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CHAPTER 1 INTRODUCTION

In analizing electro-magnetic phenomena, there are three steps
to carry out:
First step: Finding a equiValent network for a electric
"apparatus.
Second step: Finding equations describing the network.

Third step: Finding the solutions of the equations.

This paper is mainly concerned with the second step. The first
and the third steps are considered to a small extent.

For networks which contain linear passive resistors, inductors
and capacitors (RCL networks), Emeritus Proffesor S.Hayashi
showed a method of formulating a set of equations, which be
called thevfundamental equations.' The variables in the fundamen-
tal equations are the voltages across the capacitors and the
currents through the inductors. The fupdamental equations are
simultaneous differential equations of the first order. However,
they are not always independent.

In 1950's, the description of a network by means of the state
equations,

x=Ax+Bu,
is proposed for RCL networks by T.R.Bashkow. After that, a great
many studies on systematic formulations of the state equations
for various networks are published. It is called state variable
approach to network analysis. The state variables are closely
relative to the network topology. The state variable approach
is convenient for computer-aided network analysis.

In Chapter 2 - 5, the state variable approach to various
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networks is studied. 1In Chapter 2, the state variable approach
to RLC networks is described for later use.

In Chapter 3, is studied systematic formulations of state
equations for linear, reciprocal, passive, time-invariant networks
with mutual coupling elements. Tﬁese networks are equivalent to
those which contain resistors, inductors, capacitors, ideal-
transformers and independent sources (RCLT networks). The prop-
erties of the state equations are also studied.

In Chapter 4, are studied the solvability and a systematic
formulation of the state equations for linear, nonreciprocal
passive time-invariant networks. Theée nétworks are equivalent
to those which contain resistors, capacitors, gyrators and
-independent sources (RCG networks).

In Chapter 5, the solvability and a systematic formulation of
state equations for linear, active, time-invariant nétworks
(active networks) is presented.

In Chapter 6, networké containing periodically operated
switches are considered by use of the results of Chapter 2 - 5..
The networks have important applications. These networks are

studied from a point of view different from that by S.Hayashi.



CHAPTER 2  STATE VARIABLE APPROACH

2-1 INTRODUCTION

In this chapter, graph theory and its terminology necessary to
the state variable approéch of lumped networks are described. A
formulation of explicit state equations of linear passive lumped
networks cotaining resistors, inductors, capacitors and independent
sources as network-elements .(so called RLC networks) is described,
as a preparation for formulating explicit state equations of more

general linear lumped networks.

2-2 NETWORK AND GRAPH

Consider a lumped network, then the graph of the network is
obtained by replacing each lumped two terminal element with an
oriented branch. The graph obtained from a graph ¢ by contracting
a branch b"a set of branches S"@ is denoted by GI[b]1"G[S]". The
graph obtained from G by deleting a branch b"a set of branches S"
is denoted by G{b}"G{S}". The graph obtained from G by contracting
a branch bl“a set of branches 51“ and deleting a branch b2"a set
of branches SZ" is denoted by G[b17b2}"0[51752}"'

A branch of a graph corresponding to a capacitor"resistor,
inductor, voltage source, current source" is called a capacitor-"
resistor?, inductor- voltage source-, cufrent source-" branch.

A network and its graph are, respectively, denoted by ¥* and

G*. The graph[voltage souce-branches;current source-branches} is

denoted by G, and its corresponding network is denoted by ~¥.

@ The repetition of the (dual) sentence is avoided. The word in

are to replace their preceding words in the (dual) sentence.
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Tﬁe rank"nullity" of G is dénoted by r(G)"u(G)".

A tree and its corresponding cotree are denoted by 7 and T,
respectively.

A branch of 7"T" is called a twig"a link".

A fundamental loop"cut-set" uniquely determined by a link 1
and some twigs"a twig ¢ and some links" is denoted by loop(l)"cut-
set(t)"

An (i,j)element of a matrix A is denoted by a(Z,J). The cofactor
of a(i,j) is denoted by Cof.4A(i,j). The Qeterminant of A is denoted
by |A].

Let B and ( denote basic loop and basic cut-set matrices,
respectively, then nonsingular majar submatrices of B"Q" are in
one to one correspondence with cotrees"trees".

A graph is assumed to posses n, nodes and ny, branches. &
fundamental loop matrix of G for a tree T is written as

B=[1,F], (2-2.1)
where the matrix is a p(G) an matrix, 1 indicates the unit matrix
of the order pu(G) and F is known to be a unimodular matrix.
Similarly, a fundamental cut-set matrix of ¢ for T is written as

Q=[-F',11, (2-2.2)
where the matrix Q is an »(G) an matrix and 1 indicates the unit
matrix of the order r(G).

The matrix F is called the characteristic part of a fundamental
matrix for a tree T. Every row"column" of F corresponds to a link
"a twig". _

The i-th row"the j-th.cblumn“ of a matrix A is denoted by a (%)
"a{j}". |

If by exchanging a link Zl with a twig t1 for T, another tree,
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T-t1+ll, can be obtained, such a branch-exchange is called the
elementary. tree-transformation. A tree, T1=T-(t1+---+tm)+(11+---

+Zm), is a tree obtained by m elementary tree-transformations

from a tree T.

Lemma 2—2.1

Assume that the fundamental loop matrix B"the fundamaental cut-
set matrix Q" for a tree T is given by B=[1,F]"Q=[-F',1]". 1If a
tree TZ is obtained by m tree-transformations from T such as T1=T-

LI Y e o e 3 " " : 2
(t, + +tm)+(11+ +1,), and #he matrix [B],Bz] [Q],Qz] is obtained
by permutating columns corresponding to ti and Zi {i=1,+++,m} of
B"Q", then .next equality holds,

12,

Proof: If the matrix B is written as

By |=(-1)", (8-2.3)

B=|1, 2Ggqs° " tsag, (2-2.4)
« 0 . .
0 L] L] .
1,au1,°'°,aur
then Q is written as
Q: _all,ooo,_aul,l’ (2-2.5)
L L] 0
_alr’ ’-aur’
where a..=*x1,0.
14

Then thé matrices B] and Q2 may be written as



,**",a

.o
ks

1,1’
2

s=0s _5° -a
i,r
1

Then the following equality holds

1Q2||B]l= -a;

e e oo
S5

15 (2-2.6)

(2-2.7)

a. .
1mJ1



=(-1)".  (2-2.8)

Q.E.D

The number of elements which are contained in a set S is denoted

by |s

The set of twig-"link-"capacitor-branches, twig-"link-"resis-
tor-branches and twig-"link-"inductor-branches are, respectively,

denoted by T(C)"T(C)", T(R)"T(R)" and T(L)"T(L)".

Definition 2-2.1
A normal tree (as denoted by TN) for an RLC network is a tree

of G such that |7(¢)|+|T(L)] is a maximum.

2-3 STATE EQUATION

Assumption A
In G*, there exists neither loop composed of only independent
voltage source-branches nor cut-set composed of only independent

current source-branches.

In a network which does not satisfy Assumption A, the Kirchhoff's
voltage"current" law may not holds. 1In the Kirchhoff's voltage
and current laws hold in this network, the voltages"currents" of

independent voltage"current" sources in such a loop"cut-set" are



lineﬁrly dependent. The.network obtained by deleting"contracting"
any one independent voltage"current" source in the loop"cut-set" -
is equivalent to the original network. Its graph satisfies
Assumption A. Then consider an RLC network which satisfies
Assumption A.

Let v and i denote the branch voltage and the branch current
respectively. The Z-th componehts of v and i are voltage across
the i-th branch and current through the <-th branch. Let a
fundamental'lbop and a fundamental cut-set_matrices for a tree T
be B and Q, then the Kirchhoff's voltage and current laws state

Bv=e ' (2-3.1)

Qi=j, (2-3.2)
where e is a loop source voltage vector, the i-th component of
which is the algebraic sum of source voltages appearing in the i-
th fundamental loop, and j is a cut-set source current vector, the
k-th component of which is the algebraic sum of source currents
appearing in the k-th fundamental cut-~-set.

The relation between branch voltages and branch currents may
be represented by

Yv=1Zi, . (2-3.3)
where Y and Z are diagonal matrices. The each (k,k) component

of Y and Z is specified as follows.

y(k,k)=1, z(k,k)=rk for a resistor-branch
y(k,k)=0kp, za(k,k)=1 for a capacitor-branch
ylk,k)=1, z(k,k)=Lkp for an inductor—branch,

where p=z=d/dt.
Eq.(2-3.1),(2-3.2) and (2-3.3) may be written as a matric

equation:



B Of|v|=]|e]l, (2-3.4)
o q|li] |
Y -Z 0

which is called a network equation. The coefficient ﬁatrix is
denoted by 6(p).

It is known that if and only if the matrix 6(p) is nonsingular,
Eg. (2-3.4) has a unique solution. The unique solvability of
network means that Eq. (2-3.4) has a unique solution. Whether the
network has a unique solution or not is the problem on network
solvability. .

The next theorem has already obtained.

Theorem 2-3.1

An RLC network which satisfies Assumption A has a unique
solution. -
Definition 2-3.1[1]

The natural angular frequencies of a network are defined to be
the roots of the characteristic polynominal of 6(p). The number
of these natural angular frequencies (denoted by o) is called
the order of complexity of the network.

Theorem 2-3.2!1!
The order of complexity o of an RLC network is given by

o=|T,(C)[+|T,(L)]. _ (2-3.5)

A method of formulating the state equations of RLC networks
[2] [31]

been already given Let us descrive it briefly for the



studies in latter chapters.
The branch voltages and currents may be, conveniently,

partitioned as

VEivg i=ligf, (2-3.6)
VR ip
A7 i
Ve e
Ve i
Vr i

where the subscripts S, R'and L denote link-capacitors, link-
resistors and link-inductors, respectively. The subscript ¢, G
and I denote twig-capacitors, twig-resistors and twig-inductors,
respectively. |

The characteristic part of a fundamental loop matrix for TN

may be represented by

F 0, 0 _ (2-3.7)

SC"
FRC’FRG’ 0
FLC’FLG’FLI‘

The relations between branch voltages and currents can be

expressed as

Cys 0]d_|vgl= ig|» for capacitor-branches (2-3.8)
dt

0 ,C Vo s

R], 0 iR Vgl for resistor-branches

0 ,62 Ve iz

L], 0ld |i.|l=|v,], £for inductor-branches,
az L L

0 ,L2 ip Vr

where the matrices C], 02’ R], GZ’ L] and L2 are diagonal.

From the Kirchhoff's voltage and current laws, we obtain
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Vel-leg|= - FSC’ 0,0 Ve (2-3.9)
Yr| |®r FreoFre O | |Ve

MARNRS FresFre Frrllvy

ie|=[3e|*|Fsc>FreFrcl| s  (2-5.10)
el 3¢ 0 >FpeFrel|ir

Tpl Hpl 10, 0 LF 01,

where the loop source voltage vector e and the cut-set source
current vector j are partitioned (for example, the k-th component
of €q is the algebraic sum of source voltages appearing in the
loop(the k-th link~capacitor branch)).

Eliminating voltage gnd current vectors except Vo and iL from
Eq.(2-3.8)n (2-3.9) and (2-3.10), we obtain a differential state

equation as

X = Ax + Bu, (2-3.11)

where x = Vo u= jC (2-3.12)
iz ig
A=le™t, 0 ||-y . H i
0 ,L'l -H',-2 ey
€k
€L
B=|c™7, 0 ]’FécR_JFRGGEI’ o écclg?’
o t7lo  -Fe7l L-F LS, 0,
ok 0
-Fr - reR1>1
y=F§cE-1FRc | zzFLGg-lFia
H=F£0'FRCB_1FRGG§1FiG
C=Cr*FscliFse L=Ly#F ploFrp
B=Ry+F o 651 Fh e g=Go+F p R F g

11



Propérty 2-3.1

The matrices €, L, R and g are positive definite.
Proof: Consider the matrix €. From Eg.(2-3.12), it is rewritten
as

0=|'Féc’” Cis O||-Fgel- (2-3.13)

1

0 ,C2
Then, the matrix € may be positive semi-definite. The first
matrix of the right hand side of Eq.(2-3.13) is a fundamental cut-
set matrix of G{R,L} and the last matrix is a transposed matrix |
pf the fundamental cut-set matrix. Therefgre the determinant of
¢ is given by

lc|= (tree-capacitance product in G{R,L}).

gll tree
Since |C|#0 from this expansion, the matrix C is positive definite.
Since the matrices L, R and g are of the same form as €, they are

positive definite in similar way.

Nonsigular B and g guaranéee the existence of a hybrid matrix,
whose rows correspond to the currents through the capacitors and
the voltages across the inductors, and whose columns correspond
to the voltages across.the capacitoré and the currents through
the. inductors. Nonsingular ¢ and L guarantee that the state
equation (2-3.11) has a unique:solution. The above discussions

are essential to deriving state equations.

Property 2-3.2
Let h(i,j) denote an (i,j) element of H, then the absolute

value |h(i,j)| is not more than 1.
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Property 2-3.2 is a result of the non-amplification property
of a resistive network. Here another proof is given.
Proof: 1In order to obtain the value of h(iZ,j), consider the graph
Gij=G[all capacitor-branches except Ci’ all inductorHSranches
except Lj}' where Ci and Lj are twig-capacitor and link-inductor
corresponding to h(i,j). The graph Gij may be separable, that is,
it may have more than one non-separable component. When Ci is not
in the component where Lj is, h{i,3)=0. When Ci and Lj are in one
component, consider the possibility of a normal tree in Gij such
that c; is not in the Zoop(Lj). But such a normal tree can or
cannot be chosen. Consider the case where such a tree does not
exist. Then, if both fRC{i} and f .(j) are nonzero, the elements
of FRG corresponding to nonzero fRC{i} and fLG(j) are zero. For
if they were nonzero, a normal tree with the above-mentioned
property could have existed. .Then we obtain

fro (iR TR, 651F1 {j1=0. (2-3.14)
Eq. (2-3.14) holds evidently in the case where fRC{i} or fLG(j) is
zero. Since ¢ is in the Loop(L.), |h(i,j)|=1 in this case.

Consider the case where there exists a normal tree for which
C; is not in the Zoop(Lj). Let Nij dénote the corresponding 2-

ports of Gij as shown in Fig.2-3.1. Let T denote a 2-

213,13
tree, where the nodes ¢ and j are in one connected part and the

nodes 7' and J' are in the other connected part. Let Wij g7
. 2

denote the sum of 2-tree admittance products corresponding to 2-

trees T The relation between voltages and currents of

2ij,4'g""
the 2-ports Nij is assumed to be

(2-3.165)

13
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[ SN

(?____
Resistance :
Network
o—

Fig.2-3.1 The corresponding 2-ports of Gij'

From Eq.(2-3.15), the element h(Z,j) is described as

The topological formula[4] leads
P Wi argrWige, gorg/ vy
. .=W. . V(Y
g5, 57V (Y
where V(Y) denote the sum of tree admittance products and Wj it

the sum of tree admittance products corresponding to trees T

where the node j is in one connected part and the node j' in the
other connected part. Since

W =W +W W .

PR R AT BT EIAT A CPAF SO R T AP L &
we obtain
Lal< r, . hi(i,g)|<1.
ESARIESN |h(i,4))
Consequently, we obtain
|n(i,d)|<1, ' (2-3.17)

where the equal sign holds if there is no normal tree for which

the branch C, is not in the Zoop(Lj).

14
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Property 2-3.2 does not hold in RLCT; RCG and active networks.
Property 2—3.3[l]
If the derivatives of input functions appear in thé state
equations, there exists at least one loop which consists of
voltage source branches and-capacitor branches only, or at least
one cut-set which consists of current source branches and inductor
branches only in G¥*.
Property 2—3.4[5]
If‘there exists at least one cut-set which consists of capaci-
tor-branches only, or at least one loop which consists of induc-
tor-branches only in G, the matrix A of the staté equation is

singular.

15



CHAPER 3 RLCT NETWORK ‘Y’

3-1 INTRODUCTION

A network considering in this chapter contains, as the network-
elements, only resistors, inductors, capacitors, ideal—transform-.
ers and independent sources. Furthermore it is assumed to satisfy
Assumption A in Chapter 2. The network is called an RLCT network
N*,

Several papers on the solvability of RLCT networks have been

published[61[7][8].

A necessary condition for the solvability in
a graphical sence has been given by [6]. Different from the case
of RLC networks, however, solvability conditions depend not only
on network-topology, but also on network-element values. A neces-
sary and sufficient condition for the unique solvability is that
the coefficient matrix of the network equation is nonsingular.
In this chapter, a nedessary and sufficient condition which
depends on network-topology and turn-ratios of the ideal-trans-
formers is given.

An explicit form of state equations of RLCT networks is given
in [6], however, the process of deriving them is not discussed.

In Section 3-2,the magnetic and the electric properties of the
multiwinding ideal-transformers are studied.

In Section 3-3, the problems on solvability and the order of
complexity are studied. |

In Séction 3-4, the explicit forms of state equations are

formulated.

16



3-2 MULTIWINDING IDEAL-TRANSFORMER

Consider an ideal~-transformer five-port as shown in Fig.3-2.1,
where two of the ports are conected to two inductors and the rest
are free. Let v and i denote the voltage- and current-vectors of

free ports. Then we obtain

vt Ak i Al s .
v=K AKdt1éMdt1, (3-2.1)
where K= kll’k12’k13 A= Ll’ 0
k21’k22’k23 0 ’LZ

The matrix M may be considered to be an inductance matrix of a
mutual coupling inductor.

Consider a mutual coupling inductor whose inductance matrix is
represented by an nxn matrix of the rank »r, which is denoted by M.
The matrix M is known to be symetric and positive semi-definite,
therefore it is represented by

M=K'AK, (3-2.2)
where A is an rxr positive diagonal matrix. The matrix K is an

rxn matrix whose elements k(i,j)=0, if <>j and k(i,<)=1.

- g

1 >K,, 1j Kz Kz
3 %
% % '

1 2' 3

Fig.3-2.1 Example of ideal-

transformer five-port.

17



Consequently a mutual coupling

inductor is equivalent to an ideal-

transformer n+r-port, where r port ¢ ; 3

are connected to r inductors and =

ports are free. For example a mu- “ H

tual coupling inductor which is »

characterized by 3x3 inductance A\ .

matrix of rank 2 is equivalent to %EH

a network shown in Fig.3-3.2. L' /
Therefore an RLCT network may 3 j% 2

be studied in stead of a general

passive reciprocal network with mu- Fig.3-2.2 Equivalent net-

tual coupling inductors. work of mutual coupling

. . inductor characterized by -
Consider the electric and mag-

3%X3 inductance matrix of
netic properties of multiwinding rank 2.

ideal-transformers. The magnetic

property of multiwinding ideal-transformers can be characterized
by magnetic graphs. For examplelthe magnetic graph of the multi-
winding ideal-transformer shown in Fig.3-2.3(a) is that in Fig.3-
2.3(b).

The magnetic graphs represent the magnetic circuits. Since
ideal-transformers can be regarded as unity coupled inductors of
infinite inductance, we have

Q=0 | |

BM§=0, ‘ ' (3-2.3)

where ¢ and § are the branéh—flux and the branch-magnetomotive

force .vectors, respectively. The matrices QM and BM are fundamen-

. tal cut-set- and the fundamental lqop matrices derived from the

18
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81}
VvV VvV
6 )
3 3

(a) (b)

Fig.3-2.3 (a) Five winding ideal-transformer. (b) Its

magnetic graph.

magnetic graph M. Let Vi and iI denote the port-voltage- and the
port-current vectors of ideal transformers. Let K denote the
diagonal matrix that specifies turn-ratios of ideal-transformers.

Then we obtain

_vd d , _,-1
VI_KZ?w or Z?w—K Vr
E=KiI
K=diago{k1,-°°,kn}. ‘ (3-8.4)

Eq. (3=-2.3) and (3-2.4) lead us to
-1
Quvr=0  QuaQK
Bw1I=0 BwéBMK (3-2.5)
Since the matrices BM and QM are ,respectively, written as
BM=[]’FM] QM=[-FM’]]’
where FM is the characteristic part of the fundamental loop

matrix derived from the magnetic graph M. Eq.(3-2.5) becomes

~1

= | ! '
Vi KtFMKZ v,aMty

[/
19



L =1 . .
i,= KZ FMKt1té-M1t, ‘ (3-2,6)>

where =y

Vi
Ve

The subscripts I and t denote links and twigs, respectively, of

I

the magnetié graph M.

Consider the electric property of an RLCT network. It can be
characterized by an electric graph G which is obtained from an
RLCT network by replacing each of two terminal elements and each
port of ideal;transformers.with a branch. For example, the elec-

tric and magnetic graphs of the RLCT network shown in Fig.3-2.4(a)

are in Fig.3-2.4(b) and (c), respectively.

(a)

Fig.3-2.4
(a) RLCT network
(b) its electric
raph
g ]2
(c) its magnetic

graph. (e).
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In electric and magnetic graphs (G and M), every branch in ¥
corresponds to a branch in G. However only every transformer
branch in ¢ has one-to-one correspondence with that of M.

we define

pefinition!®) 3-2.1
A proper tree Tp of an RLCT network is a set of branches which
forms a tree in its electric graph G. Besides the transformer

branches in the set form a tree in its magnetic graph X.

Consider an algorithm of selecting a proper tree of RLCT net-

" " 3 ” n
works. Let SGJ SGZ denote a set of all branches in Gl 62 .

Definition 3-2.2

A common tree is a tree in two graphs ¢, and G, where each

1 2
branch in Gl has a one—t01ohe correspondence with a branch in GZ'

=5 oA

tee. 551755085

Selecting common trees have been given in [10] and [11]. They
may be summerized as follows. Let TJHTZ" denote a tree of 01"62".
Then we obtain

TJUT2=T2U(T1nT2). (3-2.7)

Since TZA(TIAT2)=¢, we obtain
]TJUT2|=|712|+|T[\T2]. (3-2.8)

Since [T NT,|2|T;|(or |7,]) and |T,| is constant, if and only if

|7 T is maximized. Since T, is identi-

2l 2] 1

cal with T, if and only if ITj/T2|=|SG|' the algorithm is one of

maximizing |7V T,|, instead of [T NI,

is maximized, |Tﬁ)T
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Modifying the above common tree algorithm, we obtain an
algorithm of a proper tree in RLCT networks.
Let SG"SM" denote a set of all branches in G"¥". The set SM
. n [1]
G’ that is, SG SM. Let TG TM denote a trée of
G"M". Corresponding to Eqg.(3-2.7) and (3~2.8), the following

is a subset of S

equations hold.

TGU M=TGU(TGHTM) (3-2.9)
|TGlJTM|=|TGIf|TGnTM|
;U(G)+r’(M). (3-2.10)

By use éf the common tree algprithm, trees TG and TM such that

|TdJTM| is maximum can be chosen. If T, is a proper tree, it is

necessary that TGATM=¢ and T, TM=¢ as shown in Fig.3-2.5{(a). 1In
- . R . . m r\ -

general, T T, #¢, even if |TdJTM| is maximum and T ANT,=¢.( as

shown in Fig.3-2.5(b).) Therefore ITGUTM[ is maximized by the
common tree algorithm, and then if T NT,=¢, ITGUTM| is maximized

by its dual algorithm. If TdJTM=¢’ TG is a proper tree.
Se | 36

®

(2) | A (b)

Fig.3-2.5 Venn's diagrams. (a) TG is a proper tree.

(?) |TGVTM| is maximum and TGﬂTM%¢.
Let us obtain a proper tree of an RLCT network whose electric

and magnetic graphs are given in Fig.3-2.6 Assume that T, and TM
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3

(a). (b)

Fig. 3-2.5 Example. (a) Electric graph G.
(b) Magnetic graph M.

are initially as TG={3,4,5,6} and TM={1,3}. By the common tree

algorithm; T, and T, such that |TGUTM| is a maxiﬁum are obtained
as TG={2,3,4,5} and TM={1,3}. From these, leJTMl is maximized,
and then a proper tree is obtained as Tp¥{2,3,6,7}, where TG=Tp

and TM={2,3}.

Let us define a proper tree giving the order of complexity.

Definition[6]3—2.3
A maximum proper tree Tpmax of an RLCT network is defined to

be a proper tree having maximum (ITp(C)|+|Tp(L)|).

3-3 NETWORK EQUATION AND SOLVABILITY

A network equation of an RLCT network is given by
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(L) (M) (L) (M)

0(p)|ilal Qs Qs O 5 O [[igl=]3d]> (3-3.1)
v o,o,BZ,BMﬁM e
Z,0, -Y,0 ||vg] |0
0,8, 0,0 [[lv,llo
OQO’OSQW

where the subscript ¥ and I denote the ideal-transformers and the
network-elements except the ideal-transformers, respectively.

The matrix QAIQZ,QM|"BALBZ,BM|" is a basic cut-set matrix"a basic
loop matrix" in the electric graph. .

The next theorem is given in [6].

Theorem 3-3.1[6]

A necessary condition for an RLCT network to have a unique
solution is that there exists at least one proper tree in its

electric graph.

The proof of theorem 3-3.1 is not given in [6] and therefore -

we give one here.

(proof) By the Laplace expansion of det|6(p)|, we obtain

detle(p)|=239n(52)'sgn(sr)I[QE’QM]lSzuSIl[BE’BM]Igﬂjgr

XIZ;'YIEZ:SzlBW'SIIQNISI’ (3-3.2)
where
SZ: A subset‘of SG-SM
SI: A subset of SM
32: S.-Sy=S; ‘
EI: 5,5
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" - W 3 -
l[QZ’QM]ISZUSI I[BZ’BM]Iéﬁjsr The determinant of the sub
matrix which is composed of the columns of [QZ’QM]"[BZ’BM]" corre-

sponding to SZUSI SfJSI .
|Z;-Y|§ .5~ The determinant of the diagonal matrix whose ele-
L°7Z
ments of Z corresponding to 32 and those of -Y to SZ'

since det|0(p)|#0 if the network has a unique solution, there

exist SZ and SI such that

|[Q;,Q,]] [[BysB, 1z =z IBylg [Qulg # 0
I’°M Sfjsr LM Sf)SI W SI W SI ?
that is, SZUSI is a tree in ¢ and 5, is a tree in M. Consequently

SZUSI is a proper tree.

Q.E.D.

Theorem 3-3.2'°]

The order of complexity of an RLCT network is not greater than
I
the sum of the number of capacitors in any maximum proper tree

and the number of inductors in its corresponding cotree.

Above two theorems are obtéined in considerations of network-
topology. However, solvability of én RLCT network, that is,
whether it has a unique solution, depends upon not only network-
topology but also network-element-values.

Consider how the network element-values affect network solv-
ability. Assuming that a proper tree Tp can be obtained, we have
the fundamental loop and cut-set matrices as

B= FLT’]’FLt’O (3-3.3)

Fops0sF s
= _F! -
Q" ]9 FLT’O’ F

-F!
0, FLt’

3

'
1T

1
]’_Flt
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where the subscript L"7T" denotes the links"twigs" in Z. The sub-
script 1"e" denotes the links" twigs" in ».

