FRG

'gg

り-4.幻

Fromthematriχ(4-4.1),Kirchhoffsvoltageandcurrentlaws

state,

and

‘Vごj

‘VΣ1

十eCl

十eΣ7

゛FccVじ2

°FΣ(7VC2

十FじΣVΣ

十FΣΣVΣ

2

2
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^C2~^C2Cc'^Cl十FkiΣ1(4-4°4j

iΣ2'jΣﾀﾞﾘΣﾘﾉF1Σ'V

wherethesubscriptsland2representlinksandtwigs,repectively･

Thevectore｡isa100psourcevoltagevectorassociatedwiththe

subscripts,andj｡isacut-setsourcecurrentvectorassociated

withthesubscripts.

Thevoltageandcurrentrelationsofnetwork-elementsaregiven

as

i
じj

iじ2

VΣj

iΣ2

where

RΣj゛

一

一
R

O

C
js

0,C

Σj゛

R290

0,G,

0

2

0

GΣ2

Vご2

Vじ2

1Σ1

VΣ2

GΣﾀﾞ

j

Kg,0

(ﾄ,Gﾉ

r4-!i.5)

りｰも引

EliminatingvΣﾉVΣ2siΣ1''Σ2'Vjand≒2fromEq°(4-4.3)-

(4-4.6),weobtainamatricnetworkfirst-orderdifferential

equationas

where

M=

N=

'C2

VCl

C
2゛

0,

=-N

('ﾘﾉF

F

n
c^

F
ごじ“Fと7ΣG

1
1'
O
I
O

Vじ2

VCl

Σ(7

C7Σ

十L

F
F

1
1'
O
･
O

R
C
D

FΣc7

‰

^Cl

･^C2

eΣ1

JΣ2

HGj‰)c2

y2

畷

,0

F
ΣC゛
1
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L=

RO

0,1

1,0

RΣ7

9‾

十F

1一
〇R

C

I
Σ
F

FじΣs

｡ぐ

？
ﾑ

F

1
‐一
〇R

t
L
…

l
D
-
J

F
｀

IEびふ

F1Σ9GO°G

囲
1
一
〇(
L
UΣ

ρ
)

F

1

2

r
乙
″
乙

F

1
-
1
~
-
H

I
U
I
R

w

-
t
-
0

F十

2Σ
り-4｡8)

IfthesubmatrixofM″FC7ΣG51FふΣCj″isazeromatrix,the

vector'cimaybeeliminatedfromEq.(4-4.7),andastateequation

maybeobtainedwhoseorderisequaltotheorderofcomplexity

givenbyTheorem4-3.2.Hereletusprovethatthematrix

FごΣG51Fj･Σ'lisazeromatrix.

Lemma4-4,1

Foramaximumpropertree?PMαz″

zeromatriχ.

PΓoof:AssumethatthematrixF

-
thematrixF

C7Σ

G

O

Σ

‐
'
じ

F

1
一
〇G

Σじ

1

･Sa

1sanonzeromatrix.

Thereexist.i,3,kandZsuchthat

らΣ(<->3)g~gり'k)fcΣ(≒k)≠0 り-4.幻

IfﾉCΣ(i,O)f^O,thereexistsalink-capacitor-branch(denotedby

Sいcorrespondingtothero゛´≒7Σ(も),andthereexistsatwig-Σ-

branch(denotedby9.1)correspondingtothecolumn,fCΣ{j}･

Thebranchgjisinthe陥゜p(S.)‘工ffCΣに'幻ﾀざ∂'thereexistsa

link-capacitor-branch(deno七edbyH)COl°respondingtofCΣ(D,

andthereexis七satwig-Σ-branch(denotedby9k)correspondingto

fCΣ{た}‘Thebl7°nchびたisintheloop(S^).Thengj°nd9kare

gyrator-branch,otherwise,thereexistsapropertreewhich

containsmorecapacitor-branchesthan7P777αz°

Examinetherelationbetweeng~(j＼k)≠oandthenetwork-

topology.Fromthematries(4-4.2)and(4-4.8),the°atrix%is

writtenas
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GO° 1,0

0,1

'-'m?゛'Fふj?

｀'Fj?G'-'ふび

AQEDEIQふ

where^D7 ゜EI
i°゜‘iEI'

ThematricesG

ThematrixQΣ

-
21

pmax

Dl

ぢ

0

0

0

ED2

,0,0,0

,G51,0,0

,0,Rﾉ,0

=E

andhl"^

1十‘゜゛十Ei

D2

1,

0,

“FRR｀

EDjFGR

0

E

-F

9'EDjZ

D2

召G

'gg

同一乱7引

andED2"areofthesamedimension.

isafundamentalcut-setmatrixofGけ 化句
pmax

rの}(denotedbyGΣ)forT･αzΓΣJ'The°atrixDΣisdiagon°1'

Themati:'i゛Q+Σisafundamentalcut-setmatrixofG十
[?
Pn2a;
化句

i'pz7･αzrの}(denotedbyGi)for?P17?αzΓΣJ‘

since妬竹jjk)iswri七七enas

911(j,k)=cof･Go(k'j)ZIGoにり-4o11)

if妬行心幻和jら几G(k,3)7^0゜TheCof゜G(k,3)isthedeterminant

ofthematrixobtainedbyo°ittingthek-thl:o゛゛fromQΣandthe

J-thcolmnfromQ|Σin(4-4.10),゛hichcorrespondstocontracting

9kinGΣandgjinGI°Thereforethetermsintheexpansionof

Cof.G(k,3)correspondtocommontreesofGΣ[gk]andGﾁ[gj]゜

Moreover,thereexistsatleastoneindependentcommontreein

(7Σ[賤]andべ'4'″whichisdenotedby?a°

sincegだisintheloop(S,),aset{ST^}isatreeinら″

where'l AGr?p77･αzにね?7'P･7･αzrの‾S£‾SZ}‘sincegjisintheloop(S.),

(thatis″9;intheloop(S.)ofG^),aset{S?jis゛ltree｀in

ぐ･

Therearetwocases,oneofwhichistとh゛|らｰ?洽ぐliSodd･

andtheotherofwhichisthatl7-TへT十liseven.
aaa

i)Thecasewherel7a‾?(夕?1lisodd°

Supposethatthecapacitor-branchesぶぞandHareapairof



Trcで

Sが‾

G

7

'‾゛び77?

+
sびt↑

Ｚ
Ｓ

に

4-

j21 C

}

'?j

チ
jG

ﾁ
尻び一

.
ｔ

Ｓ

S
戸‾→9詞

{S

‡
P?j

{gふ胎}

｀゛correspondence

Table4-4.1

CorrcspondoncGofcapacitors

withapairofgyrator-branchos

αa;
rと7几7pj

provisionalgyrator-branches

g77?and9

;inGlandら

respec七ively.(SeeTable4-

4‘1°)Then゛1set{gj;j?j

isanindependentcommon

treeinG7and<■From

CorollaryofLemma4-3.1,

in'lthereexistsaproper

tree(denotedbyTPI)which

contains3mandj;″thatis″

S£andSt｀Consequently

}isapropertreeofG,VIhichcontainsmore

capacitor-branchesthan?

maximumpropertree.

pmax
.Thiscontradictsthat7

pmax
1Sa

豆)Thecasewhere'caa'iseven.

Considerthegraphwhichisunionof'landthegraphwhich

consistsofparallelprovisionalgyrator-branches3mandgM°

らヰ≫づ
Tree{7だら}ﾘg77･゜゛9n

{べjら八ﾉら

ぐ

←‥･+correspondence

Table4-4.2 GraphG2
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Supposethatthecapacitor-branchs.is9;and'lis9;;inthe

graph″whichisdenotedbyG2｀ThenG;isunionofG,where5.

issupposedtobe3mandSZissupposedtobeq,andthegraph

whichconsistsofparallelprovisionalgyrator-branchesg;and

ﾁ
gyZ Aset{9�gl･27jisanindependentcoiranontreeof(72andGI

(SeeTable4-4.2o)FromCorollaryofLemma4-3.1″inG2there

existsapropertreewhichcontainsgl.Consequentlythere

existsapropertree(denotedbyT)includingS£inGI'Then

aset{『
pmax

(C)jT
P2
}isapropertreeinらwhichcontainsmore

capacitor-branches七hanr

maximumpropertree.

pmax
Thiscontradictsthat?

pmax

Fromtheabovediscussion,weobtain

F
と7Σ

Weobtain

Lemma4-4.2

Thefollowingequalityholds.

Aﾑご゛Fみご｀Fh7R51FΣΣ

゛゛hereAs浪Fじご'FCΣGO

^Z2 ‰

ΣΣ(

1Sa

r4一4｡12)

Q.E｡D.

foramaχimumpropertreerp17?αa;j

FΣC‘

Proof;LetAこ7ΣdenoteFごΣG51F1Σ'工fAこ7Σisazeromatrix″

"sc°F CC″ thenA'=F!

AssumethatAごΣ

jsuchthat°ごΣ

that

Cび

isno七azeromatrix.ThenthereexistVand

rも3)^0.ﾘりΣ

fcΣ(乱k)ら1(k｡l)fΣΣ(j､D≠0､

a,3)≠0,thereexistたandZsuch

り-4｡13)

If七hebranchcon°espondingtofΣΣΓ3)isaresistor-branch,it
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●

canbeprovedthat?pz7?αzisnotamaximumpropertreeinthe

similarmannerintheproofofLemma4-4.1.Thenthisbranchis

agyrator-branch.Thebranchcon°espondingtofごΣ{た}.isevidently

agyrator-branch.

AssumethatA CΣR-lpΣCisnotazeromatrix″thenthereexist

it0,k,I,mandnsuchthat

几7Σ(も,k)9ｲfΣΣrj,l)r~^-(j^m)fΣcM･司ﾒ∂.

Theelement^ll

(4-4.2り

{m}correspondstoagyrator-branchsincerjりﾉ

correspondstoagyrator-branch.Consequentlythebranches

correspondingtononzero-elementsofF

capacitor-branchandgyrator-branches.

Let{A}g

1
･
0
G
Σじ 嶮岨‰ area

denotethepartialmatrixconceringonlygyrator-

branchesofA.Thenweobtain

sinceG

GO°G

‰‰}y{り丿

Oisgivenas

Σ2十F1ΣREIFΣΣj

ΣΣG5
1}

9°
(4-4.j幻

り-4,16)

bymultiplyingEq.(4-4°16)byFΣΣGi;fromtheleft.weobtain

F
ΣΣ (引GO=ao畷

Thenweobtain

F
ΣΣ゜

同1‰()y叫大轟出
Consequently

(‰%≒E引‰)I当凡1‰帽‰･

Thenweobtain

"sc゜F2'じ'FIC ｀
乙

ｙ
】

F

1
一
〇R (引‰

(4-4.17)

り-4.1剛

(4-4.19)

(4-4.20)

Q.E.D.

FromLemma4‾4°1″VcanbeeliminatedfromEq.(4-4.7)

FromLemma4-4.2,weobtain
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CVC2°‾gvC2+FU゛

where

C=C 2十Aj7び'^l'^SC

り-4.2ﾘ

g°FICR51FΣC

匹[A知CjZ･1･FΣJ51･-A'rFΣG51F1ΣRj･'F祐R51FΣΣGj'

-A'rFΣG51]

U°

l
e

J

e

●e

J

□

C2

Σ1

Σj

Σ2

¶
JΣ2

工ftheredonotexistspecialrelationsamongthenetwork-element-

values,thematrixCisnonsingularandastateequationis

obtainedas
一
V

び2°Av a
十BU｡ り-4o22)

whereA°C'^g,Bべr'F｡

Thestateequationmayhavenohigherthanthefirstorder-

derivativesofinputfunctionsassimilarlyasthatofanRLCT

networkmayhave.Thereforeitisconcludedthatinapassive

network.itsstateequationhasnohigherthanthefirstorder-

derivativesofinputfunctionsunlessthereexistspecial

relationsamongthenetwork-element-values.

Property4-4.1

ThematrixCispositivedefiniteunlesstherearenospecial

relationsamongthenetwork-element-values″however″hisnot

alwayspositivedefinite.
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Proof:?hematrixCisgivenby

C=C2十AICCI

゛[1･A乱]

Asじ

C2゛0

0゛CI

1

ASご

thenitispositivedefinite.

Thematrix■^0isgivenby

RO°RΣj

=[1,

十F
ΣΣ
R
Σ2

F
ΣΣ

]

ΣΣ

RΣ゛0

0゛RΣ

1

F
ΣΣ

wherethesecondmatrixisnotalwaysdiagonal.Itissumof

matriceswhicharesymmetricpositivedefiniteandskew-symmetric.

Q.E.D.

Property4-4.2

工fthestateequationhasderivativesofinputfunctions,

thereexistsatleastoneset(denotedbyS)ofbranchescontain-

ingi)capaci七〇r-andvoltagesource-branchesonly,or‘゜

ii)capaci七〇r-andcurrentsource-branchesonly.ThesetSis

S°BI(べ宍尹…(?QIぶ7)召2,7ﾁjfori)

s゛汁Qy…ﾁﾞQ乱･ forii)

where勺屁-ﾉ'%ぞ"isaloop"cu七-set"inG*

Proof:SeeAppendixv.

Q.E.D

Property4-4.3

工fthematrixginEqﾊﾞ4-4.21)issingularwithoutspecial

relationsamongthenetwork-element-values,theredoesno七
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existatreeinG{allcapacitor-branches}whichisapropertree

ofG.

Proof:SeeAppendixv.

Q.E.D.

4-5EXAMPLE

Fig.4-5.1showsanexamplefortheresultsinthischapter.

Chooseamaximumpropertree?inthenetworkas
pmax

?

P77･αa7°{C3'C4jCPR2'R3ﾊﾞJ2ﾊﾞJ

yg
PgtL

ThematricesG

1

for? pmax

冑が 0,0｡0｡0｡0

召
θ

θ
θ

∂

∂

∂

j

j

j‾

α

∂

α

3303a130‾a2

30｀r230｀0

jj゛r2ja,-a-a

j∂jα4j∂ja∂

2j
0°‾(IP 一α

∂j αZ

Fig.4-5.1Example
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2°■r^ 勺

j

?

ゐ

゜戸R3/(゛1悩4+1)

゜5=^f23
でﾉ(゛ﾏ+゛ﾂ)2

3十r4)
r『

itisascertained七hatLemma4‾4°1,thatis″FごΣG51F27ΣΞOistrue.

1Sg･venas

thematrixgisgivenas

sinceF

F
Σと7°

ΣC
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1
一
〇R

j

J
r
‘
/
1

2
2r

j
召 +r4)

2

where

゜1°R♂2Z師3十l'4)

α

α

ﾀﾞ{

α

≫v≪v

4°゛2/師;

ぐ1 九回

b
l°『

bjl

b

4゛R

b

6°R

b

8°1

since

知
ﾉ?
2

1rjZ

l"!

F

F

じΣ

F
C7Σ゛

3
十『

J
ﾁ1゛

｢

3+r4

j
『

ﾁ『

rJ

臼･

a,=R_/(゛ﾏl゛4+1)

j

∂ ∂Zﾝ∂j

j
j

θ
θj

j
4
5

ゐ
ろj

j

θ
θ

∂j

b
4j

0.0

b53‘b6

∂.∂

&?‾b8

‾b830

か
2j

b
33

b,.

b
23

(rﾌ十-1,2-2-2-,,{j?;乙･;りrﾌﾁr;勺勺

jﾁrjrr

Jﾁl'4/

2

Zﾝ5°7?jZ7?JrjZr2

b7°RIR3r

1

0,1,1

1,1.0

0.0,0

-1,-1,0

∂
j
∂
j
∂

2

4+1)

力

戸

『
2

4

4

)2十RR

戸

(r3十r4)

^.(r+r).

isgivenas

0,0,1,0,0.0

0,0,0,0,1,0



g° b3‾

‾b2十b

2b5十b

-
J

4

助

2

Z

5
+b

j‾

?bl

b2十b3‾2b5十b73‾か2

‾2b2+b3‾2b5十b?bl‾Z72

bl‾Z)2jZﾝj

itissingular.ThisascertainsthatProperty4-4.3holds.

Thenetworkhasauniquesolutionifandonlyif゛Jﾁﾍ1ﾒθ

Thematrixl7isgivenas

C=

where

ご

C3+d1C ﾄﾞﾍﾞ
C23

2
C
2
3dﾁ

ｰ
び
2
j
j

ｄ

-1
r^'i

'^3^2

r23

j

'^2^2

y回

j

C

じ

ﾄﾞﾍﾞ

ﾄﾞﾍﾞ

3C2

C23d3C2

C2｀d3C2

゜C5+C2

d2ﾆd-1,dfd2ﾉ(゛ﾂl'4+1八

ThematricesCand9leadtothematrixAofthestateequation.

Fig.4-5.2showsanexampleofnetworkswhichhavenoproper

tree.Thevoltageacross"thecurrentthrough"j-gyrator-port

isdenotedbyび♂%?.Thevoltage-andcurrent-relationsofthe

gyratorsare

yZ

叫

一

一

O'''l

一『
?

∂

1'1

f
j
･
″
ﾚ

び2

-
M
:
i

一
一 ∂

j

勺j

r2

∂

≒?

f
2
.
り
ﾚ

びJ

ｆ
Jび

一
一

C5

0｡『

rJj

1†

Fig^4-5>,2Exampleofnetworkwithoutpropertree.
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Thenthefollowingequalitieshold.!£

びJ4?jj｀jij°yzﾁぞjjpJ°びj‾1ﾀjJ?jぽﾊﾞ･-■!')

ThenR-R.Similarly召J°｀j?2lisobtained.

Consequentlyevenif7?J°j?j°-R,,orthegyrators2and3may

beremoved,thecurrentareindeterminate.

工tcanbesaidthatthenetwork1)hasnophysicalmeaningor

2)doesnotsatisfytheKirchhoff'slaws.

4-6CONCLUDINGREMARKS

Theconjectures[6]givenbyE.S.Kuhandet.al.forthe

solvabilityandtheorderofcomplexityofRCGnetworksare

provedinSection4-3.1.Anecessaryandsufficientcondition

forthesolvabilityisobtainedinSection4-3.2.工tdependon

thenetwork-topologyandresistancevaluesofthegyrators.

Moreoverasufficientconditionforthesolvabilitydependingon

thenetwork-topologyisobtainedinSection4-3.2.Anexplicit

formofstateequations,whosestatevariablesarevoltages

acrossthetwig-capacitorsofamaximumpropertree,isobtained

inSection4-4.工tisofthesameformasstateequationsof

networkssatisfyingspecialassumptiongivenbyJ.Tow[151｡

Theconceptﾘndependentcommontree'isgiveninorderto

obtaintheaboveresults｡工tisobtainedfromanalgebraicpoint

ofview.Letusshowtheconceptfromagraphicalpointofview.

Consideracommontree?ofGandG.Let-K
C 2berc“rよへ?1°

FromProperty4‾3°2″if＼kAisodd″?cisnotanindependent

commontree.Assumethat匯2lisevenandthatK^{aj.･･･,α加},

wherea･£1sagyrator-branch.LetZ'jりdenote‘2£OΓα1°Then
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consider22“setsasSﾇc°肺丿幻･"'･Z)ly

Le!二Sbe{S｡｡.S
j2

},wherek=1.‥｀,22n

加}.Lets,denoteasubsetofSwhose

elementsarecommontreesofG.､andGI､whereG
sべ;{?c‾K2βd‾KT1}

Aset{oneelementofSj{らで}isacommontreeofthesame

classof?c'ThenumberofelementsinSiwhichcontaineven"odd"

numberofmark
ﾁ

isdenotedbyc"j".IfCr^d.thecommontree?c

isanindependentcommontree.

Theaboveresultsarebasedontheconcept'propertree'.

Aphysicalmeaningoftheconceptisasfollows.Consider

anetworkequationoneofwhoseunknownvariablesisvoltage

across"currentthruogh"oneportofagyrator.･工七isnecessary

thatcurrentthruogh"voltageacross"theotherportofthe

gyratorbedeterminedfromthenetwork-topology.Considering

thisfromagraphicalpointofview,itisnecessarythatthe

branchcorrespondingtooneportofthegyratorisalink"twig"

andthattotheotherbranchisalsoalink"twig".
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CHAPTER5ACTIVENETWORK(4)‾(8)

5-1INTRODUCTION｡

工ntheprecedingchapters,thesolvability,theorderof

compleχityandexplici七formsofstateequationsinpassive

networkscontainingpassiveelements,thatis,resistors,

inductors,capaci七〇rs,ideal-transformersandgyrators,are

studied｡Thenetworksconsideredinthischaptercontainboth

passiveelementsandactiveelementssuchastransistorsand

electrictubes.工tiswell-knownthatinthelinearoperations.

anetworkcontainingactiveelementsisequivalenttoanetwork

containingdependentvoltage-sourcesanddependentcurrent-sources,

thevoltagesandthecurrentsofwhichdependononeormoreof

thevoltagesacrossorcurrentsthroughthenetwork-elements｡

Severalpapers[18]‘[?11discussingontheproblemsofthe

solvabili七yandtheorderofcomplexityofactivenetworkshas

beenpublished.J.Tow【18】hasintroducedtwographsG^andGj

obtainedfromtheoriginalnetwork:thegraphGyspecifiesthe

voltagerelationsofthenetwork″andthegraphGJspecifiesthe

currentrelationsofthenetwork.Hehasderivedaconditionfor

thesolvabilityandtheorderofcomplexitybymeansoftheabove

twographsGFand'l'E°J.Purslo゛[19][20]hasapproachedthe

problemsfromanalgebraicpointofview.T.0zawa【21】has

considered,bymeansofthetwograph-method,theproblemsfor

networks･whosetopologyisofwidervarietiesthanthatconsidered

byJ.Tow.Fromatopologicalpointofview,itcanbesaidthat

thetwograph-methodhasgiventhesolutionsoftheproblemsof

solvabilityandtheorderofcomplexity･
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Severalpapers]-[26]havediscussedonformulatingstate

equationsforactivenetworks｡工nthenetworkconsideredinthe

previouschapters,thenetwork-elementscorrespondingtostate

variablescanbedeterminedfromtheirnetwork-topologyonly･

sincethestateequationsareobtainedbyanalgebraicmethod,in

theaboveformulationsofstateequationsofactivenetworks,the

network-elementscorrespondingtostatevariablesandthedegree

ofthestateequationsobtainedarenotdetermineduntilthe

stateequationsareobtained.･

Therearefewstudies

solutions.

【20】

onnetwork-equationswithoutunique

Hereaformulationofstateequationsfornetworkswithunique

solutionsandcanonicalformsofnetwork-equationswithout

uniquesolutionsareconsideredfromthenetwork-topological

pointofview.｡

工nSection5-2,thedependentsourcesandnetworktoplogyin

activenetworkstobeconsideredaredescribed.工nSection5-3,

theresultswithrespecttotheproblemsofthe‘solvabilityand

theorderofcomplexityaredescribed.工nSection5-4,thestate

equations,theformulationofwhichdependsstronglyonthe

topologicalconditionforthenetwork-solvabilityandonthe

orderofcomplexityarestudied.工nSection5-5,acanonical

formofnetwork-equationswithoutuniquesolutionsareconsidered

bymeansofmatrixpencil.

5-2ACT工VENETWORKELEMENTSANDGRAPHS
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5-2.1ACTIVENETWORKELEMENT

Therearefourtypesofdependentsources,thevoltage-and

current-relationsofwhicharegiven,respectively,by

ぴ(ﾌ

≒

"o

びに

7'∂

≒

"-o

^.

