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Chapter 1

General Introduction

1.1 Background

Since the Industrial Revolution, manufacturing systems have continually adapted to shifting social
needs and technological progress [1]. Successive paradigms — line and mass production, statistical
quality control, Just-in-Time (JIT), cellular manufacturing, and mass customization — emerged as
context-appropriate responses. Today, pervasive IoT, digital twins, and automation [2], heightened
supply uncertainty from the COVID-19 pandemic and geopolitical tensions [3], [4], and increasing
pressure for lower environmental impact and regulatory compliance [5] are pushing firms to advance
technology while improving efficiency to stay competitive.

Efficiency and resilience require coordination beyond isolated factory and warehouse improve-
ments, integrating upstream (procurement, replenishment) and downstream (shipping, last-mile
delivery) activities. Effective decisions therefore rely on an end-to-end Supply Chain Management
(SCM) perspective with integrated planning and control [6]. SCM decisions are commonly orga-
nized into three levels by time horizon and scope: strategic, tactical, and operational (Figure 1.1)
[7], [8]. These levels differ in granularity and frequency yet are tightly linked: strategic decisions
set the long-term network structure; tactical planning balances supply and demand within that
structure; operational control executes and adapts daily activities.

Sourcing Production Distribution After Sales

STRATEGIC COLLABORATION
Collaboration Strategy / Risk Pooling / Supply Chain Organization / Contracting

• Supplier Management
• Sourcing Strategy

• Production Strategy
• Facility Location
• Process Design

• Distribution Strategy
• Transportation
• Network Design

• Strategic Sales Planning
• Closed-loop Supply    

Chain Design

PROCESS INTEGRATION
Demand Forecasting / Inventory Management / S&OP / JIT-JIS

• MRP / EOQ
• ABC Analysis
• Contract

• Aggregate Planning
• MPS / Lot-Sizing
• Capacity Planning

• Distribution Planning
• Transport. Planning

• Mid-term Sales Planning
• Reverse-flow Planning

EXECUTION COORDINATION
Vender-Managed Inventory / Supply Chain Event Management

• Ordering
• Inventory Control
• Personnel Planning

• Scheduling
• Sequencing

• Vehicle Routing
• Warehouse Replenishment

• Short-term Sales Planning
• Reverse-flow Control

Strategy
(2-5 years)

Tactics
(Several months

- 2 years)

Operation
(Real-time,

Daily, Weekly)

Figure 1.1. Decision matrix in supply chain management and operations
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General Introduction

1.2 Strategic Decision Making

At the strategic level, firms define the long-term supply chain structure and policies for a two-
to five-year horizon [9]. Because later changes are expensive once capital is committed, these
decisions require careful analysis. Main decisions include the number, location, and capacity of
plants and distribution centers; selection and qualification of key suppliers; the product portfolio;
and sourcing policies.

Key challenges are (i) uncertain long-term demand and market conditions and (ii) the scale
and complexity of models that must capture many discrete choices—facility locations, capacity
allocations, and flow assignments—and multiple, often conflicting objectives (cost, service, en-
vironmental impact) [10], [11]. Thus, strategic design is framed as a large-scale combinatorial,
often multi-objective, optimization problem [12]. Common solution approaches employ mixed
integer linear programming (MILP) and metaheuristics, such as genetic algorithms and simulated
annealing, supported by simulation to assess candidate networks [13]. Given sparse and uncertain
data, highly complex statistical or machine-learning models trained on historical records are often
unjustified. Strategic supply chain design has been widely studied. In facility location, numerous
large-scale studies employ metaheuristics to obtain near-optimal solutions when exact methods are
infeasible [14]. Reviews of network design emphasize multi-objective models combining cost,
service, and sustainability, and stochastic formulations to address demand uncertainty [12].

1.3 Tactical Decision Making

The tactical level translates the strategic design into medium-term plans that match supply and
demand and allocate resources over horizons of several months to about two years (e.g., quar-
terly or annual) [9]. Typical activities include demand forecasting and integrated planning of
production, inventory, transportation, and procurement. This cross-functional work is often orga-
nized as Sales and Operations Planning (S&OP), which builds enterprise-wide consensus between
demand (sales/marketing) and supply (manufacturing/procurement/logistics) to improve overall
performance [15].

The main challenge is uncertainty and nonstationarity in both demand and supply. Because
forecasts are imperfect, plans require continuous adjustment. Many firms run monthly, rolling
S&OP cycles to incorporate updated signals on demand variability, inventory positions, open orders,
and capacity limits. Compared with the strategic level, tactical planning benefits from richer data
and models that capture more detailed constraints and cost structures. Common methods include
statistical and machine-learning demand forecasting; MILP for integrated production-inventory-
distribution planning; and discrete-event simulation for policy evaluation. The S&OP literature
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1.4 Operational Decision Making

documents process maturity and its performance impacts [16] and offers integrative reviews and
best practices [17]. Illustrative models include integrated optimization of demand, inventory, and
production [18] and profit-maximizing global network models [19].

1.4 Operational Decision Making

Operational decisions execute tactical plans over short horizons—from real time to a few weeks—
and include factory and warehouse scheduling, vehicle routing and job dispatching [9]. The central
challenge is timeliness: even with sound upper-level plans, forecast errors, disruptions, and local
anomalies arise daily, leaving little time for computation and forcing frequent re-optimization. Most
operational problems are combinatorial and NP-hard (e.g., job-shop scheduling, vehicle routing),
so exact optimization is rarely feasible within required response times; practitioners therefore rely
on heuristics and metaheuristics. Classical operations research provides key building blocks, such
as Johnson’s rule for two-machine flow shops [20], and standard formulations and datasets—e.g.,
Solomon’s VRP instances [21]—that have driven decades of algorithmic progress.

Operational decision making is becoming more complex as automation expands—e.g., with
automated guided vehicles (AGVs), automated storage and retrieval systems (AS/RS), and col-
laborative robots (cobots). These systems introduce equipment-specific, dynamic behaviors that
must be modeled. Consequently, practitioners increasingly combine high-fidelity simulation (dig-
ital twins) with optimization and adopt machine learning and reinforcement learning for real-time
control, such as robotic trajectory optimization and warehouse fleet coordination [2].

1.5 Research Objectives and Contributions

As noted above, supply chain decision making has long been central to Operations Research and
Industrial Engineering, but the need for new methods has intensified. Trends such as greater
product variety, shorter lifecycles, and same-day delivery have turned SCM decisions into larger-
scale optimization problems with tighter constraints [2]–[4]. To meet these service targets, firms are
adopting automated production and logistics systems that leverage robots and AI. At the same time,
the pandemic and geopolitical shocks mean that factors once treated as fixed — demand, supply,
and transportation capacity — are now nonstationary and uncertain. Against this background, this
thesis focuses on two major challenges facing modern production and logistics systems:

(A) Optimizing the design and operation of automated and complex production systems.
(B) Planning production systems under time-varying uncertainty and nonstationarity.

Simulation models are widely used to evaluate such decisions because they provide higher
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General Introduction

fidelity to dynamic real-world behavior than analytical models [22]–[24]. However, most estab-
lished methods were designed for analytical formulations (e.g., mathematical programming) and
do not transfer directly to simulation. Key obstacles include the lack of exploitable mathematical
structure (e.g., gradients), long run times, and complex, nonlinear input–output relationships. As a
result, obtaining timely solutions is difficult and solution quality (optimality) may degrade.

Note that real-world decision-making problems are highly diverse, making it difficult to derive
a single, universally optimal solution approach. This diversity arises because the problem setting
inevitably changes with the decision maker’s context — such as factory and product characteristics,
corporate strategy, and the managerial and financial situation. At the same time, this characteristic
poses a major obstacle to practicing quantitative decision-making: each problem often requires
its own tailored model and solution method, and developing them repeatedly becomes costly and
time-consuming.

To address this challenge, we focus on the observation that, although individual problems vary
widely, the information available to decision makers and the outcomes required can be broadly
categorized according to the decision-making hierarchy (e.g., strategic, tactical, and operational
levels). Building on this insight, we systematically organize an approach for developing modeling
and optimization methods that achieve an appropriate balance between model fidelity and solution
optimality for each hierarchical level. We then formalize this organization into a practical frame-
work that provides guidance for designing solution methods for new problems that share similar
characteristics. For this purpose, this thesis studies decision making at three levels — (1) strategic,
(2) tactical, and (3) operational — through five case studies that cover challenges (A) and (B) in
Chapters 2–6. In each case, we formalize the problem and propose systematic methods that balance
model fidelity with decision optimality. We then synthesize the results into a unified framework to
develop a decision-making methodology for modern production and logistics systems in Chapter 7.

The structure and contents of this thesis are outlined in Figure 1.2. Chapter 1 introduces
the background, objectives, and contributions. Chapter 2 examines strategic decision-making for
automated manufacturing systems. It proposes a multi-objective conceptual design framework for
robot-cell systems that integrates productivity, layout, and manipulability, making trade-offs explicit
and enabling transparent and quantitative decision-making. Building on the need to reason about
(B) long-term uncertainty, Chapter 3 proposes surrogate-assisted scenario generation, which can be
apply to (1) strategic and (2) tactical decision-making. This chapter presents a surrogate-assisted,
general scenario generation method that captures uncertainty with fewer scenarios, improving the
scalability of robust decision-making. At (2) the tactical level for (A) complex supply chains under
(B) nonstationarity, Chapter 4 addresses emerging S&OP needs where transportation costs and
fleet capacities vary over time. It integrates sales, inventory, and transport capacity planning by
coupling mathematical programming with simulation-based evaluation, yielding solutions within
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1.5 Research Objectives and Contributions

Chapter 6:
Hyper-heuristics Framework for Online 
Order Batching and Sequencing Problem 
in Automated Logistics Warehouses with 
Order Consolidation Process

(A) Automated / Complex System

Chapter 2:
Simultaneous Optimization of Layout and 
Task Schedule for Robotic Cellular 
Manufacturing Systems

(1) Strategy
(2-5 years)

(2) Tactics
(Several months

- 2 years)

(3) Operation
(Real-time,

Daily, Weekly)

(B) Uncertainity / Nonstationarity

Chapter 4:
Integration of Sales, Inventory, and Transportation Resource Planning
by Dynamic-demand Joint Replenishment Problem with Time-varying Costs

Chapter 5:
Fast Simulation-based Order Sequence 
Optimization Assisted by Pre-trained 
Bayesian Recurrent Neural Network

Chapter 3:
Surrogate-assisted Scenario-generation 
Method for Simulation-based Stochastic 
Programming Problems

Chapter 1: General Introduction

Chapter 7: General Conclusion

Figure 1.2. Thesis structure and contents

operational time limits without sacrificing realism. At the operational level (3), Chapter 5 addresses
short-term planning in (A) automated warehouses by optimizing picking sequences. To support
fast decisions grounded in high-fidelity simulations that reflect complex system dynamics, it in-
troduces a scheduling approach that combines surrogate models with metaheuristics. Chapter 6
develops a reinforcement learning-based hyper-heuristic for (3) real-time operations in (A) auto-
mated warehouses with (B) dynamic environments, where shipping orders arrive sequentially. It
enables online, context-aware decision making that improves end-to-end system performance under
dynamic order arrivals. Finally, Chapter 7 outlines a decision-making framework that synthesizes
the findings of Chapter 2–6 and discusses future research directions.
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Chapter 2

Simultaneous Optimization of Layout and
Task Schedule for Robotic Cellular
Manufacturing Systems

2.1 Introduction

Robotic cellular manufacturing systems (RCMS) utilize one or more articulated industrial robots
that perform a large number of complex assembly operations normally conducted by human oper-
ators in conventional cellular manufacturing systems. RCMS have advantageous features similar
to those of conventional human-based cellular manufacturing systems, such as high flexibility with
respect to product changes and low material handling cost. However, due to the benefits of factory
automation, RCMS provide significant production advantages compared with manual assembly
systems. To fully exploit the advantageous features of RCMS, quick deployment of manufacturing
systems that have efficient configurations is paramount. But since a number of articulated robots in
an advanced RCMS cooperatively execute highly complex operations, RCMS design requires deep
knowledge and abundant experience in the field of robotics and assembly processes, so development
of effective support systems for RCMS layout design is a practical necessity.

Layout design is one of the most important decision-making processes when developing a new
RCMS [25]. During the layout design process, industrial robots and other manufacturing system
components are allocated at specific positions so that the assigned assembly operations can be
conducted appropriately. Since the layout design process is upstream of the detailed robot motion
design process, many robot motion design decisions are based on the result of the layout design
process, which typically determines, and may limit, fundamental performances of the RCMS.

Numerous optimization techniques for RCMS facility layout problems have been proposed, to
support decision-making at the layout design stage [26][27]. Unfortunately, these methods require
explicit constraint handling regarding component overlapping, since component coordinates are
handled as design variables, and this implementation obstructs global searching of the solution
space. On the other hand, the technique of sequence-pair representation, when used in layout
problems, can avoid overlapping among components and accommodate a variety of rectangle sizes
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2.2 Multi-robot Cellular Manufacturing System

that represent facility components [28]. Several papers report that this type of representation enables
very effective layout optimization in packing-type problems [29] and facility layout problems
[30][31].

Izui et al. [32] proposed a layout optimization method using sequence-pair representation to
assist the conceptual design of a RCMS. Practical layout design problems ordinarily have multiple
metrics [33][34], and layout design problems should be formulated as multiobjective optimization
problems rather than single objective optimization problems. Therefore, Izui et al. [32] clarified
the design criteria used at the conceptual design stage and a multiobjective genetic algorithm was
employed to obtain non-dominated solutions, but it was assumed that only a single industrial robot
was present. We now extend that method to handle cases in which two or more industrial robots
operate simultaneously to carry out complex assembly operations.

2.2 Multi-robot Cellular Manufacturing System

A typical RCMS comprises one or more industrial robots, part boxes, tool exchangers, and an
assembly table. The positions of these components are determined during the RCMS layout
design process. After the component layout is set, manufacturing engineers determine detailed
robot motions based on the provided layout design [35], which makes RCMS operational efficiency
highly dependent on such layout design results [36]. Furthermore, if, due to a poorly realized layout
design, it is found to be infeasible during the detailed motion design stage when the numerous tasks
to be performed are assigned and choreographed, the design process must return to the layout design
stage to implement design changes, causing unwelcome delays. Hence the need for a systematic
layout design method that provides reasonable design solutions while considering the detailed tasks
to be performed. In cases where multiple robots are used, the design process becomes far more
complex because the robots typically carry out their assigned tasks in parallel. Multiple assembly
operation tasks must be allocated to each robot and the usual procedure is to iteratively conduct the
RCMS layout design process, based on the results of task allocations considering the need to avoid
robot collisions during task operations [37].

In any case, task allocation and layout design results are interdependent [38]; choices made
during the layout design and task allocation affect each other. Therefore, obtaining efficient
manufacturing systems requires that decision-making for both layout design and task allocation
be conducted simultaneously [39]. We therefore propose an optimization technique for multi-
robot cellular manufacturing systems that simultaneously deals with both task allocation and
manufacturing layout design.

In the following sections, the design variables for task allocation and layout design are codified,
the RCMS design criteria are clarified, and an optimization procedure employing a multiobjective
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genetic algorithm is then presented.

2.3 Design Variables

2.3.1 Assumptions for RCMS Layout Design Problem

In this paper, we propose a design optimization technique for the layout of a RCMS in which
multiple robots carry out assembly operations. We assume that the list of assembly operations that
the robots will perform is preassigned, and the performances and sizes of manufacturing system
components such as the robots and the assembly base are also given in advance. During the layout
design process, design engineers must determine which robot will conduct each assembly operation
and also determine the position of each manufacturing system component, decision-making tasks
that are interrelated. For instance, since the time to complete a single task by a given robot depends
on the robot’s posture as it completes various tasks, different component layouts will result in
unique optimal task sequences. Moreover, to avoid collisions between robots, task allocations
and component locations must be appropriately adjusted during the creation of a layout design.
Design variable encoding techniques for determining task allocations and component locations are
explained next.

2.3.2 Encoding Technique for Task Allocation

The total operation time required to complete all allocated tasks must be computed to evaluate
a layout solution candidate. Operational tasks performed by robots can be classified into three
categories: assembly tasks, part acquisition tasks, and tool changing tasks. Furthermore, the time
required for each of these tasks is considered to be the sum of the time required to carry out the
actual operation and the time required for robot movement. Moreover, when multiple robots are
used in a RCMS, robot idling time must also be considered. To obtain highly efficient RCMS design
solutions, the allocation of the various operational tasks must consider these factors for each robot.
Although the time required to conduct a task operation can be easily estimated, robot movement
time and idling time depend on both the task allocation and the layout design, so these two aspects
must be simultaneously optimized.

Consider that a total of 𝑁𝑝 assembly tasks are allocated to 𝑁𝑟 industrial robots. A single end-
effector of a given robot is seldom appropriate for performing all tasks, so industrial robots usually
need to change their configuration to match the particular assembly task that must be performed.
We assume that there are 𝐾𝑝 types of task, i.e., 𝑁𝑝 assembly tasks can be classified into 𝐾𝑝 types
of task. In the following, the A vector represents a sequence of tasks and the required operational
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task types, where the 𝑖-th element of the vector represents the 𝑖-th task.

A = [𝐴1, 𝐴2, · · · , 𝐴𝑁𝑝
] (2.1)

We use vector 𝚽 to represent integer design variables for allocated tasks, as follows:

𝚽 = [𝜙1, 𝜙2, · · · , 𝜙𝑁𝑝
], (2.2)

𝜙𝑖 ∈ {1, 2, · · · , 𝑁𝑟}, (2.3)

where 𝜙𝑖 indicates the robot number that is to perform the 𝑖-th task. Using the above vectors, we
can now construct task allocation vectors B𝑙 for the 𝑙-th robot, as follows:

B𝑙 = [𝐵𝑙1, 𝐵
𝑙
2, · · · , 𝐵

𝑙
𝑁p
], (2.4)

𝐵𝑙𝑖 =


𝐴𝑖 if 𝜙𝑖 = 𝑙

0 if 𝜙𝑖 ≠ 𝑙 ,

where 𝐵𝑙
𝑖
= 0 means that the 𝑙-th robot does not have an 𝑖-th task, a condition that may cause an

idling state.
Each operational task indicated by 𝐴𝑖 is now separated into assembly tasks, part acquisition

tasks, and tool changing tasks. In this paper, these separate tasks are denoted as detailed tasks
and the detailed tasks of task 𝑋 assigned to robot 𝑙 are represented as 𝑋 𝑙

𝐴
, 𝑋 𝑙

𝑇
and 𝑋 𝑙

𝑃
, with the

subscripts 𝐴, 𝑇 and 𝑃 denoting Assembly, Tool Change, and Part Acquisition tasks, respectively.
These detailed tasks include the robot movement times needed to change robot postures, since each
robot assumes different postures according to detailed task requirements.

The detailed task sequence for each robot is obtained based on the following conditions.

Definition 1 Detailed task requirements

1. When robot 𝑙 retrieves a part from a part box or attaches a part to a product being assembled,
the robot must be equipped with the end-effector that is appropriate for the particular part.

2. Before robot 𝑙 can use a part for an assembly task, it must retrieve the part from the appropriate
part box.

3. Robot 𝑙 can assemble only a single part during a given assembly task.
4. Multiple assembly tasks cannot be performed during the same time period, although multiple

robots exist. That is, a robot cannot start an assembly task if another robot is conducting an
assembly task.

5. All tasks must be performed as soon as possible after a given task is completed.
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An example of the construction process for an assembly task schedule based on the design
variables 𝚽 is shown in Fig. 2.1. This example illustrates a case in which two assembly robots
conduct four assembly tasks that contain three types of tasks, X ,Y and Z, which correspond to such
as screw fastening and part attaching in actual assembly operations. In this example, the number of
robots 𝑁𝑟 = 2, the number of assembly tasks 𝑁𝑝 = 4 and the number of the types of tasks 𝐾𝑝 = 3.

In the first process, task allocation vectors B1 and B2 for two robots are constructed by
separating the task-sequence vector A according to Eq. 2.5. In the second step, task schedules
for each robot are generated from task allocation vectors B1 and B2 according to Def.1. In this
example, the first 𝑋 task of allocation vector B1 and the 𝑌 and 𝑍 tasks of allocation vector B2 are
each separated into their respective detailed tasks. The second 𝑋 task of robot 1 is divided into
only two detailed tasks, an assembly task and a part acquisition task. The tool changing task is not
need to be conducted because robot 1’s preceding task was 𝑋 , hence it is already equipped with the
correct end-effector for the 𝑋 task.

0 5 10 15 20 25
Operation time [s] 

1 2 1 2

X Y X Z

X 0 X 0

0 Y 0 Z

0

00XT1 XA

YT2 YP YA ZT2 ZP ZA

XP XAXPTask schedule of Robot 1

Task schedule of Robot 2

B1

A

B2

2. Divide Bl and generate task schedules

1. Construct task allocation vector Bl from       and A

Φ

Φ

1 1 1 1

2 2 2 2

Figure 2.1. Construction process example for a detailed task schedule.

2.3.3 Encoding Technique for Component Positioning

Component positioning design problems can be viewed as problems in which the planar positions
of variously sized components must be optimized. One intuitive method for obtaining optimal
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positions would be to optimize the coordinates of the components, but this is problematic since
additional constraints must be used to prevent overlapping of the components, which may occur
when using conventional mixed-integer approaches [40][41]. We therefore use a sequence-pair
representation technique that automatically avoids component overlapping [28].

The sequence-pair approach employs a pair of sequences, Γ+ and Γ−, where each sequence
indicates the relative positions of manufacturing system components that are assumed to be rect-
angles. Furthermore, in this paper, an additional binary variable, 𝚯 = { 𝜃𝑚 } (𝑚 = 1, 2, ..., 𝑀), is
introduced to represent the orientation of each allocated rectangular component, where 𝑚 denotes
the component number and 𝑀 is the total number of components. Component orientation, i.e.,
whether the long side is vertical or horizontal, is represented as 𝜃𝑚 ∈ {0, 1}.

Layouts using sequence-pair representation can be decoded using an oblique grid. For example,
given 𝚪+ = {𝑑 𝑏 𝑐 𝑒 𝑓 𝑔 𝑎} and 𝚪− = {𝑏 𝑓 𝑐 𝑎 𝑑 𝑔 𝑒}, the two permutations, Γ+ and Γ−, represent
the relative positions of the components on this oblique grid, and the component sequences in the
two grid line labels are the same as those of the permutations, as shown in Fig. 2.2. That is, the
label sequence from the top corner toward the right is the same the Γ+ sequence, and the label
sequence from the leftmost corner toward the top corner is the same the Γ− sequence. As shown in
Fig. 2.2, components are located at the intersection of corresponding pairs of the diagonally drawn
component grid lines.
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Figure 2.2. Relative arrangement.

Two directed and vertex-weighted graphs can be constructed on the oblique grid to diagram
horizontal and vertical constraints, as shown in Fig. 2.3. In these graphs, the position of each
vertex indicates the corresponding component layout. In the horizontal constraint graph, two
vertexes indicated two components are connected by an edge as illustrated by arrow lines when
one component is to the left of another component in both sequences. Components in the vertical
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constraint graph are connected when a component letter label is to the left of the corresponding
component letter label in Γ+ and, analogously, to the right in Γ−. The position of each component is
then calculated by solving the longest path problem, considering the orientation of the components
indicated by their 𝜃𝑚 value. Ultimately, a layout is obtained, as shown in Fig. 2.4. This procedure
is discussed in detail in the reference [28].

In the sequence-pair approach, the sequence of letter labels represents the relative position
of the components, but the space between the components is not considered. In RCMS layout
design problems, however, the inclusion of adequate space between components is extremely
important, since robot manipulation requires a certain minimal distance from task points, to allow
complex assembly tasks to be conducted at these points [42]. In this paper, we use a dummy
component scheme [32] to represent these crucial spaces in RCMS layout problems. In this
scheme, a set number of rectangular dummy components, representing an empty space rather
than any manufacturing component, are included in the optimal layout design problem, as shown
in Fig. 2.5, and the layout of both normal and dummy components is simultaneously optimized.
Consequently, dummy components are allocated at places where space is required so that layout
optimization using sequence-pair representation can consider the spacing requirements for the
particular robots being used.
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(a) Horizontal constraint graph (b) Vertical constraint graph

Figure 2.3. Constraint graphs.
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Figure 2.4. Component layout.
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Figure 2.5. Dummy representation of space be-
tween components.

2.3.4 Design Variables for RCSM Layout Design Problem

We now propose the design variables that must be solved in the RCSM layout design problem, using
a combination of the above methods. To solve this optimization problem, the design variable x is
defined as follows so that the task allocation and layout design can be simultaneously optimized.

x = [𝚪+, 𝚪−, 𝚯, 𝚽] (2.5)

With respect to variable x, 𝚪+ and 𝚪− represent the relative positions of each component
using sequence-pair representation with integer variables, and 𝚯 expresses the orientation of these
components using binary variables. These three variables are termed layout variables in the
following sections. Integer variable 𝚽, on the other hand, indicates the allocation of assembly
tasks to each robot in the robotic cell. In this paper, the layout design problem is represented as
x, the component layout is decoded from layout variables 𝚪+, 𝚪−, and 𝚯, and the allocated tasks
are regenerated from 𝚽 using the decoding methods explained in the above sections. All of the
variables in x are integers and nominal scale. Therefore, the optimization problem in which x is
used as the design variable can be formulated as a combinatorial optimization problem.

2.4 Design Criteria for Layout Design

2.4.1 Layout Design Problem

The most important consideration when developing new manufacturing systems is productivity.
Barral et al. [26] and Tay et al.[27] have proposed single-objective layout optimization algorithms
that minimize RCMS operation time in order to maximize productivity. However, during the RCMS
layout design stage, multiple design requirements must be considered, and feasibility verification of
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assembly tasks is also an essential process. Another highly important consideration is minimization
of layout area, to enhance the efficiency of factory-level layouts. These requirements are closely
related to the design variables discussed above, and their quantitative criteria are discussed in the
following subsections.

2.4.2 Operation Time

The operational efficiency of a RCMS can be evaluated by considering the cycle time. RCMS
cycle time is the maximum value of the total operation time for the group of robots, which can be
estimated as the sum of the setup time (including robot movement time), the assembly time, and
idling time. Unfortunately, precise robot motions are not known at the conceptual design stage,
since detailed motion plans are as yet undetermined. Therefore, we evaluate robot movement times
using the angle through which robot arm joints rotate between the starting and terminal points for
each robot motion. Since the maximum angular velocity for each assembly robot joint is usually
given at the layout design stage, we calculate approximate robot movement times by assuming that
the joint motion has a uniform velocity based on this maximum angular velocity. Thus, robot
movement time 𝑡𝑚

𝑙, 𝑗 ,𝑘
for the 𝑘-th joint of robot 𝑙 performing the 𝑗-th motion is given as

𝑡𝑚𝑙, 𝑗 ,𝑘 =
|𝑞𝑙, 𝑗 ,𝑘 |
𝜔𝑙,𝑘

, (2.6)

where 𝜔𝑙,𝑘 indicates the maximum angular velocity of the 𝑘-th joint of robot 𝑙, and 𝑞𝑙, 𝑗 ,𝑘 is the
angle through which the 𝑘-th joint moves during the 𝑗-th motion performed by robot 𝑙. We assume
that all joints can simultaneously have their angle changed, and the 𝑗-th movement time of robot 𝑙
is now evaluated using the maximum joint motion time, as follows:

𝑡𝑚𝑙, 𝑗 = max
𝑘

[ |𝑞𝑙, 𝑗 ,𝑘 |
𝜔𝑙,𝑘

]
. (2.7)

In addition, we define a standard processing time 𝑡𝑠
𝑙
(𝐴 𝑗 ) for operational task 𝐴 𝑗 of robot 𝑙.

This standard processing time is a constant whose value depends on the particular assembly robot
and tool type, and does not include the robot movement time before and after task 𝐴 𝑗 is performed.
Thus, the robot task completion time 𝑇𝑙, 𝑗 , which represents the sum of the movement time from the
final posture at the 𝑗 − 1-th task to the initial posture at the 𝑗-th task plus the actual operation time
required by the 𝑗-th task of robot 𝑙, is given as

𝑇𝑙, 𝑗 = 𝑡
𝑚
𝑙, 𝑗 + 𝑡

𝑠
𝑙 (𝐵

𝑙
𝑗 ) . (2.8)

By using Eq. 2.8 and task allocation vectors B𝑙 described in in section 2.3.2, the total operation
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time 𝑇 for the RCMS is now defined as

𝑇 = max
𝑙


𝑁 𝑙
𝑡∑︁
𝑗

𝑇𝑙,𝑖 | 𝑙 = 1, 2, · · · , 𝑁𝑟
 , (2.9)

where 𝑁 𝑙𝑡 is the number of detailed tasks allocated to robot 𝑙.

2.4.3 Manipulability

Ensuring that robot arms reach their appropriate task positions is only one of the necessary con-
ditions required for conducting an assembly task, but this condition alone is insufficient because
RCMS robots must carry out complex movements when performing assembly tasks. If the robot’s
posture at a task position is close to a singular point, where the robot’s end-effector loses one
or more degrees-of-freedom of its available motion, the assembly task may not be successfully
completed. Therefore, consideration of how to avoid such singular points at the layout design stage
is essential for obtaining a feasible assembly process.