Let Tp(Z)"Tp(M)" denote the subset of Tp excluding the ideal-
transformer-branches"Tp-Tp(Z)". Then the coefficient matrix may
be written as

T (L) T (E) T T T 7 T T (n
p( ) p( ) p(M) p(M) p(Z) Tp(;)_ p(M) Tp(M)

0, (p)=| 1 .-FLi ., 0 ,-Fl., ) ,
0 ,-Fl,» 1 ,-Fl, .
. Foos LaF,» 0
Fops 05 Fy s 1
2., 0, Y., 0,
oT, z, 0 oT . =Y 0
L L
0, O0,FK, K, », 0 , 0, 0, 0
o, 0, 0, s 0, 0, K LRk

(3-3.4)
where the ﬁatrix ZL"ZT" is a diagonal matrix whose diagonal ele-
ments are those of Z corresponding to the links"twigs" of Té,
and the matfix YL"YT" is a diagoﬁal matrix whose diagonal elemeﬁts
are those of Y corresponding to the links"twigs" of Tp'

Consider the term in the Laplace expansion of dethOS(p)l cor-
responding to TP(E). It is rewritten by |

_ ] -1 '
6 =alZ |1V | 1K, +FyK FY L] IKD #FhK

Mt 1¢
0

T (L),
p( )

-1
0s P p (1) 1 Frel

AaIZP||YT[a (3-3.5)

where a=#*1.

consider the term in |@ S(p)l corresponding to another proper

0

tree Tpl By exchanging the rows and columns of GOS(p), it

becomes
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Tpl(z) sz(Z) TpZ(M) TPZ(M).TPJ(Z) TPJ(Z) Tpl(M) TPJ(M)
01()= |19 » 4% - 40 - 40 0 g
1% 1% 1% s 4% s
187 0 B2 o 1B 0 1By
0 135 ’ 186 ’ JB7 ’ JB8
JzT ’ Z 0 floT ’- ’ 0
s 7L, *T1'L
0 1Bue 2Bz 0
0 0 Qe > Qg
(3-3.6)

where the matrix ZZL"ZZT" is a diagonal matrix whose diagonal

elements are those-of Z corresponding to the links"twigs" of T

. p1°
The matrix JYLHJYT" is a diagonal matrix whose diagonal elements

are those of Y corresponding to the links"twigs" of T The

pl°

matrix JQ"JB" is obtained from Q"B" by exchanging columns, and
1851797559595,

ZQ5’1Q6’1Q7’1Q8

1B7|1B727852 485578,

185’186’187’184

Assume that sz is obtained from Tp by m,

among the branches of I and ny tree-transformations among the

tree-transformations

branches of ¥. The matrix 61(p) is obtained from OOS(p) by m +n,
row—exchanges and 2m1+n2 column-exchanges.
By the elementary transformation, el(p) is transformed to

6,.(p) as
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Tpl(Z)_Tpl(Z) Tpl(M) TpZ(M) Tpl(Z) Tpl(Z) Tpl(M) T

pl(M)
0,s(p)= VosegFrr s 0 mgFpy 0
0 -sFze o To-gFae
0 JFLT ’ 1 ’JFLt ’ 0
lFlT ’ 0 ’lFlt ? 1
1lp s O 0 “¥p o 0 0
0 . ;i 0 » =1¥g
0 LS TIELY" 0
0 0 1K31 ’ zFﬁ'zK;]

(3-3.7)
where 1F°° denote tﬁe submatrices of'the cha;acteristic partvof
the fundamental loop matrix for the tree T 1 (associated with the
subscripts). The matrixllKl"th" is a diagonal matrix whose
diagonal elements are those of K corresponding to the links"twigs"
of Tpl(M)'

The term in the Laplace expansion of detlels(p)l corresponding
to Tpl(Z) is written as
[els(p)lTp1(2)=allleIJYTI|1K1+1FM'1Kt'1Fit|
x|1K;]+1Fﬁ'1K;]'1F1t[
aal,z |1, a7 e (3-3.8)
| Let us compare Iels(p)IT L(E) with IGOS(p)IT L(E) which is the
term in the Laplace expansion of detlels(p)l corresponding to

TpZ(Z). From Lemma 2-2.l1, we obtain

3m_+3n m.,+n
|°os(P)|Tp1(z)=('1) 1710 -1)" 17110, (P) g L()
=|015(p)lTp1(z)o _ (3-3.9)
The term aé (%) is written as
pl
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Fye K e R xVeF

1
ar MoK 2 Frel K +5Fpe1K; "1F1el

(Z)‘lz ‘1 1

-1 1
|]+ JFM JKt 1F1ItI

-1
x|1+1 16 1X7 1 ue oK, | (3-3.10)

From Lemma A-3.l1, we obtain

=1 K, 11K, |

1 - - ] [ 2
ap 1(2)‘|1K1| L P A TLI ITLIASLa
~1x1-1,2 .-
—IKl gl(kl’k2’ ,klMI): (3-3.11)
where gl(kl’kZ’ ,kIMI)—IJ 1 JFM ZKt 1 |, which is a polyno-
minal of turn ratios k.{i=1,2, > MY,

Only one proper tree Tpl obtained from Tp by tree-transforma-
tion is considered above, however, without loss of generality,

Eq. (3-3.9) and (3-3.11) hold for any proper tree. Then we obtain

Lemma 3-3.1°
If an RLCT network has at.least one proper tree, the determi-

nant of the coefficient matrix 8(p) in the network equations is

given by
lul
det|@(p)|=a m k;°[ = { T ¢;p I_Ry, n_I;p
i=1 Tom(T) €5 Ton(E) Ry Tom(Z) Iy Tpm(Z)
xg2 (k) k,, Ky M, (3-5.12)

where gm(kz,kz,-----,k l) is a polynominal of ki’ which is

| M

specified by the m~th proper tree Tpm'

From Lemma 3-3.l1, two theorems are obtained

Theorem 3-3.3
A necessary and sufficient condition for an RLCT network to
have a unique solution is that there exists at least one proper

. '
tree such that det|K1+FMKtFlt|#0

29



Proof: From Eq.(3-3.12), det|6(p)|#0 if and only if gi(kl,kz,--
* ] = . . ! ‘
,klMl)#o. Since g, ImK1+'mFM mKt mFltI’ then the theorem holds.

Q.E.D.

‘We have a sufficient condition depending on network topology

only, that is,

Theorem 3-3.4

A sufficient condition for an RLCT network to have a unique
solution is that there exists at least one‘proper‘tree Tp such
that ther exists no other proper tree which contains Tp(Z).
Proof: For a proper tree satisfying the above condition, I is
a monomial (not a polynominal). Then, gm#O.

Q.E.D.

Next, the theorems concerning the order of complexity are

obtained.

Theorem 3-3.5

If there exists a maximum proper tree T for which det|K1+

pmazx

FuK F! |#0, the order ofbcomplexity of an RLCT network is equal

MPBe 1t

‘to ITpmax(C)+Tpmax(L)

Theorem 3-3.6
If there exists no other proper tree which contains a maximum

proper tree Tpmax(z), the order of complexity of an RLCT network

is equal to lTpmax(C)+Tpmax(L)
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Some examples of networks for Theorem 3-3.4 - 3-3.6 are shown

in Section 3-5.

3-4 STATE EQUATION
In this section, a method of formulating state equations of
RLCT networks for maximum proper trees is studied.

The characteristic part of the fundamental loop matrix for a

maximum proper tree Tpmax of an RLCT network is assumed to be
given as
FSC’ 0, 0 ’FSt . i (3-4,1)

FRC’FRG’ 0 ’FRt

FLC’FLG’FLF’FLt

FlC’FlG’FIP’Flt

From the matrix (3-3.1), Kirchhoff's voltage and current laws

state,
“VstesTFscVe gV, o (a) (3-4.2)
'VR+eR=FRCVC+FRGVG +FRtvt ' (b)
Vpter=FroVetFreVetforvrtfpeye (¢
—V1+e1=FleC+FleG+FlFVF+F1tvt (d)
i 1 1 ' 1 . . _
To=3c™Fscis™FreirtFrein Ficis (a) (3-4,3)
3 T = 1 ' ) 1 .
temdeT FrelrtFreiotFich: (b)
. _ '
Tr=Jdr Frpiz*Firt; (c)
3 : = ] > (] . 1 . ' .
T3 e5Fged *Ppe® *Fped *Fpelys (D)

where e."j." is a loop source voltage vector"a cut-set source
current vector" associated with the subscripts.

From Eq.(3-2.6), (3-4.2d4) and (3-4.3d), we obtain
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-(K1+F1t )K VitFievettaevettirvroe; (3-4.4)
- 1 = t 2 ] ] » .
(K ¥FpeK 1FM)Kt P mFe igtFp dptF i 4, (3-4.5)

If Tpmax satisfies the conditions of Theorem 3-3.5, that is,

if the matrix (K +F1t . ﬁ) is nonsingular, then the matrix (Kt+

FitKlFM) is nonsingular from Lemma A-3.1. Then the vectors v,,

j and i  can be eliminated from Eq.(3-4.2) and (3-4.3), and

Ver g t

we obtain

{FSC StﬁFlC}vC-FStﬁFleG—FStﬁFlF r eS+FStMe (a)
r~(FrgFrelF lC}vC+{FRG-FRt 1G}VG RtMFlr p-eg*Fp,te, (b)
LR omFp N dv R oF ) WF ) by o+ (F Fo M v
-eL+FL£ﬁel (e)
(3-4.6)
To={Fger 1cMFét}is+{Féb FyoMFp i g#F] o 1cMFit}iL
+JC-FiC Jt (a)
1= Figh' Foeigt{Fhge iéﬁ'Fét}iR+{F£G'Ficﬁ'Fit}iL+jc'Ficﬁ'3
(b)
ip=-F RN FL i - F MU Fp i (F L -F ) M CLZIREIES B TS NN D
(3-4.7)
where ﬁ=M'(]+FltM')-].
If the matrix-products Fo MF ., Fo WF ., F. WF ., FUMFL, s
F}Fﬁ'Fét and F} M Fper in EQ.(3-4.6) and (3-4.7) are zero-

ﬁatrices, Eq.(3-4.6) and (3-4.7) are of the same form as Eg. (2-3.
9) and (2-3.10) in Chapter 2. Then a state equation of an RLCT

network can be obtained by the same procedure as in Section 2-3.

Lemma 3-4.1

The matrix-products F MFlG’ FStMFlF’ FRtMFlr’ F M F!

1 MY ED YRR o - :
FlFM FSt and FlFM FRt are all zero matrices for any maximum

St?
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proper tree,

Proof: Assume that a (p,q) element of FStMFlr is nonzero. Then

there exist m and Z such that

.fSt(p,m)M(m,i)flr(i,q)#O. (3-4.8)

If fSt(p,m)#O, there exist a link-capacitor-branch (denoted by
Sp) corresponding to the p-th row of FSt' fSt(p), and a twig-
transformer-branch (denoted by tm) in the Zoop(Sp) in the elec-
tric graph G. 1If flr(i,q)#o, there exist a link-transformer-
branch (denoted by Zi) corresponding to flr(i) and a twig-induc-

tor-branch (denoted by Fq) in the Zoop(Zi) in G.

Examine the relation between m{(m,i)#0 and the network-topology.
From Eq.(3-2.6), the matrix M is written as
~ iy =1
=M 1
M=M (1+F1tM )

=K_FAKTV(14F . K. FekT1y™!

t M1 1ttt M1
- -1
—Kch{[],Flt] Kl, o{11 |1}
)

0 ,Kt FM

éKtFI\',lKJ, (3-4.9)
where
K=[],Flt] Kl’ 0] 1 (3-4.10)
0 ,Kt FM

The matrices []’Flt](éBI) and\[],FM](éBM) are the fundamental

loop matrices of the electric graph G[Tp x(Z);T (Z£)} (denoted

ma pmax

by GI)_and the magnetic graph M.
If m(m,1)#0, there exist j and k such that
K (myd) (ks )K" (K, G040 : (5-4.11)
If kt(m,j)#O, m=j, since Kt is a diagonal matrix. If fM(k,j)#

0, there exist a twig-transformer-branch . in M, and a link-
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transformer-branch (denoted by Zk) in the cut—set(tm) in M.
Examine the network topology when k_l(k,i)fo. The value k_l(k
,1) is given by
kL (k,i)=Cof.K(i,k)/|K]|. (3-4,12)
Therefore it is rewritten as

Lk, i)=(-1)k*7

|B(£)KBy (k) |/ K], (3-4,13)
where BI(i) is the matrix obtained from BI by deleting the <-th
row. The matrix BI(i) is the fundamental loop matrix of the
graph GIiZi}. The matrix BM(k) is the fundamental loop matrix of
the graph M{Zk}. .

From the electro-magnetic point of view, the magnetic-motive
force of 1. is zero since 1, is deleted in GI{Zi}’ Therefore the
branch Zi in M may be considered to be contracted. The induced
électro—motive force of Zk is zero since Zk is deleted in M{Zk}.
Therefore the branch Zk in GI may be considered to be contracted.
Consequently, two graphes GI[Zk;Zi} and M[Zi;zk} may be consid-
ered for Eq.(3-4.13), which may be rewritten as

k+i

ik, =0-1)%* B k{i,k}B L 171K, (3-4,14)
. x

GI[Zk5Zi} MZ,;

where BGI[Zk;Zi}"BM[Zi;Zk}“ is the fundamehtal loop.matrix of GI[
Zk;zi}"M[Zi;Zk}"' The matrix K{Z,%} is a matrix obtained by
;emoving the i-th row and the k-th column from K. That k_l(k,i)#
0 leads to that there exists at least one proper tree in GI[Zk;Zi
} whose magnetic graph is M[Zi;zk}

Consequently, if fSt(p,m)m(m,i)flr(i,q)#o, there exist (1) a
twig—transformer;branch . in Zoop(Sp) ana a link-transformer-

(Z)—Sp}, (2) a

branch Zi in cut-set(Fq) in GIT pmaz

pmax(Z)qu;T

. link-transformer-branch Zk in cut-set(tm) in ¥, and (3) a proper
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tree TpI in G[Tpmax(Z)+Zk;Tpmax(Z)+Zi} whose magnetic graph is
M[Zi;zk}

From (3), there exists a proper tree represented by TpI+Fq in
G[Tpmax(Z) Fq+Zk, pmax(Z)"Sp+Zi} whose magnetic graph is M[Zi;zk}‘
Therefore from (1) and (3), there exists a proper tree TpI+Zk-tm+
Sp+li in G[Tpmax(Z)—Fq;Tpmax(Z)-Sp} whose magnetic graph is M.
Let T denote

prnew

TpnewéTpI+Zk_tm+sp+zi+Tpmax(Z)-Fq (3-4.15)
Then, Tpnew 1s a proper tree in (. Futhermore,

|Tpnew(0)+Tpnew(L)|>|Tpmar(C)+Tpmax(L)|, (3-4.16)
which contradicts that Tpmax is a maximum proper tree. Therefore

FgeMFyp=0. ‘ (3-4.17)

In the similar manner, it can be proved that the matrix-

N INII INII IA/II
products F MFlG’ FRtMFlr’ FlGM FSt’ FlFM FSt and FlFM FRt are
all zero-matrices.

Q.E.D.

From Lemma 3-4.1, Eqg.(3-4.6) and (3-4.7) become

vS-eS=-FSCvC (a) (3-4,18)

Ve €= FreVoFreVe ‘ (b)

Ve T v v (e

._.\"’."’,. ' _

1omdoFaeigtFhoiptFioly (a) (5-4.19)

._a-=,."',.

-7, ?RG1R+FLG1L (b)

s~ T s

ip-Tp=Frriss (e)
where

Fse™FscFseMics FreFreFreMfics Fre™Fre~FreMfig
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LN I~ S~

e

Fre“freFoefier Fre™Frefrefiee For™For-Frear
s - =~ = ~ =~ = ~
es = €g FStMe ep ep FRtMe e, e, FLtMe

. - o _Et T _E!

Ig = d¢- 1cMJ Ig = dg FlG Jp» Jp = 3p-F oM

Eq.(3-4.18) and (3-4.19) are ones where F.. are replaced with
F.. in Eq.(2-3.9) and (2-3.10).

Since the voltége vs current relations of the network-elements
are specified by Eq.(2-3.8), a matric form of state equations of

an RLCT network may be written as

x=Ax+Bu, : (3-4,20)
where
x=|va|». A=|c”', O||- ¥, H
i 0 ,L_] -HY -
B=|c” ", 1 FRCR Fae® 515 0 LFhcCy F;cﬂ;] 0
o ' lo, Tl L Foplpe 0 oFopg ' FhoRpST
uslig|s  €=CprFg CFgpn oLyt pLoF Ly
b y=F}cR—]?ﬁc’ 2" ?fcg-]FEG
3 H= ~Lc Fch ]Féc 1?50 ’
e Ry+Fps07 Fagr 9705 FagRy Fro
ER
€

In an RLC network, Property 2-3.1 - 2-3.4 hold. In an RLCT

. I
network, consider properties of state equations.

Property 3-4.1
The matrices €, L, R and g are positive definite unless there
are no special relations among the network-element-values.

Proof: Since the matrix € is rewritten as
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= ~F1 » -
c=[1, Fsc] Cz’ 0 1 R (3-4.21)

0 ,C-I

“Fsc
which is positive semi-definite. Since there are no special
relations among the network-element-values, |C|#0. Then, € is
positive definite. Similarly the matrix L is positive definite.
Similarly the matrices R and g can be proved to be positive

definite.

Q.E.D.

A property similar to Property 2-3.2 does not hold since
there may exist elements of’?ic whose absolute values are greater

than 1.

Property 3-4.2

If the state equations contain derivatives of input functions,
there exists at least one set of branches which consists of
capacitor-branches"inductor-branches" and voltage-source-branéhes
"current-source-branches" only, which is the ring-sum of some
loops"cut-sets™ in B—S—graphs@ of G*{all resistor-, inductor- and

current-source-branches} and M"S—B—graphs@

of G*[all capacitor-,
resistor- and voltage-source-branches] and M.
Proof: See Appendix V.

Q.E.D.

Property 3-4.3
If there exists at least one set of branches containing

capacitor-branches"inductor-branches" which is the ring-sum of

@ See Appendix V.
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some cut-sets"loops" in S-B-graphs pf G[all resisitor- and
inductor-branches] and M"B-S-graphs of G{all capacitor=- and
resistor-branches} and ¥", the matrix A of the state equation is
singular.

Proof: See Appendix V.

3-5 CONCLUDING REMARKS

Based on proper trees, the problems on the solvability-
conditions and the formuiation of state equations are discussed
in the previous sections. The networks without proper trees are
ones which do not satisfy the Kirchhoff's laws, or which are
physically meanless. Consider the matrices,
QZ’OM
0 ,Bw

B,A

Ab|BysB

r’"M
0 ,Qw

Q8

(ﬁoting that Bth=0.)
The row-rank of QA"BA", derived from networks without proper
trees, is not equal to the number of rows. Then there are cut-
sets"loop" containing only transformer-branches in the electric
graphs. A simple example is shown in Fig.3-5.1(a), where the
petwork has no proper tree. It has no unique solution.
The network shown in Fi§.3-5.l(b) has proper trees, however,
if k1=k2, it has no unique solution.

Consider whether there exists a network which is eqguivalent to
a given network N and contains less ideal-transformers than V.

If there exists a graph (denoted by GA) whose basic cut-set

matrix is QA' then the network corresponding to GA may have

38



O—

Fig,3-5.1
FQ (a) Nétwork without
proper trees.
(b) Network without
unique solution if
‘ k1=k2.
)— -

A

®

(a)
no ideal transformers and is
kl kz equivalent to N¥. If there
R . .
exists a graph whose basic
cut-set matrix is a proper
—_—C submatrix of Q,, and cannot
' be QA' then the remaining
: {EE} submatrix of QA corresponds to

®) ideal transformers which is
contained in a network which

is equivalent to ¥ and contains less ideal-transformers than N.
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CHAPTER 4  RCG NETWORK‘?) )

4-1 INTRODUCTION

The network considered in this chapter contains resistors,
capacitors, twé—port—ideal gyrators and independent sources.
Furthermore it is assumed to satisfy Assumption A in Chapter 2.

[61[12]1113] on the solvability have been

;. 16]

Several papers

published. E.S.Kuh and et.a gave two basic conjectures on

the solvability and the order of complexity. K.Abdullah and et.

[12] proved that general passive networks are terminal solvable?

(1311141 , ¢

al.
but did not touch completely solvability. M.M.Milic
proved the conjectures given by [6] using the thorem that the
determinant of an even order skew-symmetric is a 2nd order poly-
nominal in its elements.

[61115) 4, the formulations of explicit form of

Several papers
state equations, have beeﬁ'published. They formulate the state
equations of the networks under certain special assumptions.

In Section 4-2, the properties of multi-port-ideal gyrators
are studied. It is pointed‘out that instead of a linear passive
network, its equivalent RCG network may be analized

In Section 4-3, conditions on the solvability and the order of
complexity are studied.

In Section 4-4, an explicit form of state equations based on

the solvability condition obtained in Section 4-3 is formulated.

@ That is, the complementary variables of the sources associated
with two-terminal elements can be determined uniquely but the

other variables may not be determined uniquely.
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4-2 MULTI-PORT GYRATOR

A multi-port gyrator is a passive element. Let vg and ig

denote port-voltage- and current-vectors, respectively, of a
multi-port gyrator, whose port-characteristic is given by

vg=RG1g or 1g=GGv (4-2.1)

g’
1= I=—
where RG—-RG or GG GGo

It is well-known that for a skew-symmetric matrix RG’ there

exists a nonsingular matrix P such that[l6]
Re=P(E+0)P", | (4-2.2)
where EAE];E];°--;E], E]A 0,1]. (4-2,3)
-1,0

The matrix_E.l represents a port-characteristic of a two-port
gyrator, the symbol of which is shown in Fig.4-2.1(a).
As mentioned in Section 3-2, any multiwinding transformer

whose port charateristic is represent is specified by a symmetric

i1\‘_> i2

D (

N
Py
N\

C Ideal | )

Transformer

C Network )

0&—=<-—0
00— < —0

(a)

Fig.4-2.1 (a) Symbol of two-prot
gyrator, (b) Equivalent network

of multi-port gyrator.

(b)
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p— )C

J) o, u O o] Fig.4-2.3 Equivalent network of

/'\ inductor.
+

-0

Fig.4-2.2 Equivalent network of

ideal transformer.

positive semi-definite matrix, is equivalent to a network which
consists only of ideal transformers and inductors whithout mutual
coupling. It can be seen from Eg. (4-2.2) that any multi-port
gyrator is equivalent to a network which consists only of ideal.
transformers and two-port gyrators(Fig.4-2.1(b)). Furthermore,
any ideal transformer is equivalent to a network which consists
only of two-port gyrators. . The ideal transformer in Fig.3-2.2 is
‘equivalent to the network shown in Fig.4-2.2. It is well known
that any inductor is equivalent £o a cascade connection of a two-
port gyrator and a capacitor as shown in Fig.4-2.3. Consequently,
a linear passive nonreciprocal network can be converted to an RCG
network, and the RCG network obtained may be analized instead of
the linear passive nonreciprocal network.

The voltage-current—relatioh of two-port gyrators in a network
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is given by

VG=G1G‘ : (4-2.4)
where the matrix given by

G=EGD, (4-2.5)
where

GD=G]+...+Gn

G.=
Z

G
r.,. '
13

0

0 ST

n,: number of two-port gyrators.
(Note that the subscript G denotes two-port gyrators and matrix G
denotes the resistance matrix of two-port gyrators, although in

Chapter 2 and 3, the subscpipt G denotes twig-resistors and the

matrix G denotes the conductance matrix of twig-resistors.)

AN RCG NETWORK AND ITS GRAPH

A graph for a two-port gyrator is obtained by replacing each
port of the gyrator with a branch which is oriented from a node j
to j'. A graph G corresponding to an RCG network N is obtained
as shown in Fig.4-2.4. If one branch corresponding to a port of
gyrator is labeled with <, the other is assumed to be labeled with
L+

. Two branches < and +* for a two-port gyrator are called a

pair of gyrator-branches.

Definition[6] 4-2.1
A proper tree Tp in an RCG network is a tree of the graph G
where every pair of gyrator branches are either in the tree or in

its cotree.
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R, | 2t 1"

- AN 4

D ( D

Fig.4-2.4 (a) RCG network

- and (b) its graph.

C.

(a)

Definition®] 4-2.2

A maximum proper tree Tpmax for an RCG network is defined to

be a proper tree having maximum ITp(C)

Let us introduce another graph denoted by ¢* induced from the

graph ¢ for an RCG network.

Definition 4-2.3

A graph ¢t induced from the graph ¢ for an RCG network is
defined as
1) Two graphs G and ¢t except labelings and orientations are
isomorphic.
2) For non-gyrator-branches, the labeling and the orientations of
every branch in ¢* is the same as that in G.

3) For gyrator branches, a gyrator-branch in ¢t corresponding to
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a gyrator-branch 7 in ¢ is labeled with i+, and it is oriented in
the same direction as the branch 7 in G. A gyrator-branch in ¢t
corresponding to a gyrator -branch it in ¢ is labeled with 1, and

it is oriented in the opposite direction as the branch :* ana G.

(a) (b)

Fig.4-2.5 Example for (a) G and (b) G+.

The graph G and ¢* for the network shown in Fig.4-2.4(a) are

shown in Fig.4-2.5 (a) and (b), respectively.

Definition 4-2.4

A common tree Tc of ¢ and G+ is a tree in both ¢ and G+.

The mark may be regarded as an operator for a branch 7 or

a set of branches, that is,
i) for gyrator branches, (i)t=1% (i7)7 =1
ii) for non-gyrator branches, (i)F=¢
iii) for a set of branches S, st is a set of branches which contains
exactly every (¢)* for branch ¢ in s.
For a common tree Tc, define a set Sg as

§,=T, T:—ch'\T: (4-2.6)
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The set Sg consists only of gyrator branches, and if a branch is
in Sg, its pair-branch is in Sg.

Define a set ng which includes either of every pair of gyrator
branches in Sg, then

sg=sgm+s;m Syl s;m=¢ (4-2.7)
Definition 4-2.5

For a common tree Tc, there may exist a common tree Tcm=(Tch:)

\Jsgm, which is called a common tree of the same class of Tc.

Lemma 4-2.1
If Tc is a common tree of G and G+, then T: is a common tree
of G and G+.
Proof: | Evéry branch 7 in G corresponds to a branch (i)+ in G+,
and every branch < in ¢t corresponds to a branch (i)+ in G. From
Definition 4-2.3, if T is a tree of G, then T+ is a tree of G+,
+

. . + .
and vice versa. If Tc is a common tree of G and G , Tc is a

common tree of G+ and G.

From Definition 4-2.2 and 4-2.3, we obtain

Lemma 4-2.2
A proper tree Tp for an RCG network is a common tree of its
graphes G and G+.

+

Proof: Since Tp is a tree of G, (Tp) is a tree of G¥. Since

(Tp)+=Tp, Tp is a common tree of G and G+.
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4-3 NETWORK EQUATION AND UNIQUE SOLVABILITY

In this section, unique solvability of an RCG network is
studied. Solvability of the network may depend not only on the
network-topology but also on the network-element's vélues.

In Section 4-3.1, solvability-conditions depending only on the
network-topology (so called topological condition on solvability)
are studied.

In Section 4-3.2, solvability-conditions depending on the

network-element's values are studied. (overall solvability)

4-3.1 TOPOLOGICAL CONDITIONS ON SOLVABILITY
Network equations of an RCG network containing no capacitors,
np resistors and ne two-port gyrators are given as
(nC)(nR)(ZnG)(nc)(nR)(ZnG)

0(p)|ilal Qs Qps Qs 0505 0 i |=]3]s (4-3.1)
vi | 0,0, 0, B, Bgs B [|ig] |®
-1,0, 0,Cps 0, O il |0
0,R, 0,0,-1, 0 |{v,| |0
o,0, G,0,0, -1 vl 10
e

where the subscript G denotes gyrators. The matrix QA[QC,QR,QG]
"Bé[BC’BR’BG]" is the basic cut-set"the basic loop" matrix

A necessary and sufficient condition that the RCG network has
a unique solution is that the coefficient matrix 8(p) is non-
singular. '

Let us consider what properties the network-topology has if

0(p) is nonsingular. The matrix 0(p) is transformed into
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or

QC ’QR’QG
B.c 'p~2, B.R, B
c: P PR %6
0
Qs Qo Qg1 QGC
0,0,0] B,,
-1, 0, 0 |
0 ,R, 0 |
0, 0,6 |

by multiplying the matrices,

from the right, respectively.

“1p71,0,0] 1,0,0

1 ,0,0]
0,1,0] 0

0 ,R,0| 0,1,0
0 ,0,0] 0,0,

or

1,0,0/C, 0 , O

0,1,0[0,R7", 0

I0, 0,1

partitioning of the matrices.

(4-3.2)

(4-3.3)

Here the dotted lines show the

Since the lower right partitioned submatrix of (4-3.2) is a

-nonsingular diagonal matrix, the upper left submatrix(denoted by

A]) is nonsingular if O(p) is nonsingular and vice versa.

Similarly the upper right submatrix of (4-3.3) (denoted by A2) is

nonsigular if ®(p) is nonsingular and vice versa. Since the

matrices A] and A2

A

1

-Aé exists and

c
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AJA

1 A

Arols | . (4-3.4)

1 -
2 |11 M2

WIRLEY)

where

A11=0,CPQL QR R0, (671 ) ey

y 12708t 0pBR* QB

A1 B0y B0 ¥BG6(671) 0}

Ryp=B,C7'p7 B +B RBL 4GB,

The matrix A11"A22" is known as the cut—set—admi£tance"the
loop—impedapce" matrix. The matrix A]2 is a zero matrix because
of the orthogonality of the cut-set- and the loop matrices of a
graph. Therefore, the matrices A]1 and A22 are nonsingular if

the matrix A]Aé is nonsingular and vice versa.

Using the matrix GD defined in (4-2.5), the matrices A]] and

. A22 may be rewritten as
Ay1=00,5Q5,Q,E]|Cps 0 5 O |]Qp _ (¢4-3.5)
. o ,R7', 0 |lag
0, 0,65 ]}
A,p=LB»By,B,E1[CT 7,0, 0] By (4-3.6)
0 sR, 0 Bé
0 ,O,GD B&

The last matrix on the right hand-side of Eq.(4-3.5)"Eq. (4-3.6)"
is the transposed matrix of the basic cut-set"loop" matrix. The
second matrix on the right hand-side of Eq.(4-3.5)"Eq.(4—3.6)“ is
a diagonal matrix.

The first maﬁrix on the right hand-side of Eq.(4-3.5)"Eq.(4-3.
6)" is the matrix whose submatrix correspoﬁding to the non-gyrator
elements is identical to the submatrix of the basic cut-set"loop"

matrix corresponding to non-gyrator-clements, and whose submatrix
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corresponding to the gyrators is the matrix obtained from the sub-
matrix of the basic cut-set"loop" matrix corresponding to the gy-
rators by multipling the matrix E from the right.

The multiplication of the matrix E from the right means that
every pair of columns corresponding to every pair of gyrator-
branches are interchanged and every one column of the pair is
multipled by -1. From a topological point of view, the first
matrix on the right hand-side of Eg. (4-3.5)"Eq. (4=3.6)" is a basic
cut-set"loop" matrix of the graph ¢t defingd in Definition 4-2.3.
Then the matrices A]] and A22 may be written as

A]]=Q+YDQ' ' (4-3.7)

A22=B+ZDB', ‘ (4-3.8)

where Q+"B+" is a basic cut-set"loop" matrix of G+. The matrix

YD and ZD are, respectively,
v,=|Cp, 0, 0 | and ;- ¢ 'p7,0, 0 : (4-3.9)
0,81, 0 0 R, 0
-1
0,0 ,6; 0 ,0,6p

The columns for a nonzero majar determinant of Q+"B+“ corre-"
spond to a tree'"cotree" of G+. The columns for a nonzero majar
determinant of Q"B" correspond to a tree'cotree" of G. There are

some relations between the determinant IA]]|"|A22|" and trees

"cotree" in G and G+.

Property 4-3.1

By Binet-Cauchy theorem, the determinantle]]|"|A22|" may be
written as

|A]]|"|/—\22|"=Z{Products of corresponding majar determinants

of QY "B,Zy" and Q'"B'".}, (4-5.10)
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where the summation is over all such majar determinants.
A nonzero product of the majar determinants of Q+YD"B+ZD" and
Q'"B'" corresponds to a tree"a cotree" of ¢t and a tree"a cotree"

of G, that is, to a common tree"a common cotree" of G and G+.

Note that the products of the majar determinants are all
positive in case of an RCL network, but they may not be all
positive in Eq. (4-3.10).

