
70

Bertrand framed surfaces in the Euclidean 3-space and 
its applications 

N ozomi N akatsuyama 
Muroran Institute of Technology 

1 Introduction 

Bertrand and Mannheim curves are classical objects in differential geometry. A Bertrand 
(respectively, Mannheim) curve in the Euclidean 3-space is a space curve whose principal 
normal line is the same as the principal normal (respectively, bi-normal) line of another 
curve. By definition, another curve is a parallel curve with respect to the direction of 
the principal normal vector. In [5], they investigated the condition of the Bertrand and 
Mannheim curves of non-degenerate curves and framed curves. Moreover, we investigated 
the other cases, that is, a space curve whose tangent ( or, principal normal, bi-normal) 
line is the same as the tangent ( or, principal normal, bi-normal) line of another curve, 
respectively. We say that a Bertrand type curve if there exists such another curve. We 
investigated the existence conditions of Bertrand type curves in all cases in [8]. Moreover, 
we also investigated curves with singular points. As smooth curves with singular points, 
it is useful to use the framed curves in the Euclidean space ( cf. [4]). We investigated the 
existence conditions of the Bertrand framed curves (Bertrand types of framed curves) in 
all cases in [8]. As a consequence, the involutes and circular evolutes of framed curves ( cf. 
[6]) appear as the Bertrand framed curves. 

A framed surface is a surface in Euclidean 3-space with a moving frame ( cf. [3]). 
Framed surfaces may have singular points. By using a moving frame, we define Bertrand 
framed surfaces as the same idea as Bertrand framed curves. Then the caustic and 
involute appear as a Bertrand framed surface. In this paper, we give existence conditions 
of Bertrand framed surfaces in all cases in §3. As a consequence, then the caustics and 
involutes appear as Bertrand framed surfaces. 

As applications, we can directly define the caustics and involutes of framed surfaces, 
and give conditions that the caustics and involutes are inverse operations of framed sur­
faces like as those of Legendre curves in §4. Furthermore, we find a new such operation, 
so-called, tangential direction framed surfaces in §5. Finally, we give concrete examples 
of caustics, involutes and tangential direction framed surfaces in §6. 

We shall assume throughout the whole paper that all maps and manifolds are C00 

unless the contrary is explicitly stated. 
The content of this paper is based on joint research with Masatomo Takahashi ( cf. 

[9]). 
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2 Preliminaries 

Let IR3 be the 3-dimensional Euclidean space equipped with the inner product a • b = 
a1b1 + a2b2 + a3b3, where a= (a1, a2, a3) and b = (b1, b2, b3) E IR3. The norm of a is given 
by lal = ,.;a::a, and the vector product is given by 

a x b = det ( :~ :: :: ) , 
b1 b2 b3 

where e 1 , e2 , e 3 are the canonical basis on IR3 . Let U be a simply connected domain of 
IR2 and 8 2 be the unit sphere in IR3, that is, 8 2 = {a E IR3llal = l}. We denote a 
3-dimensional smooth manifold {(a, b) E 8 2 x 8 2 1a • b = 0} by '6.. 

Definition 2.1. We say that (x, n, s) : U ➔ IR3 x ,6. is a framed surface if xu(u, v) · 
n(u, v) = xv(u, v) • n(u, v) = 0 for all (u, v) E U, where xu(u, v) = (ox/ou)(u, v) and 
xv(u, v) = (ox/ov)(u, v). We say that x: U ➔ IR3 is a framed base surface if there exists 
(n, s) : U ➔ ,6. such that (x, n, s) is a framed surface. 

By definition, the framed base surface is a frontal. The definition and properties of 
frontals see [1, 2]. On the other hand, the frontal is a framed base surface at least locally. 
In this paper, we consider framed base surfaces as singular surfaces. 

We denote t(u, v) = n(u, v) x s(u, v). Then { n(u, v), s(u, v), t(u, v)} is a moving frame 
along x( u, v). Thus, we have the following systems of differential equations: 

( Xu) = (a1 bi) (s) , 
Xv a2 b2 t 

(::) (-~1 ~ t~) (:) , (::) (-~2 ~ t:) (:) , 
tu - Ji - gl O t iv - h -g2 0 t 

where ai, bi, ei, Ji, gi : U ➔ IR, i = 1, 2 are smooth functions and we call the functions basic 
invariants of the framed surface. We denote the above matrices by 9, F 1 , F 2 , respectively. 
We also call the matrices (9, F 1 , F 2 ) basic invariants of the framed surface (x, n, s). Note 
that ( u, v) is a singular point of x if and only if det g ( u, v) = 0. 

Since the integrability conditions Xuv = Xvu and F2,u - F1,v = F1F2 - F2F1, the basic 
invariants should be satisfied the following conditions: 

{
alv - b1g2 = a2u - b2g1, 

b1v - a2g1 = b2u - a1g2, 

a1e2 + b1h = a2e1 + bd1, 

{
elv - fig2 = e2u - hg1, 

fiv - e2g1 = hu - e1g2, 

glv - e1h = g2u - e2f1-

(1) 

We have fundamental theorems for framed surfaces, that is, the existence and uniqueness 
theorem for the basic invariants of framed surfaces. 