To avoid singular points, evaluation of kinematic manipulability [43] is beneficial. Manipu-
lability is a quantitative measure of the manipulating ability of robot arms that can be calculated
based on the relationship between the position of the end-effector and the joint vectors. Consider
an 𝑛 degree-of-freedom assembly robot that conducts tasks at various positions, with its ℎ-th joint
variable at the 𝑘-th task position denoted as 𝑞 𝑗

𝑘
, using joint vector q 𝑗 . The robot posture vector r 𝑗

at the 𝑗-th position ( 𝑗 = 1, 2, · · · , ℎ) is defined as follows:

q 𝑗 = [𝑞 𝑗1, 𝑞
𝑗

2, · · · , 𝑞
𝑗
𝑛]𝑇 ( 𝑗 = 1, 2, · · · , ℎ) (2.10)

r 𝑗 = [𝑟 𝑗1 , 𝑟
𝑗

2 , · · · , 𝑟
𝑗
𝑚]𝑇 , (2.11)

where 𝑛 is the number of dimensions needed to represent the position and angle of the end-effector.
In the following discussion, the notation for task position 𝑗 is ignored for simplicity. By the

chain-rule, velocity vector v(= ¤𝑞) is obtained as

v = J(q) ¤q , (2.12)

where ¤q indicates the joint velocity vector and J(q) is the Jacobian. Consider subset 𝑆𝑣 of the
realizable velocity 𝑣 such that the corresponding joint velocity ¤𝑞 satisfies

∥ ¤q∥ = ( ¤𝑞2
1 + ¤𝑞

2
2 + · · · + ¤𝑞

2
𝑛)1/2. (2.13)
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This subset is an 𝑛-dimensional Euclidean ellipse and its volume, 𝑉 , is given as

𝑉 = 𝑐𝑛𝑤, (2.14)

where coefficient 𝑐𝑛 is a constant value that depends on 𝑛. The volume of the 𝑛-dimensional
ellipse can be evaluated using 𝑤, which is referred to as a manipulability measure [43]. The
larger the manipulability 𝑤, the faster the end-effector can move in any direction, implying that
larger manipulability values of 𝑤 indicate that the robot can more easily conduct complex tasks.
Therefore, we use calculated values of 𝑤 to evaluate the feasibility of the assembly tasks. In the
case of non-redundant robots, 𝑤 is calculated as follows:

𝑤 = |detJ(q) |. (2.15)

Therefore, using superscript notation to represent robot 𝑙 and task position 𝑗 , the overall
feasibility of assembly task 𝑊 in a RCMS can be evaluated using a summation of manipulability
values 𝑤𝑙, 𝑗 as follows:

𝑊 =

𝑁𝑟∑︁
𝑙=1

𝑁 𝑙
𝑡∑︁

𝑗=1
𝑤𝑙, 𝑗 , (2.16)

where 𝑤𝑙, 𝑗 is the manipulability at the 𝑗-th task position of robot 𝑙.

2.4.4 Layout Area

In this paper, every manufacturing system component is assumed to be rectangular and layout area
𝑆 is evaluated using the area of the smallest rectangle that can contain all allocated components, as
shown in Fig. 2.6.
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Figure 2.6. Example of layout area 𝑆.
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2.4.5 Optimization Problem

Using the above three design criteria for the RCMS layout, a multiobjective optimization problem
for its design can be formulated as 

minimize 𝑇, 𝑆

maximize 𝑊.
(2.17)

If one or more task positions lie beyond the working envelope of a robot, a very large penalty
value is assigned to each objective function. Another constraint condition for this optimization
problem is to avoid overlapping among components, and to handle this constraint, a sequence-pair
representation scheme is introduced in the following section.

2.4.6 Constraints for Collision Avoidance

Sequence-pair representation can be used to avoid the problem of overlapping among system
components. An additional important constraint that must be considered in RCMS layout designs
is the avoidance of collisions between robots during assembly operations. In this paper, two types
of collision states are considered: 1) collision between two robot arms, as shown in Fig. 2.7, and 2)
collision between a robot arm and a robot base, as shown in Fig. 2.8. In the proposed method, the
potential for a collision to occur is detected at every start and end time of the operational tasks. If
a collision is detected, the layout solution is significantly penalized so that more feasible solutions
are obtained.

Figure 2.7. Component collision, type 1. Figure 2.8. Component collision, type 2.
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2.5 Optimization Technique

2.5.1 Multiobjective Genetic Algorithm

The proposed layout optimization formulation includes integer design variables that represent task
allocations, and sequence and binary design variables that represent the location and orientation
of components, respectively. The optimization problem to be solved is a large-scale combinatorial
problem that can be efficiently handled by meta-heuristic approaches such as genetic algorithms
[30] [44], simulated annealing [45], and swarm intelligence algorithms [46][47][48][49].

In this paper, a multiobjective genetic algorithm (MOGA) is used for the RCMS layout design
problem since it can provide comprehensive non-dominated solutions without having to convert
the original multiobjective problem to a single-objective optimization problem. An additional
benefit is that the obtained non-dominated solution set can be helpful to decision-makers when
analyzing trade-off relationships between the objective functions, which facilitates the selection of
satisfactory design solutions. The following sections describe crossover, mutation and selection
operators of MOGA.

2.5.2 Crossover

For the crossover process, we use a hybrid approach in which both the Placement-based Partially
Exchanging Crossover (PPEX) scheme [50] and a uniform crossover scheme are used, as shown in
Fig. 2.9. PPEX is an effective crossover algorithm for layout optimization problems that rely on
sequence-pair representation. In the PPEX algorithm, a pair of individuals in MOGA is chosen
first, then one component in one individual of the pair is selected at random, and a window domain
is created around this component. The sequence and orientation of components inside this window
are exchanged with those in the other individual. However, for the design variable x explained in
Section 2.3.4, PPEX is applicable only to the layout variables, 𝚪+, 𝚪− and 𝚯. We therefore apply
the uniform crossover algorithm, a general crossover approach to interger variables, to the task
allocation variable 𝚽.

2.5.3 Mutation

During the mutation process, random values are probabilistically applied to integer variables.
Firstly, for the mutation procedure applied to 𝚪+ and 𝚪−, the positions of two genes selected at
random are probabilistically exchanged. Secondly, the some 𝚯 genes are selected probabilistically,
and their binary variable values are inverted. Finally, probabilistically selected genes in 𝚽 are
changed to a random integer value based on the number of robots.
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Parent 1

Parent 2

Offspring

1 453 62 5 413 26 1 0 1 1 1 0

2 153 64 3 254 16 1 0 0 1 0 0

2 163 45 4 253 16 1 0 1 1 1 0

1 1 2 1 2

1 2 1 1 1

1 1 2 1 2

2 1

2 1

1 1

PPEX Uniform Crossover

θ Φ Γ + Γ - $

Figure 2.9. Genetic operation: Crossover.

2.5.4 Selection

NSGA-II (Non-Dominated Sorting Genetic Algorithm-II) [51] is used in the selection process
so that well-distributed non-dominated solutions are obtained in the multiobjective optimization
problem. In the NSGA-II selection scheme, non-dominated solutions are preserved and carried
over into the next generation, and a crowdedness criterion is used to select non-dominated solutions
existing in sparsely distributed areas, to obtain widely distributed non-dominated solutions.

2.6 Example Problem

2.6.1 Problem Settings

The proposed method was applied to an example problem in which two industrial robots assemble a
product. Figure 2.10 shows the configuration of the industrial robots, RV-2SQ models manufactured
by Mitsubishi Electric Corporation, and the maximum angular velocity data for the joints, used to
estimate robot movement times, are provided in Table 2.1.

The manufacturing system components in this example are specified in Table 2.2. Three kinds
of parts are provided at Part Boxes 1, 2, and 3. A robot removes a single part from a box and
brings it to the assembly table. The part is then assembled to a target object in a single assembly
operation. The length and width of the components are used to determine the size of the rectangles
that the sequence-pair layout representation scheme must handle.

Dedicated robot end-effectors, i.e., part-handling tools for grasping specific parts, are stored
in an individual Tool Box for each robot. When a robot is tasked with an assembly operation
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Figure 2.10. RV-2SQ robot.

Table 2.1. Maximum angular velocities of joints.

Joint number Maximum angular velocity [deg/s]

1 225
2 150
3 275
4 412
5 450
6 720

that requires a part that is not the same as that used in the preceding operation, the robot must
exchange the current end-effector for a different one at its Tool Box. Operational tasks that are
performed using the three kinds of parts stored in Part Boxes 1, 2 and 3, are denoted 𝑋 , 𝑌 and
𝑍 , respectively, in Table 2.2. For example, robot 2 may change its end-effector to handle the
parts located in Part Box 1. Next, the robot picks up a part from this box and then assembles
it to a target object at the Assembly Table. This series of processes can be described using the
following task combinations: tool change 𝑋2

𝑇
, part acquisition 𝑋2

𝑃
, and assembly 𝑋2

𝐴
. Note that the

RCMS automatically performs tool changes, and the processing schedule for these detailed tasks is
constructed under the constraints described in Section 2.3.2.

Table 2.3 shows standard processing times for changing an end-effector, picking up a part, and
for assembly. The standard times and expected robot movement times depend on the type of part
being manipulated.

Table 2.4 shows the sizes of the rectangular dummy components used during calculations.
The use of various sizes improves the optimization results, compared with those obtained when
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Table 2.2. Layout components.

Component name ID Size (Length, Width) [mm] Task

Robot 1 1 (255,255) -
Robot 2 2 (255,255) -

Assembly Table 3 (200,200) 𝑋1
𝐴
, 𝑌1

𝐴
, 𝑍1

𝐴
, 𝑋2

𝐴
, 𝑌2

𝐴
, 𝑍2

𝐴

Tool Box 1 4 (200,100) 𝑋1
𝑇
, 𝑌1

𝑇
, 𝑍1

𝑇

Tool Box 2 5 (200,100) 𝑋2
𝑇
, 𝑌2

𝑇
, 𝑍2

𝑇

Part Box 1 6 (150,100) 𝑋1
𝑃
, 𝑋2

𝑃

Part Box 2 7 (150,100) 𝑌1
𝑃
, 𝑌2

𝑃

Part Box 3 8 (150,100) 𝑍1
𝑃
, 𝑍2

𝑃

Table 2.3. Standard processing times.

Part
Time (s)

Tool change 𝑡𝑇 Pick-up 𝑡𝑃 Assembly 𝑡𝐴

X 3 4 2
Y 3 3 3
Z 1 2 3

a uniform dummy component size is used [32]. Given a variety of dummy component sizes, the
optimization algorithm can make specific and appropriate selections that enhance robot manip-
ulability. Concerning the genetic algorithm parameters, the population size, crossover rate, and
mutation rate were set to 100, 0.8, and 1/2𝑀 , respectively, where 𝑀 is the number of components
including dummy components. The genetic algorithm was iterated until the 20,000th generation
was reached.

Table 2.4. Dummy component characteristics (Case 1).

ID Size (Width, Depth) [mm] Quantity

7, 8 (120,130) 2
9, 10 (130,140) 2
11, 12 (140,150) 2
13, 14 (150,160) 2
15, 16 (160,170) 2

The following computational experiments were run on a Dell Workstation with 32GB RAM
and dual Intel Xeon E5-2630 CPUs (2.30Ghz × 2). The algorithm was implemented in MATLAB.
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2.6.2 Two-objective Optimization Problem

First, the proposed method was applied to a two-objective optimization problem to verify its
effectiveness in a simple problem, since performance evaluation is easier when the distribution of
non-dominated solutions is planar. This example problem considers only two objective functions,
operation time 𝑇 and manipulability𝑊 , with layout area 𝑆 ignored.

The solution distribution for this problem is shown in Fig. 2.11. Each point in Fig. 2.11
indicates an obtained non-dominated solution. Since the objectives of this optimization problem
are minimization of operation time 𝑇 and maximization of manipulability 𝑊 , points closer to the
upper-left corner represent better solutions in this figure. The distribution of the obtained solutions
clearly shows the trade-off relationship between operation time 𝑇 and manipulability 𝑊 . That is,
larger manipulability values are correlated with longer operation times, and short operation times
can only be achieved when manipulability is relatively low.
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Figure 2.11. Distribution of non-dominated solutions.

Solution A in Fig. 2.11 is a layout design solution that has a superior operation time, but inferior
manipulability. The component layout of solution A is shown in Fig. 2.12 and the corresponding
task schedule is shown in Fig. 2.13. The numbers in the rectangles in Fig. 2.12 represent the
component IDs listed in Table 2.2 and the gray rectangles indicate the dummy components listed
in Table 2.4. The advantageous features provided by solution A are that tasks are well allocated
to both robots, and certain components that are used, especially IDs 3 (Assembly Table), 6, 7 and
8 (Part Boxes 1–3) are in locations that both robots can access quickly, without risk of collision.
These aspects of the layout help to shorten the operation time because tasks can be conducted in
parallel, and the time the two robots spend moving between the components is shortened. However,
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since components 4, 5 and 8 are too close to the robots, the manipulability becomes low when
robots must access these components.

Solution B is the best solution with respect to manipulability, but poorest in terms of operation
time. The component layout for solution B is shown in Fig. 2.14 and the corresponding task
schedule is shown in Fig. 2.15. In this solution, Robot 2 alone conducts all operational tasks; Robot
1 remains idle. Several components, IDs 3, 5, 6, 7 and 8, are located far from Robot 2, which
enhances manipulability at these locations, at the expense of operation time.

Figures 2.11, 2.12 and 2.14 illustrate that the the use of dummy components in the proposed
method provides layout configurations that incorporate adequate spacing between components,
while ensuring that collisions are avoided during assembly operations. Additionally, these layout
solutions demonstrate that the proposed method can provide widely-spread non-dominated solution
sets that include a number of reasonable solutions, as the result of a single computation.
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Figure 2.12. Layout of solution A.
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Figure 2.13. Gantt chart of solution A.

2.6.3 Parameter Calibration for Dummy Components

In this section, we discuss how appropriate parameters pertaining to dummy components are set to
facilitate solving the layout problem. The provision of adequate spacing between components is
very important in RCMS layout design problems, since robot manipulation requires certain minimal
distances between task points to allow complex assembly tasks to be conducted at these points. We
therefore calibrate the parameters for the sizes and numbers of dummy components, which strongly
influence inter-component spacing.

Five cases that include different sizes and numbers of dummy components are considered as
candidates for the parameters, as shown in Table 2.4, Table 2.5, and Table 2.6. The results for each
case are compared in figures and quantitative metrics for the hypervolume indicator [52][53] are
given. Larger values of the hypervolume indicator imply that better non-dominated solutions are
obtained. Additionally, in this problem, the hypervolume indicator is calculated between operation
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Figure 2.14. Layout of solution B.
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Figure 2.15. Gantt chart of solution B.

time T and an inverse value of manipulability W, since a hypervolume is defined in a multi-objective
minimization problem.

Table 2.5. Dummy component characteristics (Case 2 and Case 3).

ID Case 2: Small dummies Case 3: Large dummies

Size (Width, Depth) [mm] Quantity Size (Width, Depth) [mm] Quantity

7, 8 (5,10) 2 (150,160) 2
9, 10 (10,15) 2 (170,180) 2
11, 12 (15,20) 2 (190,200) 2
13, 14 (20,25) 2 (210,220) 2
15, 16 (25,30) 2 (230,240) 2

Fig. 2.16 shows non-dominated solutions for the three cases corresponding to the different
sizes of dummy components listed in Table 2.4 and Table 2.5. Fig. 2.17 shows the obtained
non-dominated solutions when the number of dummy components 𝑁𝑑 is set to the values listed in
Table 2.4 and Table 2.6. These figures indicate that the non-dominated solutions obtained in Case
1 have higher manipulability for short operation times than those of the other four cases.

Next, Table 2.7 offers a comparison of the hypervolume indicator values obtained using dummy
components for each case, and reveals that the hypervolume indicator value for Case 1 is the largest
of the five candidates. Based on these results , we used the Case 1 values shown in Table 2.4
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Table 2.6. Dummy component characteristics (Case 4 and 5).

ID Size (Width, Depth) [mm] Quantity (Case 4) Quantity (Case 5)

7, 8 (120,130) 1 3
9, 10 (130,140) 1 3
11, 12 (140,150) 1 3
13, 14 (150,160) 1 3
15, 16 (160,170) 1 3
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Figure 2.16. Comparison of solutions for different dummy component sizes.
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Figure 2.17. Comparison of solutions when different numbers of dummy components are used.
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to set the sizes and numbers of dummy components in the following numerical example for the
three-objective optimization problem.

Table 2.7. Comparison of hypervolume indicator

Case of dummy component Hypervolume indicator

Case 1 0.7886
Case 2 0.7238
Case 3 0.7123
Case 4 0.7312
Case 5 0.6954

2.6.4 Three-objective Optimization Problem

Finally, the proposed method is applied to a three-objective optimization problem considering
operation time 𝑇 , manipulability 𝑊 , and layout area 𝑆. This example uses the same settings
as those in the two-objective optimization problem discussed above for the robot configuration,
number and size of rectangular dummy components, and genetic algorithm parameters.

The non-dominated solutions obtained using the proposed method for this problem are shown
in Fig. 2.18. Since there are three objective functions, the solutions are distributed in a three-
dimensional objective function space. In this problem, the trade-off relationship between layout
area and manipulability is especially significant, as illustrated in Fig. 2.19. Four representative
layout solutions, labeled C, D, E, and F, were selected from the obtained non-dominated solutions.

Solution C provides the minimum cycle time, D the maximum manipulability, E the minimum
layout area, and F is a compromise solution for the three objectives. The layouts and task schedules
for these solutions are shown in Fig. 2.20 through Fig. 2.27.

In solution C, the two robots perform operational tasks by turns to minimize the cycle time.
Comparing solutions A and C, both have almost the same operation time, but solution C has a
smaller layout area since it was generated with the goal of minimizing layout area 𝑆. Solutions B
and D have similar features, with all operational tasks allocated to Robot 2. These two extreme
solutions ignore minimization of the cycle time and minimization of layout area in order to maximize
manipulability. In contrast, solution E, which achieves the minimum layout area, demonstrates that
both robots can be utilized to perform operational tasks despite of the extreme nature of this solution.
This is because appropriate task scheduling enables the avoidance of collisions between robots and
components, and the operation time is reduced by using both robots rather than just one.

Figure 2.26 and Fig. 2.27 show the layout and Gantt chart for the compromise solution F,
respectively, which provides reasonable performance values for all three criteria. These figures
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Figure 2.18. Distribution of non-dominated solutions.
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Figure 2.19. Non-dominated solutions mapped to the Layout area-Manipulability plane.

also imply the existence of a trade-off relationship between layout area and manipulability. That
is, a smaller layout area reduces manipulability since the robot must perform its tasks at locations
close to the robot where the manipulability is very low. Thus, an adequate layout area is necessary
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to obtain sufficient manipulability. These figures illustrate that the proposed method can provide
reasonable solutions for RCMS layout designs.
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Figure 2.20. Layout of solution C.
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Figure 2.21. Gantt chart of solution C.
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Figure 2.22. Layout of solution D.
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Figure 2.23. Gantt chart of solution D.
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Figure 2.24. Layout of solution E.
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Figure 2.25. Gantt chart of solution E.
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Figure 2.26. Layout of solution F.
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2.7 Conclusion

This paper proposed a multiobjective optimization technique to assist the layout design for multi-
robot cellular manufacturing systems. A new coding technique was proposed, which represents both
task allocation and component positions. Integer variables were used to allocate assembly tasks
for multiple robots, and sequence-pair and binary variables were used to represent the location
and orientation of components, respectively. To improve the positioning of components used
during assembly tasks, the concept of dummy components was introduced to represent required
spaces between the components. Design criteria for RCMS layouts were clarified and a layout
design problem was formulated as a three-objective optimization problem considering collision
constraints. A multiobjective genetic algorithm (MOGA) was used to obtain comprehensive non-
dominated solutions for the RCMS layout designs. For the crossover process in the MOGA, a hybrid
approach using a Placement-based Partially Exchanging Crossover (PPEX) scheme and a uniform
crossover scheme was used, to facilitate coding. The proposed method was applied to two- and
three-objective optimization problems, and the obtained solutions demonstrated its effectiveness.
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Chapter 3

Surrogate-assisted Scenario-generation
Method for Simulation-based Stochastic
Programming Problems

3.1 Introduction

Industries frequently face situations requiring decisions under uncertainty, such as production plan-
ning and supply chain management, where future demand is uncertain. In these cases, stochastic
programming is an effective optimization approach to find a robust optimal solution by minimizing
objective values under uncertainty. Discrete simulators are also often used in pragmatic decision-
making to consider analytically intractable factors in real-world systems. This paper discusses
stochastic programming formulated on the basis of a simulator, referred to as a simulation-based
stochastic programming problem (SBSPP). Simulation-based optimization typically relies on com-
putationally intensive black-box optimization methods due to the lack of efficient solving techniques.
SBSPPs also requires iterative simulation runs proportional to the number of scenarios to evaluate
uncertainty for each solution candidate, significantly increasing computational time. Consequently,
scenario generation, which selects minimal and essential scenarios, is crucial for solving SBSPPs.

For scenario generation, distribution-driven approaches, such as Monte Carlo sampling and
clustering methods, are widely used to approximate the probability distribution with a finite number
of scenarios. Problem-driven approaches have been proposed recently, leveraging information from
the target optimization problem to identify scenarios that significantly impact the decision outcome.
However, it remains challenging to apply these methods to SBSPPs. Distribution-driven methods
often require a large number of scenarios to achieve high-quality solutions. Conversely, most
problem-driven methods rely on solving subproblems of the target problem, which is difficult to do
quickly in SBSPPs. Given these challenges, we propose a surrogate-assisted scenario-generation
method called Inferred Cost-Space Scenario Clustering (ICSSC) tailored for SBSPPs.

This study focuses on practical situations in which SBSPPs with similar configurations are
solved iteratively, such as inventory placement planning where a logistics network is constant, but
shipping order sets change daily. In such situations, using past simulation results to solve the
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upcoming SBSPP is reasonable since these results can share a similar tendency characterized by
the consistent part of the optimization model. On the basis of this offline dataset, a surrogate model
is trained to infer simulation evaluations much faster than the original simulator. ICSSC selects the
representative scenario set using 𝑘-medoids clustering based on a new cost-space distance metric,
cost-space Euclidean distance, evaluated by the pre-trained surrogate model.

The contributions of this paper are as follows:

• Proposal of the surrogate-assisted scenario-generation method, ICSSC, applicable to SBSPP.
• Selection of the appropriate surrogate model for SBSPP.
• Evaluation of ICSSC’s effectiveness in solving SBSPPs compared with conventional methods.

In Section II, we introduce the background of this study. We describe SBSPPs and scenario
generation in Section III. In Sections IV, V, and VI, we discuss the performance evaluation of ICSSC
through Markowitz portfolio optimization, stochastic server location, and inventory placement
optimization problems, respectively. We conclude in Section VII with a summary and future work.

3.2 Background

3.2.1 Stochastic Programming

In stochastic programming problem (SPP), some or all parameters of the optimization problem are
uncertain but follow given probability distributions. The goal is to find the decision variables that
optimize the expected performance measure across all possible scenarios, which are the realizations
of the uncertain parameters. A general formulation of this problem is as follows [54], [55]:

min
x∈X

∫
𝚵
𝐹 (x, ξ)𝑃(𝑑ξ), (3.1)

where the decision variables x are defined on X , which is a closed subset of R𝑛. The scenario
ξ involves random parameters defined on a given probability distribution 𝚵, which is a closed
subset of R𝑑 , 𝐹 (x, ξ) is the objective function, and 𝑃(∗) represents the given probability measure
modeling the uncertainty in the problem.

In practice, closed-form solutions for Equation 3.1 are rarely available. The most widely used
technique to solve real-world SPPs is sample average approximation, which transforms the problem
into the deterministic equivalent problem using a set of discrete scenariosS = {ξ1, ..., ξ𝑁 } and their
positive probabilities {𝑝1, ..., 𝑝𝑁 } for approximating the integral by a finite sum [56]. Equation 3.1
can be reformulated with a number of the original scenarios 𝑁 as follows:
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[Original problem: Q]

min
x∈X

{
𝑓 (x) :=

𝑁∑︁
𝑖=1

𝑝𝑖𝐹 (x, ξ𝑖)
}
, (3.2)

where ξ𝑖 is the 𝑖-th scenario defined on 𝚵 ∈ R𝑑 , and 𝑝𝑖 is the probability of the 𝑖-th scenario.
Generally, 𝑁 must be a large positive integer to obtain a statically valid solution for a multi-
dimensional probability distribution, thus this problem becomes computationally intractable in
practical situations.

3.2.2 Simulation-based Optimization

Many real-world systems, such as supply chain networks, are too complex to be described with
analytical models such as mixed-integer linear programming (MILP) models, especially when
there are uncertain elements and interdependent parts. Simulation models are widely used in
such cases since they can directly handle non-linear behaviors and complex interactions among
their components more effectively. Thus, simulation-based optimization (SBO), which integrates
simulation with optimization techniques to solve complex problems, is widely used to support
real-world decision-making. With SBO approaches, solutions are evaluated by the simulation to
understand the objective function’s landscape, and black-box optimization methods, such as genetic
algorithms (GA) and covariance matrix adaptation evolution strategy (CMA-ES) [57], are widely
used as search algorithms [58].

When evaluations of the objective or constraint functions involve time- or resource-intensive
simulations, a surrogate model (metamodel) is used to approximate the objective and/or constraint
functions and reduce the computational cost [59]. A surrogate model emulates the behavior of a
complex simulator at negligible cost per run [60]. Various machine learning (ML) models, such as
linear regression (LR) [61], Gaussian process (GP) [62], gradient boosting trees (GBT) [63], and
deep neural networks (DNN) [64], are used as surrogate models.

3.2.3 Simulation-based Stochastic Programming Problem

SBO approaches are often used for solving optimization problems including uncertain information.
We refer to this type of SBO as a simulation-based stochastic programming problem (SBSPP). For
example, Baharom and Hamzah [65] developed an inventory simulation model of an electronics
company, determining the optimal reorder policy with the lowest average total inventory cost using
scenarios of uncertain demand and lead times obtained with an Monte Carlo method. Pacheco
et al. [66] used discrete event simulation to model a supply chain subject to demand uncertainty
and proposed a reorder point update procedure for order-up-to-level policies in continuous review
systems.
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Note that most simulators cannot handle stochastic distributions as input. Instead, an Monte
Carlo method is frequently used to generate a set of scenarios to approximate the original distribu-
tion. However, to solve SBSPPs, repeated simulation runs are required to evaluate the performance
metrics for each parameter and scenario combination. This often results in excessive computational
intensity, making it difficult to obtain a trustworthy solution. It is crucial to carefully select a set of
necessary and sufficient scenarios to derive a robust solution within a practical time. Therefore, we
developed a scenario-generation method that obtains a set containing as few but critical scenarios
as possible for quickly solving SBSPPs.

3.3 Scenario Generation

3.3.1 Problem Statement and Method Classification

Scenario generation or scenario reduction is a process of creating scenarios as a concise, discrete
realization of a given probability distribution or a scenario set with as small a number of scenarios
as possible [67]. Scenario generation is crucial in stochastic programming because the quality of its
solution depends on approximating the underlying uncertainty. In scenario generation, we consider
a problem 𝑄̃ that approximates the original problem 𝑄, defined as Equation 3.2, using a number of
representative scenarios 𝐾 ≪ 𝑁 as follows:
[Approximated problem: 𝑄̃]

min
x∈X

{
𝑓 (x) :=

𝐾∑︁
𝑘=1

𝑝𝑘𝐹 (x, ξ̃𝑘 )
}
, (3.3)

where the set of scenarios is denoted as S̃ = {ξ̃1, ..., ξ̃𝐾}, their probabilities as p̃ = {𝑝1, ..., 𝑝𝐾},
and the optimal solution as x̃∗. Note that an upper tilde (˜) indicates the values related to the
representative scenarios. Scenario generation aims to find S̃ and p̃ to minimize the implementation
error (i.e., approximation error) [68], [69], defined as

𝑓 (x̃∗) − 𝑣∗ =
𝑁∑︁
𝑖=1

𝑝𝑖 {𝐹 (x̃∗, ξ𝑖) − 𝐹 (x∗, ξ𝑖)} ≥ 0, (3.4)

where x∗ is the optimal solution of 𝑄, and 𝑣∗ is the optimal objective value. The implementation
error is minimized when the solution obtained with 𝐾 scenarios x̃∗ is similar to the true solution
x∗. Thus, in scenario generation, sufficient scenarios should be generated to capture the impact of
uncertainty while the scenario set size should be small to solve 𝑄̃ quickly.

Scenario-generation methods can be classified into distribution-driven and problem-driven[70].

33



Surrogate-assisted Scenario-generation Method for Simulation-based Stochastic Programming
Problems

The key differences lie in the generation of scenarios that reflect the impact of uncertainty in target
problems. Distribution-driven methods focus on generating a subset of scenarios to approximate
the original distribution or scenario set statistically. These methods do not take into account the
target problem’s performance metrics and model when selecting a scenario set. Problem-driven
methods generate a scenario set by determining how changes in uncertain parameters affect decision
outcomes, often using problem information to identify critical scenarios.

3.3.2 Distribution-driven Methods

Distribution-driven methods generally provide a scenario set to approximate the given distribution
statistically and are widely used in academic and practical fields. Major distribution-driven methods
involve sampling a finite number of scenarios from the original distribution, such as Monte Carlo
methods (e.g., Kleywegt et al. [71]), quasi-Monte Carlo methods (e.g., Heitsch et al. [72]), and
sparse grid quadrature (e.g., Chen et al. [54]). Other methods involve minimizing a metric to
evaluate the distance between the original probability distributions and generated scenario set, such
as the minimization of the nested distance built on the Wasserstein distance [73], moment matching
[74], and various clustering algorithms, e.g., k-means [75] and k-medoids [76].

Löhndorf [77] conducted an empirical analysis of widely-used scenario-generation methods,
such as quasi-Monte Carlo, moment matching, and competitive learning, using the newsvendor
problem with multiple distributions. Their results indicate that no single scenario-generation
method is universally superior and that the Wasserstein distance as a probability metric is inef-
fective for choosing scenarios in higher dimensions. Jiang et al. [78] explored a method for
bundling scenarios in a progressive hedging heuristic applied to stochastic service network design.
They compared scenario bundling with hard clustering methods such as k-means, soft clustering
methods, such as Fuzzy C-Means and Gaussian Mixture Model (GMM), and the cover method.
Their experimental results indicate that GMM-based progressive hedging heuristic yielded the best
performance among all methods they investigated. Escudero et al. [79] proposed a multistage
scenario cluster Lagrangean decomposition to obtain strong lower bounds on large-scale multistage
mixed binary SPPs by using the scenario tree structure, referred to as a “break stage.” Note that
distribution-driven methods can generally generate a vast number of scenarios, many of which may
have a negligible impact on solution, leading to extended computational times to solve SPPs.