一

一

一

一

一

一

一
一

p.∂

0,0

0,『

∂.∂

0,h

∂ﾊﾞ

∂ﾊﾞ7

0,0

≒

7'∂

7'∂

≒

び

∂

≒

1)

○

剔;

N-2.刀

(5-2.2)

(5-2,3)

(5-2.4)

wherethesubscriptsQand･£signifyout-putandin-put,respec-

tively･

Thenetwork-elementsspecifiedbyEq,(5-2.1)-(5-2.4)are

.calledvoltage-controlledvoltagesource.current-controlled

voltagesource.current-controlledcurrentsourceandvoltage-

controlledcurrentsource,respectively･

Acurren七-"voltage-"controlledcurrent"voltage"sourcecanbe

replacedbythecascadeconnectionofacurrent-"voltage-"control-

ledvoltage"current"sourceandavoltage-"current-"controlled

current"voltage"source.'Activenetworksconsideredheremaybe

assumedtocontainonlycurrent-controlledvoltagesourcesand

voltage-controlledcurrentsourcebutnootherdependentsources.

Furthermore,network-elementssuchasidea:Ltransformers,gyrators

andnegative-impedanceconvertorswhichappearingeneralactive

networkscanbereplacedbycombinationsofthedependentsources.

工nductorscanbereplacedbycapacitorsanddependentsources.
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Resistorscanbereplacedbythedependentsources.Therefore,

Remark

Thenetworkconsideredinthischaptercontainsonlycapacitors,

independentsources,curren七-controlledvoltagesourcesand

VO:Ltage-controlledcurrentsources.Thenumberoftheseelements

are゛zご.″"日andれ6″respectively″andletれpand"~ben^+り

nC十nD″｢espectively,

Acurrent-controlledvoltagesourceanda-voltage-controlled

currentsourcearesymbolicallyshowninFig.5-2.1(a)and(c)｡

TheirexpressionsusedhereareshowninFig.5-2.Kb)and(d),

wherea,3?Yand6eχpressacurrentsensor,acontrolledvoltage

sources,avoltagesensorandacontrolledcurrentsource,respec-

tively.Fromthis,acurrent-controlledvoltagesource"avoltage-

controlledcurrentsource"maybeconsideredasavoltagesource･

controlledbycurrentthroughacurrentsensor"acurrentsource

controlledbyvoltageacrossavoltagesensor"｡

Thevoltageandcurrentrelationofcontrolledsourcesand

sensorsISgivenby

か
し
こ
ﾘ
ゴ

Ｌ
⑨
ﾄ
E

L
為
子
Ｅ

昌
し
ｽ
ｙ
ゴ

こ
⑧
ﾄ
ﾑ

L
缶
丁

(a)(b)(C)(d)

Fig｡5-2.1

(a)acurrent-controlledvoltagesource･and(b)itsexpression

(c)avoltage-controlledcurrentsourceand(d)itseχpression
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HyZﾌVZﾌﾟH

where

vp°

H
VD

V6

VY

j

id''

1,0

O゛G
Y

Thevectorsv

y

IZﾌﾟ

H工D

●
1

●
1

a

6

R

0

(X9

0

1

(5-2.幻

andvYconsistofvoltagesacrosscontrolled

voltagesourcesandvoltagesensors,respectively.Thevectors

i(xandi6consistofcurrentsthroughcurrentsensorsandcontrol-i(xandi6consistofcurrentsthroughcurrentsensorsandcont

ledcurrentsources,respectively.ThematricesRaandGYare

diagonalonesof七hedimensionれ Band"6″respectively.

5-2.2ACT工VENETWORKSANDGRAPHS

5-2.2.1VOLTAGEANDCURRENTGRAPHS

LetgraphG*correspond七〇anactivenetworkぶ*whichcontains

capacitors,currentsensors,controlledvoltagesources,voltage

sensors,controlledcurrentsourcesandindependentsources.

GraphGisobtainedfromG脅bycontractingindependentvoltage

sourcesanddeletingindependentcurrentsources｡

No■w,twographsareintroduced,whicharethevoltageandthe

currentgraphsasdenotedbyGyandGj.respectively.Thevoltage

graphGFisobtainedfromGbycontractingallthecurrentsensors

(xanddeletingallthecurrentsources6.ThecurrentgraphG工

isobtainedfromGbydeletingallthevoltagesensorsYand

contractingallthevoltagesources恥ThegraphsGFandGI
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representthevoltageandcurrentrestrictionsofthenetwork｡

Everybranchofと7FandGj.hasonetoonecorrespondencetoa

branchofeachother,thatis″acapacitor-branchCinC7ytothe

capacitor-branchCinGI″avoltagesource-branch13inﾀFtoits

currentsensor-branchainG工,andavoltagesensor-branchYin

(7ytoitscurrentsource-branch6inG工゜EverybranchinGyand

itscorrespondingbranchin≪Iareassumedtohavethesamelabel｡

LetBV°ndQldenoteabasicloopmatrixofびFandabasiccu七‾

setmatrixofG｡respectively°Thenthe.Kirchhoffsvoltageand

currentlawsstate

B

Q

vv°e

●●
11°J゛

where

V° V(7

VZﾌ

i= 1

と7

'

d

PartitionBV°ndQI゛ls

BV°[Bvc'BVD]･

QI°[Qlc'QVD].

a-2

n-2

｡引

｡り

(5-2.剛

(5-2.9)

●ThenEq.(5-2.6)and(5-2.7)arerewritten,respectively.as

[BVC･BVD] Vじ

VZﾌ

Definition5-2.1

Let?y and?J

゜e,
[Qlc･QID] ≒7

1zﾌ

9 (5-2｡10)

denotetreesofsandG工゛｢espectively°Atree-

pairof?l/and?Jsuchthat'|Tﾄﾞｴlismaximumiscalledamaximum

tree-pairofGFand"I@″andisdenotedby{T丿V.

@工tiscalledMCTin[10]
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●

Definition5-2.2

If7y°T,1≒?iscalled･acommontreeofC7FandG工,where

TV°I―c

Definition5-2.3

Amaxi°umtree-pail°{?y T}suchthatしj幻八rJに川ismaximum

"minimum"iscalledanormal"primitive"maχimumtree-pair,which

isdenotedby{rｼ 4'}"{ 坏 回 }".

Definition5-2.4

AcommontreeTsuchthatl?c?rと7川ismaximumiscalled.a

normalconunontree,whichisdenotedby7;.

5-2.2.2工NDUCEDD工GRAPH

工nSection5-2.2°1,twographGF andGJ areintroduced.Here

letusintroduceadirectedgraphordigraphinducedfromGy

G,vjhichspecifiesvoltageandcurrentrelation.

Let亡.
2.

and

{i=l,2,"･}and勺{j°1,2,‥･}denotetwigsandlinks.

respectively,foracommontree?こ?゜

Definition5-2.5

Adigraphobtainedbythefollowingproceduresiscalledan

induceddigraphofGFandGlforacommontree?
(?
,whichis

denotedbyG#.

1)EverybranchofGI/andG工correspondstoanodeofGが゜

2)ThereexistsadirectedbranchinG#fromanodecorre-

spondingto8linkI.(denotedbyFにﾊﾞ)to゛lnodecorresponding

to゛lt゛゛ig勺(denotedby町りﾉ)Iwhere･勺isintheZQりpr乙£ﾉin

Gy

79



3)Thereexistsadirectedbranchin♂ fromanodeyは./to
7.

゜node町りﾉ″゛゛hereりisinthe°ut-se群竹ﾉillり｀‘

AnexampleforGがisshowninFig.5-2.2.Forthenetwork

showninFig.5-2.2(a),itsvoltageanditscurrentgraphsare

showninFig.5-2.2(b)and(c),respectively.工tsinducedgraph

for゛1COI°ontree?c,゜{もこ72'と7jisSho゛ninFig.5‾2°2(d)゜

c,

C;

1

(b)

(a)
C4

(d)

(C)

4

Fig｡5-2.2Example

(a)Activenetwork

(b)VoltagegraphG

(c)CurrentgraphG

(d)InduceddigraphG

FromDefinition5-2.5,somepropertiesfor� areobtained.

Property5-2.1

TheinduceddigraphofGF[s°metwigs≒{ぞ゜ち'゜･};s°melinks≒

{3=l3**･1}゛mdG[thetwigsjthelinks}isobt°inedbydeleting

nodes Fに ﾉ andYd ●
J

@ 'Deletingnodes'meansthatthenodesandthedirectedbranch

touchingthenodesareremoved.
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Thedirectedbranchfromy｡
2.
to町in♂isdenotedby衣りJy″

whereify･£correspondstoatwig"link"″yjcorrespondstoalink

"twig".

ThedirectedloopinGがcontainingd(V
^,y2几dryyyyj゛‘゛゜゜'j｡

●●●衣呪
一j'‰ﾉ゛ld衣呪ﾊﾞﾍﾊﾞisdenotedbydiloop{ら'り"‰'ら}゜

Therearealwaysdiloopsifthereareneitherselfloopnorbridge

inGFandG工｀工fthenodeFぞcorrespondstoatwig"link"″the

nodevt+1correspondstoalink"twig"inthediIcﾌop{V^,V^,°゜゜jF
?2j

ら)'Thereforethenumberofthebranches"nodes"inthediloop

iseven.

Thetree-transformationin'vandGImaybeconsidered″such

as?
Q‾亡j

十(tl+12)

ﾁZjisatreeinGV″TC‾tlf12isatreeヰnGI゛Tc‾(t14｀t2)

isatreeinGV゛Tc‾rtjﾁ亡2ﾉﾁに2ﾁ≒5ﾉisatreein≪!'and

soon.

工fanothercommontreeTCI°T-(t
1十゛¨十tれ)十(11

+'･'+1)canbe

obtainedbytransforminglinksI."twigst£"{f°2j‘･･,n}totwigs

"links"in171/andh^i'h"{whereれ+lhl)totwigs"links"inG:r゛

thereexistsadirectedloopcontainingnodesFにぞﾉandyr右£/in

G,because右£isinthe乙OOP(りﾉinGyandZ£ﾁjisintheout-

setft
■iinG

.Thisproves

Property5-2.2

工fanothercommontreeelrepresentedbyTcl°Tc‾(tl十...t)十

に1十¨｀+1n)canbeobtainedfrom?a″thenthereexis七sadirected

looprepresentedbydiloop{町≒れ町勺ﾉ'¨゛j回礼ね町礼几町ら月in

TheconverseofProperty5-2.2isnotalwaystrue.Consider
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,才子
（
∇
二
〉

17yG.Z｀

(a)

Fig°5｀2°3ExampleforGrF″町andGが‘

☆二≒

χ/

/I

(と

し

二二

十

‘(b)♂

thisinanexampleshowninFig｡5-2｡3.Acommontreeisassumed

tobeT={1^2}inthegraphsG^andGsho゛ninFig°5-2.3(a)゜

ThentheinduceddigraphG#for?c,is‘obtainedasshowninFig.5-

2.3(b).ThereexistsadiZ｡｡p{V(3):,V臼几V(3)}andset{3.2}is

acommontreeoHowever,thereexist-sadiloop{Fりちl/白几Fr引｡

Fr幻,V(4J},butset{3,4}isnotacommontree.

Property5-2.3

工fanothercommontreerepresentedbyTcl°Tc‾七+1canbe

obtainedfl°o“1?♂thereexists゛1diloop{VけちV(l),V(t)}inと7がfor

true.

ubgraphsG j聡゛なら-1}andG[T-t;T-I},

"㎏ﾉandGI″｢espectively°Theinducedsub-

八
〉

(a)♂ G
F

(b)

ﾍ
ﾚ
ド

Fig.5-2.4｀ExamplefortheproofofProperty5-2o3
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digi°aph(denotedbyg")of?りandﾀﾞrforacommontree{t}is

showninFig°5‾2‘4(a)″thenGandG^arethegraphesshownin

Fig.5-2.4(b)｡Thentheconverseistrue.

Q｡E.D.

Considerthecasewherethereexistsa心:陥゜P{町≒ねμりﾉ'¨゜'

yにn几l/白;y7 ),V(l)}i:"♂for!ZI�but21.‾(tl十t2+｀¨十,tれ)十(11十I+...

sヽ..ﾊj
ﾁZ
刀
ﾉisnotacommontree.LettwographsGyandGbeGI

/[ra'rり

1

1十*･H-≒i ;}andGI [?c,‾(tl 1十゛｀+1n 刀,

respectively.TheinduceddirectedgraphofべandGfora

commontree{t

十*k ﾉﾁ(I

1'

jﾁﾞ¨十H

゛'゜,t}isdenotedby万が'Supposeth゛at?
と,‾はjﾁ･゜

ﾉiSnotatreeinら orT-(t j.十?゛十*k ﾉﾁﾞ(I 2十゛゛十

ZlcﾁjJisnotacommontreeinGj.foracertainminimumintegerk

(<n)｡Thenthereexistsatleastoneloopconsistingonlyofり:

and゛Isubsetof{乙'゜゜･'^k-1^eitherinZ,orofZkﾁ2andasub-

setof{りj

100pin弓

りj°゜゜A

Letit

jillら゜Assumethatther:eexistssucha

i.''≒}betheloop{た.≧″7>;2}゜Thenthere

j尻

exis七correspondingtwigs右.{3=1,･･･,m},eachfundamentalcut-
1.●

setforwhichcontainsmore
t

h゛anonelinksof{≒'゜゛゜'≒}in7y°

1｀'m

Converselyeachlink乙.･{o=i>-'･jw}iscontainedinmorethanone
l..
J

cut-setsofout-set(t■)inGI/(七hatis″eachloopに£ﾉcontains

morethanonetwigs'右

ﾉ

.).Theniniが,thereexistd1100pswhich
t.
J

consistonlysomenodesof{V(l^),V(t^),'゜"v(i).町礼ﾉ}゜工f″'゜2″

theremayexistd£z°゜p{吋z£jJμり).V(l.^一jね'･j町り｡ﾝ,v(i.刀
●WIゝ｡･

anddiloop{V(l.),町り),V(l

｡｡｡
)･･V(i-几Vd.)}inGが

Thenumberofsuchdiloopsismorethanm-1.Thenodesinsuch

diloopscoverthenodesinthediloop{μ≒ね町り几'¨'町ら几町仙几

7はﾉ}゜工fthereexistsaloopinG工,thesimilarargvimentholds.
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Thenweobtain

Property5-2.4

μthereexistsadilo゜p{V(l^),V(t^),･゛‘'町仙几1/にがら町らﾉ}

(denotedbyDL) inGが ofG and'l foracoiranontree?,butif
C

theset,{T｡‾白りﾁ'゜'ﾁtJfにjﾁ'゜ﾁZn月″isnotacommontreeofGI/

andG工,thenthereexistdiloopswhichconsistsonlyofsome

nodesinZ7£″furthermorethenodesina11suchdiloopscoverthe

nodesinDl

FromProperty5-2.2-4,thenextpropertyholds.

Property5-2.5､

工f､inGがfor?c″thereexistsadiloopiVd^ねFにﾉ"゜゜'

町仏几町心},V(l)}whichcontainsnosub-diloop,thenrc?‾(tl十

十t
れ
)+(l-. ﾁ ﾁりzﾉisacommontree°

5-3SOLVABILITYANDTHEORDEROFCOMPLEXITY

Considerthesolvabilityandtheorderofcomplexityfor

thenetworkssatisfyingAssumptionAinChapter2.

FromEg.(5-2.5)and(5-2.10),anetworkequationofanactive

networkisgivenby

0ゆﾉ V
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-
Cps0,-ls'0
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IfandonlyifthecoefficientmatrixO印/isnonsigular.

thenetworkhasauniquesolution.

Wehave

Theorem5-3.1
[18][21]

工far!etworkhasauniquesolution,thereexistsaconunontree

initsvoltageandcurrentgraphs.

Theconverseofthetheoremistrueunlessthereareno

specialrelationsamongthenetwork-element-values.工tcanbe

saidthatTheorem5-3.1isanecessaryandsufficientcondition

forthetopologicalsolvability.

Theconcept'aommontvee゛isgivenfromtherelationsbetween

network-topo:Logyandnonsingularo(p).工notherwords,since

thecurrentthroughatwigisgivenbythecurrentsthroughsome

ofthelinksinG工,andthevoltageacrossalinkisgivenbythe

voltagesacrosssomeofthetwigsinGI/″thevoltageacross"the

currentthrough"anetwork-element"canbegivenbythecurrent

through"thevoltageacross"thenetwork-elementifthereexists

acommontreeinGyandGI｀

Fortheorderofcomplexity,wehave

Theorem5-3.2
[18][21]

Theorderofcomplexityofanactivenetworksatisfyingthe

remarkinSection5-3.2isnotgreaterthan.＼T^(と7川.
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5-4STATEEQUAT工ON

Severalpapers
[20][22][24][25】

discussingontheformulations

ofthestateequationsforlinearactivenetworkshavebeen

published.Theoutlinesoftheformulationsareasfollows;

step1.Obtainasetofnetwork-equationsbyapplying

Kirchhoff'svoltageandcurrentlawsandfromthevoltage-current

relationsofthenetwork-element.

step2.Byeliminatingvoltage-andcurrent-variablesofthe

non-reactivenetwork-elements,obtainadifferentialequationin

theformof

AX=BX+Cuj (5-4≫l)

wherexisavectorwhoseelementsarethevoltagesacrossthe

capacitorsandthecurrentthroughtheinductors.

step3°Seti°らandAﾀﾞA゛BﾀﾞB゛CらがC゛XﾀﾞX゛哨几U)

thenEq.(5-4.1)becomes

A.x.=Bがjjふcもご6ﾉ ば一乱幻

step4'IfAiisnonsingular,gotostep5'IfA.is

singular,transformEq.(5-4.2)intothefollowingform;

A.

7･

0

.1゛

9

Aも

0

2
Xそ.1

xも2

一

一 B

2:j1>j'

h

.1,2

Bi

j2jjZ゛

B
ぞ,2.2

Xちj

xち2

･
r
i
t
-
J
I
I

た

十

∂Cちた

Thenbyeli!Tiinatingx£.2fromEq.(5-4.3),obtain

Ai+1 X.=Bｼﾞｼﾞ(ちj

くこc

ｼ2,

ごい

Setiﾆえ十1,xそ十?Xも,1゛andgotostep4

step5.Obtainastateequationas

i｡=AこIB.χ｡+A':IEC.r6J

7.tl｡7.tた=∂i,k｀
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Forthenetworkconsideredintheprecedingchapters,the

stateequationscanbeformulatedbyuseofthetreesgiven

theorderofcomplexityifthetopologicalsolvabilityconditions

aresatisfied.Thestatevariablesandtheorderoftheformu-

latedstateequationsaredeterminedfromthet!reps･･.However｡
●寸゜●

thestatevariablesandtheorderofthestateequationsderived

bytheaboveformulationforactivenetworkscannotbedetermined

untilthestateequationsareobtained.Onereasonforthisis

thattheformulationdependsononlyalgebraicoperations｡

工nthissection,aformulationofstateequationsforthe

networks,whichsatisfythefollowingAssumption5-4.1,isgiven.

Thisformulationisbasedonthenetwork-topologicalcondition.

Thestatevariablescanbedeterminedbeforethestateequations

areobtained.

Assumption5-4.1

Thenetwork-solvability,theorderofcomplexityandtherank

ofmatriceswhichappearintheprocessofderivingthestate

equationsdependonthenetwork一七〇pologyonly･

Thenetworksconsideredherecontainonlycapacitors,current-

controlledvoltagesources,voltage-controlledcurrentsources

andindependentsourcesasmentionedinSection5-2｡

Byusingthefundamental100pmatrixofGandthefundamental

cut-setmatrixofG^foranormalconunontree回八heKirchhoff's

voltageandcurrentlawsleadto
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whereB‥andQ‥arethesubmatricesofthecharacteristicparts

ofthefundamentalloopmatrixof汽/ andthefundamentalcut-set

matrixofGJ″respectively.Thesubscriptl"2"denoteslink-

"twig-"dependentsources.ThesubscriptS"ご"denoteslink-

"twig-"capacitors.

Thevoltageandcurrentrelationsofdependentsourcesare

givenby
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(5-4.8)

wherethesubmatricesR｡andG｡arediagonal.

Eliminatingthevoltagesacrossandthecurrentsthroughthe

dependentsourcesfromEq.(5-4.5)-(5-4.8),weobtain
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currentrelationofcapacitorsisgivenby

一
一

柚

祐

(5-4.Hﾉ

Thenetwork-equationisgivenbyEq.(5-4.9)and(5-4.11).

工fthematrixBinEq.(5-4.9)isazeromatrix,itiseasyto

deriveastateequationwiththestatevariablesv
び‘Forpassive

networksconsideredintheprecedingchapters,thematrixBis

alwaysazeromatrix,however,foractivenetworks,itmaynotbe

azeroone.
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NowletusexaminetherelationsbetweenthematriχBand

thenetwork-topology.ThematriχBgiveninEq.(5-4.10)is

rewrittenas

B°BSβ･Q器j

andthematrix9

邱2ﾉﾁﾞ時2ﾉ

g=[1

AQIDG(りD

'%j]12 が0

ぺ
1

1

-B

a一4｡12)

H

ば-4｡13)

ThefirstmatrixoftherighthandsideofEq.(5-4.13)isthe

fundamentalcut-setmatrixwithrespectto?;(a.6JforGj【?;にね

べyに)}(denotedbv≪ID)'Thelastmatrixofrighthandsideof

Eq.(5-4.13)isthefundamentalcut-setmatrixwithrespectto

が邱jﾘfor%[T^(C);T^(C)}(denotedbySd)゜Thesecondoneis

diagonalmatrix.Then,iftheぽ.j/elementofg~^isnonzero,

thereexistsacommontreein^VD【亡IJfg.rqvDぽ川jand'id[twig(q^Q(

が月sinceg‾町乙0)=Cof･gぽ,0)/＼g＼.Thenifa哉,Uelementof･

Bisnonzero,thereexist勿fgrqvDぽ川intheloopにink(b2S(k)))

inと7μandlink(q2S{kDinthecut-set(twig(c＼^^り几りin'r

ThereforethereexistsacommontreeinGyにjyrの+link(b(k));

ilｼの‾Z仙町bS2ほ月}゛l“dg^[tI(のﾁZ仙町q2S(n)βS(c)‾linkCq

Thenthecapacitorcorrespondingtothelink('S2

identicalwiththatcorrespondingtothelinkCci

哉月inGy

{k})}.

1S

2S
ik}).Thusif

everydiagonale:LementofBwerenonzero.叱couldnotbea

normalcommontree,andwehave
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Lemma5-4.1

Everydiagonalelement･ofBinEq.(5-4.9)iszero.

工nordertoexaminepropertiesofB,letusintroduceamatrix

B歿{b(^,.1)}definedasfolioVJS;

b^(i,3)=lifZがちjﾉμ.and訪ぽ,0)^0if卵心jμ∂ ぱ-4｡14)

ThematrixBZ7issquareanditselementsareoor1.Then

adigraphcanbeconsidered,whoseadjacencymatrixisBZﾝ.工tis

denotedbyGZ)andcalledtheBooleandigraphforB.Thenodes

inGcorrespondtothelink-capacitors.ThedigraphGZﾝisa

subgraphofGがandobtainedfromGがbydeletingtwig-capacitor-

nodesandcontracting dependentsource-nodes.

Lemma5-4.2

ThedirectedgraphGbhasnodirectedloop･

Proof:Assumethat(^hadadirectedloopthelengthofwhich

isZd°

FromLemma5-4.1,thereisno100poflength1.

Assumethatl.=n.Let'SjZ″S2″'゜゜and'ndenotethelink-

capacitorscorrespondingtothenodesofthedirected100pin沙.

