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PREFACE

Lasers in general oscillate simultaneously in a large number of
modes, since the optical wave length is extremly short compared with
the resonator and the active medium. " Mode competition " denotes the
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competition among those modes for gain, and " mode locking " the phase
locking of the beat mnotes produced from those modes. These two
phenomena are, however, not always independent. An example of strong
mode competition is a state in which every n-th mode oscillates and
all the other modes are quenched. When the longitudinal modes are
mode-locked, the amplitude, frequency, and phase of every mode become
constant, and the total electric field makes a regular pulse train.
Hence the mode locking is a necessary condition for wvarious
applications of multimode lasers in which the amplitude and phase of
every oscillating mode are required to be constant or high peak power
of optical pulses is required, for example, high-speed optical PCM
communication system, holography, nonlinear optical effects, heating
of plasma, and so on. Mode locking is also possible between the
transverse modes. This transverse mode locking makes the transverse
distribution of the total electric field vary periodically in time and
space and the direction of the output beam sweep likewise. This is
expected to be applied to an optical display. Mode locking is usually
obtained by either of the following three methods: 1) a nonlinear -
property of the laser medium itself, 2) insertion of a saturable
absorber into the resonator, and 3) internal loss- or phase-modulation.
This thesis is limited to the mode competition and mode locking
between the longitudinal modes caused by the two methods 1) and 3).

1

The phenomena investigated mainly in this thesis are harmonic

" and " mode-locked unidirectional traveling-wave

mode locking
oscillation." The former has much higher-speed mode-locked pulse
trains than the conventional fundamental mode-locking. The laser with

a very wide line width such as Nd:YAG laser is mode-locked by internal




modulation at a frequency which is several times as large as the
fundamental cavity mode spacing. The latter has a more stable and
much higher-peak pulse train than the conventional standing-wave
oscillation. This is easily obtained by internal modulation in the
gaseous ring lasers such as He-Ne laser. In contrast to the
conventional mode locking, mode competition arises simultaneously in
these two phenomena. In the former, mode competition occurs between
mode groups each of which is composed of every #n-th mode, and, in the
latter, between the oppositely directed traveling-waves in a ring
laser. This thesis investigates those phenomena in detail both
theoretically and experimentally especilly in He-Ne lasers and
demonstrates their possibilities, merits and demerits. The laser
with a homogeneously broadened line is investigated only

theoretically.
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CHAPTER 1

INTRODUCTION

n 1" "

The terms " mode competition " and " mode locking " are used
naturally in the frequency domain. However, as far as periodic steady
states are concerned, the representations of the oscillation in the
frequency domain and in the time domain can be simply transformed to
each other. Hence these phenomena may be investigated in either of
the two domains. However the theories in the two domains have
different merits and demerits, and then they have different
quantitatively applicable scopes.

The analysis of the laser oscillation in the frequency domain
requires an adequately small number of oscillating modes and weak
oscillation intensity. There are almost no lasers except He-Ne laser
that fulfil this requirement in the usual usage. Hence the frequency
domain theory should be applied to lasers near threshold. He-Ne laser
can be investigated almost satisfactory by this theory.

The analysis in the time domain generally requires the equation
of motion of the laser action represented simply by the total
macroscopic polarization, population inversion, and electric field.
Hence its application is usually limited to the two-level atomic or
molecular system with a homogeneously broadened spectral line. The
obtained results, however, have been often applied to inhomogeneously
broadened lasers.

This introductory chapter gives an explanation of the mechanism
and a review of the study of the mode competition and mode locking
phenomena viewed in both the frequency and time domains. The

bidirectional traveling-wave laser is described in a separate section,

since it has another unique characteristic.



1.1. Mode Locking and Mode Competition Phenomena Viewed
in the Frequency and Time Domains

Lasers in general oscillate simultaneously in a number of modes.
In the laser with an inhomogeneously broadened line, all the modes
falling on the line may oscillate receiving gain independently from
the laser medium. Although, by nature, only one mode can oscillate
and saturate on a homogeneously broadened line, a number of modes
which have different standing-wave patterns can oscillate
simultaneously, since the spatial cross relaxation of the laser
medium is usually very slow compared with any other relaxation. An
instability of the laser action also causes multimode oscillation.

When a number of modes are oscillating, a large number of
combination tones are generated near the modes through a nonlinear
property of the laser medium. Through the interaction with these
tones, the modes interact with each other. The interaction in energy
is called mode competition and that in phase and frequency is mode
locking. When the oscillating modes make free-running, the amplitude,
frequency, and phase of each mode vary at random. When mode-locked,
they become constant and the total electric field makes a sharp pulse
train viewed in the time domain excluding the so-called FM locking.

Next let us consider about the mechanism of the mode locking.
The laser medium has dispersion corresponding to its unsaturated gain
curve. Due to this normal dispersion, the frequencies of the
oscillating modes are pulled to the line center. Generally this
dispersion is a nonlinear function of the frequency. Therefore the
oscillating modes deviate from being equidistant. On the other hand,
the nonlinear saturation of the laser medium makes amplitude and
phase~dependent mode pushing. If the mode pushing can overcome the
mode pulling, that is, if the nonlinear saturation is relatively
strong compared with the unsaturated dispersion, the modes are able

to become equidistant. This phenomenon is also explained from another



point of view as follows. The nonlinear saturation makes combination
tones near the oscillating modes. The frequency differences between
them come from the deviation of the modes from being equidistant due
to the nonlinear frequency-dependence of the unsaturated dispersion.
The relative amplitudes of the combination tones are larger as the
nonlinear saturation is stronger. If the ratios of the relative
amplitudes of the combination tones to the frequency differences are
larger than a certain value, their frequencies are locked [82]. This
phenomenon is called self-mode locking.

Even though the nonlinear saturation of the laser medium itself
is weak, mode locking can be achieved with the aid of a saturable
absorber or internal modulation. The strong nonlinear saturation of
the absorber supplements the weak nonlinear saturation of the laser
medium. The internal modulation makes side bands of each oscillating
mode near other modes. The side bands play the same role as the
combination tones. Hence a strong nonlinearity is generated
equivalently.

For example, in ruby laser, the nonlinearity is adequate to lock
the modes. In Nd:glass laser, the modes deviate substantially from
being equidistant due to the large unsaturated dispersion and the
nonlinearity is relatively weak. However a saturable absorber with a
short radiative lifetime between the states in question has a strong
tendency to lock the modes. In gas lasers such as He-Ne, Art and CO2,
the nonlinear terms are rather small and the modes deviate
considerably from being equidistant. Therefore mode locking is
achieved only under special favorable conditions.

The mode-locked states including mode competition may be
classified into four groups. The first is the normal " O-type "

locking. The repetition rate of the pulse is equal to the fundamental

" 1

mode spacing. The second may be called quenched O-type locking.
If, as a result of the competition between n mode groups each of which

is composed of the every n-th mode, only a mode group can oscillate




being mode-locked, the total electric field makes a pulse train whose
repetition rate is »n times as large as the fundamental mode spacing.
The third is called " m-type " locking. If the amplitudes and phases
of the modes take such values that all the odd beat notes disappear,
the repetition rate of the pulse become twice the frequency
difference of the oscillating modes. The fourth may be called

" quenched m-type " locking. The m-type locking may occur in the
surviving mode group, then the frequency difference of the
oscillating modes is n times as large as the fundamental mode spacing
and the repetition rate of the pulse is 2n times as large.

Viewed in the time domain, the envelope and frequency of the
total electric field is in a periodic steady state, when mode-locked.
The mechanism of the mode locking viewed in this domain is identical
with that of Cutler's regenerative pulse generator [82] in the radio-

wave region. Its diagram is shown in Fig.l.1l-1. A pulse is made sharp
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Fig.1l.1-1. Block diagram showing the basic elements

of the regenerative pulse generator circuit [82.b].

by the expander, broadened by the filter, and amplified without
deformation by the amplifier. A.G.C. keeps one-loop gain unity. This
cycle is repeated after the delay time required for one round trip
along the resonator. If the two opposite effects of the expander and
filter become in a stationary balanced state, the amplitude and
frequency of the pulse become in a periodic steady state, Z.e¢. mode
locking dis achieved. Various loop characteristics which might be

inherent in the amplifier are represented as separate devices. An




intracavity modulator is an expander, and so is a saturable absorber.

1.2. Frequency Domain Theory ( Coupled Mode Theory ) of Normal
Standing-Wave Lasers

As a basic concept for the mode competition " hole burning
effect " was introduced by Bennett,Jr. [8] in 1962. According to his
theory, a hole burns in the inhomogeneously broadened gain curve
about each oscillating mode depending upon the oscillation intensity
and the homogeneous broadening, if the homogeneous one is sufficiently
narrow compared with the inhomogeneous one. Mode competition has been
explained as a competition between the modes for gain due to the
overlaps of the holes. The frequency pushing effect has been also
explained from this effect.

Mode locking was achieved in 1964, for the first time, by
Hargrove, Fork, and Pollack [27]. They applied the intracavity loss-
modulation by an acousto-optic modulator to a He-Ne laser. Crowell
made detailed experiments on the forced locking of He-Ne and Ar ion
lasers [16]. He found also the condition for the self-mode locking.
He has explained the mechanism of the mode locking by a coupled mode
theory assuming the nonlinear property of the laser medium. Deutch
obtained in 1965 a mode-locked pulse train from a ruby laser using
the electro-optic ( Pockel's ) effect of KDP as an intracavity loss-—
modulator [57]. DiDomenico,Jr. and Yariv [32] have derived the
following rather general results of the forced locking simply from
coupled mode equations ignoring the nonlinear property and assuming a
flat frequency characteristic of the laser medium: i) the form of an
FM signal is obtained in the mode-locked state by intracavity
reactive ( phase ) modulation, and ii) a pulse train is obtained by
loss-modulation and the pulse length is approximately equal to the

repetition period divided by the number of the oscillating modes.



The " theory of an optical maser " reported by Lamb,Jr. in 1964
[1] has given basic equations which can describe laser oscillations
quantitatively. In his semiclassical theory, the electric field is
described classically and expanded into the resonance modes of the
resonator, and the laser medium is described quantum mechanically.
The interaction between the laser medium and the electric field is
described by a time-varying perturbation hamiltonian in the usual way.
The quantum mechanical equation of motion is calculated by iterative
method, and then the macroscopic polarization produced by the
interaction is obtained. The obtained polarization is substituted
into the source term of Maxwell's equations, and then the amplitude
and phase determining basic equations are obtained. At high
oscillation intensity, the number of modes and the order of the
iterative calculation to be considered become large, then the basic
equations become too complicated to be solved, which is a demerit of
the theory. Usually the third order approximation of the iteration
has been used, and, for He-Ne laser, this approximation gives fairly
satisfactory results. In the paper, he solved graphically mode
competition in the two-mode operation and also gave the condition for
self-mode locking in the three-mode operation from the phase
determining equations.

Based on Lamb's theory, various investigations have been made.
McFarlane [9] calculated the frequency pushing and pulling effect in
the two-mode operation and found the results to be in good agreement
with the experimental results on a He-Ne laser. Fork and Pollack [10]
made a detailed experiment of the mode competition effect in the two-
mode operation of a He-Ne laser. Fitting the results to the
theoretical ones, he decided the values of the relaxation constants
including the collision effects. Fukui, Miyashita, and Ikenoue [12]
investigated the mode competition analytically in the three- and
four-mode operations, and obtained the result that the mode

competition becomes stronger and the alternate modes become quenched




as the excitation becomes lower and the mode spacing narrower.

Uchida and Ueki [13] made a detailed experiment in a He-Ne laser
and found the dependence of the self-locking on the excitation and
cavity length. In their experiment, mode locked oscillation of the
every adjacent mode, of the alternate modes, or of the every third
mode was occured, as the excitation became lower and cavity length
longer. With this result quanlitatively agrees the theoretical result
by Fukui et al. [12]. Using modified Michelson-type resonator as a
mode selector, Hirano and Kimura [34] obtained mode-locked pulse
trains whose repetition rate is six times as large as the fundamental
mode spacing (= 100MHz).

Investigations on the T-type locking were made for the first time
by Statz and Tang [67]. They have given a method to decide the phases

1

of the modes in a mode-locked state, appling the maximum emission

" to the phase-dependent combination tone terms of the

principle
coupled mode equations. They also confirmed the obtained results to
agree with the experiment on a ruby laser. The condition for the m-
type locking has been also given approximately from Lamb's equations
by Sargent IIT [21] as well as by Bambini and Burlamacchi [22].
Miyashita, Mori, and Ikenoue [2] calculated the exact solutions of
Lamb's equation numerically, which agree with the experimental results
(23, 47].

A theory of the forced locking by intracavity loss—- or phase-
modulation has been developed by Harris and McDuff [33]. It includes
the nonlinear saturation of the laser medium given in Lamb's theory
and gives very exact solutions to this problem. Their results agree
qualitatively with those of the simple theory by DiDomenico,Jr. and
Yariv [32]. However it was derived that two kinds of mode locking
occur by phase-modulation. About the central frequency of the mode-
locked region, AM locking which has a pulse train occurs and, on the
both sides of the region, FM locking which has the form of an FM

signal occurs. On the boundaries of these two types of locking,



oscillation is quenched for high modulation indices. Ammamn et al.
[28] made a detailed experiment of the mode locking by phase-
modulation on a He-Ne laser and confirmed that the theoretical results
by Harris and McDuff agrees well with the experiment quantitatively.
Although the AM locking by phase-modulation is of the same kind as
that by loss-modulation, the relative phase of the obtained pulse
train to the modulation signal takes either of the two values
depending upon the initial condition or external turbulence. In some
cases, this phase jump of 7 radian is controllable by the modulation
frequency [30,31].

The " harmonic mode locking " by internal modulation has a
practical utility, for a pulse train obtained by this mode locking
has a high repetition rate. Hirano and Kimura [34] made internal
phase-modulation of a He-Ne laser at freqﬁencies which are three,
four, and five times as large as the fundamental mode spacing, and
obtained pulse trains of high repetition rate. Miyashita et al. [35]
investigated in detail the second harmonic locking of a He-Ne laser by
internal loss-modulation, and confirmed the following result
experimentally as well as theoretically. About the central frequency
of the locking region, fundamental mode locking occurs, and, on the
lower frequency side or both sides, the repetition rate of the
obtained pulse train is equal to the modulation frequency, Z.e. twice

the fundamental mode spacing.

1.3. Time Domain Theory of Unidirectional Ring Lasers

The time domain theory prefers dealing with the differential
equations for the laser medium and Maxwell's equations described by
the total electric field, total macroscopic polarization and total
population inversion. Quantities which appears in the differential

equations for the medium with an inhomogeneously broadened line are




functions of the parameter which describes the inhomogeneity. Hence
the inhomogeneous laser is practically impossible to be treated by the
time domain theory. The following review is all for homogeneous lasers.
However those results have been applied to some iphomogeneous lasers.

In the most simple time domain theory, the so-called rate
equation is solved on the assumption of m-pulse. Smith and Fox [19]
obtained a relation between the intensity and the pulse width on this
assumption, and confirmed that the relation agrees asymptotically at
high excitation with the experimental results of a self-locked He-Ne
laser. Smith [18] derived the condition for the multipulse oscillation
which may be called self-harmonic mode locking and confirmed it in a
He-Ne laser.

Tang and Statz [69], and Risken and Nummedal [70] solved the so-
called matter equation for a two-level system and Maxwell's equation
along the propagation of the electric field, and obtained as
periodical steady state sclutions mode-locked pulse trains including
multipulse oscillation. Since one must solve differential equations
numerically with a computer, their method requires that all the
relaxations involved in the equations are fast enough for the
calculation to arrive near a steady state in a short time enough for
a computer. The longitudinal relaxation time 7T is required not to be
too long compared with the transverse relaxation time T and with the
one-round time 7 of the ring resonator. An application of this method
to the forced locking with internal loss-modulation has been made by
Cho et al. [78]. They obtained the cavity length-dependence of the
mode-locked state restricting to the zero detuning. The detuning
characteristics were obtained by Miyashita et al. [79] with a
contrivance in the numerical calculation.

When 7,<<7<<T;, the laser medium is described by a Fourier
transformed transmission function. It's gain is a saturable function
of the oscillation intensity averaged over a time which is short

compared with 71 but long with 7. Assuming that the spectral width of



the mode-locked pulse is sufficiently narrow compared with that of
the gain curve and that the pulse shape and the gain function of the
laser medium are all Gaussian, Kuizenga and Siegman [75] obtained
analytically various locking characteristics for internal phase-
modulation as well és for loss-modulation. The form of their results
has a generality for application because of their analytical
expressions, hence their results have been frequently applied

especially to Nd:YAG or Nd:glass lasers.

1.4. Bidirectional Traveling-Wave Ring Lasers

The ring laser has been developed as a rotation rate sensor, and
many areas of study have been made for its application [37]. The
rotation sensing depends upon a frequency separation of the oppositely
traveling (OT) waves in a ring laser which is proportional to the
rotation rate. At low rotation rates, since the frequency separation
of the OT waves is very small, phase locking occurs between them even
with very small backscattering at the intracavity optical surfaces.
Thus low rotation rates cannot be measured. To circumvent the locking,
there have been some attempts. The mechanism of the phase locking due
to backscattering has been analyzed by Aronowitz, Collins, and de Lang
[48].

One of the other difficulties in using the ring laser as a
rotation rate sensor is the mirror mode competition effect. The OT
modes located symmetrically against the gain curve interact with the
same velocity component of the gas laser medium. Thus a slight
asymmetry causes suppression or extinction of one of the OT waves in
case of small frequency separation. To reduce this effect, the modes
should be located far enough from the center of the gain curve. This

mode competition effect has been analyzed by Aronowitz [38,40] and

Hutchings et al. [39].
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The above mentioned ring lasers are all of He-Ne and in the
single longitudinal mode operation, in which one clockwise (cw)
traveling mode and one counter-clockwise (ccw) traveling mode
oscillate.

Buholz et al. [50,51] have made an alternative approach to the
problem. They have operated a ring laser in many longitudinal modes
and phase-locked the OT waves with intracavity modulation. In this
case, the OT waves travel in short pulses. Thus, if they pass the
active medium alternately, good isolation between them will be
achieved.

Some analyses have been made on the mode of the ring resonator
[36]. Collins et al. have obtained the resonance frequencies. They
are essentially identical to those of Fabry-Perot resonator, however
they differ according as the number of mirrors of which the ring
resonator is composed is odd or even. This is because the horizontal
distribution of the laser beam is inverted after one-round trip of the
ring resonator of an odd number of mirrors. Bagaev et al. and Watkins
et al. have confirmed experimentally that the horizontally or
vertically linearly polarized wave as well as the circularly polarized
one can be a fundamental mode in the triangular ring resonator.

A unique characteristic of the ring laser comes from the fact
that the cw and ccw traveling-waves exist as two independent modes and
therefore the unidirectional traveling-wave oscillation is possible.
These OT waves degenerate in the normal laser and make a standing wave.
The unidirectional traveling-wave oscillation has several merits, for
example: 1) there are no saturation effects due to the mirror mode
competition nor due to the spatial hole burning, 2) the fundamental
transverse mode TEMgy is easily obtainable because the spatial
inhomogeneity of the resonator is somewhat averaged through the
inversion of the horizontal distribution of the laser beam in a round
trip, 3) satelite pulses hardly appear because the first

backscatterings at optical surfaces in the resonator are injected to
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the direction of the non-oscillating traveling-wave. The ring
resonator itself is strong against the optical damage, if it is
composed of prisms using the total reflection without a dielectric
coated mirror.

Various methods for obtaining the unidirectional oscillation have
been considered. In the oldest method, a Faraday isolator is inserted
in the resonator. Although the unidirectional oscillation is achieved
surely, it has rather large insertion loss and therefore this method
is not practical. There is a simple method in which a traveling-wave
is injected into the oppositely directed traveling-wave with an
externally placed mirror. This method is useful when the energy
coupling is strong enough between the OT waves in the laser medium.

In an Ar ion laser [43], unidirectional oscillation has been achieved
near the threshold of oscillation. In a He-Ne laser (63285) [44.a],
the directionality ratio ( ratio of the intensities of the OT waves )
has become 5 — 7 : 1. In a dye laser [44.b], the ratioc 40 : 1 has been
achieved at maximum. Using the difference in the distribution of the
beam radius between the OT waves over an unstable ring resonator, the
ratio as high as 18 : 1 has been achieved in a CO, laser [44.c].
Finally, there is an interesting method in which mode-locked
unidirectional traveling-wave oscillation is achieved dynamically by
internal modulation. This oscillation has an output of a regular pulse
train with high peak intensity and narrow pulse width. This phenomenon
was discovered for the first time by Buholz et gl. [50] and has been
investigated in detail both theoretically and experimentally by
Miyashita et al. [52,53].

Basic equations for a bidirectional multimode ring laser with an
inhomogeneously Doppler-broadened line have been derived by Miyashita
et al. [2] following Lamb's theory of a standing-wave laser [1].
Solving numerically those equations with internal loss-modulation,
they obtained the results in which mode-locked unidirectional

traveling-wave oscillation or bidirectional one arises depending on
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modulation frequency and modulator position, and the unidirectional
one has a pulse train whose peak intensity is twice as large as that
of the bidirectional one. The results are in good agreement with the
experimental results [52,53].

Basic equations for a bidirectional ring laser with a
homogeneously broadened line have been also derived in the time domain
by Miyashita et ql. [79]. Numerically solving these equations, they
have found that the internally loss-modulated homogeneous ring laser
has a similar characteristic to the inhomogeneous one and that the
unidirectional oscillation of the homogeneous laser has a pulse train
of much higher peak intensity than that of the inhomogeneous one.
However, this characteristic may be limited to the case in which the
recovery time 7; of the population inversion is on the order of the
period T of the pulse train and the pulse width is not too short
compared with T;.

Basic equations for a bidirectional homogeneous ring laser are
applicable to a standing-wave laser with the boundary condition for
Fabry-Perot resonator. Miyashita et al. have calculated the
fundamental and second harmonic mode locking of the homogeneous
standing-wave laser with internal loss-modulation and compared the result

with the experimental one in a Nd:YAG laser [81].

1.5. Qutiine of the Content

In Chapter 2, the quantummechanical equation of motion of the
two-level system with electric dipole transition is reviewed.

Chapter 3 deals with the laser with an inhomogeneously Doppler-
broadened line. In Section 3.1, the amplitude and phase determining
equations for a bidirectional traveling-wave ring laser are derived
from the quantum mechanical equation of the laser medium and Maxwell's

equation by iterative method to the third order approximation
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following the procedure of Lamb's theory of a standing-wave laser. As
a special case, the equations for a standing-wave laser are included.
Section 3.2 shows how the coefficients of the equations should be
modified in a mixed isotope case. Section 3.3 gives the additional
polarization generated by internal loss-modulation. Section 3.4 deals
with the normal standing-~wave laser. In the first place, how the
admixture of an isotope reduces the mode competition effect is shown
in the disappearance of the Lamb dip. As an investigation of the mode
competition, the amplitudes of the modes in the three-mode operation
are calculated and various types of oscillation are shown versus
relative excitation and cavity length. An experimental result on a
He-Ne laser is shown being compared with the theoretical one. Self-
mode locked states are numerically calculated in the three-mode
operation and O-type locking is shown to occur usually. In the latter
half of the section, the second harmonic mode locking by internal
loss-modulation is discussed. Theoretical calculation for a multimode
operation and a detailed experiment on a He-Ne laser are shown. They
prove to agree with each other quantitatively. Section 3.5 deals

with the unidirectional traveling-wave ring laser. As in the standing-
wave laser, self-mode locking is investigated theoretically in the
three-mode operation and also experimentally on a He-Ne unidirectional
ring laser. Mode locking by internal loss-modulation is considered
only theoretically. An advantageous point of the ring laser is shown
in the peak intensity of the mode-locked pulse train compared with

the standing-wave one. Section 3.6 deals with the bidirectional
traveling-wave ring laser. Self-mode locking is investigated
analytically in the two-mode operation. Especially, the crossing point
of the OT waves are considered. Main part of the section is for
investigations on the phase locking and competition of the OT waves by
internal loss-modulation. To begin with, an approximate analytical
investigation is made for the most simple two-mode operation. From

numerical calculations, the amplitude and phase of the output pulse

- 14 -




train are shown versus modulation frequency for the two- and five-mode
operations. Occurrence of the mode-locked unidirectional traveling-
wave oscillation and a comparison with the bidirectional one are shown.
The results of a detailed experiment on a He-Ne ring laser are shown.
They prove to agree with the theoretically expected results
qualitatively and even quantitatively for certain modulator positions.