From Definition 4-2.5 and Property 4-3.1, we obtain

Property 4-3.2
Let o"B" be the product of majar determinants corresponding to

a common tree TC"T , a common tree of the same class of 7 ",
C

com

If |k| is even, a=8,

(4-3.11)
If || is odd, o=-8,
whexre KAT -T(.T .,
= C c cm
" Proof: From Lemma 4-2.1, T; and T:m common trees of G and G+.

Since T is a common tree of the same class of T _, rnrt=r et |
cm c c e em cm
Let U and ¥ denote 7 AT and T —T/\T+ , respectively, then the
c c c c cm
following equalities hold;
UZW=¢, U\K=¢, WK=¢.
Then we obtain

T =uswrk,  Tre=uswt+kT, T =uswext, 17 =u+nTik.
c c cm cm

Let YW"Y;", YK"Y;" and Yy denote the majar determinants for W"W+",
k"x"" and U of the submatrices of Q corresponding to G[U,X]), GI[U,

¥] and G[X,W], respectively. Let y "y " and ¥y "y "
QTC QT Q+Tc Q

T
em +~em

denote the majar determinants of Q and Q+ for Tc"Tcm"’ respec-

tively. Then the following equalities hold;
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_ _ +
YQTG_YUYWYK, ‘YQTcm_YUYWYKO
Let nW"nK"‘denote the number of the elements with the mark '+' in

w"K", and myA|K|-n,. Then we obtain

n m

n n
W K_+ W_+ K
Y =y, (-1) "y (-1) TY,, Y =y, (=1) "y, (-1) Y,
Q+Tc U W X Q+Tcm U 1% K
Therefore we obtain-

n n ' n m

- W kK 2 + + _ W K 2 + +

o=(=-1) "(-1) YuYwYw¥xYx Y, B=(-1) " (-1) YyYuYwYxYx Y,

where Y is the admittance-product for Tc"or Tcm".

Then if |k| is even, o=B, and if |X| is odd, o=-8.

(15] that an

Property 4—3.1 states that a necessary condition
RCG network has a unique solution is that there exists a common
tree in 6 and G+; Property 4-3.2 states that even if there exists
a common tree in G and G+, the network may not have a unique
solution. Since even if there exists a common tree of the same
class of Tc, where |K| is even, there may exist another common

tree of the same class of T, where |X| is odd, we introduce a

special common tree of ¢ and ¢t. -

Definition 4-3.1
A common tree"cotree" corresponding to a product of majar de-
‘terminants of Q+YD"B+ZD“ and Q'"B'" which remains in the expansion

of the determinant IA]]|“|A22|" without cancellation is called an

independent common tree'cotree".

From the above definition, if IA]]|#0“|A22|#0", there exists

: . ' . +
at least one independent common tree"cotree" in G and G .
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Lemma 4-3.1

If there exists an independent common tree in G and G+, there
exists at least one proper tree in G,
Proof: Let Tc be an independent common tree in G ana G+.
If Sg=¢,@ Tc is a proper tree., If Sg#¢, consider graphes G[Té\T:;
= ot + + 7ot + .

] X / WA

Tc\fc} and G [TC\TC,TG Tc}(denoted by Gg and Gg, respectively).
The basic cut-set matrix of Gg and G; as denoted by Qg and Q+g
exist such that

Qyg=0gEs (¢-3.12)

where the dimension of E is equal to [S_|. The submatrix of A]]
1.,
Dg-g’

This matrix-product is a skew-symmeric matrix. Its determinant

for Sg is QgEG where GDg is the submatrix of GD for S .

is written as

-] ! = LI I LI 2 . |
|QgEGDgQg| {p( Ty )}e, (4-3.12)

where’p(-°-,xij,---) is a pfaffian[lG]
-1.,

f th tri EG .
o e matrix Qg gl
ry is defined in Eq.(4-3.5). Therefore there exists one term

repreéented by (rié,rié,---,pzi,...)g
-1

ngEGDgQé , which corresponds to a proper tree in Gg' Conse-

quently, there exists a proper tree in G if there exists an inde-

and xij is an (i,J) element

The element ;s is a sum of ril, where

in the determinant

pendent common tree in G and G+.
Similarly it can be proved that there exists a propervtree if

there exists an independent common cotree in ¢ and G+.

Fom the proof of Lemma 4-3.1, we obtain'

@ See Eq. (4-2.6)
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Corollary
There exists a proper tree which contains any one branch of an
independent common tree. And there exists a proper tree which

contains Té\TZ, where Tc is an independent common tree.
From Lemma 4-3.1, we obtain

Theorem 4-3.1
A necessary condition for an RCG network to have a unique

solution is that there exists at least one proper tree.
we obtain the theorem on the order of complexity as

Theorem 4-3.2
The order of complexity of an RCG network is not greater than

| T ()|, where T is a maximum proper tree.

pmazx pmax

Proof: Let D] and 02 denote the right lower submatrix of (4-3.2)

and the left lower submatrix of (4-3.3), respectively, that is,

D,=|Cp, 0, 0|,  (4-3.13) Dé= -1,0,0]. (4-3.14)
0 ,-1, 0 0,R,0
10, 0,-1 ' 0,0,6

"We obtain
2
18.0o)12=10, 11051 1Ay7 11A,, -  as1s)

Since the maximum degree of p in [A]]l is. |7, ..(C)] and the

pma
s -1 . . .
minimum degree of p in |A22| is nC_Tpmax(C)’ the maximum degree

in[Aj1 1Ay, is 2|Tpmax(0)l_n0' From Eq.(4-3.15), the maximum .
degree of p in [@(p)[Z is 2|Tpmax(C) . Consequently, the maximum
de?ree of p in |B(p)]| is ITpmax(C)I'
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4-3-2 SOLVABILITY DEPENDING UPON NETWORK—ELEMENT—VALUES

We have studied a topological solvability-condition in Section
4-3-1. If an RCG network has a unique solution, there exists at
least one proper tree, but the converse is not always true. It
depends on network-element-values. 1In this section, it is studied
how network-element-values affect solvability.

Assume that there exists at least one proper tree in the graph
corresponding to a given RCG network. A network equation of the

network is written as

e(p)|i|=]il, (4-3.16)
\ e
0
where
0(p)=|-F's11 0 |s  F=|FpusFopaFogls
_0_I1.F Frc*Frr*Tre
z |y FecrTerFac
=1, s Y= -Czp, ' B
R, 0 -1, 0
1, -Cyps
0 Ry 0 -1
GZ’ -1,
GZ -1
Ll RS R el RV P R PR RVPT
Ty Tre| Tra
a1 oo
VEIVaLs Vit Ver|r V2Tl Vee
Vo VR1 VR2
Ve Voo (4-3.17)
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The subscripts I and 2 represent links and twigs, respectively.

Lemma 4-3.2
If an RCG network has at least one proper tree, the determinant

of 0(p) is written as

' 2 2
|8 (p)|=all r5Z {n C.pll R.(P 1%} (4-3.18)
7 A 1 T (C,R) 2
T (C,R) T _(C T (R 2
ne p( p ) p( ) P
2_ '] ] '] o .
where (PTp(C,R)) =det|G, +F..G, F..|. The matrix F,. is the

fundamental loop matrix in G[Tp(C,R);Tp(C,R)}. The value PTp(C,R)
is a sum of tree-gyrator admittance products corresponding to

independent common trees which contain Tp(C,R). a=1 or -1.

Proof: By multipling by the Gauss matrix,
l "F'a] - K3
1 27!
_1Los0] _
Ol 1
on the left, the matrix ®(p) is transformed into
|_F| C_Zp’ o 0 |C2p’ 0 (4—3019)
-1 -1
0 I 0 R] ) 0| R2 )
o o &' 0 6j'
I I
0 1 F
________ I__._______+_____
]: | 'Cp s I
? 0 0
R, 0 | S
1, | [Cop s
R s I "] I "]’
0 2 0
Gss | | 0
G,| | -1
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Then, by the Laplace expansion, the determinant of 8(p) is repre-
sented by the products of the determinants of the left lower sub-

matrices and the right upper submatrices of (4-3.19) as

det|6(p)|=ag Rjg ridet|QDQl|,  (4-3.20)
where R ¢
Q=11,0,0,-Fprs=Fpns-Frp
0,1,0,-Frps=Fppa=Fop
0,0,1,-Frgo=FpgaFog
D=Diag.{C,p,R; ,650,C p,R]),G))
Qu=|1,0,0,-Fr,s-Fpns-FL, E (4-3.21)
0,1,0,-F/,-Fr,-F/E
0,0,1,~Flos=Fp.y=FL E

The dimension of E is 2|Tp(G)|. The determinant |QDQL| is given
by a sum of independent common tree-admittance products, therefore

det|®(p)| is written as

det|0(p)|=al egn(T, )0 ¢.pll R, r., (4-3.22)
TcI TcI(C) TcI(R) TcI(G)
where TcI is an independent common tree.

sgn(r,)alQ] |04
TcI TcI

From Corollary of Lemma 4-3.1, there exists a proper tree-Tp
which contains TC(C,R). Let Tg denote an independent common
tree of CIT,(C,R);T (C,R)} and c*[Tp(c,R);ip(c,R)}. Then
Eq. (4-3.22) is rewritten as

det|0(p)|=al sgn(T _(C,R))T c,pll R ~f(T ), (4-3.23)
(C,R) P 7, () F T (R) p

where f(T )= sgn(T J)I r..
f "k gn(T, 1T

g g
Since f(Tp) is represented by the sum of independent common cotree

impedance products, then
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f(T)=sgn (T, (G))T rl -1

)
G

s (gl
p

2 .2
ésgn(Tp(G))H r. P (C,R)*
na p
. . . -1 v A
where PTp(C,R) is the pfaffian of the matrix 62 +FGGGZ FGG'
The matrix QTp(G) and Q+T (G) are ba51¢ cut-set matrices of the

graphs G[Tp(C,R);Tp(C,R)} and G+[Tp(C,R);Tp(C,R)}, respectively.

Then Eq.(4-3.23) is rewritten as

2
det|0(p)|=at sgn(T )1 C.pll R. »ri P s
(C,R) Prr (c) ©T_(R) *n, " T,(CsR)
p p (4-3.24)

where sgn(Tp)=|Q|T 19,1, -
p p

Let us prove that sgn(Tp)=1. From Eqg.(4-3.21), we obtain

|Q+lTp=det 1,0]]Ql, (4.3.25)

0,E
Then, sgn(Tp)=|QlTp|Q+|T
=1, (4-3,.26)

Consequently, we obtain

det|0(p)|=al piz {n C.pll R

2
. (P J°}.
v (c,R) T (c) L1 (g)t Tp(C.R)
ng T, L(C) F T () P

Q.E.D.
From Lemma 4~3.2, we obtain

Theorem 4-3.3
A necessary and sufficient condition that an RCG network has a
unique solution is that there exists at least one proper tree

=|G;]+F' 6!

such that P cc8; FGGI#O.

2
T (C,R)
p

We have a sufficient condition depending only on network
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topology, that is,

Theorem 4-3.4
A sufficientconditiontﬁat an RCG network has a unique solution
is that there exists at least one proper tree Tp such that there
exists no other proper tree which contains Tp(C,R).
Proof: Since there exists no other proper tree which contains
T (C.R), PTP(C,R)=IG;]I' since |67'|#0, |0(p)|#o.
Q.E.D.

4-4 STATE EQUATION

In this section, a ﬁethod of formulating state equations of
RCG networks for maximum proper trees is studied.

The characteristic part of the fundamental loop matrix for a
maximum proper tree Tpmax of an RCG network is assumed to be
given as
FCC’FCZ

FZC’FZZ

where the subscript I represents resistor- and gyrator-branches,

s (4-4,1)

that is,

F =

Fos™[FeraFegls re” |F

RC F F

RR’ RG

Fec er*Tce

From the matrix (4-4.1), Kirchhoff's voltage and current laws

. (4-4.2)

o Pyt

F

state,

ter TFocVest

- = +
Viiteri=FicVes

F (4-4.3)

czVre

FesVie
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. e s . ]
Tog=dcs™FocicrtFrcisg (4-4.4)
o .

Teomdzs™Fesics

where the subscripts 1 and 2 represent linksand twigs, repectively.

+F L
ezl 12

The vector e, is a loop source voltage vector associatedwith the
subscripts, and j. is a cut-set source current vector associated «
with the subscripts.

The voltage and current relations of network-elements are given

as
i 1=9_1c., of|v (4-4.5)
c1| de|"1° c1|? ) :
Tee 0 ,Chllvey
Vegl© RZJ’ 0 igqls (4-4.6)
Tpgl 10 5Gpolivyy
where
- -1
RZ.Z— Rz, 0 ) GXZ_ R2 'y 0 L] -
-1
0 ’GZ 0 ,62
Eliminating VZJ, VZZ’ 121, 122, 101 and 102 from Eq. (4-4.3)- :

(4-4.6), we obtain a matric network first-order differential

equation as

M %? Voo =-N Voo +L ecql> (4-4.7)
Vel Vel Ry
€51
Py
where
M= Cz’('F50+FECR6]FZZG§;F52)C1
N R ‘
N= FroRy Fug ,0 _
.Fcc'Fcha]FizRglFZc’]




L=]0,1, Fr Rl -FL R:VF_go]

¢ 0 Ic0 rrnire
, 1., -1 -1
1,0,- CZGO FZZRZZ’ "FchO
- 1o, v -1 )
RO_R21+FZZG22FZZ’ . GO G FZZREJFZZ (4-4.8)

. 1., . . .

If the submatrix of M, FCZGO FCZCJ’ is a zero matrix, the
vector Voqp may be eliminated from Eq.(4-4.7), and a state equation
may be obtained whose order is equal to the order of complexity
given by Theorem 4-3.2. Here let us prove that the matrix

-1, . .

G FCZCJ is a zero matrix.

Lemma 4-4.1
. . =
For a maximum proper tree Tpmax’ the matrix FCZ 0 FCZ is a

zero matrix.

-1

Proof: Assume that the matrix FCEGO F&Z is a nonzero matrix.
There exist 7, j, k and 1 such that
. ., =1,
fcz(z,g)go (J,k)fcz(l,k)#O (4-4.9)

If fcz(i,j)#o, there exists a link-capacitor=branch (denoted by
Si) corresponding to the row, fcz(i), and there exists a twig-I-
cxtdt.

The branch g5 is in the loop(s.). 1If ch(Z,k)#O, there exists a

branch (denoted by gj) corresponding to the column, f

link-capacitor-branch (denoted by SZ) corresponding to fCZ(Z)'
and there exists a twig-I-branch (denoted by gk) corresponding to
f Z{k}' The branch 9% is in the Zoop(SZ). Then g; and g, are
gyrator-branch, otherwise, there exists a proper tree which
contains more capacitor-branches than T
pmaz’
Examine the relation between 90 (J,k)#o and the network-

topology. From the matries (4-4.2) and (4-4.8), the matrix G0 is

written as
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€g=]150s-Fpps-Fipl{Rs 5 05 0,0 1T, 0
0,1,-Fhau=Flcl [0 4650, 0, 0 o . Ep
0, 0.}, 0 Fop s “Frg
0 ,0,0 ’GB} ~Ep1Fer2~Epsfec
AQZDE]Q;Z, (4-4.10)

where ED1=E]+---+E], EDZ=E1+"'+ET°
The matrices GDJ and EDZHGDZ and ED2“ are of the same dimension.

The matrix QZ is a fundamental cut-set matrix of G[Tpmax(C);

Tpmax(C)} (denoted by GZ) for Tpmax(Z)' The matrix DZ is diagonal.

The matrix Q+Z is a fundamental cut-set matrix of G+[Tpmax(0);

T maz(C)} (denoted by GE) for Tpmax(z).

Since gzl(j,k) is written as

g5 (,k)=Cof. 6, (k,3)/ |61, | (4-4,11)
1 g57(4,k040, Cof.G,(k,§)#0. The Cof.G,(k,j) is the determinant
of the matrix obtained by omitting the k-th row from QZ and the
J-th colmn from Qiz in (4-4.10), which corresponds to contracting
91 in Gy and g; in G;. Therefore the terms in the expansion of
Cof.Go(k,j) co;respond to common trees of Gz[gk] and G+[g§]°
Moreover, there exists at least one independent common tree in
G5lg,] and cgtgg], which is denoted by 7.

Since 9% is in the Zoop(SZ), a set {SZ’Tc} is a tree in G,
‘where GléG[Tpmax(C);Tpmax(C)_Si_SZ}' Since g, is in the Loop(5.),

(that is, g; in the loop(S§.) of ¢ty, a set {Si’Tc} is a tree.in

+
1.

There are two cases, one of which is that |Tc-TéWTZ| is odd,

G

and the other of which is that ITC—TéWTZ| is even.
i) The case where |T -T AT+| is odd.
(] c C .

Suppose that the capacitor-branches Si and SZ are a pair of
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provisional gyrator-branches

G ¢t
1 1 + . +
. g_and g_ in Gl and GZ’
I =g S,<—~—-———>g m m
1 m 1 m .
respectively. (See Table 4-
+
S~ - S+« ——
A I A Im 4.1.) Then a set {9;:T0}
Trce {gz,Tc} {?i’Tc} is an independent common
. +
+ + o tree in G, and G,. From
{gm,Tc} {gm,Tc} 1 1

Corollary of Lemma 4-3.1,
+ = correspondence
in 01 there exists a proper
Table 4-4.1

tree (denoted by Tpl) which

Correspondence of capacitors

. + .
with a pair of gyrator-branches contains gm and gm' that is,

5 and SZ' Consequently

a set {Tpmdx(C)’T } is a proper tree of G, which contains more

pl

capacitor-branches than T . This contradicts that T is a
pmax pmax

maximum proper tree.

i ) The case where |Tc-Té\TZI is even.

Consider the graph which is union of Gl and the graph which

consists of parallel provisional gyrator-branches I and g,,-

+
Gy Gy
* = —>q
S 9 + % e + o+
¢, ° U 9 9 Gt ot U 9.0 9,
U1 4 + m =N 1 - o g
A ARRE Y °1 n
N P
Tree {SZ,Tch)gm or g, {Si"c}ugm or g,

!

+
+ ¢
{gn’Tc}Ugm {9, TG,

+— - correspondence

Table 4-4.2 Graph G

2
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Suppose that the capacitor-branch Si is g; and .S'Z is g: in the

graph, which is denoted by ¢ Then G+ is union of G+, where Si

2° 2 1
is supposed to be I and SZ is supposed to be g, and the graph

which consists of parallel provisional gyrator-branches g; and

+ + . . +
g, A set {gm,gn,Tc} i1s an independent common tree of G2 and 02.

(See Table 4-4.2.) From Corollary of Lemma 4-3.1, in 02 there

exists a proper tree which contains +. Consequently there
Im q Y

exists a proper tree (denoted by Tpg) including Si in Gl' Then
a set {Tpmax(C)’TpZ} 1s a proper tree in ¢, which contains more
capacitor-branches than T . This contradicts that T is a
pmazx _ pmax

maximum proper tree.

From the above discussion, we obtain

o P
FCZGO FCZ'0° (4-4,12)
Q.E.D.

We obtain
Lemma 4-4.2

The following equality holds.

-1 -1 ,
[ B T ol | [
ASC FCC FZCRO FZZGZZFCZ for a maximum proper tree Tpmax’
-]'-]

where ASCAFCC-FCZGO FZZR JFZC‘
' . -]l . .
Proof: Let ACZ denote FC§GO FZE' If ACZ is a zero matrix,

= [ |
ASC FCC’ then ASC FCC'

Assume that ACZ is not a zero matrix. Then there exist 7 and
J such that acz(i,j)#O. If acz(i,j)%O, there exist k and 7 such
that

. -1 .
fcz(z,k)go (k,Z)fZZ(J,Z)#OUI (4-4,13)
If the branch corresponding to fzz(j) is a resistor-branch, it
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can be proved that T is not a maximum proper tree in the

pmax
similar manner in the proof of Lemma 4-4.1. Then this branch is
a gyrator-branch. The branch corresponding to fcz{k} is eviden;ly
a gyrator-branch.

Assume that ACZRE}FEC is not a zero matrix, then there exist
2, d» k, L, m and n such that

Fop(tsk)gy Foptis tin g mify (namito, (4-4.14)
The element r;}{m} corresponds to a gyrator-branch since r;}(j)
corresponds to a gyrator-branch. Consequently the branches
corresponding to nonzero-elements of FCZGO]F%ERE}FZZ are a
capacitor-branch and gyrator-branches.

Let {A}g denote the partial matrix concering only gyrator-

branches of A. Then we obtain
-1

{G ZZRZZ g {RZZ ZZGO }g (d-4.,15)
Since GO is given as
i p-1
G0 G Fzszzez: (4-4.16)
by multiplying Eq.(4-4.16) by FZZGEL from the left, we obtain
1o _ 1 '
Frzbz2807RoRy Frze (4-4.17)
Then we obtain
-1 [ -1 -]
Gy FrsR zz} Ry Fyzbpatye (4-4.18)
Consequently
(FosS FasRipFae) ' =FaoRp Frz67aFs (4-4.19)

Cx O LL'L1 IC
Then we obtain

rc'0 "rrira cr-

"o ' -] -1 .
Asc® Fcc FreRo Frxbrofes: (4-4.20)

Q.E.D.

From Lemma 4-4.1, Vic can be eliminated from Eq. (4-4.7).

From Lemma 4-4.2, we obtain
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cv02=-gv02+Fu, (4-4.21)
where
— ]
C=Co+hgaCiAge
-1
- )
g=FscRo Fsc
P=[ALC., 1, Fo RZV, -AL CF GoVFL RID, -FL ROTF. G}
scb1r Ve Fee®0 » "Psc%1tcer®o Tzrtrzc TTicto Tizre’
1 -]
'AscCJFCZGO 1
u= eCl
Jeoe
€11
€11
Is5o
L3
Ige

If there do not exist special relations among the network-element-
values, the matrix € is nonsingular and a state equation is
obtained as

Ga2=Avcg+Bu, (4-4.22)
where A=C—lg, B=¢c™IF.

The state equation may have no higher than the first order-
derivatives of input functiéns as similarly as that of an RLCT
network may have. Therefore it is concluded that in a passive
network, its state equation has no higher than the first order-

derivatives of input functions unless there exist special

relations among the network-element-values.

Property 4-4.1
The matrix € is positive definite unless there are no special
relations among the network-element-values, however, RO is not

always positive definite.
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Proof: The matrix € is 'given by

_ L
C_C2+ASCC]ASC

=[]’AéC] C,s 0 1

A

0 4yl lAgg

1
then it is positive definite.
The matrix RO is given by

- '
RO RZJ+FZZRZZFZZ

=[1,F;. 1Ry » O

bX
0 ,R

1

FZZ

where the second matrix is not always diagonal. It is sum of
matrices which are symmetric positive definite and skew-symmetric.

Q.E.D.

Property 4-4.2

If the state equation has derivatives of input functions,
there exists at least one set (denoted by S) of branches contain-
‘ing i) capacitor- and voltage source-branches only, or

ii) capacitor- and current source-branches only. The set S is

+ nt .
S—Bf?Qg?ngy-'€Q2ﬁ?82n+l for i)
ot Lt .
S—BJGQZQM-wﬁQZn, for ii)
" "o " - "o *
where Bzi-l in is a loop"cut-set" in G*.
Proof: See Appendix V.

Q.E.D.

Property 4-4.3
If the matrix g in Eq. (4-4.21) is singular without special

relations among the network-element-values, there does not
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exist a tree in G{all capacitor-branches} which is a proper tree
of G.
Proof: See Appendix V.

Q.E.D.

4-5 EXAMPLE
Fig. 4-5.1 shows an example for the results in this chapter.

Choose a maximum proper tree Tpmax in the network as

+ +
T omaz=C52Cq2CssRgsR5:05:95:9 55953

The matrices 62! and R:1 for T are obtained as
0 0 pmax

-1,

Gy

Fig. 4-5.1 Ekample
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R.'= b,,-b 0 0 o |,
0 R r2(r tp )2 1 2? 2 >
D288 |, boy-b,, b_,-b
2° Y327%¢ 507"
o , b4, 0, 0 , 0
0 , b5, o0 , b7,-b8
0 , b6, 0 ,-b8, 0
where
- _ -1
al—RSrz/(r3+r4) aZ—Rs/(r3 r4+1)
= 1,-1,=1, 1,8 -2 -2 -1 -2, -1,-1,2
a3—{R1 Ry (ry 4r, ) “4rr }/{RS ro“(r4r,") }
_ -1 _ -1.-2,, -1, -1.2
a =ry/(rzr,+1) ag=Rgrors e, /(rstr,”)
_ -1, -1 _ -1
a6—1/(r3 *r, ) a7—R3/(r3 r4+1)
2 2 _ 2
bl—rl(r3+r4) bg—rlrg(r3+r4)
_ 2 2, 2 2
bs—Rle(r3+r4) +R1R3r2+r2(r3+r4)
2
b4—R1r1(r3+r4) b5—R1R3r1r2
_ _ 2
be—erlrg(r3+r4) b7—R1R3r1
2
bg—erl(r3+r4).

Since FCZ is given as

0,0,1,0,0,0

2

Fer=

0,0,0,0,1,0

it is ascertained that Lemma 4~4.1, that is, FCZGB]F' =0 is true.

cL~
Since FZC is given as

FZC= 0, 1,11,

the matrix g is given as
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a=| Dbg-2bgtb, , =bytbz-2b+b, , -b, |,

-b2+b3-2b5+b7,b1-2b2+b3—2b5+b7,bl-bz

-b s b_-b s b

2 I 2 1

it is singular. This ascertains that Property 4-4.3 holds.

The network has a unique solution if and only if r +r4#0.

3

The matrix € is given as

C= C +d C +d c d d.,C +d C d.C.|,

37272 271 372
2
d,d,C +d302 LC #doc, rdlc, dgcz
d302 S d 2 ,05+02
where
do=rlp., do=d.-1, d,=d./(r.lr +1)
1 1 2° 2 1 2 3 2 3 4 °

The matrices € and g lead to the matrix A of the state equation.

Fig.4-5.2 shows an example of networks which have no proper

tree. The voltage across"the current through" j-gyrator-port

is denoted by vj"ij". The voltage- and current-relations of the

gyrators are

vz =| 0 5Ty zl 5 02 = 0 sTq z2 R Val= 0 5Tz (%3
! o 14 - ;! ! - ;!
v1 -rys 0 zl 02 r2, 0 LZ v3 rg, 0|1

Fig.4-5.2 Example of network without proper tree.
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Then the following equalities hold. .

_p it sh_s e oy ot .y
Vg R313, g z1+z1, v3 PR Rl(tl+z1).

Then R3=R1. Similarly R3=-R2 is obtained.
Consequently even if R3=Rl=-R2, or the gyrators 2 and 3 may

be removed, the current are indeterminate.
It can be said that the network 1) has no physical meaning or

2) does not satisfy the Kirchhoff's laws.

4-6 CONCLUDING REMARKS
5 [6]

The conjectures given by E.S.Kuh and et.al. for the
solvability and the order of complexity of RCG networks are
proved in Section 4-3.1. A necessary and sufficient condition
for the solvability is obtained in Section 4-3.2. It depend on
the network-topology and resistance values of the gyrators.
Moreover a sufficient condition for the solvability depending on
the network-topology is obtained in Section 4-3.2. An explicit
form of state equations, whose state variables are voltages
across the twig-capacitors of a maximum proper tree, is obtained
in Section 4-4. It is of the same form as state equations of
networks satisfying special assumption given by J.Tow[lsl.

The concept 'independent common tree' is given in order to
obtain the above results. It is obtained from an algebraic point
of view. Let us show the concept from é graphical point of view.
Consider a common tree Tc of G and G+. Let'K2 be Tc-TdﬂTZ.

‘From Property 4-3.2, if |K2| is odd, T, is not an independent
common tree. Assume that |K2| is even and that Kzé{al,-°-,a2n},
bék)

where a; is a gyrator-branch. Let denote a, or a;. Then
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(k)
an

Let § be {Sl’ »8 Zn}’ Let S] denote a subset of § whose
2

2n

consider 22n sets as Sk={b§k),---,b }, where k=1,¢++,2°".

elements are common trees of G, and G:, where GS=G[TC—K2;TG-K§}.
A set {one element of SZ} {Tc T:} is a common tree of the same
class of Tc. The number of elements in Sl which contain even"odd"
number of mark T is denoted by e"d". If e#d, the common tree Tc
is an independent common tree.

The above results are based on the concept 'proper tree'.
A physical meaning of the concept is as follows. Consider
a network equation one of whose unknown variables is vgltage
across”"current thruogh" one port of aAgyrator; It is necessary
that current thruogh"voltage across" the other port of the
gyrator be determined from the network-topology. Considering
this from a graphical point of view, it is necessary that the

branch corresponding to one port of the gyrator is a link"twig"

and that to the other branch is also a link"twig".
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CHAPTER 5  ACTIVE NETWORK (4)~(8)

5-1 INTRODUCTION

In the preceding chapters, the solvability, the order of
complexity and explicit forms of state equations in passive
networks containing passive elements, that is, resistors,
inductors, capacitors, ideal-transformers and gyrators, are
studied. The networks considered in this chapter contain both
~ passive elements and active elements such as transistors and
electric tubes. It is well-known that in the linear operations,
a network containing active elements is equivalent to a network
containing dependent voltage-sources and dependent current-sources,
the voltage; and the currents of which depend on one or more of
the voltages across or currents through the network-elements.

[18]-

Several papers [%l] discussing on the problems of the

solvability and the order of complexity of active networks has

been published. J.Towlls] has introduced two graphs G, and GI

v

obtained from the original network; the graph G, specifies the

4
voltage relations of the network, and the graph lepecifies the

current relations of thenétwork. He has derived a condition for

the solvability and the order of complexity by means of the above

[19] [20] has approached the

[21] has

two graphs (., and GI. E.J.Purslow

vV
problems from an algebraic point of view. T.Ozawa
considered, by means of the two graph-method, the problems for

networks whose topology is of wider varieties than that considered
by J.Tow. From a topological point of view, it can be said that

the two graph-method has given the solutions of the problems of

solvability and the order of complexity.