Definition 2.2. We define a smooth mapping CF= (JF, KF, HF) : U ➔ JR3 by 

JF = det (a1 bi) 'KF = det (e1 Ii) ' 
a2 b2 e2 h 

HF=-~ { det (:: 1:) -det (~: ::) } • 

We call CF= (JF, KF, HF) a curvature of the framed surface. 
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3 Bertrand framed surfaces 

Let (x, n, s) and (x, n, s) : U-+ IR3 x ,6,. be framed surfaces. 

Definition 3.1. We say that (x, n, s) and (x, n, s) are (v, w)-mates if there exists a 
smooth function A: U-+ IR with A¢. 0 such that x(u, v) = x(u, v) + A(u, v)v(u, v) and 
v(u, v) = w(u, v) for all (u, v) EU, where v and ware n, sort, respectively. 

We also say that (x, n, s) is a (v, w)-Bertrand framed surface (or, (v, w)-Bertrand­
Mannheim framed surface) if there exists another framed surface (x, n, s) such that 
(x, n, s) and (x, n, s) are (v, w)-mates. 

We clarify the notation A ¢. 0. Throughout this paper, A ¢. 0 means that { ( u, v) E 
UIA( u, v) #- O} is a dense subset of U. It follows that x and x are different surfaces. Note 
that if A is constant, then A ¢. 0 means that A is a non-zero constant. 

Let (x,n,s) : U-+ IR3 x ,6,. be a framed surface with basic invariants (9,F1,F2). 
We give all characterizations of Bertrand framed surfaces. The proof of Bertrand framed 
surfaces in all cases see [9]. 

Lemma 3.2. If (x, n, s) and (x, n, s) : U-+ IR3 x ,6,. are (n, n)-mates, then A is non-zero 
constant. 

Theorem 3.3. (x, n, s) : U-+ IR3 x ,6,. is always an (n, n)-Bertrand framed surface. 

By a direct calculation, we have the following ( cf. [3]). 

Proposition 3.4. Suppose that (x,n,s) and (x,n,s): U-+ IR3 x ,6,. are (n,n)-mates, 
where (x, n, s) = (x + An, n, s) and A is a non-zero constant. Then the basic invariants 
of (x, n, s) are given by 

g = g +A(:: j:), F1 = F1, F2 = F2. 

Remark 3.5. (1) If (x, n, s) and (x, n, s) : U-+ IR3 x ,6,. are (n, n)-mates, then xis a 
parallel surface of x (cf. [ 3]). 

(2) On the moving frame of (x, n, s), we can also take a rotation frame { n, s0 , t0 } 

instead of { n, s, t}. 

Theorem 3.6. (x, n, s) : U-+ IR3 x ,6,. is an (n, s)-Bertrand framed surface if and only 
if there exist smooth functions A, 0 : U-+ IR with A ¢. 0 such that 

( a1(u, v) + A(u, v)e1(u, v) b1(u, v) + A(u, v)f1(u, v))) (sin0(u, v)) _ (0) (2) 
a2(u, v) + A(u, v)e2(u, v) b2(u, v) + A(u, v)h(u, v)) cos0(u, v) - 0 

for all (u, v) EU. 

Proposition 3.7. Suppose that (x,n,s) and (x,n,s): U-+ IR3 x ,6,. are (n,s)-mates, 
where (x, n, s) = (x + An, sin 0s + cos 0t, n) and A, 0 : U -+ IR are smooth functions 
satisfying A ¢. 0 and condition (2). Then the basic invariants of (x, n, s) are given by 

( ~1 ~1) = (Au (a1+Ae1)cos0-(b1+Afi)sin0) 
a2 b2 Av (a2 + Ae2) cos 0 - (b2 + Ah) sin 0 ' 

( e1 Li ?Ji) = (-e1 s~n 0 - Ji cos 0 0u - g1 e1 cos 0 - Ji s~n 0) . 
e2 f 2 ?h -e2sm0- hcos0 0v - g2 e2cos0- hsm0 
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Remark 3.8. If (x, n, s) and (x, n, s) : U--+ IR3 x ~ are (n, s)-mates, then xis a caustic 
(an evolute or a focal surface) of x. By condition (2), we have 

<let (a1 + Ae1 b1 + Afi) = 0. 
a2 + Ae2 b2 + Ah 

(3) 

It follows that A must be a solution of the equation KF A2 - HF A+ JF = 0. It is easy to 
see that the converse does not hold in general in the case of dx has a corank 2 singular 
point, that is, condition (2) does not follows from (3). 

Theorem 3.9. (x, n, s) : U--+ IR~ x ~ is an (n, t)-Bertrand framed surface if and only 
if there exist smooth functions A, 0 : U--+ IR with A ¢ 0 such that 

( a1(u, v) + A(u, v)e1(u, v) b1(u, v) + A(u, v)fi(u, v)) (- cof!Jf(u, v)) = (0) (4) 
a2(u, v) + A(u, v)e2(u, v) b2(u, v) + A(u, v)h(u, v) sin0(u, v) 0 

for all (u, v) EU. 

