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On some generic expression of Gauss sums

By Hiroo Miki (ZA % 1)

Department of Mathematics, Tokyo Metropolitan University

§ Introduction.

Let %2 be a fixed odd prime number and let ¢ n be a primitive
'8
2"-th root of unity such that C2n+1=€ n for n=1,2,3,-++ . Put

2 L
Kn=Q(c n) for n>1, where Q is the field of rational numbers. Let
L
p be a prime number different from ¢ and let Fn be a prime ideal

of K, for n>1 satisfying
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We fix such a sequence of prime ideals. Let

X, (xmod P ) = x_ (x mod £ ) = (—3{—>

be the ¢"-th power residue symbol in K, for x € Z[¢ n]’ where Z
2
is the ring of rational integers. If xﬁfﬁn, then Xp (¥ mod f;)

is the unique £"-th root of unity satisfying the congruence

(NF -1)/4"
x (mod f)),

Xy (x mod ‘fn)
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where th is the absolute norm of fh. If xE?f%, then X (0)=0.
Now we state the definition of Gauss sums and Jacobi sums.

T (x)

Put wn(x)=;pn for x€ Z[Zzn]/fh’ where Tn: Zlt n]/fh > FP
2

(the field of p elements) is the trace map.

Definition. For a€ Z, put
a : a
g(x)=g (a)=g _(§ ,a)= - EZ: X2 (x)Y_(x).
R L xezlt 1/f 4n T
) ‘
The sum is called a Gauss sum.
Definition. For a, b€ Z, put
@y - 2 @ m
L x,yeZlt _1/§ fn &n
on n

xty=-1
The sum is called a Jacobi sum.

As is well known, Gauss sums and Jacobi sums have close
relation to each other; the Jacobi sum can be expressed in terms

of Gauss sums in the following:
(a,b) _ -1
Jzn (£) = (NF) gﬁn(fﬁ,a)gﬁn(?n,b)gzn(fh,c),

where a+b+c = 0 (mod ln) and (a,b,c) £ (0,0,0) (mod ln).

Recently, Y.Ihara ([7],Theorem 7) found a power series which
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interpolates J(i’b)(yn) with n=1,2,3,+++ . Put
. L
A= Z,1 [u,v,wll/((1+u) (1+v) (14+w)-1) = Z [ [u,V]],

where Zz[[u,v,wl] is the formal power series ring in three

variables u, v and w over the ring of &-adic integers Zz.

Theorem ([7],Theorem 7). There exists a power series

Fp(u,v,w)€A satisfying

H

-1 . . .

(a,b) Ry apl bpl cpl
’ = F -1, -1, -1
7y ) il=l0 p(fym “0%yn ' ym )

for all a,b,c€ Z such that (a,b,c) f (0,0,0) (mod &) and atbtc

=0 (mod zn), énd for all n>1. Here fn is the order of p in (Z/ln)x.

Note that Thara([7],Theorem 7) gives a more general result
than the above statement.

For the proof, Ihara [7] uses the f-adic Tate module of the
Jacobian variety of the Fermat curve of degree 2™ in the limit as
n-+0og, and studies its Galois module structure; the module is a
free A-module of rank 1 and the action of Frobenius over p on the
module corresponds to the above Ihara's power series.Fp(u,v,W).

At the Kyoto conference Oct.1985, G. Anderson stated that he
found a power series of one variable interpolating Gauss sums into

which Thara's power series can be factored (see [1]1). Using Deligne's
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theory [5] on absolute Hodge cycles, he developes the theory of
hyperadelic gamma functions and beta functions,and relates Ihara's
power series to Anderson's adelic beta function.

In the present paper, we shall consider the following purely

local problem.

Problem(purely local). For a given sequence of local &-units

Up,Up, 0 LU, , find a necessary and sufficient condition for

Up,Ug, o LU, to be interpolated as in the above Thara's Theorem.

In the following, we shall give a partial answer to the
problem and obtain another proof of the special case of Anderson's

result.

§1 Interpolation of local units in Qz(cp).

Put Ki= Qz(c ;) for i=1,2,3,+++ , where Q, is the field of

pL
f2-adic numbers.

Theorem 1. Let Up,Ug, e LU, be a sequence of principal

units of Ki. Then there exists a power series F(T)t Z [Cp][[T]],

F(T) =1 (mod T), satisfying NKi/Ki(F(EQi-l))=ui for all i>1, if

and only if the following two conditions (i) and (ii) are satisfied

for all i>1.

. _ i
(i) NKi/QQ(ui)zzl (mod £7).



(1) u;, =u; (mod o1y, where T€G(Q,(Z . )/Qu (L ) is the
‘ 2 2

Frobenius automorphism.

The proof is rather complicated and technical. We use local
class field theory and the analysis of elements of norm 1, in
particular, Hasse's classical result on the relation between the
norms and the Hasse function (cf. e.g. Serre [14]1), but we do not
use algebraic geometry.

We also note that the above Theoiem 1 has a similarity to

the Coleman power series [2](see also Theorem 13.38 of Washington
[161).
§2 Congruence for Gauss sums.

Let Q (resp. QQ) be an algebraic closure of Q (resp. QQ).

By a fixed imbedding, we consider Q as a subfield of QR.

Theorem 2. Let M be the decomposition field of p in

Q(z _ )/Q(z.) andlet T, be the ring of integers of MQ,.
2%p pr———— MQ, %

Let T be as in Theorem 1. Then the following (i),(ii} and (iii)

hold for all i>1.

(1) g € M.

(i1) gxi,p zexH’  (mod [Q(cziﬂp)M‘:_Mquz).
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(iii) N

ay, - i
MQQ/QR(g(xi))-l (mod ¢ zZ,).

§3  Interpolation of Gauss sums.

As an application of Theorems 1 and 2, we obtain another

proof of the special case of Anderson's result([1]).

Theorem 3. ‘Assume 2 || (p-1), i.e., the exact power of %

dividing (p-1) is &%. Then there exists a power series F(T) €

Z,lt,1[IT]] satisfying the following (i) and (ii):

(1) F(T)=1 (mod T).
f -1 .
g a, _ B gpl
(ii) g(xn) = || F(zg n -1) for all a# 0 (mod %) and
=0

|

for all n>1, where fn (=2n'1) is the order of p‘mod B in (Z/Rn)x.
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