73



[22]1-[26] have discussed on formulating state

Several papers
equations for active networks. In the network considered in the
previous chapters, the network-elements corresponding to state
variables can be determined from their network-topology only.
Since the state equations are obtained by an algebraic method, in
the above formulations of state equations of active networks, the
network-elements corresponding to state variables and the degree
of the state equations obtained are not determined until the
state equations are obtained.

There are few studieslzo]

on network-equations without unique
solutions. |

Here a formulation of state equations for networks with unique
solutions and canonical forms of network-equations without
unique solutions are considered from the network-topological
point of view.

In Section 5-2, the dependent sources and network toplogy in
active networks to be considered are described. 1In Section 5-3,
the results with respect to the problems of the solvability andl
the order of complexity are described. In Section 5-4, the state
equations, the formulation of which depends strongly on the
topological condition for the network-solvability and on the
érder of complexity are studied. 1In Section 5-5, a canonical

form of network-equations without unique solutions are considered

by means of matrix pencil.

5-2 ACTIVE NETWORK ELEMENTS AND GRAPHS
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5-2.1 ACTIVE NETWORK ELEMENT
There are four types of dependent sources, the voltage- and

current~-relations of which are given, respectively, by

v, =M 0| |7, (5-2,1)
) 0,0 z,
v, |= o,r z, (6-2.2)
vl 0,0 )
1,0 0,h v, (6-2.3)
vt 0,0 zi
io =10,9g v, (5-2.4)
1 0,0 vl

where the subscripts o and 7 signify out-put and in-put, respec-
tively.

The network-elements specified by Eq, (5-2.1)-(5-2.4) are
. called voltage-controlled voltage source, current—conﬁrolled
voltage source, current-controlled current source and voltage-
controlled current source, respectively.

A current-"voltage-"controlled current"voltage" source can be
replaced by the cascade connection of a current-"voltage-"control-
led voltage"current" source and a voltage-"current-"controlled
current"voltage" source. Active networks considered here may be
assumed fo contain only éurrent—controlled voltage sources and
voltage-controlled current source but no other dependent sources.
Furthermore, network?elements such as ideal transformers, gyrators
and negative-impedance convertors which appear in general active
networks can be replaced by combinations of the dependent sources.

Inductors can be replaced by capacitors and dependent sources.
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Resistors can be replaced by the dependent sources. Therefore,

Remark

The network considered in this chapter contains only capacitofs,
independent sources, current-controlled voltage sources and
voltage-controlled current sources. The number of these elements

ahd N respectively, and let n. and n_ be n,+n. and

are n D e 8 S

c' g

+n respectively.

nettpe

A current-controlled voltage source and a. voltage-controlled
current source are symbolically shown‘in Fig.5-2.1(a) and (c).
Their expressions used here are shown in Fig.5-2.1(b) and (d4),
where o, B, Y and § express a current sensor, a controlled voltage
sources, a voltage sensor and a controlled current source, respec-
tively. From this, a current-controlled voltage source"a voltage-
controllea current source" may be considered as a voltage source
controlled by current through a current sensor"a current source
controlied by voltage across a voltage sensor”.

The voltage and current relation of controlled sources and

sensors is given by

4

(a) (b) (c) (d)

Fig.5-2.1
(a) a current-controlled voltage source-and (b) its expression

(c) a voltage-controlled current source and (d) its expression
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HVDVD= HID1D’ (5-2.5)
where
Vp© vB > ir=li,ls
vY s
Hyp= |1 Of> Hrp=|Rg0
0,G 0,1
Y

The vectors VB'and VY consist of voltages across controlled
voltage sources and voltage sensors, respectively. The vectors
ia and 16 consist of currents through current sensors and control-

led current sources, respectively. The matrices Ra and GY are

diagonal ones of the dimension ng and Y respectively.

5-2.2 ACTIVE NETWORKS AND GRAPHS

5-2.2.1 VOLTAGE AND CURRENT GRAPHS

Let graph G* correspond to an active network N* which contains
capacitors, cur;ent sensors, controlled voltage sources, voltage
sensors, controlled current sources and independent sources.
Graph G is obtained from G* by contracting independent voltage
sources and deleting independent current sources.

Now, two graphs are introduced, which are the voltage and the
current graphs as denoted by G, and G

4 I’
graph GV is obtained from G by contracting all the current sensors

respectively. The voltage

o and deleting all the current sources 8. The current graph GI
is obtained from ¢ by deleting all the voltage sensors y and

contracting all the voltage sources B. The graphs GV and GI
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represent the voltage and current restrictions of the network.

Every branch of G, and GI has one to one correspondence to a

4

branch of each other, that is, a capacitor-branch (¢ in GV to the

capacitor-branch ¢ in G a voltage source-branch B in G, to its

4

and a voltage sensor-branch y in

II

current sensor-branch a in GI,
GV to its current source-branch § in GIO Every branch in GV and

its corresponding branch in GI are assumed to have the same label.

Let BV and QI denote a basic loop matrix of GV and a basic cut-

set matrix of G respectively. Then the Kirchhoff's voltage and

Il
current laws state

va=e (5-2.6)
Q;i=J, (6-2.7)
where
velvels i=li,|.
Vp 'p

Partition BV and QI as
BV=[BVC,BVD], (5-2.8)
Qr=0Q;¢5Qypd- | : (5-2.9)

Then Eq.(5-2.6) and (5-2.7) are rewritten, respéctively,.as

=e, [QIC,QID] o =j. (5-2.10)
iD

Ve

Vp

[Byc>Bypl

Definition 5-2.1

Let T, and TI denote trees of G, and GI, respectively. A tree-

4 |4
pair of Ty and T, such that'|TVWTI| is maximum is called a maximum
tree-pair of G, and G; @, and is denoted by {T,:T;}

@It is called MCT in [10].
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Definition 5-2.2

Iif TV=T T 1is called a common tree of G. and GI, where

I' "¢ 14

T,=T AT .

Definition 5-2.3
A maximum tree-pair {7,:7.} such that ITV(C)ATI(C)] is maximum

"minimum” is called a normal"primitive" maximum tree-pair, which

P

. N Ny,
is denoted by {TV.TI} {TV

cpPym
0 L

Definition 5-2.4

A common tree T such that ITC(C)I is maximum is called a

N

normal common tree, which is denoted by Tc.

5-2.2.2 INDUCED DIGRAPH

In Section 5-2.2.1, two graph GV and GI are introduced. Here

let us introduce a directed graph or digraph induced from GV and

GI’ which specifies voltage and current relation.
Let ti{i=1,2,---} and Zj{j=1,2,~--} denote twigs and links,

respectively, for a common tree Tc.

Definition 5-2.5
A digraph obtained by the following procedures is called an

induced digraph of GV and GI for a common tree Tc’ which is

denoted by G#.

and G, corresponds to a node of G#.

|4 I
2) There exists a directed branch in G# from a node corre-

1) Every branch of G

sponding to a link Zi (denoted by V(Zi)) to a node corresponding
to a twig tj (denoted by V(tj)), where‘tj is in the Zoop(Zi) in

G .
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3) There exists a directed branch in G# from a node V(ti) to
a node V(Zj), where Zj is in the cut—set(ti) in GI.

An example for G# is shown in Fig.5-2.2. For the network
shown in Fig.5-2.2(a), its voltage and its current graphs are
shown in Fig.5-2.2(b) and (c), respectively. 1Its induced graph

for a common tree Tc={1,C

04} is shown in Fig.5-2.2(d).

2.’

|
& 1
~ C. : (d)
(a)
! Fig.5-2,2 Example
c ¢, A, 2 (a) Active network
/ (b) Voltage graph GV

. (¢c) Current graph GI ,
(b) (d) Induced digraph G

4 .
From Definition 5-~2.5, some properties for Gf are obtained.

Property 5-2.1
The induced digraph of GV[some twigs ti{i=1,°°°};some links Zi

{=1,+}} and GI[the twigs;the links} is obtained by deleting

@

nodes V(ti) and V(Zj) from G#.

@ 'Déleting nodes' means that the nodes and the directed branch

touching the nodes are removed.
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The directed branch from Vi to Vj in G# is denoted by d(Vi’Vj)’

where if Vi corresponds to a twig"link", Vj corresponds:- to a link

” twig“ .
The directed loop in G# containing d(V1:V2): d(Vg,Vg),-~°-~-,.
d(Vn—J’Vn) and d(Vn,VJ) is denoted by dzZoop{Vl,VZ, ,Vn,Vl}.

There are always diloops if there are neither self loop nor bridge
in GV and GI‘ If the node Vi corresponds to a twig"link", the
2,000’Vn,

Vl}‘ Therefore the number of the branches"nodes" in the diloop

node Vi+1 corresponds to a link"twig" in the_diloop{Vl,V

is even.

14
T -t +1, is a tree in G
e "1 72 -

The tree~transformation in G, and GI may be considered, such

as Tc—t1+11 is a tree in GV’ I Tc-(t1+t2)

+(21+12) is a tree in G Tc-(t1+t2)+(12+23) is a tree in @ and

v’ I’

SO On.

If another common tree T =T - (t_+e+ce+t )+(Ll_+++++1 ) can be
e c 1 n 1 n

1
obtained by transforming links Zi"twigs ti" {i=1,+-+,n} to twigs
" 4 1] 3 " " > n 3 n >

links" in G, and Zi+1 ts {where n+1A1} to twigs"links" in Gro
there exists a directed loop containing nodes V(Zi) and V(ti) in

# . . .
G , because ti is in the Zoop(Zi) in GV and Zi+1 is in the cut-

set(ti) in GI' This proves

Property 5-2.2

If another common tree Tc represented by Tc =Tc-(t

1 1 1
(Zl+'--+Zn) can be obtained from Tc, then there exists a directed

teect )+

loop represented by diloop{V(Zl),V(tl),"',V(Zn),V(tn),V(Zl)} in

.

The converse of Property 5-2.2 is not always true. Consider
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(a) ’ (b) &

Fig.5-2.3 Example for GV' GI and G#.

this in an example shown in Fig.5-2.3. A common tree is assumed
to be T ={1,2} in the graphs G, and G, shown in Fig.5-2.3(a).

# forvTc is obtained as shown in Fig.5-

Then the induced digraph G
2.3(b). There exists a diloop{V(3),V(1),v(3)} and set{3,28} is
a common tree. However, there exists a diloop{V(4)},v(1),V(3),

V(2),V(4)}, but set{3,4} is not a common tree.

Property 5-2.3

If another common tree represented by Tc =Tc—t+l can be

1
obtained from T, there exists a diloop{V(t),V(1),V(t)} in G# for
Tc, and the converse is true.

Proof: Consider the subgraphs GV[Tc—t;Tc-Z} and GI[Tc—t;Tc-Z},

which are denoted by 5} and 5}, respectively. The induced sub-

#
(a) G . GV (b) GI

Fig.5-2.4 Example for the proof of Property 5-2,3
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digraph (denoted by G') of bv and G,

shown in Fig.5-2.4(a), then CV and Gi are the graphes shown in

for a common tree {t} is

Fig.5-2.4(b). Then the converse is true.

Q.E.D.

Consider the case where there exists a diZoop{V(Zl),V(tz),-°',

#

VL, )Vt ),V(Ll;)} in G° for T , but T -(t +totecctt J#(L +1gteee

v
#eeett, )3T = (Ly#e el D} and Go(T = (¢ tevest )3T = (1 #0004 )},

+Zn) is not a common tree. Let two graphs G, and 5} be GV[TC-(tl

respectively. The induced directed graph of @} and'éi for a
#

common tree {tl,---,tn} is denoted by er. Suppose that Tc—(t1+--

+tk)+(21+---+lk) is not a tree in GV or Tc-(t1+e--+tk)+(22+---+

03 3 0w 3 + . k3
Zk+1) is not a common tree in GI for a certain minimum integer %

(<n) . Then there exists at least one loop consisting only of Zk

yr ©F of Zk+1 and a sub-

Assume that there exists such a

~s

and a subset of {Zl,---,lk_l} either in ¢

set of {12,13,"', %
loop in 8}. Let {Zil, -’Zim} be the loop{k>m>2}. Then there
exist corresponding twigs ti'{j=1,---,m}, each fundamental cut-
set for which contains more ihan one links of {I. ,*++,7. } in E}.
Conversely each link Zi.{j=1,-°-,m} is contained in more Zhan'one

J .
cut-sets of cut-set(ti ) in GV (that is, each Zoop(Zi ) contains

J ~
more than one twigS'ti .). Then in G#, there exist diloops which
J
consist only some nodes of {V(Zl),V(tl),---,V(Zn),V(tn)}. If m=2,
there may exist dtloop{V(Zik),V(ti),V(Zi+1),--,V(tik 1)’V(Zi)}
. IS
and dtZoop{V(Zi),V(tik),V(Zik+1), sVI(t,_4)»V(1,)} in G".
The number of such diloops is more than m-1. The nodes in such

diloops cover the nodes in the diZoop{V(ZZ),V(tl),'-°,V(Zn),V(tn),

~s

V(ZJ)}u If there exists a loop in I

the similar argument holds.
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Ther we obtain

Property 5-2.4

If there exists a diloop{V(Zl),V(tl),°°°,V(Zn),V(tn),V(Z1)}

(denoted by DL) in @

the set, {Tc-(t1+---+tn)+(21+---+Zn)}, is not a common tree of G

and GI’

nodes in D_, furthermore the nodes in all such diloops cover the

L

nodes in DL'

From Property 5-2.2-4, the next property holds.

Property 5-2.5
#

If, in G° for Tc,

#
of GV

and G

I

for a common tree Tc, but if

then there exist diloops which consists only of some

there exists a diZoop{V(Zl),V(tl),°'°,

'V(Zn),V(tn),V(Zn)} which contains no sub-diloop, then Tc-(t1+

+tn)+(Zl+

5-3 SOLVABILITY AND THE ORDER OF COMPLEXITY

+Zn) is a common tree.

Consider the solvability and the order of complexity for

the networks satisfying Assumption A in Chapter 2.

From Eg. (5-2.5) and (5-2.10), a network equation of an active

network is given by

O(p)|v

0 H

.i 3 VD’

BycoByp: .

écpﬁos"] .
0 ,-H

0,

0

ID
0

0 ’ O ’QIC, QID
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If and only if the coefficient matrix 0(p) is nonsigular,
the network has a unique solution.

We have

Theorem 5—3.1[18][211
If a network has a unique solution, there exists a common tree

in its voltage and current graphs.

The converse of the theorem is true unless there are no
special relations among the network-element-values. It can be
"said that Theorem 5-3.1 is a necessary and sufficient condition
for the topological solvability.

The concept 'common tree' is given from the relations between
netﬁork—topology and nonsingular 6(p). In other words, since
the current through a twig is given by the currents through some
of the links in GI’ and the voltage across a link is given by the

voltages across some of the twigs in @ the voltage across™ the

VI
current through" a network-element" can be given by the current
through"the voltage across" the network-element if there exists
a common tree in GV and GI.

For the order of complexity, we héve

Theorem 5-3.2[18][21]

The order of complexity of an active network satisfying the

remark in Section 5-3.2 is not greater than lTi(C)
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5-4 STATE EQUATION

Several papers[201[221[24][25] discussing on the formulations
of thé state equations for linear active networks have been
published. The outlines of the formulations are as follows;

Step 1. Obtain a set of network-equations by applying
Kirchhoff's voltage and current laws and from the voltage-current
relations of the network-element. '

Step 2. By eliminating voltage- and current-variables of the
non-reactive network-elements, obtain a differential equation in
the form of

Ax=Bx+Cu, | (5-4.1)
where X is a vector whose elements are the voltages across the

capacitors and the current through the inductors.

Step 3. Set =0, and A0=A, BO=B, 00,0=C, Xp=Xs (ﬂ)=u,
then Eq.(5—4.1) becomes '
t (%)
A =B x +zC. (b (5-4.2)
1 k=0 _

Step 4. If Ai is nonsingular, go to Step 5. If Ai is

singular, transform Eqg. (5-4.2) into the following form;

(ﬁ) (5-4.3)

AP, o (¥, 11718, 21,2082, 1,2 *rZoC
0 ., 0 ii,z Bi,z,z’Bi,z,z Xz,z
Then by eliminating xi,2 from Eq. (5-4.3), obtain
A, %X, =B, g %/,
1+171,1 i+17% 1,1 k 0 z+1 k
Set i1=1+1, Xi+1=xi,1' and go to Step 4.

Step 5. Obtain a state equation as

?/
]B x A : (5) - (5-4.4)

X . —Az
k=0
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For the network considered in the preceding chapters, the
state equations can be formulated by use of the trees given
the order of complexity if the topological solvability conditions
are satisfied. The state variables and the order of the formu-
lated state'equations are determined from the trees.  However,
the state variables and the order of the state equations derived
by the above formulation for active networks cannot be determined
until the state equations are obtained. One reason for this is
that the formulation depends on only algebraic operations.

In this section, a formulation of state equations for the
networks, which satisfy the following Assumption 5-4.1, is given.
This formulation is based on the network-topological condition,
The state variables can be determined before the state equations

are obtained.

Assumption 5-4.1
The network-solvability, the order of complexity and the rank
of matrices which appear in the process of deriving the state

equations depend on the network-topology only.

The networks considered here contain only capacitors, current-
controlled voltége sources, voltage-controlled current sources
and independent sources as mentioned in Section 5-2.

By using the fundamental looplmatrix of GV and the fundamental

cut-set matrix of G, for a normal common tree TZ, the Kirchhoff's

voltage and current laws lead to
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Ve |7]8Bse ,IBS82 ’BSYz vo |tles |s (5-4,5)

Vei| [Bsic7 1888, Be v, | |Vea| |%6,

Yy, YlC’IBYlsz’ yiva ! Vyo ! 18y, -
te [7|Bes +1Bea, *Bes, ||is [*]9c | (5-4.6)

]az Ea:5?|_§;a? —a:6? 1a1 jaz .
sl 1Bs, 21Bg,q,9Bs,6, 1115, 1 1Jg,

where B.. and Q.. are the submatrices of the characteristic parts

of the fundamental loop matrix of G, and the fundamental cut-set

4

matrix of GI’ respectively. The subscripf 1"2" denotes link-
"twig-"dependent sources. The subscript S"C" denotes link-
"twig~"capacitors.

The voltage and current relations of dependent sources are

given by
Ve |5 [Reys O ], |5 (5-4.7) )
VB2 0 ’Raz iaz -
161 = GY1’ 0 Vool (6-4.8)
152 Oz’GYz vY2

where the submatrices R. and G. are diagonal.
Eliminating the voltages across and the currents through the

dependent sources from Eq.(5—4.5)-(5—4.8), we obtain

1,-F o= D ,0 Vo + e, + Jols (5-4.9)
0, B 1S -A,1 Vg eS qS
where
- -1 -1
A=BgotBgag Qy,R; B,
_ -1 .
B=Bg29 0y v

_ -1
D=Qp B "By

1

- - -1
F'QCS*QCJR B;26s

QZS
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%C=QCIR-]e1
30=001Rr131265]j2+jc
'€s=8329-1021R3191+es
j§=8329-1j2
1

R
Bio» R=R;-B;5G5 Qy,

g=6,-Q,R;
6,* R;l, 0 |»  R=[Ry.s 0
0,6, 0 ,Gg‘l
(B2) (Y2) (c)
Bgo=[Bgg, 1Bgy,1(5) B,o=|Bg o] (B1)
BY1C (Y1)
(B2) (Y2) (a1)  (81)
812= BBle’Bﬁle (Bi1) Q21= Qazal’qa251 (o)
BY182’BY1Y2 vy Q52a1’Q5251 (62)
(ay) (8,) (S)
Url00q, 0005, 1060 Qpe7|Qy 5] (@2
des (62)
e, = e61 j2= ja2 .
eYl j62 (5-4.10)

The voltage-current relation of capacitors is given by
CS’ 0
0o ,C

d =11

dt

Vg sl (6-4.11)

c v 1

c c

The network-equation is given by Eq. (5-4.9) and (5-4.11).

If the matrix B in Eqg.(5-4.9) is a zero matrix, it is easy to

derive a state equation with the state variables v,. For passive

¢

networks considered in the preceding chapters, the matrix B is

always a zero matrix, however, for active networks, it may not be

a zZero one.
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Now let us examine the relations between the matrix B and
the network-topology. The matrix B given in Eq. (5-4.10) is

rewritten as

B=B 9" Qg (5-4.12)
and the matrix g
(Ba)+(Y2)
g=[ 1 5Q,,1(6G,, 0 1
0 ’R;] “Bis
AQqpGQyp- : ' (5-4.13)

The first matrix of the right hand side of Eq. (5-4.13) is the
fundamental cut-~set matrix with respect to Tg(a,d) for GI[Ti(C);

ig(c)} (denoted by G,,). The last matrix of right hand side of

ID
Eq. (5-4.13) is the fundamental cut-set matrix with respect to

Tg(B,Y) for GV[Ti(C);?i(C)} (denoted by G, ). The second one is

VD
diagonal matrix. Then, if the (7,j) element of g—l is nonzero,
there exists a common tree in GVD[twig(qvn(i))] and GID[thg(qID(
Jj)J)1 since g-l(i,j)=00f.g(i,j)/|g|. Then if a (k,k) element of

B is nonzero, there exist twig(qVD(i)) in the Zoop(Zink(sz(k)))
in G,, and Zink(qzs{k}) in the cut-set(twig(qyp(j))) in G-
The;efore there exists a common tree in GV[Tg(C)+Zink(b52(k));

=N . ¥ . L=l .
Tc(C)—Zznk(bSB(k))} and GI[TG(C)+Ztnk(q2S{k}),Tc(C)—Zznk(qgs{k})}.
Then the capacitor corresponding to the Zink(bs2(k)) in G, is

14
identical with that corresponding to the Zink(QZS{k}). Thus if

\

every diagonal element of B were nonzero, Tz could not be a

normal common tree, and we have
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Lemma 5-4.1

Every diagonal element of B in Eq. (5-4.9) is zero.

In order to examine properties of B, let us introduce a matrix
Bb={bb(i,j)} defined as follows;
P (i,5)=1 if b(1,5)#0, and BP(i,j)=0 if b(i,j)=0.  (5-4.14)
The matrix Bb is square and its elements are 0 or 1. Then
a digraph can be considered, whose adjacency matrix is Bb. It is
denoted by Gb and called the Boolean digraph for B. The nodes
in Gb correspond to the link-capacitors. The digraph Gb is a

# and obtained from G# by deleting twig-capacitor-

@

subgraph of G

nodes and contracting- dependent source-nodes.

Lemma 5-4.2

The directed graph Gb has no directed loop.
Proof: Assume that Gb had a directed loop the length of which
is Zd.
From Lemma 5-4.1, there is no loop of length 1.

Assume that Zd=n. Let'Si, S,,**+ and Sn denote the link-

2!
capacitors corresponding to the nodes of the directed loop in Gb.
Then corresponding to nonzero (ik,jk) elements of g-l, there
exist twig-dependent source-branches bi in the Zoop(Sk) of GV,

k

and twig-dependent source-branches bj in the Zoop(Sk) of GI'
k

With loos of generality, it can be assumed that twig-dependent

source-branches can be chosen such that bi . is not identical with
k
b, , or b; is not identiacl with b, {k,1=1,+++,n. k#L} since if.
Y1 Ik 71

@ Node-contraction is the same as node-elimination in flow graphs.
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such branches cannot be
chosen, there exists a
directed loop of the length
less than n. (See Fig.5-4.1)
From g-l(ik,jk)#O, there

exists at least one common

tree in GVD[bil’...’bin]

and G, [b. - ]. Fig.5-4.1 Directed loop in (a) G#

ID"" g ., ,b.
1 J
Then there exists At least and (b) &

one common tree in GV[Tg(C)+
=N
7t +Sn’Tc'(Sz+ +sn)}

from Property 5-2.5. However, this contradicts that Tg is a

=N N
31+. +Sn’Tc(C)_(Sl+ +Sn)} and GI[Tc+S

normal common tree. Therefore the directed graph Gb has no

directed loop.

From Lemma 5-4.2, we have
Lemma 5-4.3

The matrix Bb"B“ is a nilpotent matrix.
Proof: Since Gb has no directed loop, there exists a finite
humber m such that ‘

(8P )™=0. ' (5-4.15)
Consequently the matrix B is a nilpotent matrix.

Q.E.D.

From Lemma 5-4.3, the matrix B can be transposed into a

striétly triangular matrix P]BPi, where P] is a permutation-matrix.
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Assume that Eq. (5-4.9) and (5-4.1l1) can be rewritten as

1,-F Pyl lig =] D 50,0] v, |+, |*]3; |» (5-4,16)
0, Bys Byl |igg| [“A72150||Ves| |€52| |Is2
0, 0, 0 [ligyl -Ag0.0 lvg,l 185,10 13g,
and
Cps 0,0 %? vo |=lio | s : (5-4.17)
0 ,Cg0 0 Vs1| |Vs1
0.0 .05 Vsal gg
where
[F,.F,1=FP1, B,.B,|=PBP!, A, |=P1A, Vo l=P1vs
0 ,0 A2 Vgs
€g1|=P1%se ljéz =Py Tg1|*P1ige Cgis O|=PyCgPy
€52 gy Tss 0 »Cgy

The matrix BZ is strictly triangular.
The link-capacitors 52 are such that there exist no paths from
the nodes 32 to other link-capacitor-nodes in Gb, that is, no

paths not containing twig-capacitor-nodes in G#.

Eliminating v and i_,, from Eq. (5-4.16), we obtain

52 52
1-F A 00 L |-F | i |* 0 sloffve [+ & [ e
BzcszAzcéT o Byl ligyl I=A v, b 1 Eg 1T,
-Fy C320352¥352).
By (5-4.18)

Multiplying both sides of Eq. (5-4.18) on the left by the non-
singular matrix,

(5-4.19)

-1
'BzcszAz(Cc' 27352 2) |1

we obtain.
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Bl =P (e 7| Dslof ve |*] %o |*] To |*]Fa|Css(Esa*dss)
0 .18, #8 [ igy | [-pA v, 1&g, 1 3g,0 148,
(5-4,20)
where
1E1 =1- F2C32A2Cc s
By =B,yCepR5(CpmFyly, 2) Fi
JA =R HBLCo AL (C-F, SZAZ)-]D
lgs “ByCgghy(CoFaleahy)™ Eprey,
15177 B5CspR (ComFlephy)” 30¥3§1
/B BCA(CFCA)]2+B

2 522 2752 2 2°
Let us examine properties of the matrix JB defined as

JB=BJ+BJ. | | (6-4.21)

Lemma 5-4.4

If there exist nonzero elements in ;E, then the induced
digraph G# has subgraphs such as shown in Fig.5-4.2, where S."C."
denote link-~"twig-"capacitors.
Proof: As described in the proofs in Lemma 5-4.1 - 5-4.3,
- the graph shown in Fig.5-4.2(a) is obtained for nonzero elements
of Bl'

Assume that there exists a nonzero fm,Z) element of the matrix
B Since B is written as

( where CC CC 9 52A2) (6-4.22)

there exist k, Z7 and j§ such that

el RN .
b2(m,k)032(k,k)a2(k,t)0é (z,J)fJ(J,Z)#O. (5-4.23)

Let S? and Sg denote the link-capacitors corresponding to

b2(m) and bg{k}, then the induced digraph ¢" should include a sub-
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§——

Fig.5-4.3 Subgraph corresponding

to nonzero element of 32.
(a)

@ Q Fig.5-4.4 Subgraphs

correspondilg to
az(k;j)#o and
fl(j,Z)#O.

E— O — O

(b{ ‘Eb éi’

Fig.5-4.2 Subgraphs in G#

for Lemma 5-4.4

graph shown in Fig.5-4.3 because b2(m,k)#0.
Let Ci and Cj denote the twig-capacitors corresponding to

ag{i} and fz(j), respectively, and Sg, the link-~capacitor to fl{Z}'

Then G# should include a subgraph shown in Fig.5-4.4 because

a2(k,i)#0 and fl(j,Z)#O.

Consider E;Z(i,j) defined in Eq.(5-4.22). The matrix C,
can be rewritten as

CC=[1,F2] CC’ 0

1 (56-4.24)

0 ,C -A

S5a 2

Similarly to that with respect to the relation between
g_l(i,j)#o in Eq. (5-4.13) and the network-topology, the following
argument holds. Since Egl(i,j)#o, there exists a link-capacitor

o . =N 0 AN o
5, and a common tree in GV[Ci’Tc(C)-SZ} and GI[Ci’Tc(C)_SZ}'

The common tree contains Tﬁ(C)—Ci-Cj and Sg. Therefore if
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C;Z(i,j)#O, there exists a subgraph
in G# such as shown in Fig.5-4.5.

From Fig.5-4.3 - 5-4.5, we see that Fig.5-4.5

#

¢" includes graphs in Fig.5-4.2 if Subgraph corre=

sponding to non-

D

there exists a nonzero element of
zero element of

B. C—]

1 c
Q.E.D. @

Lemma 5-4.5

The graph le has no directed loop and the ;5 is a nilpotent
matrix, where le is the Boolean digraph for 1§'
Proof: If there is no sequence io,il,--- and in{n=1,°-°} such

that all (zo,tl), (zl,zz),°",(tn_1,zn) and (zn,zo) elements of

~
le has no directed loop, and then the matrix 18

is a nilpotent matrix.

lB are nonzero,

Assume that all (io,il), (il,iz),--°,(in_1,in) and (in,io)
elements of ;E aFe nonzero. Then, from Lemma 5-4.4, the induced
digraph G# includes a directed loop
DL such as is shown in Fig.5-4.6,
for n=1, as an example. No capaci-
tor-node in the directed loop is
ﬁot identical with another;

In order to examine the directed

loop DL' let us consider the graphs

r 1 3
GV and GI obtained from GV and GI

by contracting all twigs and
deleting all links except the Fig.5-4.6 Example of directed

capacitor4 and the dependent source- loop DL’
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branches corresponding to the nodes

There exists a subset of

7
N,
(&

in DL‘

Ti (denoted by Ti') such that T

is a common tree of Gé and G}.