Chapter 4 deals with the laser with a homogeneously broadened
line only theoretically. Section 4.1 gives basic equations for a
bidirectional traveling-wave ring laser in the time domain. In Section
4.2, a contrivance in the finite difference calculation along the ring
resonator to obtain the mode-locked pulses as stationary solutions
even for nonzero detuning of the modulation frequency. Section 4.3
gives detuning characteristics of the forced locking of a unidirectional
ring laser. Section 4.4 deals with a bidirectional ring laser. In the
first place, the conditions for various CW oscillations and self-pulsing
( self-mode locking ) are considered and some numerical solutions of
the basic equation are shown. Next, the wave forms of the mode-locked
pulse train obtained by internal loss-modulation are calculated.
Occurrence of the mode-locked unidirectional traveling-wave
oscillation and a comparison with the bidirectional one are shown.
Section 4.5 deals with a standing-wave laser. In the former part, the
dependence of the types of the self-mode locked states on pumping
parameter, normalized cavity length, and position of the active medium
are given from the numerical solutions. In the latter half, second
harmonic mode locking by internal loss-modulation is considered. The
dependence of the mode-locked state on modulation frequency and
positions of the active medium and the modulator are investigated.
Some numerical results are shown being compared with the reported
experimental results.

In Chapter 5, a brief summary of the results iS given and some

concluding remarks are made.
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CHAPTER 2

INTERACTION BETWEEN LASER MEDIUM AND ELECTROMAGNETIC WAVE

The interaction between laser medium and intense electromagnetic
wave will be described semiclassically, treating the medium quantum
mechanically and the electromagnetic wave according to Maxwell's
theory.

The quantum mechanical equation of motion of the particle ( atom,
molecule, ion, etc. ) making the laser action is given by Schrodinger's

equation [85]

Ly = alyy (2-1)

where H is the total hamiltonian of the particle, and |w> is a Dirac's
ket vector which describes the state of the particle. It should be
noticed that time ¢ is in the moving system with that particle. The
total Hamiltonian # is composed of two parts. One is the Hamiltonian
Hy for the unperturbed particle, and the other is H' for the electro-
magnetic field perturbation. Thus

H=Hy +H" , (2-2)
and

H0]n> = Wn]n> s, m=1,2,000., (2-3)

where Wn and In} are, respectively, the eigenvalue and the eigen
vector of the unperturbed Hamiltonian Hg. The perturbation H' is
generally expanded as a sum of the electric dipole, magnetic dipole,
electric quadrupole, and so on. The magnetic dipole term is dominant

in the maser for radio wave and the electric one in the laser
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from infrared to ultraviolet. We will treat the latter in the

following part. Then
H' = - M\°'E = - WEcosb (2-4)

where O is the angle between the electric field £ and the dipole
operator Y. Thus the work to do in this section is reduced to a time-
varying perturbation problem.

The state of the particle lw> is expanded in the eigen vectors

at ¢ = 0 of the unperturbed Hamiltonian in the Schrodinger picture.

[W(£)D> =) an(t)|n) (2-5)

We consider the most simple two-level particle, denoting the upper
level by 2 and the lower level by 1. If |n> is also a eigen vector

of the parity operator, then

Upn =(n|u|n>= 0, n=1,2, (2-6)
and U231 and Uiz can be made real by a suitable choice of the phase
of |n>

The component of the microscopic polarization produced by that

particle parallel with the electric field & is given by

p ={¥|u|P)coso . (2-7)
Substituting Eq.(5) into Eq.(7), we find

p = ( aia2® + a1*az ) pizcos6 . (2-8)

Now we introduce the density operator which is a hermitian

operator,
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o= [YNy| . (2-9)

The matrix representation of the density operator over the base

vectors {In)} is given by

Ppm = (n|p|m> = ap*a, . (2-10)
Then Eq. (8) becomes
p = (p12 + c.c. )yizcosh . (2-11)

Using this density operator, we obtain the following equation from

Eq. (1).
i —p=[H,p ], (2-12)

which is the well-known equation of motion in the quantum mechanics.
This equation does not include the spontaneous decay of the levels 1
and 2. To include it, we should introduce a operator I and modify

Eq. (12) as follows:

it é%’p =[H,p]- i#% %'{F (p-p®)+(p-p )T}, (2-13)

where p® is the density operator of the thermal equilibrium state of
the particle without the electric field. Matrix representations of X

and ' are, respectively,

W - Ecosb
(7)= ! K12 , (o-1k)
= U2 1ECOSe Wo

(r) = ( Y10 ) , (2-15)
0 Yo
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where Y; and Y, are the spontaneous decay rates of the levels 1 and 2
respectively.

Rewriting Eq.(13) in the matrix elements, we find

EEQ“ =-Y1(011—O?1 )+%(021-012)EU120059 s (2-16)
d _ e 7 )
—— 022 = - Y2 (P22 -p32 )+ =(p12-p21) EU12c0s0 , (2-17
dt %
< P21 = = TWP21-Y12P21 -i'(pzz -p11 ) EM12c0s0 (2-18)
dt #
where
Hw = Wo = W1 (2-19)

and Y{, is the natural line width of the transition between levels
1 and 2. This quantity is given as (Y1 + Y2 ) /2 from Eq.(13).
However it becomes larger approximately proportionally to the pressure

in the gaseous medium [10], Z.e.

Y], = Yy, + (const.) X (pressure) , (2-20)

where

1
Y12 EW Y1+ Y2) . (2-21)

This is thereason why a new independent quantity Y/, was introduced

in the above equation.
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CHAPTER 3

MODE COMPETITION AND PHASE LOCKING IN THE LASER
WITH AN INHOMOGENEOUSLY BROADENED LINE
(Coupled Mode Theory)

To begin with, let us consider the inhomogeneity of the line
broadening. The inhomogeneous broadening of the laser medium can be
classified into two groups. One is a superposition of various spectral
lines of the stationary particles. In this type, the variety of the
spectral lines comes from spatial inhomogeneity of the field around
the particles. The other is a superposition of the various Doppler-
shifted spectral lines of the moving particles. This broadening
depends upon the velocity .distribution of the particles in the gaseous
medium. There is an essential difference between these two types. In
the former type, a particle can interact only with a frequency
component of the electric field. In the latter type, however, a moving
particle interacts with two frequency components due to Doppler effect.
The oppositely directed two traveling-wave modes whose frequencies
are symmetrical about the transition frequency of the stationary
particles, interact with the same velocity group of the particles.
Hence they couple deeply with each other.

In this chapter, some investigations will be made of the
oscillation characteristics of various types of the gaseous laser

which has the second type of inhomogeneous broadening of the line.

3.1. Basic Equations -Pure Isotope Case-

The amplitude and phase determining equations will be derived for

the most general bidirectional multimode ring laser [2].
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A. Field Equations

Usually, the electric field is linearly polarized to a definite
direction by Brewster windows. Hence the electric field and
macroscopic polarization may be treated as scalar quantities. From
Maxwell's equations, an approximate wave equation for the electric
field E(z,t) in the cavity is obtained as

%2—-- HoO %%—— Ho€o gzﬁ = - VP . (3.1-1)

Here only the axial variation of E has been considered. Since the
macroscopic polarization P(z,t) will be very nearly monochromatic at
an optical frequency Vv, its second time derivative has been replaced
by - v¥P in Eq.(1).

The total electric field in a ring laser is expanded in the

traveling-wave-type eigenfunctions as follows:

Z t) = %z Sln{ @ ( )} - Enr<t)5j~n{ ®nr(zat)}] H (3'1_2)
where

o (z,t) = vE + ¢J(¢) - Klz , (3.1-3)

o z,t) = vt + o ¢) + K’z . (3.1-L)

Here superscripts r and 7 denote cw and ccw traveling-waves,
respectively; E, and ¢, are the slowly time-varying amplitude and
phase of the nth mode; v, the angular frequency, and X, the wave
number given,from the resonance condition, as

o

Kp=2(ng +n Y5 o =r,l, (3.1-5)

r 2 . {
where L' and L~ are the perimeters of the resonator experienced by
the cw and cew traveling-waves, respectively, including the effects

of passive nonreciprocal elements such as a Faraday biasing element,
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and 7y is the number of spatial variations of a certain mode.
The macroscopic polarization is expanded also in the traveling-

wave-type eigenfunctions

Pla,t) = 5 ] {Plz,t) + PN(a,0)} , (3.1-6)
where

Pf(z,t) = 5 ¢t)sin [ 0)(5,2)] - C,“(t)cos[ cb,f(z,t)] , (3.1-7)

Bla,t) =-5T(¢)sin [0 (2,t)] + ¢l (t)cos [ 0.(2,£)] .(3.1-8)

Here the in-phase and quadrature coefficients 5, and Cn are slowly
varying functions of ¢.

Substituting Eqs.(2) and (6) into Eq.(l) and equating the
coefficients of sin[ & (2,t)], cos [ &, (z,£)], sin [@:(z,t)], and
cos [@:(z,t)] separately to zero, and further, neglecting small terms
En, (0/€0)E,, and ¢,E,, we find self-consistency equations which are

in the same form as Lamb's [1],

B+ 5 (0/QOES = - £ (Ve )l (3.1-9)
(v + b= QXVER = - 3 (vVeo)s), o=, (3.1-10)

Here the resonance frequency QY of the nth mode of the empty resonator
is given by

Qn = cKpY¥, (3.1-11)%*
and the passive Q% is obtained from the fictional conductivity,

including the nonreciprocal effects of the system, as

Q%= gqv/o® . (3.1-12)

*Since the dielectric property of the passive medium in the
resonator is included in the effective optical length of the resonator,

the velocity of light is always for vacuum.
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B. Polarization of the Medium

In -~ontrast with Lamb's method, the macroscopic polarization can
be obtained, as follows, a little more simply without considering
when and where a particle is excited.

The macroscopic polarization P(z,%) is composed of the
contributions of all particles which arrive at position 2 at time ¢

and given by

P(a,t) =f°ZZand6-n(G,U,Z,t)<p('A,9,U,Z,t)>,‘, (3.1-13)
where Rt
n(0,v,2,t) = 0(0)W(v)n(z,t) . (3.1-1k)

Here the parameter A denotes a pure state which is involved in the
mixed state with a certain probability, and { ), the ensemble
average over A; O(0) stands for the distribution of the angle 8
between the dipole operator and the electric field, which may be
assumed to be uniform, <.e.

0(6) = 7= 2msin® = = sind . (3.1-15)

bar 2

The number of particles per unit volume at position 2z at time ¢t is
represented by n(z,t). The normalized velocity distribution function

W(v) is assumed to be a Maxwellian distribution

2

W(v) = u—‘l/—%-exp(—i-z—) : (3.1-16)

The speed parameter u is related to an effective temperature T by

the equation
I
o mit = kT (3.1-17)

where m is the particle mass and k is the Boltzmann constant.

The microscopic polarization p(A,0,v,2,t) is given by Eq.(2-11),
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and the density matrix elements p;z and pz; in Eq.(2-11) is given as
solutions of the differential equations (2-16~18). It should be
noticed that the coordinate system (z,t) in Chapter 2 is moving with
the particles. To avoid confusion in the following part, we use the
notation (z',t’) for the coordinates moving with the particles with
a velocity v, and the notation (z,t) for the laboratory system. Then

Egs. (2-16~18) are rewritten as

qer Pir 7T Yilpi =05 ) *'5%( 0y1 =01, VE(',t" U, ,c080
(3.1-18)

j%£52=-'u(%2—p£ )+%%p12—%1)§uztwummme,
) (3.1-19)

E%T Pay = = WP,y = Y1027 - %‘(022 —pll)ﬁ(z’,t')ulzcose R
(3.1-20)

where

E(z',¢t') = E(z" + vt',t') , (3.1-21)
Orm = OamlAs0,v,8,8) n,m o= 1,2, (3.1-22)
0,8 = p&(X,z,t) . (3.1-23)

Relation between the moving and laboratory systems can be given by

the Galilean transformation since ¢ >>|v[ .

z=z"+vt', t=1¢t'. (3.1-2L4)

Let
0am(0:052,%) = n(2,t) Lpam(X,0,0,2,E) D> (3.1-25)
Aalz,t)=nlz,t) L0 & (X,2,t) Dy (3.1-26)

then Egs. (18~20) become

Yooy =4y) +,%'(021 -Pis YE(z',£")u,,cos0

qgr P T >
. L.1-2
4 = ( A + 2 YE(z",6")1, ,cos0 (3.4-21)
dt ! Poo == Yo\l Ppp — 1y Z ‘P12 ~P21 2 Hiz s
(3.1—28)
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a_ = _7 ' z _ Tt 41
de! Poy T =00, =Y 1,P5y °F (922 P11 )E(2",t )ulzcose ’
(3.1-29)
where
Pam= Pank8s053,t) (3.1-30)

Here n(z,%t) has been assumed to be a slowly varying function compared
with all the time constants involved in the equations and treated as
a constant. It will be incorrect to say that the number of the
particles excited to level 2 is A, and the number of the particles
deexcited to level 1 is A; in the thermalequilibrium state. Generally
we can not say whether a particle is at the upper level or at the
lower level. A state of a particle is a superpostion of the excited
and de-excited states. A; and A, stand for the statistical weights

of the superposition. Let us solve the above equations in iterative

method.

C. First-Order Polarization
We may choose the thermal equilibrium state with % = 0 as the

zeroth-order solution. Then

<0)

P11 (esvazst) = Al(z,t) s (3.1-31)
02207 (8,0,2,8) = Ay(2,8) , (3.1-32)
0,0 (0,0,2,£) = 0 . (3.1-33)%

In the iterative method, the nth-order solution is given by the
solution of Egs. (27~29) with the up to (#n -1 )th-order solutions
substituted into the right ‘hand sides. However we should choose

suitable values for the integration constants so that the higher-order

* We are treating incoherent excitation. If the excitation is

coherent or partially coherent, the off-diagonal elements pzfo’ and

(0)

Pis are not zero.
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solutions are less important. Here we make the order of a solution
equal to the power of F involved in the solution. Thus the first-

order contributions to p,, are given by

(1 (1)

P11 = P2 =0, (3.1-3k4)
(1 _ 1
Por (B,0,2,t) = —%{Az(z,t) -0, (2,2) hty,cos0
t
)(Jiﬁ(z',t{)exp[(y{2+»iw)(t{— t')lde] (3.1-35)
where -
Ez',t]) = E(a' + vt!, t]) . (3.1-36)

Here Ap(z' + vt], t]) has been treated as a slowly varying function
of £{ and evaluated at ¢' #%. With a change of variable of integration

from ¢] to

T=tf -t , (3.1-37)
we find
0,81 (8,,2,8) = = 2 (N, - A)u;,cos0
)(JiE(z + T, ¢t +T)expl(y], + Zw)tldr . (3.1-38)
-00

Here Eq. (24) has been used.
Substituting Eq. (2) into Eq.(38), we find the integrant of Eq.(38)

1E(z +vT,t + T)exp[ (v], +1w)T]

= %- Z[E,:'(t+r)exp[7j{\),,’t+ ¢:(t+T)+Kn‘z + (\),,'+ K:v)r}] - c.c.
* Then z' + vt| and t] are replaced by 3’ + v’ =3 and t' = ¢
respectively.
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- EN(¢ +D)explilvft +oJ(£+1) = Kfz+ (v -Kv)T}] + c.c.]
xexpl (v], +iw)t] . (3.1-39)

We make a rotating wave approximation by keeping only exponential
factors like expi{(v, -w)T} which are able to have resonance and
neglecting rapidly varying ones like expi{(vp, +w)T} which make very
little contributions* when Eq.(39) is integrated over T. We also
assume that the amplitudes ES(t +T) and phases 6%(t +T) do not vary
much in a time l/Y{2 , so that they can be evaluated at time ¢. Then

Eq. (39) becomes
% Z [— E,,l(t)exp[ —i@nj(z,t)]exp[{yl'z,+7l(w—\),,I—K,;ev)}r]
+ EX(8)expl -0 (z,8) Jexpl {1, +2(w= v+ k) 3]} . (3.1-40)

Let us define pzfl)(z,t) by

[

0, M (z,8) = ulzj“e(e)cose-dqf W(0)dv0, O (0,0,2,8) ,
° e (3.1-41)

then, from Egs.(2-11) and (13), we find the first-order polarization
P (g,8) = 0, (2,8) + c.c. (3.1-L2)

The integrations over 6 and v may be profitably done on Eq. (41)

before that over T. With Eq. (15), the integration over 6 is done as

"y 1
I E-sinecosze-de ==, (3.1-43)
0 3

* They are some 107° time as large as those of the reserved

factors.
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The integration over Vv is done with Eq. (16) as

-4L—szx [ - EE-+ 1Kkvt]dv = expl - l'Kzuztz:l (3.1-Lk)
w/m oo P u? - P L )

where the subscript » and superscript o (& = I or »r) of_K: have been
dropped since all of the modes considered have very nearly the same

wave number K = v/¢ and the small differences between K:'s will make
here only negligible contributions.

With the above calculation, we find
P (z,6) = 5 {u,3/ (iku) Wz ,2)
XZ[ EN(£)2(vy) - w)expl - i0,(z,t)}
- E,f(t)z(v,,‘ - w)exp{ - i@,,‘(z,t)}]
+ complex conjugate. (3.1-45)
Here the excitation density ¥(z,t) has been defined by
N(z,t) = N(2,t) - M (z,t) , (3.1-L6)

and Z(v -w) is an abbreviation for the well-known plasma dispersion

function
Z(V —w,Y{,Ku)

= iKuf explilv - w)T -v, Lourerlar (3.1-47)

-]

Since N(z,t) is a slowly varying function of £, the spectrum of
W(z,t)exp{ -i®,(2,t)} is confined into a narrow band around Vv, ,

having no components around V,*(m §7). Thus N(z,t) in Eq.(45) can be
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replaced by
L
Ho(t) = 2[ Wiz 0)as . (3.2-48¥
-

Then the first order in-phase and quadrature coefficients of the

polarization are given, from Egs.(6~8) and (45), by

S3W (¢) = - {1, 2/(38Ku) }2, (VT - N (£)ER(E) ,  (3.1-h9)

CoM(t) = - {u,2/(3AKu)}Z (v —w)Wo (£)ER(E) ,  (3.1-50)

where Z, and Z; are the real and imaginary parts of Z(v -w),
respectively. The OT waves are naturally independent of each other

in the first order.

D. Third-Order Polarization

The second contributions to p,,are similarly given by

pzfz’ =0, (3.1-51)

t:
J dt]

- 00

L

t
lez)(e,v,z,t)==§? N(z,t)ulgcoszej dt,
~00
XE(z' tE(z e ) lexp{(y!, +iw)(t] —=t)) +y, (t =t ")} + c.c. ],
Y (3.1-52)
(2) _ 1 2 2 t r Y ]
Poo’ (B,v,2,t) = - 72 N(z,t)u,5cos0) dtj) dt]
- 00 -00
XE(z" tDE(z" ) lexpl(y !, + tw) (£] =£2) +y,(tf -t")} + c.c.] ,
(3.1-53)

while the third-order contributions are given by

* The superscript of L* has been dropped for the same reason as

for Kp. Consequently any difference between OT waves comes from Q:

o
and Q,.
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3y _ 3y _ 0

P11 = Pa» = s (3.1-5k4)

t t; (ts
1
0, (0,0,5,¢) =%31V(z,t)u1§cosaej dth dt;J dat!
-0o -00 - 00

XiE(z', t DBz, t))E(z ) lexpl(y!, +tw) (6] -t} ) +v, (¢} - ¢1)}

+ c.c. Jexpl(y], +Zw) (¢} -¢')] + same with y, and y, interchanged.

(3.1-55)
Let us define p, ¥ (v,z,t) by
(8
pzfaj(v,Z,t) = U12£ @(G)COSG-pzfa)(e,u,z,t)de . (3.1-56)
[+]
The integration over 0 in Eq.(56) is reduced to
nl 1
f E-sinecos“6d8 =< (3.1-57)*%
0

With a change of variable of integration from t}, t], and £{ to

Ty =ty - t", t) =ty -t], T{=t{ -ty , (3.1-58)

we find

0 o [+]
0,0 (v,2,t) = (ulz/(5ﬁ3))N(z,tZI dTéJ;fTé{ dty

o0 o0

XIE(z +vth,t +T})E(z +u(T) +1]),t + T, +1])
XE(z ﬂAT{+T£+T;Lt+T{+T'+T;Hexpuy{2+ﬂMT{+YJ£}+ c.c.]

2

xexpl (y], +Zw)t}] + same with y, and vy, interchanged. (3.1-59)

* Generally, the integration of the nth order polarization over

8 is replaced by a factor 1/(n+2).
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The triple product of E in Eq.(59) is rewritten, using Eq.(2), as

LE(2+ Tyt +TH)E (e e )E(eenyers)

= - glﬂ Z[E}(t)e@iw/f(z,t)*‘ (\&:‘LK}OU)T;} - c.c.
}l

- @:(t)expi{Q:(z,t)4-(g}-—@:v)Tg} + c.c.]

X TIE) (t)expilop(z,e) + (v + ko) (15 +T1)} - c.c.
f

- By (#)expi{of (2,8) + (v —Kfvo) (1 +T§)} + c.c.]
XTEN (L) expi{of(z,t) + (WE+kIv) (1] +1L+ 1))} - c.c.
o

- EX(t)expi{®f(z,t) + (W -kfv)(T] +1)+T])} + c.c.],
(3.1-60)

where the amplitudes E: and phases ¢: have been evaluated at time ©
as done in Eq.(40). We substitute Eq.(60) into Eq.(59). Again we keep
only exponential factors in the time integration over T],T,, and T]
which are able to have resonance. Then we find that the terms to be
kept in the integrant of Eq.(59) have either of the two groups of
exponential factors as shown below.

Group 1.

expl{y], +i(w-ve ) Iri+{y; +i(vp -ve)lT]
+ Lyl 42w =vu +Vp = Vo) ITh = (U = Vp +V,)E]

or the same with y; and Y, interchanged.

Group 2.

exp[{y], -Z(w-ve)ltl + {y, -2(vp -v¢) 1}

+ Y], 1w = =Vp + V)T =2 (Vu +Vp =, )E]

or the same with Yy, and Yy, interchanged.
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There are such terms of wave number f¥3X as well as those of t#., The
polarizations of wave number Y3, however, do not make phase-match at
all with the eigen-modes of the resonator. Therefore those terms may
be ignored *. Consequently the terms to be kept are 12X2 terms as

shown in Table I.