3.3.3 Problem-driven Methods

To overcome these challenges, problem-driven methods focus on the decision problem and the
impact of uncertainty on the decisions [70], [80], [81]. These methods often use the performance
measures of the target optimization problem to identify essential scenarios that evaluate the so-
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lution’s robustness. This approach can reduce the number of scenarios handled in optimization
while maintaining the accuracy of uncertainty evaluation by excluding scenarios that do not affect
decision outcomes. Problem-driven methods generate different scenario sets for different problems,
even if the probability distributions are the same. Thus, problem-driven methods can obtain more
effective and smaller scenario sets from a logical perspective than distribution-driven methods.

Henrion and Römisch [55] formulated an optimal scenario-generation problem for linear two-
stage SPPs with chance constraints based on minimal information distances and applied it to the
news-vendor problem with random demand. Fairbrother et al. [82] proposed the aggregation
sampling method and aggregation reduction method for SPPs in which a tail risk measure, such
as conditional value-at-risk, is applied to a loss function, and investigated the effectiveness in the
portfolio selection problem. Ryan et al. [83] proposed an optimization-driven scenario grouping
method, which leads to stronger non-anticipative relaxation bounds by estimating bound improve-
ment with single-scenario subproblem solutions. For mixed-integer SPPs, Keutchayan et al. [68]
introduced a cost-space scenario clustering (CSSC) method that forms clusters based on the distance
in the cost space defined as the objective values of single-scenario subproblems.

In recent years, ML technologies have been combined with problem-driven scenario-generation
methods to generate more informative scenarios [70] Dumouchelle et al. [84] proposed Neur2SP, a
fast solution method for mixed-integer linear/nonlinear SPPs by replacing the expected value of the
objective function with a rectified linear unity (ReLU) neural network that can be expressed as an
MILP model. Wu et al. [85] studied CVAE-SIPA that uses a conditional variational autoencoder
(CVAE) to learn scenario embeddings through semi-supervised learning for the objective function
and execute clustering for scenario reduction.

However, it is challenging to apply these problem-driven methods to SBSPPs directly. Most
of these methods, such as those by Henrion and Römisch [55] and Keutchayan et al. [68], are
designed for mixed-integer/quadratic SPPs, and leverage the characteristic that these single-scenario
subproblems can be solved immediately. In contrast, it is difficult to solve the single-scenario
subproblem of an SBSPP within a short time frame because iterative simulation runs are required.
While the ML-based methods by Dumouchelle et al. [84] and Wu et al. [85] can be applied to
SBSPPs, both require a large dataset consisting of solutions to the single-scenario subproblems,
making the cost of preparing training data prohibitively high for practical use. For example, Wu et
al. [85] reported that the amount of labeled data obtained from the subproblem solutions can be
reduced to 1% of the entire dataset in supervised learning of CVAE-SIPA. However, in SBSPPs, the
cost of preparing the labeled training data is still significant since it requires thousands of iterative
simulation runs to solve one subproblem. Given this background, it is crucial to develop an effective
problem-driven scenario-generation method for SBSPPs that allows for practical computation times
in preparing a training dataset and solving the target optimization problem.
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3.3.4 Cost-space Scenario Clustering Method

We focus on CSSC [68], which is widely applicable to SPPs regardless of the modeling scheme
(analytical or simulation-based) and probability distributions, except for computational costs to
solve single-scenario subproblems. CSSC does not evaluate the distance between scenarios in the
space of random outcomes (R𝑑), such as the distance metric 𝑑 (ξ𝑖, ξ 𝑗 ) but instead in the space
of cost values (R), such as 𝐹 (·, ξ𝑖) and 𝐹 (·, ξ 𝑗 ). For example, if two scenarios ξ𝑖 and ξ 𝑗 are
very different in the space of random outcomes (𝑑 (ξ𝑖, ξ 𝑗 ) ≫ 0) but lead to the same cost value
(𝐹 (·, ξ𝑖) = 𝐹 (·, ξ 𝑗 )), they can be grouped into the same cluster without changing the solution.
Then, 𝐾 scenarios are produced as the centroids of scenario clusters estimated in the cost space.

The original scenario set S = {ξ1, .., ξ𝑁 } is first randomly selected from a probability distri-
bution 𝚵. We denote the set {1, ..., 𝑁} asN and {1, ..., 𝐾} asK. A single-scenario subproblem𝑄𝑖

containing only scenario ξ𝑖 is formulated as
[Single-scenario subproblem: 𝑄𝑖]

min
x∈X

𝐹 (x, ξ𝑖), ∀ 𝑖 ∈ N . (3.5)

The opportunity cost 𝑉𝑖, 𝑗 defined by the following equation is then calculated for all combinations
of 𝑖 and 𝑗 [86]:

𝑉𝑖, 𝑗 = 𝐹 (x∗𝑖 , ξ 𝑗 ), ∀ 𝑖, 𝑗 ∈ N , (3.6)

where x∗
𝑖

is a solution of 𝑄𝑖. Scenario clustering determines a partition of the scenario index set
N into 𝐾 clusters {C𝑘 | 𝑘 ∈ K} and their representative scenario indexes {𝑟𝑘 | 𝑟𝑘 ∈ C𝑘 , 𝑘 ∈ K}}
by minimizing the clustering discrepancy as

min
{(C𝑘 ,𝑟𝑘) |𝑘∈K}

∑︁
𝑘∈K

𝑝𝑘

������𝑉𝑟𝑘 ,𝑟𝑘 − 1
|C𝑘 |

∑︁
𝑗∈C𝑘

𝑉𝑟𝑘 , 𝑗

������ , (3.7)

where |C𝑘 | is the number of scenarios inC𝑘 and 𝑝𝑘 = |C𝑘 |/𝑁 . This scenario clustering is called the
mixed-integer partitioning problem (MIPP). CSSC obtains the set of the 𝐾 representative scenarios
ξ̃𝑘 = ξ𝑟𝑘 (𝑘 ∈ K) that approximately minimize the implementation error in Equation 3.4 by solving
MIPP with a general MILP solver.

CSSC outperforms other distribution-driven methods on two stochastic MILP problems: net-
work design problem and facility location problem [68]. It is also superior to other problem-driven
methods because no underlying probability distribution is needed, and no arbitrary metric in the
space of random outcomes must be specified. However, CSSC has the following two issues when
applying it to SBSPPs. First, it requires many computational resources to solve single-scenario
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subproblems to calculate opportunity costs. Therefore, it can only be applied when subproblems
can be solved quickly, such as linear programming problems. Additionally, the number of the
original scenarios 𝑁 and the representative ones 𝐾 must be small enough since MIPP becomes
intractable when 𝑁 and/or 𝐾 is large. This limits performance for the high-dimensional scenario
space because many scenarios are necessary to approximate the probability distribution.

We discuss the following two challenges:
Challenge 1: Quickly solve SBSPP single-scenario subproblems for calculating opportunity costs,
Challenge 2: Conduct scalable scenario clustering regardless of the number of original and
representative scenarios (𝑁, 𝐾).

Our method expands CSSC to overcome these challenges. We first use a surrogate model
to quickly approximate the objective function value without simulation. We then use a scenario-
clustering method that combines a new distance metric between scenarios in the cost space and an
unsupervised clustering algorithm, which is more scalable than MIPP.

3.4 Inferred Cost-space Scenario Clustering

3.4.1 Overview of Proposed Method

The proposed method, Inferred Cost-Space Scenario Clustering (ICSSC), expands CSSC to over-
come the two challenges mentioned above. ICSSC addresses the following constrained SPP:

min
x∈X

∑︁
𝑘∈K

𝑝𝑘𝐹 (x, ξ̃𝑘 ),

s.t. 𝐺 𝑙 (x) ≤ 0, ∀ 𝑙 ∈ L.
(3.8)

where 𝐹 (x, ξ) is the objective function implemented using a simulator,𝐺 𝑙 (x) is the 𝑙-th constraint,
𝐿 is the number of constraints, and the set {1, ..., 𝐿} is denoted as L.

The overall flow of ICSSC is shown in Figure 3.1 and consists of two phases: pre-training
and scenario-generation. In the pre-training phase, a surrogate model 𝐹̂ (x, ξ), which infers the
objective function 𝐹 (x, ξ), is built using offline simulation datasets. The opportunity cost is then
calculated with the surrogate model in the scenario-generation phase. The first challenge can be
resolved by quickly inferring objective function values with a surrogate model instead of simulation.
To resolve the second challenge, we use k-medoids clustering based on a new distance metric using
the opportunity cost to find the representative scenarios instead of solving MIPP.
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Figure 3.1. Flowchart of ICSSC. Surrogate model of objective function is trained in pre-training
phase. In scenario-generation phase, 𝐾 representative scenarios are selected by k-medoids cluster-
ing on basis of the opportunity cost obtained with surrogate model.

3.4.2 Mathematical Development

In this section, we derive the error bound to be minimized with ICSSC from the implementation
error defined in Equation 3.4 on the basis of the discussion by Keutchayan et al. [68]. Given that
𝑓 (x̃∗) ≤ 𝑓 (x∗) since x̃∗ is a minimum of 𝑓 , and 𝑓 (x∗) ≤ 𝑓 (x̃∗) since x∗ is a minimum of 𝑓 , the
implementation error can be bounded as

| 𝑓 (x̃∗) − 𝑣∗ | = | 𝑓 (x̃∗) − 𝑓 (x∗) | (3.9)

= | 𝑓 (x̃∗) − 𝑓 (x̃∗) + 𝑓 (x̃∗) − 𝑓 (x∗) | (3.10)

≤ | 𝑓 (x̃∗) − 𝑓 (x̃∗) | + | 𝑓 (x̃∗) − 𝑓 (x∗) | (3.11)

≤ 2 max
𝑥∈{x∗,x̃∗}

| 𝑓 (x) − 𝑓 (x) | (3.12)

≤ 2 max
𝑥∈X̃
| 𝑓 (x) − 𝑓 (x) | (3.13)

where X̃ ⊆ X is any feasible set including the two optimal solutions of the original and approximate
problems, {x∗, x̃∗}, both unknown in scenario generation. The X̃ has to be sufficiently large to
ensure the validity of the bound while sufficiently small to guarantee its tightness. For detailed
discussions of Equations 3.9 – 3.13, see Keutchayan et al. [68]. Further expanding the right side

38



3.4 Inferred Cost-space Scenario Clustering

of Equation 3.13, we have

max
𝑥∈X̃
| 𝑓 (x) − 𝑓 (x) | = max

𝑥∈X̃

�����∑︁
𝑘∈K

𝑝𝑘𝐹 (x, ξ̃𝑘 ) −
1
𝑁

∑︁
𝑖∈N

𝐹 (x, ξ𝑖)
����� (3.14)

= max
𝑥∈X̃

�����∑︁
𝑘∈K

|C𝑘 |
𝑁

𝐹 (x, ξ̃𝑘 ) −
1
𝑁

∑︁
𝑘∈K

∑︁
𝑖∈C𝑘

𝐹 (x, ξ𝑖)
����� (3.15)

=
1
𝑁

max
𝑥∈X̃

�����∑︁
𝑘∈K

∑︁
𝑖∈C𝑘

(
𝐹 (x, ξ̃𝑘 ) − 𝐹 (x, ξ𝑖)

)����� (3.16)

≤ 1
𝑁

∑︁
𝑘∈K

∑︁
𝑖∈C𝑘

sup
𝑥∈X̃

���𝐹 (x, ξ̃𝑘 ) − 𝐹 (x, ξ𝑖)��� (3.17)

Therefore, we formulate the following problem to approximately minimize the implementation
error:

min
{(C𝑘 ,ξ𝑘) |𝑘∈K}

∑︁
𝑘∈K

∑︁
𝑖∈C𝑘

sup
𝑥∈X̃

��𝐹 (x, ξ𝑟𝑘 ) − 𝐹 (x, ξ𝑖)�� , (3.18)

where 𝑟𝑘 is an index of a representative scenario of cluster 𝑘 and ξ̃𝑘 = ξ𝑟𝑘 . This problem can be
considered as minimizing the sum of the intra-cluster distances in the cost space within each cluster
and defined as

𝐷 (ξ𝑟𝑘 , ξ𝑖) = sup
𝑥∈X̃

��𝐹 (x, ξ𝑟𝑘 ) − 𝐹 (x, ξ𝑖)�� . (3.19)

This metric indicates the supremum value of the cost difference between scenarios 𝑟𝑘 and 𝑖.
As mentioned above, ICSSC uses a surrogate model to evaluate 𝐹 (x, ξ) instead of the simu-

lator. However, the scenario distance in Equation 3.19 is highly sensitive to the prediction errors of
the surrogate model since it is determined by a single 𝑥 providing the supremum value. To mitigate
the impact of prediction errors and approximately minimize the supremum value, we introduce the
following distance metric based on the root mean squared error (Euclidean distance), as follows:

𝐷 (ξ𝑟𝑘 , ξ𝑖) =
√︄∑︁
𝑥∈X̃

(
𝐹 (x, ξ𝑟𝑘 ) − 𝐹 (x, ξ𝑖)

)2
. (3.20)

Since minimizing the squared error reduces larger differences more aggressively, the supremum
value can be minimized approximately. We refer to this distance metric as cost-space Euclidean
distance (CSED).

As Keutchayan et al. [68] proposed, we consider a set X̃ composed of optimal solutions to
all of the single-scenario subproblems, X̃ = {x∗

𝑗
| 𝑗 ∈ N}. It leverages the findings by Hewitt et

al. [86] that the subproblem solutions can be used to effectively search for commonalities between
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scenarios. Equation 3.20 can then be rewritten as

𝐷 (ξ𝑟𝑘 , ξ𝑖) =
√√∑︁

𝑗∈N

(
𝐹 (x∗

𝑗
, ξ𝑟𝑘 ) − 𝐹 (x∗𝑗 , ξ𝑖)

)2
(3.21)

=

√︄∑︁
𝑗∈N

(
𝑉 𝑗 ,𝑟𝑘 −𝑉 𝑗 ,𝑖

)2
. (3.22)

Finally, ICSSC solves the following problem to approximately minimize the implementation error:

min
{(C𝑘 ,ξ𝑘) |𝑘∈K}

∑︁
𝑘∈K

∑︁
𝑖∈C𝑘

√︄∑︁
𝑗∈N

(
𝑉 𝑗 ,𝑟𝑘 −𝑉 𝑗 ,𝑖

)2
. (3.23)

3.4.3 Pre-training Phase

ICSSC uses a surrogate model 𝐹̂ (x, ξ) to estimate the objective function values 𝐹 (x, ξ) without
time-consuming simulation. Training an accurate surrogate model requires a large dataset with
various simulation inputs and outputs. Such a large simulation dataset requires significant compu-
tational resources to run various simulation patterns. In practical situations, ensuring such a long
computation time before solving the problem is difficult since the complete problem information is
generally available just before solving it.

We thus focus on practical situations regarding data availability, where similar problems with
partially different configurations are often solved iteratively, especially in periodic decision-making
processes. Such an optimization problem can be decomposed into constant and uncertain factors.
For example, a logistics network is rarely reconfigured in inventory placement planning because
significant budget and effort are necessary. However, uncertain parts, such as shipping orders,
can be changed for every decision-making situation. In such a situation, the offline dataset, like
past simulation results, can be used effectively to train the surrogate model, the input features of
which consist of the decision variables and parameters of the uncertain part since these results
share a similar tendency characterized by the constant part [87]. We thus assume the following two
conditions [88];
Assumption 1: Rather than assuming that the information of the uncertain part is only available
just before solving the target problem, we assume that the distribution of the uncertain part obtained
from offline information is always available.
Assumption 2: The constant factors in the model do not change enough to obtain simulation
datasets containing various uncertain factors in certain periods.

In the pre-training phase, therefore, random input data, which are decision variables x and
uncertain parameters ξ, are generated following the domains of decision variables X ∈ R𝑛 and
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the distribution 𝚵 ∈ R𝑑 , uniformly at random. The objective function value 𝑦 = 𝐹 (x, ξ) is then
evaluated by running the simulation, and the training dataset D = {(x, ξ, 𝑦)} is obtained. Using
D, the surrogate model 𝐹̂ (x, ξ) is trained to predict 𝐹 (x, ξ) before scenario generation. In the
following discussion, we use an upper hat (ˆ) to indicate the values and functions related to surrogate
models.

3.4.4 Scenario-generation Phase

The scenario-generation phase is executed after determining the target optimization problem, as
shown in Algorithm 3-1. To generate the representative scenarios by solving Equation 3.23, we
must obtain the optimal solutions for each 𝑄𝑖 in Equation 3.5. However, when 𝑄𝑖 is modeled
with a simulator, it is not easy to quickly find its solution x∗

𝑘
by solving 𝑄𝑖 directly. Therefore,

we approximate x∗
𝑖

by solving the following single-scenario surrogate subproblem 𝑄̂𝑖, which is
formulated by replacing the objective function with 𝐹̂ (x, ξ𝑖) and relaxing the constraints as the
penalty terms.

Algorithm 3-1 ICSSC scenario-generation phase
Input: Decision variable space X , Scenario space 𝚵,

Pre-trained surrogate model 𝐹̂ (x, ξ), and constraint functions 𝐺 𝑙 (x, ξ) ∀ 𝑙 ∈ L.
Output: Representative 𝐾 scenarios S̃ = {ξ̃1, ..., ξ̃𝐾}, and their probabilities p̃ = {𝑝1, ..., 𝑝𝐾}.

1: Generate 𝑁 scenarios S = {ξ1, .., ξ𝑁 } by sampling from 𝚵 uniformly at random.
2: Generate the decision variable sample set X̂ = {x1, ...,x𝑀} by Sobol sequence sampling from

X .
3: Calculate 𝑉̂ (x, ξ) = 𝐹̂ (x, ξ) +∑𝑙∈L 𝛼𝑙 max (0, 𝐺 𝑙 (x))2, for all 𝑀 ×𝑁 combinations of x ∈ X̂

and ξ ∈ S.
4: Obtain all subproblem solutions: x̂∗

𝑖
= argmin

x∈X̂
𝑉̂ (x, ξ𝑖).

5: Calculate the cost-space Euclidean distance 𝐷 (ξ𝑖, ξ 𝑗 ) for all 𝑁 ×𝑁 combinations of ξ𝑖, ξ 𝑗 ∈ S.

6: Evaluate 𝐾 scenario clusters by k-medoids clustering using 𝐷 (ξ𝑖, ξ 𝑗 ) as a distance matrix.
7: return 𝐾 scenarios S̃ = {ξ̃1, ..., ξ̃𝐾}, and their probabilities p̃ = {𝑝1, ..., 𝑝𝐾}

[Single-scenario surrogate subproblem: 𝑄̂𝑖]

min
x∈X

𝐹̂ (x, ξ𝑖) +
∑︁
𝑙∈L

𝛼𝑙 max (0, 𝐺 𝑙 (x))2 , (3.24)

where 𝛼𝑙 is a penalty coefficient for constraint 𝐺 𝑙 .
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By solving Equation 3.24, we obtain the solution of the single-scenario surrogate subproblem
x̂∗
𝑖
, which is used instead of the true subproblem solution x∗

𝑖
. However, solving 𝑄̂𝑖 is still difficult,

and the solution accuracy must be worse than the prediction accuracy of 𝐹̂ (x, ξ𝑖). Therefore, x̂∗
𝑖

is searched within the decision variable sample set (DVSS) X̂ = {x1, ...,x𝑀} ∈ X defined as
the subset of X consisting of 𝑀 possible decision variable samples obtained by Sobol sequence
sampling. Using DVSS, x̂∗

𝑖
is obtained as follows:

x̂∗𝑖 = argmin
x∈X̂

𝑉̂ (x, ξ𝑖), (3.25)

where 𝑉̂ (x, ξ) = 𝐹̂ (x, ξ) +
∑︁
𝑙∈L

𝛼𝑙 max (0, 𝐺 𝑙 (x))2 , (3.26)

𝛼𝑙 = max
x∈X̂+

𝑙
,𝑖∈N
(𝐹̂max − 𝐹̂ (x, ξ𝑖))/𝐺 𝑙 (x)2, (3.27)

𝐹̂max = max
x∈X̂ ,𝑖∈N

𝐹̂ (x, ξ𝑖), (3.28)

X̂+𝑙 =

{
x | 𝐺 𝑙 (x) > 0,x ∈ X̂

}
. (3.29)

Equation 3.26 defines the penalized objective function, and Equation 3.27 calculates the penalty
coefficient 𝛼𝑙 for constraint 𝐺 𝑙 . The coefficient is set so that 𝑉 (x, ξ) of the solution violating
the constraint is always larger than that of the solution satisfying the constraint. Equation 3.28
calculates the maximum objective value 𝐹̂max among all solutions, Equation 3.29 defines the set
of solutions violating each constraint X̂+

𝑙
, Equation 3.25 can be solved immediately by parallel

inferences, then the subproblem solutions X̂∗ = {x̂∗1, ..., x̂
∗
𝑁
} are obtained. The opportunity cost

is then approximately obtained as

𝑉𝑖, 𝑗 = 𝑉̂ (x̂∗𝑖 , ξ 𝑗 ), ∀ 𝑖, 𝑗 ∈ N . (3.30)

Then, 𝑁 scenarios are divided into 𝐾 clusters on the basis of 𝑉̂𝑖, 𝑗 by solving Equation 3.23
with the opportunity-cost obtained from Equation 3.30. This problem can be solved by k-medoids
clustering, the distance matrix of which is defined as Equation 3.22. The k-medoids clustering
is a common clustering algorithm related to k-means. However, instead of using the mean of the
data points in a cluster to define the cluster center, it uses an actual data point from the cluster,
called the “medoid”. This makes k-medoids more robust to noise and outliers compared to k-means
[76]. By using k-medoids clustering, we can avoid the computational complexity of MIPP to select
representative scenarios. Finally, 𝐾 representative scenarios S̃ = {ξ̃1, ..., ξ̃𝐾} are obtained as the
medoids of 𝐾 clusters {C1, ...,C𝐾}, and their probabilities p̃ = {𝑝1, ..., 𝑝𝐾} are calculated as
𝑝𝑘 = |C𝑘 |/𝑁 .
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3.5 Portfolio Optimization Problem

In the first group of experiments, we investigated a portfolio optimization problem based on the
Markowitz model to evaluate the solution accuracy of ICSSC compared with conventional scenario
generation methods and an exact solution.

3.5.1 Problem Statement

The Markowitz portfolio optimization problem[89] is an extensively studied nonlinear SPP formu-
lated as a quadratic programming (QP) problem. This problem takes into account a portfolio consist-
ing of 𝑛 assets, and the decision variables are the portfolio allocation vector x = [𝑥1, ..., 𝑥𝑛]𝑇 ∈ R𝑛,
where 𝑥𝑖 is the proportion of the total investment in asset 𝑖. The objective function is defined as the
portfolio variance, which is a measure of the risk of the portfolio as follows:

min
x∈X

1
2
x𝑇𝚺x, (3.31)

s.t. µ𝑇x ≥ 𝑅, (3.32)

where 𝚺 ∈ R𝑛×𝑛 is the covariance matrix, µ ∈ R𝑛 is the expected return vector, 𝑅 is the lower
bound of the expected return, and X = {x ∈ R𝑛 | ∑𝑛

𝑖=1 𝑥𝑖 ≤ 1, 𝑥𝑖 ≥ 0} is the decision variable
space. Equation 3.31 defines the portfolio variance. Equation 3.32 means that the expected return
must be larger than 𝑅. Here, Equation 3.31 can be reformulated with 𝐾 return scenarios as

min
x∈X

𝐾∑︁
𝑘=1

𝑝𝑘x
𝑇 (ξ𝑘 − µ)𝑇 (ξ𝑘 − µ) x, (3.33)

where 𝑝𝑘 is the probability of scenario 𝑘 , and ξ𝑘 ∈ R𝑛 is the random vector of asset returns, which
follows the multivariate normal distribution with mean vectorµ and covariance matrix 𝚺, described
as ξ𝑘 ∼ 𝑁𝑜𝑟𝑚𝑎𝑙 (µ,𝚺). In this study, µ is given as a known parameter. From Equation 3.8, the
objective and constraint functions are denoted as

𝐹 (x, ξ) = x𝑇 (ξ𝑘 − µ)𝑇 (ξ𝑘 − µ) x, (3.34)

𝐺1(x) = 𝑅 − µ𝑇x. (3.35)

3.5.2 Experiment Settings

In this experiment, we considered a portfolio consisting of 𝑛 = 7 assets (Elsevier, Fortis, Getronics,
Heineken, Philips, Royal Dutch, Unilever), discussed in Engles et al. [90]. In [90], µ and 𝚺 were
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given as follows:

µ =

[
0.266 0.274 0.162 0.519 0.394 0.231 0.277

]
,

𝚺 =



0.345 0.150 0.183 0.088 0.186 0.090 0.095
0.150 0.399 0.204 0.107 0.236 0.130 0.127
0.183 0.204 1.754 0.075 0.325 0.110 0.091
0.088 0.107 0.075 0.243 0.096 0.064 0.086
0.186 0.236 0.325 0.096 0.734 0.147 0.114
0.090 0.130 0.110 0.064 0.147 0.221 0.093
0.095 0.127 0.091 0.086 0.114 0.093 0.219


.

where 𝑅 was set to 0.35. The QP solver could easily obtain the optimal solution for this problem,
and the solution was x∗ = [0.113, 0.000, 0.007, 0.361, 0.004, 0.276, 0.276] with an objective value
of 𝑣∗ = 0.126. The computing environment was a Ryzen 3950X (3.70GHz, 32 threads) CPU,
128GB RAM, and NVIDIA RTX3080 GPU.

3.5.3 Surrogate Model Selection

We discuss the suitable surrogate model for the objective function in Equations 3.34, trained as a
regression problem. In this experiment, DNN, GBT, GP, and LR were compared in terms of root
mean square error (RMSE), symmetric mean absolute percent error (SMAPE), and coefficient of
determination (𝑅2) evaluated by 4-fold cross-validation. The training datasetD consisted of 50000
evaluation results, the inputs of which are decision variables x generated uniformly at random and
return scenarios ξ sampled from the multivariate normal distribution, 𝑁𝑜𝑟𝑚𝑎𝑙 (µ,𝚺). The DNN
consisted of three fully connected layers with 200 neurons (𝑛𝑑) followed by a ReLU activation
function, a batch normalization layer, and a dropout layer, the dropout rate of which was set to
10% (𝑟𝑑). These parameters were selected to achieve the highest validation accuracy through grid
search within the following ranges: 𝑛𝑑 ∈ [50, 100, 200, 300] and 𝑟𝑑 ∈ [1, 5, 10, 20]. This DNN
was trained using the Adam optimizer [91] with a learning rate automatically determined by the
one-cycle policy [92]. The number of GBT estimators was set to 1000, and GP was trained with
300 randomly selected samples to shorten the training time to be equivalent to other models.

Table 3.1 shows the prediction performances of each surrogate model. These results indicate
that DNN obtained lower prediction errors than the other models, while GP and LR failed to
predict the objective function. DNN’s inference time (1.28 × 10−6 sec./sample) is fast enough and
competitive with them. These results suggest that DNN is a suitable surrogate model for a nonlinear
function regarding accuracy and inference speed. In the following experiment, DNN was used as
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the surrogate model for ICSSC.

Table 3.1. Objective value prediction results in portfolio optimization.

Surrogate model RMSE SMAPE R2 Inference time [sec./sample]

DNN 0.031 23.1% 0.990 1.28 × 10−6

GBT 0.068 41.1% 0.953 1.88 × 10−6

GP 0.135 66.1% 0.815 10.0 × 10−6

LR 0.311 102.3% 0.023 0.32× 10−6

3.5.4 Optimization Performance Comparison

We investigated the effectiveness of ICSSC regarding implementation error and total runtime
compared with conventional scenario-generation methods. The original scenario set 𝚵 was first
generated by sampling 𝑁 = 1000 scenarios from 𝑁𝑜𝑟𝑚𝑎𝑙 (µ,𝚺) uniformly at random. Each
scenario-generation method listed below was then applied to obtain 𝐾 scenarios. Finally, the
portfolio optimization problem was solved with these representative scenarios using a QP solver.
Ten trials were conducted for each method with 𝐾 = 5, 10, 20, 50, 100, and the averaged evaluation
results, such as solution accuracy and implementation error, were evaluated with the original
scenario set 𝚵. As ablation studies for ICSSC, the effectiveness of CSED was evaluated by
comparing MIPP and CSED-based k-medoids clustering, denoted as MIPP and CSED, respectively.
We also compared the method of obtaining 𝑥∗

𝑘
between directly solving 𝑄̂𝑘 and approximately

solving 𝑄̂𝑘 within DVSS, denoted as Direct and DVSS, respectively. Thus, the following methods
were compared.

• Monte Carlo [77]: 𝐾 scenarios are obtained by random sampling from 𝚵.
• Moment matching [71]: 𝐾 scenarios are selected to approximate the statistical moments

(mean, standard deviation, skewness, kurtosis, correlation) of 𝚵.
• k-means [75]: 𝐾 scenarios are selected as the centroids of the k-means clustering from 𝚵.
• k-medoids [76]: 𝐾 scenarios are selected as the medoids of the k-medoids clustering from
𝚵.

• GMM [78]: 𝐾 scenarios are selected as the centroids of the GMM clustering from 𝚵.
• CVAE-SIPA [85]: 𝐾 scenarios are selected as the medoids of the k-medoids clustering from
𝚵, the features of which are the latent representation obtained by CVAE.

• CSSC [68]: 𝐾 scenarios are selected by the original CSSC using MIPP.
• ICSSC (DVSS, CSED): 𝐾 scenarios are selected by ICSSC with CSED-based k-medoids,

and 𝑄̂𝑘 is solved within DVSS. (Proposed method)
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• ICSSC (DVSS, MIPP): 𝐾 scenarios are selected by ICSSC with MIPP, and 𝑄̂𝑘 is solved
within DVSS.

• ICSSC (Direct, CSED): 𝐾 scenarios are selected by ICSSC with CSED-based k-medoids,
and 𝑄̂𝑘 is solved directly.