Proposition 3.10. Suppose that (x, n, s) and (x, n, s) : U--+ IR3 x ~ are (n, t)-mates, 
where (x, n, s) = (x + An, cos 0s - sin 0t, sin 0s + cos 0t) and A, 0 : U --+ IR are smooth 
functions satisfying A ¢ 0 and condition (4). Then the basic invariants of (x, n, s) are 
given by 

Theorem 3.11. (x, n, s) : U--+ IR3 x ~ is an (n, t)-Bertrand framed surface if and only 
(x, n, s) : U--+ IR3 x ~ is an (n, s)-Bertrand framed surface. 

Theorem 3.12. (x, n, s) : U--+ IR3 x ~ is an (s, n)-Bertrand framed surface if and only 
if det(b(u, v), g(u, v)) = 0 for all (u, v) EU and A: U--+ IR is given by 

A(u, v) = - (1~ a1(u, v)du + 1: a2(u0 , v)dv) + c 

for a point ( u0 , v0 ) E U and constant c E IR with A ¢ 0. 

Proposition 3.13. Suppose that (x, n, s) and (x, n, s) : U--+ IR3 x ~ are (s, n)-mates, 
where (x, n, s) = (x + As, s, t) and 

A(u, v) = - (1~ a1(u, v)du + 1: a2(u0 , v)dv) + c ¢ 0 

for a point (u0 , v0 ) E U and constant c E R Then the basic invariants of (x, n, s) are 
given by 
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Remark 3.14. If (x, n, s) and (x, n, s) : U --+ IR3 x Ll are (s, n)-mates, then we may 
consider x is one of involutes of x. 

Theorem 3.15. (x, n, s): U--+ IR3 x b. is an (s, s)-Bertrand framed surface if and only 
if there exist smooth functions >., 0 : U--+ IR with >. ¢. 0 such that 

for all (u, v) EU. 

Proposition 3.16. Suppose that (x,n,s) and (x,n,s): U--+ IR3 x Ll are (s,s)-mates, 
where (x, n, s) = ( x + >.s, sin 0t + cos 0n, s) and >., 0 : U --+ IR are smooth functions 
satisfying >. ¢. 0 and condition (5). Then the basic invariants of (x, n, s) are given by 

Remark 3.17. If (x, n, s) and (x, n, s) : U--+ IR3 x Ll are (s, s)-mates, then 

<let (bi + >.g1 e1) = 0 
b2 + >.g2 e2 

by condition (5). It follows that det(b(u, v), e(u, v)) + >.(u, v)det(g(u, v), e(u, v)) = 0. If 
det(e(u, v), g(u, v)) i= 0, then >.(u, v) = det(b(u, v), e(u, v))/det(e(u, v), g(u, v)). Hence, 
we have 

_ det(b(u, v), e(u, v)) 
x(u,v) = x(u,v) + d ( ( ) ( ))s(u,v). et e u, v , g u, v 

Theorem 3.18. (x, n, s) : U--+ ~ 3 x b. is an (s, l)-Bertrand framed surface if and only 

if there exist smooth functions >., 0 : U--+ IR with >. ¢. 0 such that 

for all (u, v) EU. 

Proposition 3.19. Suppose that (x, n, s) and (x, n, s) : U--+ IR3 x Ll are (s, l)-mates, 

where (x, n, s) = ( x + >.s, cos 0t - sin 0n, sin 0t + cos 0n) and >., 0 : U --+ IR are smooth 
functions satisfying >. ¢. 0 and condition ( 6). Then the basic invariants of (x, n, s) are 
given by 
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Theorem 3.20. (x, n, s) : U----+ IR3 x ,6,. is an (s, l)-Bertrand framed surface if and only 
(x, n, s) : U----+ IR3 x ,6,. is an (s, s)-Bertrand framed surface. 

We can prove from Theorem 3.21 to Proposition 3.27 by the similar calculations of 
proving of from Theorem 3.12 to Proposition 3.20. Therefore, we omit the proof here. 

Theorem 3.21. (x, n, s) : U----+ IR3 x ,6,. is a (t, n)-Bertrand framed surface if and only 
if det(g(u, v), a(u, v)) = 0 for all (u, v) EU and and>.: U----+ IR is given by 

>.(u, v) = - (1~ b1(u, v)du + 1: b2(u0 , v)dv) + c 

for a point ( u0 , v0 ) E U and constant c E IR with >. ¢ 0. 

Proposition 3.22. Suppose that (x, n, s) and (x, n, s) : U----+ IR3 x b.. are (t, n)-mates, 
where (x, n, s) = (x + >.t, t, n) and 

for a point (u0 , v0 ) E U and constant c E R Then the basic invariants of (x, n, s) are 
given by 

(:: t) = ( =~;: :: = ~::) ' (:: ;: t) = ( =;: =:: ::) . 
Theorem 3.23. (x, n, s) : U----+ IR3 x ,6,. is a (t, s)-Bertrand framed surface if and only 
if there exist smooth functions >., 0 : U----+ IR with >. ¢ 0 such that 

( >.(u, v)f1(u, v) a1(u, v) - >.(u, v)g1(u, v)) (- sin0(u, v)) _ (0) (7) 
>.(u,v)fz(u,v) a2(u,v)- >.(u,v)g2(u,v) cos0(u,v) - 0 

for all (u, v) EU. 