Table I This table gives the information needed for

Eq. (61).
Super-
scripts
to Coefficients Coefficients
Subscripts | () of z of Kv
v p O
1 r r r| - Ku= ¢ +Kq T]+71]
| 2 I r v| + | -Ku-Xp+Ke T]-T}
3 1 1 r»| - | ~KutKkp+Kg T]+27T+ T}
L r r 1| + | Ku-Kp -Ke ~(t]+21]+13
i 5 1 1 1| + | -Ku+Kp-Ke -(td+1})
6 r 1 1] - Ku +Kp —Ke -(t!-1))
1 r 1 r| + Ky -Kp - K¢ -(1] +2t) +14)
~N |2 I r r| + | -Ku+Kp —Ke —(Tl'+’f3'3
3 r r r| - Ku +Kp—~ K& -(t]-1})
L r 1 1] - Ku-Kp +Ke T+ 7T,
5 L 1 1| + | -Ku-Kp+Ke T, -T}§
6 L » 1| - | -Ku+Kp+Kg T]+2T, + T,

Thus

0, (v,2,¢) =——§é—5(u1 /73N (2.t ZZZ’I s.des.dT{
X[21(i)EﬂEFE,expi[—(\)/u—\)rﬂ)a,)t—(¢%—¢f+¢r)+(--')z+(--')KU]

Xexpl {y!,+2 (w-ve) bri+{y+2 (vp ~vg ) I+ {y |+ (W-Vu+vp =vg) J7 {]

* In the fifth-order approximation, interacting with the terms of

s . y
wave number £ 2K which appear in 01;47 and 02;4

, those terms may make
those of wave number }X also. They will not be missed, however, if
the fifth-order calculation are made from the formula corresponding

to Eq.(59) in a similar manner.
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+ )2 (2)E uEp Bg expt [ - (yM+VF—v,)t—(Qa+¢P-¢¢)+("')Z+("')KU]

XeXP[{Yiz—i(w—vy)}T{+{Y1-i(Vp—Vr)}T£+{Y{2+i(w‘YA“Vy+Vr)}Té]

+ same with v, and Y, interchanged.] R (3.1-61)

where ambiguous factors can be known from Table I, and 21 stands for

a summation over group 1 of Table I and 22 over group 2. The subscript
n and superscript o (o = 7 or ») of Kg have been dropped in the
coefficients of v as done in the first-order calculation.

Next let us consider

02;3)(Z,t) =f 9213)(0 z,t)W(v)dv . (3.1-62)

~0o

Substituting Eq.(61) into (62), we find the following integrations

over D:

[explein(r+ 1oy = expl - K2u*(xf+19)?] ,  (3.1-63)

]

oo

Iexp[iiK(Tl’—Tg)v]W(v)dv expl —% Ku?(t!-t%] ., (3.1-6L)
f pleik(ti+2t) + 1)) vlw(v)dy = exp[—i—]{zuz(r{+2r2’+r§)2]
- (3.1-65)
Here Ku>>Y{,, Y, Y,*, thus we may assume that the right hand sides
of Eqs.(63~65) act like delta function of T]{+7Tj, T{ ~-T}, and T +

2T +T, respectively, in the integration over 7], T, and Tj. Then

the integration over T§ can be done in the form

[ 4 o [}
JdTa'[ dric(t},t]{)exp[ - i Ku? (1! -145)?] = %‘/ZL—EI dvic(t],t!)
-0 - 00 ~00

(3.1-66)

* For example, Ku/2m ~ 1GHz; yf2/2ﬂ, Y1/2m, Y2/2m < 100MHz for
He-Ne laser(63284).
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The other Gaussian factors (63,65) do not have their full peaks In
the range of integration, and give contributions which we neglect
because they lead to expressions with higher powere of Ku in the
denominator. Then, after performing the simple integrations cver T,,

T, we find the third-order polarization

P (z,2) = 0, (a,t) + c.c.

/_
== 32701—{1112/(% KM)}N Z t ;ZZ
(BB E exol i 1= (v +0d - (6 -0g +02) - (i K452} 1D (-2 —2ve +vp )

+T, By Efexpli{-(yf ~oF +u0 Ve 80X +6Y )~ (K +KT K% )z }]

1l g 1
X @(‘“‘E\)ﬁ +§\)(f-\)c‘f)

. 101
~EpEgEgexpli{- (0l -vg+vl )t~ (¢F -dp+og ) +(Ku-Kp+Ky )2} ] S)(—Ev,—gvﬁvp)

-E EPErexp[l{ (Vg -vp &) E- (k- bg+g )+ Ktk —Kg )2} ]
% D(w—gv}%w -v) )
X{R1(Vp —vg )+ @2 (Vp —vp- )} + complex conjugate, (3.1-67)

where

Dw) = 1/(y{, + iw) , D (w) = 1/(y, + iw) , (3.1-68)

Delvp = V) = D0 - v = Dlvg - VD), (3.1-69)
D(~Zou—Sve+vp) = D(-vi-svf+vf) = DIvh-Svi+y) . (3.1-70)

Since N(z,t) is a slowly varying function of ¢, the spectrum of
N(z,t)exp(~-iv,t) is restricted within a narrow band around V.; on the
contrary, the spatial variation of N(z,t) is as fast as exp[xi(K,.-
Kn-p)z], thus the spatial spectrum of N(z,t)exp[tiK,2] is distributed

at *XKy, tKps;, *Kpuss, and so on. Thus N(z,t) should be expanded as

- 35 -




Co
N(z,t) = Ny + Z Nn {exp(i—g%’rlz) + exp(—tg%lz]} , (3.1-71)
n=j
with
1 (- onm
N, = —L—I[V(Z,t)cos TZdZ » n=20,1,2, ... (3.1-72)
[

Here an assumption have been made that the excitation density N(z,%)
is distributed symmetrically about z=0. Configurations of the ring

and normal lasers and their periodical expansions are shown in Fig.
3.1-1.

modulator
z
252 aser medum

“Le z2=0 Le
oz,
Foi, (a)
modutator laser medium e L

-3, -2Ly Ly
10 z 5 oLy, z

(b) o

Fig.3.1-1. Configurations of the ring and normal
lasers and their periodical expansions.
(a) ring laser (I = Lg), (b) normal laser (I = 2L,).

Substitution of Eq.(71) into (67) gives the terms having the
4 .
factors exp[-7®p(z,t)] and exp[-i®, (z,t)] as

p;3’(z,t) - ggg{u /(%3Ku)}2';’2'[ exp{—i®5(z,t)}
M [
X { BLESEMN gexp (=905, .:D(—%w«—%v#vf )
+ E EPErNZ)‘ n)exp(—llp/‘p.-n)g( ——'\)}‘;‘f'%‘\)r—\) )}

- same with r and 7 interchanged. ]{ébl(vf—v,)+232(vp—vr)}

+ complex conjugate, (3.1-73)

where Z'Z'Z' denote the summation over all the combinations which
AP
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satisfy the condition

W-p+ao=mn, (3.1-74)

and W:f}nis defined as

Unpen= (VE-VBHE-E)t + (gn-08+08-0%) , o, B =17, L. (3.1-T5)

Then the third-order in-phase and quadrature coefficients of the

polarization are given, from Egs.(6~8) and (73), as

1 2 . 24 a 20 £.0..9
2(\)/8 0)5, 3 = ;'Z';'[(—n:wP,51nw”"m+E"¢P,cos¢yerQEhEPE,
.o 8 b oy 2
+(—n:¢‘“. Slml)ﬂ:n'*i,,wPo-COSIP/«frn)E,«E;Ear] ,
(3.1-76)
1 [ . 4 22 y -
S(v/eo)Cn ¥ = ;:;:Zr[(_g:’#"slnwﬂ;,"—ﬂ:}”- cosupen)EuEpEe
b . 2 Y 2. Y.r
+(-gnw€r51n@ﬂ;m-n€>f¢cos@hﬂm)E”EpEw] R
(3.1-77)

and the same with 7 and » interchanged. Here n and £ have been defined

as
Nh ape = 0L L" (59p-390) (L1 (vp v )+ L4 (vp v, )

}_l

- L (Svp- “Z0,) HEL N (vp—ve )+ &Y (vp-ve )] (3.1-78)

N
I\J

En ppe = = o LL" (29p 29 )L L (Vp v )+ L (Vp vy )}

N

+ 0 (Svp 20 ) {L (Vg —vp )+ L5 (vp=v,)}] , (3.1-79)
N8 e = N zguony [ 20 (=207 200 {4 (vp v )+ L4 (vp v )}
- L (w2020 G (vp ~ve )+ L (vp v )11, (3.1-80)
Er upe == Hl2guomy [ (6-50F 2] ) (2 (vp - )+ LA (vp - )}



+f_(w——\), -—\),, L1V Ve )+ L (v -ve) ], (3.1-81)

Yk/(Yi +w2) Py ﬂ;‘(w) =w/(Yi+w2) , k:l’ 2’

6
N
€
I

YLAGYI)? + w0, 2w) = o/{(y],)? + w?} ,(3.1-82)

g
3
li

and

H = ig; vin, s/ (73eoku)} . (3.1-83)
Since

Dy Yy s Yps Y4 > Y: - vg +v8 - W ~0, (3.1-84)

the following approximations have been made in Eqgs.(78~81), where A

is the mode spacing of the resonator.

J(—%‘\)ﬁ—%'\)qf"\)f;) = a(%vp_%\)n) > (3'1_85)
Dl ifl) = Dluvi-IvD) (3.1-86)

The combinations of u, p, 0, and n are divided into three groups

which satisfy the conditions

1) w=n, o=p(=m, (3.1-87)

(ii) o=n, u=pl zm , (3.1-88)

(iii) u + o= p + n excluding (i) and (ii) . (3.1-89)
The first group makes the terms of phaseégependent saturation effects
on the cw or ccw nth mode from the cw and ccw mth modes. The second
group makes those of phase-independent saturation effects between
the nth and mth modes both of which are cw or ccw traveling modes,
and also makes those of phase-dependent saturation effects between
the nth and mth modes which are OT ones. The third group makes so-
called combination tone terms which are phase-dependent.

We may calculate the fifth-order polarization, seventh-order

polarization and so on. However these higher-order terms are so
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complicated that it is practically impossible to solve the equations

including those terms. Only in the one-mode operation, exact

solutions can be obtained [5] including all the higher-order terms.

However it has been shown that the third-order approximation is

almost sufficient for not so highly excited gaseous lasers.
Substituting the first-order polarization (49,50) and the third-

order polarization (76,77) into the self-consistency equations (9,10),

we find the amplitude and phase determining equations to the third-

order approximation as follows.
E. Equations for a Ring Laser
. a
En = aSER-BR(ES) 3= Yonm(BR)2ES
min

b . o
- zenm(E:r) ZE:(" Z( eimcosw:fnnn*"tﬁmSlnme)nnn )E;IE;ES
m m\n

dot a . & oo o
- z"(nﬁﬁfrCOS@A9¢n+En¢p¢SIH¢;frn)EhEpEb
Py

. [4 o0
- 2"(n:wfrcoswzg¢n+E:ﬂP¢51nQ;fpn)EMEPEg R (3.1-90)
AP0

(VE+GE-0)ES = B +0® (ES) 3+ Yran (BR)2ES
»ﬂ(n

. o
+ zTgm(Es)zE:+ Z(TﬁnCoswzgnn‘eﬁn51HWM&nn)E;EﬁEg
n nin
a A . '] L
+ Z"(Emﬂptcosw/Ffﬂ_n%ﬂfvSln@ﬂff")EﬂEPEP
M0

b TIES s cosYuben N upo S inWupen VERELEE (3.1-91)
M P o
where P

My, Uy Py O =1, 2,3, . . , a,B=r, 1 (c’B),

and Z” stands for a summation over the combination tone terms given

by Eq.(89). The coefficients are given by
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1 Z ¢ (VY —w 1 1 o Zr(vg-w)
Op = E(V/Q‘)ﬂf[ il = L _ Fel s o = E-(\)/Q")Jz .1;7%___ ,
A [ 1 o a _ a _
g = N e = E(\)/Q )TL“G>O s P = E,-n,m‘n =0,
6:»: = n:,nmm"‘ n:lmmn N (7’Z=\=m) . e’;.,,( = 6;,‘ s
a
T:m = E:,mnm*' Enmmn , (ngm) , Tﬁ.m = - T,:,, ,

a : <
Tym S 0 according as n Sm ,

b b [ b ¢ _ b
Oum = Nunmm » T8 = Emmmm > Omm = Nnmmn > Tim = Enmmn . (3.1-92)

here

Y2 = (Y1 + Y52)/2 G = 3Uy3Y1./(LOB2Y 1Y, Y L) (3.1-93)

and relative excitation nyis defined as
o
72" = No/uz (3.1-9%)
where N; is the excitation required for threshold oscillations when

a cavity frequency Qﬁ, is tuned to the peak w of the atomic line,
1 1
(af)r =-5(v/@%) + FHv/eo)(n 2/ (3ku))Z:(0)T = 0 . (3.1-95)

F. Equations for a Normal Laser

In the case of normal laser E: = E: = £, and so on, then
E(z,t) = )E,(t)cos{vat+ ¢({t)}sin(Kaz) . (3.1-96)
n

E!"n = OBy —Bn (En)s- Zenm(E,ﬂ)zEn

myn

- ZH(anptcosw/frn+£n¢grSinWﬂprn)EAE}E& s (3.1-97)
AP0

(Vn"’&)n‘ﬂn)En = OnEn+pn(En)3+ zTnm(Em)zEn

man

+}Izpz(gn'ﬂ"coswﬂm N upe S100uprn JEuEpEs (3.1-98)
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where

n, U, p, 0 =1, 2, 3, . . . ,

on = R/ ixlie)

Oy = %(V/Q)ﬂ[ Z—%—'—w-)— - z

L
T s °

! 2
Brn = na ng,rmn = ":QL—(\)/Q)JZGI-[]—"’—QM_)_ ] 5

nnnn l+(w—\)n)2

_ -a b _ 1 (w=v )11,2
P = gn,mm+ gn,nrm “_E(\)/Q)nq l+(wz\)“)2 s
b a b
nn,};Fq = n:\,/upa~ + nn,/r,. ’ E—'H,/uf’tr = gn,/upr + gnwﬁf )

Oam = nn,nmm+ nﬂ,mmn b Tam = gn,nmm+ En,mmn . (3-1-99)

Practically the frequency pulling and pushing effects are very
small compared with the mode spacing A=Qn,; —0n, thus v,y may be

defined, for example, as
ve=Q0p+ (n-p)h, a=nr,l, (3.1-100)

o . .
where {l, is the empty-cavity resonance frequency nearest to the line

center Ww.

3.2. Basic Equations -Mixed-Isotope Case-

We consider the case in which the laser medium is composed of
two isotopes. The isotope effect is rather significant in some cases,
for example, in the competition and self-locking of the oppositely
directed traveling-waves in a He-Ne ring laser, even if it is due to
a small amount of another isotope. In this case, macroscopic
polarization is composed of two parts each of which is produced by

one isotope;

Plz,t) = P'(z,t) + P"(z,t) . (3.2-1)
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Each macroscopic polarization can be obtained from Sec.3.1l. with a

change of parameters as shown in Table II, where the mass composition

ratio of the two isotopes is g':g".

Table II Change of the notations and
parameters from pure isotope case to
mixed isotope case.

Pure Isotope Isotope 1 Isotope II
nlz,t) g 'n(z,t) g'm(z,t)
Nn(z,t) g'Nal(z,¢) g"Au(z,t)
N(z,t) g'l(z,t) g"N(z,t)
Nn(t) Q’Nn(t) Q"Nn(t)
u u' u'
m m' m"
w w' w'
H H' H"
Z(x) Z"(x) Z2"(x)
Nz 7! !
L 7 !

Here other parameters are considered to have same values for the two

isotopes. The velocity parameters u' and u"” are related by the

effective temperature 7 by the equation

1

Em'(u')z = %nf’(u”)z = kT . (3.2-2)
The definition of the relative excitation for the pure isotope case
(g’ =1, g'""=0) will be used, for simplicity, also in the mixed isotope

case. Then the coefficients for Eqs.(3.1-92,99) are given as

1 V2 (V-wt rz (v 1

o = E(V/Q)ﬂ[g (TT L ) + ‘37,9" (T\: w ) - .T—L] 5
1 72! (v=w' L AR

o= E(v/Q)D’L[g’—T—"(:)T w') Z—,, " ’(T\: w") ,

n = l(\)/Q)D’&G[g' n' + Z-'g"ﬁ"]
2 u" H]
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1 = ! =
£ = HV/QMGlg e + %5 g"E] (3.2-3)
where ﬁ and E will be known from Sec.3.1.

Natural Neon
Mass composition ratio of natural neon is;
Ne?® : 90.92 %
Ne?! : 0.26 %
Ne?? : 8.82 % .
Ignoring Ne21, we may take
g' = 0.91 for Ne??, g" = 0.09 for Ne?2,
then

u'/u" = vm"/m' = ¥/21.998/19.999 = 1.049

The measured line shifts are

875 MHz for 6328A line [4.a] ,

8\
)
€
I

and
w’ - w' = 261 MHz for 1.15u line [4.b]

]
Unsaturated line shapes of Nezo, Ne?? and natural neon at 6328A are

shown in Fig.3.2-1.

Fig.3.2-1. Unsaturated line shapes of Ne2?,
Ne?? and natural neon at 6328&. Ku'= 1GHz,
w” = w’ + 875 MHz.
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3.3. Internal Loss-Modulation

An internal loss-modulation may be described by the perturbation

of the quadrature component of the electric susceptibility
Ax"(z,t) = Ax"(2)(1 +cosvmt) , (3.3-1)
and additional polarization produced by the loss-modulation is given

by
AP(z,t) =~

N =

T eohx"(z,t)ER(t)cos {08 (2,2)}
n

-+

VT

) eohX"(z,t)Eq(t)cos{®p(z,t)} , (3.3-2)
n

where Vpn is the angular frequency of the modulation signal which is
approximately equal to k (=1,2,3,..) times the mode spacing A of the
resonator. The amplitude Ax"(z) of the perturbation is expanded as

follows;

oo oo
Ax"(z) = Axo + 2 ) BDxEcos g%ﬂ-z +2) Ax$sin 2, ,  (3.3-3)
n=|

Nl L
where
L
1
= 7 Bxr(s)oos 2L seds (3.3-4)
L
1
pYS = ZjoAx"(z)sin g%E-z-dz . (3.3-5)

The periodic expansions of Ayx”(z) for ring and normal lasers are
shown in Fig.3.1-1. From the figure, it is obvious that AXS = 0 for
the normal laser. In the usual electro-optic modulator whose length

is 7, the functional dependence of AX"(z) upon z may be simplified as

Ax"(z) = Ax"(=const.) for ap —éiz _<_Zo+% s

=0 elsewhere . (3.3-6)
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Then, substituting Eq.(3) into (2) and picking up the terms
which have the factors sin{®$(z,t)} and cos{Q#(z,t)} (a=7,r), we find
the additional terms to the self-consistency equations (3.1-9,10) for

a ring laser

1 o OaC & Onger & o ok
_E{V/EO)ACn = -QER En ‘EE;{En+kCOS(¢n+k —¢:'t—E;-zo)
+ Ep-k cos (% - G i%{—z z0)] 5 (3.3-T)
1 ® _ e & . o « L 2KkT
_—2—(\)/80)&7" = "EL‘R"[Emh sin(dysx = Op e 20)
- B sin(0% -0 2 20 501 (3.3-8)

where the upper sign + is for a=l and the lower - for a=r, and
— A% "
Ga = = 1rAX (3.3-9)

is the amplitude of the fractional power loss of the modulator per

pass, and
(3.3-10)

is the coupling coefficients between the nth mode and (n*k)th modes.

Similarly the additional terms for a normal laser are

1 o O b
—'Z‘(V/EO)ACn -2Zi‘ En "25:{0 [Ernkcos(d)m-\c "¢n)

+ En—kCOS(¢n“¢n—K)] s (3'3‘11)
Liu/eo)ron = 252 (5 oing ) =B sin )]
-5 V/€op n = _2LN' ntk SIn{P neie -¢n) ~Ep-ksin{d¢p—- ¢n-x ’
(3.3-12)

where
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Ly . ¢ knl k
al = g—zk—; sin( ELTI‘;)COS( -g—z”o ) . (3.3-13)

We can see that the degree of the modulation effect for the ring
laser is half as much as that for normal laser.

In the investigation of the phase locking phenomena with internal
modulation,.it is convenient to introduce a detuning parameter Av

defined by
AV = vp/k - A, (3.3-1k)

and define v,, instead of Eq.(3.1-100), by

V¥ = Q% + n(vm/k), (3.3-15)

Qn = 09 + nh (3.3-16)
then

n - V¥ = - nehv . (3.3-17)

Here we are dealing with the case in which mode spacings AI and A

have no significant difference. For example, usually

2 Y
| Qo - Qp | < 2m x10® radian/sec. = 100 MHz,
then
4 r 1 8 .
[ AT - A | < ZBXEW X107 = 27 x50 radian/sec. = 50 Hz,

because Qg = noAF, Qg = 2mx5x101 %, N

12

~ 2mx108, and ng ~ 5x10°.
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3.4, Normal Standing-Wave Laser

A. Single-Mode Oscillation -Mized Isotope Effect-

An interesting phenomenon in the single-mode oscillation of the
normal laser is appearance of the so-called Lamb dip. Since Lamb's
theoretical prediction, it has been investigated not only theoretically
but also experimentally [3], and it has been utilized for a frequency-
stabilized single-frequency laser. Here mixed-isotope effect to the
Lamb dip will be considered.

Intensity of the electric field in the single-mode oscillation

is given, from Eq.(3.1-97), by

E1? = o1/B1 (3.4-1)

and frequency shift is given from Eq.(3.1-98), by
Vi + ¢1 - Q1 =01 + p1{a1/B1) . (3.4-2)

Oscillation intensity, frequency shift, and the parameters
determining them are plotted in Figs.3.4-1~4 versus cavity resonance

frequency Q; for 6328A line of a He-Ne laser. In case of mixed

20 20
e )’

isotopes (Ne??:N =9 :91), comparing with a pure isotope (Ne
the tuning curves of the unsaturated gain 01 and frequency pulling 0,
shift a little to the high frequency side, and their symmetrical
properties are kept almost completely. However, the curves of the
saturation parameters B1 and p; deforms slightly, and their center
frequencies remain almost at the same point. As a result, asymmetry
appears in the intensity curve and the Lamb dip disappears. This
isotope effect was observed in experiments [3]. In addition to the
asymmetry, some decrease of the mirror mode competition is induced.

Especially, mode competition between oppositely traveling waves in a

ring laser is seriously diminished as shown in Sec.3.6.
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-200 -100 0 100 200
Q,-w (MHz)

Fig.3.4-1. a1 and B) versus (2;-w). Solid lines are
for mixed isotopes (Ne?°,Ne??) and broken lines are
for a pure isotope Ne??, Units of o) and R; are

%{V/Q)Tlxlo—zand %{V/Qb?G respectively.

INTENSITY

1

-200 -100 (0] 100
2 Q,~w (MHz)

Fig.3.4-2. Single-mode intensity E;? versus (1-w) .