Thencorrespondingtononzero(ik'jk)elementsofg‾≒thei°e

existtwig-dependentsource-branchesb.intheloop(S,)ofGF″

andt゛゛ig-dependentsource-branchesZ≒ﾀ
几
intheloopfS,)ofs-

Withloosofgenerality,itcanbeassumedthattwig-dependent

source-branchescanbechosensuchthatZ).isnotidenticalwith
2'だ

bも1″017b;isnotidentiacl゛゛ithろj
Z
{七Z゛ぢ゛‘j"゜k/l}sinceif

@Node-contractionisthesameasnode-eliminationinflowgraphs
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suchbranchescannotbe

chosen,thereexistsa

directedloopofthelength

lessthann.･(SeeFig.5-4.1)

Fromg~ (ik'jk)≠o'thei°e

existsatleastonecommon

treeinSd

and^ID

[bij゛゛゛3bも

n

libj

l'゛≒bj

].

Thenthereexistsatleast

ﾀﾞ‾個

/χ

づ

χ｀jS

Sﾋ!|´

/

ﾀﾞ'‾個

二十
(a)♂(b)汐

Fig.5-4.1Directedloopin(a)�

and(b)汐

onecommontreeinG[tI(C)十

SI十y｀十Snβt(C)‾ば?¨゜+S)}and町[TI十SI十no1十‘゛゛十SJ)

fromProperty5-2.5.However,thiscontradictsthatr7isa

normalcommontree.Thereforethedirectedgraph沙hasno

directedloop｡

Q.E.D.

FromLenuna5-4.2,wehave

Lemma5-4.3

ThematrixBIﾌﾞB"isanilpotentmatrix.

Proof;sinceGZ7hasnodirectedloop.thereexistsafinite

●
number177suchthat

(Bろ)″'=0.

ConsequentlythematrixBisanilpotentmatrix°

(5-4.15)

Q.E.D

FromLemma5-4.3,thematrixBcanbetransposedintoa

strictlytriangularmatrixPiBP]″whereP]isapermu七ation-matrix.
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and

AssumethatEq･

l.-F,,.F,

0゛Bj゛B2

0,0,0

Cじ゛O゛0

0゛CSI゛0

0゛O゛Cs2

where
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i

i

と7

S2

'S2

d
石

(5-4

一
一

V

'si

'S2

●

D

A

9)

0

and

J

A2

一

一

B
j゛
B

0,0

ちj

ちj

一

一

,

1

｡

0

,

●1

i

i

ご

SI

S2

0

0

1

(

V

V

V

5-4.11)canberewrittenas

じ

S2
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2

‐
1
-
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P一
一

p函,

十
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稲

仙
‰

"
l

A
2
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i
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万
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万
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r5-もj引

ぱ一々.jり

^57

'S2
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Cぬ'0

0゛%2

1
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I
-

P

S

C

1

P
一
一

ThematrixBjZisstrictlytriangular.

Thelink-capacitorsS2aresuchthatthereexistnopathsfrom

thenodesS2 tootherlink-capacitor-nodesin(^,thatis.no

pathsnotcontainingtwig-capacitor-nodesinG″.

Eliminating'S2andiS2fromEq°(5-4°16)″weobtain

1'F2 'S2
一一 -

B2CS2A

A2Cjl･|-Fj
--一一

2cj･Ih

祐

'si

一
一 D,|0

- 一 一

^ ,11

V

'si

十 馬

j%j
+
'F2

B2

+ 馬

孟j
C

ぶち 2
馬

2

(5-4.j幻

MultiplyingbothsidesofEq.(5-4.18)ontheleftbythenon-

singularmatrix.

1

一一一一一一

“B2%2A2(Cc

weobtain

一一

F2C

一一

S2^2

こ'1

9

-

9

0

-

1

(5-4.19)
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ば-4,20)

LetusexaminepropertiesofthematrixjBdefinedas

⌒･~
jB°Bj十Bj'

ぽ-4.21)

Lemma5-4.4

工fthereexistnonzeroelementsinjZB″thentheinduced

digraphG#hassubgraphssuchasshowninFig.5-4.2,whereS."C."

denotelink-"twig-"capacitors.

Proof:ksdescribedintheproofsinLemma5-4.1-5-4.3,

thegraphshowninFig.5-4.2(a)isobtainedfornonzeroelements

ofBj°

.Assumethatthereexistsanonzero(m,l)elementofthematrix

B2°since'liswrittenas

百

j°RfArF(whereC^゜CC'F2Cs2Ay(S-4.2幻

thereexis七几,ぞandjsuchthat

弓 (m,k)C{k,k}゜-{k,i}'c~
^

^(i,a)ら(3yl)^Q.
(5-4.23)

LetS7andStdenotethelink-capacitorscorrespondingto

b2伽ﾉandb2 {k},thentheinduceddigraphGが

94

shouldincludeasub-

●

争

!



○
ﾄ
ﾄ
む

(a)

1
/
v
―
^
w
w
―
K
y
)
a
|
^
V
a
J
J
)
A
i
/
y
.
Q

Fig.5-4.2Subgraphsin♂

forLemma5-4.4

図←T姻)

Fig.5-4.3Subgraphcorresponding

tononzeroelementofB^

⑤
ﾄ
ﾄ
由

⑥
ﾄ
ﾄ
も

graphshowninFig.5-4.3becauseb

LetC.

S

a2

andC.
J

2('"A)ﾒ∂゜

Fig.5-4.4Subgraphs

correspondingto

°JKJ)^Oand

fj(0,1)^0.

denotethetwig-capacitorscorrespondingto

{i}andfj(d),I°espectively″゜nds＼.thelink-capacitortoちに}

Then♂shouldincludeasubgraphshowninFig.5-4.4because

a(kji)≠0andfj(d,l)≠0゛

ConsiderC~(i,o)definedinEq.(5-4.22).ThematrixCじ

can berewri七七enas

C♂[1'F2] C.,0

0゛CS2

1

A
2

(5-4.2幻

similarlytothatwithrespecttotherelationbetween

び‾1(そ,j)≠0inEg.(5-4.13)andthenetwork-topology,thefollowing

argumentholds.since'c"^(i,3)≠0,thereexis七salink-capacitor

●
べ四acommontreeinG[c.rT'(c)‾S;}゛andと7J{ごjF77gにJ-sp゜

Thecommo,n七reecontains?;rの‾り“じjandぢ.Thereforeif
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Fig.5-4.6Exampleofdirected

loopZ?£゛

cｲ(そ.j)≠o,thereexistsasubgraph

inGyysuchasshowninFig.5-4.5.

FromFig.5-4.3-5-4.5,weseethat

♂includesgraphsinFig.5-4.2if

thereexistsanonzeroelementof

jB°

Q●E●D●

C
J
"
)
7
U
/
V
A
P
!

Lemma5-4.5

Thegraph,<='hasnodirectedloopandthe

matrix,where

Fig.5-4.5

Subgraphcorre-

二二で

ぐ･

jBisanilpotent

ﾉ;Z7istheBooleandigraphfor丿

PI'゜゜f゛Ifthereisnosequence£∂j2:1''.iandi,z{"ﾆjj'･･}such

thata11ぱ∂jiyjぽjjfyj°゜゜jNyz-jjぞれ/and(そ�ぞ0)elementsof

jBarenonzero,^Ghasnodirectedloop,andthenthematrixj7官

isanilpotentmatrix.

Assumethata11rﾍﾞﾌj

elementsof

yZ几ぽPi2几゜'゛jぽn-1'それ)and(えがぞ0)

larenonzero.Then,fromLemma5-4｡4,theinduced
1

digraphG#includesadirectedloop

DLsuchasisshowninFig.5-4.6,

forn=l,asanexample.Nocapaci-

tor-nodeinthedirectedloopis

notidenticalwithanother｡

工nordertoexaminethedirected

loopZﾌ£″letusconsiderthegraphs

C7;andGlobtainedfromGyand'l

bycontractingalltwigsand

deletinga11linksexceptthe

capacitor-andthedependentsource-

96



参

branchescorrespondingtothenodes

inDL゛ Thereeχistsasubsetof

?;(denotedby?ｼ)suchthat?ｼ

isacommontreeofG; ･indGj･

Ifthecommoncotreef''forTN゛
CC

wereacommontree､T
しouldnot

び

beanormalconunontreesincei恥

､a

containsmorecapacitor-branches

七hanが'.(SeeFig.5-4.7)..Then

a11ri∂j i),(ijjio),*"ﾊﾞiれ｀j£0)

elementsof /~ﾉ
jBarenotnonzero

Fig.5=4.7

Directedloopandsubloop･

Ifiらisnotacoiranontree,●l
a

thereexistsomedirectedsubloopsin(G*)',V3hererGがμisthe

inducedgraphcorrespondingtoG^andG',fromProperty5-2.4in

Section5-2.Moreoverthereexistsadirectedsubloopin(G#)゛

suchthatthenumberofthelink-capacitor-nodesinthesubloop

isgreaterthanthatofthetwig-capacitor-nodes.Thisis

becauseifthereexistsadirectedsubloopwherethenumberof‘

thetwig-capacitor-nodesisgreaterthan(orequalto)thatof

thelink-capacitor-nodes,forexample,suchasthedirectedsub-

100p'".･･°゜゜jCj°゜゜゜jSj°'゜,C,'゜･,V.,V.}showninFig.5-4°7″where

7.isacapacitor-ordependentsource-node,thenfromProperty

5-2.4,thereexistsatleastonedirectedloopD-suchthatthe

numberofthelink-capacitor-nodesisgreaterthanthatofthe

twig-capacitりr-nodes.(SeeFig.5-4.7).ConsiderthegraphsG"and

(雌obtainedfromと弓,and'lbycontractingalltwigsanddeleting

a11linksexceptthecapacitor-anddependentsource-branches

correspondingtothenodesinthedirectedsubloopZ)1.Let?7″
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denoteasubsetofづ″,where?ﾂ″isacommontreeofGI;andG7.

工fiｼfwereacommontreeofG'^andﾘ,づwouldnotbeanormal

commontree.工ff^"isnotacommontree,七hereexistsa
C

directedsubloopD'Jin(G*)",wherethenumberofthelink-
£

capacitor-nodesisgreaterthanthatofthetwig-capacitor-nodes.

Byrepeatingtheabovediscussion,wecanconcludethatifa11

(i03ぞ1)3(iPi2)3゛'｀j(in-Pi)andぽれji∂ﾉelementsofj§‘are

nonzero,thereexistsadirected100pj71几JandrGりjμ:J,suchthat

thenlimberofthelink-capacitor-nodesis.greaterthanthatof

thetwig-capacitor-nodes.FromProperty5-2.5,itcanbeproved

thatcisacommontreeofGびc/and苧obtainedfromsand

GbYcontractingalltwigsanddeletinga11linksexceptthe

branchescorrespondingtothenodesinthedirectedloopぐﾉ.

Then,thecommontreerｸj陪ﾉﾁ?717rU,wherehisthesetoftiwgs

except七hoseinぐ,wouldcontainmorecapacitor-branchesthan

tKThiscontradictsthatT^isanormalcominontree.Therefore｀
aa

thereisnosequencef∂jづjj°゜゜and八zsuchthata11に∂jぞj几゜゜゜j

ぼ,2-Pin)andぽ

directedloop･

?2j£∂jelementsof'?arenonzero″andjGろhasno
Thereforethematrix

l'isanilpotentmatrix.

Q.E.D.

FromLemma5-4.5,byapermutationmatrixP2″weobtaina

strictlytriangularmatrix,

P2jZBP;゜｢ZB1｀1B2

0,0

ByuseofthematrixP2″Eq°(5-4°20)becomes
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(5-4.2剛

canbeeliminatedfromEq.(5-4.26).

Thenthefo･IlowingEq.(5-4.27),whichisofsimilarformto

Eq.(5-4.20),maybeobtained.

of

2E゛'2F

O゛2B

i

2

i

(7

S2

一

一 D,0

-,A,1

十

Vご

2^SI

,t･
^Cl,l

-tJ･

l-^Sl,1

十

十

私

jZeSl,0

宅
CI,2

1Sl,2

+

十

7
｀

7

｡
ｙ
≒
２

j∂

了Cl,2

1-^S1,2

+
'^Cl.l

1Sl,l

(5-4.2り

AsubgraphofCﾌｶﾞwhichcorrespondstothenonzeroelement

2Bhasthesamepropertyasthatof
ya
°Thenitcanbeproved

inthesamemannerastheproofinLemma5-4.5that 戸hasno

directedloopand丿isanilpotentmatrix.Thereforethere

existsapermutationmatrixP3suchthat'32^'3isstrictly

triangular.Thevec七〇r2VSIand2'^Slarepartitionedinto
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P321
--

SI 3i

3'

SI

S2

Thenthevectors

P32VSj°

3^52
and

J

3VSI

3^52

'S2
canbeeliminatedfrom

a-4｡28)

Eq.(5-4.27),andanequationofsimilarformtﾆoEq.(5-4.27)can

beobtained.

Repeatingtheaboveprocedure,weobtain

E,-F
"‰

09れB

1

と7

礼

-

- D,0

?

A.I

V

れ's

十Σ{

/ヽJwhere∂E°1,,F=F,^B°B,,A°A'

騨
騨

十 次
次

}, ぱ-4.2幻

Nowletusconsiderthepropertiesoftheinduceddirected

graphwhentherearenonzeroelementsinthematricesA,^B,

andD.

F

阿

Property5-4.1

工ftherearenonzeroelementsinA,B,Fand･DinEq.(5-4.9),

thereexistdirectedpathsmG,whicharedenotedbvPA″PB゛PF

andPZ)″respectively″asshowninFig°5‾4°8(a).

Proof:｢ThematrixAiswrittenby

A=B
IB

IC｀

ThenthenonzeroelementsofAcorrespondtodirectedpaths,as

showninFig.5-4.8(a),whoseinitialnodesarelink-capacitor-

nodesandterminalnodesaretwig-capacitor-nodes.similarly

nonzeroelementsofB,FandDcorrespondtodirectedpathsas

showninFig.5-4.8{a).Theinitial"terminal"nodesofF/1″PFand

PZﾌarelink-"link-"″twig-"link-"andtwig-"twig-"capacitor

nodes,respectively｡

'IQ●E●D●
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⑤--9(i)--{←9(1)--り(1)一一e(1)

n-rPれ-fAPFれｰｼﾞｿﾞ≒ﾌ

nA

胚‥妬
れ-2

P

2

{}一嘔)--O一嘔〉･-O-べF

れ-/bn-2^A
P
F n-1 ら PF

Fig.5-4,8PathsinGcorrespondingtononzeroelementsofthematrices.

Property5-4.2

工fthereexistsanonzei°?ele°entin4AandB{n゜も2'゜゜゜}″

thereexistsadirectedpathasshowninFig.5-4.8(b)forれ=j

andFig.5'4｡8(c)foi°n>_2.Thepathsaredenotedbyr?Aandn^B'

respectively･

Proof:Examinethecaseofn=l.FromEq.(5-4.20),wehave

j

A°A

j

j

B°B

jZ

゛B2%2A2(CfF2%2A

゛B2%2A2(CfF2Cs2A

wherethema七ricesB
2

2)‘Id

2)'IF2

andB2 aresubmatricesofB.ThematrixF

isasubmatrixofF.ThematrixD.isinvariantduringthe

elimination-procedures.
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Anonzeroelementof(,CC'F2CS2A2)'1(cf'Lemma5-4.4)corre-

spondstoapath,whichhastwig-capacitor-nodesasitsinitial

andterminalnodesandcontainsalink-capacitor-node.Thepath

isrepresentedbyPF十PA｀Thenthepathcorrespondingtoanon-

zeroelementof7AisrepresentedbyP,ol:p+p+p+p十^D-asis

sho゛ninFig.5-4.8(b)゜Simil°rlythepathi^'bisrepresentedby

PborPB十PA十PF十PA十Pp,VJhichisshowninFig.5-4.8(b).

Byinduction″thepathn^'Aisrepresentedby
万一l^Aor

4-IPBﾁn-IPA十PF十n-IPA十PD｀Similarly″thep-athnPZ?isrepresented

byyz-jZFβOrれ-:V?7-IPA十PF十n-IPA+PF゛

Q.E.D.

Let7×7S (.P.)"N (.p.)"denotethenumberoflink-"twig-"

capacitor-nodesin.P‥ThenumberN(.P.)isdefinedby

町.P･塙町(.p.)-tl^(.p.).

Property5-4.3

Thefollowingequalitieshold:

7VりzP/1ﾉ゜らyr,7Py

Proof:FromProperty5-4.1,thefollowingequalitieshold:

N(P.)ﾆら7V(F^)=2,N(Pp)゜らN(P^ﾌﾉ゜‾2°

FromProperty5-4.2,weobtain

ぶり
^^A
ﾉ゜∂jぷらPz? ﾉ=2

Fromtheaboveproperties,weobtain
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Lemma5-4.6

Thematrixyisanilpotentmatrix.

Proof:工fBwerenotanilpotentmatrix,therewouldexista
刀･

directedloopinG#,Whichconsistsofsomedirectedpathsn^l?゜

Therewouldeχistmorelink-capacitor-nodesthantwig-capacitor-

nodesinthedirectedloop.Theninthesimilarmannertothe

proofofLemma5-4.5,itcanbeprovedthatthematrix
M
Bisa

.nilpotentmatrix｡

Q.E.D.

FromLemma5-4.6,repeatingtheelimination-procedure,wecan

obtainanequationofsimilarformtoEq.(5-4.29りwhere声0.

Thereforeastateequationcanbeobtainedwhosestatevariables

arethevoltagesacrossthetwig-capacitors,thatis,

∂u十゜゜'゜゜十B777≠j

(m右1)
(5-4.30)

NotetnattnematicesAandB.inthisequationaredifferent

fromthoseinEq.(5-4.27).

Thenwehave

Theorem5-4.1

AnactivenetworkontheAssumption5-4.1whichcontains

capacitors,voltage爽controlledcurrent-sources,current-controlled

voltage-sourcesandindependentsourceshasastateequation

whosestatevariablesarethevoltagesacrossthetwig-capacitors

inanormalcommontree.,

Thestateequationforapassivenetworkmayhavefirstorder-

derivativesofinputs,u,butcannothavehigherorder-derivatives
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thanthefirstunlesstherearespecialrelationsamongthe

network-element-values.However,thestateequationofanactive

networkmayhavethehigherorder-derivativesofinputs,O,

evenifthereisnospecialrelationamongthenetwork-element-

values｡

LetKE.representEq°(5-4.9)and(5-4.11).Theequations

obtainedfromNEbytheeliminationofvoltagesacrossand

currentsthroughthelink-capacitorsnotcorrespondingtothe

initialnodesof

Theequationぶご

?7

IPB゛a｢erepresentedbyNEI｀(cf°Eq°(5-4‘26)).

representsEq.(5-4.29)plusthevoltage-and

current-relationsofcapacitors.

工fthereexistsalink-capacitorS{k>l}whosevoltageand
た一

currentarecontainedin‰ butnotinA7
几-ﾉ
thenthereexixts

゛1link-capacitor^k-l^uchthat1)thereexis七sapathk-l^Bfrom

吼

y£

toぶた-j

几一j

inGが,2)itsvoltageandcurrentarecontainedin

butnotinNE,″and3)S友一jdoesnotcol°l°espondtothe

initialnodesof 几一jPZﾖ'similarlyfoてh-l″thereexistsalink-

capacitorSk-2suchthat1)thereexistsapathk-2^Bfrom'k-1

to'k-2inGが″2)工tsvoltageandcurrentarecontainedinNE,-2

butnotinBE,-j″and3)Sk-2doesnotcorrespondtotheinitial

nodesofk-2PB″andsoon°Consequentlyfors｡thereexistsa

link-capacitor:'osuchth°t1)七hereexistsapathP(represented

byP°友一IPB十゛゛十■P)from'ktoS∂inび,2?itsvoltageandcurrent

arecontainedinKE.butnotinJiE^,and3)S∂doesnotcorrespond

totheinitialnodesofever:yZP3{Z゛ち2j‘"}'ForthepathP″

K(P)=k+l.
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Definition5-4.1

Adirec七edpathinGがwhoseinitialandterminalnodeslink-

capacitor-nodesiscalledan乙-pathanddenotedbyLd?λmaximum

乙-pathisan乙-pathsuchthatA'rvismaximum.工tisdenotedby

ら7j° Thenumber仙7isdefinedbym=ma゜

工fastateequationisobtainedfromKE. byI-repetitionsof

theeliminatingprocedureofthevoltagesacrossandthecurrents

throughlink-capacitors,thenthereexistsanZ-path£jwith

y陥 d)゜1m ″andthestateequationmayhaveI-thorder-derivatives

oftheinputs Thenweobtain

Theorem5-4.2

工nderivingastateequationfromthenetworkequations

(Eq.(5-4.9)and(5-4.11)),werveednotrepeatmorethanZ,7?times

oftheeliminatingprocedure.Theorderofderivativesofinputs

isnotmorethan乙.
詞

Foreχample,considerthederivationofastateequationfor

thenetworkwhoseinduceddigraphhasthesubgraphshownin

Fig°5-4.9.工nthisdigraph.七hedirectedpathsPA゛PB゛PFand''d

are

Pj
S3‾C13

S4‾C2

Fig.5-4.9Exampleofsubgraphof♂
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PBご

P
F:

Sj‾S23

CI“S43

S2‾SJj

C
2゛S5

S5‾S63
S6‾S?

P
Dこφ'

ThentheequationKE.doesnotcontainthevoltagesacrossand

thecurrentsthroughthelink-capacitorsS
J″S4andS7゛｀゛rfhichdo

●

notcorrespondtotheinitialnodesofP召'Thematrixl'maybe

SiS2S5S6

'l

S2

S5

S∂

(wherethemarks屹meannonzero.{i=l,2^3})

wherejP3areSj‾S2″S2‾S3‾Cj‾S4‾C2‾S5andS5‾S6for'゛j″'を2and

43″respectively°ThentheequationNE,doesnotcontainthe

voltageacrossandthecurrentthroughthelink-capacitorS6'

(Thelink-capacitorsS2andS5correspondtotheinitialnodesof

IPB｀)

Byinduction,theequation
6
doesnotcontainthevoltage

acrossandthecurrentthroughthelink-capacitorS5゛

ConsequentlytheequationKEdoesnotcontainthevoltagesand

thecurrentsthrougha11link-capacitors.Thenthestateequation

mayhaveatmostsixthorder-derivativesofinputs.Thenumber

‰isfiveinthesubgraphshowninFig.5-4.9,

Considerthematricesappearingintheformulationofthe

stateequation.Honsingularj?andgguaranteetheexistenceof

ahybridmatrix,whoserowscorrespondtothecurrentsthrough

thetwig-capacitorsandthevo1･tagesacrossthelink-capacitors,
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andwhosecolumnscorrespondtothevoltagesacrossthetwig-

capacitors･andthecurrentsthroughthelink-capacitors.

Thematricesj?andacorrespondtotheloopresistancematrixand

thecut-setconductancematrix,respectively,inRLCnetworks.

The°ati°i°cB(ABS29'1%S)Irl゛1yberegardedasaresistancematrix

ofanon-reactivenetwork,whoseportsareconnectedtothelink-

capaci七〇rs°NonsingularCC(ACじ“F2CS2A2)guaranteestheexistence

ofastateequationforthenetworkwhenthelink-capacitors

exceptS2aredeletedfromthenetwork.

5-5ACANONICALFORMOFNETWORK-EQUAT工ONSWITHNOUNIQUE

SOLUT工ON

Astateequationofanetworkwithauniquesolutionis

obtainedinSection5-4.工tisacanonicalformofthenetwork-

equationwithauniquesolution.工nthissection,isstudied

acannonicalformofanetwork-equationwithnouniquesolution.