) =N N

If the common cotree Tc' for Tc'
IV

were a common tree, Tc would not

. =N

be a normal common tree since Tc'

contains more capacitor-branches

than Ti'.(See Fig.5-4.7). Then

all (lo,tl), (tl”LZ)’...’(‘bn.’LO)

Fig.5=4.7

elem B .
ents of lB are not nonzero Directed loop and subloop.

If Tg' is not a common tree,
there exist some directed subloops in (G#)', where (G#)' is the

induced graph corresponding to G! and G!, from Property 5-2.4 in

14 I’
Section 5-2. Moreover there exists a directed subloop in (G#ﬂ
such that the number of the link-capacitor-nodes in the subloop
is greater than that of the twig-capacitor-nodes. This is
because if there exists a directed subloop where the number of -
the twig-capacitor-nodes is greater than (or equal to) that of
the link-capacitor-nodes, for example, such as the directed sub-
loop {Vj,-~-,C,----,S,---,C,---,Vi,Vj} shown in Fig.5-4.7, where
V. is a capacitor- or dependent source-node, then from Property
5-2.4, there exists at least one directed loop Di such that the
number of the link-capacitor-nodes is greater ‘than that of the
twig-capacitor-nodes. (See Fig.5-4.7). Consider the graphs G; and

G" obtained from G! and G} by contracting all twigs and deleting

I |4
all links except the capacitor- and dependent source-branches
corresponding to the nodes in the directed subloop Di. Let Tg"
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dencte a subset of Ti’, where T?' is a common tree of G; and G;.

If TZ" were a common tree of G; and G}, Ti would not be a normal

=N . .
common tree. If T;’ is not a common tree, there exists a

g in (G#)", where the number of the link-

capacitor-nodes is greater than that of the twig-capacitor-nodes.

directed subloop D

By repeating the above discussion, we can conclude that if all

- ‘o . . PR, » . - » (=Y
(to,tl), (11,t2), > (zn_l,zn) and (tn,to) elements of lB are

ék) and (G#)(k), such that

nonzero, there exists a directed loop D
the number of the link—capacitor-node; is .greater than that of
'the twig-capacitor-nodes. From Property 5-2.5, it can be proved
that 7" K/ (k) ahd ¢'*) obtained from G, and
¢ 14 I 4

GI by contracting all twigs and deleting all links except the
branches corfesponding to the nodes in the directed loop ng).
Then, the common tree Tﬁ(b)+?i(k), where b is the set of tiwgs
except those in D(k)

L
Tg. This contradicts that Tg is a normal common tree. Therefore

is a common tree of G

, would contain more capacitor-branches than

there is no sequence io, il,--- and in such that all (io,il),"',
. . . ~ b '

(zn_l,tn) and (1n,10) elements of JB are nonzero, and JG has no

directed loop. Therefore the matrix ;E is a nilpotent matrix.

Q.E.D.

From Lemma 5-4.5, by a permutation matrix P2, we obtain a
strictly triangular matrix,

(5-4.25)

By use of the matrix P2, Eq.(5—4.20) becomes
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where

P 151

2 2

2

Po1€s1”

-F

]
1P

2=

The vect

1,-1F2 i = D ,0,0 Vo + ec + Jo
10 18212vsz| ["1P20 100 2Vezl 2852 |29s2
s 0 Tlgiggl 1=7Rp0,111pvg,l [p8g,l |4dg,
2 P
+ 'Fs Cs[e53+353], (5-4,26)
1827
1837
Ts1i> PoVs1™|2Vs1]|® Paihi7 |17
's2 2Vse P2
2%s1]*  PardsiT|2¥sz|> P2iBa7|1Bsy
o i~ ~
2%s2 2lse 1831
1F1"1F2]'
ors ,iq, and aVgo CaN be eliminated from Eq. (5-4.26).

Then the following Eq. (5-4.27), which is of similar form to

Eq. (5-4.20)

E,-F

2
ZB

2
0,

, may be obtained.

10 = D,0 VC +
2iggl 1=gRhs111,vg,
A
+
Jeoi,1
l‘,
1951,1

#

~ a7
&c I
1%s51,0! 113s1,0
~ + Py
€c1,2 Ie1,2
~ S
1%s1,2! 11351,

‘gbl,l
{ESZ,J

+

(6-4.27)

A subgraph of ¢° which corresponds to the nonzero element

of éﬁ has the same property as that of

ZB' Then

it can be proved

in the same manner as the proof in Lemma 5-4.5 that 20b has no

directed loop and éﬁ is a nilpotent matrix. Therefore there

exists a pe

triangular. .

rmutation matrix P, su

3

v and

The veqtor ARy
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Pialsr™(sls1]? P3sVs1™|3Ys1 (5-4.28)
3'52 3Vse2
Then the vectors 3v32 and 3152 can be eliminated from

Egq. (5-4.27), and an equation of similar form to Eg.(5-4.27) can
be obtained.

Repeating the above procedure, we obtain

- ¢ = ( ( -
JEs- F|] g D,0|| v,|+xt ﬁﬁé + 011, (5-4.29)
= : _ (. (
0, nB n's nA’1 n's ﬁﬁé n&é
where 0E=1, 0F=F, OB=B, 0A=A.

Now let us consider the properties. of the induced directed

graph when there are nonzero elements in the matrices nA’ nB’ nF

and D.

Property 5-4.1
If there are nonzero elements in A, B, F and D in Eq. (5-4.9),
there exist directed paths in G#, which are denoted by PA’ PB’ PF

and P respectively, as shown in Fig.5-4.8(a).

Dl
Proof: The matrix A is written by

g

A=Bgr*Bgy 9-]Q21R; ic

Then the nonzero elements of A correspond to directed paths, as
‘shown in Fig.5-4.8(a), whose initial nodes are link-capacitor-
nodes and terminal nodes are twig-capacitor-nodes. Similarly
nonzero elements of B, F and D correspond to directed paths as
Shown in Fig.5-4.8(a). The initial"terminal" nodes of PA' PF and
PD are link-"link-", twig-"1link~" and twig-"twig-" capacitor

nodes, respectively.

Q.E.D.
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©

O - -

n—]r.»ﬁ

® - XD— {}—%C> XD——{)

O—®

PA pB PF PD n-] P one- 1 A pF n-J”A D
(a) - ’
nPA
©-—0 | & - -
A n-1tp
EO—E—O—E—O—F) & - & - ©O—B - :D—C
P P P P P
B A F o4 b n-lpB N= ZPA PP n-1° A PF
JPA P
C) XD : n B
PB (c)
C(O—=E—O—E—0O0—06)
Pp By Pp By Pp
IPE
(b)

Fig.5-4.8 Paths in G# corresponding to nonzero elements of the matrices.

Property 5-4.2
—~
If there exists a nonzero element in nA and nB {n=1,2,+°+1},

there exists a directed path as shown in Fig.5-4.8(b) for n=1

and Fig.5-4.8(c) for n>2. The paths are denoted by P, and  Pp,
respectively.
Proof: Examine the case of n=1. From Eq. (5-4.20), we have
-1
A A +BZCSZA2(C FZCSJAZ) D
= -1
187 BytBylgph (ComFalsyhy) T F,

where the matrices Bl and BZ are submatrices of B. The matrix nF
is a submatrix of F. The matrix D.is invariant during the

elimination-procedures,
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-1
A nonzero element of (CC-F2CS2A2) (cf. Lemma 5-4.4) corre-

sponds to a path, which has twig-capacitor~nodes as its initial
and terminal nodes and contains a link-capacitor-node. The path
is represented by PF+PA' Then the path corresponding to a non-

zero element of JA is represented by PA or P_+P +P_+P , +P as is

B""A'"F "A'"D'
shown in Fig.5-4.8(b). Similarly the path ZPB is represented by

PB or PB+PA+PF+PA+PF’ which is shown in Fig.5-4.8(b).

By induction, the path nP is represented by P, or

n-1"4

is represented

A

P_+ P +P +n PA+PD' Similarly, the path nP

n-1"B' n-1"A""F

by n-ZPB or n-]PB+n-1PA+PF+n-ZPA+PF'

-7 B

Let NS(.P.)"NC(.P.)" denote the number of link-"twig-"
capacitor~nodes in .P.. The number N(.P.) is defined by

BOP MG (P =BG (P

Property 5-4.3
The following equalities hold:
h(nPA)=0, N(nPB)=2, A(PF)=0, N(PD)=—2.
Proof: From Property 5-4.1, the following equalities hold:
. A(PA)=0, N(PB)=2, A(PF)=0, A(PD)=—2.
From Property 5-4.2, we obtain

N(nPA)=0, N(nPB)=2.

From the above properties, we obtain
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Lemma 5-4.6

The matrix JE is a nilpotent matrix.
Proof: If Aﬁlwere not a nilpotent matrix, there would exist a
directed loop in G#, which consists of some directed paths nPB'
There would exist more link-capacitor-nodes than twig-capacitor-
nodes in the directed loop. Then in the similar manner to the
proof of Lemma 5-4.5, it can be proved that the matrix ;E is a

. nilpotent matrix.

Q.E.D.

From Lemma 5-4.6, repeating the elimination-procedure, we can
obtain an equation of similar form to Eq.(5-4.29), where AEEO.
Therefore a state equation can be obtained whose state variables
are the voltages across the twig-capacitors, that is,

(m+1)
1),

vc=AvC+Bou+----'+Bm. (5-4.30)

+
Note that tne matices A and Bﬂ in this equation are different
from those in Eq. (5-4.27).

Then we have

Theorem 5-4.1

An active network on the Assumption 5-4.1 which contains
capacitors, voltage—controlled current-sources, current-controlled
voltage-sources and independent sources has a state equation
whose state variables are the voltages across the twig-capacitors

in a normal common tree.

The state equation for a passive network may have first order-

derivatives of inputs, ﬁ, but cannot have higher order-derivatives
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than the first unless there are special relations among the
network-element-values. . However, the state equation of an active
network may have the higher order-derivatives of inputs, (ﬁ),

even if there is no special relation among the network-element-

values.,
Let NEO represent Eq. (5-4.9) and (5-4.11). The equations
obtained from NEO by the elimination of voltages across and

currents through the link-capacitors not corresponding to the
initial nodes of JPB' are represented by NEZ.(cf. Eg. (5-4.26)).
The equation NEn represents Eq. (5-4.29) plus the voltage- and
current-relations of capacitors. |

If there exists a link-capacitor § {k>1} whose voltage and

k
current are contained in Nk but not in Nk-l’ then there exixts

a link-capacitor Sk-l such that 1) there exists a path k-JPB from

S, to S in G#, 2) its voltage and current are contained in

k k-1

NEk-l but not in NEk, and 3) S does not correspond to the

k-1

initial nodes of k-IPB' Similarly for S there exists a link-

k-1

k=2 such that 1) there exists a path k-ZPB from Sk-l
#

to S, _, in G¢", 2) Its voltage and current are contained in ¥VE, ,

capacitor S

but not in NE and 3) S does not correspond to the initial

k-1 k-2
nodes of k-ZPB’ and so on. Consequently for Sk’ there exists a

such that 1) there exists a path P (represented
#

link~-capacitor SO

by p=k_1PB+-‘-+PB) from Sk to SO

are contained in NEU but not in NEZ’ 0

to the initial nodes of every ZPB {Z=1,2,?--}. For the path P,

in ¢", 2) its veltage and current

and 3) S5, does not correspond

N(P)=k+1.
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Definition 5-4.1

A directed path in G# whose initial and terminal nodes link-
capacitor-nodes is called an l-path and denoted by Ld? A maximum
l-path is an l-path such that N(Ld) is maximum. It is denoted by
L,s+ The number I - is defined by Zméh(Lmd).

If a state equation is obtained from NE, by Zm—repetitions of

0
the eliminating procedure of the voltages across and the currents
through link-capacitors, then there exists an I-path Ld with

N(Ld)=lm, and the state equation may have Zm—th order-derivatives

of the inputs. Then we obtain

Theorem 5;4.2

In deriving a state equation from the network equations
(Eq. (5-4.9) and (5-4.11)), we need not repeat more fhan Zm times
of the eliminating procedure. The order of derivatives of inputs

is not more than Zm.

For example, consider the derivation of a state equation for
the network whose induced digraph has the subgraph shown in

p P_ and P

Fig.5-4.9. 1In this digraph, the directed paths P g’ Pp D

Al
are

 B-6-G-0-C--E-6-6

Fig.5-4.9 Example of subgraph of G#;
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Ppe 517895 8y785 5575, 5,8,
Ppe Cg=54 Com55
PD: .

Then the equation NE1 does not contain the voltages across and

4

The matrix ig may be

the currents through the link-capacitors Sg, S, and 57, which do

not correspond to the initial nodes of PB'

S, 8 S5 36

1 72
5, 7 (where the marks *7 mean nonzero. {i=1,2,3})
*
32 2
*
S5 3
56
- -8 -C -8 -C - - sy * *
where IPB are SZ SZ’ 52 53 Cl 54 02 S5 and S5 56 for #*1, *2 and
*3, respectively. Then the equation NE_, does not contain the

2

voltage across and the current through the link-capacitor S6.

(The link-capacitors 52 and S5 correspond to the initial nodes of
1 B')

By induction, the equation NE, does not contain the voltage

3
across and the current through the link-capacitor 55.

Consequently the equation NE, does not contain the voltages and

4
the currents through all link-capacitors. Then the state equation
may have at most sixth order-derivatives of inputs. The number

Zm is five in the subgraph shown in Fig.5—4.9.

Consider the matrices appeafing in the formulation of the
state equation. Nonsingular R and g guarantee the existence of
‘a hybrid matrix, whose rows correspond to the currents through

the twig-capacitors and the voltages across the link-capacitors,
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and whose columns correspond to the voltages across the twig-
capacitors and the currents through the link-capacitors.

The matrices R and g correspond to the loop reéistance matrix and
the cut-set conductance matrix, respectively, in RLC networks.
The matrix B(ABSZQ-]QZS) may be regarded as a resistance matrix
of a non-reactive network, whose ports are connected to the link-
capacitors. Nonsingular EC(ACC-FZC52A2) guarantees the existence

of a state equation for the network when the link-capacitors

except 32 are deleted from the network.

5-5 A CANONICAL FORM OF NETWORK-EQUATIONS WITH NO UNIQUE
SOLUTION )

A state equation of a network with a unique solution is
obtained in Section 5-4. It is a canonical form of the network-
equation with a uﬁique solution. In this section, is studied
a cannonical form of a network-equation with no unique solution.
(that is, there exists no common tree.) The matrix pencil[27]
is avaiable for the study. (See Appendix I and I .) A matrix
pencil is represented by

A+AB, (5-5.1)
where A and B are mxn constant matrices and A is a parameter.

In Appendix I, it is shown that pencil A+AB is strictly equivalent
to a canonical quasi-diagonal form, A+AB. 1In Appendix I, it is
shown that in accordance with the canonical form, a system of

m linear differental equations of the first order in n unknown

functions with constant coefficients splits into the five cases

of subsystems. The subsystems belonging to Case 1) are not

107



consistent with no special relation among the independent source-
values, those to Case 2) are always consistent but indeterminate,
- those to Case 3)Aare not consistent with no special relation of
the derivative forms among the independent source-values, those
to Case 4) may have the derivative parts of the source-values,
and those to Case 5) posses the unique solution.

The coefficient matrix O6(p) in Eq. (5-3.1) is written as

8(p)=6 ,+p8 ,, ' (5-5.2)
where
61= o,0, -1,0
0 »Hyps 0 »-Hpp
BycoByp» 0 5 0
0,0 ’QIC’ QID

0,=diag.{C,0,0,0}.

Then 6(p) is a pencil.
Let us classify branches in accordance with a normal maximum
tree pair, as shown in Table 5-5.1.

The branches belonging to Type 1

Type GV GI

1l jlink{link

are links in G, and G those to

14 I’
Type 2 are twigs in G

v and GI’

those to Type 3 are links in @

2 |twig|twig

14
but twigs in G, and those to 3 |link|twig

4 |twig|link

Type 4 are twigs in GV but links

in G;. _Table 5-5.1

Since the network cosidered Branch-classification in
accordance with a normal

here has no common tree, there
maximum tree pair.

exists at least one branch belong-

‘ 108



ing to Type 3 or 4. Then the canonical quasi-diagonal form
of the pencil (5-5.2) should contain quasi-diagonal pencil 0,
L or L'?
Let us assume that there exist branches of Type 3, and examine
the column rank of the matrix Me@‘ The matrix Me {e=0} is

written as

(nc) (nD) (nc) (nD)

M=le =] 0 ,0 ,-1,0 |(ny) ’ (5-5.3)
0,0 | 0 L My, 0 ,-Hpp|(ny)
By Byps 0 5 0 | (u(G,))
0 , 0 , Qs Qppl(r(6,))
C .0 , 0,0 [(n)
o ,0 , , 0 (nD)
0 ,0 , 0,0 [(u(6,))
0 ,0 , 0,0 [rr(6.))

i) Assume that there is no dependent source-branch belonging
to Type 4. Let us choose pivot-terms of a minor determinant of

MO as follows:

1) 1In [BVC’BVD]' elements corresponding to the branches

belonging to Type 1 and 3. (n1+n3 elements)
2) In [QIC’QID]’ elements to Type 2 and 3. (n2+n3 elements)
3) In HVD' elements to Type 2. (n2D elements)

4) In -H D’ elements to Type 1. elements)

I
5) In -1, elements to Type 1. (n

(nyp

10 elements)

6) In C, elements to Type 2 and 4. elements)

(gethyc
The independent 2ne pivots can be chosen in the above procedure.

Then the rank of MO is 2ne. If the pivot-terms of a minor

@ See Appendix I.
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determinant of Me {e=1,2,+++} are chosen as above, the rank of
Me is 2(e+1)ne. The canonical quasi-diagonal form of the
coefficient matrix 6(p) contains no submatrix Le’ but may contain

submatrices La.

ii ) Consider the case where there are branches belonging to

Type 4

Definition 5-5.1
A Type 2 capacitor-branch in loop(b) in GI (where b is a
dependent source-branch belonging to Type 4) is called an

e-capacitor-branch.

Let us choose pivot-terms of a minor determinant of M0
as follows:

1) In [B ], elements corresponding to the branches

VC’BVD
belonging to Type 1 and 3.
2) In C, elements to Type 2 and 4.
3) In HVD’ elements to Type 2 and 4.

4) In H elements to Type 1.

1D’

5) In QID' elements to Type 2 and 3.

6) In QID’ elements corresponding to Type 4 dependent source-
branches if the fundamental loops determined by those dependent
source-branches contain e-capacitor-branches.

7) In‘QIC, elements to Type 2 and 3 except e-capacitor-branches.

8) In 1, elements corresponding to the capacitor—branches not

" chosen in 7).
If there is not an e—qapacitor—branches for every Type 4
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dependent source-branch, then the rank of MO is less than 2n

From i) and ii ), we have

Lemma 5-5.1

If there is no branch of Type 4, the rank of Me {e=0,1,+"°}
is 2(e+1)ne. .

If there exists an e-capacitor-branch for every dependent:

source-branch, the rank of Mo is 2ne. Otherwise it is less than

an .
e

In Fig.5-5.1, the shaded portions are independent pivots, and

G
Hi [} N4 _-H
(\\‘ 1 -
/ VN g ,§ u / 1D \
T RS )
! =y X2 '
] ' 25, N H
0/ 2/
| 11 ’Z// X7 S
L - - - 1 s &7 PN s
7
i 7K : 0
/ | | [
- - - I E—_—
Bve Ba:/c____‘____* b e o e n o
AT ¥
o i Z 7%
. " 7 /
4 7 A v
c /7 % o By
1 7 i Sye ~30
5 //’: "/ﬁ . /f' 921(:)} A - !
. : "W 27747 (A
e Bue Bao B 7 ;é NN
% ° gl
Bivo ‘2’;753'2‘. . Al
V///,/’,a\;// BLR
G s ve :
75 Y L
4 /?"é )// t
T . b
; ! ~ -
O Qx| Oup  San Cio |

Fig.5-5.1 MO and independent pivots.
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¢, are e-capacitor-branches for bl.

The matrix M for example, for the network shown in

0’
Fig.5-5.2, is written as

M0= 0, 0, 0,-1, 0, 0]. : (6~56.4)
0:92: 0: 0:"1: 0

0: 0.’93: 0: 0:"1

o, 0, 0, 0, 0, 0

The rank of MO is 2ne=6. The capacitor ¢, is an e-capacitor

1
7 7
for the Type 4 branch 2 in the normal maximum tree-pair {Tg:Ti},

N_ N_
where TV—{CJ,Z} and TI—{CZ}.

(a) - (b) (c)

Fig.5-5.2 Example
(a) Original network, (b) its voltage graph

and (c¢) its current graph.

The rank of MO for the network shown in Fig.5-5.3 is 13, not

2ne=i4. There is no e-capacitor-branch for the Type 4 branch 6
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in the normal maximum tree-pair {Tg:Tg} where T§={01,62,5,6} and

N
TI—{CJ,CZ;S}.

1 2 . : .
3 4
5 4 7
K
(b) (c)

(a)

Fig.5-5.3 Example

(a) Original network, (b) its voltage graph and (c¢) its current graph

Consider the case where the rank of Me-l is Zane and that of

M is less than 2(e+1)ne. Let Me be

€
(e+1)
= AlB
M=ol 1 &%
0101 Be-1
el
I
I
__ e
M0=Bo
where Bi= 61 ; 1=0,1,°%*,e-1,¢€.
e2
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The pivots in Bo are chosen as mentioned above. Consider
the pivots in Bl' The elements of C in Bz'corresponding to the-

e-capacitor-branches Ce cannot be chosen as pivots because the

0
elements of -1 in BO corresponding to those are pivots, that is,

the e-capacitors are links for the tree which determines pivots
in BJ' Then the graphes to be considered in choosing the pivots

in 81 are ¢, {C,,} (denoted by G,,) and GI{CLO} (denoted by G..),

V:"Lo I1

where C 0=C;0+1ink capacitor-branches. In the similar manner of

L
choosing the pivots of Bo for a normal maximum tree pair of GV

.and GI, the pivots of 81 can be chosen for a normal maximum tree

pair of G and GII as follows:

V1

1) In [B the elements corresponding to the branches

VC’BVD]’
belonging to Type 1 and 3, and the elements corresponding to CLO'
2) In C, elements to Type 2 and 4.
3) In HVb’ elements to Type 2 and 4.

4) In -H elements to Type 1.

I’
5) In QID' elements to Type 2 and 3.
6) In QID' elements to Type 4- dependent source-branches if
the fundamental loops determined by those dependent source-
bfanches contain e-capacitor-branches.

7) In QIC’ elements to Type 2 and 3 except e-capacitor-branches.

8) In 1, elements to the capacitor-branches not chosen in 7).

If there is no e-capacitor-branches, the rank of M1 is less
than 4ne, and in this case e=1. Otherwise there exist an e~
capacitor-branch for every Type 4 dependent source-branch in Gre
énd Gi

1° .Then the rank of Ml,ls 4ne.

Consider pivots of Me {e=2,+++}. Since the rank of Me is less
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than 2(£+1)ne, there is no e-capacitor-branch in GVe and GIe’

A normal maximum tree pair in G,. and G is considered when

‘ Ve Iz
the pivots of Bi is chosen. It is a maximum tree pair in GV and
GI. Examine the maximum tree pair. For simplicity, let us
assume that there exists only one branch of Type 4, bl’ in GV and
GI. The maximum tree pair for the pivots in Bo is a normal
maximum tree pair {Ti:Tg}. The maximum tree pair for the pivots
in Bl is a normal maximum tree pair of GVJAGV{CS,CI} and GIJAGV{

CS’CJ}’ where Cg is a set of link-capacitor-branches belonging to
Type 1 and Cl is an e-capacitor. The maximum tree pair for the
pivots in 82 is a normal maximum tree pair of GVZAGV{CS,CJ,CZ}

and GIZAGI{CS,CJ,Cg}, where ¢, is an e-capacitor in G and GIZ'

a V1

By continuing the above, the maximum tree pair for the pivots in

Be-l is a normal maximum tree pair of GV{CS,CJ,'-°,C€_1} and

GI{CS’CI’

} and GI{CS,C

---,CS_J}, where Ci 1s an e-capacitor in GV{CS,CJ,---,

c -, C }. Since the rank of Me is less than

i-1 12"

2(€+1)ne, there exists no capacitor-branch C€ such that a normal

-1

maximum tree pair of GV{CS,CZ,---,C CE} and GI{CS,C o, C

e-1° PRI R b

CE} is a maximum tree pair of GV and GI. Consequently in deter-

mining the pivots of Me’ a normal maximum tree pair of G, and GI

4

is chosen to determine the pivots of B and a primitive maximum

0’
tree pair in Definition 5-2.3, to determine those of Be-l'
Meanwhile two graphes are uniquely partitioned into the pair

subgraphes for an arbitrary maximum tree pair[Zl]. The parti-
" tioned subgraphes have one to one correspondence to the branches

belonging to Type 3 or 4. Then we obtain
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Lemma 5-5.2
A minimal index of the column dependence €4 of the pencil
(5-5.2) is given by
N P
€k=|TV(C) I—IT.I(C) |

and G

for the partitioned graph of GV I

which has only one branch
belonging to Type 4.

Consider the row dependence of the pencil (5-5.2). For this,
the column dependence of the pencil 6£+peé; The matrix MO for

6£+peé is written as

- 1
MO 0, 0 ’BVC’ 0
) 1 '
O’HVD’BVD’ 0
[
']a 0 ) 0 ’QIC

] ]
O’HID’ 0 ’QID
C,0,0,0
0,0,0,0

Let us choose pivots of a minor determinant of MO as follows:

1) In ’ elements corresponding to the branches belonging

'
Ic

}D to Type 2 and 3.
.2) In H!

D’ elements to Type 1 and 4.

3) In HbD, elements to Type 2 and 3.

4) In 1, elements to Type 1 and 4.

5) In C, elements to Type 2 and 3.

6) In , elements to Type 1 and the capacitor-branches

)
BVC

B}C which is in the loop(b) in G, (where b is a

branch belonging to Type 3).
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Between the above pivot-terms

and those ‘for the case of'61+p62,

there are some correspondences

shown in Table 5-5.2.

Then we obtain

4 I
GI GV
Lemma 5-5.3
Table 5-5,2

A minimal index N of the row
Correspondence of pivots of MO‘
dependence of the pencil (5-5.2)

is given by
N p
nk=|TI(C)|-|TV(C)|

for the partitioned graph of GV and GI which has only one branch

belonging to Type 3.

Examine a canonical form of the network-equation for the net-
work shown in Fig.5-5.4, where the voltage and the current graphs

are shown in Fig.5-5.4 (a) and (b), respectively. The graphes

'GVZ' GIZ' GVZ and GIZ are derived from GV and GI for the branches

belonging to Type 4. The graphs GV3 and GI are partitioned for

3
the branches belonging to Type 3. The graphs GV4 and GI4 has

common trees.

The network-equation for the network shown in Fig.5-5.4 is
strictly equivalent to

0,0,1,0,0,0] s
0,0,p51,0,0,
0,0,0,0,p,0 ()
0,0,0,0,1,p
0,0,0,0,0,1]
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(a)

Fig.5-5.4  Example

where A0+pBO is a regular pencil.
The method of obtaining a

canonical form of a network-equation

is given in this section. To obtain

a canonical form of the regular

pencil A0+pBo is to obtain a state

equation. It is discussed in

Sectiqn 5-4.

5-6 CONCLUDING REMARKS

In Section 5-2, the induced
digraph induced from the voltage
and current graphs is defined, and
£he properties of the digraph are
considered. They are useful in
formulating the state equation.

In Section 5-3, the solvability
and the’order of complexity are
considered.

In Section 5-4, a state equation
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whose state variables are the voltage across the twig-capacitor
for a normal common tree is formulated. It may include higher
order-derivatives of the inputs than the first order..

The relation between the higher order-derivatives and the network-
topology is studied.

In Section 5-5, a canonical form of a network-equation with no
uniqﬁe solution is studied by means of 'matrix-pencil'. It gives
the properties of the network. It may be useful fof the piecewise
linear analysis of a nonlinear network such as the network- |
topology of some piecewise linearized networks is different from
that of others.

The considerations in this chapter deal with the network-
topology only. However the problems on the solvability and the
formulation of a state equation depend not only on the network-
topology but also the network-e}ement—values. The problems
considering the both are not studied. They may have no fruitful

result.
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CHAPTER 6  LINEAR NETWORKS CONTAINING PERIODICALLY OPERATED
SWITCHES 2~ (13)

6-1 INTRODUCTION
Periodically interrupted electric networks (networks containing

periodically operated switches) play an important role in many

circuit applications[281[33].

Methods for analizing such networks have been provided by many

[28]1-[32] (28]

authors S.Hayashi analized such circuits by means

of matric-operational calculus and introduced two kinds of initial

[29]

values. W.R.Bennet gave steady state solutions with sinus-

[30]

oidal inputs. Y.Sun and I.T.Frish analized circuits contain-
ing switches, resistors and capacitors, and succeeded in obtain-

ing circuits with larger time constants than those containing no

[31]
[32]

switches. A.Fetweis gave an analysis by means of z-transfor-

mation, and M.L.Liou , by means of state variables.
The above mentioned methods are applicable to the networks

[28]

with certain restrictions on the inputs or on the network-

[29][30]. But the formal relations between two kinds

structures
of initial values and the stability problem (that is, the problem
whether the circuits have steady state solutions or not) are not
étudied. The change of network-topology due to switch-operations
is not discussed.

In Section 6-2, changes of .network-topology due to switch-
operations are studied.