Unit is (1/G) x107%. Solid lines are for the mixed
isotopes and a broken line is for the pure isotope.
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Fig.3.4-3. 0; and p; versus (1-w). Units of 0;
and 0, are %(v/melo 1 and %(\)/Q)TLGX 1071,

respectively.

FREQUENCY SHIFT

sl

Fig.3.4-4. Frequency shift. Unit is %{V/Q)71X10~1.
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B. Mode Competition

In the following two cases, two oscillating modes compete with
each other because of significant overlap of their holes burned on
the gain curve [8]. In one case, they are neighbouring within the
width of the holes. In the other case, they are symmetrically located
about the line center. We may call them mirror modes. Because one
oscillating mode in a normal laser with a Doppler broadened spectral
line makes two holes in the gain curve which are symmetrically
located about the line center, the mirror modes compete with each
other. A theoretical analysis [12] for three-mode operation and some
experimental results for multimode operation will be shown here.

The amplitude determining equations in the M-mode operation¥*

are, ignoring the terms of combination tones, given from Eq.(3.1-97).

M
'BL'EZZ"'Z eé,-E,'z) . 1=1,2, . ., M (3.4-3)
JAD:

E: = E, (o

L { ‘

It is natural to consider the quantity defined by
2 2
OLZ = o, =B E; —; e,;/' E'/ (3.4-L4)

as effective or saturated gain of the ith mode. Introducing the

squared amplitude

X; = 5%, i=1,2, . ., M, (3.Lk-5)

Eq. (3) become

: M
X = 2X; (o =By X, - ) 85 %) i=1,2, . , M (3.4-6)
1%

The characteristic equation for an equilibrium state®*

* When the number of modes whose unsaturated gains a; are
positive is M, it is said to be in the M-mode operation.

** No states described by limit cycles are considered.
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Xo =(X10, X205 « -« . 5 Xno) is given by

fl - )\ -612X10 -------- _elnXIO
- 021420 Fa = A eeeeennns —8omXa0
=0, (3.k-7)
- OM1X Mo ~OMoXMg e fu - A
where
M
f'.' = o - ZBL-X(ZO'Z eiino R Z=1,2, . . , M. (3-11-—8)
1%

The stability condition for this state is that the real part of every
root of the characteristic equation is negative and X;o > 0 for all
7. The equilibrium states and their stability conditions for three-
mode operation are shown in Appendix A. The effective gain of the
quenched mode can be proved to be negative from the stability
condition.

Numerical examples for a pure isotope He-—I:Ie20 laser are shown in
Fig.3.4-5. Qutside the one-mode region, monostable (three- or two-
mode) , bistable, or tri-stable oscillation arises in turn along the
limit line of three-mode operation according as the cavity length
becomes longer. That is, adjacent modes can not oscillate
simultaneously when the fundamental mode spacing A=me/L becomes
narrower than the holes burned in the gain curve.

We can make two mode-groups from every two modes, three mode-
groups from every three modes, and so on in multimode operation. The
competition phenomena between those mode-groups will correspond to
the mode competition in the three-mode operation shown in Fig.3.4-5.
Monostable, bistable, and tristable regions of the three-mode
operation will be connected to the corresponding regions of multimode

operation with high excitation or short cavity length.
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Fig.3.4-5.(a) Numerical examples of the mode
competition «in the three-mode operation of a He-
Ne laser. Q, = W, Y12/27 = 62 MHz,y1/2T = 25 MHz,
Y2/27 = 12 MHz, Ku/2m = 1000MHz. The dotted
lines indicate the upper limit of the relative
excitation or the longer limit of the cavity
length for three-mode operation.

An experimental result is shown in Fig.3.4-6 for a He-Ne laser
(natural neon). To achieve three-mode operation, cavity length should
be made extraordinarily long or laser medium should be excited very
slightly above threshold. The experimental setup was not stable
enough for this requirement, although the experiment was made at
midnight. Therefore the experiments were made in mulfimode operation
with sufficient excitation and ordinary cavity length. In the regions
shown by solid lines, the oscillating modes were self-phase locked.

In the unlocked regions shown by dotted lines, the mode spectra were
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Fig.3.4-6. An experimental result of the mode competition
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(e) 5ns/div. (f) Sﬁs/div.

Fig.3.4-7. Mode spectra (a),(c), first beat spectra (b),(d)
of the output beams; and output pulse trains (e),(f):
(a) and (b) in a locked state,
(¢) and (d) in an unlocked state,
(e) in a monostable state ( Ly=150 cm ), and
(f) in a bistable state ( Ly=~270 cm ).
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varying fast with time. In the low excitation region (for instance,
J<1.06), the cavity length-dependence of the monostable and bistable
oscillations is seen to agree well with the theoretical ones for
three-mode operation. When 2.1m< Lxy<2.3m, monostable oscillation
arises with low excitation and bistable one with high excitation.
This is because the width of a hole burned on the gain curve becomes
wider according to the oscillation intensity of the mode [8]. Such a
phenomenon does not appear in the theoretical investigation in the
three-mode operation, since the number of the oscillating modes is
too small. Figs.3.4-7 shows mode spectra and first beat spectra of
the laser outputs in the locked and unlocked states as well as wave
forms of the output pulse trains. The mode spectra were obtained by
a scanning Fabry-Perot interferometer; the beat spectra by a radio-
frequency spectrum analyzer; and the pulse trains were detected by a

high-speed PIN photodiode.

C. Self-Phase Locking

High repetition rate optical pulse trains obtained from phase-
locked multimode lasers have great utility to application. There is
an interesting phenomenon. The repetition rate of the pulse train may
be equal to a mﬁltiple of the fundamental mode spacing, even if mode
quenching does not occur. This problemwas investigated experimentally
in He-Ne lasers by Crowell [16], Nash [14], and Uchida [13].

Here it will be considered theoretically in the most simple case
Z.e2. in the three-mode operation. Then, the repetition rate of the
mode-locked pulse is A (0-type) or 2A (m-type). It has been studied
theoretically by several investigators which type of self-locking
will occur in normal lasers. Sargent IIT [21] and Bambini et al. [22]
investigated this problem in case of a short laser tube using Lamb's
equations. They found that if the active medium is placed near ome
mirror, "O-type" locking will occur; on the contrary, if the active

medium is placed at the center of the cavity, "m-type" locking will
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occur®. Statz et ql. [67] have obtained the reverse of this result on
the basis of the maximum emission principle. This discrepancy arises
perhaps from the fact that the inhomogeneous broadening of the
spectral line in the papers of Statz et al. is of the first type
mentioned in the first part of this chapter. Therefore it is
questionable whether their results are applicable to gas lasers.

The amplitude and phase determining equations given in Sec.3.l
have been solved numerically by Runge-Kutta-Gill method for three-
mode operation (n=1,2,3) of a pure isotope He-Ne?? laser. Parameters
are identical with those used in Fig.3.4-5. From the results, stable
steady state values of Y,,,, (=) are plotted versus asymmetry in

Fig.3.4-8,9. Here the aymmetry &§ is defined by

§=(-w)/A, (-0.5 <6 <0.5) . (3.4-9)

O2n

Olw

8 (%)
Fig.3.4-8. Phase Y versus asymmetry § for a normal laser
(pure isotope case).X?=1.04. "O-type locking" The
small circles indicate the ends of the three-mode
operation.

* Bambini et ql. used the uncorrected Lamb's equations, so they
obtained the reversed results. It has been assured by the author that
the corrected Lamb's equations lead to the above result in their

investigation.
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Fig.3.4-9. Phase Y versus asymmetry § for a normal
laser (pure isotope case). JU =1.04. A =150 MHz.
The laser medium is at the center of the cavity.
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The phase Y is plotted only versus positive §, since ¥ is an anti-
symmetric function of §. When Y =0, the locked state is called "O-
type'" and the repetition rate of the output pulse train is equal to
the fundamental mode spacing A. When Y @7, it is called "m-type'" and
the repetition rate of the output pulse train is 2A and optical phase
of the pulse train is varying with a repetition rate equal to A.

As shown in Fig.3.4-8, "O-type" locking occurs when the mode
spacing Ais between 100 MHz and 160 MHz, Z.e. the active medium
occupies almost half the cavity. When A is smaller than 100 MHz, <.e.
the active medium is near the end of the cavity, self-locking cannot
occur stably. Also in the multimode operation, '"O-type'" locking occurs
usually. In the experimental result shown in Fig.3.4-6, "O-type"
locking occured usually and "m-type'" locking occured only in a short
time duration on some critical conditions, which has been also
assured by Jones [23] in the three-mode operation. In the bistable
region, although repetition rate of the output pulse train is double
the mode spacing, it is not "mT-type" locking state but alternate
modes are quenched and surviving modes are in the "O-type' locking

state. However it is deduced theoretically as shown in Fig.3.4-9 that
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"m-type" locking will occur if a rather short laser tube is placed in
the center of the cavity, which has been already assured by Sargent
III. Any experimental demonstration of it has not yet been made.

In conclusion, "O-type" locking occurs usually in the normal
gas laser and "T-type" locking might occur only when a rather short

laser tube is placed at the center of a long cavity.

D. Phase Locking by Internal Loss-Modulation with Double the Mode
Spacing

Various types of phase locking occur depending on the
configuration of laser oscillator, modulation power, modulation
frequency, etc., when laser oscillator is internally loss—- or phase-
modulated with a frequency approximately equal to a multiple of the
mode spacing. In the usual phase-locked state, the total laser
intensity makes a pulse train of a repetition rate equal to the mode
spacing. However, when mode quenching happens or a certain phase
relationship is established between the oscillating modes, a pulse
train of a multiple repetition rate is generated. Hirano and Kimura
[34] have made experiments on the dependence of the type of phase
locking on the fine tuning and on the multiplicity of the modulation
frequency, in the case of phase-modulation with frequencies
approximately equal to three, four, and five times the mode spacing.
Theoretical analysis of these types of phase locking has hardly been

made.

D1. Theoretical Investigation

Harris and McDuff [33] have analyzed the phase locking with
intracavity loss— or phase-modulation at a frequency approximately
equal to the fundamental mode spacing. A theoretical analysis of the
phase locking caused by the loss-modulation with double the mode
spacing and experiments on a He-Ne laser oscillator will be shown in

this section. The equations are given in Sec.3.1~3. In this case,
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phase relationships between oscillating modes are determined
predominantly by the loss-perturbation, therefore we can ignor the
combination tone terms as well as the mixed isotope effect. The
equations for a pure isotope case have been solved numerically using

Runge-Kutta-Gill method,with k=2, 72 =1.07, Ly=1.5m (A/27= 100MHz),
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Fig.3.4-10. Peak intensity and phase shift of the
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forward traveling pulse versus detuning. Vm = 2A.
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k=2, 0a=0.08, Ly=1.5m.
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1=0.02m, 39=0.06 m, Ku/2m=1000 MHz, Y1/2T=25 MHz, Y2/2T=12 MHz,
Y{2/2ﬂ¥=62 MHz, v/2m¢ =7 MHz, and number of modes M= 15. In the case
of steady states, the total laser intensity makes a pulse train, whose
peak value is plotted versus ‘detuning in Fig.3.4-10. Here detuning

parameter Av is defined by

Av = vp/2 - A . (3.4-10)

Phase shift of the optical pulse traveling forward (see Fig.3.1-1)
from the modulation signal is also plotted versus detuning in Fig.3.4-
10. Since 29 ¥ 0, the optical pulse lags usually at the optimum
detuning which gives the maximum peak intensity. In the regions between
points A; and B. on each curve, normal phase locking occurs and a
pulse train of a repetition rate of Vm/2 is generated. In the regions
outside of points A; and Bi, alternate modes are quenched, and
surviving modes are phase-locked, and a pulse train of a repetition
rate of Vm 1is generated. The maximum peak intensity for a.=0.012 is
smaller than that for o, =0.008 and 0.005 because of larger average
transmission loss of the modulator. The pulsive wave forms of the
output beams and their mode spectra are shown in Fig.3.4-11.

The equations have been solved also for modulation with the
fundamental mode spacing. The locking width is approximately equal to
that of the above case, but the peak value of the pulse train with

the optimum detuning is smaller about 107% than that of the above one.

D2. Experimental Results

Experiments were also carried out on a He-Ne laser. The results
are shown in Fig.3.4-12. It can be said that these results are in
good qualitative agreement with the theoretical ones.

The ratio of the maximum peak intensity of the mode-quenched
region to that of the normally mode-locked region is about 1/2 for

Gq =0.005 in the theoretical results but it is 1/4~1/4.5 in the

- 61 -



N [ _- 0 -.\‘

- /./' \

2} 2 — . ® - = =Q .

S5 /0.

- [ ] 'O \‘ 1

z | A v\

X 7 .

<T /°:' \ \-

l'd"l_ | Alternate modes , ,’ ® Qg =0.004 : \
ore quenched.—-| / l’ 1 '

W o 0 a, =0.003 ' ‘

9 i

> - e go°

O | 1 1 1 1 1 | ]
98.05 .06 .07 .08 .09 .0 . .2
Vo/2 (MHZ)

Fig.3.4~12. Experimental results of phase locking by
internal loss-modulation with double the mode spacing
in a He-Ne laser.

experiments. This will be partially due to the instability of the
mode-quenched region. This region is bistable. Either of the two mode
groups each of which is composed of alternate cavity modes oscillates
predominantely and the other mode group is completely or usually
partially quenched depending upon the position of their mode spectra
with respect to the gain curve which varies sufficiently with a
microscopic cavity-length variation in a fraction of 1 um. Since
there were various kinds of acoustic vibrations which arrived to the
experimental table, averaged wave forms of the two varying mode
groups were observed on a sampling oscilloscope. The width of the
mode-locked region is about 65 KHz, 7.e. 6.5%x10™% in AV/A for Oa =
0.004 in the experiment and 8 x10™* in AV/A for 0a =0.005 in the
theoretical results. This shows a good agreement.

The mode spectra and wave forms of the output pulses in the
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(c) 100 MHz (a) 5 ns/div.

!
(e) 100 MHz (£) 5 ns/div.

Fig.3.4-13. Mode spectra and wave forms.
(a) Mode spectrum of normal mode locking and (b) its wave form
(the lower trace is the modulation signal);
(¢) and (d) for mode-quenched regions;
(e) and (f) for partially mode-quenched states.
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mode quenched region as well as those in the normal mode-locked
region are shown in Fig.3.4-13. Stationary mode spectra such as (c)
and (e) for the mode quenched regions were obtained only temporarily.
The wave forms (d) and (f) were somewhat smoothed on a sampling-

oscilloscope.

D3. Experimental Technique
Block diagram of the experimental apparatus is shown in Fig.3.4-

14. The cavity length Lywas approximately 1.5m, so the fundamental

R=*3m
Photodiode 1-9-3% Laser Tube Modulator g« Sconning
W | I T=0.5% Interferometer
| |-|. B | y4 Isolator Photomul.
Reference
Diaphragm P———*—s. onal
Power 1-2 Vo
Sampling Meter
Oscilloscope
Oscilloscops i..
3
&, ®
Trigger 8
A B £
? ? Ext.
[ | Sweep]
-J20s8
F VHF
?&M" Osclllator

Fig.3.4-14. Block diagram of the experimental apparatus.

mode spacing A/2m~100 MHz. The excitation level J1 was approximately
1.07 which corresponds to five or six mode free-running. The effective
length of the He-Ne laser tube is 70 cm. The parameters are almost
identical with those used in the theoretical investigation. With the
aid of a doubler, although the modulation frequency was vn, the
sampling oscilloscope was triggered at a frequency V,/2. Otherwise

the output wave forms in the normal locking region can not be traced
correctly on the sampling oscilloscope.

The loss-modulator is composed of 0°z-cut KDP crystal (7 X7 %15
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mm) , BK7 glass prism and calcite
prism (Fig.3.4-15) similar to that
used by Uchida [83], which is an
application of the linear electro-
optic (Pockel) effect.

The fractional power loss of

the modulator per pass is given by

o = sinz( g"é%') s (3.4-11)

where V is the applied voltage and

Va is the half-wave voltage of the
KDP crystal given by

Electrode

/ (qold-coated )\ coicite

Vn = M (2no3yes) (3.4-12) 8ks

AN W
z
5
B
e
<

with the ordinary refractive index
Reference

no and an electro-optic coefficient  giW. o——1¥)

Ye3. Applying a small modulation
(b)

Fig.3.4-15. Loss-Modulator.
In the figure (b), 0; and 9,
Vv = VgcoSVpt (3.4-13) are Brewster angles for calcite
and BK7 respectively.

signal

to the modulator with a bias voltage
Vg as shown in Fig.3.4-16, we obtain the time-varying fractional power

loss per pass
o = sin?( % U 2} o+ A 'n(Trki-Jcosv t . (3.k4-1k)
2 Vn 2 V VR "

Then the amplitude of the fractional power loss per pass Oa defined

in Sec.3.3 is given by

- 65 -



=TV . %3
a.-ansm[nVn) . 1O

(3.4-15)

The modulator can be also

optically biased by nodding

o
(o))
T

slightly itself and the bias Output
Bias
Point F

LOSS PER PASS a

point Vp can be determined by

FRACTIONAL POWER

applying the commercial A.C.

line and watching the

o I
intensity of the transmitted ™

V; 2V

Ve o
light beam as shown in Fig. ::> APPLIED VOLTAGE V

3.4-17. The capacitance of the

/\ Input

KDP crystal and an induction
Fig.3.4-16. Fractional power loss of

the loss-modulator per pass versus
series resonance circuit (Fig. applied voltage.

coil are designed to make a

3.4-15), and impeadance of the

circuit at resonance frequency

AVAVAVAVAVAVAN

(a) Vg< VB (b) Vo= VB

Fig.3.4-17. Measurement of the
optical bias point Vg of the
slightly nodded modulator. Vg is
the amplitude of the applied

test signal (60 Hz).

(C) VO > VB



is made 509 within a 1% error. The voltage v applied to KDP crystal
is @ times as large as the voltage applied to the circuit and the ¢
value is determined from the resonance curve of the circuit. In the
experiments, Vg = 9.1kv, Vg = v2 x300v, Vo = V2x2~vV2x18v , @= 7.0.
The optical isolator is composed of a Rochon prism and a Fresnel
rhomb. It prevents the externally reflected light beam from re-
entering into the resonator so that the laser oscillator is not
disturbed. Mode spectra were observed by the scanning Fabry-Perot
interferometer [84] whose spacing was scanned at 60 Hz by an electro-
strictive vibrator of BaTiOj; (Fig.

3.4-18) and a photomultiplier RCA =~ "~~~ = ~

7102. Instantaneous intensity of
the output laser beam was detected
by a high-speed response (rise

time < 1 ns) PIN photodiode hp4204. {

Fig.3.4-18. Scanning Fabry-Perot
interferometer
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3.5. Unidirectional Traveling-Wave Ring Laser

We can obtain unidirectional traveling-wave oscillation in a
ring laser by i) inserting a nonreciprocal optical element such as a
Faraday isolator [45], ii) using such a nonreciprocal ring resonator
[43] as shown in Fig.3.5-1, iii) internal loss-modulation (Sec.3.6),
or iv) using an unstable ring resonator [44].

Mode competition or saturation effects are weaker in the uni-
directional ring laser than in the normal laser, since there is no

U\D

mirror mode competition or

saturation mentioned in Sec.3.4,

in other words, no mode Partially
Transparent
competition between the Mirror
oppositely traveling-waves, which
is shown in the fact that Lamb
dip does not appear in the uni- Fig.3.5-1. A nonreciprocal ring

o . resonator.
directional ring laser, and that

the mode spectrum is fairly symmetrical in the multimode operation
[46]. Thus the output beam from the unidirectional ring laser will
have larger peak intensity than the normal laser.

In this section we will investigate the unidirectional ring
laser with a nonreciprocal optical element. The results may be also
applied to the dynamically obtained unidirectional oscillation by

internal loss-modulation (Sec.3.6).

A. Self-Phase Locking
Some differences will appear in the self-phase locking between
a normal standing-wave laser and a unidirectional traveling-wave

laser.

Al. Theoretical Investigation
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The amplitude and phase determining equations for the uni-
directional three-mode operation are obtained from Secs.3.1 and 3.2,
including the mixed isotope case, as follows:

a
E1 = 1By - B E1% - 012E1822 - 613E1F32 - (n21cosy ~ E2151nY)E2%E s

Ez = a2Bg - B°E23 - 012E2F12 - 012E2E 32 - n1scosY-E1E.Es ,

E3z = asF3 - B Es’ - 013EsE 2 - 01,8382 - (n21cosy + E31sinY)E2 28,

(3.5-1)
® S
¢1 = 01+ T12E22+ T13E3% - (N21sinY+ E21co8Y)E2%E3/E,
. « .
$2 = 0 = T12E1%+ T12E3% + N ssiny+E1E3 ,
. ‘ ’
b3 = 03 =T13E1% = T12E22 - (n21siny - £21c08V)EL%E1/Es
(3.5-2)
where
Y = Y2123 = 2¢2 - 1 - 3 (3.5-3)
n21 = N3,212 = nf,zaz » Nls = nz,123 + ng,azl
— a
£21 = £3,212 = - E1,232 - (3.5-4)
From the phase determining equations, we find
Y =4+ Bsiny + Ccosy , (3.5-5)

where

A = 20, —-01-03- (2112 -T%3) (E12 -E5?) ,

B = 2n1sE1E3 +n51(E3/E1 +E1/E3)E2%
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C = £21(E3/E1 -E1/E3)E2” . (3.5-6)
To obtain a simple criterion, we now consider a special case

that the three oscillating modes are almost symmetric against the

gain curve, then E;=F3, and
A=(C=90. (3.5-7)
The stable steady-state solution is given by

P =0 when B< 0, (3.5-8)

and

<
]

m when B> 0, (3.5-9)

. PR a . P .
Now, n%3 is always positive, but 7nz; is positive or negative

according as the mode spacing A is smaller or larger than a certain

value which is approximately equal to /&{z(yl+-y2)/2 . Thus B is
positive or negative Z.e. self-locking is "m-type" or "O-type",
according as the mode spacing is smaller or larger than a certain
value.

Admixture of an isotope will make no qualitative effects in the
unidirectional ring laser, since all the coupling coefficients are
independent of the transient frequencies w' and w” of the two isotopes
and only the unsaturated gain o curve and its dispersion O curve
become slightly asymmetric as shown in Secs.3.2 and 3.4.

To obtain exact solutions Eqs. (1) and (5) have been solved
numerically for a pure isotope He-Ne laser. Steady state solutions
are shown in Fig.3.5-2 and 3. As in the normal laser, Y is an
antisymmetric function of &§.The length of the active medium and the
decay rates are identical with those used for the normal laser in
Sec.3.4. In this case, "O-type" or '"m-type" locking occurs according

as the mode spacing is larger or smaller than 120 MHz. At transient
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Fig.3.5-2. Phase ¥ versus asymmetry 6. JU = 1.04.
"mT-type locking"
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Fig.3.5-3. Phase Y versus asymmetry §.Jl= 1.04.
"O-type" The small circles indicate the ends
of the three-mode operation.

mode spacings, permissible asymmetry § for self-locking is very
narrow. At A =140 MHz, an interruption of self-locking occurs in a
region of §. These phenomena are characteristic of the ring laser

(cf. Figs.3.4-8 and 9).
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A2, Experimental Results

A unidirectional traveling-wave ring laser has been constructed
with a He-Ne laser tube (70 cm long), three mirrors, and a Faraday
isolator as shown in Fig,3.5-4~5. The Faraday isolator is composed

of the lead glass (one end face Brewster-cutted, 2 cm long,

Mirror | 1=0.5%

R=3m Laser Tube Mirror 2
T=0%
R=®
Diophragm Faraday

Isolator

D.C. Power
Supply

Mirror 3 T=0%
=00

Fig.3.5-4. Constitution of the unidirectional
traveling-wave ring laser. The mirrors 2 and 3
are designed for a incident angle 45°.