• ICSSC (Direct, MIPP): 𝐾 scenarios are selected by ICSSC with MIPP, and 𝑄̂𝑘 is solved
directly.

When using MIPP, the time limit of MIPP is set to 100 sec, and 200 scenarios sub-sampled from
𝚵 are used as the original scenario set since 𝑁 = 1000 is too large to handle in MIPP. Single-
scenario subproblems are solved using a QP solver in CSSC, and CMA-ES with 20 populations in
CVAE-SIPA and ICSSC. The number of DVSS samples is 𝑀 = 212.

Optimzation Performances and Runtimes

Figure 3.2 shows the mean implementation errors, defined in Equation 3.4, as the percentage of
the optimal objective values for each method. Table 3.2 lists the detailed evaluation results of the
objective values, with boldface indicating the top three methods. In addition, Table 3.3 shows
total runtimes in 𝐾 = 5. These results indicate that problem-driven methods outperformed the
distribution-driven methods, especially when 𝐾 was small, while CSSC’s solution significantly
deteriorated in 𝐾 ≥ 50. In terms of total runtime, CVAE-SIPA and ICSSC (DVSS, CSED) were
faster than the other problem-driven methods using MIPP.
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Figure 3.2. Mean implementation errors in Markowitz portfolio optimization problem compared
with each scenario generation method.
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Table 3.2. Objective function value comparison of Markowitz portfolio optimization.

Classification Method
Objective function value [×10−3]

𝐾 = 5 𝐾 = 10 𝐾 = 20 𝐾 = 50 𝐾 = 100

Distribution-
driven

Monte Carlo 176 ± 38 155 ± 20 144 ± 10 135 ± 3 133 ± 3
Moment matching 191 ± 39 152 ± 10 141 ± 7 132± 3 131± 2
k-means 170 ± 0 149 ± 13 142 ± 11 135 ± 4 134 ± 3
k-medoids 158 ± 30 158 ± 33 151 ± 25 135 ± 6 131± 2
GMM 164 ± 14 146 ± 10 145 ± 11 135 ± 4 133 ± 3

Problem-
driven

CVAE-SIPA 150 ± 13 148 ± 15 139 ± 5 136 ± 4 133 ± 3
CSSC 137 ± 0 145 ± 0 133± 0 145 ± 0 140 ± 1
ICSSC (DVSS, CSED) 145 ± 8 143± 9 137± 9 134± 5 131± 3
ICSSC (DVSS, MIPP) 183 ± 0 170 ± 0 159 ± 0 145 ± 0 133 ± 0
ICSSC (Direct, CSED) 172 ± 34 144± 9 147 ± 16 134± 5 132 ± 2
ICSSC (Direct, MIPP) 184 ± 34 185 ± 73 180 ± 42 153 ± 17 136 ± 6

Reference Quadratic programming 126

Table 3.3. Runtime comparison of Markowitz portfolio optimization.

Classification Method
Runtime (𝐾 = 5) [sec.]

Scenario Optimize Total

Distribution-
driven

Monte Carlo 0.000 0.008 0.008
Moment matching 7.006 0.004 7.010
k-means 0.077 0.002 0.079
k-medoids 0.008 0.005 0.013
GMM 0.031 0.002 0.034

Problem-
driven

CVAE-SIPA 0.017 0.003 0.020
CSSC 97.154 0.003 97.158
ICSSC (DVSS, CSED) 1.885 0.008 1.893
ICSSC (DVSS, MIPP) 143.304 0.005 143.309
ICSSC (Direct, CSED) 23.623 0.004 23.628
ICSSC (Direct, MIPP) 167.229 0.012 167.240

Reference Quadratic programming 0 0.001 0.001
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Figure 3.3 shows the implementation errors obtained in the ablation study of ICSSC. ICSSC
(DVSS, CSED) outperformed the other variants for all 𝐾 . MIPP calculations in ICSSC (DVSS,
MIPP) and ICSSC (Direct, MIPP) tended to finish by reaching the time limit while the relative
optimality gaps remained around 90% when 𝐾 is large. This means the MIPP results are far from
the optimal solution, leading to lower accuracies than CSED-based clustering. When subproblems
were directly solved in ICSSC (Direct, CSED) and ICSSC (Direct, MIPP), these computational
times increased significantly. However, the objective function values did not improve since the
solution accuracy of the subproblems can be limited by the prediction error of the surrogate model.
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Figure 3.3. Mean implementation errors in Markowitz portfolio optimization problem obtained in
ablation study of ICSSC.

Impact of Prediction Errors of Surrogate Models

Next, we investigated the impact of prediction errors of surrogate models on the optimization
results. Figure 3.4 compares the implementation errors of the variants of ICSSCs, the DNNs of
which were trained with 500, 1000, 5000, 10000, and 50000 training data, respectively. As the
amount of training data increases, the prediction error (SMAPE) decreases, i.e., 92.8, 82.9, 40.5,
32.6, and 22.7%, respectively. The implementation error when the true objective function value
was used instead of the surrogate model is also plotted. Figure 3.4 shows that the smaller the
prediction error of the surrogate model, the smaller the implementation error.
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Figure 3.4. Mean implementation errors in Markowitz portfolio optimization problem compared
with surrogate models with different prediction accuracies.

Characteristics of the Generated Scenarios

For deeper analysis of the proposed method, we investigated the characteristics of the generated
representative scenarios with k-medoids clustering and ICSSC (DVSS, CSED). Figure 3.5 shows
the representative scenarios ξ̃ obtained with these methods in 𝐾 = 5. Figure 3.5-A shows the
original scenario set, where each line represents a scenario. Figure 3.5-B shows that k-medoids
selected ξ̃ that are evenly distributed in the scenario set. Figure 3.5-D, however, illustrates that
ICSSC (DVSS, CSED) generated ξ̃ with various uncertain parameters in the dimensions 𝑘 = 2, 3
and 5. In the optimal solution x∗, the decision variables in these dimensions (0.000, 0.007, 0.004)
are smaller than those in the others (0.113, 0.361, 0.276, 0.276), indicating that these dimensions
have a significant impact on the objective function. From Figure 3.5-C, each cluster was divided
by the opportunity cost 𝑉𝑖, 𝑗 in the cost space, indicating that ICSSC (DVSS, CSED) selected these
representative scenarios because the opportunity cost changes significantly due to the uncertain
parameters in these dimensions. Therefore, ICSSC (DVSS, CSED) can generate more critical
scenarios to evaluate the impact of uncertain parameters on performance measures than conventional
distribution-driven methods.

Scalability to Larger Original Scenario Sets

Finally, we investigated the scalability of the proposed method for handling larger sets of original
scenarios with sizes 𝑁 = 1000, 5000, 10000, 50000, and 100000. In this experiment, we assessed
the objective function values and runtimes of ICSSC (DVSS, CSED) with 𝐾 = 10 using a newly
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Figure 3.5. Visualization of cost space and representative scenarios of Markowitz portfolio
optimization problem in 𝐾 = 5. Figure A shows the original scenario set. Figure B illustrates
representative scenarios obtained by k-medoids clustering. Figures C and D show scenarios in cost
space and representative scenarios of ICSSC (DVSS, CSED). Each line means scenario, and its
color indicates cluster it belongs to. Thick line is representative scenario of each cluster.
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sampled set of 100,000 scenarios. Consequently, the results may differ slightly from those reported
in Table 3.2. The evaluation results are shown in Table 3.4. It demonstrates that ICSSC (DVSS,
CSED) can be applied with a slight increase in runtime when 𝑁 ≤ 50000, which is practically fast
for real-world applications. However, when 𝑁 ≥ 100000, the runtime rises significantly. Table
3.4 indicates that the computation of 𝑘-medoids clustering takes up most of the runtime due to its
𝑂 (𝑁2) computational complexity. These results suggest that ICSSC could be widely applied to
problems involving tens of thousands of scenarios. However, for managing larger original scenario
sets, it might be necessary to alter the clustering method to reduce computational complexity.

Table 3.4. Objective function value and runtime comparison of ICSSC with different size of
original scenario sets in Markowitz portfolio optimization problem.

Original
scenario size 𝑁

Objective function
value [×10−3]

Runtime for scenario gen.

Clustering [sec.] Total [sec.]

1000 144.0 ± 12.9 0.004 1.70
5000 142.6 ± 18.0 0.81 6.11

10000 141.2 ± 15.8 3.54 13.19
50000 139.9 ± 9.6 182.79 241.45

100000 139.0 ± 9.7 1297.14 1408.58

3.6 Stochastic Server Location Problem

In the second experiment, we applied ICSSC to the Stochastic Server Location Problem (SSLP) to
examine the applicability in more detail. Note that we refer to ICSSC (DVSS, CSED) as ICSSC
for the following sections.

3.6.1 Problem Statement and Experiment Settings

The SSLP is a common benchmark problem for two-stage stochastic MILPs, as described in [93].
First-stage binary variables represent the placement of servers at given locations. Second-stage
variables indicate whether to serve a particular customer from a given server. The uncertainty lies
in the potential customer demand for the service. SSLP instances are denoted as 𝑚.𝑛.𝑠, where
𝑚 is the number of potential server locations, 𝑛 is the number of potential clients, and 𝑠 is the
number of potential customer demand scenarios. We evaluated three SSLP instances from SIPLIB
[94]: 5.50.100, 10.50.2000, and 15.45.15, representing 100, 2000, and 15 original scenarios,
respectively. For each instance and scenario generation method, we performed five trials with
𝐾 = 5, assessing average performances based on the original scenario set from SIPLIB. A DNN
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was used as the surrogate model for all instances, and all other parameters remained consistent with
the portfolio optimization problem described in Section 3.5.

3.6.2 Optimization Performance Comparison

Table 3.5 lists the results of the objective values, with boldface indicating the top three methods.
These results demonstrate that problem-driven methods outperformed distribution-driven methods
in SSLP, and ICSSC ranked among the top three for all instances. From these findings, we confirmed
that ICSSC is also effective for SSLP.

Table 3.5. Objective function value comparison of SSLP.

Classification Method
Objective function value (𝐾 = 5)

(5.50.100) (10.50.2000) (15.45.15)

Distribution-
driven

Monte Carlo −126.66 −345.53 −252.53
k-means −127.01 −340.57 −252.77
k-medoids −126.66 −341.75 −252.85
GMM −126.66 −346.00 −253.08

Problem-
driven

CVAE-SIPA −126.66 −347.01 −252.68
CSSC −127.37 −347.01 −252.20
ICSSC −127.01 −347.01 −253.32

Reference SIPLIB [94] −127.37 −347.26 −253.60

3.7 Inventory Placement Optimization Problem

Finally, we applied ICSSC to SBSPPs, an inventory placement optimization problem under de-
mand uncertainty. As mentioned above, CSSC cannot be directly applied to SBSPPs. Therefore,
ICSSC was compared with distribution-driven methods (Monte Carlo method and k-medoids) and
a state-of-the-art problem-driven method (CVAE-SIPA [85]) regarding solution accuracy and com-
putational time for preparing the dataset and solving this SBSPP using demand scenarios obtained
by each scenario-generation method.

3.7.1 Problem Statement

We investigated an inventory placement optimization problem of the single-product multi-echelon
supply chain (SC) network with uncertain demands. Figure 3.6 shows the target SC model, which
consists of a Retailer (𝑠 = 0), Warehouse 1 (𝑠 = 1), Warehouse 2 (𝑠 = 2), and Manufacturer (𝑠 = 3),
where 𝑠 is the site index. Algorithm 3-2 describes the simulation processes, where 𝑆 is the number
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of sites, 𝐵𝑆𝑠 is the base stock, 𝑂𝑄𝑠,𝑡 is the order quantity, 𝐷𝑄𝑠,𝑡 is the demand quantity, 𝑆𝑄𝑠,𝑡 is
the shipment quantity, 𝐴𝑄𝑠,𝑡 is the arrival quantity, and 𝑅𝑄𝑠,𝑡 is the shortage quantity of the site 𝑠
at period 𝑡. Each site has an order lead time 𝐿𝑂𝑠 and transportation lead times 𝐿𝑇𝑠 . In this problem,
only the Manufacturer can produce the new inventory, and only Warehouses 1 and 2 can store it
and order the inventory to the supply-side site with the base stock (order-up-to-level) policy. This
SC model is implemented in Python and takes 0.15 sec for one simulation run.

Decision Variables: Base stock quantity

𝐷𝑥! 𝐷𝑥"

Trans. LT
1 week

Trans. LT
1 week

Trans. LT
1 week

Input
Demand scenario

Warehouse 2
(𝑠 = 2)

Warehouse 1
(𝑠 = 1)

Manufacturer
(𝑠 = 3)

Retailer
(𝑠 = 0)

Order LT: 1 week Order LT: 1 week

Figure 3.6. Target single-product multi-echelon SC network.

Algorithm 3-2 Overview of fulfillment simulation
Input: Base stocks {𝐵𝑆𝑠}, Retailer demands {𝐷𝑄𝑡}.
Output: Inventory qty. {𝐼𝑄𝑠,𝑡}, Shortage qty. {𝑅𝑄𝑠,𝑡}.

1: Set 𝐼𝑄𝑠,0 = 𝐵𝑆𝑠, 𝐴𝑄𝑠,0 = 𝑂𝑄𝑠,0 = 0,∀𝑠 ∈ {0, .., 𝑆 − 1}
2: for 𝑡 = 1 to 𝑇 do
3: for 𝑠 = 1 to 𝑆 − 1 do
4: if (Site 𝑠 is Retailer) then
5: Order items according to input demand: 𝑂𝑄𝑠,𝑡 = 𝐷𝑄𝑡

6: Receive arrived items: 𝐴𝑄𝑠,𝑡 = 𝑆𝑄𝑠+1,𝑡−𝐿𝑇𝑠
7: else if (Site 𝑠 is Warehouse) then
8: Receive order as demand: 𝐷𝑄𝑠,𝑡 = 𝑂𝑄𝑠−1,𝑡−𝐿𝑂𝑠
9: Receive arrived items: 𝐴𝑄𝑠,𝑡 = 𝑆𝑄𝑠+1,𝑡−𝐿𝑇𝑠

10: Dispatch inventory for shipment: 𝑆𝑄𝑠,𝑡 = min{𝐷𝑄𝑠,𝑡 , 𝐼𝑄𝑠,𝑡 + 𝐴𝑄𝑠,𝑡}
11: Evaluate shortage: 𝑅𝑄𝑠,𝑡 = max{0, 𝐷𝑄𝑠,𝑡 − 𝑆𝑄𝑠,𝑡}
12: Update inventory: 𝐼𝑄𝑠,𝑡 = 𝐼𝑄𝑠,𝑡−1 + 𝐴𝑄𝑠,𝑡 − 𝑆𝑄𝑠,𝑡

13: Order items with base stock policy: 𝑂𝑄𝑠,𝑡 = max{0, 𝐵𝑆𝑠 − 𝐼𝑄𝑠,𝑡}
14: else if (Site 𝑠 is Manufacturer) then
15: Ship ordered items: 𝑆𝑄𝑠,𝑡 = 𝑂𝑄𝑠−1,𝑡−𝐿𝑂𝑠
16: return {𝐼𝑄𝑠,𝑡}, {𝑅𝑄𝑠,𝑡}
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This optimization problem aims to determine the base stock at Warehouses 1 and 2 (𝐵𝑆1, 𝐵𝑆2)
for minimizing the total cost consisting of the inventory holding cost and shortage penalty cost over
the evaluation period 𝑇𝐸 under uncertain retailer demands 𝐷𝑄𝑡 ∼ 𝚵 occurring weekly. To mitigate
the effect of initial conditions, a burn-in period 𝑇𝐵 was added before the evaluation period. Thus,
the total simulation period was 𝑇 = 𝑇𝐵 + 𝑇𝐸 . This problem is formulated as

min
x∈X

𝐾∑︁
𝑘=1
𝑝𝑘

{
2∑︁
𝑠=1

𝐼𝐻𝐶𝑠 (x, ξ𝑘 ) + 𝑆𝑃𝐶 (x, ξ𝑘 )
}

(3.36)

s.t. 𝐼𝐻𝐶𝑠 (x, ξ) =
𝑇∑︁

𝑡=𝑇𝐵+1
𝑎𝑠 𝐼𝑄𝑠,𝑡 (x, ξ), (3.37)

𝑆𝑃𝐶 (x, ξ) =
𝑇∑︁

𝑡=𝑇𝐵+1
𝑏𝑅𝑄1,𝑡 (x, ξ), (3.38)

𝐷 (𝑥1 + 𝑥2) ≤ 𝐵. (3.39)

where the decision variable x = [𝑥1, 𝑥2], demand scenario ξ = [𝐷𝑄1, ..., 𝐷𝑄𝑇 ], 𝐷 is the demand
scale parameter, base stock of site 𝑠 is defined as 𝐵𝑆𝑠 = 𝐷𝑥𝑠. 𝑎𝑠 is the inventory holding unit cost
at site 𝑠, and 𝑏 is the shortage unit cost. Equation 3.36 defines the objective function that sums up
the inventory holding cost (𝐼𝐻𝐶) and shortage penalty cost (𝑆𝑃𝐶). Equations 3.37 and 3.38 define
the IHC at site 𝑠 (𝐼𝐻𝐶𝑠) and shortage penalty cost for retailer demands (𝑆𝑃𝐶) in the evaluation
period (𝑡 = 𝑇𝐵 + 1, ..., 𝑇), respectively. Equation 3.39 defines the budget constraint that the total
base stock quantity does not exceed the given upper limit 𝐵, Following Equation 3.8, the objective
and constraint functions are notated as

𝐹 (x, ξ) =
2∑︁
𝑠=1

𝐼𝐻𝐶𝑠 (x, ξ) + 𝑆𝑃𝐶 (x, ξ), 𝐺1(x) = 𝐷 (𝑥1 + 𝑥2) − 𝐵. (3.40)

3.7.2 Experiment Settings

In this experiment, the demand distribution 𝚵 was defined by the following multivariate normal
distribution [95]:

𝐷𝑄𝑡 ∼
𝐷

10
𝑁𝑜𝑟𝑚𝑎𝑙 (𝜇(𝑡), 𝜎(𝑡, 𝑡′)) ,∀𝑡, 𝑡′ ∈ {1, ..., 𝑇}, (3.41)

where

𝑚𝑢(𝑡) = 10 +
4∑︁
𝑝=1

𝛾𝑝𝜙𝑝 (𝑡 + 𝜏), 𝜎(𝑡, 𝑡′) =
4∑︁
𝑝=1

𝜆𝑝𝜙𝑝 (𝑡 + 𝜏, 𝑡′ + 𝜏), 𝜙𝑝 (𝑡) =
√

2 sin (2𝜋𝑝𝑡/𝑇) .
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When preparing the training dataset for CVAE-SIPA and ICSSC, the parameters 𝜏, 𝛾𝑝, and 𝜆𝑝
were randomly sampled from the uniform distributions [−2, 2], [−5, 5] and [0, 5], respectively.
In evaluation, the following fixed parameters are used: 𝜏 = 0, 𝛾𝑝 = [1, 0.5,−0.5,−1] and 𝜆𝑝 =

[1, 0.5, 0.25, 0.5]. The decision variables (𝑥1, 𝑥2) were bounded in [0, 5], respectively. The total
simulation period was 𝑇 = 56 weeks, 𝑇𝐵 = 4 weeks, and 𝑇𝐸 = 52 weeks. Other parameters were
set as follows: 𝐿Order

𝑠 = 𝐿Trans
𝑠 = 1, 𝐷 = 1000, 𝑎1 = 0.0001, 𝑎2 = 0.0005, 𝑏 = 1, and 𝐵 = 6000.

3.7.3 Surrogate Model Selection

In the pre-training phase, the surrogate model of the objective function in Equation 3.40 was trained
as a regression problem. We compared the prediction accuracies of DNN, GBT, GP, and LR in
terms of RMSE, SMAPE, and 𝑅2, and evaluated using 4-fold cross-validation. The training dataset
D consisted of 50000 simulation results with input data as decision variablesx generated uniformly
at random from [0, 5] and demand scenarios ξ sampled from Ξ defined in Equation 3.41. We used
a DNN with the same architecture and training method described in Section 3.5.3 with hidden
layers selected as [200, 100, 100] through grid search. The number of estimators of GBT was set
to 1000, and GP was trained with 300 randomly selected samples to be equivalent training time to
the other models. For CVAE-SIPA, single-scenario subproblems were solved using CMA-ES with
20 populations.

Table 3.6 shows the prediction results of the surrogate models. These results indicate that
DNN and GBT could accurately predict the objective function values, whereas GP and LR failed to
do so. We assume that DNN and GBT had high model expressiveness and could learn the complex
behavior of the simulator from the large dataset. We also confirmed that the DNN inference time
(5.66 × 10−6 sec./sample) was much faster than the simulation runtime (0.15 sec./sample). These
results suggest that DNN and GBT are suitable surrogate models for this optimization problem,
and we chose to use DNN for the following experiments.

Table 3.6. Objective value prediction results in inventory placement problem.

Surrogate model RMSE SMAPE R2 Inference time [sec./sample]

DNN 431 4.24% 0.999 5.66 × 10−6

GBT 548 4.53% 0.998 2.54 × 10−6

GP 1.45 × 104 82.8% 0.139 13.6 × 10−6

LR 7.48 × 107 66.4% ≪ 0 0.30× 10−6

55



Surrogate-assisted Scenario-generation Method for Simulation-based Stochastic Programming
Problems

3.7.4 Optimization Performance Comparison

Finally, the effectiveness of ICSSC is evaluated in comparison to the distribution-driven method
(Monte Carlo method and k-medoids) and problem-driven method (CVAE-SIPA) in terms of
implementation error and total runtime. Initially, the original scenario set 𝚵 consisting of 𝑁 = 200
scenarios was sampled uniformly at random from the demand distribution described in Equation
3.41. Subsequently, 𝐾 scenarios were generated using each scenario-generation method: ICSSC,
CVAE-SIPA, k-medoids (𝐾 = 3, 5, 10, 20), and the Monte Carlo method (𝐾 = 3, 5, 10, 20, 50, 100).
The inventory placement optimization problem was then solved using CMA-ES with 50 populations
using𝐾 scenarios. We conducted five trials for each problem set and evaluated the average objective
values and runtime using 𝚵. To evaluate the implementation error in Equation 3.4, we solved the
problem using all 200 scenarios in 𝚵 five times. The best solution was selected as the reference
solution, shown in Table 3.7 and Table 3.8.

Optimzation Performances and Runtimes

Table 3.7 presents the evaluation results for each scenario-generation method. The means and
standard deviations of the decision variables obtained in five optimization trials are shown for
each method. The table includes the average objective function values consisting of the IHC
of Warehouse 1 (𝐼𝐻𝐶1), Warehouse 2 (𝐼𝐻𝐶2), and 𝑆𝑃𝐶. Figure 3.7 presents the evaluation
results for the implementation error. Table 3.8 shows the average runtimes for scenario generation,
optimization, and total runtime. These results indicate that problem-driven methods, such as ICSSC
and CVAE-SIPA, generate scenarios that result in more accurate optimal solutions compared with
distribution-driven methods such as k-medoids and Monte Carlo method, particularly when 𝐾 is
small. Notably, ICSSC can obtain solutions closer to the optimal with fewer scenarios than the
other methods. For example, ICSSC with 𝐾 = 3 obtained the solution with a mean total cost
similar to that of Monte Carlo method with 𝐾 = 10, while ICSSC’s total runtime was 7.6 times
shorter than that of Monte Carlo method. Moreover, ICSSC with 𝐾 = 20 obtained a solution very
close to the reference one in 18 times shorter runtime. This solution is almost as accurate as that
with Monte Carlo method with 𝐾 = 100, but the computational time was 7.2 times shorter. Note
that ICSSC requires longer scenario-generation time than the others, but such computational time
is sufficiently short for planning tasks such as inventory placement, enabling ICSSC to be applied
in planning tasks in practical situations. These results indicate that ICSSC can reduce the total
runtime to find a near-optimal solution compared with the other methods.
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Table 3.7. Objective function value comparison of inventory placement optimization problem.

Method 𝐾
Decision variables Objective function value

𝑥1 𝑥2 𝐼𝐻𝐶1 𝐼𝐻𝐶2 𝑆𝑃𝐶 Total

ICSSC

3 2.88 ± 0.05 3.12 ± 0.04 31.6 190.2 122.1 343.9
5 2.92 ± 0.01 3.08 ± 0.01 33.0 186.1 116.9 336.0

10 3.00 ± 0.06 3.00 ± 0.06 36.0 175.1 117.9 329.0
20 3.00 ± 0.03 3.00 ± 0.03 35.9 175.6 114.7 326.2

CVAE-SIPA

3 2.85 ± 0.05 3.08 ± 0.13 30.6 182.1 154.1 366.9
5 3.00 ± 0.10 2.92 ± 0.03 35.9 160.9 159.9 356.7

10 2.96 ± 0.14 3.04 ± 0.14 34.4 179.5 130.4 344.4
20 2.94 ± 0.06 3.06 ± 0.06 33.7 183.4 117.0 334.1

k-medoids

3 2.88 ± 0.16 2.88 ± 0.08 31.8 150.4 247.4 429.6
5 2.90 ± 0.02 2.99 ± 0.12 32.4 170.0 165.4 367.7

10 3.00 ± 0.02 2.96 ± 0.04 36.1 169.2 128.7 334.0
20 2.98 ± 0.08 3.02 ± 0.08 35.3 177.4 119.0 331.7

Monte Carlo

3 2.86 ± 0.16 2.99 ± 0.22 31.1 167.3 264.1 462.5
5 2.92 ± 0.17 2.96 ± 0.14 33.1 162.7 194.6 390.5

10 2.87 ± 0.03 3.13 ± 0.03 31.5 190.8 122.1 344.4
20 3.04 ± 0.09 2.96 ± 0.09 37.3 169.9 126.2 333.4
50 2.99 ± 0.04 3.01 ± 0.04 35.7 176.1 115.8 327.6

100 3.01 ± 0.04 2.99 ± 0.04 36.3 173.9 116.2 326.4

Reference 200 3.03 2.97 37.0 171.7 115.5 324.2
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Figure 3.7. Mean implementation errors in inventory placement optimization problem.
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Table 3.8. Runtime comparison of inventory placement optimization problem.

Method 𝐾 Scenario-gen. [sec.] Optimization [sec.] Total runtime [sec.] Ratio

ICSSC

3 4.28 44.31 48.60 ×1.0
5 4.28 80.13 84.41 ×1.7

10 5.20 183.22 188.41 ×3.9
20 5.25 392.42 397.66 ×8.2

CVAE-SIPA

3 0.04 96.65 96.69 ×2.0
5 0.01 127.68 127.68 ×2.6

10 0.01 219.95 219.95 ×4.5
20 0.01 482.85 482.85 ×9.9

k-medoids

3 0.00 41.09 41.10 ×0.8
5 0.00 73.70 73.71 ×1.5

10 0.00 128.14 128.15 ×2.6
20 0.00 255.66 255.66 ×5.3

Monte Carlo

3 0.00 116.36 116.36 ×2.4
5 0.00 156.10 156.10 ×3.2

10 0.00 368.28 368.28 ×7.6
20 0.00 684.59 684.59 ×14.1
50 0.00 1738.48 1738.48 ×35.8

100 0.00 2874.70 2874.70 ×59.2

Reference 200 0.00 7175.89 7175.89 ×144.0

Data Generation and Training Runtimes

Next, we compared the computation time for data generation and training between ICSSC and
CVAE-SIPA, as shown in Table 3.9. As mentioned above, CVAE-SIPA takes a long time to
generate training data because it requires the results of various single-scenario subproblems. ICSSC,
however, requires only the simulation results for random inputs as the training data, making the
data-generation time about three times shorter than that of CVAE-SIPA. CVAE-SIPA takes a long
time to train because the CVAE has a complex encoder-decoder structure and stochastic elements.
Conversely, ICSSC’s training time is about 200 times shorter than CVAE-SIPA since it uses a
simple DNN and can easily reduce the training time through methods such as a one-cycle policy
[92]. This indicates that ICSSC can reduce the total data-generation and training runtime by a
factor of 6.89 compared with CVAE-SIPA.

Table 3.9. Computation times for data-generation and training in inventory placement problem.

Method Data gen. [sec.] Training [sec.] Total runtime [sec.] Ratio

ICSSC 1643 32 1675 ×1
CVAE-SIPA 4709 6840 11549 ×6.89

58



3.7 Inventory Placement Optimization Problem

Characteristics of the Generated Scenarios

Finally, we discuss the characteristics of the obtained solutions from the generated scenarios and
the inventory placement results. Figure 3.8 presents the representative scenarios generated with
each method in 𝐾 = 3, and Figure 3.9 shows the simulation results with the base stocks obtained
as solutions using each method. This problem is critical to avoid shortages because the SPC is
higher than the IHC. Comparing the generated scenarios in Figure 3.8, ICSSC produced more
varied demand scenarios than the other methods. Figure 3.9 shows that the base stocks obtained
using ICSSC were higher than those of the other methods. This leads to a more robust solution to
avoid shortages against larger demand fluctuations. This is also confirmed in Table 3.7, where the
results of ICSSC indicate a lower SPC than those of the other methods with the same 𝐾 .

These experimental results confirm that ICSSC can select a set of necessary and sufficient
scenarios even when 𝐾 is small, leading to quickly obtaining a more robust optimal solution
compared with the conventional methods.
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Figure 3.8. Visualization of representative scenarios in 𝐾 = 3. Each line means a scenario, and its
color indicates cluster it belongs to. Thick line is representative scenario of each cluster.
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Figure 3.9. Simulation results with base stocks obtained as solutions using each scenario-generation
method in 𝐾 = 3. Each figure shows time series of inventory (blue), demand (orange), shortage
(red), and basestock (green) quantities of Warehouses 1 and 2, respectively.
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3.8 Conclusion

We presented a scenario-generation method, ICSSC, applicable to SBSPPs. ICSSC uses a surrogate
model pre-trained with offline simulation datasets and selects 𝐾 representative scenarios using k-
medoids clustering based on the cost-space distance evaluated with the surrogate model. Three
types of numerical experiments – Markowitz portfolio optimization, SSLP, and inventory placement
optimization as SBSPP – demonstrated that ICSSC can generate representative scenarios that yield
more robust and optimal solutions than conventional methods. Notably, it achieved a solution
equivalent to the Monte Carlo method in 7.2 times less computational time.