In Section 6-~3, analysis of networks containing periodically
operated switches is studied by state variable-approach.

In Section 6-4, the initial values of the second kind[28]
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are derived formally from those of the first kind, in case of
RLC, RLCT and RCG networks. In active networks, the relation
between the initial values of the first and second kinds is
discussed.

In Section 6-5, the mathematical meaning of the two kinds of
initial values is discussed.

In Section 6-6, the problem on the stability is studied.

6-2 NETWORK-TOPOLOGY AND RESTRICTIONS
6-2.1

The Fig.6-~2.1 shows a general network containing periodicaily
operated switches, where the éwitches represented by S are closed
and opened with a period r. By switch-operations, »n circuit-
modes are produced periodically. Each circuit-mode is produced
again after the period r.-and its interval is called a stage. (See
Fig.6-2.2)

The graph corresponding to the network containing periodically
operated switches is denoted by G*. Note that the graph G*

contains bramches corresponding to switches (switch-branches).

S
] ] [ °]
Network N N N

(a) ' (b)
Fig.6-2.1 Fig.6-2.2
Network containing (a) Circuit-mode; switch is closed.
periodically operated (b) Circuit-mode; switch is opened.

switches.
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The graph obtained from G* by contracting voltage source-branches
and deleting current source-branches is denoted by G.

In general, the graph G may be separable, Z.e. there may be
some network-elements whose currents and voltages do not depend
on any. switch-operation. In our analysis, only a connected
component of G containing some switch-branches may be considered.
For example, the graph G corresponding to the network shown in
Fig.6-2.3(a) is shown in Fig.6-2.3(b). Tﬁen only a network shown
in Fig.6-2.3(c) is considered.

.The symbol G(Sl,-'-,Sk) denotes the graph corresponding to the
network, where Si=1"5i=0" if the switéh Si is closed"opened", and
k¥ is the number of switches. The symbol Gi denotes the graph
corresponding to the <-th circuit mode.

In the state variable-approach, a normal tree, a maximum
proper tree or a normal common tree is chosen for every circuit
mode if the circuit mode is of an RLC, RLCT"RCG" or active

network, respectively.

(a) (b) (c)
Fig.6-2.3 Example of separable graph
(a) Original network.
(b) Its corrresponding graph.

(c) Network to be considered.
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Assume that every circuit mode is of an RLC network. Let us
choose a rnormal tree {(denoted by Ts) in G(1,+++,1). A normal
tree To in G(0,+**+*,0) can be obtained such that it includes Ts'
Then a normal tree (denoted by Ti) in Gi containing all twigs in
TS and no links for To can be chosen. Such a tree is called a
basic tree for TS and To' Then the voltages across the twig-
capacitors in TS énd the currents through the link-~inductors for
To can always be state variables in every circuit mode. However,
the state variables in some circuit mode are not only these
voltages and currents since generally the order of complexity of

one circuit mode may be different from that of another.

Definition 6-2.1

Let T be a basic tree of G(l,--,l,g,l,--,l) for Ts and To'
If the number of the twig-capacitors in T is not equal to that in
Ts’ the switch Si is called a C-switch, if the number 6f the link-
inductors in T is not equal to that in ?o’ the switch 5, is

called an L-switch, and otherwise, the switch Si is called an R=-

switch.

From Definition 6-2.1, if all switches are R-switches, the
order of complexity and a set of state variables do not vary in
switch-operations.

Consider how the network-topology changes by switch-operation
if the network contains only one R-switch Si. Then the character-

istic part of the fundamental loop matrix of G is given by
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(5,0(¢) (G) (T)

510 [Fgps 050 |, (6-2.1)
R \fpslFreoFrgs O
Y fyxlfyc’fyG’ 0
L fo|FLC’FLG’FLF
where the switch-branch Sl is a twig. The subscripts x and y
denote switch 51 and the resistor which becomes a twig when 51

becomes a link. The matrix obtained from (6-2.1) by déleting the
column for SZ is the characteristic part of the loop matrix of
G(1).

Then the characteristic part of the fundamental loop matrix,

when 51 is chosen as a link, is

(c) (G) (y) (T)

(5) FSC s 0 s 0 0 |, (6-2.2)

FRC fyfoxfyC’FRG fyfox yG’fyx yG?

FLC fyfoxfyC’FLG fyfox yG’fyx yG?> LT

1) f 3 fyx yG s fyx 3 0

(R) 0

(L) F

(S ya yC

by Lemma A-3.2. (See Appendix A-3.2.) The matrix obtained from
(6-2.2) by deleting the row for Sl is the characteristic part of
the loop matrix of G(0).

In the network containing more than one R-switch, the varia-
tions in network-topology caused by switch-operations are compli-

cated unless the network satisfies the foilowing assumption,

Assumption 6-2.1
2 4 S n " 4
There is no intersection of Sll and SZZ' where SZl SZZ is a

subset of links Ts each of which can become a twig of a tree for
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G(I,00e,1,0,1,0021)"G(1,000,1,0,1,000,1)"{3,4=1,

Consider a network containing n R-switches.

i#3}.

The characteristic

part of the fundamental loop matrix for TS is written as

F o,

s5C?

FronsF

RC?
1
RC?
1
RC?

RG?
1
RG’
1
RG?

FL ,F

flo.f

n n
FRC’FRG’
n n
fRC’fRG’

F.oF

1 Fl

FLC’ LG?

n n
FLC’FLG’

n
FLP

0

0
0
0

LC’ LG LT

1

LT

(6-2.3)

From the matrix (6-2.3), the characteristis part of the funda-

mental loop matrix when Si and Sj are links is written as the

following matrix (6-2.4), where the elements for switches are

eliminated, and the supperscript i of F;C denotes a characteristic

part corresponding to the resistor~-branches for which the funda-

mental loops contain the switch Si'
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"se.
RC RG
1 [ 1
Fre IFRG
ri-1 I;i-l
8. 15T
FE - |e|f2, FE -
RC RC| RG
F7,+1 FL+1
Fre L RG
: l. .
- -1
fJ 1 f7
A
f -|oled  FO -
RC RC | @GZ
F,j+1 FJ+
.Rc I-RG
. |
n n
fre |fRG
Fre IFre
7 1
Frc 7
Lo ! £z I;i
oc” |5 'reliLe
. 1 . .
d _1.]¢d J .
Fic ; frelfic
.. l.
on ‘n
Frc |Fre
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6-2.2
Consider a network satisfying Assumption 6-2.1. Then its

graph satisfies;

Condition 6-2.1
There exists a tree such that several specified branches are
twigs and there is no fundamental loop containing two or more of

the specified branches.
The dual condition of Condition 6-2.1 is

Condition 6-2.2
There exists a tree such that several specified branches are
links and there is no fundamental cut-set containing two or more

of the specified branches.

Assume that the number of specified branches is two. We have

some definitions.

Definition 6-2.2
The branches specified to be twigs are called r-branches (re-
served bhranches). The nodes which touch r-branches are called

r-nodes.

Definition 6-2.3
A tree (containing r-branches) is called a p-tree (partitioning
tree) if every fundamental loop with respect to the tree contains

less than two of r-branches.
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Definition 6-2.4

A path from a node ©Z to j which does not contain r-branches
and r-nodes except the r-nodes Z7 and j is denoted by p(Z,J).

A node is cailed a p-node if it is not an r-node and if there
exist paths from it to more than three r-nodes containing no
r-branch.

A path p(Z,Jj) containing no p-node is denoted by d-p(<,J)

(direct path).
From the difinitions, we obtain

Lemma 6-2.1

If a node touching a branch is a p-node, the other node touch-
ing the branch is an r-node or a p-node.
Proof: If the node is not an r-node, there exists a path from

the node to the p-node. Then the node is a p-node.

Consider the case where an r-node touching an r-branch 1 is
identical to an r-node touching r-branch 2. Without loss of
generality, the other r-nodes can be assumed to be labeled with

1" and 2'. Then we obtain

Theorem 6-2.1

In the case where the r-node 1 is identical to the r-node 2,
there exists a p-tree if and only if there exist no d-p(1',2').
Proof: Either there is a p(1',2') or not. |

i) If there is no p(l',?'), then the graph is separable and
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the r-node 1"2" is a cut-node. Then any tree containing the
r-branches 1 and 2 is a p-tree.

ii ) If there exists a p(1',2'), there exists at least one
p-node in the p(1',2'). Then a tree containing the r-branches 1
and 2, such that every p-node is connected to the r-node 1 with
a path in it even if the r-branches are deleted, can be chosen.
If a node touching a link for the tree is a p-node, the other
node touching the link is a p-node or an r-node from Lemma 6-2.1.
Then the two nodes are connected in the tree if either of the two
r-branches is deleted. Then the fundamental loop for the 1link
does not contain both of the r-branches. If either node touching
a link in p(1',2') were not a p-node, (when the fundamental loop
for the link contains both of the r-branches,) there would exist
a d-p(1',2'). This contradicts the assumption, and therefore the
tree is a p-tree.

If there exists a d-p(1',2'), the fundamental loop for a link
in the d-p(1',2') with respect to any tree contains both of the

r-branches. Then there does not exist a p-tree.

Consider the case where all r-nodes are different. The follow-
ing theorem covers the case since the r-nodes can be arbitrarily

labeled.

Theorem 6-~2.2
Suppose that all r-nodes are different. i) If there exist all
d-p(1,2), d-p(1',2'), d-p(1',2) and d-p(1,2'), or ii ) if there

exists d-p(1,2) and'd-p(l',Z') and neither of p(1',2) and p(1,2'),
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then theré is no p-tree. The converse is also true.

Proof: In the case where there exist all d-p(1,2), d-p(1',2'),
d-p(lf,Z) and d-p(1,2'), even if the r-branches are deleted in
any tree T containing the r-braﬁches, there exists a path from
the r-node 1 to 2, from 17 to 2', from 1' to 2 or from I to 2'
in the subtree T-{r-branches}.  Assume that there exists a path
from 7 to 2. A fundamental loop for a link in the d-p(1',2')
contains both of the r-branches. Therefore there exists no
p-tree. Similarly there exists a path from 1’ to 2', from 1' to
2 or from 1 to 2' in T-{r-branches}.

In the case where there exist d-p(i,Z) and d-p(1',2') and
there exists neither p(1',2) nor p(1,2'), there exists either
a path from the r-node 1 to 2 or from 1’ to 2' in a subtree where
‘the r—branches are‘deleted in any tree containing the r-branches.
Assume that there exists a path from I to 2. Then a fundamental
loop for a link in the d-p(l),2') contains both of the r-branches.
Therefore there exists no p-tree.

The cases which are not covered by the case where there exis£
all d-p(1,2), d-p(1',2'), d-p(1',2) and d-p(1,2'), and the case
where there exist d-p(1,2) and d-p(1',2') and there does not
exist either p(1',2) or p(1,2') are as follows;

. Case 1) None of d-p(1,2), d-p(1',2'), d-p(1',2) and d-p(1,2")
exists,

Case 2) There exists only d-p(1,2) and there is no other d-path.

Case 3) There exist d-p(1,2) and d-p(l;z’), and there does not
exist another d-path.

Case 4) There exist d-p(1,2), d-p(;,Z’) and d-p(1',2), and

there is no'd-p(1',2').
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Case 5) There exist d-p(1,2) and d-p(1',2'), and there exists
either p(1',2) or p(1,2').

We prove that there exists a p-tree in the five cases.

Case 1) There exists either of the paths p(Z,4) {i=1,1' j=2,2"}
since the graph considered is connected. Then there exists at
least a p-node, and a node in p(Z,j) is either an r-node or a
p-node. There exists a tree containing both of the r-branches,
such that there is a path from a p-node to another in the tree
even if either of the r~branches is deleted. Then a fundamental
loop for a link touching a p-node does not contain both of the
r-branches. If neither of nodes touching a ligk were a p-node
and if the fundamental loop for the link contained both of the
r-branches, there would exist a d-p(i,j) {i=1 or 1' j=2 or 2'}.
This contradicts the assumption of Case 1). There exists a p-
tree.

Case 2) Since there exists a path from a p-node to r-node 1 or
2 which does not contain r-nodes except the terminal nodes, there
exists a tree containing both of the r-branches and all branches
of a d-p(1,2), such that there exists a path from a p-node to
another p-node in the tree even if either of the r-branches is
deleted. Then a fundamental loop for a link touching a p-node
does not contain both of the r-branches. Assume that neither
node touching a link is a p-node. The link is either contained
in a p(1,2) or not. 1In the former, the fundamental loop for the
link could not contain either of the r-branches since all branches
in a d-p(1,2) are twigs. 1In the latter, the fundamental loop for
the link would contain both of the r-branches. Then there would

exist a d;pfl',z'), d-p(1,2') or d-p(1',2). This contradicts the
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assumption of Case 2). Thus there exists a p-tree.

Case 3) There exists a tree containing both of the r-branches
and all branches in a d-p(1,2'), and a path from a p-node to
another p-node exists in the tree even if either of the r-branches
is deleted. Then a fundamental loop for a link touching a p-node
does not contain both of the r-branches. If the link is contained
in a d-p(1,2) or another d-p(1,2'), the fundamental loop for the
link does not contain both of the r-branches since all branches
of a d-p(1,2') are twigs. If the link is not contained in a
d-p(1,2) or a d-p(1,2') and if the fundamental loop for the link
contains both of‘the r-branches, then there exists a d-p(1,2).
This contradicts the assumption of Case 3). There exists a
p-node.

Case 4) There exists a tree containing both of the r-branches
and all branches in a d-p(1,2), and a path from é p-node to
another p-node exists in the tree even if either of the r-branches
is deleted. Similar auguments to thosé in Case 1)-3) lead to
that the tree is a p-tree.

Case 5) There exists a tree containing both of the r-branches.
and all branches of a p(l',Z)'or a p(1,2'), and a path from a
p-node to another p-node exists in the tree even if either df the
f—branches is deleted. Similar auguments to those in Casel)-4)

lead to that the tree is a p- tree.

The problem whether there exists a p-tree or not is solved for
a graph where the number of r-branches is two. The problem where

the number of r-branches is more than two is considered. This

132



problem is not solved. But a heuristic algorithm for a p-tree
is obtained in the next paragraph. The proof of the algorithm is
not given.

In order to consider condition 6-2.2, we have some definitions.

Definition 6-2.4
The branches specified to be links are called s-branches and

the nodes which touch s-branches are called s-nodes.

Definition 6-2.5
A tree (containing no s-branches) is called a d-tree if every
fundamental cut-set with respect to it contain less than two

s-branches.

and 52, we have

For a graph with two s-branches 31

Theorem 6-2.3"
A tree which contains no s-branch is denoted by T. Assume

that there exists a twig ¢, such that the fundamental cut-set for

0

ty with respect to T ( cut—set(to)) contains two s-branches.
(If the tree T does not satisfy the assumption, it is a d-tree.)

If the link ZZ and the twig tl exists such that

i) The 1link Zl is in cut-set(to),

ii) The twig ¢, is in Zoop(ZZ), and cut-set(tl) contains only

1

one s-branch (e.g. 51)’
iii) There is no twig in Zoop(ll) such that the fundamental cut-

set for the twig contains S, but does not contain §

2 1’
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then the number of the twigs in the tree T-t1+11 such that the
fundamental cut set for each of the twigs with respect to T—t1+Zz
contains two s-branches is less than that in T.

Proof: Let the fundamental cut-set for a twig ¢t with respect to
T"T-t1+21" be C(t)"Cl(t)". Then if a twig ¢t is in Zoop(Zl) with

respect to T but is not ¢ (a) Cl(t)=C(t)+C(t1). Otherwise (b)

1’
Cl(t)=C(t), and (c) cl(t1)=c(t1), From iii), Cz(t) in (a) does
not contain two r-branches. Then the theorem is proved.

Q.E.D.

Corollary

7 do not exists,

and if T is not a d-tree, then there is no d-tree.

If the branches as the link ZJ and the twig ¢

6—-2.3 ALOGORITHM FOR p-TREES AND d-TREES
i) The number of r-branches is two.

By Thecorem 6-2.1 and 6-2.2, it can be determined whether there
exists a p-tree or not. If there exists a p-tree, it can be |
obtained by choosing a tree as described in the proofs of the
theorems.

ii ) The number of s-branches is two.

By Theorem 6-2.3, it can be determined whether there exists a
d-tree or not. If there exists a d—tree,‘a d-tree can be
obtained by tree-transformations mentioned in Theorem 6-2.3
iii) The number of r-branches is more than two.

In this case, we have nd necessarv and sufficient condition
for the existence of a p-tree. However, the following theorem

gives a necessary condition.
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Theorem 6-2.4

Let n, and ny denote the numbers of nodes‘and branches in a
graph, respectively. Let Mci be minimum number of branches in a
cut-set among the cut-sets containing only one r-branch r. Then
if there exists a p-tree, the following inequality holds;

ny- L Mciznn-(lR]+1), (6-2.5)
rieﬁ

where R is the set of r-branches.

Proof: Since there exists a p-tree (Z.e. there is no intersec-
tion among the cut-sets for r-branches), let the number of the
branches of the fundamental cut-set of the r-branches r. for the
p-tree be Fci’ then

n,- L M .>n,- L F .. : (6-2.6)
b rieR et='b ri&R et

Then the right hand of Eq.(6-2.6) is not less than the rank of
G[r-branches]. Consequently

ny- L F_.>n -(|R|+1).
p ER cl n
7
The theorem is proved.

Q.E.D.

We have a hueristic algorithm of obtaining a p-tree. It is

shown in Appendix VI.

6-2.4 CONCLUDING REMARK

The similar problems concerning p-tree or d-tree are
i) the problem of choosing a tree such that there are dummy
branches in the different subgrahs for the fundamental 1oops[37].

ii ) the dual problem of i).
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iii) the problem of maximizing the sparsity of the admittance

matrix Y[38].

6-3 ANALYSIS OF NETWORKS CONTAINING PERIODICALLY OPERATED SWITCHES «

Method of analizing such networks have already been provided.

Matric operational calculustzsl, z—transformation[31]

variable-approaches[32] are examples of such methods. The state

and state

variable-approaches fit the computer-aided- analysis and have some
informations of the network topology. Here a state variable-
approach to the analysis of networks containing periodically
operated switches is studied. Such networks are assumed to

satisfy the following Restriction A,

Restriction A
Every circuit mode satisfies Assumption A in Chapter 2, and

does not contain impulsive voltage- or current-sources.

For an RLC network, as mentioned in Section 6-2, the graph
corresponding to every circuit mode has a normal tree , which
contains all twigs of a normal tree TS in G(1,%+°,1) and no links
of a normal tree To in G(0,++,0). Therefore a set of state
variables for some circuit mode can be chosen so that the set
covers a set of state variables for the circuit mode whose order
of complexity is minimum among the all cifcuit modes. This state
variables can be covered by state variables of. the circuit mode
whose order of complexity is maximum among all the circuit modes.

Let us consider a network with two circuit modes. The period
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of the modes is denoted by 7. Assume that a set of state vari-
ables for the first circuit mode covers that for the second.

The state equations for the first and the second circuit modes
for the n-th stage may be obtained, respectively, as

(6-3.1)

1 12

X = +
X ,n(t) Azxz,n(t) Blu(t+nT), at aT<T<nT+t
where t=1-n7, and

L] = + -
X g n(t) Agxg,n(t) BZU(t+nT+t1), at nT+t1<T<(n+1)T, (6-3.2)

3

where t=%-(nT+t1). The vectors xi,n(t) {i=1;2} and uft) are the
state and the input vector, respectively. The matrices Ai and Bi
are constant.

Assume that Bi contains no derivative term. (It wil be shown
in the following Section 6-4 that the assumption is reasonable.)

Then the solution of Eq. (6-3.1l) and (6-3.2) are obtained,

respectively as
nT+t

x. (t)=etPix. (+0)+etPy e~ (TnTIA 1R yit)dr, (6-3.3)
1,n 1,n 1
ntT
c(n+1)T
x, (tr=ethox, (ro)+ethe e (Tt ) Rop uir)d , (6-3.4)
2,n 2,n 2
nT+t1

where X n(+0) {i=1,2} are the initial value vectors of the

3

second kind.
Consider the input functions,

u(t)=ued T+, (6-3.5)

where U is a constant vector. Then Eq.(6-3.3)'and Eq. (6-3.4)

become, ;espectively,
Rix, (+00+(5u1-A 07 (79 1_cPA1)8 uedunT*o,

_t
X n(t)—e 1,

1,

(6-3.7)
xz,n(t):etA2x2,n(+0)+(jm1-A2)-1(ertl-etAZ)BzueJ(m"T+t1+¢),

(6-3.8)
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i) Since the set of state variables for the first circuit mode
covers that of the second, some voltages across the capacitors
and/or some currents through the inductors may be state variables
but not those for the second circuit mode. However, such voltages
or currents for the second circuit mode can be expressed in terms
of the state variables. A network-element corresponding to the

j-th element of X n(t) can be identical to that of x_  (t).

1, 2,n
ii ) The initial value vectors of the second kind, Xy n(+0) and
E]
X2,n(+0)' can be derived from x2,n(t2) and xl,n-l(tl)’ respec-

tively. (This shall be mentioned in Section 6-4.)
From the discussion i) and ii ), Eq. (6-3.7) and (6-3.8) can be

written, respectively, as

Junt (6-3.9)

xl,n(t)=H1(t)x2,n-1(t2)+ll(t)e

Xy o (8)=H (t)x, n(t1)+12(t)ejwnT+t1, (6-3.10) ]

where T=t1+t2.

The above equations lead to

- JwnT
Xl,n(tl) Dlxz’n_l(t1)+51e

- JonT+t
XZ,n(tZ) szg’n_l(t2)+82e 1,

= - Jwt
where Dl-Hl(tl)HZ(tZ), ;R (2 )L (t,)e 2+1,(¢t,)

= = -jwt
02 Hz(tz)HJ(tl)’ 52 Hz(tz)ll(tl)e. 1+12(t2).

Consequently, X n(tz) and X n(tZ) are expressed by X (t.,)

1, 2, 1,171
and X5 Z(tz)’ respectively, as
E
-nn-1 -jwr,-1 JwnT n-1 _
xl’n(tl) Dl xl,l(t1)+(]_Dle ) (e 'DJ )51, (6-3.11) .

n-1 -jwr, -1 Junt_pn-1 Jwt
X2,n(t2) DZ X ) (e D2 )52e 1.

2’1(t2)+(]-D2e

(6-3.12)

The vectors x.  (t.) {Z=1,2} can be partitioned into three
k]
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vectors as

xi,n(ti)={xi,n(ti)}t+{xi,n(ti)}o+{xi,n(ti)}s’ (6-3.13)

where
_nn-1
{xi,n(ti)}t_ni xi,l(ti)
-jmT)Dn-Js

{x n(tl)}o=-(]-Dle 7 7

1,

- -jwTr, n-1 Jwt
{x2,n(t2)}o—-(]_02e )DZ Sge 1

- -jur,-1 JunT
{xl,n(tl)}s—(]-ole ) Sle

_ -jwr,-1 JwnT+t
{XZ,n(tZ)}s—(]_Dze ) 52e 1. (6-3.14)

The terms {Xi (ti)}t’ {xi,n(ti)}o and {xi,n(ti)}s are called

n
E
the transient state terms for the initial values, the transient
state terms for the input voltages and currents, and the steady
state terms, respectively.

If D?»O and DZ+0 as n»>», then X n(ti) contain only steady

3

state terms at n=w,
Let {x (t)} and {x (t)} denote steady state solutions of
1,n s 2,n s

the network, then {Xl,n(t)}s and {x2 n(t)}s are given, respec-

3
tively, as

_ -jur,-1 Jwt JjwnT
{Xl,n(t)}s_{Hz(t)(]'Dge .) 52e 1+Zl(t)}e

A fl(t)ejwnT (6-3.15)

_ -jwr, -1 -jwt JjonT+t
{xz,n(t)}s—{Hg(t)(l—Dle ) Sle 1+12(t)}e 1

A o (t)e7"T, (6-3.16)

The time origin in the function x. (%) is at the start of the
s .
i-th circuit mode for the n=-th stage. Here, the time origin is
moved at t=0. Let x({1) denote the steady state solution of the

network as
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‘{XZ(T-HT)}S if nr<T<n +t

: 1
X(T)=i . :
({xg(T-nr-t )} if nrt <r<(n+l)T. (6-3.17)
From Eg. (6-3.16), we obtain
{fl(T-nT)ernT nTLT<nT+E,
X(T)zﬁ JuwnT
\fz(r-nT—tl)e nT+t,<1<(n+1)T. (6-3.18)

From (6-3.15) and (6-3.16), the vector x(t) does have a quasi

periodicity as
JwT

X(T+T)=x(T)e (6-3.19)
Then the vector f(1) written as
flr)=x(t)e 9" (6-3.20)
is periodic, since
f(T+T)=X(T+T)e-Jw(T+T)
=x(1)e I%T
=x(T). (6-3.21)
Then we obtain
x(t)=F(1)e’¥T
. o . 2TT
=% 1 cmeJm T , (6-3.22)
m:..co
where
1 (n+l1)T _.m2n1 .
cm=;g f(t)e 9™ T dr
nT
t . 21T t . 2T
=%Fg Tt (r)e™?™ 7 drfg 2f2(r)e'Jm*E(T't1) dt}.
0 . ' 0 )

If there exist integers p and g such that pT=q£%, the steady
state solution is pefiodic-with period pr. In general, however,
the steady state solution is not periodic, but quasi periodic.
If u(t) is a constant function, the steady state solution is

periodic.with period r. For example consider the network shown
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Fig.6-3.1 Example

L :
%\LIJ. !
1

AAAY

in Fig.6-3.1, where in the first circuit mode the switch S is
open, and in the second circuit mode S is closed. The period is
r. If e is constant and e=E, the network has a periodic solution
with periocd r. If e=EejaE:€, and if mT=2n71/w, then the network

has a perodic solution with period mT, otherwise it has no

periodic solution but a quasi periodic solution.

The following method of analizing such networks is simpler
than the above. It is, however, unsuitable to study the problem
on stability. Let x and u denote the state and the input vectors,
respectively. 1In most cases, U is a solution of a linear differ-
ential equation. For example if u=aejmt, u is a solution of

ﬁ=jwu. Then we have a differential equation as

x|=1A, B |]|x
u 0,jwl||u
y= Ry, (6-3.23)
where y=|x]|, A= A, B |.
u 0,jwl

The Eq.(6-3.23) can be considered a state equation without input

functions. The solution of Eq.(6~3.23) is
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thA

y(t)=e " y(o), (6-3.,24)
where ]
etho) et (aojul )L thodwty ), (6-3,25)
0, 79t

Consider a network containing periodically operated switches
with two circuit modes, then we obtain

J (6-3.26)

Yy, (t)=R )y, (5,

Y n(t)=H2(t)y1’n(t1), (6-3.27)

>
which correspond to Eq.(6-3.9) and (6-3.10), respectively. Then
we obtain

)

_ph-1
(tl)—Dl y2,1(t1

yl,n
v, (t)=0"1y (¢, )
2,n' "2’ "2 Jao,1'%27°
which correspond to Eq. (6-3.11l) and (6-3.12), respectively. Let

us defiﬁe D, and D_ as

1 2
DlernTAZim D", DgernTAZim Dg,
_n-)oo —‘n -»co

then we obtain the steady state solution as
_ JjwnT _
{yl,n(t)}s_Hl(t)DZyZ,J(tZ)e (6-3.28)

JjwnT

{y2 n(t)%s=H2(t)D1y1,1(t1)e s (6-3.29)

>
which correspond to Eq.(6~3.15) and (6-3.16), respectively.

This method is essentially the same as the previous method.
This method, however, makes it evident that networks have periodic
or quasi periddic solutions. The variables yi,n may.be state

variables of the i-~th circuit mode, or may be voltages across all

the capacitors and currents through all the inductors. .
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6-4 EXPLICIT DEDUCTION OF THE INITIAL VALUES OF THE SECOND

KIND FROM THOSE OF THE FIRST

6-4.1 THE DERIVATIVES IN THE MATRIX B

In Section 6-3, the analysis of the circuits is studied on the
assumption that there exists noderivative term in Bi of Eq. (6~3.3)
and (6-3.4). 1In general, however, there exist derivatives in Bi
as mentioned in Chapter 2, 3, 4 and 5, then at ¢=0, there exist

impulsive terms (%% Here it is shown that the matrix B

t=0) "
without impulsive terms can be obtained by choosing initial values
properly as follows.

In RLC networks there exists derivatives in~Bi when loops
containing only capacitor- and voltage-source—brénches (capacitor-
and voltage-source-only loops) are produced by closing C-switches,
or when cut-sets coﬂtaining only inductor- and current-source-

_branches (inductor- and current- source-only cut-sets) are
produced by L-switches.

Consider the case where capacitor- and voltage-source-only
loops are produced at t=0 by closing some C-switches. At t=+0,
the Kirchhoff's voltage law in the loops states

+0

S

+0
Ve

=g (6-4.1)

S’

where the matrix FSC is the same as is used in Chapter 2.
Let q. denote a vector of electric charges associated with the
elements as noted by the subscripts. Then we obtain
- ?

qy’ -0 ° (6-4.2)

+0
9%

@ The case, where the right hand term is nonzero, is considred

in Section 6-7.
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Since

. +0

C,s Of|vE qs s (6-4.3)
+0

0 ,Chllve qc

the initial voltages of the second kind across the twig-capacitors
are explicitly given as

+o_ -1p, ‘ _
c FSCCJeS (6-4.4)

When inductor- and current-source-only cut-sets are préduced
by opening some L-switches, the initial currents of the second
kind through the link-inductors are obtained as

+0 -1
i =-L FLPLZ r (6-4.5)

By choosing Eq. (6-4.4) and (6-4.5) as the initial values, the
state equations without impulsive term in Bi can be obtained.