Fig.3.5-5(a). The unidirectional traveling-wave

ring laser.




refractive index n =2.0, absorption
coefficient 0.=0.01/cm, Verdet
constant V==0.08'/cm—gauss at 6328
A), a quartz half-wave plate, and
a BK7 prism. The principal axis of
the quartz half-wave plate is

rotated by 3° from the direction of

the dominant electric polarization

of the resonator which is T :
Fig.3.5-5(b) The Faraday isolator.

determined by Brewster windows, so

that the additional 5 Ztransmission loss is imposed on one direction.
The required magnetic flux density for unidirectional oscillation was
about 2000 gauss.

The observed self-locking regions are shown in Fig.3.5-6. It is
shown in the figure that O-type or m-type locking occurs according as
the mode spacing A/2m is larger or smaller than about 65 MHz. This
transient frequency of 65 MHz is largely different from the
theoretically evaluated value 120 MHz for the three-mode operation.

This discrepancy will be partially due to a difference of the number

Y
x E
5 8ol -
2 =T —J«—O—T ////
» - ype ype
<zI 60 r ! S
1 4 ’
o R
= /
Z 40+ ! / P
1 20 | (‘f ,,,, r’ |____L
"2 Sty [ A B Sty
© 0 L_4} et i B ! 1 L 1

50 60 70 80 90 100 110
A(MHz)
Fig.3.5-6. Self-phase locking of a He-Ne uni-

directional traveling-wave ring laser. Solid
lines show phase-locked region.
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of the oscillating modes between the experiment and the theory, and
to the mechanical instability of the laser oscillator. Due to random
mechanical variation of the cavity length, the oscillating modes

were not always fixed symmetrically to the gain curve, Z.e. §% 0, but
drifted back and forth at random. Even in a T-type locking state, the
phase Y is equal to T only when § =0 as shown in Figs.3.5-2 and 3.
Therefore the first beat note does not neccessarily vanish nor
neccessarily become smaller than the second one. However, since there
have been no other criteria to be applied, a locked state is
considered to be "m-type" in Fig.3.5-6 if the first beat note is
smaller than the second one as shown in Fig.3.5-7. Hence the m-type
locking region will be underestimated.

It should be noticed that these self-phase locking
characteristics of the unidirectional traveling-wave ring laser differ
very markedly from that of the normal standing-wave laser discussed
in Sec.3.4 (see Fig.3.4-6). For small mode spacing A, mode quenching
occurs in the normal laser; on the other hand, m~type locking occurs
in the unidirectional traveling-wave laser. However, the repetition

rate of the output pulse train is equal to 2A in both cases. One of

O-TYPE (A=77MHz)

(a,) dB (a,)
-40
LIHIII:ZZI.,

A 2A 34 44

- TYPE (A=60MHz)
(b,) (b,)

ds
1

I -30
-40
[ l |
A 2A 3A 4A

-50

Fig.3.5-7. Examples of mode spectra (left) and
beat spectra (right) for O-type and T-type
lockings.
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the reasons for this difference will be that there is no mirror-mode
competition in the unidirectional ring laser. )

Since insertion loss of the Faraday isolator was rather large,
the oscillation intensity was so small that the intensity of the
electric signal obtained by detection of the output laser beam with a
photodiode was insufficient for a sampling oscilloscope, although it
was enough for a spectrum analyzer. Hence wave forms of the output

beams could not be observed.

B. Phase-Locking by Internal Loss-Modulation

Phase-locking phenomena in the unidirectional traveling-wave
ring laser with internal loss-modulation were investigated
theoretically as in the normal laser in Sec.3.4. The numerical results
are shown in Fig.3.5-8. Numerical results for the normal laser on the

same condition are also plotted for a comparison. In the regions with

5 —
OS5 o
<
s \
O4r | 3 )
4 i 2\ \
}) O3rw [~
w
- 2 0.2n
- .27
g 3 2R
¢ wolrf .
3 3 \fVA(xIO")
p 4 a 0 | i
§ 2 3.0
w EIONE & of \\‘
o Ring Laser \\
E 027 a,=0.016 \‘(C) \\\
' (@) k=2, (b) k=i Y
037}  8.=0.005 "
e (C) k=2, (d) k=1 S
-4 [y
o R 047 " Normal Laser \ “‘
30 % a,20.008
-4.0 A’VA (x10°3) ) 057 - g (€) k=2

Fig.3.5~-8. Pulse peak intensity and phase shift versus detuning.
L =Le=2Lyxy=1.5m(A/21n =100 MHz). Parameters are identical with
those for the normal laser in Sec.3.4.
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smaller Av than the points A or B on the two curves, alternate modes
are quenched and the surviving modes are phase~locked. In the other
locked regions, normal phase locking occurs. In qualitative behavior,
the ring and normal lasers are identical, but there are some distinct
differences in quantity. Since Lr corresponds to 2Ly, modulation
effect in the ring laser is half as large as that in the normal laser,
which will be understood from Egs. (3.3-7),(3.3-8),(3.3-11), and (3.3-
12). Therefore the locking width is narrower in the ring laser than
in the normal laser. However the pulse peak intensity of the ring
laser at optimum detuning is about twice as large as that of the
normal laser on the same condition as expected at the beginning of
this section. At optimum detuning, the pulse peak intensity with k=2

(Vm = 2A) is larger about 10 % than that with k=1 (vy=A).

3.6. Bidirectional Traveling-Wave Ring Laser

The greatest interest of this section is in phase locking and
competition between the oppositely directed traveling-waves in a ring
laser. To begin with, a qualitative investigation will be made for
the simplest two-mode operation and an insight into the general
behavior in the multimode operation will be obtained. Next
numerically obtained exact solutions will be shown for two- and five-
mode operations. Detailed experimental results [52,53] on a He-Ne

ring laser will be shown compared with the theoretical results.

A. Self-Phase Locking

In a bidirectional ring laser, there exist two kinds of self-
phase locking. One is the usual one, as in a normal laser, in the
clockwise (cw) traveling modes or in the counter-clockwise (ccw)
travelingbmodes. The other is the one between the oppositely traveling
(0T) waves. The former makes OT waves pulse trains of a repetition

rate nA (n=1,2,...) and the latter locks the phases of the OT pulse

A
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trains. The bidirectional two-mode operation is the simplest one in
which the second kind of self-phase locking occurs. The phase
determining equations in this operation are given, including mixed

isotope case, as

$1° = 21f + (Tficos¢™ - 0f,sing”)EFEIET/EL (3.6-1)

L c - ¢ . ety vr, R

¢2 = I3 + (Tz1c08¢” + 0315in¢ )E1E1E2/E; (3.6-2)

élr = Zf. + (Tf2005¢‘ + efzsin¢“)EgE;Ef/E{ . (3.6=-3)

ézr = Zér + (T§1COS¢— - eflsin¢_)E{EfE;7E{ , (3.6=k4)
where

I = o e (B2 + 1l (B, )2+ Thn(En®)?

n, m=1, 2; o, B=r, L, (3.6-5)

and

¢7 = (¢2° - ¢1®) - (92¥ - ") . (3.6-6)

It is impossible to obtain exact analytical solutions of the
above equations, thus the exact solutions should be numerical ones.
However, approximate solutions give an insight into the general
behavior of the exact solutions.

Usually
2 _ r 2:, Y= = (6—)
8p =80 , Eq BEq (2En) , n=1,2. 3.6-1
Then, from Eqs. (1)-(4),

b= = 2(05,E22 + 051E12)sind” . (3.6-8)
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Stable steady state solution of this equation is

1) ¢~ = when S > 0 , (3.6-9)

(ii) - =0 when S <0 , (3.6-10)
where

S = eszzz + eglElz . (3.6-11)

Crossing points z¢ of the cw and ccw traveling-wave packets are

related with the phase difference ¢~ by

Evaluating 6?2 and 951*, we find that they are positive or negative
approximately according as A $ Vy12(Y1+7Y2) in the pure isotope (Ne??)
case, on the contrary, S 1is always positive for ordinary mode spacing
A in the mixed isotope (Ne??, Ne??) case. In other words, the OT wave
packets encounter at 2z =0 (center of the laser medium) and Lg/2, or
at z =*Lgr/4 according as A 2 vy12(y1 +Y2) in the pure isotope case,
however, in the mixed isotope case, they encounter always at z = *Lg/4.
Exact numerical solutions of the amplitude and phase determining
equations show that the above investigation is correct (see Fig.3.6-1).
In the pure isotope case, the crossing points are at z =*Lgr/4 when
A/2m <70 MHz which is equal to /;T;?;:T:§;7/2W, however, when A/27 >
70 MHz, the laser makes bistable unidirectional two-mode oscillation
due to mirror mode competition between OT waves since the modes
deviate far from the line center and get only small gain. In the

mixed isotope case, the crossing points are also at 2 =*Lg/4 when

* Here we assume that N, >0, Z.e. the length of the active
medium is less than one half of the perimeter of the ring resonator.

This assumption is usually fulfilled.
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A/2m > 60 MHz, however, when A/27 < 60 MHz, the laser makes
bidirectional one-mode oscillation since the holes burned by the two
modes overlap largely with each other and they have unequal gain. In
this case mirror mode competition is very weak since the gain curve
is a superposition of two lines with different center frequencies,

therefore unidirectional oscillation does not occur. This has been

Le/2 110
Peak Povie_r_ ——
Z ,/ x
o)
* crosng o _| 5
rossing Poin |
gLﬂ4- 5§
9 | T i
o Bidirectional Unidirectional o
5 Oscillation Oscillation
O 1 L 1 L 1 i i 1 L I " 1 i
0 50 100 i50
(Q) A (MHz)
Lg72 L 2
e Tt~
= / @
Z / ul
o ] 2
o Peak Power ’ Crossing Point | 8
QL4 TTm—-s x
wn
8 One- Mode E
@ Oscillation
O
O 1 1 1 I 1 1 1 L 1 I I 1 1 1 O
0 50 100 150
(b) A {MHz)

Fig.3.6-1. Crossing point and peak power versus mode
spacing in a bidirectional two-mode ring laser. Ku/2m =
1000MHz, Y1/27 = 34MHz, Y2/2T =15MHz, Y12/27 = 100MHz,
Y1i2(y1 +Yv2)/2m =~ 70MHz. (a) pure isotope (Ne2?) case.
NE="=1.04, w= (27 +Q2)/2. (b) mixed isotope case.
Ne?? : Ne?2 =0.91 : 0.09, (2, +02)/2 ~w' = 27 x60.0MHz,
Nt= 1.07, J2"=1.07007.
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derived theoretically in the single-mode operation by Aronowitz [38]
and also verified experimentally by Hutchings et al. [39].
Experiments were made on a He-Ne laser of natural neon (mixed
isotopes). Crossing points were measured from the visibility curve of
the interference pattern of the OT pulses and also by observing
directly the instantaneous intensities of the OT pulses on a sampling
oscilloscope using high speed PIN photodiodes. The crossing points
were verified to be at 2 =+Lw«/4 independent of number of oscillating
modes with realizable mode spacing (50 MHz <A/27w <150 MHz), which is
completely in good agreement with the theoretical results in the

mixed isotope case. These points are called natural crossing points

B. Phase-Locking and Competition between the Oppositely Directed
Traveling-Waves by Internal Loss-Modulation

Locking region of the bidirectional traveling-wave oscillation
(BTWO) by internal modulation does not coincide with that of the uni-
directional traveling-wave oscillation (UTWO) in modulation frequency.
Therefore, there are such frequency regions where only the UTWO can
be phase-locked or it has larger total average power than the BTWO.
It may be expected that, in those regions, the UIWO becomes stable.
In other words, mode competition between theOT waves is intensified
by the internal modulation depending upon its frequency. In the other

regions, the ring laser oscillates bidirectionally.

Bl. Approximate Analytical Investigation
An internally loss-modulated ring laser of the most simple
symmetrical two-mode operation will be investigated analytically in

the pure isotope case. In this operation,

in = QI = Qn (71:1, 2),

w= (2 +Q)/2,
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then it may be assumed that

(o=r, 1) . (3.6-13)

Let us introduce new variables

©-
+
Il

bp + Oy

-
\
U}
-©-
L
|
-©-
~(

b~
+
I

Iy + Iy I7 =14 -1y, (3.6-1L)

where
0p = 02 - 01, ¢,.=0F -7, Ig= (N2, I,= (872

then we find that the equations of the ring laser given in Sec.3.1

become
2 0% = -tv-20y + (181 +TH)I T T T eos¢™ - 65,0 sing”
+ 20sin %Tcos[ gf+ 2%%& ),
—;— 67 = (T8 ~T2) I~ + 05T sing™ 1§17 cosd™
+ 20,008 %fsin( LN 2ﬂ20 ) (3.6-15)
THor8 = gy - (B2 +8%) T2 - (B* + 87)I7 - (85sc08¢™ - T 1sing™ )T
—ocm—occos(q>1 + _E_E_i_o_ ),
IY/21" = a1 - (8% +012)I = (B* +871)T -~ (6focost” + 1f18ing )I7
-—a,«-ucos[¢y - 2%%9 ) . (3.6-16)
where

= acie/(20R) , om= oac/(2LR)

Q
1
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Here, symmetrical or antisymmetrical properties of the coefficients
have been used.
From the above equations, the UTWO solution, for example ccw

one, is given as

2Tz 0

¢f TR 07T Ou

Tu = I = (01 - ap- acosby)/(B* + 6T2) , (3.6-17)
where

sinfu = - {Av - (Mvo)u}/(20) (-5 <0u<Z ),

(AVo)u = - 201 + 2T§1Iu . T;1>().

Pulse phase shift from the minimum-transmission-loss phase of the
modulator is given by

(63 + 5EL ) 7w = 64 . (3.6-18)

When the optical pulse leads, the pulse phase shift 64 is positive.
Let (Avg)/ be the value of (Avo)y at Bu = O when the oscillation
intensity Iy reaches a maximum. As Av departs from (Avg)d, (AVo)u
decreases. Therefore the locking region for Av > (Avyg)S is shrunk and
that for Av < (Avg), is expanded. Such deformation appears generally
in the locking curves as shown later.

The BTWO solution with z¢ = Lgr/4 is given as
¢g = 208 , ¢E =T,

Ig/2 = I0 = I3 = (01 - Op+0cosBe)/ (2B +65, 4051 -012)
(3.6-19)

where

sinfg = - {Av - (Avg)el}/(2a) (- g-s_e, <I) s

(Avglg = = 201 + (121 + T52 - T51)T5 .
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In this solution, the OT waves encounter at z = +*Lg/4. There is also
another equilibrium solution in which the OT waves encounter at z =0
and La/2. However it can not be stable® since they suffer a large
loss from the modulator, which will be shown below in the exact
numerical solution. The OT waves encounter at 3 =z¢ =tLg/4 even if
9?2< 0, which is not true in the self-phase locking. The pulse phase
shift is given by O0g.

The difference between the optimum detunings (Avo), and (Avg)e

for UTWO and BIWO, respectively, is given by
(Avo)y = (o) = T51(2Tu - Tg) + (151 -T52)Te

Since 1%, >0, Tu=Ts , and T§1‘ZT;23>0, this difference is positive,
7.e. the locking region of the UTWO exists on the larger side of the
detuning than that of the BTWO. Therefore the UTWO will become stable
in the larger Av part of the locking region in which Iy > Tg.

Numerically calculated values of Iu, g, Ou, and Op are plotted
versus AV in Fig.3.6-2. Parameters are A/2m =100 MHz, vi/27 =25 MHz,
Y2/2m =12 MHz, 0q=0.01, JL=1.04, and v/2mQ =7 MHz. Indeed, in this
figure, I'g 2 Ty according as AV/A § -3.83x1073,

Exact analytical solutions for 2y ¥ *Lg/4 can not be given. The
first order approximate solution for z¢ = La/4+1 (]Z]<<LR) is
obtained as follows. It is the unperturbed solution for 2o =La/4 plus

small deviation from it:

of + o, o =5+ 6,

¢+

¥ =14 + 2%, I" =TIy + 417, (3.6-20)

where

%], 1071, [2%/T0], |£7/T0] << 1

* The stability condition can be obtained exactly. However it is

too complicated to obtain analytically its parameter dependence.
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Substituting Egs.(20) into Egs.
(15) and (16), we find the first

>
4 —~
'_
order term: & BIDIRECTIONAL I
- . E 3t N
=0, 2 +i" =0, z
2 \
u f /7 UNIDIRECTIONAL
. :
T T A w ||
X 2 BYA (x107?)
(-3
x {(872 -011 +68712)cos0e o) L i 1 L
-4 -3
7
+(T§1—T§2 +7T51)sinBe } hga R 7r/2-2
R — L w
= | W
I ]
l! -7 = g—(-efzsineg +151c0s08g) @ - 2
A L L
2.0
g
% [ A0 (3.6-21) ot
L w |
w ©
= 3
where E '#
[ 2
A = r/2%
c o . . Fig.3.6-2. Comparison of locking
201210 +acosbe -(T21 -TZ2 +T321) characteristics of UTWO and BTWO.
e a b c 20 = La/ﬁ.
2T311¢ +0sinbs 012 =011 +0712

It is shown in this solution that the total average intensity e
is kept constant in the first order approximation and that the cw and
ccw traveling intensities 7% and 17 depart from each other in
proportion to I. Numerical examples of this solution are shown in
Fig.3.6-3 for 7 =+0.05Lg. Parameters are identical with those for
Fig.3.6-2. Pulse phase shifts of cw and ccw traveling-wave pulses

are, respectively,

(0 - 2E0 ) 4+ =9, - ¥ 2L

- 84 -




7 —
> ccw,Z,=0.3Lg
F & Tor
w 5} cw,Z,=0.2L4
E qr CROSSING POINT
; 0'/L /4 A
- 37 Z,=0.3L4
x 2} {cw Z,=0.3L4 03Lgpr - \
< o | N
31 "\:cw Z,-0.2L4 Le74
a

0 N AYA O0.2Lgr - __ZOT(an

45 -4.0 (x109)
-
L 2 . 0.1Lgf
T > , 255030 R
5T ([Cg‘;' oL, BYA(x107?)
@ cW, Zo=0.2L¢
wi 2 .
< s 0
x g‘rN'ng.ZtR} ZLa/4 -45 -4.0
,Zo=O.

% cewW, Zg R Fig.3.6-4. Crossing point 2
2 © l — detuning for the fi
E -45 -4.0 (x10d versus detuning for the first

order approximate solution.

Fig.3.6-3. First order approximate
solution for 7 =+0.05Lwr 7.e.
20 =0.3Lr and 0.2Lg.

In this figure it is shown that the cw or ccw traveling-wave
oscillation is more intense than the other according as I $ O even in

the bidirectional oscillation. The crossing points are from Eq. (12)

ge =tia/h - L g+ br, oAy

br PR T SN T A vod, C 0 (3.6-22)
where
b
Ay = 2{692(072 =071 +075) +151(1531 =742 +751)} 0
Ay = (672 -811 +9€2)C0563'*(T31 -T3, +7T5,)sinbs .

Therefore, as modulation depth o becomes deeper, the crossing point

Z¢ 1s pulled more to the modulator, which is also shown in Fig.3.6-4.

B2. Exact Numerical Solutions

To begin with, let us consider the internally loss-modulated two-
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Fig.3.6-5. (a)Pulse peak intensity, (b)pulse
phase shift, and (c) crossing point versus
detuning for an internally loss-modulated two-~
mode He-Ne ring laser (pure isotope case).

A =100 MHz, yi/27 =25 MHz, yy/2m =12 MHz,
Y1, =62 Mz, Oa=0.01, V/2TQ =T MHz,
(2, +Q2)/2=w, 9L =1.0kL.
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Fig.3.6-6.(a)Pulse peak intensity, (b)pulse phase
shift, and (c¢)crossing point versus detuning for
an internally loss-modulated two-mode He-Ne ring
laser (mixed isotope case). A =100 MHz, ca=0.01,
Vv/2m¢Q =7 MHz. The parameters are identical with
those of Fig.3.6-1(b).

mode ring laser for which an approximate analytical investigation has
been made. The differential equations given in Secs.3.1~3.3 were
solved numerically for this ring laser.From the steady state solutions
locking curves are plotted in Fig.3.6-5. These are in good agreement
with the approximate analytical investigation. Indeed the boundary
between the UTWO and BTWO regions for z¢ =Ls/4 is at Av/A:=—3.83><10'i
which has been expected from the analytical investigation. As the
modulator position zy varies from z =Lg/4 to z =Lg/2, the UIWO region
becomes larger, -and the UIWO is stable in all the locking region when
0.4La$30 £Lr/2. In the UTWO regions, either of the two OT waves
oscillates depending upon the initial condition. However the ccw
traveling-wave oscillates more probably when Ls/4 <39 <Lg/2 or

~La/4 <20 <0, and so does the cw one when 0<zq<Lr/4 or
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~-Lr/2 <z <-Lg/h.

Numerical solutions for the mixed isotope case, which are
applicable to the usual He-Ne ring laser, are shown in Fig.3.6-6.
Also in the forced locking, the mixed isotope case differs much from
the pure isotope case in the following points (compare Fig.3.6-6
with Fig.3.6-5). The UTWO width is relatively narrow and hardly
varies with zg. The BTWO is stable in almost all the locking region
even when 29 *Lgr/2. In other words, the OT waves interact or compete
with each other very weakly in the mixed isotope case. This is
because equi-intensity two-mode spectrum is symmetrical about
neither of the line centers of the two isotopes, then the mirror-
mode competition, which is the only competition between the OTiwaves,
is very weak.

However, as the number of the osciilating modes increases, the
differences between the pure and mixed isotope cases decreases. Hence
the theoretical results for the five-mode operation of the pure
isotope case can be compared with experiments without more complex
calculations for the mixed isotope case.

Next, as a more general example, numerical solutions for five-
mode operation are shown in Figs.3.6-7~10 for pure isotope case.
There are forty combination tone terms in the equations. In the
bidirectional traveling-wave ring laser, the combination tones
generate phase-dependent interactions between the OT waves as well as
those between modes of cw or ccw one. The internal modulation does
not make the OT waves interact directly with each other. Therefore
those combination tone terms, as well as the phase-independent and
phase-dependent saturation terms, play an important role in the phase
locking and competition pﬁenomena between the OT waves of the
internally modulated ring laser, although they can be ignored in the
normal standing-wave laser.