Proposition 3.24. Suppose that (x, n, s) and (x, n, s) : U----+ IR3 x ,6,. are (t, s)-mates, 
where (x, n, s) = (x + >.t, sin 0n + cos 0s, t) and >., 0 : U ----+ IR are smooth functions 
satisfying >. ¢ 0 and condition (7). Then the basic invariants of (x, n, s) are given by 

( ~1 ~1) = (bi + Au ->.Ji cos 0 - ( a1 - >.g1) sin 0) 
a2 b2 b2+>.v ->.fzcos0-(a2->.g2)sin0' 

( e1 £1 ?ii) = (ii s~n 0 + 91 cos 0 0u - e1 - Ji cos 0 + 91 s~n 0) . 
e2 f 2 g2 fz sm 0 + 92 cos 0 0v - e2 - fz cos 0 + 92 sm 0 

Theorem 3.25. (x, n, s): U ~ IR3 x ,6,. is a (t, l)-Bertrand framed surface if and only if 
there exist smooth functions >., 0 : U ----+ IR with >. ¢ 0 such that 

( >.(u,v)f1(u,v) a1(u,v)->.(u,v)91(u,v)) (cos!(u,v)) = (0) (S) 
>.(u, v)fz(u, v) a2(u, v) - >.(u, v)92(u, v) sin0(u, v) 0 

for all (u, v) EU. 
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Proposition 3.26. Suppose that (x, n, s) and (x, n, s) : U--+ IR3 x ~ are (t, t)-mates, 

where (x, n, s) = (x + >.t, cos0n - sin0s, sin0n + cos0s) and>., 0: U--+ IR are smooth 
functions satisfying ).. ¢ 0 and condition (8). Then the basic invariants of (x, n, s) are 
given by 

Theorem 3.27. (x, n, s) : U--+ IR3 x ~ is a (t, t)-Bertrand framed surface if and only 
(x, n, s) : U--+ IR3 x ~ is a (t, s)-Bertrand framed surface. 

Table 1 : Bertrand framed surfaces 

!XII n s t 

n paralle l surface involute involute 

caustic exit exi t 

l cau tic exist exist 

4 Caustics and involutes of framed surfaces 

The caustics (evolutes or focal surfaces) are classical object and it is well-known properties 
of caustics of regular surfaces, for instance [1, 2, 7]. By using Bertrand framed surfaces, 
we define caustics and involutes of framed surfaces directly. We denote 

F(U,IR3 x ~) := {(x,n,s) E C 00 (U,IR3 x ~)l(x,n,s) is a framed surface}. 

Let (x, n, s) : U--+ IR3 x ~ be a framed surface with basic invariants (9, F 1 , F 2). 

Definition 4.1. (1) The map cs : F(U, IR3 x ~) --+ F(U, IR3 x ~) is given by 

xc,s(u, v) = x(u, v) + )..c,s(u, v)n(u, v), 

nc,s(u, v) = sinec,s(u, v)s(u, v) + cosec,s(u, v)t(u, v), 

sc,s(u, v) = n(u, v), 

where there exist smooth functions )..c,s, ec,s : U--+ IR such that 

for all ( u, v) E U. Then we say that xc,s : U --+ IR3 is a caustic of the framed surface 
(x, n, s). 
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(2) The map ct : F(U, ffi.3 x ~) --+ F(U, ffi.3 x ~) is given by 

xc,t(u, v) = x(u, v) + >..c,t(u, v)n(u, v), 

nc,t(u,v) = cosec,t(u,v)s(u,v)- sinec,t(u,v)t(u,v), 

sc,t(u, v) = sinec,t(u, v)s(u, v) + cos ec,t(u, v)t(u, v), 

where there exist smooth functions >..c,t, ec,t : U--+ ffi. such that 

for all (u, v) E U. Then we say that xc,t : U --+ ffi.3 is a caustic of the framed surface 
(x, n, s). 

Remark 4.2. (1) The caustic xc,s (respectively, xc,t) is corresponding to the (n, s) (re­
spectively, ( n, t) )-Bertrand framed surface. 

(2) By a direct calculation, we have tc,s ( u, v) = cos ec,s ( u, v )s( u, v )-sin ec,s ( u, v )t( u, v) 
and tc,t(u, v) = n(u, v). 

(3) Suppose that there exist smooth functions >..c,s, ec,s : U --+ ffi. such that the condition 
(9) satisfies. If we take smooth functions >..c,t, ec,t : U --+ ffi. by >..c,t = >..c,s and ec,t = 
ec,s +n/2, then the condition (10) is satisfied (cf. Theorem 3.11). The reflection frame of 
C8 (x, n, s) is corresponding to the moving frame of Ct(x, n, s). It follows that the map 
ct is given by Ct(x, n, s) = cs(x, -n, t). 