From these results, we can draw the following insights:

• Problem-driven scenario-generation methods can generate more appropriate representative
scenarios than distribution-driven methods, even in SBSPPs.

• CSED-based clustering is more scalable than MIPP and can execute fast and accurate scenario
clustering even when the numbers of representative scenarios and original scenarios are large.

• Our experimental results suggest that higher prediction accuracy leads to higher-quality
generated scenarios in problem-driven approaches leveraging ML techniques.

We plan to extend ICSSC to generate high-dimensional scenarios, such as future demands for
multiple products, and apply it to SBSPPs that require highly robust solutions such as power
distribution management and mechanical design optimization.
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Chapter 4

Integration of Sales, Inventory, and
Transportation Resource Planning by
Dynamic-demand Joint Replenishment
Problem with Time-varying Costs

4.1 Introduction

Sales and operations planning (S&OP) serves as a pivotal integrated tactical planning process,
ensuring a harmonious balance between demand and various supply capabilities, including pro-
duction, distribution, procurement, and finance. This alignment with the sales plan empowers
companies to enhance customer service, streamline inventory, reduce lead times, and provide top
management with a comprehensive overview of the business [96]. Notably, distribution planning
emerges as a key S&OP process, bridging the divide between production and distribution capacity
and sales objectives. Its core aim is to set precise inventory targets and maximize the utilization of
warehousing and transportation resources, both internally and externally, to meet the demands out-
lined by the sales plan [97][98]. Especially, the rise of e-commerce has presented new challenges
in distribution planning, such as handling limited logistics resource capacities, such as storage
spaces, trucks, and warehouse workers. Additionally, the unit cost of transportation vehicles, es-
pecially those owned by third-party logistics (3PL) providers, surges during high-demand seasons
like national holidays. In such a situation, while replenishing inventories during periods of low
unit transportation costs can reduce expenses, it can also lead to increased inventory holding costs.
Thus, an optimal distribution plan should strike a balance between these costs, taking into account
the fluctuating unit transportation costs and capacity constraints.

Operations research technologies, including mathematical optimization, constraint program-
ming, and simulation, play a pivotal role in bolstering S&OP decision-making [99]. Notably, distri-
bution planning has often been approached as a joint replenishment problem (JRP) [100][101]. The
JRP seeks to optimize the replenishment plan, defining both the order quantity and timing for each
item, to minimize overall costs while meeting specific demands [102]. This plan is typically articu-

61



Integration of Sales, Inventory, and Transportation Resource Planning by Dynamic-demand Joint
Replenishment Problem with Time-varying Costs

lated through an inventory policy, which sets guidelines on order timings and quantities, tailored by
specific policy variables for each item. Recognized as a foundational multi-item lot-sizing problem,
the JRP has garnered significant attention, especially since multi-item replenishment is a prevalent
scenario in supply chain management (SCM) [103]. Various JRP models exist, differentiated by
demand type: deterministic-static, stochastic-static, and deterministic-dynamic. Among these, the
deterministic-dynamic demand model, also known as dynamic-demand JRP (DJRP), accounts for
demands that are pre-known but fluctuate throughout the planning horizon [104][105][106].

This research addresses the distribution planning through the lens of DJRP, given that the
sales plan is characterized by deterministic-dynamic demand. Our primary objective is to devise
a distribution plan that minimizes overall costs, factoring in time-varying unit transportation costs
and capacity constraints, by optimizing inventory policy variables for each item and period. This
necessitates solving the capacitated DJRP with time-varying costs (CDJRP-TC). Notably, most
existing JRPs and DJRPs assume constant unit costs throughout the planning horizon. There’s a
noticeable gap in research addressing DJRPs that consider both time-varying unit costs and capacity
constraints. Hence, this paper introduces a mathematical formulation for CDJRP-TC and presents
a novel solution methodology.

This problem can be formulated as a mixed integer linear programming (MILP) model. How-
ever, it contains enormous binary variables to express the discrete behaviors of inventory policies
and, therefore, only small-scale CDJRP-TC can be solved with commercial MILP solvers. Con-
versely, simulation-based optimization (SBO) techniques, frequently combined with metaheuristics
such as genetic algorithms (GA), are often used to solve complex systems’ optimization problems.
However, these approaches demand significant computational resources given the numerous iter-
ative simulation cycles involved, thus making them unsuitable for large-scale CDJRP-TC. There-
fore, to quickly solve the large-scale CDJRP-TC, we propose a three-phase approximate solution
approach that combines MILP and SBO. The contributions of this paper are as follows: (1) formu-
lation of distribution planning with outsourced transportation resources as CDJRP-TC, (2) proposal
of the three-phase approach method for solving CDJRP-TC, (3) evaluation of the proposed method
demonstrating its effectiveness in solving CDJRP-TC over MILP and GA, and (4) investigation of
the proposed method’s capability to obtain the appropriate solution according to the cost increase
rate.

In Section 2, we introduce works related to this study. Section 3 explains JRPs and describes
the assumptions of the CDJRP-TC. Section 4 formulates the CDJRP-TC as both an analytical and
a simulation model. Section 4 presents the proposed three-phase solution approach. In Section 5,
we evaluate the performance of the proposed method. We conclude in Section 6 with a summary
and future work.
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4.2 Related Works

4.2.1 Joint Replenishment Problem

The joint replenishment problem (JRP) is one of the most fundamental multi-item lot-sizing
models [102]. The JRP determines the replenishment amounts and timings of items in the same
order, generally provided by the same supplier, and corresponding warehousing and transportation
resources to reduce the total cost.

In terms of demand type, JRPs are categorized into (1) deterministic-static, (2) stochastic-
static, and (3) deterministic-dynamic demand [107]. Here, JRPs with deterministic-dynamic
demand, i.e., dynamic-demand JRP (DJRP), consider the demands that are known in advance but
vary over the planning horizon. It is difficult to solve DJRPs analytically because the dynamic
demand increases the problem’s complexity. DJRPs have been studied extensively because of their
importance in industry and mathematical complexity. Federgruen and Tzur [108] proposed an
efficient branch-and-bound-based heuristic approach for an uncapacitated DJRP with time-varying
costs and optimized order quantities and timings for those with 20–30 items and 20–30 periods
within a reasonable time. Robinson, Narayanan, and Gao [109] studied the effective solution
approaches for the DJRP and determined that a two-phase heuristic and simulated annealing (SA)
outperform existing methods. Gao, Altay, and Robinson [110] studied the unconstrained DJRPs and
proposed two MILP formulations with tight LP relaxations that can be solved with the primal-dual
algorithms.

Another important classification aspect of the JRP model is the capacity constraint; for ex-
ample, production, transportation, and storage capacity. The capacitated JRP is difficult to solve
within a reasonable time because even a two-item JRP with constrained capacity is NP-hard [111].
Kiesmüller [112] studied the stochastic-static JRP with full truckload constraints and provided
approximated formulas to compute the policy variables of the (𝑄, 𝑆) policy, which are the variants
of (𝑠, 𝑆) policy that always satisfies the full truckload constraints. Singha, Buddhakulsomsiri,
and Parthanadee [113] proposed a mathematical formulation of the JRP based on the (𝑠, 𝑞) policy
with the stochastic-static demand and the storage capacity constraint for one item and one period,
which they solved using an iterative heuristic approach. Noh, Kim, and Hwang [114] studied
the deterministic-dynamic JRP with a can-order policy with storage capacity and carbon cap con-
straints. They formulated this DJRP as a deterministic and a fuzzy MILP model, respectively, and
solved these models, including ten items and 20 periods, using a commercial MILP solver.

Metaheuristics such as GA, SA, and other black-box optimization methods are also used to
solve constrained JRPs. Chen, Yang, Jiang, et al. [115] developed a MILP model for JRPs with
the shortage and partial demand substitution under budget, transportation capacity, and shipment
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requirement constraints. They showed that DE outperformed other GA-based heuristic approaches.
Lorenzo-Espejo, Muñuzuri, Guadix, et al. [116] considered the JRP of the omnichannel replen-
ishment process under product devaluation. They solved this with the combined metaheuristic
approach of particle swarm optimization (PSO) and SA. Liu, Wang, Pi, et al. [117] considered
a coordinated capacitated dynamic lot-size and delivery problem and developed the six-phase
heuristic (SPE) and the evolutionary algorithms (GA and DE) incorporating SPE (GA-S and DE-S,
respectively). They reported that the DE-S provided more suitable solutions than the SPE and the
GA-S for most problem instances.

4.2.2 Simulation-based Optimization Approaches

Recent studies dealing with complex inventory systems have widely utilized simulation models as
an alternative to analytical models such as MILP. Simulation can model non-linear, discrete, and
uncertain behaviors such as inventory policy and capacity constraints.

Simulation-based optimization (SBO) is one of the approaches to solving optimization prob-
lems whose objective functions are modeled by simulation. In this approach, to perceive the
landscape of the objective function, solutions are evaluated by simulation, and black-box opti-
mization methods such as metaheuristics are widely utilized as search algorithms [58]. Baharom
and Hamzah [65] developed a simulation model mimicking the inventory system of a real-world
electronics company. By Monte Carlo simulation, they determined the optimal reorder policy that
results in the lowest average total inventory cost under uncertain demand and lead times. Pacheco,
Cannella, Lüders, et al. [66] utilized a discrete event simulation to model a supply chain subject to
market demand uncertainty and proposed a new reorder point update procedure for order-up-to-level
policies in continuous review systems. Nagasawa, Irohara, Matoba, et al. [118] built the simulation
model of JRP with the can-order policy to evaluate ordering penalty, shortage penalty, and inventory
penalty. They solved this JPR with 200 products and one period using a multi-objective genetic al-
gorithm (MOGA). Chu and You [119] used simulation to model real-world multi-echelon inventory
systems under uncertainties. They propose an SBO framework for optimizing distribution inventory
systems where each facility is operated with the (s, q) inventory policy by using a cutting plane
algorithm. Lim, Alpan, and Penz [120] proposes a multi-objective simulation-optimization model
for solving a S&OP problem in build-to-order industries with flexibility, uncertain demand, and
impatient customers. They modeled this S&OP problem by using simulation with 𝜖-constraints and
solved it using SBO approaches based on random local search and SA. Grewal, Enns, and Rogers
[121] proposed a framework to adjust reorder points and lot sizes based on a seasonal demand
cycle. In this framework, a discrete-event simulation model of a capacity-constrained supply chain
is developed. Then SBO experiments are performed to obtain optimal timing of adjustments, lot
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sizes, and reorder points.
SBO approaches have been applied to various industrial engineering problems, such as schedul-

ing, industrial processes, logistics, and SCM [122][123]. Hochmuth, Lässig, and Thiem [124]
developed a metaheuristic SBO method for a complex multi-location inventory model consist-
ing of (𝑠, 𝑆) policy with stochastic static demand. They solved this problem with PSO and GA,
respectively. Suemitsu, Bhamgara, Utsugi, et al. [88] developed an order sequence optimization
method for complex automated picking systems modeled by simulation. SA assisted by a pretrained
Bayesian recurrent neural network (BRNN) was proposed to quickly solve simulation-based se-
quence optimization problems by using the approximated simulation evaluation with BRNN. Yegul,
Erenay, Striepe, et al. [125] tackled the production line configuration with SBO and proposed ant-
colony optimization combined with a myopic search.

4.2.3 Hybrid Simulation and Optimization Approaches

Optimization approaches that utilize the output of a simulation model to compute performance
measures are referred to as hybrid simulation and optimization [126]. Hybrid simulation and
optimization approaches can be classified into three categories, solution evaluation (SE) referred
to as SBO, solution generation (SG) and analytical model enhancement (AME) [127]. Specifically,
SG and AME use analytical and simulation models, whereas SE (SBO) approaches generally use
only a simulation model. In the SG approach, the simulation model is utilized to simulate the
solutions of the analytical model to compute variables as part of the overall solution. While the
SG approach does not use the simulation results for feedback to the analytical model, the AME
approach updates the analytical model using the simulation results.

Nikolopoulou and Ierapetritou [128] proposed a hybrid approach combining mathematical
programming and a simulation model that addresses the planning and scheduling in SCM. In this
approach, a simulation is used to investigate the quality of the plans generated by the analytical
model. Hrušovský, Demir, Jammernegg, et al. [129] presented a solution framework that combines
an analytical optimization model and simulation to determine intermodal transportation networks.
They used the simulation model to evaluate uncertain travel times, whereas the optimization model
provided the deterministic solution quickly. Keizer, Haĳema, Bloemhof, et al. [130] developed
a MILP model and a hybrid approach to identify a cost-optimal network design for distributing
perishable products. In this method, the MILP network design solution is checked by a discrete
event simulation to account for uncertainties in supply, processing, and transport. Then, the
simulation results are used to update the product quality constraints in the MILP model iteratively.

Zhang, Matta, Alfieri, et al. [131] proposed the simulation-based Benders decomposition
(BD), which is a variant of the generalized BD [132], for efficiently solving a large-scale MILP.
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They proposed an algorithm to generate cuts using the simulation trajectory that utilizes simulation
results as feasible solutions to the analytical model for solving joint workstation, workload, and
buffer allocation problems. Forbes, Harris, Jansen, et al. [133] proposed Branch-and-Simulate
that combined simulation and logic-based BD where a simulation is executed at each incumbent
solution to the master problem. Using the proposed method, they solved an airport check-in counter
allocation problem and a nursing home shift scheduling problem within a reasonable runtime.

Moreover, Table 4.1 is generated to present a detailed review of the literature regarding JRP
and inventory control. As mentioned above, solving CDJRP-TC is critical to distribution planning
in the recent logistics environment. However, to the best of our knowledge, the existing DJRP
models do not consider the time-varying unit cost and the capacity constraints simultaneously.
Thus, the primary objective of this study is to formulate CDJRP-TC mathematically and propose a
new solution method based on the AME approach.

4.3 Problem Description and Assumptions

This section provides an overview of the capacitated DJRP with time-varying unit costs (CDJRP-
TC) based on the (𝑠, 𝑆) policy. In this section, Subsection 4.3.1 details the inventory policies,
Subsection 4.3.2 delves into the JRP, and Subsection 4.3.3 outlines the assumptions of CDJRP-TC.
Our discussion references the supply chain (SC) network shown in Figure 4.1, which illustrates the
three-stage SC consists of suppliers, warehouses, and markets. In this structure, three suppliers,
which have enough inventory to meet every shipment demand, replenish items in a warehouse
based on a specific inventory policy. Subsequently, this warehouse distributes the items to markets
based on a predefined sales plan. Note that these settings to simplify the SC model are adapted
from the models presented by [121], [117], and [118]. For the following discussion, we categorize
warehouse storage and workload as warehousing resources, while the vehicles from each supplier
are considered transportation resources.

4.3.1 Inventory Policy

Inventory replenishment based on inventory policy is one of the most frequently used operations
in real-world SCM because it enables efficient operations with a few parameters. The typical
inventory policies are shown in Table 4.2. The goal is to optimize the policy variables of each item,
site, and period to determine the appropriate inventory target.

In this study, the reorder point and base stock (order-up-to-level) (𝑠, 𝑆) policy is used for the
inventory replenishments from suppliers to a warehouse. Figure 4.2 illustrates the replenishment
with the (𝑠, 𝑆) policy. The inventory level 𝑧 is defined as the warehouse inventory quantity plus
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Trans. LT
3 days

Trans. LT
1 day

Warehouse Market

Supplier 1

Supplier 2

Supplier 3

Trans. LT
1 day

Trans. LT
2 days

Figure 4.1. Target supply chain with three suppliers, one warehouse, and one market.

the quantity of orders that have been placed but have not arrived yet. In the (𝑠, 𝑆) policy, if 𝑧 has
fallen below the reorder point 𝑠 at the beginning of each period, the 𝑆− 𝑧 unit of the item is ordered
to the corresponding supplier up to where the base stock is 𝑆. Note that our proposed method
can be applied independently of the specific inventory policy. We adopted the (𝑠, 𝑆) policy as a
representative example in this study since this policy is one of the most extensively investigated
inventory policies, as shown in the literature review.

Table 4.2. Classification of general inventory policies

Policy Policy variables Logic (Inventory level: 𝑧)

(𝑡, 𝑞) Review cycle: 𝑡
Reorder quantity: 𝑞 A quantity 𝑞 is ordered every 𝑡 days.

(𝑡, 𝑆) Review cycle: 𝑡
Base stock position: 𝑆 A quantity 𝑚𝑎𝑥(0, 𝑧 − 𝑆) is ordered every 𝑡 days.

(𝑠, 𝑞) Reorder point: 𝑠
Reorder quantity: 𝑞 A quantity 𝑞 is ordered if z is lower than 𝑠.

(𝑠, 𝑆) Reorder point: 𝑠
Base stock position: 𝑆 A quantity 𝑚𝑎𝑥(0, 𝑧 − 𝑆) is ordered if z is lower than 𝑠.

4.3.2 Description of Joint Replenishment Problem

The joint replenishment problem (JRP) considers 𝑁 items and the planning horizon with 𝑇 periods.
For each item 𝑖, period 𝑡, and market 𝑘 , demands 𝐷𝑡𝑖𝑘 are obtained from a sales plan. To satisfy
these demands, replenishment orders may be placed in each period. The concept of JRPs when
𝑁 = 3 is shown in Figure 4.3. This figure shows the inventory system based on the (𝑠, 𝑆) policy,
which replenishes inventory up to the base stock (order-up-to-level) 𝑆 when the inventory level has
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Inventory qty. 𝐼𝑄!"#	

Demand qty. 𝐷𝑄!"#%	 Period 𝑡

Base stock 𝑆!"#	
(Policy variable)

Reorder point 𝑠!"#	
(Policy variable)

Qty. Shortage qty. 𝐺𝑄!"#%	

Shipment qty. 𝑆𝑄!"#%	

Order qty. 𝑂𝑄!"#%	

Arrived qty. 𝐴𝑄!"#%	

Lead-time

Figure 4.2. Reorder point and base stock (order-up-to-level) (𝑠, 𝑆) policy.

fallen below the reorder point 𝑠. The left side of Figure 4.3 shows that the joint replenishment
of three items is placed at period 𝑡1 and two items at 𝑡3. The transportation is consolidated into
two vehicles to minimize the number of vehicles because the transportation cost is determined by
multiplying the number of vehicles and the unit transportation cost. The received inventories are
stored in the warehouse, which consists of fixed and variable storage. All inventories are stored in
the fixed storage until their total volume exceeds the fixed storage capacity. The inventory holding
cost of the fixed storage is constant and incurred regardless of the inventory volume. The variable
storage is used to store the inventory exceeding the fixed storage capacity. The variable inventory
holding cost is proportional to the inventory volume in the variable storage.

The total cost of the JRP consists of two components: the fixed cost (or major ordering cost)
and the variable cost (or minor ordering cost) ([110][134]). The fixed cost is incurred when at
least one item is replenished regardless of the order quantity, such as the setup cost, the fixed
inventory holding cost, and the transportation cost. Meanwhile, the variable cost depends on the
replenishment order quantity, such as the variable inventory holding cost and the labor cost to
receive replenished items in a warehouse. This paper defines the total cost as the summation of
fixed and variable inventory holding, transportation, and labor costs.

4.3.3 Problem Assumptions

As mentioned above, this study discusses CDJRP-TCs in the supply chain network shown in Figure
4.1. The target CDJRP-TCs adhere to the following problem assumptions or characteristics:

1. The period 𝑡 is defined as a day.
2. Each item is replenished with the given path between sites, referred to as the supply route.
3. The replenishment order arrives after transportation lead time of each supply route.
4. Two types of vehicles (normal and extra vehicle) are available, where the unit cost of the

extra vehicle is higher than the normal vehicle.
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Base stock qty.

Reorder point

Qty.Item B

Period

Inventory qty.

Base stock qty.

Reorder point

Qty.Item C

Period

Inventory qty.
Joint

replenishment

𝑡𝑡1 𝑡𝑡2 𝑡𝑡3

Inventory volumeVolume

Period

Inventory vol.

Variable
storage

Fixed
storage

𝑡𝑡1 𝑡𝑡2 𝑡𝑡3

Inventory qty.

Period

Base stock qty.
(Policy variable)

Reorder point
(Policy variable)

Qty.Item A Replenishment Transportation vehicle

Period

Num. of
vehicles

2

1

0

Total capacity 
of vehicles

Inventory vol. 
in vehicles

𝑡𝑡1 𝑡𝑡2 𝑡𝑡3

C

B

A

A B

A

Inventory vol. of Item A
in vehicles

Figure 4.3. Overview of the joint replenishment problem with (𝑠, 𝑆) policy. When the inventory
quantity is less than the reorder point (𝑠), the difference between the base stock quantity (𝑆) and the
inventory quantity is ordered for replenishment. The transportation of ordered items is consolidated
to minimize the number of vehicles. The replenished inventories are stored in fixed storage when
the stored volume does not exceed the storage capacity. After exceeding the capacity, inventories
are stored in variable storage.
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5. The maximum number of each type of vehicle per day is limited.
6. The maximum workload to receive and ship items in a warehouse per day is limited.
7. The inventory shortage is not backlogged.

4.4 Formulation of CDJRP-TC

This section presents a description and formulation of the CDJRP-TC based on the (𝑠, 𝑆) policy.
As mentioned above, we formulate DJRPs considering both time-varying unit costs and capacity
constraints for addressing the distribution planning under recent logistics situations. To solve
CDJRP-TC, we propose a three-phase solution method based on the AME approach shown in
Figure 4.4. The solution process of the proposed method consists of the following three phases. In
Phase 1, the simplified MILP model of CDJRP-TC is solved with a MILP solver, and ideal inventory
quantities (IIQ) of each item are obtained as the inventory quantities of the MILP solution. Phase
2 estimates the policy variables that best fit the IIQs for each item using CMA-ES. In Phase 3,
the shortage of each item is evaluated with the simulation model of CDJRP-TC, whose inputs are
the estimated policy variables of all items. Then the IIQs are updated according to the shortages
of each item. These procedures are iterated until no shortage occurs in the simulation, and the
policy variables estimated in Phase 2 are returned as a solution. The proposed method utilizes
the analytical MILP model and the simulation model of CDJRP-TC. Therefore, in this section, we
formulate the CDJRP-TC as both the analytical and the simulation model.

Phase 1: 
Solve simplified MILP model and
obtain Ideal Inventory Quantity (IIQ).

Phase 2: 
Estimate policy variables (reorder point 
and base stock) to fit IIQ for each item.

Phase 3: 
Update IIQs to reduce shortage qty. 
based on simulation with policy variables.

Period

In
ve

nt
or
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. IIQ
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Updated IIQ
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Policy
vars.IIQ

Figure 4.4. Concept of the proposed three-phase solution approach.

4.4.1 Notations

All notations required in this paper are defined below; the indexes and sets in Table 4.3, the input
parameters in Table 4.4, and the decision variables in Table 4.5.
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Table 4.3. Indexes and sets

Notation Description

𝑡 index of a period (day); 𝑡 ∈ T.
𝑖 index of an item; 𝑖 ∈ I.
𝑗 , 𝑘 index of a site; 𝑗 , 𝑘 ∈ J.
𝑣 index of a vehicle; 𝑣 ∈ V.
T set of periods; ∥T∥ = 𝑇 , T = {𝑡 = 1, 2, 3, ..., 𝑇}.
I set of items; ∥I∥ = 𝑁 .
J set of sites.
V set of vehicles.
J𝑆 set of supplier sites.
J𝑊 set of warehouse sites.
J𝑀 set of market sites.
J𝑃𝑟𝑒
𝑖 𝑗 set of the predecessor sites that can replenish item 𝑖 to site 𝑗 .

J𝑆𝑢𝑐
𝑖 𝑗 set of the successor sites that can replenish item 𝑖 from site 𝑗 .

s𝑖 𝑗 set of reorder points of item 𝑖 and site 𝑗 ; s𝑖 𝑗 = {𝑠𝑡𝑖 𝑗 | ∀ 𝑡 ∈ T}.
S𝑖 𝑗 set of reorder points of item 𝑖 and site 𝑗 ; S𝑖 𝑗 = {𝑆𝑡𝑖 𝑗 | ∀ 𝑡 ∈ T}.
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Table 4.4. Input parameters

Notation Description

𝐷𝑡𝑖𝑘 given demand of market 𝑘 for item 𝑖 at period 𝑡.
𝑉 𝐼𝑡𝑒𝑚
𝑖 unit volume of item 𝑖.
𝑉𝐹𝑖𝑥
𝑗 upper limit of the fixed storage volume of site 𝑗 .

𝑉𝑇𝑟𝑎𝑛𝑠
𝑣 upper limit of transportation volume of vehicle 𝑣.
𝐶 𝐼𝑛𝑣

𝑗 unit inventory holding cost of site 𝑗 .
𝐶𝑇𝑟𝑎𝑛𝑠
𝑡 𝑗𝑘𝑣 unit transportation cost of vehicle 𝑣 from site 𝑗 to 𝑘 at period 𝑡.

𝐶𝐿𝑎𝑏𝑜𝑟
𝑡 𝑗 unit labor cost of site 𝑗 at period 𝑡.

𝑇𝑗𝑘 transportation lead-time from site 𝑗 to 𝑘 .
𝑊𝐿𝑎𝑏𝑜𝑟

𝑖 𝑗 unit labor workload for item 𝑖 at site 𝑗 .
𝑊𝑀𝑎𝑥

𝑡 𝑗 upper limit of workload of site 𝑗 at time 𝑡.
𝑁𝑇𝑟𝑎𝑛𝑠
𝑡 𝑗𝑘𝑣 upper limit of number of transportation vehicles 𝑣 from site 𝑗 to 𝑘 at period 𝑡.

𝑀 large positive value.
𝜔 positive value of shortage penalty weight.

Table 4.5. Decision variables

Notation Description

𝑠𝑡𝑖 𝑗 positive continuous variable for reorder point of item 𝑖 in site 𝑗 at period 𝑡.
𝑆𝑡𝑖 𝑗 positive continuous variable for base stock of item 𝑖 in site 𝑗 at period 𝑡.
𝑧𝑡𝑖 𝑗 positive continuous variable for inventory level of item 𝑖 in site 𝑗 at period 𝑡.

𝛿𝑡𝑖 𝑗
binary variable of the ordering status, which is 1 if replenishment order of item 𝑖 in site 𝑗
at period 𝑡 is placed, 0 otherwise.

𝑉𝑄𝑡𝑖 𝑗𝑣 positive integer variable for vehicle quantity of type 𝑣 from site 𝑗 to 𝑘 at period 𝑡.
𝐼𝑄𝑡𝑖 𝑗 positive continuous variable for inventory quantity of item 𝑖 in site 𝑗 at the end of period 𝑡.
𝐴𝑄𝑡𝑖 𝑗𝑘 positive continuous variable for arrived quantity of item 𝑖 from site 𝑗 to 𝑘 at period 𝑡.

𝑂𝑄𝑡𝑖 𝑗𝑘

positive continuous variable for the positive part of the order quantity of item 𝑖 at period 𝑡
placed from site 𝑗 to 𝑘 .

𝑂𝑄′𝑡𝑖 𝑗𝑘
positive continuous variable for the negative part of the order quantity of item 𝑖 at period
𝑡 placed from site 𝑗 to 𝑘 .

𝐷𝑄𝑡𝑖 𝑗𝑘 positive continuous variable for demand quantity of item 𝑖 from site 𝑗 to 𝑘 at period 𝑡.
𝑆𝑄𝑡𝑖 𝑗𝑘 positive continuous variable for shipment quantity of item 𝑖 from site 𝑗 to 𝑘 at period 𝑡.
𝐺𝑄𝑡𝑖 𝑗𝑘 positive continuous variable for shortage quantity of item 𝑖 from site 𝑗 to 𝑘 at period 𝑡.
𝐺𝑅𝑖 𝑗 positive continuous variable for shortage rate of item 𝑖 in site 𝑗 .
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Table 4.5. Decision variables (Continued)

Notation Description

𝐼𝑉 𝑡 𝑗 positive continuous variable for used variable storage volume in site 𝑗 at period 𝑡.
𝑊𝐿𝑡 𝑗 positive continuous variable for used warehouse workload in site 𝑗 at period 𝑡.
𝐼𝑄𝐼𝑑𝑒𝑎𝑙

𝑡𝑖 𝑗 ideal inventory quantity of item 𝑖 at site 𝑗 in period 𝑡.

𝐼𝑄𝐸𝑠𝑡
𝑡𝑖 𝑗
(s𝑖 𝑗 , S𝑖 𝑗)

estimated inventory quantity of item 𝑖 at site 𝑗 in period 𝑡, which is the function of policy
variables (s𝑖 𝑗 , S𝑖 𝑗).

4.4.2 Relevant Costs

In this study, we consider the total cost of CDJRP-TC as the summation of the inventory holding
cost, the labor cost, and the transportation cost. In the following discussion, {𝑥} denotes the set
containing all elements of 𝑥.

The inventory holding cost for a planning horizon 𝑇 and all warehouses J𝑊 is defined as Eq.
4.1. In our CDJRP-TC model, two different storage types are considered: fixed storage (i.e., an
in-house warehouse) and variable storage (i.e., an external warehouse). Inventories are stored in
fixed storage unless the total inventory volume exceeds the fixed storage capacity. Then, if the total
volume exceeds the capacity, the excess inventories are stored in variable storage. The inventory
holding cost of the fixed storage (fixed inventory holding cost) is constant and incurred regardless
of the inventory volume. The inventory holding cost of the variable storage (variable inventory
holding cost) is proportional to the inventory volume in the variable storage (𝐼𝑉 𝑡 𝑗 ). Therefore, the
inventory holding cost is defined as the summation of the fixed inventory holding cost 𝐶 𝐼𝑛𝑣

𝑗
𝑉𝐹𝑖𝑥
𝑗

and
the variable inventory holding cost 𝐶 𝐼𝑛𝑣

𝑗
𝐼𝑉 𝑡 𝑗 for each period 𝑡 and warehouse 𝑗 ∈ J𝑊 , as follows:

𝑓𝐼𝑛𝑣 ({𝐼𝑉 𝑡 𝑗 }) =
∑︁
𝑡∈T

∑︁
𝑗∈J𝑊

𝐶 𝐼𝑛𝑣𝑗

(
𝑉𝐹𝑖𝑥𝑗 + 𝐼𝑉 𝑡 𝑗

)
(4.1)

The labor cost for a planning horizon 𝑇 and all warehouses J𝑊 is defined as Eq. 4.2. This is
the summation of the warehouse workload 𝑊𝐿𝑡 𝑗 multiplied by the unit labor cost 𝐶𝐿𝑎𝑏𝑜𝑟

𝑡 𝑗
for each

period 𝑡 and warehouse 𝑗 ∈ J𝑊 . Here,𝑊𝐿𝑡 𝑗 is defined as the total workload to receive the arrived
quantity and to fulfill the shipment quantity.