(thatis,thereexistsnocommon七ree.)Thematrixpencil
【27】

isavaiableforthestudy.(SeeAppendixlandn.)Amatrix

pencilisrepresentedby

A十入B.μ一占.2ﾉ

whereAandBarem×nconstantmatricesandλisaparameter･

工nAppendix工,itisshownthatpencilA十λBisstrictlyequivalent

toacanonicalquasi-diagonalform,A十λB.工nAppendix:n,itis

shownthatinaccordancewiththecanonicalform,asystemof

mlineardifferentalequationsofthefirstorderinnunknown

functionswithconstantcoefficientssplitsintothefivecases

ofsubsystems.ThesubsystemsbelongingtoCase1)arenot
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consistentwithnospecialrelationamongtheindependentsource-

values,thosetoCase2)arealwaysconsistentbutindeterminate,

゛thosetoCase3)arenotconsistentwithnospecialrelationof

thederivativeformsamongtheindependentsource-values,those

toCase4)mayhavethederivativepartsofthesource-values,

andthosetoCase5)possestheuniquesolution.

ThecoefficientmatrixOゆﾉinEq.(5-3,1)iswrittenas

Q(p)°O1十-P^2'

where

O
jZ° 0,0,-1,0

O゛H吻゛O゛sHID

ByびB吻゛O゛0

O'O'QJじ'qJ

a一5｡2)

0ﾀﾞdiag.{C,0,0,0}.

Then0ゆﾉisapencil.

Letusclassifybranchesinaccordancewithanormalmaximum

treepair,asshowninTable5-5.1.

ThebranchesbelongingtoTypel

arelinksinGFandG,thoseto

Type2aretwigsinGyandG:r゛

thosetoType3arelinksinC7F

buttwigsinGI″andthoseto

Type4aretwigsinGybutlinks

inGI｀-

sincethenetworkcosidered

herehasnocommontree,there

existsatleastonebranchbelong-

108

Type Gy G工

1 link link

2 twig twig

3 link twig

4 twig link

･Table5-5.1

Branch-classificationin

accordancewithanormal

maximumtreepair.
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6)工nC,elementstoType2and4°(MC台1 elements)
れ7

FZ?],elementscorrespondingtothebranches
yご゛B

belongingtoTypeland3‘(njﾁ2Jelements)

2)ｴ11[QJC'QJp],ele°entstoType2°11d3゛in+n^ele°ents)

3)工nH,elements七〇Type2°(れ2Zﾌelements)

4)工n'H工D″ele°entstoType1.(れ2Z7elements)

5)工11'1″elementstoType1°("2じelements)

Theindependent2?2

ThentherankofM ∂is2‰7°工fthepivot-termsofaminor

@SeeAppendix工
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~
pivotscanbechosenintheaboveprocedure.

ingtoType30r4.Thenthecanonicalquasi-diagonalform

ofthepencil(5-5.2)shouldcontainquasi-diagonalpencil0,

LorL'?

LetusassumethatthereexistbranchesofType3,andexamine

thecolumnrankofthematrixMC@‘ThematrixM{e°0}is

writtenas

M= %

0
2

-

-

(njr町ﾌﾉ(n)MZﾌﾉ

0,0,-1,0

09Hyz?゛O゛‘HID

Byご゛BI/Z790゛0

O
Ｃ

0
0

0

'O'Qj｀じ'QJ

0
0

9

9

0
0

0,0

0,0

0
0

0
0

(nj

(nD)

印rG

(r(G

l/
ﾉﾉ

J
月

ひzy

(n_)

印rc7y幻

(r(G))

(5-5.3)

i)Assume七hatthereisnodependentsource-branchbelonging

toType4.Letuschoosepivot-termsofaminordeterminantof

M
∂
asfollows:

1)ｴn[B



determinantofM{e°jj2j"゜}arechosenasabove,therankof

Meis2(z+l)れa°Thecanonicalquasi-diagonalformofthe

coefficientmatrixB(p)containsnosubmatrixLC″butmaycontain

submatricesLI｡
n

ii)Considerthecasewheretherearebranchesbelongingto

Type4

Definition5-5.1

AType2capacitor-branchinZQ°P防/inG(wherebis･゛1

dependentsource-branchbelonging七〇Type4)iscalledan

e-capacitor-branch.

Letuschoosepivot-termsofaminordeterminantofM∂

asfollows:

●

1)In[ByC･B吻]･elementscorrespondingtothebranches･

belongingtoTypeland3.

2)工nC,elementstoType2al:1d4.

3)工n^VD'elementstoType2and4･

4)工nHJp″elementstoType1'

15)ｴ11^ID'elementstoType2and3･

6)工nQJZ)″elementscorrespondingtoType4dependentsource-

branchesifthefundamentalloopsdeterminedbythosedependent

source-branchescontaine-capacitor-branches.

7)工nQJびelementstoType2and3excepte'c°pacitor-branches°,

8)工n1,elementscorrespondingtothecapacitor-branchesnot

chosenin7).‘

Ifthereisnotane-capacitor-branchesforeveryType4
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●

dependentsource-branch″thentherankofM∂islessthan272g‘

Fromi)andii),wehave

Lemma5-5.1｡1

工fthereisnobranchofType4″therankofM

is2rCﾁjJyZe°

{S°0,1,･･･}

Ifthereexistsane-capacitor-branchforeverydependent･

source-branch,therankofM∂is2yze°otherwiseitislessthan

2ne°

工nFig.5-5.1,theshadedportionsareindependentpivots,and

c,

Fig.5-5.1Mandindependentpivots°
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'laree-capacitor-branchesforbl｀

ThematrixM∂″forexample″forthenetworkshownin

Fig.5-5.2,iswrittenas

M
∂゜ 0｡0,0.-1.0.0

0,92,0j0,-1,0

0303933030,-1

131,1.0,0,0

θ
θj

j

θ
j

Ｃ

ら ら

j
j

θ
θ

θ
θ

0.0,0,0

∂

J

∂

j

∂

j

∂

0,0,0.0

∂

j

∂

jら∂

∂

j
･0,0,0

0,0,0,0,0,0

(5-5.4ﾉ

TherankofM∂is2n6.゜6'Thecapacitor172isane-capacitor

fortheTypel4branch2inthenormalmaximumtree-pair{T^:!Tj-i,

゛herer7°{C^,2}and八={じ2}'

c,

1

ﾙ
ﾂ

(a)(b)(C)

Fig.5-5o2Example

(a)Originalnetwork,(b)itsvoltagegraph

and(c)itscurrentgraph.

TherankofM∂ forthenetworkshowninFig.5-5.3is13,not

2n^゜14.Thereisnoe-capacitor-branchfortheType4branch
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t

inthenormalmaximumtr°ee-p°ir{^.tJ}V゛hel°e!Z17°{らjC,5^6}and

ﾍﾞﾄﾞ{CPC25゛5}゜

(b) (C)

(a)

Fig.5-5.3Example

(a)Originalnetwork,(b)itsvoltagegraphand(c)itscurrentgraph

ConsiderthecasewheretherankofM
ε-j

Mislessthan2rcﾁjﾉy2a°LetM

M
C° 'l

-

02

(e+1J

|

-一一一一
leJ

1021
- 一 一

M∂゜Bθ

whereB.=
2.
Oj

02

- -

△

-

be

BC

h-1

-

- - -

Oj

-

02

,i=O,l,･i･,e-l,e
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ThepivotsinB∂arechosenasmentionedabove.Consider

thepivotsinB1｀TheelementsofCinB^correspondingtothe‘

e-capacitor-branchesCe∂cannotbechosenaspivotsbecausethe

elementsof-linBcorrespo‘ndingtothosearepivots″thatIs″

thee-capacitorsarelinksforthetreewhichdeterminespivots

inB1｀Thenthegraphestobeconsideredinchoosingthepivots

inBlare(7jと7£.}(denotedbyG)andG{C£^}(denotedbvG工1)″

WhereCLO°CeO+11nkcapacitor-branches°工nthesimilarmannerof

choosingthepivotsofB∂foranormalmaχimumtreepairofと7F

･andG,.thepivotsof'lcanbechosenforanormalmaximumtree

●
pairof^Vlandて7.Z｀2asfollowss｀

1)ｴll[B阿･B吻]･theelementscorrespondingtothebranches

belongingtoTypeland3″andtheelementscorrespondingt0CLO｀

2)InC,elementstoType2and4.

3)工nH吻″elementstoType2and4°

-4)工n'H.ryelementstoType1゛

5)工11^ID'elementstoType2･゛and3'

6)In^ID'elementstoType4-dependentsource-br･anchesif

thefundamentalloopsdeterminedbythosedependentsource-

branchescontaine-capacitor-branches.

7)InQJC″elementstoType2and3excepte-capacitor-branches.

8)In1,elementstothecapacitor-branchesnotchosenin7).

Ifthereisnoe-capacitor-branches″therankofM2isless

than4れe″andinthiscaseC三2.Otherwi･sethereexistane-

capacitor-branchforeveryType4dependentsource-branchinG^

and^11°ThentherankofMjZis4yza'

ConsiderpivotsofM{e°2j°¨}.sincetherankofMisless
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than2r‘εﾁLj71e″thereisnoe-capacitor-branchinGyEandGIS｀

Anormalmaximumtreepairinぐ7y£andG工isconsideredwhen

thepivotsofBぞischosen.工tisamaximumtreepairinと7yand

GI｀Examinethemaximumtreepair.Forsimplicity,letus

assumethatthereexistsonlyonebranchofType4″Z)j″inGyand

GI｀ThemaximumtreepairforthepivotsinB∂isanormal

maximumtreepairVIThemaximumtreepairforthepivots

inBjZisanormalmaximumtreepaii°ofG^G{C^,C)andG･皿%{

C
S｀ CA.whereC,isasetoflink-capacitor-branchesbelongingto

Typelandじ2 isane-capacitor.Themaximumtreepairforthe

pivotsinB2isanormalmaximumtreepairof%話ど;y{%jら･ら}

andG工2AGjCS'CI'C2}″｀゛hereじ2isane“c°pacitor.in乙7回andGj2°

Bycontinuingtheabove,themaximumtreepairforthepivotsin

＼-l

G^{C

'i-1

isanormalmaximumtreepair0fG^iC (7jj゛‘゜jC}and

S'^1'°゛゜,C},whereC.isane-capacitorinG{C^ﾊﾞ7jj°゜゜j

}andGjCS'CI"゛｀'Ci-い゜sincetherankofMislessthan

2にﾁ刀れ
e'
thereexistsnocapacitor-branch17

C
suchthatanormal

maxi°umtreepairofGy{CS3C13｀゛｀゛Cc-13CslandG工{Cg.C...,C^-r

C巳}isamaximumtreepairofGandG工｀Consequentlyindeter-

miningthepivotsofM″anormalmaximumtreepairofと;yandGI

ischosentodeterminethepivotso£B0″andaprimitivemaximum

treepairinDefinition5-2.3,todeterminethoseofBe-2°

Meanwhiletwographesareuniquelypartitionedintothepair

subgraphesforanarbitrarymaximumtreepair【21】.Theparti-

tionedsubgrapheshaveonetoonecorrespondencetothebranches

belongingtoType3or4.Thenweobtain
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Lemma5-5.2

AminimalindexofthecolumndependenceEkofthepencil

(5-5.2)isgivenby

‰刊づにﾉ|-|回に川

forthepartitionedgraphofびl/andG工whichhasonlyonebranch

belongingtoType4｡

Considertherowdependenceofthepencil(5-5.2).Forthis.

thecolumndependenceofthepencilQ'+pQぷ゜ThematrixM∂for

り｀pOjiswrittenas

%- 0゛osB;c゛0

0゛HｼzﾌﾞBｼzﾌﾞ0

-1,0'O'Q}と7

0'Hlyo'Qyz)

C,0,0,0

0,0,0,0

LetuschoosepivotsofaminordeterminantofM∂asfollows:

1)工n

2)

3)

4)

5)

6)

In

Q祐

,elementscorrespondingtothebranchesbelonging

to､Type2and3.

H',elementstoTypeland4°

InKd″e:LementstoType2and3

工n1,elementstoTypeland4.

工nC,elementstoType2and3.

工n 8陥 ,elementstoTypelandthecapacitor-branches

whichisintheloop(b)inG^(whereZ7is゛l

branchbelongingtoType3).
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●
●

Betweentheabovepivot-terms

andthose･forthecaseof‘O1十■P^2'

therearesomecorrespondences

showninTable5-5.2｡

Thenweobtain

Lemma5-5.3

Aminimalindexnk oftherow

dependenceofthepencil(5-5.2)

isgivenby

‰則行匹ﾄ＼tI(c)＼

forthepartitionedgraphofGy

belongingtoType3.

M+po; Ojﾁp02

Type3 Type4

Gy ら'

%'
汽/

Table5-5.2

CorrespondenceofpivotsofM∂

andGJ whichhasonlyonebranch

Examineacanonicalformofthenetwork-equationforthenet-

workshowninFig.5-5｡4,wherethevoltageandthecurrentgraphs

areshowninFig.5-5.4(a)and(b),respectively.Thegraphes

^Vl″^11″^V2andGarederivedfromGyandC7Jforthebranches

belongingtoType4‘ThegraphsGyJand(7JJarepartitionedfor

thebranchesbelongingtoType3°Thegraphs^V4andG工4has

commontrees｡

Thenetwork-equationforthenetworkshowninFig.5-5.4is

strictlyequivalentto

らp,i,o.ら川

OyOyP,1,0,0|

0,0,0,0,p,0

0,O,Q,O,l,p

ら

ｰ

0

0,0,0,∂.川

一-一一一一-
OIAj pB∂
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'v

(a)

Fig.5-5.4Example

whereA0十PBθisaregularpencil.

Themethodofobtaininga

canonicalformofanetwork-equation

isgiveninthissection.Toobtain

acanonicalformoftheregular

pencilA0十PB∂istoobtainastate

equation.工tisdiscussedin

Section5-4.

5-6CONCLUDINGREMARKS

工nSection5-2,theinduced

digraphinducedfromthevoltage

andcurrentgraphsisdefined,and

thepropertiesofthedigraphare

considered.Theyareusefulin

formulatingthestateequation.

工nSection5-3,thesolvability

andtheorderofcomplexityare

considered.

工nSection5-4,astateequation
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}

whosestatevariablesarethevoltageacrossthetwig-capacitor

foranormalcommontreeisformulated.工七mayincludehigher

order-derivativesoftheinputsthanthefirstorder.

Therelationbetweenthehigherorder-derivativesandthenetwork-

topologyisstudied.

工nSection5-5,acanonicalformofanetwork-equationwithno

uniquesolutionisstudiedbymeansof'matrix-pencil'.工七gives

thepropertiesofthenetwork.工tmaybeusefulforthepiecewise

linearanalysisofanonlinearnetworksuchasthenetwork-

topologyofsomepiecewiselinearizednetworksisdifferentfrom

thatofothers.

Theconsiderationsinthischap七erdealwiththenetwork―

topologyonly.Howevertheproblemsonthesolvabilityandthe

formulationofastateequationdependnotonlyonthenetwork-

topologybutalsothenetwork-element-values.Theproblems

consideringthebotharenotstudied.Theymayhavenofruitful

result.
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CHAPTER6LINEARNETWORKSCONTAININGPERIODICALLYOPERATED

SWITCHES(9)‾(15)

6-1INTRODUCT工ON

Periodicallyinterrup七edelectricnetworks(networkscontaining

periodicallyoperatedswitches)playanimportantroleinmany

circuitapplications[28][33].

Methodsforanalizingsuchnetworkshavebeenprovidedbymany

authors[281-[32].S.Hayashi[28]analized.suchcircuitsbymeans

ofmatrie-operationalcalculusandintroducedtwokindsofinitial

values.W.R.Bennet[29]gavesteadystatesolutionswithsinus-

oidalinputs.Y.Sunand工.T.Frish
[30]
analizedcircuitscontain-

ingswitches,resistorsandcapacitors,andsucceededinobtain-

ingcircuitswithlargertimeconstantsthanthosecontainingno

switches.A.Fetweis

mation,andM.L.Liou

[31]

[32]

gaveananalysisbymeansofz-transfor-

,bymeansofstatevariables.

Theabovementionedmethodsareapplicabletothenetworks

withcertainrestrictionsontheinputs【28】oronthenetwork-'

structures【29】[30]Buttheformalrelationsbetweentwokinds

ofinitialvaluesandthestabilityproblem(thatis,theproblem

whetherthecircuitshavesteadystatesolutionsornot)arenot

studied.Thechangeofnetwork-topologyduetoswitch-operations

isnotdiscussed.

工nSeC七ion6-2,changesof･network-topologyduetoswitch-

operationsarestudied.

工nSection6-3,analysisofnetworkscontainingperiodically

operatedswitchesisstudiedbystatevariable-approach.

工nSection6-4,theinitialvaluesofthesecondkind[28]
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arederivedformallyfromthoseofthefirstkind,incaseof

RLC,RLCTandRCGnetworks.Inactivenetworks,therelation

betweentheinitialvaluesofthefirstandsecondkindsis

discussed.

InSection6-5,themathematicalmeaningofthetwokindsof

initialvaluesisdiscussed.

工nSection6-6,theproblemonthestabilityisstudied.

6-2NETWORK-TOPOLOGYANDRESTRICTIONS

6-2.1

TheFig,6-2.1showsageneralnetworkcontainingperiodically

operatedswitches,wheretheswitchesrepresentedbySareclosed

andopenedwithaperiod?.Byswitch-operations,れcircuit-

modesareproducedperiodically.Eachcircuit-modeisproduced

againaftertheperiodr.･anditsintervaliscalledastage.(See

Fig.6-2.2)

Thegraphcorrespondingtothenetworkcontainingperiodically

operatedswitchesisdenotedbyG*.NotethatthegraphG4

containsbraHchescorrespondingtoswitches(switch-branches).

Fig.6-2.1

Networkcontaining

periodicallyoperated

switches.

Fig.6-2.2

(a〉circuit-mode;switchisclosed.

(b)Circuit-mode;switchisopened.
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ThegraphobtainedfromG4bycontractingvoltagesource-branches

anddeletingcurrentsource-branchesisdenotedbyG｡

工ngeneral,thegraphGmaybeseparable,i.e.theremaybe

somenetwork-elementswhosecurrentsandvoltagesdonotdepend

onany,switch-operation.工nouranalysis,on:lyaconnected

componentofGcontainingsomeswitch-branchesmaybeconsidered.

Forexample,thegraphGcorrespondingtothenetworkshownin

Fig.6-2.3(a)isshowninFig.6-2.3(b).Thenonlyanetworkshown

inFig.6-2.3(c)isconsidered.1●

゜Thesymbo1G(S,･"jSk)denotesthegraphcorrespondingtothe

network″whereSi°vs.°∂"iftheswitchS.isclosed"opened"″and

几isthenumberofswitches.ThesymbolGfdenotesthegraph

correspondingtothei-thcircuitmode｡

工nthestatevariable-approach,anormaltree,amaximum

propertreeoranormalcommontreeischosenforeverycircuit

modeifthecircuitmodeisofanRLC;RLCT"RCG"oractive

network,respectively･

L8

7

8

(a) (b)

Fig.6-2.3Exampleofseparablegraph

(a)Originalnetwork.

(b)Itscorrrespondinggraph.

(c)Networktobeconsidered.
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AssumethateverycircuitmodeisofanRLCnetwork.Letus

chooseariormaltree(deno七edbyT)inGil,･y■'■''Anormal

tree?QinG(0,･゜゜j∂ﾉcanbeobtainedsuchthatitinpludes?8･

Thenanormaltree(denotedbyT.)inと7£con七ainingalltwigsin

?andnolinksfor?canbechosen.Suchatreeiscalleda
SQ

basictreefor7sand?Q°Thenthevoltagesacrossthetwig-

capacitorsin?sandthecurrentsthroughthelink-inductorsfor

?Qcanalwaysbestatevariablesineverycircuitmode.However,

thestatevariablesinsomecircuitmodearenotonlythese

voltagesandcurrentssincegenera:Llytheorderofcomplexityof

onecircuitmodemaybedifferentfromthatofanother.

Definition6-2.1

●
Let?beabasictreeofG臼j‘゜j乙占jjj°゜,1)for?sand?Q

Ifthenumberofthetwig-capacitorsin?isnotequaltothatin

rs″theswitchs.iscalledaじ-switch″ifthenumberofthelink-

inductorsin77isnotequaltothatini�theswitchS£is

calledan^-switch″andotherwise″theswitchS£iscalledanj?“

switch.

FromDefinition6-2.1,ifallswitchesarei?-switches,the

orderofcomplexityandasetofstatevariablesdonotvaryin

switch-operations｡

Considerhowthenetwork-topologychangesbyswitch-operation

ifthenetworkcontainsonlyonej?-switchS-.Thenthecharacter-

isticpartofthefundamental100Pmatrixofと7isgivenby
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wheretheswitch-branchSisatwig.Thesubscriptszand!y

denoteswitch'landtheresistorwhichbecomesatwigwhen'l

becomesalink.Thematrixobtainedfrom(6-2.1)bydeletingthe

columnfor'l

G(l).

isthecharacteristicpartoftheloopmatrixof

Thenthecharacteristicpartofthefundamentalloopmatrix.

゛he゛Si

(S)

(R)

(L)

(SI)

ischosenasalink,is

(C)

F
RC

F
LC

Fsc

づ

ﾄﾞ

'f匹

'f!F

fj?x'^yC

f£a7f!ﾀﾞと7

ﾊ

6C

(G)

0

'‰ご几z臨j !jG゛

9

9

FLGづ呻兄z≒G

づ匹≒G

印ﾉ

∂

f

,f

匹

匹

f

f

f

沁

rlﾘ

,0

,0

!jG゛

!JX｀

F
£｢

∂

ぼ-2.2)

byLemmaA-3.2.(SeeAppendixA-3.2.)Thematrixobtainedfrom

(6-2.2)りydeletingthe170゛for弓isthecharacteristicpartof

theloopmatrixofGりﾉ.

工nthenetworkcontainingmorethanonei?-switch,thevaria-

tionsinnetwork-topologycausedbyswitch-operationsarecompli-

catedunlessthenetworksatisfiesthefollowingassumption.

Assumption6-2.1

ThereisnointersectionofS11andSy,whereSZylSZ2"isa

subsetoflinksiseachofwhichcanbecomeatwigofatreefor
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Consideranetworkcontainingni?-switches.Thecharacteristic

partofthefundamentalloopmatrixforrs

FSC゛O゛0

FRC｀F

ﾘﾀﾞ

f謡f

●

●

喘,

fy

別7

j

召ぴ

1

瓦7

'召G

を

F
£じ

吼

●

●

''lg

循

,0

0
0

●

●

0
0

゛F£Γ

貼

F2じ゛F2c7゛ 庖

iswrittenas

ぼ-2.3)

Fromthematrix(6-2.3),thecharacteristispartofthefunda-

mentalloopmatrixwhenS.andS.arelinksiswrittenasthe
1･J

followingmatrix(6-2.4),wheretheelementsforswitchesare

eliminated″andthesupperscriptiofF_-,denotesacharacteristic

partcorrespondingtotheresistor-branchesforwhichthefunda-

mentalloopscontaintheswitchS‥
2.
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6-2.2

ConsideranetworksatisfyingAssumption6-2.1.Thenits

graphsatisfies;

Condition6-2.1

Thereexistsatreesuchthatseveralspecifiedbranchesare

twigsandthereisnofundamentalloopcontainingtwoormoreof

thespecifiedbranches.､

ThedualconditionofCondition6-2.1is

Condition6-2.2

Thereexistsatreesuchthatseveralspecifiedbranchesare

linksandthereisnofundamentalcut-setcontainingtwoormore

ofthespecifiedbranches.

Assumethatthenumberofspecifiedbranchesistwo.Wehave

somedefinitions.

Definition6-2.2

Thebranchesspecifiedtobetwigsarecalledr-branches(re-

servedbranches).Thenodeswhichtouchr-branchesarecalled

r-nodes.

Definition6-2.3

Atree(containingr-branches)iscalledap-tree(partitioning

tree)ifeveryfundamentalloopwithjresp.ecttothetreecontains

lessthantwoofr-branches.
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Definition6-2.4

Apathfromanodeitojwhichdoesnotcontainr-branches

andr-nodesexceptther-nodesぞandjisdenotedbYP(a.,d).