({.e. the terms B%% can be replaced by the initial values and

t>0
du )
dt t>0
+0 . +0 .
In RLCT networks, the vectors VC and 1L .are given as
+0 |
Vo T FSCCJeS’ (6-4.6)
+0 -1 . )
i =_1" FLPLZJF' (6-4.7)
In RCG networks, the vector VZO is given as
+0_ ~1a 1 -1y -1 e~ 1p
€ AgpCie0s7C AsccchzGO FreRi7ep17C "AscCiFesb 322
(6-4.8)

In active networks, the initial values cannot be obtained
. explicitly as those in passive networks. .If the matrix B in
Eq. (5-4.9) is zero, the equalities corresponding to Eq.(6-4.1)

and (6-4.2) can be obtained as

+0 ~ > _ -
[-A,1]}v +eS+JS—0 . (6-4.9)
v§0
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[1,-F1[a}%|=0, (6-4.10)

where the matrices A and F are the same as are used in Chapter 5.
Then we obtain

+0_ Sl v
Ve --(CC-FCSA) F(eS+JS). (6-4.11)

6-4.2 THE INITIAL VALUES OF THE FIRST AND THE SECOND KINDS

In Section 6-3, the networks are analized on the assumption
that the initial values at a circuit mode can be obtained from
the final values at the previous circuit mode, that is, the
initial vales of the second kind can be obtained those of the
first. The methods for obtaining the initial values of the

second kind from those of the first were provided by S.Hayashi[ZB]

and others[32]. However, they are not formulated. Here we
derive a formula for RLC, RLCT and RCG networks.

RLC networks

When capacitor-only loops are produced by closing C-switches,
the initial voltages of the second kind across the capacitors in
the loops may be not equal to those of the first. Consider the
network where the capacitor-only loops are produced at t=0 by

closing C-switches. Kirchhoff's Goltage law states

+0
L1sFgpl|vg
vgo

=0, (6-4.11)

where the matrix FSC is the same as is used in Chapter 2.
Let qTO and qfo denote the vectors of the initial electric charges
of the first and the second kinds, respectively. From the law of

conservation of electric charges, we obtain

145



[ Fsc’ ] [ Fsc! ] . (6-4. 13)

U5

qc 9%
The relations between the vectors of electric charges and
voltages across capacitors are given as
C v+0—qs s C v —qc (6-4.14)
Cvs ez’ Cpve =ag’
From Eq. (6-4.12), (6-4.13) and (6-4.14), the explicit relation
between the initial voltages across the capacitors of the first

and the second kinds are obtained as

+0 ] 1 -0
Vo -c” FSCCJVS Covip e (6-4.15)

When inductor-only cut-sets are produced by opening L-switches,
the initial currents of the second kind through inductors may not
equal to those of the first. The initial currents of the second

kind through inductors are derived from those of the first as

cF0_,-1, -0, ,,-1 -0
1 =L L11L +L FLFL2 T * (6-4.16)

RLCT networks

An RILCT network can be treated as an RLC nétwork, as mentioned
in Chapter 3, by regarding every matrix F.. as the corresponding
matrix F.. . Therefore the initial values of the second kind

are obtained from those of the first as

+0__ -1 -0 _
Vo T c SCCZVS +C C2VC (6-4.17)
§10-7-1 -0, -1¢% 4

+ . -
i =L~ LJ . YL FLPL2 r - | (6-4.18)

RCG network
An RCG network can be treated as an RLC network by regarding

the matrix A as FSC’ therefore the initial voltages of the

SC

second kind across the capacitors are
+0 [} —0 ‘ -
Vo -c” ASCCZVCZ CZVCZ’ (6~-4.19)
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where the matrices are those used in Chapter 4.

Active networks

The initial values of the second kind cannot explicitly be
obtained from those of the first unless the matrix B in Eq. (5-4.9)

is zero. Consider the case of B=0. From Egq. (5-4.9), we obtain

[-A,1] vgo

+0
S

[1,-F] q;”’=[1,-F]

+0
95

=0 (6-4.20)

v

qgo R (6-4.21)
q;”

which correspond to Eq.(6~4.12) and (6-4.13), repectively. Then
we obtain

vt0-p-1
Vo =~ (C

0

- -0 .
Vo —FCSVS ), (6-4.22)

c

where C=CC-FCSA.

Consider the case of B#0. 1In the process of deducing state
equations from network-equations, Eq.(5-4.9) and (5-4.11), we
obtain the egalities,

A2VC+VSZ 0 ( in Eq. (5-4.16)) \

1'1°¢ 2 52

- AV +.v_,. =0 ( in Eq. (5-4.26))
. (6-4.23)

if the voltage- and the current-sources are neglected.
Let Eqg. (6-4.23) be represented by one matric equality as

AVC+VS=0’ (6-4.24)

Then the initial voltages of the second kind are obtained, by
replacing A with A in Eq. (6-4.22), as
vil=c7l(c vz0-Fe vy, (6-4.25)
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~ ~
where C=CC-FCSA. Note that the rows of A must be rearranged
such that the link-capacitors corresponding to the columns of F

are identiacal with those to the rows of A.

6-5 TWO KINDS OF INITIAL VALUES AND APPROXIMATE SOLUTIONS

OF NETWORKS

6-5.1 INTRODUCTION

As mentioned in Section 6-4, the initiél values of the second
kind are not always equal to those of the first, that is, the
voltage across a capacitor or the current through an inductor may
jump instantaneously from an initial value of the first kind to
that of the second. From a topological point of view, the above
phenomenon arises when capacitor-only loops or capacitor- and
independent voltage sourcé—only loops"induétor-only cut-sets or
inductor- and independent current source-only cut-sets" are
produced by closing C-switches"open L-switches" in RLC networks.
A condenser"coil" used in an actual network is equivalent to a
capacitor"inductor” with a stray series-resistor of a small value
and with a stray parallel-resitor of a large value. Then in its
corresponding graph, there exists a normal tree containing all
the capacitor-branches but no inductor-branch. In such a network
containing periodically operated switches, the state variables
for all the circuit modes are the same. The initial values in a
circuit mode are always equal to the finai values in the previous
circuit mode, that is, the initial values of the second kind are

always equal to those of the first. However in order to simplify
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the analysis, the above mentioned stray resistors connected in
series and in éarallel with capacitors and inductors are often
neglected. In such networks, the initial values of the second
kind are not always equal to those of the first. It is known
that the stored energy in reactive elements decreases instanta-
neously at switch-operations.

Let us consider the'networks N and Ne defined as

N: a network with stray series-resistor and with stray
parallel-resistors

Ne: a network obtained from N by contracting the stray series-
resistors and deleting the stray parallel-resistors.

Let A and Ae denote the A-matrices in the state equations for
N and Ne, respectively. The matrix A has very large eigen values
due to the stray series-resistors »r with capacitors and the stray
parallel-resistors g with inductors. The matrix Ae has no such
eigen values. 1In general if a matrix A has eigen values which
are much larger than the othérs, it is difficult to obtain the
numerical solution of etA by the usual computations. On the
contrary, it is not difficult to obtain‘that of etAe. Then it is
easier to obtain the solution for Ne than for N¥. It is shown
in the following sections that the solution for Ne is an approxi-
mation for WN.

In Section 6-5.2, the propositions for the analytical proof of
the above -point are posed.

In Section 6-5.3 and 4, the propositions. in Section 6-5.2 are

proved.
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6-5.2 THE MATRICES A AND Ae

Let us pose the following propositions.

Proposition 6-5.1
The voltages across capacitors and the currents through induc-
tors in N at time t>0 are nearly equal to those initial values of

the second kind in Ne.

Proposition 6=5.2
The voltages across capacitors and the currents through induc-

tors in ¥ at time t»0 are nearly equal to those in Ne.

It is evident that if the propositions are proved the solution
for Ne is an approximation for A.

Let us derive the matrices A and Ae as described below.
The fundamental loop matrix of graph (¢ corresponding to N for a
normal tree is written by

(r)(R)(L)(T) (S) (C) (G) (g)

(r) 1,’0, 0, 0 |1 FLgs 0,0 |, (6-5.1)

(R){ 0, 1, 0, 0| O ’FR2’FRG’ 0

(L) 0, 09 ]! 0 I 0 ’F12’FLG’F1g

(r)] 0,0,0,1]0,0,0 ,-1

where the first rows correspond to stray ;ink—resistor-branches r
in series with capacitor-branches S. The last columns correspond
to stray twig-resistor-branches g in parallel with inducror-
branches T.

Consider the graph Ge corresponding to Ne. The graph Ge is

obtained from G by contracting the stray series resistor-branches
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and deleting the stray parallel ones. The fundamental loop

matrix of'Ge may be written by

1,0,0,F 0, 0. : (6-5.2)

sc?
0,1,0,FRC,FRG, 0
0’0’]’FLC’FLG’FLP
Since there exists a normal tree such that $ are links and T
twigs( the relation (6-5.3) for the submatrices (6-5.1) and

(6~-5.2) can be established.

Fr2=FSC’ FR2=FRC’ F12=FLC’ (6-5,3)

Fi67 e Fig7Fpr

The matrix Ae is given as

A=lc™t, 0 ||~y , H|. (6-5.4)
0 ,z7 1| |-H",-z

The matrices on the right hand side of (6-5.4) are the same as
‘are used in Chapter 2.

Let r"g" denote the resistance matrix of the resistor-branches
r"the conductance matrix of the resistor-branches g". Then the

matrix A may be written as .
-1 : -1 -1

A= Cl » 0,0, 0 -r s -r Fr2 , 0 s
-1 -1 v =1
0,650, 0, 0 [|-Fyr" - (yeFr e E ), H .
-] t - = ]
0 s 0] 9L1 s 0 0 ’ -H ’ (Z+F1 g Fzg)’
-1 -1
0,0,0,L o . 0 A
0 s (6-5.5) .
0,
-1
Flgg
-1
-9
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where CZ and C2"L1 and L2" are the capacitance matrices"the induc-
tance matrices" for the link- and the twig-capacitors"inductors",
respectively, in Ne. The left upper and the right lower parts

of A are of large values.

6-5.3 THE PROOF OF PROPOSITON 6-5.1
Let us give the proof of Proposition 6-~5.1 in Section 6-5.2.
The state equation of N is given by
X(t)=AX(t)+Bu(t), " (6-5.6)
where x(t) is the vector whose elements aré the voltages across
the capacitors and the currents through the inductors.
The solution of Eq. (6-5.6) may be given by

A b (t-T)A

x(+0)+J
0

x(t)=e®t Bu(t)dr. (6-5.7)

The matrix etA is given by a form of an infinite series as

tA
e

n

N~ 8

Leen)®. (6-5.8)
7

The matrix etA at t=0 is nearly equal to 1+tA. This matrix
has a form of

////l////l S R (6-5.9)
L7071 /0//

. . |////|////
/77707777

.where the shaded portions are the submatrices for the stray
resistors r and g.

The submatrices not corresponding to the stray resistors in
(6=5.1) are approximated by zero matrices. Then we obtain

i-Froi =0, : (6-5.10)
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where i. is the current vector associated with the elements as
denoted by the subscripts.

From (6-5.1), we obtain

13-1r=0' - (6-5.11)
- From Eq. (6-5.10) and (6-5.11), we obtain

-FP2'S“0 (for ta0). (6-5.12)

Integrating Eg. (6-5.12) from ¢=-0 to t=+0, we obtain the follow-
ing equation for the electric charges;

a;’-Flaz7=a70-F! qt? (6-5.13)
From Eq. (6-5.3), we see that Eq. (6~5.13) is identical with Eq. (6-
4.13). Then the voltages across the capacitors at t=0 in N are
nearly equal to the initial voltages of the second kind across the
capacitors in Ne'

Similarly it can be proved that the currents through the
inductors at t~0 in N are nearly equal to the initial currents of
the second kind through the inductors in Ne.

Consequently a proof is given to Proposition 6-5.1.

6-5.4 A PROOF OF PROPOSITION 6-5.2

Let us define the matrix P as

P=|  (1+F_F' )1 L(1+F_F' )7

r2 r2 r2 r2) Fr2" 0 ? 0
_(]+FI2 rg r2’ (]+F;2Fr2)-] ’ 0 ’ 0
o, 0 S AR 070 R K 0 R
0 , 0 - (VFy Py )T Ry (1HF Fy )T
(6-5.14)

The inverse matrix of P is given as
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» 0 . (6-5.15)

The matrix A, (6-5.5) is similar to the following matrix,

PP = '(]+Fr2F;2)_]{(C;]+Fr26;]F;2)r-](]+Fr2F;2)+Fr2C;]yF;2}’
(]+F;2Fr2)-]{(F;2C;]'C;]F}z)r-](]+Fr2F;2)'C5]yF;2} g
-(1+F19F39)"L;‘H'F;2 ,
(1eft Fo ) TR 1Tl
1g 1g 1g-1 r2 ?
_(]+FP2F;2)-1Fr2C;] ? (]+Fr2F;2)-]Fr2C;]H’
-(]+F;2Fr2)-1C;]y ’b (]+F;2Fr2)-]C;]H ?
SR8 R L L C L O R
(1473 Fp )T TF Lt (R F TR L,
| '(]+Fr2F}2)-]Fr2C;]HF1g
v '(]+F;2Fr2)—]C;]HF1g
(1+F, F )T L R -Fy L e T ey Py oL e )
S CELI 0 R S (s T B S PO B SO S LI
(6-5.6)

Let A denote the matrix obtained by omitting the underlined

terms in (6-5.6). The matrix A is nearly equal to PAP™) since

1

the values of r» ' and g-] are much larger than those of the other

~

terms in PAP-]. The matrix QKQ-] in (6-5.17) is similar to A.

~ _]_
QAQ "=|A ITLLIPIE (6-5.17)
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where A, .
1d

are shown in Appendix VI and the matrix Q, which is

determined@ by the network-topology and network-element values, is

0

Q=] 1 i s
(1+F}F ) (F) ‘-c“r' yeeoT+r_cotEe )T (eF Fr )
r2 r2 1 2 r2 1 r2°2 '»n2 r2 r2 ’
0 ’0
0 ,0
o, 0
0, 0
1, (1+F ' )N TE Dy R, Ly Ry )T (E R )
> 1g 1g 1 "1g°” lg 2 1g 2 Zg 1g 1g
0, 1
(6-5.18)
The submatrices A i except A and A44, do not contain r ' and
g-]. Therefore the matrix QAQ is nearly equal to a matrix
such as .
QAQ'_jA,;5 0, 0,0 (6-5.19)
0 ’A22’A23’ 0
| 0 ,A32;A33,.0
o ,0,0 ,A44

Then the eigen values of A are nearly equal to those of A11, A44

A
A

A

As

and 297

32°

A__,A

23

A33

22°

A32’

3|

3

=iC

From Lemma A-3-3, we obtain

-1

‘The eigen values of A11 and A44 are very large.
Now we show the following equality,

1,0 -y » H[. (6-5.20)

0 ,L-] -.Hv P Sal

L )10 -0 F L (C,#FLLCF, )T e (6-5.21)

r2 r2°1 r2 r2°1° ¢

-1
(C, +F

r2C2

F

Eq. (6-5.3) leads to
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-1 =Toy (=1 -1
(Cl +Fr2C2 Frg) 'Cl'czFrzc F;2C1. (6-5.22)
Similarly we obtain
=1, 00 -1 -1_ =1
(L2 +F19L1 Flg) —L2-L2F19L Flng. (6-5.23)

From Egq. (6-5.22) and (6-5.23), we obtain

1 . -1 -1 -1, -1 -1
(TR g Fg) (P L0 =Cy TR L) (€ +F o0 T )T T F o0y +Cy
=(C,+FLC F o)™

scv1'sc
=71, (6-5.24)
-1 -1 -1 -1 A -1 -1 -1
(1+F39F1g) LLGFy F ol ) (L FFy LR )T LT LT
_ -1
=(Ly*FrplaFrr) _
L , ' (6-5.25)

Therefore Eq. (6-5.20) holds. Then this completes the proof of

Proposition 6-5.2.

6-5.4 EXAMPLE

Consider a network N shown in Fig.6-5.1. Opening the resistor
g, and shorting the resistor r, we obtain a network Ne' There is
no capacitor-only loop or inddctor—only cut-set in G corresponding
to ¥. There are a capacitor-only lcop and an inductor-only cut-
set in Ge corresponding to Ne'

The eigen values of Ae and A for several values of the resistor
r and g are shown in Table 6-5.1l. Those eigen values are obtained
by the method of Danilevsky.

The voltage across C, and the current Ehrough L, for time t

2 1
are computed for the initial values shown in Table 6-5.2.
The results are shown in Fig.6-5.2 - 6-5.5.

Table 6-5.1 shows that, in Case (1) and (2), the eigen values

of A except those with large negative values are nearly equal to
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Lj=0.5H
L2= 1.0 .
G2= 3.0 mho
G4= 0.3 mho
R6= 3.0 ohm
Example
Table 6-5.1 Eigen values of Ae and A
Ne Case (1) Case (2) Case (3) Case (4)
-0.1216325 -0.1216239 -0.1215665 -0.1213041 -0.1209806
~4,692572 -4.692756 -4.694653 -4.707070 ~-4,733613
-0.03248342 -0.03248453 -0.03246332 -0.03238303 -0.03228288
-1.400931 -1.397356 -1.365844 -1.239297 ~-1.107467
-1833.333 -183.3304 -36.64787 -18.28363
-3509.223 -359.25581 -79.,38541 -44,52202
r (ohm) 1x107° 11072 5x107% 11077
g (mho) 1x107° 1072 s5x107% %1071
Table 6-5.2 Initial values
VC1 VC2 VC3 ILl IL2 IL3
t=-0 =-5.0V 0.0V 10.0 VvV 0.0 4 10.0 A 2.0V
=+0 |35/11 V -45/11 Vv 80/11 v -12/7 A 22/ 7 A -10/7 A

The values for t=+0 are computed from those for t=-0.

They are the initial values of the second kind in Ne.

157




(3]

6 0t 0cor Y] o 7 ) J—
(seed 0 os 19 s 10

Fig.6-5.2 .
ig.6-5.2 'Voltage across 02 Fig.6-5.3 Voltage across 02
(t<1) | | (t<2.5)

(]
1.

i Ne' (1) &‘(2)

TS P e ——

0000t 0w o0 o 1 os 10 X} 10
aec) tsen:

Fig.6-5.4 Current through LS " Fig.6-5.5 Current through L
(<1} (t<2.5)

3

| those of Ae. The voltages and the cufrents in ¥ agree precisely
with those in Ne except small #, as shown in Fig.6-5.2 - 6-5.5;
In case (3) and (4), however, the eigen values of A and those of
'Ae do not agree. The voltages and the currents in ¥ are different
from those in Ne.

From the above discussions, it is concluded that if r and g
are small, the voltaggs and the currents in the network Ne are
nearly equal to those in ¥ for all ¢ except small ¢. The voltages
and the currents in N approach from the initial &alues of the

firét kind to those of the second kind in Ne in a very short
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period of time. After that time, the network Ne gives an approx-

imate solution to V.

6-6 STABILITY

6~6.1 INTRODUCTION

In Section 6-3, on the assumption that DZ»O as n+», steady
state solutions of linear networks containing periodically
operated switches are‘obtained. Whether DZ+0 or not as n—+», is
called the problem on stability. Only S.Hayashi[28] has discussed
this problem. His approach of this problem, however, is the
examination of the eigen values of Di' Here without examining
eigenvalues, we get the conclution that passive linear networks
containing periodically operated switches always have steady

state solutions.

6-6.2 PROPERTIES OF Di
Property 6-6.1

Every eigen value of D, is equal to that of Dj {i#4}).

Proof: From Section 6-3, the matrices Di and Di+1 are:
DizHi(ti)Hi+1(ti+1)°"'°Hi—1(ti-1) (6-6.1)
Di+1=Hi+1(ti+1)".'°Hi(ti)' _ (6-6.2)

Then the matrices Di and Di+1 are written as
DizHi(t')Hi

D.

1
g1 MM (2D

where Hi=Hi+1(ti+1)~-°°-Hn(tn)Hl(tl)-~---Hi_1(ti_1).

From Lemma A-3.4, the characteristic equation for Di is the
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same as that for Di . Then the eigen values of Di are equal to

+1

those of Di+ Similarly the eigen values of Di+ are equal to

1° 1
those of Di+2' By induction, the eigen values of Di are equal to

those of Dj {d=1,0°ce,n. G#i}.

6-6.3 STABILITY OF A PASSIVE NETWORK SATISFYING ASSUMPTION 6-6.1

Now let us consider a passive network satisfying:

Assumption 6-6.1
A set of state variables for one circuit mode is identical

with that of every other circuit mode.

It can be assumed that such a network has two circuit mode.
The state equations of the first and the second circuit modes
are, respectively,

(6-6.5)

x=A1x+Bzu1,

x=A2x+82u2. (6-6.6)

From Assumption 6-6.1, the matrices 01 and 02 are written as

Dl=et1A1et2A2, . Dg=et2A2et1A1, (6-6.7)

where t, and t2 are periods of the first and the second circuit
modes, respectively.
' Since the network considered is passive, the reél parts of all
eigen values of the matrices A] and A2 are nonpositive.

In order to examine whether DZ»O as n+w, consider matric
differential equations defined by

X=A_x {i=1,2}. ' (6-6.8)

The solutions of Eq. (6-6.8) are

xctr=etPixco) {i=1,2}. (6-6.9)
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ILet us define a function;

ASX' (0)x(0)=-x"(t)x(t)., (6-6.10)

From Eq. (6-6.9), we get
A=x' (0){1-(e®Ps)retPiyx o). (6-6.11)

A tA,

For a linear passive network, the matrix 1-(et 1)'e 1 is

positive semi-definite or positive definite.

Assume that the matrix 1-(etiAi)'etiAi is positive definite,
From Lemma A-3.5, there exists a real nonsingular matrix Pi such
that

P Pi=1-cetihe)retihs, (6-6.12)

Consider a function defined by

x(t+r)=et1h1et2Reox 2, (6-6.13)

where T=t1+t2,
and a function defined by

Bax' (t+2)x (t+7)-x" (£)X(t). (6-6.14)
If A is negative, a system descrived by (6-6.13) is asympotic
stable[34].
Substituting Eq. (6-6.13) into Eqg. (6-6.14), we obtain

Fex'(t){ceb2Phe) et 1P 1) 1P 10t -1 x0t). (6-6.15)

From the matrix (6-6.12), Eq. (6-6.15) becomes
K=-x'(t){PéP2+Q'Q}x(t), (6-6.16)

where Q=P1et2A2.

Since the matrices PéPZ and Q'Q are positive definite, A is
negative.
A.
A

If the matrix 1-(et )'etAi is positive semi-~definite, then,

from Property 2~3.4 in Chapter 2,‘the graph Gi (corresponding to
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the Z-th circuit mode) contains capacitor-only cut-set and/or
inductor-only loop, or the graph Gi may have connected-components

containing only capacitor- and/or inductor-branches.

If both the matrices 1-(etAi)'etAi are positive semi-definite,

there exist capacitor-only cut-sets and/or inductor-only loops in

both 01 and GZ' Note that we have assumed that both graphs Gl

and 62 cannot have a non-separable component containing capacitor-

and/or inductor-branches only.
In case when there exists a capacitor-only cut-set or an

inductor-only loop in both Gl and 62, Gl and G2 are converted to

equivalent graphs containing no capacitor-only cut-set and no

inductor-only loop by the star-delta transformation as shown in

tA tAi are positive definite.

tA thA

Fig.6-6.1. Then the matrices l-(e " "Z)'e

When at least one of the matrices 1-(e "2)'e” i is positive
semi-definite, it can be assumed without loss of generality that

the matrix 1-(et2A2)'et2A2 is positive definite. Then there

exists a real nonsingular matrix P2 such that

O
l
—
\</)j\\7/ < Fig.6-6.1
Cf/>\ /(\\O l'—— Example of star-delta
transformation

| Em% SO,
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P2Pé=1-(et2A2)'et2A2. (6-6.17)

From Lemma A-3.6, we obtain a real matrix Pl such that

t A tJAJ.

P1P3=1-(e 171)'e (6-6.18)

In Eg. (6-6.16), the matrix @ may singular. Since PéPZ is positive
definite, however, A is negative.

Consequently we obtain

Theorem 6-6.1
The linear passive networks containing periodically operated
switches which satisfy Assumption 6-6.1 possess steady state

solutions.

6-6.4 STABILITY OF LINEAR PASSIVE NETWORKS CONTAINING
PERIODICALLY OPERATED SWITCHES

In Section 6-6.3 is studied the stability of linear passive
networks containing periodically operated switches which satisfy
Assumption 6~6.1. Now let us consider the stability of the
networks which do not satisfy Assumption 6-6.1l. In such networks,
the final values of a cicuit mode may not be always equal to the
initial values of the following circuit mode. If the total energy
stored in all the reactive elements does not increase at the
switch-operations, the network is stable since the network
considered is passive; Let us considered the energy variations
at the switch-operations.

As mentiohed in Section 6-4, when C-switches are closed"L-
switches are opened", the ‘voltages across the capacitors"the

currents through inductors” ﬁay vary.
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Since the stability does not depend on the B-matrix of the
state equations, networks where the voltage sources are contracted
and the current sources are deleted in the original networks are
considered here.

Let us consider the difference of the energy stored in

capacitors when (C-switches are closed. Let PO and PN denote the

energy stored just before and just after closing C-switches,
respectively. Then we obtain

Lot Cov v, ) :  (6-6.19)

P 1,0°1V1,0%V2,0%2V2,0

0

p C C

3!

F)
=1 v! v +v! v ) (6-6.20)
2" 1,N°1 1,N "2,N°2°2,N°° °

where the subscripts 1 and 2 denote link- and twig-capacitors,
respectively.

A vector Vo in case of an RLC network is defined as

(6-6.21)

>

Voall,Fg.l Vi,0

Va,0
where [],FSC] is the matrix used in Chapter 2.
From (6-6.21), the difference of the energy stored in the

capacitors is written as
1

_l ] _ = ] -
PO—PN—2VO(C1 CJFSCC Fsccz)vo° (6-6.22)
From Lemma A-3.3, Eq.(6-6.22) becomes
l —l ' -]+ -1 ) _ ’
Po-Py=3V (c1 Fsccz Fsc)vo" (6-6.23)

0 2°0

1 -1
*Foels Fse

energy stored in the capacitors does not increase at closing (-

Since the matrix C; is positive definite, the total
switches.

Similarly it is proved that the total energy stored in the
inductors does not increase at opening L-switches.

Consequently linear RLC networks containing periodically
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operated switches have steady state solutions.

In casé of linear RLCT networks containing periodically
operated switches, it can be proved, by replacing FSC‘by‘Fsc in
Eq. (6-6.21)-(6-6.23), that they have steady state solutions.

In case of linear RCG networks containing periodically
sc 0
Eq. (6-6.21)-(6-6.23), that they have steady state solutions.

operated switches, it can be proved, by replacing FSC by A
Consequently we obtain

Theorem 6-6.2
Linear passive networks containing periodically operated

switches have steady state solutions.

6-6.5 STABILITY OF ACTIVE NET&ORKS CONTAINING PERIODICALLY
OPERATED SWITCHES

In the preceding sections, is studied stability of linear
networks containing periodically operated switches where all the
circuit modes are stable. Here we conside:ed linear networks
containing periodically operated switches, where the A-matrices
of state equations for some circuit modes have eigen values whose
real parts are positive and those for the other modes have no
such eigen values. It is examined whether such networks are
stable or not.

For this consideration, it is convenienp to derive the Jordan

canonical forms of the matrix Di as
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J 0,¢+<0 |T, (6-6.24)

1 3

’J ’.ooo

oooJ
8

O e o ¢« O
O s o o

where Jk is a Jordan-block as

Pl PV . (6-6.25)
0 .« 1
A

The dimensiaon of the block Jk is assumed to be dk’ and Ak is an

eigen value of Di' From Eq. (6-6.24), DZ is written as

=119, 0 T, (6-6.26)
J"
2
‘o
0 Jg
where
n_ |1 n-1 .. n n-d, +1 _
Jk— Ak,nxk R » n-dk+1 Ak k . (6-6.27)
An LI B J L]
k, - ..
0 . .
n
A

From Eq.(6-6.24)-(6-6.27), it is concluded that

1) If the absolute value of Ak is less than 1 for all k, then
JZ»O as n-»«, and DZ*O as n-ow,

2) If there exists at least one eigen value such that |Ak|>1,
J% does not converge. Then the network is unstable.

k
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3) If there exist some eigen values A, such that IAZ|=1, and
if all other absolute values of IAkI for k#1 are less than 1,
we must consider two cases as follows;

a) If dl=1 for all 7, the matrix.Di does not diverge.

b) If dl#l for some 7, the matrix Di diverges. Then the

network is unstable.

The stability of such networks is a complex problem. Consider
the stability of a simple example shown in Fig.6-6.2.

Let AJ and A2 denote the A-matrices of the state equations for
the first and the second circuit modes, respectively. 1In the
state equations, the state variables are the voltage across the
capacitor and the current through the inductor. The matrices AJ

and AZ are written, respectively, as

A = 0 ,1/¢C A = o, 1/C}. (6-6.28)
-1/L,R/L -1/L,-R/L
-R
C L
(b)
(a)
Fig.6-6.2 Example R
(a) Original network, where
v ., =8RiL ..
al al C L

(c)
(b) The first circuit mode.

(c) The second circuit mode.
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unstable

statie

oo
O

(d)

unstable

(e)

Fig.6-6.3 Stable regions of the network shown in Fig.6-6.2

L (H) | ¢ (F) 1 R (Q) T B T
(a) 0.01 0.05 2.0 0.01 100 0.0628
(b) 0.005 | 0.001 | 0.5 0.02 444.4 10.014
(c) 0.01 0.005 | 0.2 0.1 141 0.044
(d) 0.005 | 0.001 | 0.3 0.033 | 446.2 [0.014
(e) 0.006 | 0.005 | 0.2 0.1 199.7 10.031
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The network for the first circuit mode has no steady state
solution, but that for the second one has a steady state solution.
The eigen values of AJ are
1

A= =158, (6-6.29)

where % =R/2L, =Y1/LC -1/T2.