𝑓𝐿𝑎𝑏𝑜𝑟 ({𝑊𝐿𝑡 𝑗 }) =
∑︁
𝑡∈T

∑︁
𝑗∈J𝑊

𝐶𝐿𝑎𝑏𝑜𝑟𝑡 𝑗 𝑊𝐿𝑡 𝑗 (4.2)

The transportation cost for a planning horizon 𝑇 and all supply routes are defined as Eq. 4.3, which
indicates the summation of the number of used vehicles𝑉𝑄𝑡 𝑗 𝑘𝑣 multiplied by the unit transportation
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cost 𝐶𝑇𝑟𝑎𝑛𝑠
𝑡 𝑗 𝑘𝑣

for each period 𝑡, supply route ( 𝑗 , 𝑘) and vehicle type 𝑣, as follows:

𝑓𝑇𝑟𝑎𝑛𝑠 ({𝑉𝑄𝑡 𝑗 𝑘𝑣}) =
∑︁
𝑡∈T

∑︁
𝑗∈J𝑆

∑︁
𝑘∈J𝑊

∑︁
𝑣∈V

𝐶𝑇𝑟𝑎𝑛𝑠𝑡 𝑗 𝑘𝑣 𝑉𝑄𝑡 𝑗 𝑘𝑣 (4.3)

4.4.3 Analytical Model Formulation: Mixed Integer Linear Programming

This subsection provides a MILP formulation as the analytical model of the CDJRP-TC. The MILP
model is formulated as follows:
Objective function:

min
{
𝑓𝐼𝑛𝑣 ({𝐼𝑉 𝑡 𝑗 }) + 𝑓𝐿𝑎𝑏𝑜𝑟 ({𝑊𝐿𝑡 𝑗 }) + 𝑓𝑇𝑟𝑎𝑛𝑠 ({𝑉𝑄𝑡 𝑗 𝑘𝑣})

}
(4.4)

Constraints:
𝐺𝑅𝑖 𝑗 =

∑
𝑡∈T

∑
𝑘∈J𝑀

𝐺𝑄𝑡𝑖 𝑗 𝑘∑
𝑡∈T

∑
𝑘∈J𝑀

𝐷𝑡𝑖𝑘

≤ 0 (∀ 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (4.5)

𝑧𝑡𝑖 𝑗 = 𝐼𝑄𝑡𝑖 𝑗 +
𝑡+𝑇𝑘 𝑗+1∑︁
𝜏=𝑡+1

∑︁
𝑘∈J𝑃𝑟𝑒

𝑖 𝑗

𝐴𝑄𝜏𝑖𝑘 𝑗 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (4.6)

−𝑀 × (1 − 𝛿𝑡𝑖 𝑗 ) ≤ 𝑠𝑡𝑖 𝑗 − 𝑧𝑡𝑖 𝑗 ≤ 𝑀 × 𝛿𝑡𝑖 𝑗 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (4.7)

0 ≤ 𝑂𝑄𝑡𝑖 𝑗 𝑘 ≤ 𝑀 × 𝛿𝑡𝑖 𝑗 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 , 𝑘 ∈ J𝑃𝑟𝑒𝑖 𝑗 ) (4.8)

0 ≤ 𝑂𝑄′𝑡𝑖 𝑗 𝑘 ≤ 𝑀 × (1 − 𝛿𝑡𝑖 𝑗 ) (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 , 𝑘 ∈ J𝑃𝑟𝑒𝑖 𝑗 ) (4.9)

𝑂𝑄𝑡𝑖 𝑗 𝑘 −𝑂𝑄′𝑡𝑖 𝑗 𝑘 = 𝑆𝑡𝑖 𝑗 − 𝑧𝑡𝑖 𝑗 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 , 𝑘 ∈ J𝑃𝑟𝑒𝑖 𝑗 ) (4.10)

𝐼𝑄𝑡𝑖 𝑗 = 𝐼𝑄𝑡−1 𝑖 𝑗 +
∑︁
𝑘∈J𝑃𝑟𝑒

𝑖 𝑗

𝐴𝑄𝑡𝑖𝑘 𝑗 −
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝑆𝑄𝑡𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (4.11)

𝐷𝑄𝑡𝑖 𝑗 𝑘 =


𝐷𝑡𝑖𝑘 if 𝑘 ∈ J𝑀 ,

𝑂𝑄𝑡−1 𝑖𝑘 𝑗 otherwise.
(∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J, 𝑘 ∈ J𝑆𝑢𝑐𝑖 𝑗 ) (4.12)

𝑊𝐿𝑡 𝑗 =
∑︁
𝑖∈I
𝑊 𝐿𝑎𝑏𝑜𝑟
𝑖 𝑗

©­­«
∑︁
𝑘∈J𝑃𝑟𝑒

𝑖 𝑗

𝐴𝑄𝑡𝑖𝑘 𝑗 +
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝑆𝑄𝑡𝑖 𝑗 𝑘
ª®®¬ (∀ 𝑡 ∈ T, 𝑗 ∈ J𝑊 ) (4.13)

𝐴𝑄𝑡𝑖 𝑗 𝑘 = 𝑆𝑄𝑡−𝑇 𝑗𝑘 𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J, 𝑘 ∈ J𝑆𝑢𝑐𝑖 𝑗 ) (4.14)

𝐼𝑄𝑡𝑖 𝑗 ≥
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝑆𝑄𝑡𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (4.15)

𝐺𝑄𝑡𝑖 𝑗 𝑘 = 𝐷𝑄𝑡𝑖 𝑗 𝑘 − 𝑆𝑄𝑡𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J, 𝑘 ∈ J𝑆𝑢𝑐𝑖 𝑗 ) (4.16)
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∑︁
𝑖∈I
𝑉 𝐼𝑡𝑒𝑚𝑖 𝐼𝑄𝑡𝑖 𝑗 −𝑉𝐹𝑖𝑥𝑗 ≤ 𝐼𝑉 𝑡 𝑗 (∀ 𝑡 ∈ T, 𝑗 ∈ J𝑊 ) (4.17)

𝑉𝑄𝑡 𝑗 𝑘𝑣 ≤ 𝑁𝑇𝑟𝑎𝑛𝑠𝑡 𝑗 𝑘𝑣 (∀ 𝑡 ∈ T, 𝑗 ∈ J, 𝑘 ∈ J, 𝑣 ∈ V) (4.18)∑︁
𝑖∈I
𝑉 𝐼𝑡𝑒𝑚𝑖 𝑆𝑄𝑡𝑖 𝑗 𝑘 ≤

∑︁
𝑣∈V

𝑉𝑇𝑟𝑎𝑛𝑠𝑣 𝑉𝑄𝑡 𝑗 𝑘𝑣 (∀ 𝑡 ∈ T, 𝑗 ∈ J𝑊 ) (4.19)

𝑊𝐿𝑡 𝑗 ≤ 𝑊𝑀𝑎𝑥
𝑡 𝑗 (∀ 𝑡 ∈ T, 𝑗 ∈ J𝑊 ) (4.20)

Eq. 4.4 shows the objective function; the first term denotes the inventory holding cost, the second
term is the labor cost, and the third is the transportation cost. Eq. 4.5 shows the shortage constraint.
This defines the upper limit of shortage quantity, which must be zero in this report.

Eq. 4.6 – 4.10 are the MILP formulation of (𝑠, 𝑆) policy defined in Table 4.2. Eq. 4.6 defines
the inventory level as the warehouse inventory quantity plus the order quantities that have been
placed but have not arrived yet. Eq. 4.7 shows that the replenishment order can be placed (𝛿𝑡𝑖 𝑗 = 1)
only if the inventory level has fallen below the reorder point (𝑧𝑡𝑖 𝑗 < 𝑠𝑡𝑖 𝑗 ). Eq. 4.8 indicates that
the positive part of the order quantity is zero (𝑂𝑄𝑡𝑖 𝑗 𝑘 = 0) if the replenishment order is not placed
(𝛿𝑡𝑖 𝑗 = 0). Meanwhile, Eq. 4.9 defines the negative part of order quantity that is zero (𝑂𝑄′𝑡𝑖 𝑗 𝑘 = 0)
if the replenishment order is placed (𝛿𝑡𝑖 𝑗 = 1). Eq. 4.10 means that the order quantity is equal to
the difference between the base stock and inventory level (𝑂𝑄𝑡𝑖 𝑗 𝑘 = 𝑆𝑡𝑖 𝑗 − 𝑧𝑡𝑖 𝑗 ) if the replenishment
order is placed (𝛿𝑡𝑖 𝑗 = 1).

Eq. 4.11 – 4.16 model the inventory system. Eq. 4.11 is the inventory-balance constraint that
ensures the change in the inventory quantity between period 𝑡 and 𝑡 − 1 is equal to the difference
between total arrived quantities and total shipment quantity of period 𝑡 for each item and site. Eq.
4.12 defines the demand for each item, site, and period according to the destination. Here, the first
condition indicates that demands from markets are given as input values, and the second means
that other demands are equal to the order quantity placed toward each site in the last period. Eq.
4.13 defines the warehouse workload as the summation of workloads to receive the arrived quantity
and to fulfill the shipment quantity with the unit labor workload. Eq. 4.14 shows the relationship
between the arrived quantity and shipment quantity, which indicates that the order arrives after the
transportation lead time. Eq. 4.15 expresses the upper limit of shipping quantity and indicates that
each item can be shipped no more than the inventory quantity of that period and site. Eq. 4.16
defines the shortage quantity as equal to the difference between demand quantity and shipment
quantity.

Eq. 4.17 – 4.20 define the capacity constraints. Eq. 4.17 represents the usage of the variable
inventory storage, which is defined as the inventory volume that exceeds the fixed storage volume.
Eq. 4.18 defines the upper limit of vehicle quantities for each supply route and each period. Eq.
4.19 shows the transportation volume constraints for each supply route and each period. Eq. 4.20
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expresses the upper limit of the total workloads of receiving and shipping operations in a warehouse.

4.4.4 Discrete Simulation Model Implementation

A simulation model of the CDJRP-TC was constructed as a time-driven simulation program to
investigate the performances with respect to the policy variables. This simulation model is imple-
mented to satisfy all assumptions defined in Subsection 4.3.3. The simulation model is expressed
as Eq. 4.21.

[{𝐼𝑉 𝑡 𝑗 }, {𝑉𝑄𝑡𝑖 𝑗𝑣}, {𝑊𝐿𝑡 𝑗 }, {𝐺𝑄𝑡𝑖 𝑗 𝑘 }] = Simulator({𝐷𝑡𝑖𝑘 }, {𝑠𝑡𝑖 𝑗 }, {𝑆𝑡𝑖 𝑗 }}). (4.21)

The input of the simulation is the set of demands {𝐷𝑡𝑖𝑘 } and the policy variables, such as
reorder points {𝑠𝑡𝑖 𝑗 } and base stock {𝑆𝑡𝑖 𝑗 }. In this simulation, each fulfillment operation, such as
receiving, shipping, and replenishment order, is processed sequentially over the planning horizon
(𝑡 = 1, 2, ..., 𝑇). In each period 𝑡, the fulfillment operations of each site are simulated in the order
of the suppliers, the warehouses, and the markets. In each operation, target items are selected to
minimize the shortage quantity sequentially while satisfying all constraints except for the upper
shortage rate constraint Eq.4.5. The outputs are the set of the used variable storage volumes {𝐼𝑉 𝑡 𝑗 },
the vehicle quantities {𝑉𝑄𝑡𝑖 𝑗𝑣}, the warehouse workloads {𝑊𝐿𝑡 𝑗 }, and the shortage quantities
{𝐺𝑄𝑡𝑖 𝑗 𝑘 }. These values are used to evaluate the total costs defined in Eq 4.4 and the shortage rate
defined in Eq 4.5.

4.5 Solution Approach

4.5.1 Overview of Proposed Method

As described in Subsection 4.4.3, CDJRP-TC can be formulated as the MILP model. However, it is
still difficult to solve since it contains a vast number of binary variables 𝛿𝑡𝑖 𝑗 for modeling the (𝑠, 𝑆)
inventory policy. This problem is also challenging to solve with SBO approaches in a practical
computational time. The inventory fulfillment simulation defined in Subsection 4.4.3 needs a few
to hundreds of seconds for one execution when the number of items 𝑁 and the planning horizon
𝑇 are large. As a result, SBO approaches, which search for the optimal solution with numerous
iterations of solution evaluation with simulation, require a very long calculation time. Therefore,
to solve the practical scale CDJRP-TC quickly, a more efficient solution method is necessary.

Figure 4.5 shows our proposed three-phase solution method. The solution process of the
proposed method consists of the following three phases.

In Phase 1, we formulate the simplified MILP model of CDJRP-TC by ignoring the (𝑠, 𝑆)
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Figure 4.5. Flowchart of the proposed method. In Phase 1, the simplified MILP model that
ignores inventory policies is solved, and ideal inventory quantities (IIQs) are obtained. In Phase
2, the policy variables that best fit the IIQs are estimated for each item in parallel. In Phase 3,
the inventory fulfillment simulator with estimated policy variables is executed, and the IIQs of the
shorted items are updated to reduce the shortage quantities.

inventory policy from the MILP formulation defined in Subsection 4.4.3. This simplified MILP
model can be solved much shorter than the original MILP problem because the simplified model
contains few binary variables 𝛿𝑡𝑖 𝑗 . Then the ideal inventory quantities (IIQs) of each item, which is
the solution to the simplified MILP problem, are obtained. The IIQs may not satisfy the constraints
of the inventory policy. However, the replenishment order quantities and timings of the IIQs are still
valuable information as these two factors are essential for minimizing the total cost while satisfying
constraints under the time-varying costs.

In Phase 2, therefore, we estimate the policy variables (𝑠𝑡𝑖 𝑗 , 𝑆𝑡𝑖 𝑗 ) that mimic the IIQs’ replen-
ishment order quantities and timings. In this policy variable estimation (PVE) process, the policy
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variables of each item are estimated by CMA-ES to minimize the difference between the IIQs
and the estimated inventory quantities (EIQs), which are the function of policy variables. Here,
we ignored the capacity constraints, such as warehouse inventory, transportation, and workload
capacities, because the PVE is executed for each item separately. Therefore, the policy variables
obtained by PVE can violate the capacity constraints when used in operations simultaneously.

In Phase 3, the inventory fulfillment simulation, whose inputs are the policy variables of
all items estimated in PVE, is executed to account for the capacity constraints. This simulation
satisfies all capacity constraints automatically, as mentioned in Subsection 4.4.4. When these policy
variables violate capacity constraints, the simulation outputs the positive shortage quantities. This
means that these policy variables are a feasible solution to the CDJRP-TC if no shortage has
occurred. Otherwise, the policy variables must be modified to reduce the shortage quantity to zero.
Here, the policy variables are revised by executing PVE with the IIQs updated by the shortage
quantities of each item and period.

Phase 2 and 3 are iterated until no shortage occurs in the simulation, and the estimated
policy variables of the final iteration are returned as a feasible solution of the target CDJRP-TC.
Additionally, Warehousing and transportation resources are obtained as the used variable storage,
warehouse workloads, and vehicle quantities in the final solution. We note that our proposed
method is a heuristic approach to provide a practical and efficient solution, especially for large-
scale CDJRP-TCs where obtaining an exact solution might be computationally infeasible.

4.5.2 Phase 1: Simplified MILP Optimization

In this phase, the CDJRP-TC model is simplified by removing Eqs. 4.6 – 4.10, which models (𝑠, 𝑆)
inventory policies, as follows:
Objective function:

min
{
𝑓𝐼𝑛𝑣 ({𝐼𝑉 𝑡 𝑗 }) + 𝑓𝐿𝑎𝑏𝑜𝑟 ({𝑊𝐿𝑡 𝑗 }) + 𝑓𝑇𝑟𝑎𝑛𝑠 ({𝑉𝑄𝑡 𝑗 𝑘𝑣})

}
(Eq.4.4)

Constraints:

𝐺𝑅𝑖 𝑗 =

∑
𝑡∈T

∑
𝑘∈J𝑀

𝐺𝑄𝑡𝑖 𝑗 𝑘∑
𝑡∈T

∑
𝑘∈J𝑀

𝐷𝑡𝑖𝑘

≤ 0 (∀ 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (Eq.4.5)

𝐼𝑄𝑡𝑖 𝑗 = 𝐼𝑄𝑡−1 𝑖 𝑗 +
∑︁
𝑘∈J𝑃𝑟𝑒

𝑖 𝑗

𝐴𝑄𝑡𝑖𝑘 𝑗 −
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝑆𝑄𝑡𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (Eq.4.11)

𝐷𝑄𝑡𝑖 𝑗 𝑘 =


𝐷𝑡𝑖𝑘 if 𝑘 ∈ J𝑀 ,

𝑂𝑄𝑡−1 𝑖𝑘 𝑗 otherwise.
(∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J, 𝑘 ∈ J𝑆𝑢𝑐𝑖 𝑗 ) (Eq.4.12)
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𝑊𝐿𝑡 𝑗 =
∑︁
𝑖∈I
𝑊 𝐿𝑎𝑏𝑜𝑟
𝑖 𝑗

©­­«
∑︁
𝑘∈J𝑃𝑟𝑒

𝑖 𝑗

𝐴𝑄𝑡𝑖𝑘 𝑗 +
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝑆𝑄𝑡𝑖 𝑗 𝑘
ª®®¬ (∀ 𝑡 ∈ T, 𝑗 ∈ J𝑊 ) (Eq.4.13)

𝐴𝑄𝑡𝑖 𝑗 𝑘 = 𝑆𝑄𝑡−𝑇 𝑗𝑘 𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J, 𝑘 ∈ J𝑆𝑢𝑐𝑖 𝑗 ) (Eq.4.14)

𝐼𝑄𝑡𝑖 𝑗 ≥
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝑆𝑄𝑡𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (Eq.4.15)

𝐺𝑄𝑡𝑖 𝑗 𝑘 = 𝐷𝑄𝑡𝑖 𝑗 𝑘 − 𝑆𝑄𝑡𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J, 𝑘 ∈ J𝑆𝑢𝑐𝑖 𝑗 ) (Eq.4.16)∑︁
𝑖∈I
𝑉 𝐼𝑡𝑒𝑚𝑖 𝐼𝑄𝑡𝑖 𝑗 −𝑉𝐹𝑖𝑥𝑗 ≤ 𝐼𝑉 𝑡 𝑗 (∀ 𝑡 ∈ T, 𝑗 ∈ J𝑊 ) (Eq.4.17)

𝑉𝑄𝑡 𝑗 𝑘𝑣 ≤ 𝑁𝑇𝑟𝑎𝑛𝑠𝑡 𝑗 𝑘𝑣 (∀ 𝑡 ∈ T, 𝑗 ∈ J, 𝑘 ∈ J, 𝑣 ∈ V) (Eq.4.18)∑︁
𝑖∈I
𝑉 𝐼𝑡𝑒𝑚𝑖 𝑆𝑄𝑡𝑖 𝑗 𝑘 ≤

∑︁
𝑣∈V

𝑉𝑇𝑟𝑎𝑛𝑠𝑣 𝑉𝑄𝑡 𝑗 𝑘𝑣 (∀ 𝑡 ∈ T, 𝑗 ∈ J𝑊 ) (Eq.4.19)

𝑊𝐿𝑡 𝑗 ≤ 𝑊𝑀𝑎𝑥
𝑡 𝑗 (∀ 𝑡 ∈ T, 𝑗 ∈ J𝑊 ) (Eq.4.20)

In this simplified model, any item can be replenished at any time with arbitrary quantities while
other constraints (Eq. 4.5 and Eqs. 4.11 – 4.20) are satisfied. By solving this simplified model as
MILP, the IIQs (𝐼𝑄 𝐼𝑑𝑒𝑎𝑙

𝑡𝑖 𝑗 ) are obtained as the solution’s inventory quantities 𝐼𝑄𝑡𝑖 𝑗 .

4.5.3 Phase 2: Policy Variable Estimation

In Phase 2, the policy variables (𝑠𝑡𝑖 𝑗 , 𝑆𝑡𝑖 𝑗 ) of each item and site are estimated to mimic the IIQs’
replenishment order quantities and timings. This process is referred to as policy variable estimation
(PVE), whose concept is shown in Figure 4.6. The reorder point is shown as the red line and the
base stock as the orange line, which are the policy variables to be estimated. IIQs (𝐼𝑄 𝐼𝑑𝑒𝑎𝑙

𝑡𝑖 𝑗 ) obtained
in Phase 1 are illustrated as the dotted cyan line. Here, we define estimated inventory quantities
(EIQs), shown in the blue line. EIQs (𝐼𝑄𝐸𝑠𝑡

𝑡𝑖 𝑗
(s𝑖 𝑗 , S𝑖 𝑗 )) are the inventory quantities obtained by

replenishment based on the given policy variables (s𝑖 𝑗 , S𝑖 𝑗 ).
To estimate the policy variables that mimic the IIQs’ replenishment order quantities and

timings, we formulate the PVE as an item-wise optimization problem that minimizes the difference
between IIQs and EIQs. The PVE of item 𝑖 and site 𝑗 is formulated as follows.
Objective function:

min

∑︁
𝑡∈T

∑︁
𝑗∈J𝑊

(
𝐼𝑄𝐸𝑠𝑡

𝑡𝑖 𝑗 (s𝑖 𝑗 , S𝑖 𝑗 ) − 𝐼𝑄 𝐼𝑑𝑒𝑎𝑙
𝑡𝑖 𝑗

)2
+ 𝜔

∑︁
𝑡∈T

∑︁
𝑗∈J𝑊

∑︁
𝑘∈J𝑀

𝐺𝑄2
𝑡𝑖 𝑗 𝑘

 (4.22)

80



4.5 Solution Approach

𝐼𝑄!"#
$%&'( :

Ideal inventory qty. (IIQs)
(Result of Phase 1)

𝐼𝑄!"#)*!:
Estimated inventory qty. (EIQs)
(Function of reorder point and base stock)

Demand qty.
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𝑆!"#: Base stock 𝑠!"#: Reorder pointPeriod 𝑡

Figure 4.6. The concept of the policy variable estimation. The policy variables are estimated for
each item to minimize the difference between EIQs and IIQs.

Constraints:

𝑧𝑡𝑖 𝑗 = 𝐼𝑄𝑡𝑖 𝑗 +
𝑡+𝑇𝑘 𝑗+1∑︁
𝜏=𝑡+1

∑︁
𝑘∈J𝑃𝑟𝑒

𝑖 𝑗

𝐴𝑄𝜏𝑖𝑘 𝑗 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (Eq.4.6)

−𝑀 × (1 − 𝛿𝑡𝑖 𝑗 ) ≤ 𝑠𝑡𝑖 𝑗 − 𝑧𝑡𝑖 𝑗 ≤ 𝑀 × 𝛿𝑡𝑖 𝑗 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (Eq.4.7)

0 ≤ 𝑂𝑄𝑡𝑖 𝑗 𝑘 ≤ 𝑀 × 𝛿𝑡𝑖 𝑗 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 , 𝑘 ∈ J𝑃𝑟𝑒𝑖 𝑗 ) (Eq.4.8)

0 ≤ 𝑂𝑄′𝑡𝑖 𝑗 𝑘 ≤ 𝑀 × (1 − 𝛿𝑡𝑖 𝑗 ) (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 , 𝑘 ∈ J𝑃𝑟𝑒𝑖 𝑗 ) (Eq.4.9)

𝑂𝑄𝑡𝑖 𝑗 𝑘 −𝑂𝑄′𝑡𝑖 𝑗 𝑘 = 𝑆𝑡𝑖 𝑗 − 𝑧𝑡𝑖 𝑗 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 , 𝑘 ∈ J𝑃𝑟𝑒𝑖 𝑗 ) (Eq.4.10)

𝐼𝑄𝑡𝑖 𝑗 = 𝐼𝑄𝑡−1 𝑖 𝑗 +
∑︁
𝑘∈J𝑃𝑟𝑒

𝑖 𝑗

𝐴𝑄𝑡𝑖𝑘 𝑗 −
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝑆𝑄𝑡𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (Eq.4.11)

𝐷𝑄𝑡𝑖 𝑗 𝑘 =


𝐷𝑡𝑖𝑘 if 𝑘 ∈ J𝑀 ,

𝑂𝑄𝑡−1 𝑖𝑘 𝑗 otherwise.
(∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J, 𝑘 ∈ J𝑆𝑢𝑐𝑖 𝑗 ) (Eq.4.12)

𝑊𝐿𝑡 𝑗 =
∑︁
𝑖∈I
𝑊 𝐿𝑎𝑏𝑜𝑟
𝑖 𝑗

©­­«
∑︁
𝑘∈J𝑃𝑟𝑒

𝑖 𝑗

𝐴𝑄𝑡𝑖𝑘 𝑗 +
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝑆𝑄𝑡𝑖 𝑗 𝑘
ª®®¬ (∀ 𝑡 ∈ T, 𝑗 ∈ J𝑊 ) (Eq.4.13)

𝐴𝑄𝑡𝑖 𝑗 𝑘 = 𝑆𝑄𝑡−𝑇 𝑗𝑘 𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J, 𝑘 ∈ J𝑆𝑢𝑐𝑖 𝑗 ) (Eq.4.14)

𝐼𝑄𝑡𝑖 𝑗 ≥
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝑆𝑄𝑡𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (Eq.4.15)
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𝐺𝑄𝑡𝑖 𝑗 𝑘 = 𝐷𝑄𝑡𝑖 𝑗 𝑘 − 𝑆𝑄𝑡𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J, 𝑘 ∈ J𝑆𝑢𝑐𝑖 𝑗 ) (Eq.4.16)

Eq. 4.22 shows that the policy variables are optimized to minimize the squared errors between
𝐼𝑄𝐸𝑠𝑡

𝑡𝑖 𝑗
and 𝐼𝑄 𝐼𝑑𝑒𝑎𝑙

𝑡𝑖 𝑗
with the shortage penalty, which is a relaxed formulation of Eq. 4.5. Additionally,

Eqs. 4.6 – 4.16 describe the inventory system of item 𝑖. In item-wise PVE, we ignore the capacity
constraints (Eqs. 4.17 – 4.20) since these evaluations require all items’ information.

When a pair of the policy variables (s𝑖 𝑗 , S𝑖 𝑗 ) are given, its objective value (Eq. 4.22) can be
easily evaluated because 𝐼𝑄𝐸𝑠𝑡

𝑡𝑖 𝑗
and𝐺𝑄𝑡𝑖 𝑗 𝑘 are obtained by calculating the above one-item inventory

model (Eqs. 4.6 – 4.16) from 𝑡 = 1 to 𝑇 sequentially. We, therefore, solved PVE by using the
metaheuristics approach. In this study, the covariance matrix adaptation evolution strategy (CMA-
ES), which is one of the metaheuristics for continuous optimization problems, is utilized ([57],
[135]). CMA-ES facilitates optimization by updating the parameters of the multivariate Gaussian
distribution and searches for the optimal policy variables by sampling candidate solutions from
the distribution. Additionally, PVE can be separately solved for each item because of ignoring
the capacity constraints to joint multi-item inventory models. This separation makes it possible to
solve PVE quickly with reduced solution space and parallel computation.

4.5.4 Phase 3: Update of Ideal Inventory Quantities

The policy variables estimated in Phase 2 can violate the capacity constraints (Eqs. 4.17 – 4.20)
because these are ignored in PVE. Thus, in Phase 3, we validate the shortage quantities (𝐺𝑄𝑡𝑖 𝑗 𝑘 )
under the satisfaction of all capacity constraints by using the inventory simulation with all items
defined in Section 3.3. If all items satisfy the shortage constraints (Eq. 4.5), the current policy
variables are the solution to the target CDJRP-TC.

Otherwise, the current policy variables (s𝑖 𝑗 , S𝑖 𝑗 ) must be updated to satisfy the shortage
constraint. However, it is difficult to modify the policy variables directly to reduce shortage
because of their discrete and complex behaviors. Therefore, we consider updating the policy
variables through PVE with the IIQs (𝐼𝑄 𝐼𝑑𝑒𝑎𝑙

𝑡𝑖 𝑗
) revised with the simulation result. Here, Eq. 4.15

and Eq. 4.16 lead to the following inequation between the shortage quantity and inventory quantity:

𝐼𝑄𝑡𝑖 𝑗 +
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝐺𝑄𝑡𝑖 𝑗 𝑘 ≤
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝐷𝑄𝑡𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (4.23)

In this inequation, the left-hand side is the inventory quantity and the total shortage quantity of item
𝑖 in site 𝑗 at period 𝑡, and the right-hand side is the total demand quantity at the same period. Note
that the demand quantity 𝐷𝑄𝑡𝑖 𝑗 𝑘 can not be controlled directly since the simulation calculates it. A
simple way to reduce the total shortage quantity is to increase the inventory quantity of the shorted
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item, site, and period as follows:

𝐼𝑄𝑡𝑖 𝑗 ← 𝐼𝑄𝑡𝑖 𝑗 +
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝐺𝑄𝑡𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (4.24)

Now, we can assume that 𝐼𝑄𝑡𝑖 𝑗 takes similar values to EIQ (𝐼𝑄𝐸𝑠𝑡
𝑡𝑖 𝑗

) since both are calculated
based on the same policy variables. In addition, Eq. 4.22 indicates that EIQs become close to IIQs.
Therefore, Eq. 4.24 can be rewritten with this approximation (𝐼𝑄𝑡𝑖 𝑗 ≈ 𝐼𝑄𝐸𝑠𝑡

𝑡𝑖 𝑗
≈ 𝐼𝑄 𝐼𝑑𝑒𝑎𝑙

𝑡𝑖 𝑗 ) as follows:

𝐼𝑄 𝐼𝑑𝑒𝑎𝑙
𝑡𝑖 𝑗 ← 𝐼𝑄 𝐼𝑑𝑒𝑎𝑙

𝑡𝑖 𝑗 +
∑︁
𝑘∈J𝑆𝑢𝑐

𝑖 𝑗

𝐺𝑄𝑡𝑖 𝑗 𝑘 (∀ 𝑡 ∈ T, 𝑖 ∈ I, 𝑗 ∈ J𝑊 ) (4.25)

In our proposed method, the IIQs are updated as Eq. 4.25, and PVE is executed again for shorted
items. Phase 2 – 3 are continued until all items satisfy the shortage constraint, and the policy
variables are returned as the solution to the target CDJRP-TC when all items satisfy the shortage
constraints.