Anodeiscalledap-nodeifitisnotanr-nodeandifthere

existpathsfromittomorethanthreer-nodescontainingno

r-branch.

Apathp(i,3)containingnop-nodeisdenotedbyd-p(i,3)

(directpath).

Fromthedifinitions,weobtain

Lemma6-2.1

工fanodetouchingabranchisap-node,theothernodetouch-

ingthebranchisanr-nodeorap-node.

Proofご Ifthenodeisnotanr-node,thereexistsapathfrom

thenodetothep-node.Thenthenodeisap-node.

Q.E.D

Considerthecasewhereanr-nodetouchinganr-branchjis

iden七ical七〇anr-nodetouchingr-branch2.withoutlossof

generality,theotherr-nodescanbeassumedtobelabeledwith

jZ″and2″.Thenweobtain

Theorem6-2.1

工nthecasewherether-nodejisidenticaltother-node2,

thereexistsap-treeifandonlyifthereexistnod一戸□″,2ﾘ.

Proof:EitherthereisaPrﾌZ″j2ﾘornot.

i)工fthereisnopQ″.2ﾘ,thenthegraphisseparableand
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ther-node1"2"isacut-node.Thenanytreecontainingthe

r-branchesland2isap-tree.

丘)工fthereexistsaP臼″.2ﾘ,thereexistsatleastone

p-nodeinthepQ″.2ﾘ.Thenatreecontainingther-branchesl

and2,suchthateveryp‘nodeisconnectedtother-node1with

apathinitevenifther-branchesaredeleted.canbechosen.

工fanodetouchingalinkforthetreeisap-node,theother

nodetouchingthelinkisap-nodeoranr-nodefromLeirana6-2.1.

Thenthetwonodesareconnectedinthetreeifeitherofthetwo

r-branchesisdeleted.Thenthefundamental100pforthelink

doesnotcontainbothofther-branches.工feithernodetouching

alinkinp臼″.2ﾘwerenotap-node,(whenthefundamentalloop

forthelinkcontainsbothofther-branches,)therewouldexist

ad-p(l″j2ﾘ.Thiscontradictstheassumption.andthereforethe

treeisap-tree.

工fthereexistsad-p(1″,2ﾘ,thefundamental100pforalink

inthe'd-p(1≒2ﾘwithrespecttoanytreecontainsbothofthe

r-branches.Thentheredoesnotexistap-tree.

Q.E.D.

Considerthecasewhereallr-nodesaredifferent.Thefollow-

ingtheoremcoversthecasesincether-nodescanbearbitrarily

labeled.

Theorem6-2.2●'

Supposethatallr-nodesaredifferent.i)工fthereexista11

d-p(l,2),d-pり゛j2ﾘ,d-pり″,剖andd-pn.2ﾘ,orii)ifthere

existsd-Pりj幻andd-p(l″,2ﾘandneitherofp(l',2)andp(l,2ﾘ,
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thenthereisnop-tree.Theconverseisalsotrue.

Proof:工nthecasewherethereexistalld-v(l,2),d-p(l',2'),

d-p(l″j2/andd-p(l,2ﾘ,evenifther-branchesaredeletedin

anytreercontainingther-branches,thereexistsapathfrom

ther-nodejt02,fromj″to2″,fromj″t020rfrom1t02″

inthesubtree^-{r-branches}･.Assume七hatthereexistsapath

fromjto2.Afundamentalloopforalinkin七hed-p(l',2り

containsbothofther-branches.Thereforethereexistsno

p-tree.similarlythereexistsapathfrom1'to2″,fromj″to

20rfromjt02″inT-{r-branches}.

工nthecasewherethereexistd-p(l,2)andd-p(l',2ﾘand

thereexistsneitherp(l',2)norp(l,2ﾘ,thereexistseither

apathfromther-nodejto20rfromj″t02″inasubtreewhere

ther―branchesaredeletedinanytreecontainingther-branches.

Assumethatthereexistsapathfrom1t02.Thenafundamental

100pforalinkinthed-p(l':,2ﾘcontainsbothofther-branches.

Thereforethereexistsnop-tree.

Thecaseswhicharenotcoveredbythecasewherethereexist

alld-p(1^2),d-p(l″.2ﾘ,d-pにZ″,2ﾉandd-p(l,2ﾘ,andthecase

wherethereexistd-p(1丿幻andd-p(l″j2ﾘandtheredoesnot

existeitherP臼″J幻orp(l,2ﾘareasfollows;

Case1)Noneofd-p(lj2),d-p(l″.2ﾘ,d-p(2″,幻andd-P(132')

exists.

Case2)Thereexistsonlyd-p(l,2)andthereisnootherd-path.

Case3)Thereexistd-p(l.幻andd-ip(l,2ﾘ,andtheredoesnot

existanotherd-path.

Case4)Thereexistd-p(l.幻,d-p(l:,2ﾘandd-p(l″,2),and

thereisno‘d-p(l',2').
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Case5)Thereexistd-p(l,2)andd-v(l″j2り,andthereexists

eitherp□″,幻orPり,2ﾘ｡

Weprovethat七hereexistsap-treeinthefivecases｡

Case1)Thereexistseitherofthepathsp(i｡j){i=Kl'3=2,2'"i

sincethegraphconsideredisconnected.Thenthereexistsat

leastap-node,andanodeinP(-l-.j)iseitheranr-nodeora

p-node.Thereexistsatreecontainingbothofther-branches,

suchthatthereisapathfromap-nodetoanotherinthetree

evenifeitherofther-branchesisdeleted.Thenafundamental

100pforalinktouchingap-nodedoesnotcontainbothofthe

r-branches.工fneitherofnodestouchingalinkwereap-node

andifthefundamental100pforthelinkcontainedbothofthe

r-branches,therewouldexistad-Pぱ,j)H=i0rj″j=20r2'}.

ThiscontradictstheassumptionofCase1).Thereexistsap-

tree｡

Case2)Sincethereexistsapathfromap-nodetor-nodejor

2whichdoesnotcontainr-nodesexcepttheterminalnodes,there

existsatreecontainingbothofther-branchesandallbranches

ofad--p(l,2),suchthatthereexistsapathfromap-nodeto

anotherp-nodeinthetreeevenifeitherofther-branchesis

deleted.Thenafundamental100pforalinktouchingap-node

doesnotcontainbothofther-branches.Assumethatneither

nodetouchingalinkisap-node.Thelinkiseithercontained

inap(l,2)ornot.工ntheformer,thefundamentalloopforthe

linkcouldnotcontaineitherofther-branchessinceallbranches

inad-p(l,2)aretwigs.工nthelatter,thefundamentalloopfor

thelinkwouldcontainbothofther-branches.Thentherewould

existad吋
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assumptionofCase2).Thusthereexistsap-tree.

Case3)Thereexis七Satreecontainingbothofther-branches

andallbranchesinad-p{l,2り,andapathfromap-nodeto

anotherp-nodeexistsinthetreeevenifeitherofther-branches

isdeleted.Thenafundamental100pforalinktouchingap-node

doesnotcontainbothofther-branches.工fthelinkiscontained

inad-p(l,2)oranotherd-p(l,2ﾘ,thefundamental100pforthe

linkdoesnotcontainbothofther-branchessincea:LIbranches

ofad-p(l,2ﾘaretwigs.工fthelinkis■notcontainedina

d-p(1^2)orad-p(l,2ﾘandifthefundamental100pforthelink

containsbothofther-branches,thenthereeχistsad-p(l,2).

ThiscontradictstheassumptionofCase3).Thereeχistsa

p-node.

Case4)Thereexistsatreecontainingbothofther-branches

andallbranchesinad-p(l丿2),andapathfromap-nodeto

anotherp-nodeexistsinthetreeevenifeitherofther-branches

isdeleted.similaraugumentstothoseinCase]L)-3)leadto

thatthetreeisap-tree.

Case5)Thereexistsatreecontainingbothofther-branches

andallbranchesofaP(l＼2)orap(lj2ﾘ,andapathfroma

p-nodetoanotherp-nodeexistsinthetreeevenifeither(5fthe

r-branchesisdeleted.similaraugumentstothoseinCasel)-4)

leadtothatthetreeisap-tree.

Q.E.D.

Theproblemwhetherthereexistsap-treeornotissolvedfor

agraphwherethenumberofr-branchesistwo.Theproblemwhere

thenumberofr-branchesismorethantwoisconsidered.This
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problemisnotsolved.Butaheuristicalgorithmforap-tree

isobtainedinthenextparagraph.Theproofofthealgorithmis

notgiven･

Inordertoconsidercondition6-2.2,wehavesomedefinitions

Definition6-2.4

Thebranchesspecifiedtobelinksarecalleds-branchesand

thenodeswhichtouchs-branchesarecalleds-nodes.

Definition･6-2.5

Atree(containingnos-branches)iscalledad-treeifevery

fundamentalcut-setwithrespecttoitcontainlessthantwo

s-branches.

Foragraphwithtwos-branches'landS2″vjehave

Theorem6-2.3

Atreewhichcontainsnos-branchisdenotedbyr.Assume

thatthereexists､atwig亡∂suchthatthefundamentalcut-setfor

亡∂゛゛ithrespecttor(eut-set(t〇))containstwos-branches.

(工fthetreerdoesnotsatisfytheassumption､itisad-tree.)

工fthelink≒andthetvjig*1existssuchthat

i)Thelink勺isin°μ亡-setに∂ﾉ″

ii)Thetwig亡jisin乙りopd-ねandout-set(t^)containsonly

ones-branch{e.g.SI)″

iii)Thereisnot゛゛igin乙゜(:)pにﾉsuchthatthefundamentalcut-

setforthetwigcontainsS,butdoesnotcontainS^″
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thenthenumberofthetwigsinthetree?‾tl+11suchthatthe

fundamentalcutsetforeachofthetwigswithrespecttoT‾tl+11

containstwos-branchesislessthanthatin?.

Proof:･Letthefundamentalcut-setforatwigtwithrespectto

T"T‾亡jZﾁ≒"beC(t)"C^はﾉ"'Thenifatwigtisin乙θ∂Pにﾉwith

respectto?butisnot%″(a)C丿幻べ7はﾉﾁ乙'臼;ﾉ゜otherwise(b)

C(t)゜C(t),and(c)C^(t^)=C(t^).Fromiii)″白け/in(a)does

notcontaintwor-branches.Thenthetheoremisproved.

Q.E.D

Corollary

工fthebranchesasthelink11andthetwigtjdonotexists.

andif?isnotad-tree,thenthereisnod-tree.

6-2.3ALOGORITHMFORp-TREESANDd-TREES

i)Thenumberofr-branchesistwo.

ByTheorem6-2.1and6-2.2,itcanbedeterminedwhetherthere

existsap-treeornot.工fthereexistsap-tree,itcanbe

obtainedbychoosingatreeasdescribedintheproofsofthe

theorems.

ii)Thenun±)erofs-branchesistwo.

ByTheorem6-2.3,itcanbedeterminedwhetherthereexistsa

d-treeornot.工fthereeχistsad-tree,ad-treecanbe

obtainedbytree-transformationsmentionedinTheorem6-2.3

iii)Thenumberofr-branchesismorethantwo.

工nthiscase,wehavenonecessaryandsufficientcondition

fortheexistenceofap-tree.However,thefollowingtheorem

givesanecessarycondition.
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●

Theorem6-2.4

Letれandn
れZ)

denotethenumbersofnodesandbranchesina

graph″respectively.LetAlc£beminimumnumberofbranchesina

cut-setamongthecut-setscontainingonlyoner-branchr£'Then

ifthereexistsap-tree,thefollowinginequalityholds;

"ゐ-E?Md≧n-(＼R＼ﾁﾘj

1.

where7?£sthesetofr-branches.

Proof:

(6-2.5)

sincethereexistsap-tree(£.e.thereisnointersec-

tionamongthecut-setsforr-branches),letthenumberofthe

branchesofthefundamentalcut-setofther-branchesr｡

1.

p-treebeF
c£″then

■p.6R

t

>?2-ΣF｡

゛Z7r.eR^-^

t

forthe

ぼ-2.6)

ThentherighthandofEq.(6-2.6)isnotlessthantherankof

G[r-branches].Consequently

n,-IF.≧‰ﾊﾞ|刻伺八

The七heoremisproved.

Q.E.D.

Wehaveahueristicalgorithmofobtainingap-tree.Itis

showninAppendixv工.

6-2.4CONCLUD工NGREMARK

Thesimilarproblemsconcerningp-treeord-treeare

i)七heproblemofchoosingatreesuchthattherearedummy

branchesinthedifferentsubgrahsforthefundamental100pS[37]

ii)七hedualproblemofi).
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iii)ﾋheproblemofmaximizingthesparsityoftheadmittance

matrixY1381.

6-3ANALYSISOFNETWORKSCONTAININGPERIODICALLYOPERATEDSW工TCHES

Methodofanalizingsuchnetworkshavealreadybeenprovided.

Matricoperationalcalculus[281,z-transformation[311andstate

variable-approaches
[32]
areexamplesofsuchmethods.Thestate

variable-approachesfitthecomputer-aided･analysisandhavesome

informationsofthenetworktopology.Hereastatevariable-

approachtotheanalysisofnetworkscontainingperiodically

operatedswitchesisstudied.Suchnetworksareassumedto

satisfythefollowingRestrictionA.

RestrictionA

EverycircuitmodesatisfiesAssumptionAinChapter2,and

doesnotcontainimpulsivevoltage‘orcurrent-sources.

ForanRLCnetwork,asmentionedinSection6-2,thegraph

correspondingtoeverycircuitmodehasanormaltree,which

containsalltwigsofanormaltreeTinG(l,"･.Dandnolinks

ofanormal'treeTinG(0,‥･,0).Thereforeasetofstate

variablesforsomecircuitmodecanbechosensothattheset

coversasetofstatevariablesforthecircuitmodewhoseorder

ofcomplexityisminimumamongthea11circuitmodes.Thisstate

variablescanbecoveredbystatevariablesof.thecircuitmode

whoseorderofcomplexityisma?<imumamongallthecircuitmodes.

Letusconsideranetworkwithtwocircuitmodes.Theperiod
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ofthemodesisldenotedby!T.Assumethatasetofstatevari-

ablesforthefirstcircuitmodecoversthatforthesecond.

Thestate･equationsforthefirstandthesecondcircuitmodes

forthen-thstagemaybeobtained,respectively,as

●
χ

j｡れ に片Ajxj
jれ

where亡=で-nT,and

一
χ

2jれ
にﾉ゜A^x 2,n

wheret=て‾rnﾌﾁﾞtj

(t)十B
IU(t十れT)5

にﾉ十B2 U(七十nT+t

atれ?くてくnT+t
1'

ぼ-3｡1)

れ

ﾉ.Thevectorsχ.
tyU

atnT+t^くTくrれ■hDT,r∂‘3.2)

r幻{i=l,2}anduはﾉarethe

stateandtheinputvector.respectively.ThematricesA£andB£

areconstant｡

AssumethatB£containsnoderivativeterm.(工twilbeshown

inthefollowingSection6-4thattheassumptionisreasonable.)

ThenthesolutionofEq.(6-3.1)and(6-3.2)areobtained.

respectivelyas

x

jjyZ

^2,n

wherex

(t)=e
tAjx

j｡n

(t)=a古A2X
2,n

2.j?2

(+0)十e
tA2万れrﾁ右

~゛ΓΥ‾れT)AjZB

nT
^U(T)dT,

(十〇)十etA2r

r゛Zﾁﾘ＼-'て-nT-t^

j

れT+tj

ぼ-3.3)

μ｀2B

2urてJdjり'3°り

(十〇){i=l,2}aretheinitialvaluevectorsofthe

secondkind.

Considertheinputfunctions.

-
U臼り゜Uejωでﾁφ. (6-3.5)

whereuisaconstantvector.ThenEq.(6-3.3)andEq,(6-3.4)

become,respectively.

x1｡れ

^2,n

(t)=e

(t)=e

tA

jZX

fA2X

l,n

2,n

(十㈲十(jぶ‾Aj ﾉ‾勺/必1‾et≒)Bju゛
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i)sincethesetofstatevariablesforthefirstcircuitmode

coversthatofthesecond,somevoltagesacrossthecapacitors

and/orsomecurrentsthroughtheinductorsmaybestatevariables

butnotthoseforthesecondcircuitmode.However,suchvoltages

orcurrentsforthesecondcircuitmodecanbeeχpressedinterms

ofthestatevariables.A･network-elementcorrespondingtothe

j-thelementofx
1｡れ
にﾉcanbeidenticaltothatofχ

2,れ
にﾉ

ii)Theinitialvaluevectorsofthesecondkind″l.nり'∂Jand

X2
jれ
り･-0),canbederivedfromχ

2.n
(t2) andχ

られ-j
(t｢

tively.(ThisshallbementionedinSection6-4｡)

Fromthediscussioni)andii),Eq.(6-3.7)and(6-3.8)canbe

written,respectively.as

l.n幻゜Hjr幻x2.n-jnyﾁZ2はjuinT･j

X2.n (t)=H2 にﾉX

ぼｰ

l.n

whereTﾆtl十七2゛

Theaboveequationsleadto

X1

x2.れ

にﾉ゜D^x

に2片D2x

whereDj°H

D
2°H

1
(tl

2に2

1,れ-1

2,n-l

JH2

川
1

にj

に2

に2ﾊ

Consequently″.x1｡れ

andx
2.1

x
1.n

×2,n

に2

ﾉ+S

/十S

j

eJωyZ?

2a

SｼﾞH

にﾉandx

),respectively,as

r勺J°D7‾jx

にﾉD7“jZX

1,1

2,1

Thevectorsx｡

'1.jれ

け

に

r勺

ぼｰ

2ﾉ゛j“jt2ﾁzj蛎ﾉ

にy

by

ﾉ

2~

J 幻

3.1

x
1.1

∂ﾉ

にﾉ

ぼ-3.11)

jω亡
1

にﾉ4丿幻ﾉ゛2?ﾁ句'

1
(tl /Z2 に

にyjSfHjり/ZjりJ゛‾ﾀﾞ(j弓十Z2

2｡れ
に2 ﾉareexpressed

1)十い‾Dj゛'j(Aj7'ﾉ‾句1゛j“j"!r‾D7‾勺S

ｼﾞﾁri-Dﾀﾞ‾j“3勺‾町1゛j゛27‾Dｹﾞ)S

(6-3.12)

){i=1.2}canbepartitionedintothree
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vectors

χ.

1.jれ

as

rt.;={x

where

{Xら
4

l.n

{X2,yz

{x
1,れ

{×
2,n

ちnにJ}^+{x.(t.)}+{x.(t.)},

にに

r勺

に

に

月
t^^

j

ﾉ≒
ﾉ

e｀jt゛T)D7“jz

2~‾JQT)D;“

S

ﾉ}s゛rl‾Dj‾JQT)‾jS

jS

le
J

Theterms{x
2.jれ
にﾉ}

t'
{x.

1

jj“j七

ω阿?

(6-3.ﾕ3)

}VU(bよ‾｢ﾚ1｡(6-3.j心

付ﾉ)
o゛llld{xち4にﾉ}sarecalled

thetransientstatetermsfortheinitialvalues,thetransient

statetermsfortheinputvoltagesandcurrents,andthesteady

stateterms,respectively･

工fD7･゛OandD7･゛Oasn->-<:°,thenx£(t£ﾉcontainonlysteady

statetermsatれ=°°.

Let{x.にﾉ}s゛l゛d{X2,4り;ﾉ}sdenotesteadystatesolutionsof

thenetwork,then{x

tively,as

{x1,れ

{X
2.n

r幻}={H

jjれ

r幻}and{x

S

1(tﾊﾞ1‾D2

△fにﾉaj゛2『
-j

r幻}sべH2

e‾釦?)'1S

'●1

2.nはﾉ}saregiven,respec-

2e
沁tl+1

1(t)}゛j゛2?

にﾊﾞ1‾Dﾊﾟ‾JωT)‾ISle “j(゛勺ﾁZ

△f付知j“j"『
-2

ぼ-3.15)

ぼ-3.16)

j幻-.^juinT-hり

Thetimeorigininthefunctionxl:,n<幻isatthestartofthe

i-thcircuitmodeforthen-thstage.Here,thetimeoriginis

movedatT=0.LetxCt;denotethesteadystatesolutionofthe

networkas



{x^rx-゛27ﾘ}s

xにﾉ斗
けXgCx-nr-りﾉ七

FromEq.(6-3.16),weobtain

＼'2rて‾"ﾌﾘeJωれ?

ifnrくてくれ+t
-j

ifれ?ﾁt
^<x<(n+l)T.

れ?<でくnT十七

- 2Z

刈'幻゜I,,,,Jo^nT
"7･‘f‘り乏びr"゛-1)7･゜

(6-3.17)

(6-3.18)

From(6-3.15)and(6-3.16),thevectorx白りdoeshaveaquasi

periodicityas

χΓて+t)=χΓT)JωΓ.(6-3.I∂ﾉ

Thenthevectorfrてﾉwrittenas

frT;=χΓΥ知‾Jω1(6-3.20)

1speriodic,since

f('T+r;=xrTﾁ川a‾j以1十T)

=χΓてﾉe

=χΓて八

Thenweobtain

-jωT

Xrて)=f(T:)e'^ωて

.cχ)

=aJωΥΣC

m=-°°

where

.2iTT
/゛可‾

m3

mT

.2iTT-

f紅几‾J゛7‾衣

小才f戸呵゛平ぐづ

ぼ-3.2ﾘ

(6-3｡2幻

Q
乙

亡
θ

f2付几‾j゛!斥付‾句ﾉ 衣}

27T
･Ifthereexistintegerspandgsuchthatp!r°9≒‘､I､fthesteady

､ω

statesolutionisperiodicﾌwithperiodP?.工ngeneral.however.

thesteadystatesolutionisnotperiodic.butquasiperiodic.

工futt;isaconstantfunction､･thesteadystatesolutionis

periodic､withperiod7･.Forexampleconsiderthenetworkshown
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e

'l

£

Fig.6-3.1Example

inFig.6-3.1,whereinthefirstcircuitmodetheswitchSis

open,andinthesecondcircuitmodeSisclosed.Theperiodis

7.工faisconstantande°E,thenetworkhasaperiodicsolution

-

withperiodr.工fe=Zgj“'亡ﾁ0,andif･7･T=2n-n/ω,thenthenetwork

hasaperodicsolutionwithperiodmT,otherwiseithasno

periodicsolutionbutaquasiperiodicsolution.

Thefollowingmethodofanalizingsuchnetworksissimpler

thantheabove.工七is,however,unsuitabletostudytheproblem

onstability.LetxandUdenotethestateandtheinputvectors,

respectively.‘工nmostcases,uisasolutionofalineardiffer-

entialequation.ForexampleifU°a~jω≒Uisasolutionof

U°JωU.

I
χ
一
U

― 一
一

Thenwehaveadifferentialequationas

A,B

0,jω1

夕=勾,

wherey° X

U

X

U

害 A,B

0,jω1

ぼ-J｡2引

TheEq.(6-3.23)canbeconsideredastateequationwithoutinput

functions.ThesolutionofEq.(6-3.23)is
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V(t)=e

where

岳

e=

tAy印ﾉ,

0,

町jA-/心1ﾉB

ﾉ心1

ぼ-3｡24)

ぼ-J｡25)

Consideranetworkcontainingperiodicallyoperatedswitches

withtwocircuitmodes,thenweobtain

y
jZ.れ
(t)=H^ (t)y

2,n-l
にy

y2.n(刮ﾆH2はﾉy2jnにyj

ぼ-J｡2幻

ぼ-J｡2刀

whichcorrespondtoEg.(6-3.9)and(6-3.10),respectively.Then

weobtain

yl.n(tlμD1'ly2.1(tl)

^2,n にﾉ゜D
几-j

2
y2,1 に2 ら

whichcorrespondtoEq.(6-3.11)and(6-3.12),respectively.Let

usdefineDl andp2

蛎/゛1jt:D"

as

D2 j7゛≒z仙D7

thenweobtainthesteadystatesolutionas

(yj,n臼;J!s°Hj幻zJ2y2,丿り^JuinT

{^2,n にﾉ}s°H2 に/z)jyj,jにﾉeJωれ!T

ぼ-3｡28)

(6-3｡2∂ﾉ

whichcorrespondtoEq.!6-3.15)and(6-3.16),respectively.