The eigen values of A2 are

B S -
A= T £iB. (6-6.30)

The graphs in Fig.6-6.3 show ghe stable regions in several
values of the network-elements. It may be expected that the
network will be stable for t1<t2 since the networks for the two
circuit modes are the same except the sign of the resistance.
But from Fig.6-6.3, we see the network is not alQays stable for
t1<t2.

We investigate the stable regions in Fig.6-6.3 in detail.

The matrix 01 is written as

Dl=et1A1et2A2
(t -t )/T
Ae "1 72 riisTgg
Po12T22
Aajr;sri00s (6-6.31)
To1°T22
where
=e(t1—t2)/1
_ 1, . . 2 .
rzz—cosstlcosstg— (santJcothZ-cothls;nBtZ)-(1+g§:§)8LnBt1
X SLnBtg
r -1 cosBt.,sinBt -—l——sin t,sin t +—lsin8t cosBt
12 CB 1 2 2 1 2°CB 1 2

cB8 T
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1
———s1inft sant - coth sant
LBZT 2 LB

lsinSt cosBt, -

Yo177IR 1 2

22—aoth coth2+B (sant cosBt -coth sant )= (1+—— )sant
B T

Xsin8t2

The characteristic equation of D is

FIX) AN -2a{coth coth -(1+—— )sant sant }A+a =0, (6-6.32)

2
g2
and its descriminant (denoted by DD) is
2

D /4 =af{cosBt coth - (1+—— )sant sant } -a”.
B T

(6-6.33)

Let AD be an eigen value of Dl' If DD<0, the absolute value of

D

A7 can be written as

13Pl=a =e*17%277T, (6-6.34)

then the network is stable for t1<t2.
Consider the case of DD>0. Since f(0)>0, the conditions for

IAD|<1 are

i) f(1)>0 and 0<a{coth1coth2-(1+ g

; Z)SinBtlsinBt2}<1

or

i) f(-1)>0 and -1<a{éoset1cosst2—(1+ ~)singt sinBt,}<0.

82T

D

Note that if the condition i) or ii ) holds for t.>t then D

1772
must be negative.
The condition i) always hold in DD;O (See Appendix VII).
Next consider the condition il ). The shaded portions in Fig.6-6.4

show the domain of DD>0 and t1<t . For the region denoted by A,

2
coth coth -(1+——— g JsinBt sant <-1. " (6~6.35)
B T
For the region denoted by B,
2 . . .
cothzcothZ-(1+EE;§)santlsant2>1. (6-6.36)
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The intersection-points of two

=t nt,

curves corresponding to t,=t,
2T

and

2 .
cothzcothZ-(1+E§:§)stn8t1

Xsin8t2=-1 (6-6.37)

are given by

1 . =1 2.2 2.2
t1=t2=§szn YBY19/(1+B8°1°). 0

(6-6.38)

Fig.6~6.4 The region of DD>0 and t_<t

The intersection-points of 172

the two curves corresponding to
t1=t2 and f(-1)=0 are given by (6-6.38). The intersection-
points of the two curves corresponding to ¢_=t_ and

172

2 . . _
a{cothlcothg-(1+82T2 )santlsantZ}—-l (6-6.39)

are given by (6-6.38). The intersection-points of the curves
corresponding to Eq. (6-6.37), (6~6.39) and f(-1)=0 are all on the

line t1=t The domain of t1<t and

2

2 . .
2T2)3Ln8t13zn8t2}<0

e
-1<a{cothlcosst2-(1+

B
is in the region of t1<t2 and f(-1)>0. Thereforé the stable
regions are as shown in Fig.6-6.3.

It is studied on the stability of a network, where the state
equations of some circuit modes have steady state solutions, but
those of others have none. It is concluded that the stability
cannot be determined by the eigen values of the circuit modes
only. It is neccessary to find the eigen values of the matrices

Di' No simple way to investigate the stability is found.
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6-7 CONCLUSION

Some considerations on networks containing periodically
operated switches is studied from a topological point of view.

In Section 6-2, it is shown that switch-operations vary the
network topology. In networks satisfying some restrictions, it
is easy to obtain fundamental loop and fundamental cut-set
matrices without knowing the network-topology varied by switch-
operations. A necéssary and sufficient condition for networks
with two switches to satisfy the restrictions, is obtained.

A heuristic method for networks with more than two switches to
satisfy the restrictions, is proposed.

In Section 6-3, the steady state solutions are obtained.

In Section 6-4, is given an explicit formula for obtaining
initial values of the second kind from those of the first in RLC,
RLCT and RCG networks. For active networks, the determining the
initial values are very complex, but a systematic procedure for
obtaining them is given. It is shown that state equations
without derivatives of inputs can be obtained by choosing proper
initial values. In Section 6-4.1, the initial values of the
second kind are obtained on the condition that those of the fist
are zero. If those of the first are nonzero, those of the
second are represented by the sum of those obtained in Section
6-4.1 and 6-4.2. |

In Section 6-5, it is shown that there are peculiér phenomena
in the networks where initial values of the first kind are not
equal to those of the second. It is shown that a complex network,
whose solution is difficult to obtain, is approximated by a less

complex network, in which the initial values of the first kind
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are not equal to those of the second.
In Section 6-6, it is shown that linear passive networks
containing periodically operated switches have always steady

state solutions. The stability of active networks is also

discussed.
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APPENDIX 1[27]

MATRIX PENCIL
Definition A-1.1
A matrix pencil A+)XB is called regular if
1) A and B are square matrices of the same order n,
and
2) The determinant |A+)AB| does not vanish identically.
'In all other cases, the pencil is called singular.
Definition A-1.2 "
Two pencils of rectangular matrices A+AB and A1+ABJ of the
same dimension mXxn connected by the equation,

P(A+AB)Q=A1+ABZ,

where P and Q are constant square nonsingular matrices of order

m and n, respectively, arecalled strictly equivalent.

Theorem A-1.1
A singular pencil A+AB of dimension mxn is strictly equivalent
to

) (A-1.1)

if
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e+l
is of rank p€<(e+1)n, and

Ma= A 0

o+l

is of rank p =(a+l)n for O<a<e.

Theorem A-1.2

A pencil is strictly equivalent to

g
{h O,L ,"",L LI ,OO-.’L' ’A +AB }
€g+1 € Mne1 ng 007
where
L =jA,12 s Ll=ix and
€ 0 n 0
A1 1,X\
0 LN 4 0 . .
A, 1 I,A

A0+ABO is a regular pencil,

Theorem A-1.3
A regular pencil A+)AB can be reduced to a (strictly equivalent)

canonical quasi-diagonal form

{N(ul)"...,.,N(un),J+)\] }’
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wherz

nlu.)_
N'TZ27=11,A 0

and J is a Jordan matrix.
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APPENDIX IT APPLICATION OF PENCIL

The results in Appendix I are applied to a system ¢of m linear
differential equations of the first order in »n unknown functions
with constant coefficients:

d._ .
Ax+BSx=f (t), : (4-2.1)

where A and B are mxn matrices, and x and f(t) are vectors of
dimension =,

We introduce a new unknown vector z that is connected with
the o0ld x by a linear nonsingular transformation;

x=Qz, _ (A-2,2)

BY substituting Qz for x in Eg. (A-2.1) and multiplying (A-2.1)
on the 1ef£ by P, we obtain

‘.

w_=wd .
Az+BEEz—f(t), (A4-2.3)

where A=PAQ  B=PBQ  f(t)=Pf(¢).

We choose the matrices P and Q such that the pencil A+AB has
a canonical quasi-diagonal form;

—~ g

RenB=th 0,1, ,eeeslg HLL ,eeeslt SN0 e 0047 L0y

g+l p Npt1 q
(A-2.4)

In accordance with the diagonal blocks .in (A-2.4), the system
of differential equations split into v=p-g+q-h+s+2 separte

systems of the form

11
Oz=f (A-2.5)
d 1+i 1+%
L ETE zZ = f (A-2.6)
€g+i
g P-at1+§ p-qtl+J
LI ZZ—_E 2z = f (A-2. 7)
Np+g
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(u.)d p-g+q-h+1+k p-g+q=-h+1+k
N "k az z = f (4-2.8)
d_yo % ,
(J+3;)z—f (A-2.9)
where
1 ~ 1
z= |z =/f.
v Y
z f

1) The system (A-2.5) is not inconsistent if and only if

=0. (A-2.10)

2) The system (A-2.6) is of the form

LeE? z=f _ - (A-2.11)
or more explicitly

d —N e e o 00 000 d— _N
E;zl+z2—f1(t), ,dtz€+z€+1—f;(t). (A-2.12)

Such a system is always consistent.

3) The system (A-2.7) is of the form

~

d
L = -
LnZt z=f | . (A-2.13)

or more explicitly

d ., .7 d_ iy ceeee, G L F 7
E?zl—fl(t), dt22+zl—f2(t), s dtzn+zn+1—fn(t), zn—fn+1(t).

(A-2.14)

From all the equations (A-2.14) except the first, we determine

N P

. —N i_f\.,

fn-l_fn_dtfn+1

. ne1 (4-2.15)
—N d_N e o o 0 0 - n-l d_ 3

z = 2_dtf3+ +(=-1)" dtn'lfn+1'
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By subétituting this expression for z

1

we obtain the condition for consistency

r.d
173

4)

N(u)d 7=

t

n
l.... n_é—
f + +(=-1) dt”f”+1

The system (A-2.8) is of the form

¥

or more explicitly

~ ~

d d _ —
TE3 +z fl"""’dtz +zu l_fu-l’ z =f .

2

Therefore we determine successively the unique solution

I~
zu_fu

u u

S~

_ d &
2, 1~fu 175

—N é—,\J e o 00
zl—fl—dtf2+ +(-1)

5)

u-1 g#-1 ?'
dtu'l u'

The system (A-2.9) is of the form

d

Jz+& 2=F.

dt

Therefore we obtain the general solution

Z=e

where z

0

t
-de¢, +S e 9t e ) an,

0 )y

is a vector with arbitrary values.
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(A-2.17)

(A-2.18)

(A-2.19)

(A-2.20)
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APPENDIX I LEMMA ON MATRIX

Lemma A-3.1

Let A and B be mxn and nxm matrices, respectively, and the

following equality holds.
det|1+AB|=det|1+BA|.

Proof: Define a matrix D as

D=11,-B
A, 1

Then the matrix can be written as

D=11,0([1, -B and D=(1,-B}|[{1+BA,0

A,11|0,1+AB 0, 1 A

Then we obtain

detD=det|1+AB|=det|1+BA

Lemma A-3.2
Consider an equality as
y=Ax,
where A is a matrix and y and x are vectors.
Let us paritition Eg. (A-3.2.1) as
Y11%{P112 10 R1g| | %]
Y 2, 5 Gsa, x
Yol 1Rggsashgallxg

Then the following equality holds.

= 1 1 1
Yo7 P17 2212207581 P12 1% | | X1 ]
1 1 1
z "2l 4 “2%3 ¥

1 X

PP LPLPIREP

1 1.
Yol 1Rg1-78224:752,>
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(A-3.1.2)

(A-3.1.3)

(A-3.1.4)

Q.E.D.

(4-3.2.1)

(A-3.2.2)

(A-3.2.3)



Proof: From Eq. (A-3.2.2), we obtain

; .
x= Z(-a2x1+y-a3x2). (A-3.2.4)

Then we obtain

X, 1=11 0, 0 X, s - (A-3.2.$)
x —a2/a,1/a,—a2/a y
Xy 0 ,» 0, 1 Xq

and
Y 1= Azz'alaz/a"az/a’A12'33a4/a X, (A-3.2.6)
Y 0 s 1, 0 y

Yol IRgqmaj5a,/a,-a,/a,h, a3, /a] X,

From Egq. (A-3.2.4) and (A-3.2.6), we have Eq. (A-3.2.3).

Lemma A-3.3
Let A and B be mxn and nxm matrices, respectively. Then the

following equality holds.

(1+AB) ™ '=1-A(1+BA)" '8 (4-3.3.1)

Proof: From Eg. (A-3.1.3), if the matrix D is nonsingular,

we obtain

D2 [1-8(1+AB) " VA,B(1+AB) 71|, ' (4-3.3.2)
~(1+AB)"TA , (1+AB)"!
and
p~l=1(1+8A)"! , B(1+BA)7! (4-3.3.3)

SA(1+BA)"V,1-A(1+AB)" '8

From Eq. (A-3.3.2) and (A-3.3.3), we have Eq. (3.3.1).

Q.E.D.
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Lemma A-3.4-:
Let A and B be nxn matrices. Then the eigen values of the

matrix AB are equal to those of BA.

Lemma A-3.5
A real symmetric matrix A is positive definite if and only if

there exists a real nonsingular matrix P such that A=PP'.
Lemma A-3.6

A real symmetric matrix A written as PP' is positive semi-

definite and if A is nonsingular, it is positive definite.
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APPENDIX IV PROOFS OF PROPERTY 3-4.2 AND 3-4.3

Definition
The graphs obtained by the following procedure I"II " are called
B-S-graphs"S-B-graphs" of G and M.
Procedure I
i) Set Gl=G’ M0=M, 1=1.

ii ) If there exists a transformer-bridge in Gi’ go to Step iii).

Otherwise go to Step w).

iiil) Set Mi=Mi_1[all the transformer-bridges in Gi]'

iv) If there exists a transformer-self-loop in Mi' go to Step v).
Otherwise Set i=1+1, GizGi—l and go to Step Wi ).

v) Set Gi+1=Gi{all the trasformer-self-loops in Mi}’ i=1+1
and go to Step ii).

vi) Stop.

The graphs Gi and Mi- are B-S-graphs.

1

Procedure I is obtained from Procedure I by replacing bridges,
self-loops, [ ]} and { } with self-loops, bridges, { } and [ 1,

respectively.

Proof of property 3-4.2

It is assumed that FéCCJeS#O. From Eq. (3-4.20),. we obtain

seMer)
=F! _E' M'E} _F! g " M e M,
=F,.C.e-F! M'F, C,e,-FL.C.F, M e;+Fch Fo,C F, Me

1 _ y LM e
FocCies™ (Fopo=FioM' Fg, )€ (eg-F

sC71°§ 1C St’1°§ SC°1 5t St 1 St "1
(A-4.1)
When the first term of Eq. (A-4.l1l) is nonzero, there exists
at least one loop which consists of capacitor~ and independent

voltage source-branches only. Then the property holds.
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Consider the case where the second term of Eq. (A-4.1) is‘

nonzero. Then the following procedure is examined.

i) 1In G, choose fundamental loops which contain the capacitor-
branch corresponding to the nonzero element of the term.
Select the link-transformer-branches in the loops.

ii ) In M, choose twig-transformer-branches in Zloop(the link-
transformer-branches) .

ili) In G, choose link-capacitor- and link-transformer-branches
in cut-set(the twig-transformer—branches).'

iv) If link-capacitors are chosen and the correqunding

elements of eS stop. Otherwise go to Step ii).

The above procedure converges since the second term of Eq. (A-4.
1) is nonzero.
Since FiGMlFétEO' in G there exist neither twig-resistor- nor

twig-inductor

Since FStMFlGEO and FStMFlFEO, in G ther exist neither twig-
‘resistor- nor twig-inductor-branches in loop(the link-transformer-
branches considered in Step i) -and ii })). Then the loops
considered in Step i) and iii) contain capacitor- and transformer-
branches only. Since the loops considered in Step il ) contain
transformer-branches only, the ring sum of the loops considered
in Step i), il) and iii) contains capacitor- and twig-transformer-
branches. Héwever, the fundamental cut-sets cut-set(the twig-
transformer-branches in the ring sum) in G do not contain link-
capacitor-branch. Then the twig-transformer-branches are bridges
in the B-S-graphs. Tﬁerefore when the second term of Eq. (A-4.1)

is nonzero, the property holds.
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Similarly when the third and the fourth terms are nonzero,
it can be proved that this property holds.
When FLFngF#O, it can be proved in the similar (dual) manner

that this property holds.

Proof of Property 3-4.3

If the rank of F%C“FLG" is less than the number of the twig-

capacitors”"the link-inductors" for the maximum proper tree, then

the matrix—product'FECR-]?éC"FLGg-]FiG" is singular. Then the
matrix A is singular.

When the rank of FRC"FLG" is less than the number of the
twig-capacitors"the link-inductors" for the maximum proper tree,
ther exists at least one twig—capacitor-branéh"link—inductor-

branch" for a proper tree T_, such that |TpL(C)|+|TpL(L)| is

pL
maximum. This corresponds to that there exists at least one
twig-inductor-branch"link~capacitor-branch" in the maximum proper

tree. Therefore we can prove this property in the same manner

of the proof of Property 3-3.2.
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APPENDIX V PROOFS OF PROPERTY 4-4.2 AND 4-4.3
Proof of Property 4-4.2

If the state equation has derivatives of input functions,
from Eq.(4-4.21), we obtain

]
AgpCieps70s

-] 1 '.I
AscCiFesBo FrpRypsep #0s or

..'|_
RgpCiFrsBp Jg,70-

Let ¢ denote a twig-capacitor corresponding to the nonzero
term of the above.
]
1) Case of ASCCleCJ#O

We have

-|=|_|'.I -]I
: ASC FCC FZCRO FZZGEZFCZ'

When F&CeCZ¢0, there exists at least one loop which consists
of capacitor- and independent voltage source-branches only.

Let us consider the case where FECRB]FEZGE;F&ZeCJ#O. Then
there exists a link-gyrator~branch (denoted by gz) in cut-set(C)(
There exists a twig-gyrator-branch (denoted by g2) in Zoop(g;).
There exists a link-gyrator-branch (denoted by gg) in cut-set(gg)
By repeating the above, for a cetain integer n, there exists a
twig-gyrator-branch Ion in Zoop(g;n_l) and there exists a link-

'éapacitor—branch S in cut-set(g;n). Let us call that S is in
CL(C) or that C is in LC(S).

If there existed resistor-branches in cut-set(gzk) or CL(gzk)
"Zoop(gzk_l) or LC(ng-l)"‘ there would exist a proper tree which
contains more capacitor-branches than the maximum proper tree.
Then the property i) holds.

1

' -1e, -
- 2) Case of ASCCJFCZGO FZZRZJeZJ#O
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There exists a link-capacitor-branch in CL(C). There exists
a gyrator-branch in LC(S5). There exists a voltage source-branch
in Zoop(the pair branch of the gyrator). Then in the-similar

manner to 1), we can prove that this property i) holds.

-1
1Fcxbp Jy2?0

There exists a link-capacitor~-branch in CL(C). There exists a

3) Case of A' C

twig-gyrator-branch in LC(C). There exists a current source-
branch in cut-set(the pair branch of the twig-gyrator). Then

this property ii) holds.

Proof of Property 4-4.3

If the rank of the matrix cm is less than the number of the
twig—capacitor—brénches for the maximum proper tree, then the
matrix F%C 6]FZC is singular and the matrix A is singular.

When the rank of FZC is less than the number of the twig-
capacitor-branches for the maximum proper tree, a proper tree
which has minimum |Tp(C)| contains at least one capacitor-branch.

Then if there exists no proper tree in G{all the capacitor-

branches}, the matrix A is singular.
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APPENDIX VI ALGORITHM FOR A P-TREE

I) Node~labeling I
1-1 Label all the nodes voadjacent,to the r-node 7 by 7 in
6{dll r-branches}.

1-2 Label all the nodes v, adjacentto v, by 7 in G{all r-branches}.

0
1-3 Repeat Step 2 until no more labels can be assigned.

Do Node-labeling I for all the r-branches.

II ) Branch-labeling I
2-1 Lable a branch by the union of the labels on the two nodes

touching the branch.

Im) Simplifying graph

3-1 Divide the graph into nonseparable components.
(If a componoent contains less than three r-branches, Theorem
6-2.1 and 6-2.2 can be applied.)

3-2 Delete branches whose labels correpond to only one r-branch.

3-3 Transpose paralell branches which contain no r-branch into
ba branch.

3-4 Transpose series branches which contain no r-branches into
a branch.

3-5 Transpose d-p(i,j) into a branch touching the nodes 7 and j.

3-6 Transpose seriesbthree branches, whose center-branch is an
r-branch, and where others are not r-branches, into series two
branches, one of which is the r-branch and the other of which
is not -an r-branch.

This routine does not affecf the existence of p-trees.

This routine is applied to simplify graphs after deleting and/or
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contracting branches in the following routines.

V) Check d-path
Even if the number of r-branches is more than two, there
is no p-tree when there exists a d-path described in Theorem 6-2.1
and 6-2.2.
1) 1In the case where the r-node ¢ is identical to the r-node J,
if there exists d-p(i',j'), there is no p-tree and stop.
2) If there exist d-p(Z,4), d-p(i',j), d-p(i,j') and d-p(i',5'),

there is no p-tree and stop.

V) e-tree and m-tree
Definition

An e-tree is a tree which contains no r-branch (denoted by Te).

Theorem

If there is no e-tree, there is no p-tree.

Theorem
If there is no branch, which is not an r-branch; in cut-set(
a twig t) for T, t is contained of every p~tree if there is p-

tree.

Definition

A node which is not an r-node is called a v-node.

Procedure

5-1 STe={'¢}.
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5-2 Choose a most labeled node v, which is not in STe'

5-3 Choose a minimum set of branches, such as the union of the
set and STe is a subtree of Te and the paths from v to
the r-nodes corresponding to the label of v on the union.
Set STe=the union.

5-4 Repeat Step 2 and 3 until there is nd node as mentioned in
Step 1.

5-5 1If STe is not an e-tree, choose a set of branches such as

the union of the set and STe is an e-tree.

Definition
An e-tree obtained in the above procedure is called an m-tree

and denoted by Tm.

VI) Node-labeling IT

6-1 Label a v-node adjacent to the r-node 7 on T, by <.

6-2 Label a v-node adjacent to the v-node on Tm, which is labled
by Z.

6-3 Repeat Step 2 until no more labels can be assigned.

Do Node-labeling II for all r-nodes.

VII) Branch-labeling II
7-1 Label a branch by the union of the labels on the two nodes

touching the branch.

VIII ) t-branch and f-branch
Definition

Among the twigs of Tm, a twig such that cut-set(a twig)
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2y

contains more than one r-branch is called a t-branch.

Theorem
If there exists no t-branch, it does not affect the existence
of the p-tree that a twig in Zoop(a link which is not an r-branch)

for Tm is contracted.

Definition

Assume that t] and tZ are t-branches such that cut-set(tz)

contains r-branches r Cer but cut-set(tz) contains neither

1’00

of »r Cecar . Let an r-branch in cut-set(tz) be r. If there

7t
exist paths, on Tm-Zoop(r),-from the node touching r to the nodes
touching Tortttar, then the branches on the paths are called
f-branches for tl.
Definition

Let the number of the r~branches in cut-set(t which is a t-
branch) be N(t/Tm). If there is no t-branch t1 such as N(tl/Tm)>

N(t/Tm), t is called a maximum t-branch.

IX) Choosing p-tree

9-1 Choose an m-tree Tm.

' 9-2 If there’'exists a t-branch, go to Step 3. Otherwise go to

Step 5.

9-3 i)If there exists a T-branch t such as cut-set(t) contains %
and r-branches only, contract ¢ and go to Node-labeling I.
Otherwise go to Step 3-ii).

il) -If there exists no such a t-branch, neglect I such as
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the branches in loop(l) have the same labels and do
Step 3-i). Otherwise go to Step 4.

9-4 Choose a maximum t-branch ¢ such as the deference between
the set of the r-nodes touching the r-branches in cut-set(t)
and the set of the r-nodes corresponding to the lables of
the r-branches is a maximum. Assume tha£ cut-gset(t) contains

ri,rj,---. If cut-set(t) contains d-p(<,j), go to Step 4-i).

Otherwise go to 4-ii) .

i) If the union of d-p(i,j), the f-braches for t and r-

brances contains no loop, contract t and go to Node-labeling I.

Otherwise go to Step 4-ii) .
ii ) Contract ¢ and go to Node-labeling I.

9-5 Contract a twig in loop(a link which is not an r-branch)

and go to Node=-labeling I.

We obtain a p-tree by doing Node-labeling I, Branch-labeling I,
Simplifying graph, Check d-graph, Node-labeling II , Branch-

labeling II and Choosing p—tree routines, successsively.
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APPENDIX VO SUBMATRICES IN Eq. (6-5.17)

r2 r2

1 -1 -1 -1
1177 (4, rZ) €(c71+F 5 Fralr +F 505 w(1+F ) oF
-] 1 -1 -1
x(FlLsCy 'Cz Frg) (€7 #F 000 Fro)  J(I+F ,FL))
i} - -1
Rpam=(THF oFLs) Froloy

= ] -1 -1
A13‘(1+F 2Fr2) Frzcz H

= t "'] -] 1 -] -]
Argm (HF g Fr o) TR 0o HEOH+F Py )7 h(L

r2 r2
1.0 -1 -1 '
X(L2 +F19L1 Flg) (]+F1gFlg)+Flg}
_ -1 - -] -1
A2 —(1+F' 2) {(F C -C2 2)( FP2C2 2)
] -1
X(THF L F )" (Fr2 1 -Co pz)(cz' r2%2 Fpg)
N . -1 -1 -1., -1 -1 -]
Agg== (TR o F ) L(F 0 =Co TP ) (€] +F ,Co L) F
xC ]y
_ -1 -1 -1 -1 -1 -1
AZS-(] F' FrZ) {(F;gcl —C2 F;Z)(C +Fr2C2 F;Z) F
xC ]
VTV D B -1 ey -1
Ao (VHF oF ) L(F L0 =C F ) (C T #F L Co Fo o) F
-1 -1,, -1 -1 -1 -1
XCo HL(F, Py )T (LY TRy =Py Lo (L T wFy L TF
x(]+F1gF§g)+Flg}
A, ==(1+F FC ) T TF DI TS
31 1g 1g 1 lg 2 1g 1 '1g
-1 . -1 -1, 1 -
XLy THLF o= (T+F L F 0)” (Frz 7 7Co Fra) (3 +F 50,
X(1+FpF L)}
_ -1 -1 -1 -1 -1 -1
Asz'(1+F1gfig) L, 1g'Fsz2 (L, +F3g"1 Flg)
<3 'H
s -1, -1 “Ty i =1,c0 (-1 -1
Aagm (1 P )T LY Ry oF Lo )Ly +Fy Ly Ry )T

-1
Ly 193

1 Flg 1g 2 )

! -
Flg

r2

-t
Fl

)-1

-1 -1
F;2+1}C y
-1
(1+Fr2

+1}

+1}

+1}
)']

g-l}

r2)
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= ] '] -] -1 ‘] -] -]
A34—-(1+F19F19) {(L, Frg=Figls ) (L, gl Fzg) F}g-]}
- T PR =1y, -1 -1 -1 .
XLy a (IR Py )T Ly FygmFygly MLy #Fy LT Py )T (1+Fy F )

- ' -1 -1 . -1 -1 .=1., : .
Rggm (TR F ) Fagla B - (THF Lo F ) (FLpCy=Cy Fly) .
-1 - -1 .

X(Cp #F0Cs Frp) T (1+F ,F10))

= 1 -]I '].
Ags (1+F19F1g) Fighs M

1

P4

= ] -]l =
A43—(]+F19F19) Fighta

1 -1, -1 -1
2(1+F, F3 )7 (L] Fp-Fp Ly)

1 -1 .
1 Figla” YR Fo)

- 1 "] 1 -
Ryg=(V+Fy Fo )T LRy LS
-1 [} -1 -1 -1 t -

X(L2 +F1gL1 Flg) +(L2 +FlgL

<"

et i
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APPENDIX VT SUPPLEMENT OF SECTION 6-6

Lemma

If DD>0 and t1<t2, the follbwing inequalities hold.

. f(1)>0 (A-8.1)

4>

0<a{cothlcoth2-(1+ )sinBtlsinBt2}<1. (A-8.2)

2
82T2
Proof: Since >0 and a>1, we obtain

a{coth coth -(1+—= )sant sant }>0.
B T

The following equality holds.

)sant sant }

a{cothlcothZ-(1+

BZT
e(tl-tZ)/T{(1+ )cosB(t +t p lecoss(tl-tgf}.
BT
We define g(x) as
a
[ g(x)=ex/T{(1+ 212)cosB(t1+t2)-—El§cosBx},

Bt B T
where x=t1-t2o
Let us define gl(x) as
1, 1
82T2 82T2

x/T

g,(x)=e {(1+ cosBzx},

then we obtain

gl(x)>g(x) and 91(0)=1.

Differentiating gl(x) with respect to x, we obtain

/1,1 1 P 1
gltz)=e™" {1+ )- Y(1+ ) cos(Bx+6),
1 T 82T2 BT2 BZTZ

where tanb=RT.

ep’

There is no value of x such that gé(x)=0. Since g§(0)>0, we
obtain g}(x)>0. Then we obtain

gz(x)<1 for x<0.
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Then the inequality (A-8.2) holds.

Next we consider the inequality (A-8.1). We define h(x) as

hix)=f(1)
: s
=1-2{(1+ 1 )cosB(t +t )- 1 cosBx}ex/T+e2m/T, A
2 2 1 72 2_2 -
B™T B T
"
where x=t1-t2.
Let us define hl(x) as
h (z)=1-2{(1+—— 212)- 2120038x}ex/T+e2m/T.
Bt B T
- Then we obtain
hl(x)<h(x) and h1(0)>1.
Defferentiating h (x) with respect to x, we obtain
'(x) 2 x/r{ex/r (1+——l— BT/(1+ 2 ) cos (Bx+68)1},
8 T B T
where tanb6=87t.
2
We obtain z, such that ex/T B,1[/(1+ 5 2) cos (Bx+6) is maximum -
B T v
as 4
exJ/T=(1+ 1 Jsin(Bx +6).
82T2 1

Then we obtain hé(ml)<0. Therefore we obtain
hl(x)>1 for x<0.

Consequently the inequality (A-8.1) holds.
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