Definition 4.3. (1) Suppose that det(b( u, v ), g( u, v)) = 0 for all ( u, v) E U and ( u0 , v0 ) E 
U. The map Is: F(U,ffi.3 x ~)--+ F(U,ffi.3 x ~) is given by 

Is(x n s) = (xI,s nI,s SI,s) 
' ' ' ' ' 

xI,s(u, v) = x(u, v) + >..I,s(u, v)s(u, v), 

nI,s(u, v) = s(u, v), 

SI,s( U, V) = COS 0I,s( U, V )t( U, V) - sin 0I,s( U, V )n( U, V ), 

where eI,s : U--+ ffi. is a smooth function and >..I,s : U--+ ffi. is given by 

Then we say that xI,s : U --+ ffi.3 is an involute with respect to s at (u0 , v0 ) E U of the 
framed surface (x, n, s). 

(2) Suppose that det(a(u,v),g(u,v)) = 0 for all (u,v) EU and (u0 ,v0 ) EU. The map 
T : F(U, ffi.3 x ~) --+ F(U, ffi.3 x ~) is given by 

T(x n s) = (xI,t nI,t sI,t) 
' ' ' ' ' 

xI,t(u, v) = x(u, v) + >..I,t(u, v)t(u, v), 

nI,t(u, v) = t(u, v), 

sI,t(u,v) = coseI,t(u,v)n(u,v)- sin0I,t(u,v)s(u,v), 
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where er,t : U ----+ IR is a smooth function and ),,I,t : U ----+ IR is given by 

Then we say that xI,t : U ----+ IR3 is an involute with respect to t at ( u0 , v0 ) E U of the 
framed surface (x, n, s). 

Remark 4.4. (1) The involute x'I,s (respectively, x'I,t) is corresponding to the (s, n) 
(respectively, (t, n))-Bertrand framed surface under the condition er,s = 0 (respectively, 
er,t = 0). However, we consider a framed rotation of the framed surface in Definition 4.3. 
Moreover, we consider constant c E IR is zero. 

(2) By a direct calculation, we have tI,s ( u, v) = sin er,s ( u, v )t( u, v )+cos er,s ( u, v )n( u, v) 
and tI,t(u, v) = sin0I,t(u, v)n(u, v) + coser,t(u, v)s(u, v). 

We consider conditions that caustics and involutes are inverse operations of framed 
surfaces. 

Theorem 4.5. Let (x, n, s) : U ----+ IR3 x b. be a framed surface with basic invariants 
((], F1 , F2) . 

(1) (i) Suppose that det(b(u,v),g(u,v)) = 0 for all (u,v) E U, er,s : U----+ IR is a 
smooth function and a smooth function >._I,s : U ----+ IR is given by 

for a point (uo, Vo) E U. If we take >._c,s, ec,s : u----+ IR by >._c,s = ->._'I,s and ec,s = -er,s, 
then cs('Is(x, n, s)) = (x, n, s). 

(ii) Suppose that det(a(u,v),g(u,v)) = 0 for all (u,v) EU, er,t: U----+ IR is a smooth 
function and a smooth function ),,.I,t : U ----+ IR is given by 

for a point (uo, vo) Eu. If we take >._c,t, ec,t: u----+ IR by )..C,t = ->._'I,t and ec,t = -er,t, then 
ct(-rt(x, n, s)) = (x, n, s). 

(2) (i) Suppose that there exist smooth functions >._c,s, 0c,s : U ----+ IR such that the 
condition (9) satisfies. Ifwe take er,s: U----+ IR by er,s = -ec,s, then'Is(cs(x,n,s)) = 
(x + >._c,s(u0 , v0 )n, n, s) for a point (uo, vo) EU. 

(ii) Suppose that there exist smooth functions >._c,t, ec,t : U----+ IR such that the condition 
(10) satisfies. If we take er,t : U ----+ IR by er,t = -ec,t, then T(Ct(x, n, s)) = (x + 
>._c,t( u0 , v0 )n, n, s) for a point ( uo, vo) E U. 

Proof. (1) (i) By Definition 4.3 (1), the map Is : F(U, IR3 x b.) ----+ F(U, IR3 x b.) is given 
by Is(x, n, s) = (xr,s, nr,s, sr,s) = (x+ >._I,s s, s, cos er,st+sin er,sn ). The basic invariants 
of 'Is(x, n, s) is given by ((Jr,s, Ff,s, Fi' 8 ). The condition (9) for 'Is(x, n, s) is given by 

a1 A e1 1 /\ 1 sm ( 
'I,s + \c,s 'I,s b'I,s + \c,sf'I,s) ( • ec,s) (0) 

a{ ,s + >.. c,s e{ ,s b{ ,s + >.. c,s !i's cos ec,s = o • 
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By a direct calculation, we have 