Thismethodisessentiallythesameasthepreviousmethod.

Thismethod,however,makesitevidentthatnetworkshaveperiodic

orquasiperiodicsolutions.Thevariablesy･れmaybestate

variablesofthei-thcircuitmode,or‘maybevoltagesacrossa11

thecapacitorsandcurrentsthroughalltheinductors..
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6-4EXPL工C工TDEDUCT工ONOFTHE工N工T工ALVALUESOFTHESECOND

K工NDFROMTHOSEOFTHEF工RST

6-4.1THEDERIVATIVESINTHEMATRIXB

工nSection6-3,theanalysisofthecircuitsisstudiedonthe

assumption七hatthereexistsnoderivativeterminB£ofEq.(6-3°3)

a‘nd(6-3.4).工ngeneral,however.thereexistderivativesinB£

asmentionedinchapter2,3,4and5,thenatt=0,thereexist

impulsiveterms^dtt=0'゜HereitisshownthatthematrixB

withoutimpulsive七ermscanbeobtainedbychoosinginitialvalues

properlyasfollows.

工nRLCnetworksthereexistsderivativesin,B.whenloops
2.

containingonlycapacitor-andvoltage-source-branches(capacitor-

andvoltage-source-onlyloops)areproducedbyclosingと7-switches,

orwhencut-setscontainingonlyinductor-andcurrent-source-

branches(inductor-andcurrent-source-onlycut-sets)are

producedby£-switches.

Considerthecasewherecapacitor-andvoltage-source-only

loopsareproducedatt=ObyclosingsomeC-switches.λtt=+0.

theKirchhoff'svoltagelawintheloopsstates

[1･'sc^ ぐ

ぞ

゜eSj

wherethematrixF
ぶじ

(6-4.1)

isthesameasisusedinChapter2

Letq.denoteavectorofelectricchargesassociatedwiththe

elementsasnotedbythesubscripts.Thenweobtain

['F乱･1]
ﾁ∂

S

ﾁ∂

=0

@

ぼ-4.幻

@Thecase,wheretherighthandtermisnonzero,isconsidred

inSection6-7.
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since

C
^,0

O゛C2

ヴ

ヴ

-

- ぐ

が

ぼ-4｡3)

theinitialvoltagesofthesecondkindacrossthetwig-capacitors

areexplicitlygivenas

VI∂゛C7‾2FふごCjeS (6-4.4)

wheninductor-andcurrent-source-onlycut-setsareproduced

byopeningsome£-switches,theinitialcurrentsofthesecond

kindthroughthelink-inductorsareobtainedas

iぴ゜'£‾与£ΓL2jΓ゜'ぼ-4.5)

BychoosingEq.(6-4.4)and(6-4.5)astheinitialvalues,the

stateequationswithoutimpulsiveterminB.canbeobtained°

(i.e.theterms

嶮 亡>∂
)

t>∂

ご

canbereplacedbytheinitialvaluesand

工nRLCTnetworks,thevectorsvと

VI∂゜c‾jy; じCjeSj

ilQ-£‾2几ΓL2j『

工nRCGnetworks,thevectorvl∂

andi

･S g1

1∂
.aregivenas

(6-4.6)

ぼ-4.刀

venas

j 7
一
▽
乙

e

7一
1
‐
R

w

-
w
F
2一
〇r
U
Σβ
し

F

j

Ｃ C‾j
cj‰ΣGyjΣ2'

ぼ一々.剛

工nactivenetworks,theinitialvaluescannotbeobtained

explicitlyasthoseinpassivenetworks.工fthematrixBin

Eq.(5-4.9)iszero,theequalitiescorrespondingtoEq.(6-4.1)

and(6-4.2)canbeobtainedas

[-A,l] ぐ

ヴ

十ち十馬=0
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1

[1,-F]
ぐ

..十〇

゜0,
ぼ-4.10)

wherethematricesAandFarethesameasareusedinChapter5.

Thenweobtain

ぐ=-(C,ﾊﾟCSA)'ﾘ('e/jj) ぼ-4.11)

6-4.2THE工NIT工ALVALUESOFTHEFIRSTANDTHESECONDK工NDS

工nSection6-3,thenetworksareanalizedontheassumption

thattheinitialvaluesa七acircuitmodecanbeobtainedfrom

thefinalvaluesatthepreviouscircuitmode,thatis,the

initialvalesofthesecondkindcanbeobtainedthoseofthe

first.Themethodsforobtainingtheinitialvaluesofthe

secondkindfromthoseofthefirstwereprovidedbyS.Hayashi[28]

andothers[32].However,theyarenotformulated.Herewe

deriveaformulaforRLC,RLCTandRCGnetworks｡

RLCnetworks

Whencapacitor-onlyloopsareproducedbyclosingC-switches,

theinitialvoltagesofthesecondkindacross･thecapacitorsin

theloopsmaybenotequaltothoseofthefirst.Considerthe

networkwherethecapacitor-onlyloopsareproducedat亡=∂by

closingC-switches.Kirchhoff'svoltagelawstates

[1,F
SC

] ぐ

ぞ

゛Oj ぼ-4.11)

wherethematrix'scisthesameasisusedinChapter2'

Letqﾌﾞﾌandqt∂denotethevectorsoftheinitialelectriccharges

ofthefirstandthesecondkinds,respectively.Fromthelawof

conservationofelectriccharges,weobtain

145



['F乱･1]

ぐ

弔‰
,1] ぐ

が

ぼ一4｡13)

Therelationsbetweenthevectorsofelectricchargesand

voltagesacrosscapacitorsaregivenas

CjvlQqy≒

C.Vこ∂=qﾌﾟ.

C

C

2VI∂゜qj∂

2VJ∂゜q5∂

(6-4.14)

FromEq.(6-4.12),(6-4.13)and(6-4.14),theexplicitrelation

betweentheinitialvoltagesacrossthecapacitorsofthefirst

andthesecondkindsareobtainedas

VI∂゜-C-'F'Cv"^十(7‾jC
2V5θ ぼ-4｡15)

Wheninductor-onlycut-setsareproducedbyopening£-switches.

theini七ialcurrentsofthesecondkindthroughinductorsmaynot

equaltothoseof七hefirst.Theinitialcurrentsofthesecond

kindthroughinductorsarederivedfromthoseofthefirstas

il∂=L゛1L jEθ十£‾jF£ΓL

RLCTnetworks

2ｲ ぼ-4｡16)

AnRLCTnetworkcanbetreatedasanRLCnetwork,asmentioned

inChapter3,byregardingeverymatrixF‥asthecorresponding

matrixF‥.Thereforetheinitialvaluesofthesecondkind

areobtainedfromthoseofthefirstas

vj∂゜｀c‾jy;cCjv

il∂゛Z;‾jZLいE∂十£‾j

RCGnetwork

C2V

一
Γ4
1
-2

L

Γ£

F

-∂

C

θ

ぼ一々.j刀

Γ6-4.18)

AnRCGnetworkcanbetreatedasanRLCnetworkbyregarding

thema七rixA
Sご asF,thereforetheinitialvoltagesofthe

secondkindacrossthecapacitorsare

VI∂゜べ7‾j｀A}

ごCjv57十ご‾jC2V5ら
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wherethematricesarethoseusedinChapter4.

Activenetworks

Theinitialvaluesofthesecondkindcannotexplicitlybe

obtainedfromthoseofthefirstunlessthematrixBinEq.(5-4.9)

iszero.ConsiderthecaseofB=0.FromEq.(5-4.9),weobtain

[-A,l]

[1,-F]

ぐ

ず

ぐ
ず

=0

|=[1,-F] ぐ
qy

ぼ-4.20)

ぼ-4.21)

whichcorrespondtoEq.(6-4.12)and(6-4.13),repectively.Then

weobtain

Nto=c'1(CcぐｰFCyず)･ぼ-4.22)

whereC=C じ'FCSA

ConsiderthecaseofQ＼0.Intheprocessofdeducingstate

equationsfromnetwork-equations,Eq.(5-4.9)and(5-4.11),we

obtaintheeqalities.

'A2V

‾jA

●
･

て7
十VS2°0

7Vご十 2VS2°0

(inEq.(5-4.16))

(inEq.(5-4.26))

i
!
I

ifthevoltage-andthecurrent-sourcesareneglected.

LetEq.(6-4.23)berepresentedbyonematricequalityas

AVじ十vs°O｀

ぼ-4.23)

ぼ-4.討ﾉ

Thentheinitialvoltagesofthesecondkindareobtained,by

replacingAwithAinEq.(6-4.22),as

V

ど7 (CcでｰFCyご)j
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X

whereC°CC'FCSA°NotethattherowsofAmustberearranged

suchthatthelink-capacitorscorrespondingtothecolumnsofF

areidentiacalwiththosetotherowsofA.

6-5TWOKINDSOFINITIALVALUESANDAPPROXIMATESOLUTIONS

OFNETWORKS

6-5.1工NTRODUCTION

AsmentionedinSection6-4,theinitialvaluesofthesecond

kindarenotalwaysequaltothoseof･thefirst.thatis,the

voltageacrossacapacitororthecurrentthroughaninductormay

jumpinstantaneouslyfromaninitialvalueofthefirstkindto

thatofthesecond.Fromatopologicalpointofview,theabove

phenomenonariseswhencapacitor-onlyloopsorcapacitor-and

●･･independentvo:Ltagesource-onlyloops"inductor-onlycut-setsor

inductor-andindependentcurrentsource-onlycut-sets"are

producedbyclosingC-switches"open£-switches"inRLCnetworks.･

Acondenser"coil"usedinanactualnetworkisequivalenttoa

capacitor"inductor"wi七hastrayseries-resistorofasmallvalue

andwithastrayparallel-resitorofalargevalue.Theninits

correspondinggraph,thereexistsanormaltreecontaininga11

thecapacitor-branchesbutnoinductor-branch.工nsuchanetwork

containingperiodicallyoperatedswitches,thestatevariables

forallthecircuitmodesarethesame.Theinitialva:Luesina

circuitmodearealwaysequaltothefinalvaluesintheprevious

circuitmode,thatis,theinitialvaluesofthesecondkindare

alwaysequaltothoseofthefirst.Howeverinordertosimplify

].48
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theanalysis,theabovementionedstrayresistorsconnectedin

seriesandinparallelwithcapacitorsandinductorsareoften

neglected.工nsuchnetworks,theinitialvaluesofthesecond

kindarenotalwaysequaltothoseofthefirst.工tisknown

thatthestoredenergyinreactiveelementsdecreasesinstanta-

neouslyatswitch-operations.

Letusconsiderthenetworks7yandydefinedas
a

A':anetworkwithstrayseries-resistorandwithstray

parallel-resistors

7VajanetworkobtainedfromA'bycontractingthestrayseries-

resistorsanddeletingthestrayparallel-resistors.

LetAandAedenotetheA-matricesintheS七ateequationsfor

ぶandNe″｢espectively°ThematrixAhasverylargeeigenvalues

duetothestrayseries-resistorsrwithcapacitorsandthestray

parallel-resistorsgwithinductors.ThematrixAehasnosuch

eigenvalues.工ngeneralifamatrixAhaseigenvalueswhich

aremuchlargerthantheothers,itisdifficulttoobtainthe

numericalsolutionof~右Abytheusualcomputations.0nthe

contrary,itisnotdifficulttoobtainthatoree.Thenitis

easiertoobtainthesolutionforythanfory.工tisshown
e

inthefollowingsectionsthatthesolutionforぶ~isanapproxi-

mationfory.

工nSection6-5.2,thepropositionsfortheanalyticalproofof

theaboveヽpointareposed.

工nSection6-5.3and4,thepropositions,inSection6-5.2are

proved.･
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6-5.2THEMATR工CESAANDA
∂

Letusposethefollowingpropositions.

Proposition6-5｡1

Thevoltagesacrosscapacitorsan"dthecurrentsthroughindue-

torsinA'attime右こ∂arenearlyequaltothoseinitialvaluesof

thesecondkindinぶ.
a

Proosition6-5.2p

Thevoltagesacrosscapacitorsandthecurrentsthroughindue-

torsin7Vattimet〉〉∂arenearlyequaltothosein/Ve°

Itisevidentthatifthepropositionsareprovedthesolution

forⅣeisanapproximationforぶ‘

LetusderivethematricesAandAasdescribedbelow｡
~

Thefundamentalloopmatrixofgraphと7correspondingtoぶfora

normal七reeiswrittenby

(r)(R)(L)(r)(S)(C)(G)(g)
r幻

(R)

(L)

ΓΓﾉ

1,0,O゛O11'^r2'o゛0

0,1,0,010゛Fj?2｀Fj?�0

0,0,1゛O10゛Fj2゛FLG｀F句

0,0,0,110,0,0,-1

r∂一石.j/

wherethefirstrowscorrespondtostraylink-resistor-branchesr

inserieswithcapacitor-branchesS.Thelastcolumnscorrespond

tostraytwig-resistor-branchesginparallelwithinducror-

branchesΓ｡

Consi°derthegraphGcorrespondingtoya°Thegraph'eis

obtainedfromC;bycontractingthestrayseriesresistor-branches
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anddeletingthestrayparallelones.Thefundamental100p

matrixof刀~maybewrittenby

1,0,0,F0｀0

0,1,0,F
RC゛
F
RG
,0

O,O,1,FF£G゛F£『

(6-5.幻

sincethereexistsanormaltreesuchthatSarelinksandr

twigs,therelation(6-5.3)forthesubmatrices(6-5.1)and,

(6-5.2)canbeestablished.

F
r2°F

F
2G°F

SC｀

LG゛

F7?2°Fj?と7゛

‘

F2g°F£r'

ThematrixAeisgivenas

A=
e

じ‾j

j

o

0,L‾1

-yjH

-H',-2

F
j2°FLC｀

ぼ-5｡3)

rと7一石.4ﾉ

Thematricesontherighthandsideof(6-5.4)arethesameas

areusedinChapter2｡

Letr"a"denotetheresistancematrixoftheresistor-branches

r"theconductancematrixoftheresistor-branchesg".Thenthe

matrixAmaybewrittenas

A= cﾉ ,0,0,0

090゛O゛L2

『

1

S -『

'F;?‾'･-(J/+F

0
0 9

9
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'IF

y

-H'

0

r2

‘ip

『

0
0

2)･

,-(z+F

,g

F19g

-g“1

1

O
H S

9

S
S

I

g

-
j
F
l
<
3
3

I
I
-
l

O
s
F
9
1

j
一

ぼ一石.5ﾉ



whereCjandr"IandL211arethecapacitancematrices"theindue-

tancematrices"forthelink-andthetwig-capacitors"inductors",

respectively″inⅣ♂Tりeleftupperandtherightlowerparts

ofAareoflargevalues.

6-5.3THEPROOFOFPROPOSITON6-5.1

LetusgivetheproofofProposition6-5.1inSection6-5.2.

Thestateequationofyisgivenby

如幻=Aχ(t)+Qu(t)^ぼ一石.幻

wherexに/isthevectorwhoseelementsarethevoltagesacross

thecapacitorsandthecurrentsthroughtheinductors.

ThesolutionofEq.(6-5.6)maybegivenby

x(t)=e
tAX(+0)十

Thematrixe
tk

e=In!･(thj

n=0

Thematrix~右A

hasaformof

一一

一一

け
し
貼
~は‾丿ABurTﾉdて. ぼ一5｡7)

isgivenbyaformofaninfiniteseriesas

(6-5｡8)

atta∂isnearlyequalt01+tA.Thismatrix

-

●

-

ぼ-5｡9)

wheretheshadedportions,arethesubmatricesforthestray

resistorsrandg･

Thesubmatricesnotcorrespondingtothestrayresistorsin

(6-5.1)areapproximatedbyzeromatrices.Thenweobtain

≒鴨
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where1･isthecurrentvectorassociatedwiththeelementsas

denotedby‘thesubscripts.

From(6-5.1),weobtain

‰“iyo'

FromEq.(6-5.10)and(6-5.11),weobtain

iじ'F121S20j(fort:>0).

ぼ一石.j月

(6-5.12)

工ntegratingEq.(6-5.12)fromt=-0tot=+0,vjeobtainthefollow-

ingequationfortheelectriccharges;

qぴｰ‰が鴫ぴｰ‰ぐ (6一石.13)

FromEq.(6-5.3),weseethatEq.(6-5.13)isidenticalwithEq.(6-

4.13),Thenthevoltagesacrossthecapacitorsat右卯inyare

nearlyequalto七heinitialvoltagesofthesecondkindacrossthe

capacitorsinぶ.
召

similarlyitcanbeprovedthatthecurrentsthroughthe

inductorsat右t∂inぶarenearlyequaltotheinitialcurrentsof.

thesecondkindthroughthe‘inductorsin7V.
a

ConsequentlyaproofisgiventoProposition6-5.1.

6-5.4APROOFOFPROPOSITION6-5.2

LetusdefinethematrixPas

P= (1゛FF')~^･(1゛Fr2F;2)“IFr2･

-(1゛F祐Fj'IF祐･(1゛F気Fr2)'1･

0
0 9

S

0
0

0
0

(1+F

,-(1+F

TheinversematrixofPisgivenas
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勾

y

‰)“

-1
句)

1

9

9

,(1

F19゛

0
0

(

4'F勾F石)'IF句

1゛FねF勾)“1

(6一石.14)



P'1=

F

1

'~^r2'O゛0

r2'^゛090

030,1,-F

O｀O■%■
1

句

ぼ一石.j幻

ThematrixA,(6-5.5)issimilartothefollowingmatriχ,

PAPI= -(1+F
r2

(1゛F祐

F;･2)'1{(C;1゛Fr2C;IF

F

『 2)‾1{(ﾘ2cﾌｰ
c衣

r2

1

r2

-(1+F

(1゛F石

)r'1

)r'1

句‰)“≒

F句)'IF長L

'(1゛Fr2F祐)'IFr2C;1･(1゛'r2

'(1゛F気

“(1゛F勾

F

r2

Q

(1゛F石F句

(1+F

)‘lc;1

E

-1

'IL;1

‰し

勾

‘(ltFﾙ

(1+F

(1+F

r
/

r2
F

^H-F-

r2

11'H°Fふ

2

気)

y,(1゛F気Fr2)

H

I

-(1+F

HI,(1十F
勾

'(1゛F心F気)sl

'(1゛F気Fr2)

1
1
t
n

I
<
M
f
-
l

L
F

C
n
>
―

‐
j
･
j

F
L一
g

g
1
7

2
F

F
+

1
1‐
j
‐
り
む

L
L

ぐ
ぐ
r
l
f

1
『
-
一
一

I
I
ﾉ

C
n
!
3
j

-
"
-
I
t
-
i

F
F

y句

F句)'

‰c;

ip

-1

)s

IF

r2

c;

＼

句

^HF

岫四

r2

-C
2

1
h

-1

-1

gj
FH

1
･
一
2C

『
･
-

'v22"v2

)-cﾉyq
2}

-

^H,

IZ｀

L告,

句

9‾｀(1仔しF勾

g'1(1゛FﾙF句

十

十
}

},

9

l

ぼ一石.り

LetAdenotethematrixobtainedbyomittingtheunderlined

卜-1termsin(6-5.6).ThematriχAisnea･rlyequaltoPAPsince

thevaluesofr'l

termsinPAP'1｡

QAQ‾1=

andg‾laremuchlargerthanthoseoftheother

ThematrixQ恥｀lin(6-5.17)issimilartoA.

A
HsA琵μj3'Aj4

A
2yA22｀A23｀A24

A
JyA32゛A3J''^34

A
41｀
A
42゛A43゛A44

(6-5.17)

154



whereA‥
り
areshowninAppendixV工EandthematrixQ,whichis

determinedbythenetwork*-topologyandnetwork-elementvalues,is

q=

0,

0,

1,

0,

1

(1゛F気

0
0

Fr2)“1(F気

(1゛F勾 ‰)'1(1

り
6

1

r

F

1

I
C
≪
]

C

一

1

｀
２Ｃ

;IF
2g'F

)(c;1

1
一
2L

g
7
一

+Fr2

.10

C;IF気)'1(1゛Fr2F;2)･1

,0

,0

0
0

)(l:'゛Fか;1‰)内1喝/4)

1'
r∂-5.1幻

ThesubmatricesA..,exceptAijandA44″doll°t9°ntain゛

-

-1

9~･ThereforethematrixQAQ"^isnearlyequaltoamatrix

suchas

qAQ‘し

●-

A
11｀

Thenthe

and A

A

Now

22゛

J2゛

we

e

A

A

0,0,0

OsA22sA2J゛0

0゛AJ2゛゜^33゛'0

0190゛0'^44

and

ぼ-5.1幻

igenvaluesofAarenearlyequaltothoseofA11″A44

2J

J3

Theeigenvaluesof"llandA44areverylarge.

showthefollowingequality

^22*^23

AA

-

- “1/.H

-H,一君

FromLemmaA-3-3,weobtain

(Cil‾゛‾Fr2CZIFふ2)‾
1
°Cj‾CjF

Eq.(6-5.3)leadsto

1,2(CjF気C2Fr2)“IF;2Cj
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(c:' 十F

similarly

(L;1

r2
C

we

゛石

-1

2 r2

)'1

obtain

L;1

-
゜C

2二C2Fr2(7

1

気cj

F句)'1°L2“L2F;j'IF勾L2

r6-5.2幻

ぼ一石.2引

FromEg.(6-5.22)and(6-5.23),weobtain

(1゛F祐Fr2)'1{(F乱C;1“C;IFﾆ2)(C;1゛Fr2C;IF気)'IFr2C;1゛C;1}

゛(CjF乱CjZFSC)'1

゜ど7･.

(1゛Fし F

゜(Lj十F£『

-L-'

勾)爽1{(

L2F1Γ)‘

Lﾉ

1

Fjg 'l9

ぼ一石.2引

1呵ぷ1‰)'≒j;1ぺ1}

ぼ一5｡25)

ThereforeEq.(6-5.20)holds.Thenthiscompletestheproofof

Proposition6-5.2.

6-5.4EXAMPLE

ConsideranetworkぶshowninFig.6-5.1.Openingtheresistor

gIandshortingtheresistorr,weobtainanetworkye°Thereis

nocapacitor-only100porinductor-onlycut-setinGcorresponding

toy.Thereareacapacitor-onlyloopandaninductor-onlycut-

setinGecorrespondingtoNe゛

TheeigenvaluesofAandAforseveralvaluesoftheresistor
e

゛randgareshowninTable6-5.1.Thoseeigenvaluesareobtained

bythemethodofDani:Levsky･

Thevoltageacrossら?andthecurrentthroughLlfortimet

arecomputedfortheinitialvaluesshowninTable6-5.2.

TheresultsareshowninFig.6-5.2-6-5.5.