The behaviors of the pulse peak intensity, pulse phase shift

and crossing point versus detuning are similar to those for the two-
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Fig.3.6-7.(a)Pulse peak intensity and (b)pulse
phase shift. (see next page)
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Fig.3.6-7. Numerical results for a five-mode ring
laser (pure isotope case) (a)Pulse peak intensity,
(b)pulse phase shift, (c)average power (3¢9 =La/4),
and (d)pulse width (2¢ = L&/4) (full width at half
intensity) versus detuning. A/2m =100 MHz,dl=1.05,
vi/2m =34 MHz, vya/27 =15 MHz, Yi,/2mW =100 MHz,
v/2mQ = T MHz, 0q=0.01, Q3 =w. In the figure (d),
T is a period of the modulator.
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Fig.3.6~8. Numerical results for a five-mode ring
laser (pure isotope case) (a)pulse peak intensity,
(b)pulse phase shift, (c)average power (3¢ = Lg/4),
and (d)pulse width (full width at half intensity)
(20 =Lg/4) versus detuning. 0ga=0.0045. The other
parameters are identical with those for Fig.3.6-7.

mode operation. However there is a distinct difference between them.
The UTWO region is relatively wide and, further, it covers all the
locking region when 2¢=Lg/2 in the two-mode operation. On the
contrary, in the five-mode operation, the UTWO region is relatively
narrow and the BIWO occurs also even when zg =Lg/2. The reason for
this difference is that the interaction between the OT waves is,

compared with that between the oscillating modes of cw or ccw
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traveling-waves, strong in the two-mode operation (see Fig.3.6-1(a))
and comparable in the five-mode or multimode operation. This is
explained from the hole burning effect as follows. In the two-mode
operation, the holes are shalow and narrow since the mode intensities
are weak, therefore the overlaps of adjacent modes are very small.
However the mirror-modes Z.e. OT modes compete fully with each other.
On the contrary, in the multimode operation, the holes are deep and
wide, therefore the adjacent-mode interaction is not negligible
compared with the mirror-mode competition.

The mode locked UIWO region becomes wider monotonously as zg
moves from Lg/4 to Lg/2, and there exists a mode locked BIWO region
even when 29 ®*Lg/2. The total mode locking width in detuning is almost
independent of 2. The optimum detuning will be defined as the
detuning at which the pulse peak intensity takes a maximum value. The
pulse phase shift becomes zero at the optimum detuning in the UTWO

region. The pulse width is narrowest at the optimum detuning in the

O.3Lsr @=0.0I

(=Zo) =
— L
<
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LR/4 | ] | ‘ I
o -5 - -3
= AYA (x1073)
m -
w
O
m o
(&)

a
O.ZLR —

Fig.3.6-9. Crossing point versus detuning.
20 =0.3LR.
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UIWO locking region indeed, but it hardly varies between the UTWO
and BTWO regions. Therefore the average power varies with detuning
with almost the same manner as the peak power. The maximum pulse
peak intensity in the UTWO region is 2.2~2.4 times as large as that
in the BTWO region when 29 =[Lg/4. This is because the OT waves
couple only weakly with each other and the nonlinear property of the
medium is relatively weak. This is not the case for a ring laser
with a homogeneously broadened spectral line, which will be shown in
Sec.4.4.

When 2o =Lr/4, the crossing point is also at 3 =Lr/4
independently of the modulation frequency. When 2o =0.3Lg, as shown
in Fig.3.6-9, it is pulled more to Zo as Qa increases. At the lowest
modulation frequency of the locking region, it is nearest to Zg. As

modulation frequency increases it returns to the natural crossing
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Fig.3.6-10. Examples of the output wave forms of the internally
loss-modulated five-mode He-Ne ring laser. aa=0.0045.
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point 2=Lg/4. It will be anomalous that the crossing point moves far
from 2 =Lg/4 in the opposite direction to 2Zo when 0a =0.0045.
Some examples of the output wave forms from which Figs.3.6-7~9

are plotted are shown in Fig.3.6-10 using a XY plotter.

B3. Experimental Results

Block diagram of the experimental setup is shown in Fig.3.6-11.
The laser medium was a He-Ne discharge tube filled with mixed isotopes
of neon,Z.e., natural neon (Ne??: Ne?!: Ne?? =90.92 : 0.26 : 8.82). The
modulator is the one shown in Fig.3.4-15. The instantaneous intensities
of the output optical pulses were detected by two PIN photodiodes (hp
4204). The average output power was measured by a solar cell. The
pulse phase shift was known from the phase difference, which was

measured by a vector voltmeter, between the electric signal detected

Photodiodes

Solar
Cell
ra

'__.--_
La

He-Ne Tube M,

Modulator

Oscilloscope

o o
A B
Vector
° Voltmeter M,
Ll oA Phase OQutput
Ext.
0B . ° Power
Trigger Amp.
Frequency <——1
> Counter
Two- Pen A VHF
S.G.

Oscilloscope g o—]

Fig.3.6-11. Block diagram of the experimental setup.
M1 : R(radius of curvature) =3 m, T(transparency) =0.57%;
Mz and M3 : R= , T£0.1% (at an incident angle of 45°).
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from the output optical pulse train and the modulation signal coupled
out from the modulator circuit. The origin of the pulse phase shift
was known from a theoretically derived fact that the pulse peak
intensity in the UIWO locking region reaches maximum when the pulse
phase shift is zero. The phase difference ¢~ between the OT pulses
was measured also by the vector voltmeter and the crossing point was
calculated from Eq.(12). In this case, the origin of ¢~ was
determined by an experimental fact that the OT pulses encounter at

z =%Lg/4 in the self-phase locked state (see page 80). Although the
vector voltmeter was sensible of only the fundamental frequency
component of the input pulse, it would have accurately the phase of
the input pulse since the pulse was almost symmetric. Those measured
values were recorded on a pen-oscilloscope versus modulation frequency.
The modulator was placed at z =La/4 or Z=0.3Lg (Lr=3m). The
experimental results shown below are usually restricted within
locking regions. Whether it was locked or not was decided according
as the output pulse train appeared on a sampling oscilloscope was
synchronous with the modulation signal or not. Since the laser
oscillation near threshold is easily disturbed by small mechanical
vibrations, the experiment in few-mode operation is not easy. Hence
the experiment was made in a usual state, Z.e., in about ten-mode
operation. Since only two quantities could be recorded simultaneously,
three groups of quantities, Z.e., 1) average intensity and pulse
phase shift of the cw traveling-wave, 2) those of the ccw one, and 3)
average intensity of the cw one and crossing point of the OT pulses
were recorded successively. Hence those recorded curves versus
detuning do not completely correspond with each other due to some
thermal and mechanical drifts. The crossing point curves lack their
beginnings and ends,since the vector voltmeter could not follow the
input signal at those parts. The phase accuracy of the vector volt-
meter is # 3° ~ *4.5° depending upon the voltage difference between

the two input signals, which corresponds to the crossing-point
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accuracy of *0.004Lg~ * 0.006L.

29 =Lwr/4 : As expected from the previous theoretical
investigation, BTWO occured in the low frequency part of the locking
range and UTWO in the high frequency part (see Fig3.6-12). Average
intensities as well as pulse phase shifts of the OT waves were almost

identical with each other. Then the crossing point was always in the
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Fig.3.6-12 (ai1) and (b:).Experimental results for
20 =La/4 (Lp=3m). (a1)average intensity (bi)
pulse phase shift versus modulation frequency.
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immediate neighborhood of 2z =30( =La/4) almost independently of
modulation frequency v, and depth cae. The average intensity of the

UTWO was about twice as large as that of the BTWO*. The pulse peak

> 4.~ (Q2)  ,=0.0035
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o- U \um (MHZ)
h amo cw'
| 45°- 2
a ]
w
~

900 -

Fig.3.6-12(az2) and (b2).

* Tt should be noticed that the ordinates are on a nonlinear
scale in Figs.3.6-12(a;) and (a2), and also in Figs.3.6-14(a1) and

(az). In the figures (a), two scales of different units are shown
conveniently.
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intensity of the UTWO was also twice as large as that of the BTWO
(see Fig.3.6-13). In the UTIWO region, either cw UIWO or ccw one
occured in equal probability depending upon initial conditions. Hence
a small injection signal to cw or ccw direction through the output
mirror made the cw or ccw UTWO monostable respectively. The injection
signal might be an externally reflected beam (see Fig.3.5-1) or an
output beam from another laser oscillator. As modulation depth da
increased, the locking range became wider but the average power
decreased since average transmission loss of the modulator increased.
Hence the highest peak power of the UTWO was obtained with a rather
small aa. Dependence of the mode-locking range upon 0a is shown in
Fig.3.6-15(a). The locking widths of the BIWO and UTWO increased
monotonously with Ga. When da was too small,Z.e., 0.0003 < aq <0.0015,
only mode-locked BTWO occured. When oa =0.0045, the locking width of
the BTWO was 30 kHz, Z.e., 3x10"" in AV/A, which agrees with the
theoretically evaluated width 3.8 x10™* in AV/A (see Fig.3.6-8).
However, the width of the UTWO was 7 kHz, Z.e., 0.7 x10™"* in AV/A,
which differs too much from the theoretical width 3 X107 *. The

reasons for this difference will be as follows: 1) In the actual
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Fig.3.6-12(c). Crossing point versus modulation
frequency. (1) oa =0.0045, (2) 0a =0.0035, (3)
oa =0.0025, (4) oa =0.0005.
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(a)

Fig.3.6-13. Output pulse trains on a sampling oscilloscope.
(a)mode-locked BTWO, and (b)mode-locked UIWO. ( 5ns/div.)

He-Ne ring laser, competition between the OT waves was weaker, 7.e.,
the laser medium was more inhomogeneous than theoretically considered.
Maybe also the isotope effect was responsible for it. 2) As number of
the oscillating modes increases, the locking range will generally
become narrower, since the dispersion of the frequency differences
between the oscillating modes becomes larger. The number of the
oscillating modes was about ten in the experiment and five in the
theoretical calculation. 3) Modulation signal might not fully applied
to the KDP crystal, then the modulation depth 0a was overestimated in
the experiment.

20=0.3Lg : As expected from the theoretical investigation, the
ccw traveling-wave oscillated usually in the mode-locked UTWO region,
and, even in the BTWO region, the ccw one oscillated more intensely
than the cw one (see Fig.3.6-14). However, the cw one was more
intense at the beginning of the locking region and just above it.
The ccw pulse phase shift was more leading than the cw one, Z.e.,
the ccw traveling pulse passed the modulator leading the cw one.
Hence the crossing point was located between 2 =3¢(=0.3Lg) and 2 =0.
It was pulled more to the modulator (at z =z¢) as the modulation

depth 0a increased or the modulation frequency Vs decreased in the
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BIWO locking range. In the theoretical calculation with aa =0.0045
(see Fig.3.6-9), the crossing point moves far beyond z =Le/4 to z =
0.2Lg in transition from BTWO to UTWO. Howevér it stopped near z =
La/4 in the experiment (Fig.3.6-14(c)). This is because the vector
voltmeter could not follow the too small cw pulse. From the
experimental curves of the pulse phase shift, the crossing point is
known to have moved far beyond z =Lgr/4 to z =0.2Lg. The ca-dependence

of the locking range is shown in Fig.3.6-15(b). Compared with the

E 4~ (Q) @, =0.0035
2
o 2r
’._
pd
£ L ‘
W :
Q '.
< !
@ '
w !
> Vo
< 0 1 { Y il _}
100.01 .02 .03 .04 .05
vy (MHZ)
900_ Q(b')
o
— @
w 45°% 3
']—: o
w
w
o 0 1 1 |
<
T loo.ol .02 .03 \04 .05
E'J ' vy (MHz)
n ° cw .
5 457 g |
Q. w '
90°- &

Fig.3.6-14(a;) and (bi). Experimental results for
20=0.3Lr (Lr=3m). (ai1)average intensity (bi)
pulse phase shift versus modulation frequency.
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results for 3¢ =Lr/4, the mode-locked UTWO took place with small ca
and its width was wide when aa £0.0045. As da increased, the UTWO and
BIWO locking widths increased at first but decreased after reaching

a maximum at Qa =0.0035. When oa =0.0045, the BTWO locking width was
17 kHz, Z.e., 1.7 x10™" in Av/A, which is about half as large as the
theoretical width 3.2 x10~". The UTWO width was 7 RHz, Z.¢., 0.7 %
10™* in AV/A, which is a fifth part of the theoretical one 3.5 x107".

In the mode-locked UTWO region, the ccw traveling-wave

oscillated usually; however, small cw traveling-wave oscillations
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were induced temporarily by some turbulences and sometimes the cw

UTWO occured depending upon initial condition, which was, however,
followed by the ccw UTWO soon. When a mirror was placed outside the
ring resonator so that the output of the cw traveling-wave was injected
into the ccw one, the ccw UIWO became very stable and almost completely
independent‘of usual turbulences. On the contrary, when a mirror was
placed so that the ccw traveling-wave was injected into the cw one,

the cw UTWO was obtained. In other words, the direction of the UTWO

couled be reversed by an externally placed mirror.

B4. Discussion

It has been derived theoretically and verified experimentally
that the mode-locked UTWO is obtainable by internally loss-modulating
a He-Ne ring laser. The pulse peak intensity of the UIWO was only
about twice as high as that of the BTWO in the experiment and also in
the theory. This shows that the OT waves couple with each other only
weakly in the gas laser due to inhomogeneous Doppler line broadening.
In a laser with a homogeneously broadened line, which will be

investigated in the next chapter, the ratio of the pulse peak
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Fig.3.6-14(c). Crossing point versus modulation
frequency. (1) da =0.0045, (2) aa =0.0035, (3)
Oa =0.0015, (4) ca =0.0005.

- 105 -



intensities of the UTWO and BTWO becomes as large as five to one.
The mode-locked UTWO will be obtained also in the AM locking

region (or phase locking region [33.a]) by an internal phase-
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Fig.3.6-15. Locking regions of UTWO and BTWO

denoted by U and B respectively.
(a) 39 =Lgr/4, (b) 20 =0.3Lr.
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modulation. This may be considered to be advantageous because the
insertion loss of the phase-modulator can be very small unlike that
of the loss-modulator. However the locking characteristics are very
complicated. There are "m-jump'" of the pulse phase to the modulation

signal even in the AM locking region, and also quenched and FM regions

in addition.
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CHAPTER 4

MODE LOCKING OF A LASER
WITH A HOMOGENEOUSLY BROADENED LINE
( Time Domain Theory )

Mode locking phenomena in a homogeneous laser will be
investigated in the time domain from a point of view that a CW
oscillation, Z.e., single-mode oscillation at a cavity resonance
frequency nearest to the line center occurs naturally but, when mode-
locked, this CW oscillation becomes unstable and a regular pulse
oscillation arises. Multimode oscillation of the normal standing-wave
laser is explained from the fact that this CW oscillation is always
unstable in the normal laser due to spatial hole burning, Z.e.,
spatial pulsation of the population inversion with a period of a half
of an optical wave length. The multimode oscillation due to spatial
hole burning is by no means a necessary condition for mode locking.
On the contrary, the inhomogeneous laser makes naturally multimode
oscillation and the oscillating modes may be phase-locked by some
means.

In the homogeneous laser, since every active particle interacts
equally with electric field, saturation or competition between
oscillating modes is very strong. Consequently, single-mode
oscillation occurs usually, and, even when multimode oscillation
occurs, its mode spectrum gathers about the line center. Therefore,
if mode-locked unidirectional traveling-wave oscillation is obtained,
its mode spectrum spreads much more widely than that of the standing-
wave one since the saturation between the OT waves vanishes, and its
mode-locked pulses have a high peak power and a short length. In this
respect, the homogeneous laser differs sharply from the inhomogeneous

one.

- 109 -



The relaxation rates used in the calculations are not necessarily
for some homogeneous laser. Although the ratio of the longitudinal
relaxation rate to the transverse one may be adequate to a dye laser
or to a Nd laser with a saturable absorber, the ratio of the transverse
rate to the cavity-mode spacing is too small for them. These ratios
are rather for aninhomogeneous He-Ne laser. With the exception of the
effects of the strong mode competition of the homogeneous laser, the
results of this chapter will explain well the mode locking
characteristics of the He-Ne laser. This chapter will be, however,
devoted only to making clear the features of the various types of

mode locking viewed in the time domain.

4.1. Basic Equation

In this section, the basic equation for a bidirectional
traveling-wave ring laser and a normal standing-wave laser with

homogeneous line broadening is given.

A. Matter Equation and Field Equation
Let us start from the equation of motion, Z.e., Egs.(2-16)~(2-18),

described in terms of density matrix. Now

Trp = ) <nlpln) =} o, =1 . (h.1-1)

For an idealized two level system |

P11 + p22 = 1 . (L.1-2)

Using this condition, we find, from Egs. (2-16)~(2-18),

2d=-v,(d-d% -2 qr , (4.1-3)
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3 2

3£ 4= W -Y.q +3 dEuifcos®e (4.1-L)

)

JEPT W TNP (4.1-5)
where

d = p22 - p11 , d° = p2% - o1 , p = Uiz2(p21 + p12)cosB ,

= tu12(p21 - p12)cos® , vy = 2y1v2/(Y1 + Y2) , Yy = Yi2
(4.1-6)

Q
I

Substituting g from Eq.(5) into Egs.(3) and (4), we find the

matter equations for one particle;

d g e 252

szd=vuld -d) + z=E=rp , (L.1-7)
32 9

5zP + 2y 7P+ w?p = - % u13Fdcos?6 . (4.1-8)

Here it has been assumed that -%%//p ~ w >> Y. . Since the f-dependence

can not be included rigidly in this treatment and, further, it will
have no importance in this case, the factor cos?6 in the equation may

be replaced, as usually done, by
2 - (* 2 1
{cos®8) = | cos?6:0(0)dd = 3 - (4.1-9)
o

Then the macroscopic polarization P(z,t), population inversion D(z,t),

and its thermal equilibrium state D®(z,t) are given, as in Sec.3.1, by

P(z,t) = n(z,t) {p(X,z,t) ), (k.1-10)
D(z,t) = n(z,t) {d(X,z,t)), (h.1-11)
D%(z,t) = n(z,t) {d®(X,z,t)), - (k.1-12)

The number of the particles in the unit volume n(2,t) may be assumed

a
to beAslowly varying function of ¢. Then, the macroscopic matter
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equations are given, from Egs.(7) and (8), by

§%27= MJDG—D)+é%Z?%§ y (h.1-13)
2
S Py g Prwtp = - 2203k (4.1-14)

by
The field equation in the laser medium is givenﬁ?q.(B.l—l), ..,

2 0% p v _
E-c's5E=""FP, (k.1-15)

where ¢ is the phase velocity of light in the host material, and O is
the fictional conductivity including tﬁ%smission loss of the host
material, reflection loss at optical surfaces, and insertion loss of
the modulator if it is inserted.
We represent E(z,t) by two OT waves;
3

E(Z,t) =§+(z,t)exp[iw(t +E' )] —ﬁ—(g,t)e}@[iw(t_i )]

+ c.c. (k.1-16)
Similarly

P(a,t) =P*(z,t)expliw(t +% )] =B (z,t)expliw(t —% )]
+ c.c., (h,1-17)

D(z,t) =Do(z,t) +[52(z,t)exp(i2 g-z) +c.c. . (L4.1-18)

The optical frequency w is much larger than the inverse of any other
time constant involved in the matter equation, therefore the rotating
wave approximation can be used. Complex amplitudes E’, ﬁL; 5*, ﬁl, 5},
and 3& may be assumed to be slowly varying function of z and ¢, that
is, they are treated as constants in a wavelength and during an
optical period. The spatial Fourier components of D(z,Z) higher than

the first order are ignored because they make the spatially burned
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holes only slightly sharp and

this case. The laser medium are
cross-relaxation since its time

with any time constant involved

will have no practical effects in
further assumed to make no spatial
constant is usually very long compared

in the equation and also with the

build-up time of the spike oscillation.

B. Normalization
Substituting Eqs.(16)~(18) into Egs. (13)~(15) and making the

rotating wave approximation, we find

a ~ ~ . 2 A A AL

s P Pt = 331%2— (F*D, - E°D,) ,

8 ~__ . Ul% ~__ fv+fv*

—S—t P+ vwP =1 W (E™Dy - E"Dy ) . (‘h.l—l9)

8 ~ ~ 21 ~ ~ Ar_

57 Do = ¥, (D% = Do) - S {E*(B*)* + E(PT)* - c.c.)

) . o (4.1-20)
~ h% ~_ s ~ 4

=57 Do= = D2 + 5= {ET(PT)* - (E7)*P7) (h.1-21)

DoFro D oxE, O ok LW (4.1-22)

ot *t Y 3z o¢ T T oe ’

E-éE from the electric field into the laser

at
medium was averaged over one period in time.

Here the energy flow

For further consideration, it is convenient to normalize the
polarization, electric field and population inversions to the
stationary (CW) z and ¢ independent solution of Eqgs.(19)~(22) with

N
Dy =0 and equal cw and ccw oscillations;

igcw =1 %ﬁcw > (4.1-23)
Boew = L2, (h.1-21)
(Ecw)z = M (De - ﬁocw) s (h.,1-25)

8o

7.e., we introduce the reduced quantities
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A ~v ~ ~
P:t =Pt/Pow s Ei=Ei/E{¢w s, Do =B'o/b\’o¢w, Do =D2/l’7\lo¢u/. (h.l—26)

For more convenience, we introduce the normalized pump parameter A,

time T, and position x, as follows;

A= (D€ - Doew)/Doew » (4.1-27)
T =Y.t , xm=%z . (4.1-28)

In the steady state, 5} =D® without the electric field, and E% =f%cw
for the unidirectional CW oscillation. In the latter case, there is

no available excessive gain. Hence 50¢w is the threshold value of D®
for the laser oscillation (see Eq.(4.1-25) and Sec.4.4.). Consequently
the pumping parameter A means how many times above the threshold the
laser medium is pumped. The relative excitation Jl defined in Sec.3.1

. e .
is equal to D®/Doew, Z.e.,

JU=Xx+1. (k.1-29)
It should be noticed that the units ﬁ;w and E;W of the normalized
quantities p* and £* vary with )\ proportionally. The normalized

equations are obtained as

%P* +pt=E'Dy -ED, ,
(L.1-30)
y - - -
3T BT+ PT=EDy - E'Dy*
a—ipo + YDy = y(A +1) = 3%— {EY(P*)* + ET(P7)* + c.c.} ,(L4.1-31)
3 - -
& D2 + YDz = i)% {(E¥(P7)* + (E7)*P*} (4.1-32)
2ot 3 gt o k(e - %) (4.1-33)
oT + axm > :
where
Y= Yau/Ye » K = '2%' /Y, - (L.1-3k)

The above equations are the basic equations to be solved. For later
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purposes, it is useful to introduce polar coordinates
P* = |P*|exp(ipt), E= |Ei|exp(i¢i), D, = |Dy|exp(i®) .
The basic equations are thus transformed into

a—a;lPtl +|P*| = |E*|Docos (¢t - v*) - |EF||Dy|cos(¢7 -yt L) ,
' (4.1-35)

= Do +¥Do =y(A + 1) -lg{lE*|[P+|cos(¢+-w+)

oT
+|E7| P |cos (9™ -7}, (4.1-36)
E%lDzl +y]D2 | =B 27| cos (6% -y~ -0) + |E7||P¥|cos (¢ - ¥+ 0)},
o |t 3 |t + x (4.1-37)
FolE5L 5 5| EH] +k|EH| =k|PH[eos (v* - 6%) (4.1-38)
5% Y= (|E*|Do/|PY] )sin(o* -v*) - (|BF||D2|/|P¥|)sin(oF -yt +0),
(4.1-39)
= 0 =2 0(|B" |27|/|D2])sin(s* -y -8)
= (BT P*/]D2])sin(¢™ -y +0)] (4.1-k0)
5%’¢i ¥ 5%;‘¢i =k(|P*|/|E*|)sin(p® - ¢*) . (4.1-41)

In the free space, the phase velocity ¢ in Eq.(16) is replaced
by the velocity cq for the free space. The normalized equations are

given by

+ 3

i+

E E*=0, ' (4.1-42)

+1
Q

9
oT
where

(L.1-43)

Lo =

S F
M

C. Periodic Boundary Conditions
The periodicity of the resonators (see Fig.4.1-1) requires the

boundary conditions

72(0,¢)expliwt] = Bt(La,t)expliw(t * —];l )] (4.1-Lk)
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for the ring laser, and
e,

~+ . E’
ET(0,t)expliwt]
Laser Medium
_ - . ~— L —
E7(0,t)expliwt] , 2o\ T
~_ . L” //y//
E (Lw,t)exp[iw(t-=57 )] Z+0,Lp
n~ . (a)
= F'(Lest)explin( £ +24 )]
(h-l"h5) . Laser Medium .
Mirror L Mirror
Modulator E+b :7/ |//—/'
h ]_ . - [Tl “m— D.W. |
for the normal laser in the z-t ﬂ—*l - — AV ”
coordinate system. Here ¢’ is the ze0 P ZeZ ZeLy
effective phase velocity over a (b)
round of the resonator, Z.e., Fig.4.1-1. Configurations of
the ring and normal lasers.
' _7t :
_J% _ £L.+ L-1 > where L'=1, (a) ring laser. (b) normal
cC c Ca laser.

for the ring laser, L'=2L; for the

normal laser, and L; is the length of the laser medium for both
lasers. As in the previous chapter, L=Lg or L =2Ly. We assume, for
simplicity, that the central cavity-mode is in resonance with the

line center w*. That is
L
W=7 = 2nm , (L.1-k6)
- A
where n is some large integer, then the boundary conditions become
E¥0,t) = FYL,,t) (L.1-k7)
for the ring laser, and

ET0,t) = E7(0,t), E(Ly,t) = BN (Ly,t) , (L.1-48)

for the normal laser.