If we take ).c,s, gc,s : U--+ IR by ).C,S = ->.I,s and gc,s = _gI,s, then the condition (11) is 
satisfied. Thus, the map cs of the map y_s exists. By Definition 4.1 (1), the map cs of 
the map Is, cs(Is(x, n, s)) is given by 

cs(I,s(x, n, s)) = (xc,s(XI,s, nI,s, 8I,s), nc,s(XI,s, nI,s, 8I,s), 8c,s(XI,s, nI,s, 8I,s)), 

Xc,s(XI,s, nI,s, 8 I,s) = XI,s + ).c,snI,s = X + ().c,s + ).I,s)s = X, 

nc,s ( XI,s, nI,s, 8 I,s) = sin gc,s 8 I,s + COS gc,stI,s 

= ( - sin gc,s sin gI,s + COS gc,s COS gI,s)n 

+ (sin gc,s cos gI,s + cos gc,s sin gI,s)t 

= cos(0c,s + gI,s)n + sin(0c,s + gI,s)t = n, 

8 c,s ( XI,s, nI,s, 8 I,s) = nI,s = S. 

(ii) We can also prove by the same method of (i). 
(2) (i) By Definition 4.1 (1), the map cs : F(U, IR3 x ~) --+ F(U, IR3 x ~) is given by 

cs(x, n, s) = (xc,s' nc,s' sc,s) = (x+ ).C,sn, sin gc,s s+cos gc,st, n), where there exist smooth 
functions ).c,s, gc,s : U --+ IR such that the condition (9) satisfies. The basic invariants of 
cs ( x, n, s) is given by (gc,s, Ft's, F;,s). By the integrability conditions (1), we have 

d t (bc,s ( ) c,s ( ) ) _ c,s ( ) c,s ( ) _ , c,s ( ) , c,s ( ) _ 0 e u, V , g u, V - a1v u, V - a2u u, V - "uv u, V - "vu u, V - , 

for all (u, v) E U. Thus, the map y_s of the map cs always exists. By Definition 4.3 (1), 
>,I,s : U --+ IR is given by 

).I,s(u, v) = - (1: at(u, v)du + 1: at(uo, v)dv) 

= - (1: >.~s(u, v)du + 1: A~'s(u0 , v)dv) 

= - (>.c,s(u, v) - ).c,s(uo, vo))' 

for a point ( u 0 , v0 ) E U. if we take gI,s : U --+ IR by gI,s = _gc,s, the map y_s of the map 
cs, Is(cs(x, n, s)) is given by 

Is(cs(x, n, s)) = (xI,s(xc,s' nc,s' Sc's), nI,s(xc,s' nc,s' Sc's), SI,s(xc,s' nc,s' Sc's)), 

XI,s(Xc,s, nc,s, 8c,s) = Xc,s + ).I,s 8c,s = X + ().c,s + ).I,s)n = X + ).c,s(uo, Vo)n, 

nI,s(xc,s nc,s 8c,s) = 8c,s = n 
' ' ' 

8I,s ( Xc,s' nc,s' 8c,s) = COS gI,stc,s _ sin gI,snc,s 

= (- sin gc,s sin gI,s + COS gc,s COS gI,s)s 

- (sin gc,s COS gI,s + COS gc,s sin gI,s)t 

= cos(0c,s + gI,s)s - sin(0c,s + gI,s)t = S. 

(ii) We can also prove by the same method of (i). □ 
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5 Tangential direction framed surfaces 

Let (x,n,s): U-+ JR3 x D. be a framed surface with basic invariants (<;;,F1,F2). 

Definition 5.1. (1) The map 5t: F(U,JR3 x D.)-+ F(U,JR3 x D.) is given by 

St(x n s) = (xS,t nS,t SS,t) 
' ' ' ' ' 

x 8·t(u, v) = x(u, v) + >..8 ·t(u, v)s(u, v), 

n 8•t(u, v) = cos08·t(u, v)t(u, v) - sin 08·t(u, v)n(u, v), 

s8 ,t(u, v) = sin08 ·t(u, v)t(u, v) + cos08·t(u, v)n(u, v), 

where there exist smooth functions >..8 ,t, 08 ,t : U -+ JR such that 

for all (u, v) E U. We say that (x8,t, n 8 ,t, s 8·t) is a tangential direction framed surface 
with respect to s of the framed surface (x, n, s). 

(2) The map Ts : F(U, JR3 x D.) -+ F(U, JR3 x D.) is given by 

Ts(x,n,s) = (xT,s,nT,s,sT,s), 

xT,s(u, v) = x(u, v) + >..T,s(u, v)t(u, v), 

nT,s(u, v) = sin0T,s(u, v)n(u, v) + cos0T,s(u, v)s(u, v), 

ST' 8 (u, v) = t(u, v), 

where there exist smooth functions >,.T,s, 0r,s : U-+ JR such that 

for all ( u, v) E U. Then we say that ( xT,s, n T,s, sT,s) is a tangential direction framed 
surf ace with respect to t of the framed surface ( x, n, s). 

Remark 5.2. (1) The map st (respectively, Ts) is corresponding to the (s, t) (respec­
tively, ( t, s) )-Bertrand framed surface. 

(2) By a direct calculation, we have t 8 ,t(u,v) = s(u,v) and t 8 ,t(u,v) = cos0T,s(u,v) 
n(u, v) - sin 0r,s(u, v)s(u, v). 