Table6-5.1showsthat,inCase(1)and(2),七heeigenvalues

ofAeχceptthosewithlargenegativevaluesarenearlyequalto
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G2

Table6-5.1

'r1.0F

%゜2°∂F

Cr乙‘0F

Gﾀﾞ∂'5r7肋

Gy∂゛2mho

G,=2.5mh｡

≒7 2.0H

L､､゜0.5H

L71.H

G=3.0mh｡

と'4=°゜Jmho

j?∂゜3.0ohm

Fig.6-5.1Example

EigenvaluesofAandA
a

|%ICase(1)ICase(2)ICase(3)ICase(4)

-0.1216325

-4.6∂2572

-0.03248S42

-1.400931

-θ.1216239

-4.6∂2756

-0.03248453

-1.3∂ｱJ5∂

-1833.333

-350∂.223

-0.1215665

-4.694653

-0.03246S32

-1.3∂5∂44

-183.3304

-359.2551

-0.1213041

-4.707070

-0.0323∂Jθ3

-1.23∂2∂ｱ

-36.64787

-79.38541

-∂.1209806

-4.733613

-∂.03228288

-1.107467

-18.2∂363

-44.52202

rrohmﾉ jx瓦 jxj∂‾2 5×10‘2 1-x-lO'''-

9rmhoj jxj∂‾J jx瓦 5×10-' jx10'1

Table6-5｡2Initialvalues

yごl yC2 yご3 J£1 勺;2 IL3

t=-0 一石.∂F 0.0V j∂.∂y 0.0A j∂.∂/4 2.0V

t=十〇 35/11V -45/11V ∂0/UI/ -12/7A 22/Z/1 -10/ｱﾉ1

Thevaluesfort=+0arecomputedfromthosefort^-0.

TheyaretheinitialvaluesofthesecondkindinA'.
a
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白;く2｡幻
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/
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ﾐy゛~'ﾐ~-'^f㎜--●¶
I)10

一一

Fig.6-5.5Current.through£3

化;く2｡5)

thoseofAg°ThevoltagesandthecurrentsinNagreeprecisely

withthoseinjVgexceptsmallちasshowninFig.6-5.2-6-5.5.

工ncase(3)and(4),however,theeigenvaluesofAandthoseof

Agdonotagree｡?hevoltagesandthecurrentsinA'aredifferent

fromthoseinぶ●-i
a

From七heabovediscussions,itisconcludedthatifrandg

aresmall,thevoltagesandthecurrentsinthenetworkNare

nearlyequaltothoseinぶforalltexceptsmallt.Thevoltages

andthecurrentsinNapproachfromtheinitialvaluesofthe

firstkindtothoseofthesecondkindin;;inaveryshort
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(6-6｡1)

(6-6｡幻

arewrittenas

whereHi°u(fIHΓら2JH2rtj/'･･¨H£-jrti-j･

FromLemmaA-3｡4,thecharacteristicequationforDiisthe

159

(t.,)

periodoftime.Afterthattime″thenetwork'egivesanapprox-

imatesolutionto7y.

6-6STAB工L工TY

6-6.1INTRODUCTION

工nSection6-3,0ntheassumptionthatD74∂as万々00,steady

statesolutionsoflinearnetworkscontainingperiodically

operatedswitchesareobtained.WhetherD?4θornotasれ-t-oo,is
,7,

calledtheproblemonstability.OnlyS.Hayashi[28]hasdiscussed

thisproblem.Hisapproachofthisproblem,however,isthe

examinationoftheeigenvaluesofDi°Herewithoutexamining

eigenvalues,wegettheconclutionthatpassivelinearnetworks

containingperiodicallyoperatedswitchesalwayshavesteady

statesolutions.

6-6.2PROPERTIESOFD｡
7.

Property6-6.1

EveryeigenvalueofD.isequaltothatofDj{£々}‘

Proof:

D.=H
t

Dそ+1

FromSection6'3″thematricesDiandD£ﾁ2are:

●2.

Z

にjH

H
i+1

七+1
に
七+1 ﾉ゛゛゜゜゜Hそ-1

(tiﾁﾞ1)゛゛゛゛Hぞ(ti)

ThenthematricesDi

QD.=H.(t.)H.
2.2.7.t

D･.=H.H.(tJ,
i+1^^7.

andD
ぞ+1



ぼ-6｡9)

160

sameasthatforh.l°ThentheeigenvaluesofDiareequalto

thoseofDi+1"SimilarlytheeigenvaluesofD七十lareequalto

thoseofDi+2'Byinduction″theeigenvaluesofD£areequalto

thoseofD.l3=l3････.n.j≠ぞ}.

6-6.3STABILITYOFAPASSIVENETWORKSATISFYINGASSUMPTION6-6.1

Nowletusconsiderapassivenetworksatisfying:

Assumption6-6.1

Asetofstatevariablesforonecircuitmodeisidentical

withthatofeveryothercircuitmode.

Itcanbeassumedthatsuchanetworkhastwocircuitmode.

Thestateequationsofthefirstandthesecondcircuitmodes

are,respectively.

1°Ajχ十Bjujjぼ-6｡5)

i°A2χ十B2u2°ぼｰ∂｡引

FromAss

D2

ump

゜e
%A

tion6爽6°1″thematricesDjandD2arewri･ttenas

le
*2A2.

D2
゜a亡2A2e*lA1, (6-6.刀

where*1andt2areperiodsof七hefirstandthesecondcircﾘit

modes,respectively･

sincethenetworkconsideredispassive,therealpartsofa11

eigenvaluesofthematricesAandA2arenonpositive°

工nordertoexaminewhether^as祐々<=°/considermatrie

differentialequationsdefinedby

如Aiχ{i=l,2}゜ぽ‾6｡8)

ThesolutionsofEq.(6-6.8)are

K(t)=e ty1x印ﾉ {i=l,2}



Letusdefineafunction;

△≡x'(o)x佃ﾉｰX'(t)xrt;.'

FromEg.(6-6.9),weget

△=x'(0ﾊﾞ1-(ei)'e*'^i}x(0).

Foralinearpassivenetwork,thematrixl-(e

positivesemi-definiteorpositivedefinite.

tA幻り

ぼ-6｡10)

防-6｡11)

tk..
^IS

Assumethatthematrixl“rg亡£A£J″gt£A£ispositivedefinite.

FromLemmaA-3｡5,thereexistsarealnonsingularmatrixP£such

that

P.P'.°-(e^^Jり亡£Ai

Considerafunctiondefinedby

xはﾁ7ﾘ=~句
A
le
*2 A2Xほれ

whereT°tl十七2゛

andafunctiondefinedby

ｽﾞΞXIにﾁ幻X(七十t)-xﾘ幻Xにﾉ

ぼ-6.12)

ぼ-6.13)

(6-6.j幻

工f△isnegative,asystemdescrivedby(6-6.13)isasympotic

stable
[34]

SubstitutingEq.(6-6.13)intoEq.(6-6.14),weobtain

A=x'(tﾊﾞ化者2A2ﾉ'り句A刀la句Ale*2A2-1}Xにﾉ.

Fromthematrix(6-6.12),Eq.(6-6.15)becomes

ふ-x･にﾊﾞP;

whereQ=P
亡

P2十Q'Q}x化几

2.

ぼ-6.IS)

ぼ-6.16)

sincethematricespipandQ'Q81:epositivedefinite,Ais

negative.

工fthematrix^-(e%)~右
Aiispositivesemi-definite,then.

●●●

fromProperty2-3.4inChapter2ごthegraphC7ぞ(correspondillgto

161



thei-thcircuitmode)containscapacitor-onlycut-setand/or

inductor-onlyloop″orthegraphG.mayhaveconnected-components

containingonlycapacitor-and/orinductor-branches.

工fboththematricesI一化亡Afﾉ゜~tAiareposi七ivesemi-definite.

thereexistcapacitor-onlycut-setsand/orinductor-onlyloopsin

bothGlandG2゛NotethatwehaveassumedthatbothgraphsGI

andG2cannothaveanon-separablecomponentcontainingcapaci七〇r-

and/orinductor-branchesonly･

工ncasewhenthereexistsacapacitor-onlycut-setoran

inductor-onlyloopinbothGlandG″GjandG2areconverted七〇

equivalentgraphscontainingnocapacitor-onlycut-setandno

inductor-onlyloopbythestar-deltatransformationasshownin

Fig.6-6.1.ThenthematricesI一化亡Aぞμ~亡Aiarepositivedefinite.

Whenatleastoneofthematricesl-0者Ai/latAづispositive

semi-definite,itcanbeassumedwithoutlossofgeneralitythat

thematrixl一化亡2A2ﾉ'6右2A2ispositivedefinite.Thenthere･

existsarealnonsingularmatrixP2suchthat

y
一
丁 《
ぬ 卒
《

].62

Fig.6-6.1

Exampleofstar-delta

transformation

/



P2P;゜1'化亡2A幻lalt2A2

FromLemmaA-3.6,vjeobtainarealmatrix'l

PjZPﾔ1'0勺A刀la勺A2゛

suchthat

ｴnEq.(6-6.16),thematrixQmaysingular.sinceP;

definite,however,'^isnegative.

Consequentlyweobtain

P2

(6-6.1り

ぼｰ∂.j剛

1spositive

Theorem6-6.1

Thelinearpassivenetworkscontainingperiodicallyoperated

switcheswhichsatisfyAssumption6-6.1possesssteadystate

solutions.

6-5.4STABILITYOFLINEARPASSIVENETWORKSCONTAIN工NG

PER工OD工CALLYOPERATEDSW工TCHES

InSection6-6.3isstudiedthestabilityoflinearpassive

networkscontainingperiodicallyoperatedswitcheswhichsatisfy

Assumption6-6.1.Nowletusconsiderthestabilityofthe

networkswhichdonotsatisfyAssumption6-6.1.工nsuchnetworks.

thefinalvaluesofacicuitmodemaynotbealwaysequaltothe

initialvaluesofthefollowingcircuitmode.工fthetotalenergy

storedinallthereactiveelementsdoesnotincreaseatthe

switch-operations,thenetworkisstablesincethenetwork

consideredispassive.Letusconsideredtheenergyvariations

attheswitch-operations｡

AsmentionedinSection6-4,whenC-switchesareclosed"£-

switchesareopened",the°voltagesacrossthe‘capacitors"the

currentsthroughinductors"mayvary･
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sincethestabilitydoesnotdependontheB-matrixofthe

stateequations,networkswherethevoltagesourcesarecontracted

andthecurrentsourcesaredeletedintheoriginalnetworksare

consideredhere｡

Letusconsiderthedifferenceoftheenergystoredin

capacitorswhenC-switchesareclosed.LetPandPぶdenotethe

energystoredjustbeforeandjustafterclosingC-switches,

respectively.Thenweobtain

P

j

02

1

rv;

j∂

c
l'^1,0

ﾁV;
j∂

c
2V2,0)

り竹(v≒yCjZV1,N十Vl
jぶ
C2V2.rし

(6-6｡19)

ぼｰ∂｡2刀

wherethesubscriptsjand2denotelink-andtwig-capacitors,

respectively･

Avectorv∂

秘A[1'F訳7]

where[1,F

incaseofanRLCnetworkisdefinedas

'i.o

V2,∂

ぶご
]isthematrixusedinChapter2

ぼ-6.21)

From(6-6.21),thedifferenceoftheenergystoredinthe

capacitorsiswrittenas

%-y鴇(Cj'C2FSCC｀1F揃C2)%･

FromLemmaA-3｡3,Eq.(6-6.22)becomes

弘一≒=鴇(CﾌﾞFSごC;IFﾑC)%･'

sincethematrixCﾉ 十Fscc;1

ぼ-6.22)

sc

(6-6.23)

ispositivedefinite,thetotal

energystoredinthecapacitorsdoesnotincreaseatclosingC-

switches.

similarlyitisprovedthatthetotalenergystoredinthe

inductorsdoesnotincreaseatopeningL-switches.

ConsequentlylinearRLCnetworkscontainingperiodically
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operatedswitcheshavesteadystatesolutions.

工ncaseoflinearRLCTnetworkscontainingperiodically

opera七edswitches″itcanbeproved,byreplacingFSづby'soin

Eg.(6-6.21)-{6-6.23),thattheyhavesteadystatesolutions.

工ncaseoflinearRCGnetworkscontainingperiodically

operatedswitches,i七canbeproved″byreplacingFscbvASじin

Eq.(6-6.21)-(6-6.23),thattheyhavesteadystatesolutions.

Consequentlyweobtain

Theorem6-6｡2･

Linearpassivenetworkscontainingperiodicallyoperated

switcheshavesteadysta七esolutions.

6-6.5STAB工L工TYOFACT工VENETWORKSCONTA工N工NGPER工OD工CALLY

OPERATEDSW工TCHES

Intheprecedingsections,isstudiedstabilityoflinear

networkscontainingperiodicallyoperatedswitcheswhereallthe

circuitmodesarestable.Hereweconsideredlinearnetworks

con七ainingperiodicallyoperatedswitches,wheretheA-matrices

ofstateequationsforsomecircuitmodeshaveeigenvalueswhose

realpartsarepositiveandthosefortheothermodeshaveno

sucheigenvalues.工tisexaminedwhethersuchnetworksare

stableornot.

Forthisconsideration,itisconvenienttoderivetheJordan

canonicalformsof七hematrixD.as
2.
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Dが丁

whereJ

Jﾄﾞ

几

入

∂

1

J

O
･
･
一
〇

j゛

,J

0,･‥0

2゛゜
一
一
一

●●0

●

●●

●●

O･･･J

S

T.

ISaJordanblockas

ど

j

j

入

瓦j

0

∧0

1

●●
●●

● ﾝz

λた

Thedimensionoftheblockらく isassumedtobedk゛

防-6｡24)

ぼ-6.25)

and入超

eigenvalueofD£'FromEq.(6-6.24),D"is‘writtenas

D?=T'1

t

where

一
一

れ
たJ

尽0

J7

0
れ
ＳJ

T,

入n入7‾jz
j°゜'jn-

0

庖 ●●●

●

●

･San

ぼ-6.2幻

ｱヂ
な
ど一月

几入
jﾁ

た

n
d

一
一

一
●

ﾘ

(6-6.27)

FromEq.{6-6.24)-{6-6.27),itisconcludedthat

1)工ftheabsolutevalueof入islessthanjfora11k,then
jk

o≫.oasM4[x],andp74･Oasn->-^･･.

2)工fthereexistsatleastoneeigenvaluesuch七hatl入kl>j″

J7 doesnotconverge.Thenthenetworkisunstable.
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3)IfthereexistsomeeigenvaluesλZsuchthatlλZI゛j″and

ifa11otherabsolutevaluesof|XIfoi°k＼larelessthanj,

wemustconsidertwocasesasfollows;

a)工ld1゛1fora11Z″thematrix.Didoesnotdiverge°

b)工fd乙ﾒﾌforsome乙″thematrixD.diverges‘Thenthe

networkisunstable.

Thestabilityofsuchnetworksisacompleχproblem.Consider

thestabilityofasimpleexampleshowninFig.6-6.2｡

Let'landA2denotetheA-matricesofthestateequationsfor

thefirstandthesecondcircuitmodes,respectively.工nthe

stateequations,thestatevariablesarethevoltageacrossthe

capacitorandthecurrent七hroughtheinductor.Thematrices'l

andA2

A=

arewritten,respec七ively,as

0,1/C

-1/L｡R/L

A= 0,1/C

-1ﾉL,-R/L

CL

(a)

Fig.6-6.2Example

(a)Originalnetwork,where

pQIﾆ2Rial‘

(b)Thefirstcircuitmode.

(c)Thesecondcircuitmode
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(a)

j
･
･
･
j
-
1
-
-
‐
゛
k

I
η
4
り
4
0

μ
I
J
I
Ｉ

Ｉｆ

1

l',M|

' -

¶

ll,/T)

j
4
-
―

ci,'il

(b)

IV

¶/4

1
-
･
･
J
･
-
―
･
―
.
一
四
1
1
1
1
1
1
1

1
1
4
Q
哨

μ
1
I
Ｉ

４

り

り4
‘゛~--?--~-944~.､一一~､.､7.

｀‘2S41'yTI゛

(c)

㎜㎜一一-J-----･●---.-

●.!

･t;'‘,

(d)(e)

Fig.6-6.3stableregionsofthenetworkshowninFig,&-6.2
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-aos&tjS-in^t2 7ﾉｰり

)(sinBtg
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rj2°jaos&t^sin&t2-計s£nt^sint^+-^sin3tjCosBtg

(6-6.3ﾘ

Thenetworkforthefirstcircuitmodehasnosteadystate

solution,butthatforthむsecondonehasasteadystatesolution.

TheeigenvaluesofAjare.

入.=否!JB,ぼ-6.2幻

where―=F?/2L,=/7刀万‾二ﾌﾌﾞF2.

TheeigenvaluesofA2are

入

ﾀﾞt!邱゜
ぼ-6｡30)

ThegraphsinFig.6-6.3showthestableregionsinseveral

valuesofthenetwork-elements.Itmaybeexpectedthatthe

ne七workwillbestablefor亡jくt2sincethenetworksforthetwo

circuitmodesare七hesameexceptthesignoftheresistance.

ButfromFig.6-6.3,weseethenetworkisnotalwaysstablefor

句 <t2'

WeinvestigatethestableregionsinFig.6-6.3indetail.

Thema七rixD

D

1｀e

t
l
A,

亡r

a△
=

△α

1

亡2

j‾右2

iswrittenas

A2

ﾉ/で

''1V''12

^21^^22

where

a=~はj‾亡2
ﾉ/･｢

r
113

r2P

p22

r22

゛j7°OOS&tj aos&t ―(sin^t^a゜s附



1'2j°-j
isinQりaQs良き2“

几?2°aos&t^ cos&t^

j

⊇ﾏ
inQt

rSf゛26亡2

s加6り‾谷゜゜邱らs加計2

cosBt

Thecharacteristicequa七ionofD2

μX)AX^-2a{a゜s附?゜sμ2‾臼゛士

2‾゜osQt.siれ^t^)-(l+

is

ﾘsin^t

anditsdescriminant(denotedbyZﾌ町

Let

D°/4=a[aos&t

入Zﾌ

j°QS6亡2‾臼十

1S

ｻJsinQtj

jSぞれ6t2

sin^t

}入ﾁα

2

)(S石26亡2

^=0,(6-6.32)

ぼ-6.33)

beaneigenvalueof^1'工ID°<∂″theabsolutevalueof

λ‘canbewrittenas

|λZﾌ|=a=j(tl‾ty/≒

thenthenetworkisstablefor*1くt2°

ConsiderthecaseofDD>∂.sincef(0)>0

ぼ-6.34)

七heconditionsfor

|入z)|<jzare

i)f(l)>0゜11dμ“{゜゜sQtjOOS&り‾りﾁﾞTjﾄ-^)sin^tjSin'S'tAり

BT

O｢

ii)f(-刀切and-1<゜{c°s^ta°86り“りりj‾Tys£"6句s£"附2}邨
T

Notethatiftheconditioni)orii)holdsfor右

mustbenegative.

jz>勺?″ thenD°

Theconditioni)alwaysholdinD>_0(SeeAppendixvnr).
-

Nextconsiderthecondition豆).TheshadedportionsinFig.6-6.4

showthedomainofdD>∂and*1<亡2°FortheregiondenotedbyA,
･

oosQt
1n

6T

Fortheregiondenotedby

oosβ右

B,

-eos&tg-□十Tj}‾Fﾉsぞれ

6T

j
Sfn日亡 2く‾2

Btsi゛z6亡2
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ぼ-6.36)



磯

Theintersection-pointsoftwo

curvescorrespondingtotl°t2

and

aosBt
j°os&t-りﾁjに-^)siれ6右2

xsinQt^ﾆ‾j

aregivenby

ぼ-6｡37)

tﾄﾞりpでも

(6-6.38)

Theintersection-pointsof

thetwocurvescorrespondingto

｢3t,

2TT

TT

0

TT 2T｢
｢3t2

Fig.6-6.4TheregionoJ)>θandt

t
l°t 2゛andf(-l)=O゛iregivenby(6-6.38).Theintersection-

pointsofthetwocurvescorrespondingtotl°t2and

゜佃りs6句゜゜s^t-(1ﾁﾌﾞﾋﾌ)sinBtjSin日吉2}゜'j

jく亡2

(6-6.39)

aregivenby(6-6.38).Theintersection-pointsofthecurves

correspondingtoEq.(6-6.37),(6-6.39)andfr一l)=0areallonthe

linetl°t2゛Thedomainof七<りand

｀μ衣゛゜s6句゜゜sB亡2 一口ﾁ←)sinBt
62て2

^sinBtn
}く∂

isinthel°egiOnoftjりandfr‾ﾘ)∂'Thereforethestable

regionsareasshowninFig.6-6.3｡

工七isstudiedonthestabilityofanetwork,wherethestate

equationsofsomecircuitmodeshavesteadystatesolutions,but

thoseofothershavenone.工tisconcludedthatthestability

cannotbedeterminedbytheeigenvaluesofthecircuitmodes

only.工七isneccessarytofindtheeigenvaluesofthematrices

D£'Nosimplewaytoinvestigatethestabilityisfound‘
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6-7CONCLUS工ON

Someconsiderationsonnetworkscontainingperiodically

operatedswitchesisstudiedfromatopologicalpointofview｡

工nSection6-2,itisshownthatswitch-operationsvarythe

networktopology.工nnetworkssatisfyingsomerestrictions,it

iseasytoobtainfundamentalloopandfundamentalcut-set

matriceswithoutknowingthenetwork-topologyvariedbyswitch-

operations.Anecessaryandsufficientconditionfornetworks

withtwoswitchestosatisfytherestrictions,isobtained.

Aheuristicmethodfornetworkswithmorethantwoswitches七〇

satisfytherestrictions,isproposed｡

工nSection6-3,thesteadystatesolutionsareobtained｡

工nSection6-4,isgivenanexplicitformulaforobtaining

initialvaluesofthesecondkindfromthoseofthefirstinRLC,

RLCTandRCGnetworks.Foractivenetworks,thedeterminingthe

ini七ialvaluesareverycomplex,butasystematicprocedurefor

obtainingthemisgiven.工tisshownthatstateequations

withoutderivativesofinputscanbeobtainedbychoosingproper

initialvalues.工nSection6-4.1,theinitialvaluesofthe

secondkindareobtainedontheconditionthatthoseofthefist

arezero.工fthoseofthefirstarenonzero,thoseofthe

secondarerepresentedbythesumofthoseobtainedinSection

6-4.1and6-4.2｡

工nSection6-5,itisshownthattherearepeculiarphenomena

inthenetworkswhereinitialvaluesofthefirstkindarenot

equaltothoseofthesecond.工tisshownthatacomplexnetwork,

whosesolutionisdifficulttoobtain,isapproximatedbyaless

complexnetwork,inwhichtheinitialvaluesofthefirstkind
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●

arenotequaltothoseofthesecond.

工nSection6-6,itisshownthatlinearpassivenetworks

containingperiodicallyoperatedswitcheshavealways･steady

statesolutions.Thestabilityofactivenetworksisalso

discussed.
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APPEND工X工
【27】

MATR工XPENC工L

DefinitionA-1.1

AmatrixpencilA十入Biscalledregularif

1)AandBaresquarematricesofthesameordern,

and

2)ThedeterminantlA十λBldoesnotvanishidentically.

工nallothercases.thepenciliscalledsingular.

DefinitionA-1.2'｀

TwopencilsofrectangularmatricesA十入BandAj十λBjofthe

samedimensionm^nconnectedbytheequation.

P(A゛入B)(ﾄA?λBj･

wherePandQareconstantsquarenonsingularmatricesoforder

z??andn,respectively,arecalledstrictlyequivalent.

TheoremA-1.1

AsingularpencilA十入Bofdimensionnrx-nisstrictlyequivalent

to

LE゛0

0,A+XB

where

L=
C

if

j

£+1

λ,1

λ,1o

●●

O‘゜

入,1

(A-1｡刀

e
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M
C°
A

B,AO

B●

O‘゛

S+1

1sofrankp

M=
a
A

B

0

A

B

S

cくΓz+1)阿″and

A
B

一
e
･

0

a+1

isofrankp

01

(χ゜(a-f-l)nfor0<^a<z.