* The central cavity-mode is specialized at the line center w
indeed, but the actual oscillation frequencyngay deviate from it or
vary with time. Then the complex amplitudes £~(z,t) have phase
factors which include terms varying with time proportionally.
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4.2. Internal Loss-Modulation and Finite Difference Approximation

We treat an internal loss-modulation described by a time-varying

transmission coefficient
T(t) =1 - o 1+ cosvmt ) (4.2-1)

at 3 =30, where the modulation frequency Vm is approximately equal to
an integer multiple of the cavity-mode spacing. We solve the non-
linear equations (4.1-30~33) with a difference approximation and seek
mode-locked solutions which are synchronized with the modulation
signal or periodical by itself.

One~round time is divided into 7 sections whose length is
At = ==, (4.2-2)

where L =Lg or L =2L), and v is the average velocity of a mode-locked
optical pulse which is determined by the modulation frequency in the
presence of the modulation by v = (Vy/2T)L. Here we introduce a

detuning parameter
v
§ = c—,—_ 1 . (h-2-3)

where ¢' was introduced in the previous section. This parameter is
equal to AV/A of the previous chapter. Then the spacing AT for the
normalized time T (see Eq.(4.1-28))is given by

- — 2L
At = vy, At = TG—'%JT(S)- . (L.2-k)

To make simple and accurate the difference approximation, we divide
the perimeter of the resonator into sections whose length is At
multiplied by the phase velocity of light, Z.e., Azm=cAt in the

laser medium, and Aza =caAt in the free space. Then we find that
Aem = (yo/c)Dzm = AT , (4.2-5)
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Ara = (Yo /ca)hza = AT . (L.2-6)

Even if the length of the laser medium I is exactly an integer
(Im) multiple of AZm, the rest of the one-round optical path is not
exactly an integer multiple of the spacing Az« unless § =0. Then we
make in the free space p (= 1 or 2) distorted sections of the length

Az' so that
L'Azm + (L - 1" = p)hzy + phzad = L , (Lh.2-7)

where 7' =17m for the ring laser and .' =2lm for the normal laser. We

find that

Azl = headt , Axl = kAT (4.2-8)
where

h=1+ é-a : (k.2-9)

A second-order difference approximation to the basic equations is
made in the following sections (see Appendix B). The relative errors
of the results are of the order of 1%

At first sight, it is questionable that the length of the laser
medium varies with the detuning. However it is acceptable as follows.

Let us define At by
— L
At = .7 = (1L +8)at

and

Azm = ¢chE , 1Dza = caht , Dzl = heabt ,
Then

1'Aam + (1 = 1" = p)hza + phzd = (1 +6)L

That is, the modulation frequency and the length of the laser medium
are kept constant and the cavity length is detuned. This is

equivalent, for small detunings, to the case in which the cavity
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length is kept constant and the modulation frequency is detuned.

4.3. Unidirectional Traveling-Wave Ring Laser

A unidirectional traveling-wave ring laser with a homogeneously
broadened line will be the simplest laser system to be investigated.
In this section, from the numerical results for this laser mode-locked
by internal modulation, a simple investigation is made into the
general behavior of the amplitude and phase shift of the mode-locked
pulse versus modulation frequency. Self-mode locking (or self-pulsing)
phenomenon has been investigated by Tang et al. [69] and also by
Risken et al. [70].

Mode-Locking by Internal Loss-Modulation
The basic equations have been solved for an internally loss-
modulated unidirectional ring laser with a finite difference
approxXimation. From the stationary solutions, peak amplitude and phase
shift of the mode-locked pulse are plotted versus detuning in Fig.4.3-
1.

To begin with, we consider the state in which a mode-locked
optical pulse is passing through the modulator at its minimum
transmission-loss time, Z.e¢., the pulse phase shift B =0 and the
circulation of the pulse is synchronized with the modulation signal.
Let the detuning for this state be §y. The pulse is neither
accelerated nor decelerated, but made sharp by the modulation. The
time required for the pulse to circulate the resonator is determined
by the velocity of the pulse in the laser medium, which is usually
lower than the phase velocity. Then the optimum detuning is negative,
Z.e., 89 <0 (see Eq.(4.2-3)).

If a pulse passes through the modulator before the minimum

transmission-loss time, Z.e¢., at a leading phase (B >0), it is
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decelerated and also decreases in (a)

w
magnitude. On the contrary, if g 2[
B <0, it is accelerated. The X :: \\\
acceleration or deceleration E 2+
increases as |B| becomes larger, % é- L , . L

but it reaches a maximum when IB| -0 -8 -6 -4 .2 0 2

DETUNING & (x103)

= 7/2. This mechanism acts usefully

in the region -T/2 <B<m/2. 80°-
e
Consequently, as 8§ increases from %60:
0 40°
8¢, Z.€¢., as the modulation w200}
< i ' ]
frequency becomes higher, the pulse Z OF >
20°% “
phase shift B increases negatively %40# g 8 (x10%) \\\5
2 o’ w
within -7/2 since the pulse should 607 g i
80°t

be accelerated by the modulator in
Fig.4.3-1. Peak amplitude and
phase shift of the mode-locked
modulation frequency. As § decreases pulse versus detuning for an
internally loss-modulated
unidirectional ring laser.
increases positively within m/2. YoLa/e'=10m/3, y=0.1, k=0.05,
A=6, a=0.1, L1/La=1/10.

order to synchronize with the high

from 8¢9, the pulse phase shift B

So far, only the transformation
caused by the modulation has been
considered. Of course a pulse undergoes transformation including
amplification from the laser medium. Generally it is decelerated in
the laser medium and the deceleration will be minimum at the optimum
detuning §¢ and increase according to the shape and magnitude of the
pulse. Therefore the locking curves are not symmetrical, that is,
they are expanded for § <8y and shrunk for 83 < 8. This characteristic
has been also shown from the coupled mode theory in Sec.3.6BI.

When the modulation depth o becomes deeper, the variation of the
transmission-loss with B becomes larger,and the acceleration and
deceleration become larger. Consequently, the locking region becomes

wider.
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4.4, Bidirectional Traveling-Wave Ring Laser

Various types of CW oscillations, self-mode locking (self-pulsing),
and forced locking are investigated by an analytical investigation and

a numerical integration of the basic laser equations.

A. CW Oscillation and Self-Mode Locking

It is shown that, for certain choices of laser parameters, there
exists an intrinsic instability in the laser equations, Z.e. a
stationary (CW) oscillation is unstable. By a numerical integration
of the equations, it is shown next that a buildup of a pulse occurs
for these parameters. This is understood as a self-mode locking

phenomenon in a laser with a homogeneocusly broadened line.

Al. Stability of CW Oscillations
The CW (T and x independent) solutions of the basic equations

(4.1-30)~(33) are as follows;
i) No oscillation:
EY = DY = Daow=10, Doew = A + 1. (4.4-1)
ii) Unidirectional CW oscillation:
a) Ef, =P, =/2exp(i0iw) 5 Eiow =Pow =Daecw =0 , Doew=1 .

b) Few =Pav =V2exp(idew) » Egy =Pow =Daew =0 , Doew =1 .

iii) Bidirectional CW oscillation: (h.h-2)
Bl =Pay =V2/3exp(iddy) s Edow =Py =v2/3exp(i0a,) »
A ) - A
Daew =% expi(of, -0zw ) 5 Doew =1+ % . (4.4-3)

3 3

Here ¢, and ¢, are arbitrary phases, which can be made zero since
the following investigations are independent of them. By a glance at

these CW solutions, we can predict that the bidirectional CW
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oscillation is always unstable since itstotal intensity
- t+ |2 - 12 -
Tg = |E&IZ + |Bewl? = /3
is lower than that of the unidirectional ones
= B2+ |E5]? = 2
u cw cw .

In order to investigate the stability of a CW solution, we
linearize Eqs. (4.1-30)~(33) about the CW solution. Therefore,

+ s *

¥ _ ot o t_ pt o * *
ey =Ey -Ew , e =E"", p, =P - Fw ;

> p,;t=Pg, 9
do

Do - Doew , day = Doy = Dacw , d2; = Dag (L.Lh=1)

can be treated as small quantities. Here subscripts »r and 7 denote,
respectively, the real and imaginary parts of the variables.
Substituting these variables into Eq.(4.1-30)~(33) and retaining only
the linear terms, we obtain liner partial differential equations.

They are solved by the ansatz

’Pf N 'Z_D:_ \
p- D,
do do
day doy
ey ey
ey | = | 2F | exp(BT + Zox) + c.c. (L.4=5)
p* b}
p; P
da( dai
et; gt
ln ) L)

From the condition for nontrivial solutions, we obtain the

characteristic equations for R:

i) no oscillation

B+y=o0, (. 4-6a)
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2 4(k+1 t7a)B tia-kA =0 , (L.L4-6b)

ii) unidirectional CW oscillations

B +(k +vy +1 +7a)R? +{(k +1 +%‘-iio¢)y +Zal}B + (kA i% oA tZa)y =0,

(4. b4-7a)

Ph(k+y+1+70)B2 +{(k +1 +) xZ0)y +10L}B+(2k>\+ta)\+$a)y 0,
(4.4-Tb)

24(k+1+Za)B*ia= 0 , . (L.h=Tc)

iii) bidirectional CW oscillation

B+vy=0, (4.4-8a)

B> + ai1B* + 2B + asB? + auB + as = 0 , (L.L4-8b)

B + b1B* + b2B® + b3B® + buB + bs = 0, (4.Lk-8c)

where
ay =2(k +1) +v ,
az—k2+2k(y+l—%) +a2 +(A+2)y+1 ,
a3=zﬁ2<y S0+ Loayray 20+ (v +2)a? + (1 2)y
kxy(k +l——- )+aZ(dhy +2y+1) ,

gh
——k Azy+()\+l)ocy ,

by =2(k+1) +y ,
by =k? +2k(y+1—
b3 —kz(y-§ A) +k
by =a?( gky+2y+

A) +02 +(—+2)y+1,

34 35 A
(§ y+2y-§x)+(y+2m2+(l+§)y,
1),

=( %+l)uzy .

A CW solution is stable if for every o the roots of its
characteristic equations have negative real parts. They are unstable
if one of the roots has a positive real part. Let us investigate the
stability condition of each solution.

i) No oscillation: One root of Eq.(6b) has a positive real part

for a =0 if A >0, and any root has a negative real part for all o if
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A <0. This confirms that the threshold of the laser oscillation is
at A =0.
ii) Unidirectional CW oscillation: One root of Eq.(7b) has a

positive real part [70] if

A > Ae = b+ 3y + 2/ + 6y + 2y2 (4.4-9)
and
Qiyun < lul < Oimag (4.h-10)
where
Oimag,mim = VY(3X = v + Ry)/2 [1 - 2k/(XA =2 =y = Ry)T,(bh.h-11)
Ry = VA% = 2(h + 3y)x + vy2.

Let us denote this unstable region by Region I. Equation (7a) is
obtained from Eq.(7b) if A is replaced by A/2. Thus one root of Eg.

(7a) has a positive real part if

A > 2he (h.h-12)
Oomin < |0 < Comm (4.4-13)
where :
Ooman,mim = VY(3X/2 =y £ Rp)/2 [1 - 2k/(N/2 - 2 - v % R%i] ,

Jh-1k)

Rz = VA%/h — (b + 3y)\ + v2

Let us denote this region by Region II. It should be noticed that Eq.
(7a) is the characteristic equation for the non-oscillating
traveling-wave and Eq. (7b) is for the oscillating traveling-wave.
Equation (7c¢), which is identical with Eq.(6b) if A =0, is for the
phase of the oscillating traveling-wave. Its roots have always
negative real parts for o *%#0. Only for a =0, one of the roots is
equal to zero. Consequently a unidirectional phase-locked pulse
oscillation is expected in Region I since the amplitude of the
unidirectional CW oscillation becomes unstable there but the phase is
stable elsewhere. However this expectation should be limited in the
neighborhood of the CW oscillation. Phase-locked pulse oscillations
are numerically obtained even far beyond the CW oscillation, which is

shown in the following part.
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iii) Bidirectional CW oscillation: For a =0, as <0. Thus, at

least, one root of Eq.(8b) has a positive real part. Therefore the

bidirectional CW oscillation is always unstable. This oscillation

corresponds to the CW oscillation of a normal laser (seq Sec.4.54),

4
and its instability has been explained by the so-called,hole burning

effect by Tang et al.[55]. Here the spatial hole burning is described

by Dy. If D, is ignored and made zero, then it can be shown that the

basic equations give a stable bidirectional CW solution for certain

choices of the parameters.
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2.0 /
I B D e
[ @ vl
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O—111nllllnlnlnnlnnnlllllnLJ)\
0 5 Tio 5 1 20 25

<

2.

Fig.4.4-1. Stable and unstable regions of the uni-

directional CW oscillation.

oscillating traveling-wave
the non-oscillating one is
in IIT, the unidirectional
stable. The values of ogn's

In Region I, the

is unstable; in II,
unstable; consequently,
CW oscillation is

in the left file are

for oy =2mce'/(y.Lg) =0.6 and those in the right

are for a;=1.2. y=0.1, k
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Thus we may expect a unidirectional CW oscillation when 0 <A <Ae,
a unidirectional pulse oscillation when Ae <A <2X¢, and a bi-
directional pulse oscillation when 2A¢ <A. This is, however,
complicated by the periodic boundary condition for ¢. In a tuned ring
or normal laser the fields have to fulfill the periodic boundary
conditions (4.1-47,48). Therefore, 0. takes on only the discrete values
n = 2en(E) Y, = G0/, m=0, 51, 2, (bbe15)
which are integer multiples of the ratio of the cavity-mode spacing
to the homogeneous line width. Hence, the instability occurs only if
one or more O, lie in the region a,ma<ilanl <Owmax, and then, the
laser fields have growing off resonance modes at w=*2mne’/L . Stable
and unstable regions of the unidirectional CW oscillation on the o-X

plane are shown in Fig.4.4-1.

A2. Numerical Results of Transient Buildup and Final Steady-State
of the Pulse

The stability diagram (Fig.4.4-1) tells whether a CW solution is
stable or not and also which off resonance mode grows up, if unstable,
in the neighborhood of the CW solution. Some examples of the
numerically obtained steady-state solutions are shown in Fig.4.4-2.
From them it is shown that, if a CW solution is unstable for a =0,
the repetition rate of the final pulse is 7 times the fundamental
mode spacing, Z.e., the off resonance modes w:tm(Zﬂn-%;) (m=1,2,...)
grow up far beyond the CW solution. For Fig.4.4-2(a), A=20 and oy =
1:2. The stability diagram tells that, for these parameters, the
initially oscillating traveling-wave is stable at a CW oscillation
and that the initially non-oscillating one is unstable for only a=aj.
Therefore onetraveling-wave remains a quasi-CW oscillation and the

?

; . e
other opposite one oscillates at the off resonance modes w * 2T A

and has no resonance mode w. ( See also the transient buildup shown

- 126 -



E1,D
3 IEl.Do

-1 L
(a) A =20, a;=1.2 . (b) A =10, ay=1.2

IEL,D
3~ o

1EYI=0

- -l' 1 .". -'.. i . -"‘ J
p s 2met/La 2r
(c) A=18, 01 =0.6 .

1 N J

p T 2met/La 2r

(d) A =10, o1 =0.6

Fig.4.4-2. Some steady state solutions at z =0.
Y=0.1, k=0.05, Im=6, 1 =30 for a1 =1.2, and
1 =60 for a; =0.6.
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in Fig.4.4-3(d).) Let us compare Fig.4.4-2(b) with (d). Only an's are
doubled, Z.2., the perimeter of the resonator is halved, and the
other parameters are the same. Then the same wave forms as (b) are
repeated twice in a period of (d). Viewed in the frequency domain,
the every other mode is quenched in (d) and its mode spectrum is
identical with those of (b). This multipulse phenomenon is well known
in the normal standing-wave He-Ne laser (see Sec.3.4). It will be
remarkable that, in the unidirectional solution, the maximum and
minimum of the population inversion Dy is symmetrical about Docw (=1).
This shows that the electric fields of these solutions are not so-
called m-pulses [19,20].

In the initial state of the numerical calculations, a small
pulse whose normalized amplitude and length are Q.1 and L/Z
respectively is placed on each traveling-wave in the fully pumped
laser medium ( Dg =A+1 ). The transient buildup of the pulses is
shown in Fig.4.4-3. In all the solutions, both traveling-waves grow
up equally, in their early round trips, from small pulses receiving
the unsaturated gain. After reaching an intermediate state, they
proceed to their final steady states. In the latter saturated-gain
region, the so-called large signal effects appear. At the beginning
of the saturated region, the maxima of the pulses are always about
one on the normalized scale. Then it may be said that the
normalization constant (E;W)z = 3ﬁ2Y¢YuA/(8U%2) is also a saturation
parameter.

When A =3 and o) =1.2 (see Fig.4.4-3(a)), since the instability
is dominant for o =ag (=0) in all the transient stage, the electric
field grows up, keeping to be almost a CW oscillation, to an inter-
mediate state which is exactly the bidirectional CW solution with an
amplitude of V273 =0.816, and, after staying at this state for a
while, proceedsto the final unidirectional CW oscillation without
pulsation.

In this section, for simplicity, only the amplitude equations
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Fig.4.4-3. Examples of the transient buildup of the pulse
showed by the evolution of the maximum and minimum of the
pulse waveform. VN is the number of round trips. o; =1.2.

The other parameters are identical with those of Fig.4.4-2.
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have been solved. It is assumed that ¢t = ¢* = 8 = 0 in Egs.(4.1-35)~
(38). This assumption is allowed since the bidirectional oscillation

except T-type locking and the unidirectional oscillation have, always
in the steady state, uniform constant phases at which they arrive

after a few round trips as shown in Sec.4.5 and [70].

B. Mode Locking by Internal Loss-Modulation

The numerically obtained locking curves are as shown in Fig.4.4-
4., The peak amplitude of the mode-locked pulse and its phase shift
from the minimum transmission-loss time of the modulator are shown as
functions of the detuning §. The steady state solutions have been
independent of the initial conditions.

When the modulator is placed at 2 = *Lg/4, mode-locked uni-
directional oscillation is obtained about zero detuning (-1.0 x1073
<8 g2 x107% ), Z.e., for high modulation frequencies, and mode-locked
bidirectional oscillation is obtained for negative detunings ( § £
-1.0x1073 Y. In case 3¢ =Lg/2, the laser makes unidirectional
oscillation wherever in the mode-locked region. For other modulator
position, it makes an intermediate behavior of the above two extreme
ones. Which of the cw and ccw traveling-waves is quenched or survives
depends upon the modulator position in the same manner as in the
inhomogeneous laser (Sec.3.6). As shown in Fig.4.4-4(b), there is
another unidirectional region of large negative detuning. Although
this seems mysterious, such a region has been sometimes recognized
in a He-Ne ring laser. This will be of minor importance for
application. The pulse peak intensity of the unidirectional
oscillation can become about five times as large as that of the bi-
directional oscillation when 2y =*Lg/4. As shown in Sec.3.6, in an
inhomogeneous He-Ne ring laser, there exist the mode-locked bi-
directional region even when z¢ =La/2 and the peak intensity of the
unidirectional oscillation can become only twice as large as the bi-

directional one when zg =% Lg/4. These differences arise from the
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fact that the oppositely directed two mirror-modes make relatively
strong coupling in the medium of a homogeneously broadened line, on
the other hand, they make weak coupling in the medium of an
inhomogeneously Doppler-broadened line.

The pulsewidth of the unidirectional oscillation becomes about

1/2.3 time the bidirectional one as shown in Fig.4.4-5. Fig.4.4-6

!
!
!
I

PULSE PRAK VALUE
!

PULSE ,"PHASE SHIFT

90°L

Fig.4.4-6. The o-dependence of the locking
curves near the optimum detuning. 2z¢ = 13Lg/60.

Solid lines are for o =0.05 and broken lines
for o =0.1.
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shows that the locking range becomes narrower as o decreases.

Some examples of the steady-state waveforms at the center of the
laser medium are shown in Fig.4.4-7. The argument of D, is zero and
those of E* and P are equal to an arbitrary constant in the steady
state. This constant is made zero in the figure. The magnitude of the
first-order spatial variation of the population inversion D, is less
than five percent of Dy even in the bidirectional oscillation because
the oppositely traveling pulses hardly overlap each other in the
laser medium. Therefore fairly adequate in this case is the expansion
of the population inversion D up to the first-order spatial Fourier

component (Eq.(4.1-18)). From Fig.4.4-7 it can be seen that the pulses
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Fig.4.4-7. Examples of the waveforms at the center of the
laser medium. 2g = 13Lg/60. The other parameters are
identical with those for Fig.4.4-4.
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are transformed through the laser medium as if they travel more
slowly than the phase velocity of light and that this velocity
reduction is minimum at the optimum detuning. In the front part of
the pulses P =F, but P >F in the hinder part. Therefore, viewed on
the coordinate system which is traveling with the phase velocity, the
pulses seem to be delayed. (See Eq.(4.1-33).)

It may be explained as follows why unidirectional oscillation is
achieved by loss~modulation. When the longitudinal relaxation time
Ty =1/v, is of the order of the period of the pulse train (y,L/c'=
m/3 in this case), saturation of the active medium effects the pulse
shape and pulse propagation nonlinearly; therefore, the velocity of
a sharp pulse of the unidirectional oscillation is different from
that of two broad pulses of the bidirectional oscillation. Hence only
a sharp pulse of the unidirectional oscillation can synchronize with
certain modulation frequencies. This explanation shows that uni-
directional oscillation is obtainable also in the so-called AM-
locking region of the phase-modulation.

Finally, it should be noticed that the bidirectional oscillation
of the ring laser corresponds to the oscillation of the normal laser
with a Fabry-Perot resonator. Compare, for example, Fig.4.4-4 with

Fig.4.5~4(a).