4.6 Computational Experiments

We conducted numerical experiments to investigate the effectiveness of the proposed method and
compared it with conventional optimization approaches MILP and SBO.

4.6.1 Conditions

In the following experiments, we consider the CDJRP-TC of the supply chain with three suppliers,
one warehouse, and one market shown in Figure 4.1. In these problems, the policy variables of
the (𝑠, 𝑆) inventory policy for each item and period in a warehouse ({𝑠𝑡𝑖 𝑗 , 𝑆𝑡𝑖 𝑗 } | ∀ 𝑡, 𝑖, 𝑗 ∈ J𝑊 ) are
optimized to minimize the total cost while satisfying all market demands. As described in Section
3.1, the policy variables can be updated for each item and each week. In a week, the policy variables
of each item (𝑠, 𝑆) take the same value, and the planning horizon 𝑇 is 91 days (13 weeks or three
months). Therefore, the number of policy variables to be optimized is 26 × 𝑇 × 𝑁 , where 𝑁 is the
number of items.

Deterministic-dynamic demands and item properties were randomly generated as follows. For
the sake of simplicity, we use𝑈 [𝑎, 𝑏] to denote the corresponding uniform distribution.

• Unit volume of item 𝑖: 𝑉 𝐼𝑡𝑒𝑚
𝑖
∼ 𝑈 [0.5, 4.0],

• Supplier of each item to the warehouse is randomly selected in the following ratio, [Supplier
1, Supplier 2, Supplier 3] = [15%, 25%, 60%],
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• Demand quantity of item 𝑖 in period 𝑡:𝐷𝑡𝑖𝑘

– Demand basis of item 𝑖: 𝐷̄𝑖 ∼ 𝑈 [0, 10000],
– 𝐷𝑡𝑖𝑘 if period 𝑡 is in the 1st or 2nd month: 𝐷𝑡𝑖𝑘 ∼ 𝑈 [0, 𝐷̄𝑖],
– 𝐷𝑡𝑖𝑘 if period 𝑡 is in the 3rd month: 𝐷𝑡𝑖𝑘 ∼ 𝑈 [0, 1.3 × 𝐷̄𝑖].

Period 𝑡

De
m

an
d 

qt
y.

1st month 2nd month 3rd month
Low-demand Low-demand High-demand

Figure 4.7. Ten random demand patterns, in which the first and second months are low-demand
seasons and the third month high-demand.

Figure 4.7 shows the ten patterns of the time-series total demands of ten items generated as
mentioned above. The other problem settings of CDJRP-TC are set as follows; 𝑊 𝐿𝑎𝑏𝑜𝑟

𝑖 𝑗
=0.003,

𝑊𝑀𝑎𝑥
𝑡 𝑗

=150, 𝐶𝐿𝑎𝑏𝑜𝑟
𝑡 𝑗

=5, 𝐶 𝐼𝑛𝑣
𝑗

=2, 𝑉𝐹𝑖𝑥
𝑗

=100,000, 𝑉𝑇𝑟𝑎𝑛𝑠𝑣 =1,700.Additionally, the proposed method’s
hyper-parameters were set as follows; The time limit of Phase 1 was 60 seconds. The CMA-ES
population was 48, the upper limit of iteration was 200, and 𝜔=20. The computing environment
was a Ryzen 3950X CPU (3.70GHz, 32threads) and 128GB RAM, and all MILP models were
solved by CPLEX 12.8.

4.6.2 Optimization Result Comparison

In this experiment, we compared the optimization results of the CDJRP-TCs using the proposed
and conventional methods. We evaluated the three problem sizes of CDJRP-TCs with 10, 50, and
100 items. Ten problem instances with different randomly generated demands were solved for each
problem size, and the averages and standard deviations of the results were compared. Their time
limits were set as follows: 100 sec. for 10-item problems, 1800 sec. for 50-item problems, and 3600
sec. for 100-item problems. Table 4.6 shows the transportation conditions; unit transportation costs
𝐶𝑇𝑟𝑎𝑛𝑠
𝑡 𝑗 𝑘𝑣

and the upper limit number of the vehicles 𝑁𝑇𝑟𝑎𝑛𝑠
𝑡 𝑗 𝑘𝑣

. All problems must satisfy the shortage
constraint Eq.4.5. Therefore, there is no feasible solution when the shortage rate exceeds zero.

As conventional methods, we used the SBO approach with GA and MILP, respectively. In the
SBO approach, the problems were formulated with the simulator described in Subsection 4.4.4 and
solved by GA with the following settings: the population size is set to 100, and uniform crossover
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Table 4.6. Transportation conditions of optimization runtimes comparison

From To Vehicle Month Upper num. of vehicles Unit trans. cost

Supplier 1 Warehouse
Normal 1st – 3rd 1 200

Extra 1st – 2nd 4 240
3rd 4 360

Supplier 2 Warehouse
Normal 1st – 3rd 3 150

Extra 1st – 2nd 7 180
3rd 7 270

Supplier 3 Warehouse
Normal 1st – 3rd 3 100

Extra 1st – 2nd 9 120
3rd 9 180

Warehouse Market Normal 1st – 3rd Unlimited 0

and Gaussian mutation are set as genetic operators as proposed by Hochmuth, Lässig, and Thiem
[124]. In the MILP approach, the problems formulated as the MILP model in Subsection 4.4.3
were directly solved with the commercial MILP solver. In addition, we investigated the optimality
gap by comparing each solution’s total cost with the analytical optimal solution obtained by MILP
run for 3600 seconds. Due to the problem size, we could obtain the analytically optimal solution
and report the optimality gap successfully only for Experiment 1.

The computational results are shown in Table 4.7. First, we discuss the result of Experiment 1,
which contains ten items. Table 4.7 shows that the proposed method solved all problem instances,
whereas GA solved seven instances, and MILP only solved two instances. The total cost of the
MILP solutions was the lowest of all methods, but its shortage rate was the worst.

Table 4.7. Optimization results of CDJRP-TC with 10, 50, and 100 items

Setting Method Solved
instance

Shortage
rate [%]

Total cost
[×103]

Optimality
gap[%]

Runtime
[sec]

Experiment 1 Proposed 10/10 0.0 ± 0.0 49.7 ± 11.0 11.9 ± 12.9 72 ± 26
10 items GA 7/10 0.02 ± 0.04 52.4 ± 12.7 16.2 ± 12.6 100
≤ 100 sec. MILP 2/10 8.3 ± 7.8 40.4 ± 9.3 24.8 ± 29.0 100

Experiment 2 Proposed 10/10 0.0 ± 0.0 145.3 ± 20.2 - 75 ± 11
50 items GA 0/10 0.09 ± 0.04 169.1 ± 28.0 - 1800
≤ 1800 sec. MILP 0/10 56.7 ± 9.2 63.7 ± 13.4 - 1800

Experiment 3 Proposed 10/10 0.0 ± 0.0 298.9 ± 18.2 - 295 ± 88
100 items GA 0/10 0.41 ± 0.01 342.2 ± 20.0 - 3600
≤ 3600 sec. MILP 0/10 58.8 ± 3.2 109.7 ± 8.6 - 3600
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The total costs and the shortage rates of each instance are shown in Figure 4.8. In these
figures, the 𝑥-axis means the problem instance ID and the 𝑦-axis of the upper chart represents the
total cost, and that of the lower chart is the shortage rate in the log scale. In these figures, when
no feasible solution was obtained in the problem instance, the result is illustrated as a hatched bar,
which indicates the result of the best infeasible solution. Figure 4.8 shows that GA obtained six
feasible solutions. MILP obtained two feasible solutions with the lowest objective values, while it
returned infeasible solutions for the other eight instances. As shown in Figure 4.8, MILP infeasible
solutions have larger shortage rates than those of the other two methods. These results indicate that
the MILP is an unstable approach to solving CDJRP-TCs. On the other hand, the proposed method
obtained feasible solutions for all problem instances, as well as feasible solutions with the lowest
objective values of all methods in the seven instances.

実験１：10アイテムランダム⽣成 Ver.2
更新済み輸送単価含め、コストは 元の1/1000で記載する
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Figure 4.8. Objective and constraint value comparison of 10-item CDJRP-TC.

Next, we analyzed problem instance #1 in detail. The time-series total inventory quantities
obtained by each method are shown in Figure 4.9. In this figure, the 𝑥–axis indicates period 𝑡,
and the 𝑦–axis represents each date’s total inventory and demand quantities. The dotted line is the
demand quantities. The blue line is the total inventory quantities obtained by the proposed method,
the green line is that of GA, and the red line is that of MILP. This figure shows that the inventory
quantities take the largest values for MILP, the proposed method, and GA in that order, which is the
same order as their objective values shown in Table 4.7. This indicates that the more inventories
are replenished in the first and second months (when unit transportation costs are low), the fewer
inventories will need to be replenished in the third month (when unit transportation costs are high),
leading to a lower total cost. This relationship can also be seen in Figure 4.10, which shows the
total number of monthly used vehicles of each method’s solution. This figure shows that only the
GA solution used the extra vehicle in the third month, and the fourth chart, which illustrates the
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total vehicle quantities for all periods, shows that GA used more vehicles. These results suggest
that MILP and the proposed method can obtain solutions that control inventory replenishment
according to the change in unit transportation costs.
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Figure 4.9. Time-series total inventory quantities in 10-item CDJRP-TC instance #1.実験１：10アイテムランダム生成（Scenario04）
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Figure 4.10. Monthly used vehicle quantities in 10 item-CDJRP-TC instance #1.

Next, we discuss the results of Experiments 2 and 3, which contain 50 and 100 items,
respectively. Table 4.7 shows that the only proposed method obtained feasible solutions for all
problem instances, whereas GA and MILP could not find any feasible solutions within the time
limits. The total costs and shortage rates of each instance in 50-item and 100-item CDJRP-TCs are
shown in Figure 4.11 and Figure 4.12, respectively. These figures show that GA could not obtain
feasible solutions in any instance; moreover, the objective values of GA’s infeasible solutions were
larger than those of the feasible solutions obtained by the proposed method. Additionally, the
infeasible solutions obtained by MILP have much higher shortage rates than those of the proposed
method and GA. It indicates that the MILP approach can only be used for small-scale problems. In
terms of the runtime to obtain feasible solutions, the proposed method could find feasible solutions
within 75 seconds for 50-item cases and 295 seconds for 100-item cases on average, while GA and
MILP could not find any feasible solutions within 1800 and 3600 seconds, respectively. From this
result, it can be seen that the proposed method obtains feasible solutions in at least 12 times shorter
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runtimes than GA and MILP for large-scale CDJRP-TCs. It indicates that the heuristic approach in
the proposed method is effective for finding feasible solutions for large-scale CDJRP-TCs. These
results suggest that the proposed method is the most scalable approach to solving CDJRP-TCs of
the conventional methods.
実験１：50アイテムランダム⽣成 Ver.2

更新済み

#1 #2 #3 #4 #5 #6 #7 #8 #9 #10
Problem instance

1%

0.01%

0.0001%

100%
#1 #2 #3 #4 #5 #6 #7 #8 #9 #10

Proposed
(Feasible) MILP (Infeasible)

GA (Infeasible) Hatched bar: Result of best infeasible solution
since no feasible solution was obtained.

150

100

50

0

200
×103

O
bj

ec
tiv

e:
To

ta
l c

os
t

Co
ns

tr
ai

nt
:

Sh
or

ta
ge

 r
at

e

Figure 4.11. Objective and constraint value comparison of 50-item CDJRP-TC.実験１：100アイテムランダム⽣成 Ver.2
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Figure 4.12. Objective and constraint value comparison of 100-item CDJRP-TC.

4.6.3 Planning Capability for Different Unit Transportation Costs

In this section, we investigate the proposed method’s capability to obtain the appropriate solution
according to the increase in unit transportation costs. We conducted the 100-item CDJRP-TCs with
different patterns of the cost increase rate. Table 4.8 shows the three patterns of transportation
conditions. Each pattern has a different cost increase rate of the unit transportation costs. + 0%
means that unit costs do not increase in the third month. + 50% means that unit costs increase
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50% in the third month from the first and second month. In the same way, + 100% means that unit
costs increase 100% in the third month. The other problem settings are the same as the 100-item
CDJRP-TCs described in Subsection 4.6.2. Using the proposed method, we randomly generated ten
demands and solved the 100-item CDJRP-TCs with these demands and the transportation conditions
with each cost increase rate.

Table 4.8. Transportation conditions of different cost increase patterns.

From To Vehicle Month Upper num.
of vehicles

Unit trans. cost increase
+ 0% + 50% + 100%

Supplier 1 Warehouse
Normal 1st – 3rd 1 200 200 200

Extra 1st – 2nd 4 240 240 240
3rd 4 240 360 480

Supplier 2 Warehouse
Normal 1st – 3rd 3 150 150 150

Extra 1st – 2nd 7 180 180 180
3rd 7 180 270 360

Supplier 3 Warehouse
Normal 1st – 3rd 3 100 100 100

Extra 1st – 2nd 9 120 120 120
3rd 9 120 180 240

Table 4.9 shows the normalized results of the 100-item CDJRP-TCs with each cost increase
rate. This table shows the average inventory quantity (AIQ) and the total vehicle quantity (TVQ),
normalized by each result of the first month with + 0% cost increase rate. This table shows that
when the cost increase rate is higher, the AIQs of the second and third months become larger, and
the TVQs of those months become smaller. For example, the third month’s AIQs with + 50% and
+ 100% cost increase rates are 17.0% and 62.3% larger than that with + 0% cost increase rate,
respectively. In the same period, the TVQs are reduced by 5.1% in + 50% case and by 30.3%
in + 100% compared to + 0% case. These results indicate that the unit transportation cost has a
significant impact on distribution planning.

Table 4.9. Optimization result comparison with different unit cost increase rates.

Unit trans.
cost increase

Normalized avg. inventory qty. Normalized total vehicle qty.

Month: 1st 2nd 3rd Month: 1st 2nd 3rd

+ 0% 1.00 1.06 1.06 1.00 0.93 0.99
+ 50% 1.10 1.24 1.24 1.10 0.91 0.94
+ 100% 1.10 1.56 1.72 1.04 1.19 0.69

Next, we focused on one problem instance and analyzed it in detail. The time-series total
inventory quantities obtained by each cost increase rate are shown in Figure 4.13. In this figure, the
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𝑥–axis indicates period 𝑡, and the 𝑦–axis indicates each date’s total inventory and demand quantities.
The dotted line is the demand quantities. The green, blue, and red lines are the inventory quantities
of + 0%, + 50%, + 100% cost increase cases. This figure shows that when the cost increase rate is
higher, more inventories are stored at the end of the second month to reduce replenishment in the
third month. Figure 4.14 also illustrates that the more extra vehicles are used in the first and second
months, the fewer extra vehicles are used in the third month when the cost increase rate is higher.

実験２：100アイテム & 単価上昇率変更 (ある１需要シナリオでの在庫数の比較)
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Figure 4.13. Time-series total inventory quantities for each cost increase rate.
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Figure 4.14. Monthly used vehicle quantities from all suppliers for each cost increase rate.

Figure 4.15 illustrates the monthly vehicle quantities used to replenish from Supplier 1, 2,
and 3 with each cost increase rate. From this figure, the above relationship can be seen more
clearly in the increased unit transportation cost from each supplier. Replenishment from Supplier
1, whose unit transportation cost is the highest of all suppliers, changes most drastically with the
cost increase rate. This is because the transportation cost from such a supplier has a larger impact
on the total cost than other suppliers. These results demonstrate that the proposed method can
obtain the appropriate solution according to increases in unit transportation costs.
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Figure 4.15. Monthly used vehicle quantities from supplier 1 – 3 for each cost increase rate.

4.7 Conclusion

In this paper, we investigated the formulation and solution approach to support distribution planning
in the sales and operations planning (S&OP) process. To consider dynamic-deterministic demands
obtained as the sales plan and time-varying unit costs of vehicles owned by third-party logistics
providers, we formulate this problem as the capacitated dynamic-demand JRP with time-varying
costs (CDJRP-TC), and proposed a three-phase solution approach based on the hybrid simulation &
optimization. Numerical experiments with up to 100 items demonstrate that the proposed method
could obtain feasible solutions within at least 12 times shorter runtimes than the conventional meth-
ods (GA, MILP) through computational experiments. Additionally, we investigated the capability
of the proposed method to obtain the appropriate solutions according to the cost increase rate of
unit transportation cost.

From these computational results, we can obtain the following managerial insights for the
distribution planning under the unit cost increase:

1. For the distribution planning to minimize the total cost, inventory replenishment in the period
with the low unit transportation cost should be increased to reduce the number of transporta-
tion vehicles in the period with the high unit cost and suppress the transportation cost.

2. The appropriate amount of inventory replenishment in the low unit cost periods depends
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on the cost increase rate, and the higher the rate, the larger amount of replenishment is
recommended while satisfying the capacity constraints and increase of other costs.

In future work, we can consider improving the policy variable estimation in Phase 2 and
updating IIQs in Phase 3 to solve larger CDJRP-TCs, for example, by using machine learning
techniques.
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Chapter 5

Fast Simulation-based Order Sequence
Optimization Assisted by Pre-trained
Bayesian Recurrent Neural Network

5.1 Introduction

Sequence optimization problem (SOP) or sequencing problem is a combinatorial optimization
problem (COP) to find an appropriate sequence of tasks to minimize or maximize the given
objective function. SOP can be seen in various practical fields such as traveling salesman problem
(TSP), vehicle routing problem (VRP), and other job scheduling problems. In logistics warehouses,
SOP can take the form of the scheduling of order picking activity, where the largest workforce is
allocated. For example, in the most common order picking system (picker-to-parts), order pickers
physically walk into a warehouse to pick items [136], and the associated labor costs account for
about 55% of the total fulfillment operation cost [137]. Recently, various robotic systems have
been developed to automate order picking. Among these, automated storage and retrieval systems
(AS/RS) [138], automated guided vehicle (AGV) picking systems [139], [140] and piece picking
robots [141], [142] are commonly employed.

In this paper, we consider the AGV picking system with robot arms and conveyor modules
shown in Figure 5.1, which is entitled Pick-Place-Carry-Pick-Place (PPCPP) system. Figure 5.2
shows the detailed layout. The PPCPP system contains multiple piece-picking robots that can
deal with various picking orders in parallel. When the warehouse management system (WMS)
sends picking order information to the PPCPP system, the picking order is allocated to one of the
available piece-picking robots. Then AGVs start transferring the movable storage shelves where
ordered items are stored inside the storage boxes. The feeding robots pick the transferred storage
boxes from the shelves and place them on the feeding conveyor. Then the feeding conveyor carries
the storage boxes in front of the piece-picking robots. The piece-picking robots pick items from
storage boxes on the feeding conveyor and place them into shipping boxes on the shipping conveyor.
When a shipping box contains all the requested items, the shipping conveyor transfers the box to
the following process, and a new picking order is immediately assigned to the piece-picking robot.
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Feeding AGV
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Figure 5.1. Pick-Place-Carry-Pick-Place (PPCPP) order picking system

PPCPP systems can achieve high scalability since the number of AGVs, robot arms, and other
components can be customized easily.

For achieving high productivity, appropriate job scheduling is vital [143]. In the PPCPP
system, the operation sequence of the picking orders from the WMS strongly affects the makespan,
defined as the duration from the initial order placement to the end of the final order shipping.
Generally, the makespan can be reduced by continuously picking similar orders with overlapped
items since transportation of these items’ storages by AGVs and conveyors can be aggregated. The
order sequence can also affect the occurrence of deadlock, which is a situation where no task can
be achieved because of stacked system modules. An example situation is when inputting picking
orders that require more kinds of items than the feeding conveyor capacity at the same time. All
feeding conveyors can be occupied before completing these orders in this situation. Once such
a situation happens, it increases the operation time due to system stoppage and is hard to restore
automatically. Therefore, the order sequence that can lead to deadlock must be avoided.

In this paper, we focus on the order sequencing problem (OSP) of PPCPP systems that
determines the optimal order sequence X of 𝑁 picking orders O = {𝑂𝑛 |𝑛 = 1, 2, ..., 𝑁} for
minimizing the makespan under the deadlock avoidance constraint. For example, if 𝑁 = 3, the
possible X is {𝑂1, 𝑂2, 𝑂3}, {𝑂1, 𝑂3, 𝑂2}, ..., {𝑂3, 𝑂2, 𝑂1}. Simulation is essential for solving the
real SOPs (such as the OSP of PPCPP systems) because the performance measures are hard to
formulate mathematically. Therefore, many researchers and practitioners have solved SOPs with
simulation-based optimization (SBO) methods using metaheuristics[144]–[148]. However, these
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Figure 5.2. PPCPP system layout. The system consists of AGVs, feeding robots, piece-picking
robots, and conveyors. The system input (picking orders sequence) strongly affects the perfor-
mances, such as the makespan and the deadlock occurrence.

approaches are usually computationally expensive because they require iterative simulation runs,
which generally take a few seconds to several minutes for one execution.

Surrogate-assisted optimization (SAO) is an alternative approach to solving computationally
expensive SBO problems. Figure 5.3 shows the flowchart of SAO, where the fundamental idea is to
approximate the performance measures using a surrogate model or metamodel whose computational
cost is relatively lower than simulation. Especially, Bayesian optimization (BO) is the most popular
one, and several BO variants for binary optimization problems have been developed recently
[149], [150]. However, it remains challenging for these methods to solve SOPs because enormous
numbers of binary variables and constraints must be considered. Additionally, BO requires many
simulations to train an accurate surrogate model during optimization. Thus, since conventional
approaches cannot solve simulation-based SOPs in a short amount of time, flexible updating of
picking schedules is impossible to achieve.

Start Construct a 
surrogate model

No

Yes
Converged?

Run the surrogate
model to find a new 

searching point

Evaluate the 
searching point
by simulation

Update

End

Figure 5.3. Flowchart of surrogate-assisted optimization. It can solve the simulation-based opti-
mization problem efficiently by approximating simulation with a low-computational-cost surrogate
model.
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For quickly solving simulation-based SOPs, we have developed a new sequence optimization
method that uses a surrogate model trained before optimization (pre-trained). In practical OSPs,
most picking system configurations cannot be changed frequently, and the distribution of future
picking orders can be forecasted using historical data. Therefore it is possible to train the surrogate
model with a dataset randomly generated from the forecasted distribution. We utilize a Bayesian
recurrent neural network (BRNN) as a surrogate model to learn the sequential nature of OSPs.
Our proposed method, BRNN-SA, combines simulated annealing (SA) as the basic optimization
strategy and BRNN as the surrogate model in the optimization.

The purpose of this paper is to answer the following research questions.

• RQ1: Which surrogate model is most suitable for the OSPs of PPCPP systems?
• RQ2: How quickly can the proposed optimization method (BRNN-SA) solve the OSPs of

PPCPP systems compared to conventional metaheuristics?

The contributions of this paper are as follows.

• Proposal of the Bayesian recurrent neural network-assisted simulated annealing (BRNN-SA)
method.

• Investigation and selection of the proper surrogate model for the OSPs of PPCPP systems.
• Evaluation of BRNN-SA demonstrating its superiority in solving the OSPs of PPCPP systems

compared with conventional metaheuristics.

In Section II, we explain the background of this study. Section III describes the BRNN-SA for
OSPs. In Section IV, we evaluate the performance of the proposed BRNN-SA. We conclude in
Section V with a brief summary and mention of future work.

5.2 Related Works

5.2.1 Order Sequencing Problem

The order sequencing problem (OSP) is a job scheduling process[151] that is categorized as a
sequence optimization problem (SOP), which is a type of combinatorial optimization problem
(COP). As OSP is a vital decision-making task for efficient picking operations in a logistics
warehouse, many studies have investigated OSP for order fulfillment systems. Boysen et al. [152]
formulated the OSP of the consolidation and packing area as a mixed-integer linear programming
(MILP) model and solved it with a heuristic approach and dynamic programming. Pinto et al.
[153] solved the order batching and sequencing problem by an iterative method of two Genetic
algorithms (GA) that solve order batching and order sequencing separately.
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In these OSPs and other ordinary job scheduling problems, the time needed for each operation
and transportation is given to the planner as constant input values. However, in our problem setting,
these values are difficult to determine mathematically since they can change depending on the AGV
and conveyor status at a given time. In PPCPP systems, storage feeding for multiple picking orders
can be aggregated in one AGV transportation, and it is nearly impossible to calculate the operation
and transportation times in all possible situations. Therefore, instead of defining them as constant
input values, we evaluate the makespan and the deadlock occurrence with the PPCPP simulator,
whose input is an order sequence X.

5.2.2 Simulation-based Combinatorial Optimization

SOPs like those above have been solved as simulation-based optimization (SBO) problems, where
simulation models evaluate the system performance under a given configuration. Metaheuristic
methods are widely utilized in this context, especially for solving simulation-based combinatorial
optimization problems (SBCOP). Rouky et al. [145] proposed an ant colony optimization (ACO)
hybridized with a variable neighborhood descent local search to solve the task sequences of quay
cranes. Uman et al. [146] tackled the flow shop scheduling problem and proposed the tabu search
(TS) process with a genetic algorithm (GA) to minimize makespan. Another popular metaheuristic
to solve SOPs is simulated annealing (SA). Cheng et al. [147] proposed an extended SA algorithm
to minimize the makespan of a permutation flowshop scheduling problem (PFSSP). Khurshid et
al. [148] also tackled PFSSP by using an improved evolution strategy that harnesses local search
abilities of SA.

While these SBO methods may effectively solve analytically intractable SOPs, they are usually
computationally expensive because iterative simulation runs (generally at least 100 or more) are
essential to calculate the performance measures of each set of parameters. Realistic simulations
like the PPCPP simulator take anywhere from a few seconds to several minutes for one execution,
which limits the application of metaheuristics for OSPs to situations with enough calculation time.

5.2.3 Surrogate-assisted Optimization

Surrogate-assisted optimization (SAO) is an alternative approach to solving computationally expen-
sive SBO. The fundamental idea of SAO is to approximate the performance measures by a surrogate
model whose computational cost is relatively lower than simulation. As surrogate models, linear
regression (LR)[61], support vector machine (SVM)[154], gradient boosting trees (GBT)[63], artifi-
cial neural networks (NN)[155], and Gaussian process (GP)[95] are utilized. Bayesian optimization
(BO), which uses GP as a surrogate model, is one of the most popular SAO methods. Although the
original BO can solve only continuous optimization problems, more recent BO variants for solving
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SBCOP have been developed[156]. For example, COMBO (Oh et al.[149]) and MerCBO (Deshwal
et al.[150]) are state-of-the-art BO methods to solve binary optimization problems.

However, it is still challenging to use these methods for solving simulation-based SOPs. SOP
can be reformulated as a binary optimization problem, but the reformulated problem typically
contains an enormous number of binary variables and constraints to eliminate overlaps or sub-
tours. Generally, such problems are difficult to solve with metaheuristics and BO. Additionally,
when solving a large-scale problem, BO requires many simulations to train the surrogate model
accurately during optimization. Thus, conventional approaches cannot quickly solve simulation-
based SOPs enough to update picking schedules flexibly. For reducing optimization runtime, we
propose a new SAO approach that uses a surrogate model trained before optimization.

5.3 Methodology

5.3.1 Problem Setting and Formulation

We investigate the OSP of PPCPP systems, which determines the optimal sequence of the given 𝑁
picking orders O = {𝑂𝑛 |𝑛 = 1, 2, ..., 𝑁} for minimizing the makespan without system deadlock.
The makespan and deadlock occurrence are obtained as simulation results. The notations and
decision variables are listed in Table 5.1.

Table 5.1. Notations and sets.

Notation Description

X Decision variables, which indicate an order sequence.
𝑥𝑖 𝑖-th picking order in order sequence (𝑖 = 1, 2, .., 𝑁).
𝑂𝑛 𝑛-th customer’s picking order (𝑛 = 1, 2, .., 𝑁).
𝐹 (X) Makespan to finish given order sequence X, where𝐹 is implemented as a simulator.

𝐺 (X) Deadlock occurence of order sequence X (1 if a deadlock occurs, 0 otherwise),
where 𝐺 is implemented as a simulator.

𝑓 (X) Predicted makespan of order sequence X by surrogate model 𝑓 .

𝑔(X) Predicted deadlock occurence of order sequence X by the surrogate model 𝑔 (1 if
a deadlock occurs, 0 otherwise).
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The mathematical formulation of the OSP is as follows:

min
X

𝐹 (X) (5.1)

s.t. 𝐺 (X) = 0 (5.2)

X = {𝑥1, 𝑥2, ..., 𝑥𝑁 } (5.3)

𝑥𝑖 ∈ {𝑂1, 𝑂2, ..., 𝑂𝑁 } ∀ 𝑖 (5.4)

𝑥𝑖 ≠ 𝑥 𝑗 ∀ 𝑖 ≠ 𝑗 (5.5)

Equation 5.1 shows the objective function 𝐹 (X), which is the minimization of the makespan
to finish the given order sequence X. Equation 5.2 describes the constraint to avoid deadlock𝐺 (X).
Equation 5.3, 5.4, and 5.5 ensure that the decision variable X is a non-overlapped sequence of each
customer’s picking order O. As described in Section 1, 𝐹 (X) and 𝐺 (X) are difficult to define as
mathematical equations. We, therefore, calculate them with a PPCPP simulator.