We give conditions that tangential direction framed surfaces are inverse operations of 
framed surfaces. 

Theorem 5.3. Let (x, n, s) : U-+ JR3 x D. be a framed surface. 
( 1) Suppose that there exist smooth functions >.. s,t, 08 ,t : U -+ JR such that the condition 

(12) satisfies. If we take >..T,s, 0r,s : U -+ JR by >,.T,s = ->..8 ,t and 0r,s = -08 ,t, then 
Ts(st(x, n, s)) = (x, n, s). 

( 2) Suppose that there exist smooth functions >.. T,s, 0r,s : U -+ JR such that the condition 
(13) satisfies. If we take >..8 ,t, 08 ,t : U -+ JR by >..8 ,t = ->..T,s and 08 ,t = -0r,s, then 
st(T8 (x, n, s)) = (x, n, s). 



81

Proof. (1) By Definition 5.1 (1), the map St: F(U,ffi.3 x '6.) ➔ F(U,ffi.3 x '6.) is given by 
Sl(x, n, s) = (x8,t, n 8,t, s8,t) = (x + >-.8,ts, cos08,tt - sin08,tn, sin08,tt + cos08,tn) where 
there exist smooth functions )-..8,t, es,t : U ➔ ffi. such that the condition (12) satisfies. 
The basic invariants of st(x,n,s) is given by (95 ,t,F?,Ff.,t). The condition (13) for 
st(x, n, s) is 

(
)-.. T,s fS,t aS,t _ )-.. T,s gS,t) (- sin 0T,s) (0) 
)-.. T,s 1},t a~ ,t _ )-.. T,s g},t COS 0T,s = 0 • (14) 

If we take )-..T,s, er,s: U ➔ ffi. by )-..T,s = ->-.8 ,t and er,s = -08 ,t, we have 

- >-. T,s fiS,t sin eT,s + ( af ,t - >-. T,s l't) cos eT,s 

= -)-..T,s(-gi COS 0S,t - ei sin 0S,t) 

+ ( - )-.. S,t ei cos es,t + ( bi + >-. S,t gi) sin es,t - >-. T,s ( -gi sin es,t + ei cos es,t)) cos eT,s 

= )-..T,sgisin(0S,t + 0T,s) - )-..T,seicos(0S,t + 0T,s) 

+ (->-.8 ,tei cos es,t +(bi+ )-..8 ,tgi) sin es,t) cos eT,s 

= >-. S,t ei - >-. S,t ei cos2 es,t + ( bi + >-. S,t gi) sin es,t cos es,t 

= >-. S,t ei sin 2 es,t + ( bi + >-. S,t gi) sin es,t cos es,t 

= sin es,t ( )-.. S,t ei sin es,t + ( bi + >-. S,t gi) cos es,t) 

=0, 

for i = 1, 2. It follows that the condition (14) is satisfied. Thus, the map Ts of the map 
st exists. By Definition 5.1 (2), the map Ts of the map St, T 8 (St(x, n, s)) is given by 

Ts(st(x, n, 8 )) = (xT,s(xs,t, ns,t, 8 s,t), nT,s (xs,t, ns,t, 8 s,t), 8 r,s (xs,t, ns,t, 8 s,t)) 

XT,s(xs,t, ns,t, SS,t) = XS,t + )-..T,ssT,s = X + (>-.S,t + )-..T,s)s = x, 

nT,s(XS,t, nS,t, SS,t) = sin 0T,snS,t + COS 0T,s SS,t 

= (- sin 0S,t sin 0T,s + COS 0S,t COS 0T,s)n 

- (sin 0S,t COS 0T,s + COS 0S,t sin 0T,s)t 

= cos(0S,t + 0T,s)n - sin(0S,t + 0T,s)t = n, 

8 T,s(xs,t, ns,t, 8 s,t) = ts,t = s. 

(2) We can also prove by the same method of (1). □ 

Remark 5.4. (1) If e1(u,v) = 0 and e2(u,v) = 0 for all (u,v) EU, then (x,n,s) is 
always an (s, t)-Bertrand framed surface for any >-.8,t : U ➔ ffi. and for any constant es,t 

with cos es,t = 0. 
(2) If fi(u,v) = 0 and h(u,v) = 0 for all (u,v) EU, then (x,n,s) is always a (t,s)­

Bertrand framed surface for any )-..T,s : U ➔ ffi. and for any constant er,s with cos er,s = 0. 

6 Examples 

We give concrete examples of caustics, involutes and tangential direction framed surfaces. 
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Example 6.1. (A cuspidal edge) Let (x, n, s) : U ➔ IR3 x ~ be 

x(u, v) = (u, v2
, v3

) , n(u, v) = ~(O, -v, 1), s(u, v) = (1, 0, 0). 
2 3 v2 + 1 

Then t(u, v) = (0, 1, v)/✓1 + v2 and (x, n, s) is a framed surface with the basic invariants 

(~~ ~~) = G v✓v~ + 1)' (:~ j~ !~) = (~ -1/(~2 + 1) ~) • 

It follows that the curvature CF of (x, n, s) is given by 

JF(u, v) = v✓v2 + 1, KF(u, v) = 0, HF(u, v) = ( 2
1 ) . 