- 135 -



4.5, Normal Standing-Wave Laser

Almost all the conventional laser oscillators are of the
standing-wave type. Theoretical investigations have been hardly made
on the mode locking phenomena of the normal standing-wave laser with
a homogeneously broadened spectral line except those by means of the
coupled-mode equations by Statz et al.[67]. However there are some
interesting phenomena which do not appear in the unidirectional ring
laser. In this and the next sections, various types of mode locking
phenomena in a normal laser are investigated by a large-signal (time

domain) theory.

A. Self-Mode Locking
The bidirectional CW solution for a ring laser Eq. (4.4-3) is

also the CW solution for the corresponding normal laser:

Ecj;v = Py = v2/3 exp(i¢), Docw =‘>\3‘ » Doew = 1 + % R (4.5-1)

where ¢ is an arbitrary phase. The boundary condition (4.1-48)
imposes a relation upon the amplitudes of the perturbation (4.4-5),
but does not alter the characteristic equations (4.4-8). From the
stability investigation in Sec.4.4, this CW solution is unstable for
any parameter. Hence a mode selector should be inserted into the
resonator to obtain a CW oscillation [61].

Statz et al. [67] investigated the self-locking phenomena in
three and four-mode lasers applying a maximum emission principle to
the combination tone terms of the coupled mode equations and obtained
the result that "O-type" or "m-type" locking occurs according as the
laser medium is placed near one of the end mirrors or in the center
of the resonator. They verified this theoretical result experimentally
in a ruby laser. Their investigation is restricted near threshold.

This section gives a general investigation by the time domain theory
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and shows that the above result from the coupled mode theory is indeed
restricted near threshold.

In the first place, we classify the types of the mode locking
viewing in the time domain. If the envelope of the electric field
|Et(t)’ repeats the same (pulsative) wave form only once in a round
trip time, it will be called "O-type'. Although the phase of the
electric field ¢¥(¢) repeats once, the envelope may repeat twice. It
will be called "m-type''. The spacing of the oscillating modes is equal
to the cavity-mode spacing ¢/2Lw in these two types. Next we will
classify the types where alternate modes are quenched. If both
envelope and phase repeat twice, it will be called ''quenched O-type'.
Similarly it will be called ''quenched m-type'" if the envelope repeats

four times and the phase only twice.

Al. Numerical Results

Dependence of the self-mode locking on the pumping parameter and
the cavity length has been investigated in the two configurations of
the oscillator; one has the laser medium in the center of the
resonator and the other has near one of the end mirrors, 7Z.e.,

22 =(4/5)Ly (see Fig.4.4-1). Parameters are y=0.1, k=0.1, 2=20x2,
Im=2. The types of the mode-locked solutions are shown in Fig.4.5-1
as a function of the pumping parameter and the cavity length.

When the laser medium is placed in the center of the cavity (Fig.
4.5-1(a)), "n-type" locking occurs usually, and "O-type" locking occurs
only if the cavity is relatively long and also the pumping intensity
is relatively high. On the border of the two regions, "O-type" or
"T-type" locking occurs depending upon the initial condition. Typical
examples of the wave forms are shown in Fig.4.5-2. For simplicity,
only the forward traveling-wave is shown. The mode spectrum of the
electric field is also shown on the right. As mentioned before, in
the "m-type" locking (Fig.4.5-2(a)), the amplitude |E~| makes two

cycles, while the phase ¢~ makes only one cycle in a round trip time.
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shown in Fig.4.5-3.

Fig.4.5-1. Dependence of the self-
mode locking on the cavity

A2. A Physical Interpretation length and the pumping parameter

in the normal laser. The laser

medium is (a) in the center of

a standing-wave pattern appears in the cavity, or (b) near one of

the end mirrors. [0]: O-type,

[w]: m-type, [Q-0]: quenched O-

particles are de-excited at the type, [Q-T]: quenched m-type.

When a certain mode oscillates,
the laser medium. The active

loops and remain excited at the

nodes. Thus the population inversion is spatially modulated. As the
spatial cross-relaxation is usually slow in solid state lasers, this
spatial modulation persists long enough for some other mode to build
up which has, at least, some of its loops at the maxima of the
spatially modulated population inversion. When the pumping level is
high and, further, the mode spacing (=¢/(2L,)) is small, many modes
oscillate. Then the electric field makes a sharp pulse. When the
laser medium is placed in the center of the cavity (Fig.4.5-1(a)),

this sharp pulse makes almost no standing-wave pattern in the laser
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medium; therefore the population inversion is depleted spatially
uniformly. This is the case with the "O-type" locking. When the
pumping level is low or the cavity is short, the pulse will be broad;
then a standing-wave pattern arises. To deplete uniformly the

population inversion, the standing-wave pattern must move. This is
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Fig.4.5-2. Examples of the wave forms in the center of the
laser medium which is placed in the center of the cavity:
20 =LN/2- (a) >\=3.0, 'YLLN/(TTC) =5/3. (b) >\=6-0s YLLN/(TTC)
=25/12. Phases ¢~ and © are for £~ and D,, respectively.
A'—‘TYC/LN'-

- 139 -




the case with the "m-type" locking. As shown in Fig.4.5-2(a), the

phase of D, changes from -7/2 to /2 during the first encounter of
the two oppositely traveling pulses in the medium and the reverse is
the case in the second encounter. That is, the spatial hole burning

pattern is shifting back and forth periodically within a quarter of a
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Fig.4.5-3. Examples of the wave forms in the center of the
laser medium which is placed near one of the end mirrors:
2g =4Ly/5. (a) A=6.0, v.Ly/(me) =5/3. (b) A=3.0,

Yy Ly/ (me) =5/2.
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wavelength.

When the laser medium is placed near one of the mirrors, the
oppositely traveling-waves incident upon or reflected from the mirror
make easily a standing-wave pattern. Thus "O-type' locking readily
turns to "m-type" (Fig.4.5-1(b)). As the cavity length and the pumping
intensity increase, the population inversion recovers to a higher
level. Then double pulsing ''quenched O-type'" locking can occur, and,
further, finally these pulses split into two sets of "m-type" pulses,

2.e., '"quenched m-type'" locking occurs.

B. Fundamental Mode Locking by Internal Loss-Modulation

Numerical calculations have been made on three oscillator
configurations. In Oscillator A, the laser medium is placed in the
center, Z.e., 34 =Ly/2 and the ﬁodulator at one of the end mirrors,
7.€., 89=0. In Oscillator B, 2y =L,/2 and zg=Ly/6. In Oscillator C,
2y =4Ly/5 and 29 =Ly/10. Parameters are identical with those for the
ring laser. (See Fig.4.4-4(a).) Pulse peak amplitudes and phase shifts
of the forward (f.w.) traveling-wave E~ and the backward (b.w.)
traveling-wave EY are plotted versus detuning in Fig.4.5-4. Two
examples of the wave forms at the center of the laser medium is also
shown in Fig.4.5-5. Phases of the fields ¢*, y*, and 6 are equal to a
constant and not shown in the figures. It is generally the case with
the fundamental mode locking.

In Oscillator A, the pulse peak amplitude has a maximum at § =
-3.0 x1073. This corresponds exactly to the mode-locked bidirectional
region of the ring laser with the modulator at 2z =Ls/4 if the value
of the detuning for the ring laser is doubled (Figs.4.4-4(a) and 4.4-
5). The normal laser is unlocked in the region which corresponds to
the mode-locked unidirectional region of the ring laser. As the
modulator departs from z =0 or the laser medium departs from z =Lw/2,
the pulse peak amplitude decreases and becomes a more smooth function
of the detuning. Therefore Oscillator A will be of the optimum

configuration of the normal laser.
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Fig.4.5-5. Two examples of the numerical solutions.
(a) Oscillator A, § ==3.0x1073,
(b) Oscillator C, § =-4.0 x 1073,

C. Second Harmowic Mode-Locking by Internal Loss-Modulation

When a laser oscillator is internally modulated with a frequency
equal to a multiple of the cavity-mode spacing, the mode-locked state
is expected to have an output of a pulse train whose repetition
frequency is also a multiple of the mode spacing. Here second harmonic
mode locking is investigated by numerical calculation for two
oscillators. In Oscillator A, the laser medium is placed in the center
of the resonator (2 =Ly/2) and the modulator at zg =Ly/10. In
Oscillator B, 2z, =4L,/5 and 29 =0. Parameters are Yy=0.1, k=0.1,
o.=0.05, yaLy/c =51/3, and A =6.0.

Detuning characteristics of Oscillator A are shown in Fig.4.5-6.
Phase shift of 360° in the figure corresponds to two cycles of the
modulation signal. This oscillator makes "m-type'" or "O-type" locking
depending upon the initial condition in the self-mode locked state
(Fig.4.5-1(a)). Two types of mode locking occur depending upon the
detuning. When the detuning is relatively small ( -9 x10°3 <8 -3x%
107%), "m-type" locking occurs; while "O-type" locking occurs when the
detuning is large ( -21 x107% <8 < -9x107%). The detuning
characteristics of "O-type'" locking are essentially the same with

those of the fundamental mode locking. As the detuning decreases, the
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peak amplitude of the pulse increases slowly untile it is finally
split into two pulses. This split gives rise to a discontinuous
decrease of the pulse peak amplitude and a jump of the pulse phase
shift. Two typical examples of the wave forms at the center of the
laser medium are shown in Fig.4.5-7 together with their mode spectra.

1"

For simplicity, only the forward traveling-wave is shown. The "m-type"
pulses are fairly sharp and have many oscillating modes.

When the laser medium is placed apart from the center of the
resonator, Z.e., in Oscillator B, the locking phenomena are fairly
different from the above case. This oscillator makes "quenched O-type"

locking in the self-mode locked state (Fig.4.5-1(b)). In this case,
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double pulsing occurs always independently of the detuning, but the
type of the mode-locking varies. Within a narrow range of small
detuning, "m-type'" locking occurs. As the detuning increases

negatively, it changes continuously to '"quenched O-type" locking.
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Fig.4.5-7. Two examples of the wave forms at the center of
the laser medium for Oscillator A.
(a) "m-type" locking &=-4.0%x1073,
(b) "O-type" locking &=-12.0x1073.
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This extends over a relatively wide range where the even modes are
suppressed but not necessarily quenched completely. With a further
increase of the detuning, "m-type' locking occurs again.

The pulse peak amplitudesof the "m-type" and "quenched O-type"
lockings are as large as that of "O-type' locking. This makes a
contrast to an inhomogeneous laser where the pulse peak power of
""quenched O-type" locking is less than half of that of "O-type"
locking (Sec.3.4D). Therefore the harmonic mode locking will be
useful technique for getting a high peak-power and high repetition-
rate pulse train from a normal standing-wave laser with a
homogeneously broadened spectral line.

Finally we should compare these results with the reported
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experimental results. There are no available experimental reports of
the harmonic mode locking of the homogeneous laser except a report on

an internally phase-modulated Nd:YAG laser by Becker et al.[81].
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Fig.4.5-9. Two examples of the wave forms at the center of
the laser medium for Oscillator B.
(a) "m-type" locking &8=-5.0x1073,
(b) "quenched O-type'" locking §=-8.0x1073,

- 147 -




According to their report on the second harmonic mode locking, every
adjacent axial mode was oscillating when the laser rod was located
near the center of the resonator but only every other mode was
oscillating when the rod was located at the end of the resonator. In
either case, the repetition rate of the mode-locked pulse is equal to
the modulation frequency. In other words, "m-type" locking occured in
the former case and ''quenched O-type" locking in the latter case. Any
quantitative observation was not reported in their paper. Their
results qualitatively agree with the theoretical results of this
section within a certain range of detuning ( —8.6><lO-3§6 <

-6.5x107%).
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CHAPTER 5

CONCLUSION

This thesis comprises a general study of the mode locking and
mode competition phenomena in lasers on the basis of the equations of
bidirectional traveling-wave ring lasers. A summary of the results is

as follows.

Inhomogeneous Lasers
Theoretical investigations by the coupled mode theory and
detailed experiments were made on He-Ne lasers with an inhomogeneously
Doppler-broadened line.

1) Basic equations were derived for a general bidirectional multi-
mode ring laser. These include as special cases Lamb's basic equations
for a normal standing-wave laser and Aronowitz's equations for a bi-
directional single-mode ring laser. The theoretical investigations
were made on the basis of these basic equations.

2) Mode competition of a normal three-mode laser was investigated
analytically. An experiment was made on the mode competition and mode
locking in a multimode He-Ne laser. Its result was explained
qualitatively by the analytical results. Usually, in the experiment,
"O-type" or "quenched O-type" locking occured according as the cavity-
length was short or long.

3) The basic equations were solved numerically for the normal three-
mode laser with the results that "O-type" locking occurs usually and
that "m-type'" locking occurs only if a relatively short laser tube is
placed in the center of the cavity.

4) It was theoretically derived that, when a normal multimode laser

is internally loss-modulated with double the mode spacing, ''O-type"
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fundamental mode locking occurs in the center of the locking range
and "quenched O-type" second harmonic mode locking occurs on the
lower frequency side or on both sides. This result was verified
quantitatively in an experiment on a He-Ne laser.

5) The basic equations were solved numerically for a unidirectional
three-mode ring laser with the result that, unlike the normal laser,
"O-type" or "m-type" locking occurs according as the mode spacing is
larger or smaller than a certain value. This result was verified
qualitatively in an experiment on a unidirectional He-Ne ring laser
with a Faraday isolator.

6) An investigation was made on the self-locking between the
oppositely traveling (OT) waves peculiar to the ring laser in a
simple bidirectional two-mode ring laser with the result that the OT
pulses encounter at 2 =*Lg/4 independently of the mode spacing, which
agrees with experiments in multimode He-Ne ring lasers.

7) Mode locking and competition between the OT waves of an
internally loss—-modulated bidirectional ring laser were investigated
analytically and numerically in the two-mode operation, numerically
in the five-mode operation, and experimentally in a He-Ne ring laser.
A summary of the results is as follows. a) Mode-locked unidirectional
oscillation occurs in a higher-frequency part of the locking range
and bidirectional one in the lower part. b) Pulse peak intensity of
the unidirectional oscillation is higher than twice the bidirectional
one. Pulse width becomes narrowest in the unidirectional locking
range. c) The direction of the unidirectional oscillation is
controlled by the position of the modulator. It is bistable when the
modulator is placed at 3 =*Lgx/4. d) Crossing point of the OT pulses
are pulled towards the modulator. e) An additional external mirror
makes the\unidirectional oscillation more stable or changes. its

direction depending upon the position of the mirror.
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Homogeneous Lasers
Theoretical investigations were made on lasers with a homogeneously
broadened line by the time domain theory.

1) Basic equations were derived for a bidirectional ring laser. The
spatial pulsation of the population inversion was taken into account
by its first-order Fourier component. Investigations on the homogeneous
laser in the time domain had been limitted to the self-mode locking
and forced locking with zero detuning of the unidirectional ring laser.
The following results were obtained from the numerical solutions of
these basic equations.

2) Detuning characteristics of the forced locking of an internally
loss-modulated unidirectional ring laser were calculated. Its general
behavior was explained qualitatively viewed in the time domain.

3) Stability of all the CW solutions for a bidirectional ring laser
was investigated analytically. Bidirectional CW oscillation proved
unstable necessarily. Consequently, the stability criteria were
reduced to those for the unidirectional CW oscillation by Risken et al.

4) Self-mode locked pulse oscillations were investigated. From the
numerical solutions, it was confirmed that the number of the pulses
in a round of the resonator is given by the order n of the parameter
0, which gives, at least, a root with a positive real part of the
characteristic equations.

5) Detuning characteristics of an internally loss-modulated bi-
directional ring laser were numerically obtained. They are
qualitatively similar to those of the inhomogeneous laser except that
unidirectional oscillation occurs all over the locking range when the
modulator is placed about z =Lg/2. Pulse peak power in the uni-
directional region becomes about five times as large as that in the
bidirectional region, and further, the pulse width becomes less than
a half. These results show that the competition between the OT waves
are strong in the homogeneous laser.

6) Self-mode locked solutions of a normal laser were calculated to
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investigate their dependence on the pumping parameter, the cavity-
length, and the position of the laser medium in the cavity. Statz et
al. had derived, from the coupled-mode equations, the result that
"m-type" or "O-type" locking occurs according as the laser medium is
placed in the center of the cavity or near one of the end mirrors.
This result proved to be limited to a case in which the pumping
parameter and the cavity-length are relatively small.

7) It was confirmed that the fundamental mode locking of an
internally loss-modulated normal laser corresponds exactly to the
bidirectional mode-locked region of the corresponding ring laser. The
normal laser is unlocked with the corresponding modulation frequency
to the unidirectional mode-locked region of the ring laser.

8) Second harmonic mode locking of an internally loss-modulated
normal laser was calculated as a function of the modulation frequency
and the position of the laser medium. Depending upon these two
factors, "O-type", "m-type'", '"quenched O-type", or "quenched m-type"
locking occurs. Their peak power is comparable to that of the
fundamental mode locking. Dependence of the results on the position
of the laser medium is consistent with the experiment in a Nd:YAG

laser by Becker et al.

Coneluding Remarks

The ring resonator had not been used in the usual laser
oscillators, although it has been used in the laser gyroscope.
Recently, with the development of various kinds of high power lasers
and tunable dye lasers, ring lasers were given attention and
investigated for its strength against the optical damage, spectral
purity, transverse mode purity, and mode locking characteristics.
Since the advantages of the ring laser are exhibited in its uni-
directional oscillation, the mode-locked unidirectional oscillation
investigated in this thesis will be useful in this respect.

In this thesis, the longitudinal relaxation time is of the order
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of the one round trip time of the resonator and about ten times as
long as the transverse one. This condition corresponds to He-Ne laser.
Solid state lasers have a very fast transverse relaxation rate and a
considerably slow longitudinal relaxation rate. Both rates are very
fast in dye lasers. A contrivance is needed to obtain numerical
solutions of the basic equations for these lasers. We are now getting
the result that these lasers also make mode-locked unidirectional

oscillation like He-Ne laser with the aid of a saturable absorber.
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APPENDIX A

Equilibrium States and Their Stability Conditions for

Three-Mode Operation (Sec.3.4B)

One-Mode Oscillations

Equilibrium States X, Stability Conditions
(a1/B1, 0, 0) A1 <0, A3:<0
(0, a2/B2, 0) A32 <0 A12 <0
(0, 0, a3/B3) A13<0 Az3 <0

Here A = o4 B; - 0;j Qj

Two-Mode Osetllations

Equilibrium States X, Stability Conditions

(412/C12, A21/C21, 0) S3<0, A12 >0, 421>0, C12>0
(413/C13, 0, A31/C31) S2 <0, A31>0, A13>0, C31>0
(0, A23/C23, A32/C32) S1 <0, A23>0, 432 >0, C23>0

Here Cij; =Cj: =BiBj -0y 60

Si =0;Cik =0ij Ajk —0ikAkj (L %F %K)

Three-Mode Oscillation
Equilibrium State: Xp = (A1 /A, Ay/A, As/D)
Stability Condition:
Ay >0, A >0, A3>0, A>0,

(BiB2 = 012021)X10X20 + (B2B3 ~023032)X20X30
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+ (B3B1-631013)X30X10>0 ,

B1{(B1B2 =012021)X20 + (B1B3 ~013031)X301X15
+ B2l (B2B3 —~023032)X30 + (B2B1 —021012)X10}X2%
+ B3{(BsB1 =031013)X10 + (B3Bz -~ 032023) X035

+ (2B1B2B3 = 012023031 ~032021013)X10X20X30>0 ,

where a1 B12 613 Bi1 a1 O13 B1 612 g
Ay =oz Bz 023 , A2 =]021 a2 623 , A3=1021 B2 a2 ,
a3 032 Bs 031 a3 Bs 031 032 a3
Bi 612 013
A =1621 B2 023
B31 632 Bs
APPENDIX B

Finite Difference Approximation to the Partial

Differential Equations (4.1-30~33)

A second-order finite difference approximation has been made.
The difference equations solved by numerical calculations are as
follows. Here m and »n indicate mth grid point of the x-axis and nth

grid point of the T-axis respectively.

In the Laser Medium

EY(m,n+1) =b EY(myn) +boEX (il ,n) +bsPY(n,n) +bul? Y (nl,n)
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+ bg[E¥(m,n)Do (myn) —=E~(m,m)Da(m,n)] (B-1)
E - (mm+l) =b1E~(m,n) +b2E'(m—i,n) +b3P"(m,n) + byP~ (m-1,n)
+ bs[E~(n,n)Do (m,n) —EY(mm){Da(m,n) }*] (B-2)
PY (mn+l) =c1Pt(myn) + 2B (n,m) + Do (m,m)H¥ (myn) = D2 (m,n)H ™ (m,n)
+ ce[E¥(m,n)R(m,n) +% E-(m,m)Mm,n)] , (B-3)
P™(m,n+1) =P (myn) +c2E~(m,m) +Do(myn)H ™ (myn) = {Dy(mym) YxHY (m,n)
+ el (mmR(m,n) +3 EXGn,m) ((m,m) 11 (B-4)
Do (m,n+l) =di +doDe(myn)
+ ds-Re [{P* (m,n) Y*uY(m,n) + {P™(m,n) }*H™(m,n) ]
+ du[Do(m,m)K(m,n) - 2RedDz ()N (mym)}] ,  (B-5)
Dz (mnt1) =daDs (n,n) = ds [P Gnyn) LA™ () Y 4+ {P7Gnym) Y4ar* () |
+ ds[Da (mym)K(m,n) -=2Do (m,n){0(m,n)}*] , (B-6)
where
Bt (m,n) =c3EX(m,n) +eyEX(mtl ,n) +esP(m,n)
N(mnm) ={E¥(m,n)}*E~(m,n) ,
M(myn) =EY(m,n) {P~(n,n) }Y*+ {E7(n,n) }PY (m,n)

R(m,n) =Re[EY(m,n){PY(mn) }* +E-(m,m){P " (m,n) }*] ,

K(m,n) =[E+(m,n)|2 +[E'(m,n)|2 s (B-7)
by =k>(AT)%/2 by =1 -kAT

by =kAT{1 - (1 +k)AT}/2 , by =kAT/2 ,

bs=k(AT)?/2 , c1=1-At+ (AT)%/2 ,

e =y(A+1)(AT)?/2 cs=At{l-Q+k+v)AT}/2 ,

ey =AT/2 es=bs ,

ce =-AY(AT)? /4, di =y +1) (1 -vyAT/2)AT ,

d, =1-vyAT +vy2(AT)?/2 , ds=-xy/2 ,

dy =ce , ' ds =ce/2 . (B-8)

- 157 -



At the Incidence Points to the Laser Medium
1) Equation (B-2) is replaced

by
E~(my,m+l) =E~(my-1,n)

at mp;, and

2) Equation (B-1) is replaced by E- ﬁummm E*

E¥(m2 ,n+1) =E¥(ma+1,n) —o—o—
at mz. The other equations are f ’\
2 q 2 qm X —> s
unchanged. ! m,+1
In the Free Space
EX(n,n+1) = E¥(mt1l,m) . (B-9)

In the Distorted Sections

Usually one distorted section is sufficient, Z.e., p=1.

-CDH-I

Tn

Let Zm., Zm be the distorted section, then, using the three-point

Lagrangian interpolation formula,

EY(m-1,n+1) =E*(m,n) +1+h {E¥(m+1,n) ~E¥Y(m-1,n)} ,

E-(mn+l) =E~ (m-1,n) i {E m-2,n) —E~"(m,n)} . (B-10)

1+h
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