TheoremA-1.2･

Apencilisstrictlyequivalentto

g
o几ｆ

where

L=
£

A

∂十λB ∂

゛Le
g･f.ﾊﾟ

゜゜'゜゛Le

P

'L;
んやﾊﾞ゛¨゜゛L

;♂Aθ゛入B∂}'

入.j

λ.

0

0

j

●●

λ,1

一
一
I
n
L λ

jjλ

O･

0

●

●

j

isaregularpencil.

.λ

and

TheoremA-1.3

AregularpencilA十入Bcanbereducedtoa(strictlyequivalent)

canonicalquasi-diagonalform

{N陶ﾉ｡･‥‥･.N陶j.J十入1}｡
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whers

i陶£ 紀
- も

0

λ

も

0

λ

●

●●

●
λ

j

μ.

2,

Z4｡2.

andJisaJordanmatrix.
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APPEND工XⅡ APPL工CATIONOFPENC工L

TheresultsinAppendixlareappliedtoasystemof171linear

differentialequationsofthefirstorderinnunknownfunctions

withconstantcoefficients:

AX十B話x=f付几 (A-2.1)

whereAandBare,7?×,lmatrices,andχandfr幻arevectorsof

dimensionn.

WeintroduceanewunknownvectorZthatisconnectedwith

theoldXbyalinearnonsingulartransformation;

χ゜Qz,‘(A-2,幻

BYsubstitutingQzforxinEq.(A-2.1)andmultiplying(A-2.1)

ontheleftbyP,weobtain

‘xz将乱z=行幻. (A-2.3)

一一一⌒･
whereA=PAQB=PBQfはﾉ=Pfft).

WechoosethematricesPandQsuchthatthepencilA十λBhas

acanonicalquasi-diagonalform;

.､..､.g

A十入B=仇0､L

Sg+1
゛゜･･,L

P

L≒

1ﾁﾊﾟ
■■■■%･"

陶 ﾉ,‥･,N陶j,J十λ1}

(A-2.4)

Inaccordancewiththediagonalblocksin(A-2.4),thesystem

ofdifferentialequationssplitintoり=p-g十q‘h+s+2separteへ

systemsoftheform
7
{
f

一
一

j
Z

0

1十七1十え

LLz=す

S9十えdt

d■p-q+1+0p-q+1+3
L'-z°f

九九ﾌﾞ醗

(A-2.5)

(A-2.6)

(A-2.り
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U(uk)ｼﾞ'9十qや+l+k =

P‾9ﾁ9ﾄﾞﾁjﾁた

(J玉)誹

where

Z°

ヱ
Ｚ

●
･

V
Z

卜~f=
-

λ
f
●
＠
μ
f

同一2.剛

(A-2.刀

1)Thesystem(A-2.5)isnotinconsistentifandonlyif

j

fΞ0.M-2｡10)

2)Thesystem(A-2.6)isoftheform

Leみz峰

ormoreexplicitly

j
石弓 十Z2°

t..､d.?
fl(t)'｀゛｀¨゛゛゛'�゛j゛s+1°fjt)

Suchasystemisalwaysconsistent.

3)Thesystem(A-2.7)isoftheform

づ7球

ormoreexplicitly

(A-2.11ﾉ

{A-2..1幻

(A-2.13)

みsj°:f-^(t).みs2fsJ°Tjt),'--゜'dtT＼べ1ﾁj°jXla;ねsnsjx4ﾁj臼

(A-2.14)

Fromalltheequations(A-2.14)except､thefirst､wedetermine

sTI=y｀nﾁj

~d~ひ一戸fn‾iｺﾞn幻

し私か斗…‥ﾊﾞｰｿﾞじ三ｼﾞﾚ
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Bysubstitutingthisexpressionforsjintothefirstequation″

weobtaintheconditionforconsistency

几一診匹…“-j戸ぷぺg4

4)Thesystem{A-2.8)isoftheform

N心乱z=y

ormoreexplicitly

�32゛1^1atuu-1づu-133u°fu｀

Thereforewedeterminesuccessivelytheuniquesolution

3ごfu

/ヽ･･d⌒･
sz4-1づu-j‾石ﾀﾞa

●

●
几

T
-
I

5

づk:ﾍﾞﾄﾞ゜.‥‥fr-1)U‾jjｼﾞｼﾞ
y

j
yL

hesystem{A-2.9)isofthe

白=7.

Thesystem{A-2.9)isoftheform

Thereforeweobtainthegeneralsolution

Jz

Z°e a

亡
θ
万

+
θ
Z
右J

wherez∂ 1S a

-Jに一旬
frて/jで,

vectorwitharbitraryvalues.
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APPENDIX:I]工LEMMAONMATR工X

LenunaA-3.1'

LetAandBbernxnandy2×哨ma七rices,respectively,andthe

followingequalityholds.

五月l+ABl=det|1+BA|.

Proof:DefineamatrixDas

D= 1,-B

A,1

Thenthematrixcanbewrittenas

D= 1,0

A,1

1,-B

0,1十AB

andD=

Thenweobtain

detQ=det＼1+AB|=五川1+BA|

1,-B

0,1

(A-3.1.･j/

M-3｡1.2)

1十BA,0

A,1

LemmaA-3.2

Consideranequalityas

y°Aχ,

whereAisamatrixandyandχarevectors.

Le七usparititionEq.(A-3.2.1)as■

り

y

y2

-
- All'^l'A72

a2,a,a^

A2ya召9A22

X2

a;

X2

Thenthefollowingequalityholds

y
jZ

Z

y2

一

一 A

A27

9
9
2
a
7
‘
2

a
a

7
‘
一
α
2
一
α

2
‾こり%'

I'S

g
a

J
J

:L80

{A-Z.1.3)

(A-3.1.4)

Q.E.D.

M-3｡2､1)

{A-Z.2.2)

xj

!/

X2

(A-Z.2.3)



戸

Proof: FromEq.(A-3.2.2),weobtain

a;=土r-a
α 2x1十!j‾aJxy

Thenweobtain

and

xjZ

a;

X2

石

!/

y2

-

-

-

-

1

-a

o

0,0

/らj/ら‾a2/゜

,0,1

ja2/゜

A27'a2a

FromEq.{A-3.2.4

4

)

j'aj

jj

/ら'a4

x
jZ

!y

x2

/らAM‾a

/a.A-a

and(A-3.2.6)

Jり/゜

∂

J
a

f

4

Z(l

we

xj

!ﾀﾞ

X2

haveEq.(A-3.2.3)

同一3｡2.4)

(A-3.2.5)

(A-3.2.6)

Q.E.D.

LemmaA-3.3

LetAandBbem×れandれ×mmatrices,respectively.Thenthe

followingequalityholds.

(1+AB)'1=1-A(1+BA)二IB

Proof:

weobtain

and

D'1二

D'1=

(A-3.3.1)

FromEq.(A-3.1.3),iftheraatriχDisnonsingular,

1-B(1+AB)'IA,B(1+AB)'1

-(1+AB)'IA,(1+AB)“1

(1+BA)‘1,B(1+BA)'1

-A(1+BA)'1,1-A(1+AB)二IB

FromEq.(A-3.3.2)and(A-3.3.3),■wehaveEq.(3.3.1).

(A-3.3.2)

M-3｡3.3)

Q.E.D
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LemmaA-3.4･

LetAandBbenxnmatrices.Thentheeigenvaluesofthe

matrixABareequaltothose'ofBA.

LemmaA-3.5

ArealsymmetricmatrixAispositivedefiniteifandonlyif

thereexistsarealnonsingularmatrixPsuchthatA=PP'.

LemmaA-3.6

Arealsymmetricmatrix･Awrittenaspp.ispositivesemi-

definiteandifAisnonsingular,itispositivedefinite.
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APPEND工X:IVPROOFSOFPROPERTY3-4.2AND3-4.3

Definition

Thegraphsobtainedbythefollowingprocedure工"IE"arecalled

B-S-graphs"S-B-graphs"ofGandM.

Procedure工

i)SetG2°らjf∂゜M,i=l.

豆)工fthereexistsatransfor°er-bridgeinGｼﾞgotostepdiL).

otherwisegotostepvL).

iii)Setμ£゜だぞ-j[allthetransformer-bridgesin'i]‘

jv)工fthereexistsatransfor°er･-self-loopinMｼﾞgotostepv)゜

otherwiseSeti°も+15Gi°Gも-landgotostep‘吐)'

゛)SetGi+1°:G.{allthetrasfol:mer-self-loopsiilだぞ}.i=も+1

andgotostep丘).

吐)S七〇p.

ThegraphsG.andM.,areB-S-graphs?

Procedurel工isobtainedfromProcedure工byreplacingbridges,

self-loops,[]and{}withself-loops,bridges,{}and[],

respectively･

Proofofproperty3-4｡2

工七isassumedthat略丿j

へ/‰c

eSyO'FromEq°(3‘4.20■i,weobtain

l^S (F乱'FkMIF乱)Cj(eS'FStMe.z)

ﾊ●~⌒･~
゜FふごCjZeS‾FICMIFﾑtCjeS'FﾑじCjFStM'e.Z十F;と7MI''st'i'st^'i

(A-4.1)

WhenthefirsttermofEq.(A-4.1)isnonzero,thereexists

atleastoneloopwhichconsistsofcapacitor-andindependent

voltagesource-branchesonly.Thenthepropertyholds.
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ConsiderthecasewherethesecondtermofEq.(A-4.1)is

nonzero.Thenthefollowingprocedureisexamined.

i)工nらchoosefundamentalloopswhichcontainthecapacitor-

branchcorrespondingtothenonzeroelementoftheterm.

Selectthelink-transformer-branchesintheloops･

豆)工nM,choosetwig-transformer-branchesinZ｡｡Prthelink-,

transformer-branches>)｡

111)InG,chooselink-capaci七〇r-andlink-transformer-branches

ineut-setCthetwig-transformer-branches).

jy)工flink-capacitorsarechosenandthecorresponding

elementsofeSstop.Otherv゛isegotostep丘)゛

TheaboveprocedureconvergessincethesecondtermofEq.(A-4,

1)isnonzero｡

sinceF;GMIFj7tΞO″inC7thereexistneithertwig-resistor-nor

twig-inductor

sinceFStMF2GΞOandFStMF2Γ≡O″inC7七herexistneithertwig-

resistor-nortwig-inductor-branchesinlooprthelink-transformer-

branchesconsideredinstepi)andii)八Thentheloops

consideredinstepi)andiii)containcapacitor-andtransformer-

branchesonly.sincetheloopsconsideredinstepii)contain

transformer-branchesonly,theringsumoftheloopsconsidered

instepi),ii)andiii)containscapacitor-andtwig-transformer-

branches.However,thefundamentalcut-setsaut-setrthetwig-

transformer-branchesintheringSumﾉinGdonotcontainlink-

capacitor-branch.Thenthetwig‘transformer-branchesarebridges

intheB-S-graphs.ThereforewhenthesecondtermofEq.(A-4.1)

isnonzero,thepropertyholds./
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similarlywhenthethirdandthefourthtermsarenonzero.

itcanbeprovedthatthispropertyholds.

WhenF£Γ L2jryO'itcanbep･ovedinthesimilar(dual)manner

thatthispropertyholds.

Q.E.D.

ProofofProperty3-4.3

ﾀﾞﾉ.j･工ftherankofFj?c"^lg"islessthanthenumberofthetwig-

capacitors"thelink-inductors"forthemaximumpropertree,then

thematrix-productFj?C7?'1゛ら?y゛F£夕"F'"it;singular°Thenthe

matrixAissingular.

WhentherankofFj?♂IF£♂lislessthanthenumberofthe

twig-capacitors"thelink-induetors"forthemaximumpropertree.

thereχistsatleastonetwig-capacitor-branch"link-induetor-

branch"forapropertree?P£ suchthatl7p£に川刈仙乙 (L)Iis

maximum.Thiscorrespondstothatthereexistsatleastone

twig-inductor-branch"link-capacitor-branch"inthemaximumproper

tree.Thereforewecanprovethispropertyinthesamemanner

oftheproofofProperty3-3.2.

.Q.E.D.
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APPENDIXVPROOFSOFPROPERTY4-4.2AND4-4.3

ProofofProperty4-4｡2

工fthestateequationhasderivativesofinputfunctions.

fromEq.(4-4.21),weobtain

弓ごcjeじyo'

"sc'iFと7ΣG6

1FCΣ

qjjeEyo･O｢

G51jΣyo

LetCdenoteatwig-capacitorcorrespondingtothenonzero

termoftheabove.

1)CaseofAﾑじCj

Wehave

eCl

･sc

WhenFCC^Cl

1
‐
2
I
MC
3
M？
乙

F

1
一
〇R

印

C7Σ

fQ,thereexistsatleastoneloopwhichconsists

ofcapacitor-andindependentvoltagesource-branchesonly･

Let゛lsconsiderthecasewhei°eF1こ7R51FΣΣG"^F'ΣeCjO'Then

thereexistsalink-･gyrator-branch(denotedbY91)ill°“t-setrの'.

Thereexistsatwig-gyrator-br°nch(denotedbyg2)in陥゜P(9p゜

Thereexistsalink-gyrator-branch(denotedbYg.)in°“t-se吉佃1/

Byrepeatingtheabove,foracetainintegern,thereexistsa

twig-gyrator-branch^2ninloop(g)andthereexistsalink-

'capacitor-branchSinout-set(g,几LetuscallthatSisin

ご£rじﾉ゛orthatと7isin£と7(S).

工fthereexistedresistor-branchesincut-se亡rg2たﾉ9rご7£r92たﾉ

"loopfgg.一jﾉorLC(92k-l''.therewouldexistapropertreewhich

containsmorecapacitor-branchesthanthemaximumpropertree.

Thenthepropertyi)holds.

2)CaseofA;C
1
'
0
β
UΣじ

F
j
Ｃ yふ
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Thereexistsalink-capacitor-branchinCL(C).Thereexists

agyrator-branchinLC(S几Thereexistsavoltagesource-branch

inlooprthepairbranchofthegyrator;.Theninthe･similar

mannerto1),wecanprovethatthispropertyi)holds.

3〉CaseofA'rFΣG51jΣ/0

Thereexis七salink-capacitor-branchinCL(C).Thereexistsa

twig-gyrator-branchin£C(C).Thereexistsacurrentsource-

branchincut-setrthepairbranchofthetwig-gyrator,).Then

thispropertyii)holds｡

Q.E.D.

ProofofProperty4-4｡3

工ftherankofthematrixF Σび
islessthanthenumberofthe

twig･capacitor-branchesforthemaximumpropertree,thenthe

matrixFICR51'FΣC7issingularandthematrixAissingular.

WhentherankofFΣじislessthanthenumberofthetwig-

capacitor-branchesforthemaximumpropertree,apropertree

whichhasminimumけ/のIcontainsatleastonecapacitor-branch.

ThenifthereexistsnopropertreeinG{allthecapacitor-

branches},thematrixAissingular｡

Q.E.D.
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APPENDIXVI:ALGOR工THMFORAP-TREE

I)Node-labelingl

1-1Labelallthenodesび

G{allr-branches}.

.adjacenttother-nodeにbyぞin

1-2Labelallthenodes町1°djacentt01JθbyiinG{allr-branches}.

1-3Repea七step2untilnomorelabelscanbeassigned.

DoNode-labeling工forallther-branches.

:皿)Branch-labeling工

2-1Lableabranchbytheunionofthelabelsonthetwonodes

touchingthebranch.

Ⅲ)simplifyinggraph

3-1Dividethegraphintononseparablecomponents.

(工facomponoentcontainslessthanthreer-branches.Theorem

6-2.1and6-2.2canbeapplied.)

3-2Deletebrancheswhoselabelscorrepondtoonlyoner‘branch.

3-3Transposeparalellbrancheswhichcontainnor-branchinto

abranch.

3-4Transposeseriesbrancheswhichcontainnor-branchesinto

abranch.

3-5Transposed-pぽ.jﾉintoabranchtouchingthenodesぞandj･

3-6Transposeseriesthreebranches,whosecenter-branchisan

r-branch.andwhereothersarenotr-branches,intoseriestwo

branches,oneofwhichisther-branchandtheotherofwhich

isnot･anr-branch.

Thisroutinedoes‘notaffecttheeχistenceofp-trees.

Thisroutineisappliedtosimplifygraphsafterdeletingand/or
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contractingbranchesinthefollowingroutines.

]V)Checkd-path

Evenifthenumberofr-branchesismorethantwo,there

isnop-treewhenthereexistsad-pathdescribedinTheorem6-2.1

and6-2.2.

1)工n七hecasewherether-node£isidenticaltother-nodej,

ifthereexistsd-p(i',3ﾘ,thereisnop-treeandstop.

2)ｴfthereexistd-pぽ,j),d-pぼ',3),d-pぽ.jﾘandd-p(ﾘ.d'),

thereisnop-treeandstop･

V)e-treeandm-tree

Definition

Ane-treeisatreewhichcontainsnor-branch(denotedbyTe)'

Theorem

工fthereisnoe-tree,thereisnop-tree.

Theorem

工fthereisnobranch,whichisnotanr-branch.･incz4亡-seti

atwig亡ﾉfor?召″tiscontainedofeveryp-treeifthereisp-

tree.

Definition

Anodewhichisnotanr-nodeiscalledav-node.

Procedure

5‾1S?よ{･φ}'
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5－2ＣhｏｏｓeamｏｓｔlabeｌednｏdelJ,ｗhiｃhiｓnｏtinＳ？.

∂

5－3Ｃhｏｏｓeaminimumｓeｔｏfbranｃheｓ,ｓuｃhaｓｔheuniｏn,ｏfｔhe

ｓeｔandＳ７iｓaｓubｔreeｏf７andｔheｐaｔhｓfrｏmびｔｏ

ther-nodescorrespondingtothelabelofVontheunion.

SetST=theunion.
e

5-4Repeatstep2and3untilthereisnonodeasmentionedin

step1.ヽ

5-5工fS?isnotane-tree,chooseasetofbranchessuchas
e

theunionofthesetandS?aisane-tree･

Definition

Ane-treeobtainedintheaboveprocedureiscalledanm-tree

anddenotedby?.
詞

切:)Node-labeling工[

6-1Labelav-nodeadjacenttother-nodeion?77?byぞ゜

6-2Labelav-nodeadjacenttothev-nodeonmhichisl,ablec!

byi.

6-3Repeatstep2untilnomorelabelscanbeassigned.

DoNode-labelingnfora1:Lr-nodes.

ⅥI)Branch-labeling]1

7-1Labelabranchbytheunionofthelabelsonthetwonodes

touchingthebranch.

ⅥH)T-branchandf-branch

Definition

Amongthetwigsofらｱﾌ″atwigsuchthateut-sa亡Catwigj
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containsmorethanoner-branchiscalledaT-branch.

Theorem｀

工fthereexistsnoT-branch,itdoesnotaffecttheexistence

ofthep-treethatatwiginloop(alinkwhichisnotanr-branchj

forriscontrac七ed.
m

Definition

Assumethat*2and亡2areT-branchessuchthatcut-set(t)

containsr-branchesr″'゜‘″rれbutout-seり;r亡2ﾉcontainsneither

o1V."'.VLetanr-branchincu亡-seta)ber゛工fthere

existpaths″onT^-loop(r)″･fromthenodetouchingrtothenodes

●touchingrj″゜゜゜″rれ″thenthebranchesonthepathsarecalled

f-branchesfortl゛

Definition

Letthenumberofther-branchesincut-setftvihichisaてｰ

branchy)beK(t/T)
m
IfthereisnoT-branchtj

A'rt/T｡J″tiscalledamaximumT-branch.

such゛lsya≒Z/?,7,

JX)Choosingp-tree

9-1Chooseanm-treer.
堺

9-2工fthereexistsaT-branch,gotostep3.otherwise90to

step5.

9-3i)Ifthereexistsaて-branch亡suchasout-set(t)contains亡

andr-branchesonly,contract亡andgotoNode-labeling工.

otherwisegotoS七ep3一旦).

ii)工fthereeχistsnosuchaて-branch,neglectIsuchas
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thebranchesinloop(I)havethesamelabelsanddo

step3-i).Otherwisegotostep4.

9-4ChooseamaximumT-branch亡suchasthedeferencebetween

thesetofther-nodestouchingther-branchesincut-set(t)

andthesetofther-nodescorrespondingtothelablesof

ther-branchesisamaχimum.Assumethataut-set(t)contains

t-a″･･･.工IGUt-set(t)containsd-Pぽ.jﾉ,gotoS七ep4-i),

otherwisegot04-iL).

i)ｴftheunionofd-Pぽ,3),thef-brachesfor亡andr-

brancescontainsn0loop,contracttandgotoNode-labeling工.

otherwisegotostep4一丘).

ii)ContracttandgotoNode-labeling工.

9-5Contractatwiginloopralinkwhichisnotanr-branchj

andgotoNode-labeling工.

Weobtainap-treebydoingNode-labelingI,Branch-labelingl,

simplifyinggraph.Checkd-graph.Node-labelingIE,Branch-

labeling工I:andChoosingp-treeroutines,successsively･
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APPEND工XVI工SUBMATR工CES工NEq.(6-5.17)
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)((りc-''-c-iり2)(C;1゛%2CD‰)'1}(1“ち/気)
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APPEND工XⅦI].SUPPLEMENTOFSECT工ON6-6

Lemma

工fD°>∂and亡

穴刀>∂

∂くalcos&t

j<t2″thefollowinginequalitieshold.

jZ°os?,t^-
りﾁWjT7iJs£η6tjs£nU,

Proof:Sineeα>∂anda>l,weobtain

a{oos^t
j°osBt^-白十Ty≒ﾘsinBt

Bて

Thefollowingequalityholds.

aiaos^t 丿'QsB右2‾臼子T
y≒

'
6て

)si.nS>t

=~ に2‾tj/で{臼ﾁﾁ)aosS'(t

Wedefineg(x)as

g(x)=e
x/x
{りﾁﾞﾃﾞ加･ssに

6T

wherex=t^-t°

LetusdefinegjZ(x)as

91(功゜♂Z1{白十

thenweobtain

-
62T2

^sinQt

}くj

}>∂

?ぞれSり}

ﾁりJ｀詐゜゜sBはj‾りy}

1十七

)_余｡

sT

2ﾉ‾こず
≒四゜sS,x}･

6て

osBz}｡

M

M

∂

∂

月

幻

g(x)>g(x)andg.(o)゜j'

Differentiatinggﾊﾞ幻withrespecttoらweobtain

g1(功=e゛Zl{手臼ﾁﾌぐﾗﾉｰ六/77ぐ元で-r)aos(&x-hQ几

where亡αが

Thereisnovalueofa;suchthatg'(x)=O.sinceg＼(o)>0,we

obtaing[(:c)>∂.Thenweobtain

gj(x)<lfora;く∂‘
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Thentheinequality(A-8.2)holds.

Nextweconsidertheinequality(A-8.1).Wedefineh(x)as

hほ)=μ1)

=1-2{臼fPでiJ°゜s6rりfりJ‾詐゜゜sβ゛}゛゛/てﾁg2゛/T'

wherea;゜tj‾t'2｀

Letusdefine77ｼﾞ丿as

h1は)゜1-2{(1ﾁｻﾉ‾詐゜゜sBxie^+e

Thenweobtain

んj2ほ)<h(x)andh(0)>j°

DefferentiatingyZはﾉwithrespectto゛″weobtain

h'(x)=―e{e一臼ﾁPでiJ勺,/り子分J°゜s邱x+Q)},

where亡αれe=6て.

Weobtaina7

as

jsuchthatx/t゛'jy/り十分/COS(&X+Q)ismaximum

e゛j/7=りﾁWず卜F )sin(&町Z

Thenweobtainんj (a;
1

十ら).

ﾉく∂.Thereforeweobtain

hl(幻>jforx<0.

Consequentlytheinequality(A-8.1)holds.
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