2 V + 1 

If we take ).c,s(u, v) = v(v2 + 1)312 and ec,s(u, v) = 0, then condition (9) is satisfied. 
Therefore, we have a caustic of the framed surface, C8 (x, n, s) = (xc,s, nc,s, sc,s), 

Moreover, if we take >,c,t(u,v) = v(v2 + 1)312 and ec,t(u,v) = -1r/2, then condition 
(10) is satisfied. Therefore, we laso have a caustic of the framed surface, Ct(x, n, s) = 
(xc,t nc,t sc,t) 

' ' ' 

xc,t(u, v) = ( u, -v4 - v;, !v3 + v) , nc,t(u, v) = t(u, v), Sc'\u, v) = -s(u, v). 

Since det(b(u,v),g(u,v)) = 0 for all (u,v) EU, if we take xr,s(u,v) = -u, er,s(u,v) = 
-1r/2 and (uo,vo) = (0,0), then we have an involute with respect to sat (0,0), 

'Ls(x n s) = (xI,s nI,s 8 r,s) 
' ' ' ' ' 

xT,s(u, v) = ( 0, v2
2

, v;) , nT,s(u, v) = s(u, v), sT,s(u, v) = n(u, v). 

Moreover, since det( a( u, v ), g( u, v)) = 0 for all ( u, v) E U, if we take >,I,t( u, v) = -½( ( v2 + 
1)~ - 1), er,t(u,v) = 0 and (u0 ,v0 ) = (0,0), then we have an involute with respect tot 
at (0 0) T(x n s) = (xI,t nI,t sI,t) 

' ' ' ' ' ' ' 

It ( V
2 

- 2 1 V ( 1 ) ) x, (u,v) = u, - 6- + 3Jv2+1,-3 1- Jv2+1 , 

nT,t(u, v) = t(u, v), sT,t(u, v) = n(u, v). 

cuspidal edge x caustic cs and ct 
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involute xI,s involute xI,t 

cuspidal edge x, caustic cs and ct and involute xI,s and xI,t 

Figures 1: (x,n,s) and (x,n,s) of Example 6.1 

Example 6.2. (A cuspidal cross-cap) Let (x, n, s) : U----+ IR3 x b.. be 

x(u,v) = (u,v 2 ,uv3 ) ,n(u,v) = 1 (-2v3,-3uv,2), 
v' 4v6 + 9u2v2 + 4 

1 3 s(u,v) = v'"f+v6(l,O,v ). 
1 + v6 

Then t(u, v) = (-3uv4, 2(v6+1), 3uv)/✓4v6 + 9u2v2 + 4✓1 + v6 and (x, n, s) is a framed 
surface with the basic invariants 

(✓1 + v6 O ) 
3uv5 vv4v6+9u2v2+4 , 

v'f+v6 v'f+v6 
6vv'f+v6 

4v6 +9u2 v2 +4 
6u(2v6 -1) 

It follows that the curvature CF of (x, n, s) is given by 

If we take 

36v3 

JF ( u, v) = v✓ 4v6 + 9u2v2 + 4, KF ( u, v) = - ( 4v6 + 9u2v2 + 4)3/2' 

HF(u v) = _ 3u(5v6 - 1) 
' 4v6 + 9u2v2 + 4 

>._B,t( u, v) = - ( 4v6 + 9u2v2 + 4)v'"f+v5' 
9uv2 + 6✓1 + v6 

COS 0S,t ( U V) = V 

' ✓1 + v2 ' 

sin 08·t(u v) = - 1 
' ✓1 + v2 ' 
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then condition (12) is satisfied. Therefore, we have tangential direction framed surface 
with respect to s of the framed surface (x, n, s), St(x, n, s) = (x 8 ,t, n 8 ,t, s 8 ,t), 

x 8 ,t(u, v) = x(u, v) + ;,..s,t(u, v)s(u, v) 

_ ( _ 4v6 + 9u2v2 + 4 2 3 ( _ 4v6 + 9u2v2 + 4 ) ) - u ~,v ,v u ~ , 
9uv2 + 6v 1 + v6 9uv2 + 6v 1 + v6 

n 8 ,t(u,v) = ~t(u,v) + ~n(u,v), 
1 + v2 1 + v2 

s 8 ,t(u,v) = - ~t(u,v) + ~n(u,v). 
1 + v2 1 + v2 

Moreover, if we take ;,..T,s(u,v) = ->.8 ,t(u,v) and er,s(u,v) = -08 ,t(u,v), then we have 
7s o St(x, n, s) = (x, n, s). Note that x 8 ,t at (0, 0) is also a cuspidal cross cap. 

•I 

cuspidal cross cap x ( s, t)-Bertrand framed surface st 

-1 

-1 

cuspidal cross cap x and (s, t)-Bertrand framed surface st 

Figures 2: (x, n, s) and (x, n, s) of Example 6.2 
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