In this paper, we investigate practical OSPs in logistics warehouses. In general, OSPs are
solved with only the target OSP information, which is available just before solving the problem.
In this case, the target problem information is the picking orders from customers (shipping orders)
and the PPCPP system configuration. However, in real situations, we can utilize other information
to solve the target OSP, such as the historical picking order information and the current system
configuration. In this work, we assume the following two conditions;

• Rather than assuming that the picking orders from customers are only available just before
the picking operation begins, we assume that the distribution of historical picking orders is
always available.

• The system configurations do not change from the preparation to the picking operations
because the configurations of practical industrial systems cannot be changed so frequently.

In the following sections, we discuss how to solve the OSPs of PPCPP systems under these
assumptions.

5.3.2 Surrogate Pruning Optimization Framework

The overall flowchart of the proposed surrogate pruning optimization framework is shown in
Figure 5.4. This method consists of two phases: pre-training and optimization.In the pre-training
phase, random picking orders are generated in accordance with the distribution obtained by the
historical picking orders. Then, the surrogate models of the performance measures, namely, the
makespan 𝑓 (X) and the deadlock 𝑔(X), are trained to predict the simulated makespan 𝐹 (X) and
deadlock 𝐺 (X) respectively. In the optimization phase, surrogate models are used to choose
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good candidate solutions quickly without simulations. The selected candidate solutions are then
evaluated by simulation. This surrogate pruning enables us to reduce computational time to
evaluate performance measures by simulation. These steps are repeated until the runtime reaches
the time limit.

Simulation-based search

Surrogate pruning

Optimization
phase

Start
Shipping
orders

Generate
candidate

points

End
Return

the best
order seq.

Select Top-K
candidate
order seq.

Candidate
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penalized
objectives

Top-K
candidate 
order seq.

Sim.
Sim. result
Deadlock &
Makespan
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Time
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Surrogate 
models
Deadlock
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Pre-training 
phase

Pre-training

Sim.Randomly
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System
config.
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Deadlock &
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Figure 5.4. Flowchart of surrogate pruning optimization framework. Surrogate models of the
performance measures are trained in the pre-training phase and utilized to choose the top-𝐾
candidate solutions in the surrogate pruning of the optimization phase.

5.3.3 Selection of Surrogate Models

There are two requirements for the surrogate models for OSPs ( 𝑓 (X) and 𝑔(X)) as follows.
Requirement 1: The surrogate models must find the appropriate features to infer the performance
measures automatically since manual feature engineering of a complex system such as PPCPP
systems is complicated.
Requirement 2: For optimizing the order sequence, the surrogate models must learn how the
performance measures change depending on the order sequence.

To meet these requirements, we opted to use a multi-layer perceptron (MLP), which is a
powerful machine learning method that automatically extracts features from input, which meets
Requirement 1. For dealing with Requirement 2, we use a recurrent neural network (RNN), one
of the MLPs that utilizes a recurrent layer to learn the sequential relationship in input features,
such as order sequences. We also utilize a Bayesian neural network (BNN) to improve the model
generalization. BNN is an MLP model that imposes a prior distribution on the weight parameters
and aims to infer a posterior distribution instead of point estimates. Although the output of
the PPCPP simulator is deterministic, we utilize BNN because it performs ensemble learning by
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marginalizing over this posterior for prediction.
Based on the above discussion, we select a Bayesian recurrent neural network (BRNN), which

is a BNN consisting of a recurrent layer, for the surrogate models, as shown in Figure 5.5. However,
precisely computing the posterior of non-linear BRNNs is infeasible, so we utilized the Dropout
variational inference [157] to train BRNN. It interprets Dropout regularization as approximate
inference in BRNN models and learns a variational Dropout posterior over the weight parameters.
Prediction results of BRNN are obtained by averaging 𝑁𝑝𝑟𝑒𝑑 time inferences. In this work, we
use 𝑁𝑝𝑟𝑒𝑑 = 1 for training and 𝑁𝑝𝑟𝑒𝑑 = 10 for prediction and optimization. In addition, we
use the Adam optimizer [91] to train BRNN. The bidirectional long short-term memory (LSTM)
architecture with 64 neurons (𝑛𝑟) is utilized as the recurrent layer and connected to two dense layers,
whose neurons are connected to all neurons in the next layer. Each layer consists of 192 neurons
(𝑛𝑑) with Leaky ReLU as the activation function and has a Dropout layer whose Dropout rate is
set to 10% (𝑟𝑑). All mentioned parameters (𝑛𝑟 ∈ [32, 48, 64, 128], 𝑛𝑑 ∈ [64, 128, 192, 256], and
𝑟𝑑 ∈ [5%, 10%, 30%]) were analyzed and the most accurate model on the test set was picked.
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Figure 5.5. The proposed architecture of the Bayesian recurrent neural network. It contains a
bidirectional recurrent layer to learn the sequential relationship in input and Dropout layers for the
Dropout variational inference.
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5.3.4 Proposed Optimization Method: BRNN-SA

In this section, we propose BRNN-SA, which implements the surrogate pruning optimization by
combining the simulated annealing (SA) strategy and BRNN as surrogate models. The detailed
algorithm is shown in Algorithm 5-1.

Algorithm 5-1 Optimization procedure of BRNN-SA
Input: Picking orders O = {𝑂1, 𝑂2, ..., 𝑂𝑁 }, Penalty 𝜔.
Output: Best order sequence Xbest = {𝑥𝑖}.

1: Initialize 𝑡 ← 1 and temperature 𝑇 ← 𝑇0.
2: Generate 𝑀0 candidate points X0 𝑗 ( 𝑗 = 1, 2, ..., 𝑀0)
3: Select an initial searching point X1 from X0 𝑗 for minimizing ℎ(X0 𝑗 ) = 𝑓 (X0 𝑗 ) + 𝜔𝑔(X0 𝑗 ).
4: while Until reaching the time limit do
5: Select 𝑀 candidate points X𝑡 𝑗 ( 𝑗 = 1, 2, ..., 𝑀) from the neighborhood S(X𝑡) uniformly at

random.
6: Evaluate ℎ(X𝑡 𝑗 ) = 𝑓 (X𝑡 𝑗 ) + 𝜔𝑔(X𝑡 𝑗 ).
7: Select the top-𝐾 candidate points X̂𝑡𝑘 , (𝑘 = 1, 2, ..., 𝐾) from X𝑡 𝑗 according to ℎ(X𝑡 𝑗 ).
8: Evaluate 𝐻 (X̂𝑡𝑘 ) = 𝐹 (X̂𝑡𝑘 ) + 𝜔𝐺 (X̂𝑡𝑘 ).
9: X̂𝑡 ← X̂𝑡𝑘∗ , where 𝑘∗ ← argmin

𝑘

𝐻 (X̂𝑡𝑘 ).

10: if 𝐻 (X̂𝑡) < 𝐻 (Xbest) then
11: Xbest ← X̂𝑡 .
12: Generate a random number 0 ≤ 𝑟 ≤ 1.
13: 𝑃← exp((𝐻 (X̂𝑡) − 𝐻 (X𝑡))/𝑇).
14: if 𝐻 (X̂𝑡) < 𝐻 (X𝑡) or 𝑟 ≤ 𝑃 then
15: X𝑡+1 ← X̂𝑡 .
16: 𝑇 ← 𝛼𝑇 .
17: 𝑡 ← 𝑡 + 1.
18: return Xbest

This optimization procedure starts when the target shipping orders from customers are con-
firmed. Let X𝑡 be the searching point in iteration 𝑡. First, we generate 𝑀0 searching points
randomly and select the initial searching point X1 that has the minimum surrogate penalized ob-
jectives ℎ(X) = 𝑓 (X) + 𝜔𝑔(X), where 𝑓 (X) and 𝑔(X) are surrogate models and 𝜔 is the penalty
parameter. Then the 𝑀 candidate points are sampled uniformly at random from the neighborhood
S(X𝑡), which contains all points with a Hamming distance of at most one from X𝑡 . In the surrogate
pruning, the top-𝐾 candidate points are chosen from 𝑀 candidate points according to the surrogate
penalized objectives ℎ(X). This surrogate pruning can reduce the computational time by choosing
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good candidate solutions quickly without time-consuming simulations.
For the selected 𝐾 candidate points, the penalized objectives 𝐻 (X) = 𝐹 (X) + 𝜔𝐺 (X) are

evaluated by using their simulation results (𝐹 (X) and 𝐺 (X)). Then, the best candidate point X̂𝑡 is
chosen from the 𝐾 candidate points. If X̂𝑡 has a lower penalized objective than the best solution
Xbest, Xbest is replaced with X̂𝑡 . The searching point is updated as same as SA. If 𝐻 (X̂𝑡) is smaller
than 𝐻 (X𝑡), let X𝑡+1 ← X̂𝑡 . Otherwise, X̂𝑡 is adopted as X𝑡+1 with the following probability 𝑃:

𝑃 = exp
(
(𝐻 (X̂𝑡) − 𝐻 (X𝑡))/𝑇

)
, (5.6)

where 𝑇 is the temperature parameter. 𝑇 starts with a high 𝑇0 to encourage exploration and then
cools down by multiplying the cooling rate 𝛼 ∈ [0, 1] to zoom in on a good solution.

These processes continue until the computational time reaches the time limit. Finally, the best
searching point is returned as the solution order sequence. In this paper, we set 𝑀0 = 𝑀 = 10000,
by which the surrogate runtime in a loop is almost equal to one simulation runtime, and 𝜔 = 106

so that the deadlocked candidates always become worse than any candidates without deadlock. We
also selected 𝐾 = 10. In the preliminary experiments, we found that the optimization performance
was excellent when 5 ≤ 𝐾 ≤ 30, and it became unstable when 𝐾 = 1. It implies that selecting
multiple candidates can improve the robustness of finding good solutions under prediction errors.
Additionally, we selected 𝑇0 = 30 and 𝛼 = 0.95 that showed the best optimization performance
according to the preliminary experiments with the following parameter ranges; 𝑇0 ∈ [10, 30, 100]
and 𝛼 ∈ [0.9, 0.95, 0.99].

5.4 Evaluation

We conducted numerical experiments to investigate RQ1 and RQ2 and compared the proposed
optimization method with conventional metaheuristic methods.

5.4.1 Conditions

In our experiments, the sequence of the given picking orders is optimized for minimizing the
makespan without the deadlock of the PPCPP system (Refer back to Figure 5.2 for the system
configuration.) All picking orders used in the experiments are generated randomly. One picking
order set consists of 1 to 30 picking orders. Each picking order contains 1 to 5 items and the
shipping quantity of each item is 1 to 700. The pre-training dataset is the PPCPP simulation results
of 50,000 randomly generated picking order sets whose order sequence s are randomly sorted.

We formulate the deadlock occurrence prediction as a binary classification problem and the
makespan prediction as a regression problem. In the following experiments, BRNN shown in
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Figure 5.5 is compared with linear regression (LR), Gaussian process regression (GP), gradient
boosting trees (GBT), and the Bayesian neural network without recurrent layer (BNN). Each picking
order set is converted to the input features shown in Figure 5.6. BRNN uses the sequential feature
whose shape is (𝑁𝑠, 𝑁𝑡 , 𝑁 𝑓 ), where 𝑁𝑠 is the number of samples of the picking order sets, 𝑁𝑡 is the
maximum sequence number, and 𝑁 𝑓 is the number of the features. Other models, which cannot
handle the sequential feature, use the 2D feature consisting of horizontally connected sequential
features. This data shape is (𝑁𝑠, 𝑁𝑡 × 𝑁 𝑓 ). In this experiment, we used 𝑁 𝑓 = 34 features and
set 𝑁𝑡 = 150 to cover all training dataset. In the pre-training of GP, only 200 randomly selected
samples were used to shorten the training time. The prediction accuracies of makespans and
deadlock occurrence were evaluated by 4-fold cross-validation. The computing environment is a
Ryzen 3950X CPU (3.70GHz, 32threads), 128GB RAM, and NVIDIA RTX3080 GPU.

Order ID Record ID Item ID Picking qty.

Order 1

Rec. 1 A 10

Rec. 2 B 3

Rec. 3 C 2

Order 2
Rec. 4 A 9

Rec. 5 C 1
… … … …

Order 30 Rec. 150 B 3

Sample ID Rec. 1
Feat #1

Rec. 1
Feat #2

…
Rec. 150
Feat #34

Sample 1 15 3.0 … 0

Sample 2 30 4.2 … 2
… … … …

Sample 50000 12 2.5 … 1

Order ID Record ID Item ID Picking qty.

Order 1

Rec. 1 A 10

Rec. 2 B 3

Rec. 3 C 2

Order 2
Rec. 4 A 9

Rec. 5 C 1
… … … …

Order 30 Rec. 150 B 3

Order ID Record ID Item ID Picking qty.

Order 1

Rec. 1 A 10

Rec. 2 B 3

Rec. 3 C 2

Order 2
Rec. 4 A 9

Rec. 5 C 1
… … … …

Order 30 Rec. 150 B 3

Order ID Record ID Item ID Picking qty.

Order 1

Rec. 1 A 10

Rec. 2 B 3

Rec. 3 C 2

Order 2
Rec. 4 A 9

Rec. 5 C 1
… … … …

Order 30 Rec. 150 B 3

Num. of the 
samples of picking 
order sets: 𝑁!

Order
sequence

Input of BRNN: 3D feature data Input of other models: 2D feature data

Picking orders
(Input of the simulator)

Record ID Feat #1 Feat #2 … Feat #34

Rec. 1 15 3.0 … 2

Rec. 2 15 3.0 … 1
… … … … …

Rec. 150 15 3.0 … 0

Num. of the max. sequences: 𝑁"

Record ID Feat #1 Feat #2 … Feat #34

Rec. 1 15 3.0 … 2

Rec. 2 15 3.0 … 1
… … … … …

Rec. 150 15 3.0 … 0

Record ID Feat #1 Feat #2 … Feat #34

Rec. 1 15 3.0 … 2

Rec. 2 15 3.0 … 1
… … … … …

Rec. 150 15 3.0 … 0

Record ID Feat #1 Feat #2 … Feat #34

Rec. 1 15 3.0 … 2

Rec. 2 15 3.0 … 1
… … … … …

Rec. 150 15 3.0 … 0

- Sum/Mean of picking qty. per order
- Num. of the unique items per order
- Picking qty. of the rec.
- Flag of the first/last rec. of the order
- Picking qty. of each item group per rec.

(Items are divided into 10 item groups so that
each group has an equal order frequency.)

Feature extraction (Num. of the features: 𝑁#)
- Sum/Mean/Std of picking qty.
- Num. of the orders, rec., and unique items
- Max/Mean/Std of num. of items per order
- Max/Mean/Std of picking qty. per order
- Max/Mean/Std of num. of orders per item
- Max/Mean/Std of picking qty. per item

Figure 5.6. Feature formats of surrogate models. Picking orders are converted to 3D feature data
for BRNN and 2D feature data for others.
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5.4.2 Prediction Accuracy Comparison

In this experiment, we evaluate the prediction accuracies of the pre-trained surrogate models. These
models are compared based on accuracy, defined as the number of correctly predicted data points
out of all the data points and the area under the ROC curve (ROC-AUC) for the deadlock occurrence
prediction. Mean absolute percentage error (MAPE) and mean absolute error (MAE) are used as
metrics for the makespan regression.

The evaluation results of each metric are shown in Table 5.2. For the deadlock occurrence
prediction, the classification accuracy is highest for GBT (93.7%), BRNN (93.2%), and BNN
(93.2%) in that order. However, the differences in classification accuracies between all models
are not so significant (92.7–93.7%), which implies that the order sequence has little effect on the
deadlock occurrence. For the makespan regression, BRNN shows a lower MAPE (2.68%) than
GBT (3.45%), BNN (5.15%), and other methods. Additionally, we confirmed the BRNN inference
time (0.89 msec/sample) was over 10000 times faster than the simulation runtime (11.7 sec/sample).

Table 5.2. Prediction result comparison of makespan and deadlock occurrence.

Surrogate
model

Deadlock classification Makespan regression Inference time
[msec./sample]Accuracy[%] ROC-AUC MAPE[%] MAE

BRNN 93.2 ± 0.3 0.987 ± 0.001 2.68 ± 0.21 53.4 ± 2.2 0.89
BNN 93.2 ± 0.6 0.985 ± 0.001 5.15 ± 0.43 98.9 ± 1.4 0.96
GBT 93.7 ± 0.2 0.987 ± 0.000 3.45 ± 0.04 63.7 ± 1.2 0.02
GP 92.8 ± 0.3 0.982 ± 0.001 7.73 ± 0.61 123.8 ± 13.5 0.84
LR 92.7 ± 0.3 0.983 ± 0.001 7.87 ± 1.68 156.9 ± 22.7 0.002

Simulation (100.0) (1.0) (0.0) (0.0) 11752

We also evaluated how accurately each model can predict the makespan changes according
to the order sequences of one order set. Figure 5.7 shows the simulated and predicted makespans
of all combinations of the seven randomly generated orders (5040 combinations). The horizontal
axis represents each order sequence sorted by its simulated makespan. The vertical axis represents
the makespan of each order sequence obtained by simulation and prediction with the pre-trained
surrogate models. We can see that the BRNN prediction (blue line) is closer to the simulation
result (orange line) than any other surrogate model. These results suggest that BRNN is suitable
as a surrogate model to predict performances strongly affected by the sequential feature such as the
order sequence, which is the decision variable of OSPs.

Based on these findings, we answer the RQ1 as follows.
RQ1: Which surrogate model is most suitable for the OSPs of PPCPP systems?
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Figure 5.7. Simulated and predicted makespans (𝑦-axis) of all sequence combinations of seven
orders (𝑥-axis) sorted by simulated makespans. The orange line indicates the simulated true
makespans, and the others are the predicted makespans of each surrogate model annotated with
MAPE. If the prediction results are always close to the simulation results, the surrogate model can
predict the makespan changes according to the order sequence (decision variables).

A1: In the performance measures of OSPs, makespan is strongly affected by the order sequences.
To infer such performance measures precisely, surrogate models that can consider the sequential
input, such as BRNN, are suitable.

5.4.3 Optimization Runtime Comparison

Next, we evaluated the total runtimes to find the optimal order sequence by the proposed surrogate
pruning optimization method. In this experiment, we used three problem instances consisting of
20 picking orders that are randomly generated from the same distribution with training data. These
problems were solved by the proposed optimization methods with each surrogate model (BRNN,
BNN, GBT, GP, LR) and the original SA. All the experiments were executed ten times each, and
their time limits were 900 sec. We then compared the averages of the objective values of each
final solution (Final obj.) and the runtimes to find the solution whose objective value is equal to or
lower than the original SA’s final solution (LE runtime). Table 5.3 shows the optimization results.
As we can see, BRNN-SA can find the best solution to two problems and show the shortest LE
time of all methods (8.9 times faster than the original SA on average). BRNN-SA shows the best
optimization performances since BRNN can predict the makespan changes according to the order
sequence more accurately than other surrogate models as shown in Figure 5.7.

Figure 5.8 shows the optimization trajectories of each optimization method in Problem 1. The
horizontal axis represents the optimization runtime, and the vertical axis represents the makespan
of the best solution Xbest at that moment. We can see here that BRNN-SA quickly finds a solution
whose objective is lower than SA’s final solution. This demonstrates that surrogate pruning by
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pre-trained BRNN can choose good candidate points more precisely than other surrogate models
even at the beginning of the optimization.

On the basis of these findings, we answer RQ2 as follows;
RQ2: How quickly can the proposed optimization method (BRNN-SA) solve the OSPs of PPCPP
systems compared to conventional metaheuristics?
A2: BRNN-SA can solve the 20 order OSPs by 8.9 times faster than the original SA. This
is presumably because the surrogate pruning with the pre-trained BRNNs can find good order
sequences successfully by inferring their performance measures without simulation.

Table 5.3. Objectives and runtimes of the optimization methods assisted by each surrogate model.

Problem BRNN-SA BNN-SA GBT-SA GP-SA LR-SA Orig. SA

#1: Final obj. 3169 ± 236 4090 ± 239 3305 ± 228 3537 ± 247 3442 ± 265 3706 ± 232
#1: LE runtime [s] 106.4 – 160.7 268.0 402.9 883.1
#1: Speed-up ×8.3 ×0.0 ×5.5 ×3.3 ×2.2 ×1.0

#2: Final obj. 2174 ± 127 2171 ± 119 2204 ± 119 2194 ± 80 2311 ± 106 2699 ± 468
#2: LE runtime [s] 67.1 84.4 85.6 92.9 280.9 763.9
#2: Speed-up ×11.4 ×9.1 ×8.9 ×8.2 ×2.7 ×1.0

#3: Final obj. 1805 ± 74 1853 ± 88 1823 ± 89 1929 ± 72 1818 ± 72 2064 ± 308
#3: LE runtime [s] 101.4 397.5 188.9 896.9 197.2 798.2
#3: Speed-up ×7.9 ×2.0 ×4.2 ×0.9 ×4.1 ×1.0

Avg. Speed-up ×8.9 ×1.8 ×5.6 ×1.9 ×2.8 ×1.0
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Figure 5.8. Makespan trajectories of Problem 1. The dashed line shows the original SA’s trajectory,
and the other lines are those of surrogate models. The horizontal dotted line shows the makespan
of the original SA’s final solution, and the vertical dotted lines indicate the LE runtimes.
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5.5 Conclusion

This paper proposed the surrogate pruning optimization framework and its implementation (BRNN-
SA) to quickly solve the order sequencing problem (OSP) of PPCPP systems, the automated order
picking system in logistics warehouses. The proposed method utilizes the Bayesian recurrent neural
network (BRNN) as surrogate models to infer sequence-dependent makespans and deadlock occur-
rences. Then we proposed BRNN-SA, which combines simulated annealing (SA) with pre-trained
BRNNs to choose good candidate solutions without simulation (surrogate pruning). Our experi-
mental results demonstrated the proposed method can streamline solving OSPs thanks to surrogate
pruning with the pre-trained BRNNs. For future work, we plan to implement the incremental
learning step of surrogate models in this framework for solving larger-scale problems and apply the
proposed method to other sequence optimization problems such as job-shop scheduling problems.
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Chapter 6

Hyper-heuristics Framework for Online
Order Batching and Sequencing Problem in
Automated Logistics Warehouses with
Order Consolidation Process

6.1 Introduction

Driven by the rapid expansion of the e-commerce market, distribution warehouses face increasing
product diversity and shipment volumes while being required to meet high service level require-
ments such as same-day delivery. A declining labor force and stricter labor regulations make it
difficult to secure warehouse workers, increasing the need for automation to improve efficiency
and reduce staffing. In distribution warehouses, the order-picking process—collecting items from
storage locations in response to customer orders—accounts for over 50% of total warehouse costs
[137], [158]. Consequently, a variety of automation solutions for picking have been proposed,
including automated storage and retrieval systems (AS/RS), automated guided vehicles (AGVs),
and piece/case sorters. In recent years, advanced automation solutions have been deployed in
practice for many processes, such as shelf-carrying AGV picking systems and palletizing robots
[88], [159]. However, improving the productivity of the entire fulfillment line requires coordination
among equipment and the removal of bottlenecks, which remains a significant challenge [160].

To enhance productivity across the warehouse through coordination among processes, this
study investigates the optimization of order batching and sequencing for dynamically arriving ship-
ping orders in distribution warehouses equipped with multiple automated systems. This problem
is referred to as the Online Order Batching and Sequencing Problem (OOBSP), a variant of the
Order Batching Problem (OBP)[161]. OBP is a combinatorial optimization problem that parti-
tions orders into batches to minimize performance measures such as makespan and travel distance.
Large-scale OBPs are generally solved using heuristics, but their performance depends heavily on
instance characteristics, like the properties of shipping orders and fulfillment line configurations
[153], [162].
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In recent years, data-driven approaches such as deep reinforcement learning (DRL) and hyper-
heuristics have been proposed for such combinatorial optimization problems [163], [164]. Cals
et al. [165] proposed a DRL-based approach to the online OBP for a shipping line that includes
two picking processes: AS/RS and cart picking. Their method classifies orders into 15 categories
based on the number of items, processing paths, and slack time to the due date, and defines 31
strategies—consisting of single- or multi-order batches for each category or postponing batching—
which are dynamically selected by a DRL policy to minimize shipment tardiness. Cheng et al.
[166] proposed a DRL-driven hyper-heuristic method for the offline OBP in AGV picking systems.
Their approach defines eight batching strategies that combine heuristics based on the number of
repeated uses of storage racks and due dates, and a DRL policy selects among them to minimize rack
transports and shipment delays. Furthermore, Wang et al. [167] addressed the combined problem
of OBP and picker routing by proposing a hyper-heuristic approach based on genetic programming
(GPHH) to automatically synthesize new order-selection indices by combining multiple indicators.
In GPHH, formulas for the optimal order-selection index are generated using 12 order features, such
as total order weight and the number of additional racks, and six operators (+,−,×,÷,max,min).
However, these methods evaluate orders solely by static attributes—such as arrival order, due
date, item count, and rack count—without considering the operational state of the shipping line.
To improve productivity across the entire line, the order evaluation scheme should adapt to task
progress and equipment utilization. Consequently, the effectiveness of conventional approaches
may be limited.

Therefore, we explore an OOBSP solution that reflects the state of the shipping line in batching
decisions to enhance system-wide productivity. Specifically, we consider a distribution warehouse
equipped with modern automated systems, including multiple picking processes and an order
consolidation process as post-picking work. In order consolidation, items picked from different
processes are temporarily stored until all items for a shipping box are gathered in the AS/RS. This
process tends to increase makespan and tardiness. Thus, it is important to control order batching
and sequencing to reduce the time required for the completion of consolidation. However, to our
knowledge, no method has explicitly targeted this aspect.

In this study, we first propose heuristics aimed at improving the processing efficiency of the
consolidation process. Furthermore, to reduce makespan and tardiness throughout the warehouse,
we propose an OOBSP solution approach based on a hyper-heuristic framework that incorporates
both order characteristics and the current state of the shipping line. The remainder of this paper is
organized as follows. First, we define and formulate the target OOBSP. Next, we present an overview
of the proposed method, describe the set of low-level heuristics, and explain the hyper-heuristic
scheme that integrates them. Finally, the effectiveness of the proposed method is evaluated through
numerical experiments.
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Figure 6.1. Target fulfillment line consisting of GtP picking, PtG picking, order consolidation, and
packing processes.

6.2 Online Order Batching and Sequencing Problem

6.2.1 Problem Definition and Representative Solution Methods

The Order Batching Problem (OBP) is a combinatorial optimization problem that determines
combinations (batches) of shipping orders that minimize picking costs such as total travel distance
and makespan [162]. It is known that OBP is NP-hard when two or more orders can be assigned
to a single batch [168]. Furthermore, OBP with batch sequencing, in which the execution order of
batches must also be determined, is called the Order Batching and Sequencing Problem (OBSP).
In conventional OBP and OBSP, all orders to be batched are assumed to be known when solving
the problem. In contrast, the Online Order Batching and Sequencing Problem (OOBSP) refers to
the setting where shipping orders are received dynamically, and batching and sequencing decisions
must be made in real time. Since the total number of possible batches increases exponentially
with the number of orders, realistic OBPs with more than 100 orders become extremely large
combinatorial optimization problems [169]. Thus, exact optimization approaches are generally
infeasible, and heuristics or metaheuristics are commonly employed [153]. In particular, for online
OBPs such as OOBSP, fast heuristics are primarily used, because batches must be sequentially
constructed from the set of currently available orders whenever batching is required.

Representative heuristic approaches for OBP include priority-based heuristics, such as First-
Come, First-Served (FCFS) and Earliest Due Date (EDD), and are widely used. When process-
ing times are known, the Longest/Shortest Processing Time and Least Slack Time heuristics are
also applicable. Another well-known approach is the Savings algorithm, which is based on the
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Clarke–Wright method for the Vehicle Routing Problem (VRP) [162]. In online OBP, time-window
batching methods are often employed. In fixed time window batching, a predefined time interval
is set, and all orders arriving within that interval are batched together. In variable time window
batching, a batch is formed once the maximum allowable number of orders has been reached [170].

In addition, seed heuristics are widely applied to both online and offline OBPs. In this
approach, an initial seed order is selected, and then additional orders are incrementally assigned
until reaching the maximum batch capacity. Indicators for selecting the seed order include the
number of items, number of aisles, travel distance, and processing time. Indicators for selecting
additional orders include the number of added items or aisles, and measures of similarity to already
assigned orders in the batch (e.g., item overlap or space overlap) [171]. Although these heuristic
approaches have been extensively studied, their performance strongly depends on the characteristics
of shipping orders, as well as the configuration and layout of the warehouse.

6.2.2 Mathematical Optimization Model of OBSP

In this study, we consider the OOBSP with the objective of minimizing both the total completion
time (makespan) for processing all given shipping orders and the tardiness of each order relative to
its shipping deadline. Following Cals et al. [165] and Henn [172], we analyze the mathematical
properties of the OOBSP via the optimization model of its offline counterpart, OBSP. In the OBSP
formulation, the set of all order combinations that satisfy batch-capacity constraints is enumerated
in advance, explicitly representing all feasible batches. The processing time of each batch is
assumed to be precomputed. Each order is assigned exactly once to one batch from this set, and the
combination of batches that minimizes the objective function is selected. In warehouse operations,
a single solution must be determined automatically online, even though some tardiness may be
unavoidable. Therefore, we formulate the OBSP as a single-objective optimization problem whose
objective is a weighted sum of makespan and tardiness, rather than a multi-objective problem or a
formulation that treats tardiness as a hard constraint.

The following constants are used in the formulation:

• 𝛿𝑖 𝑗 : An indicator parameter, defined for all feasible batches that satisfy the batch-capacity
constraint, equal to 1 if order 𝑖 is included in batch 𝑗 , and 0 otherwise.

• 𝑐𝑖: Capacity requirement of order 𝑖 (e.g., size or volume).
• 𝑑𝑖: Due date of order 𝑖.
• 𝑡 𝑗 : Processing time of batch 𝑗 .
• 𝐶: Maximum capacity per batch.
• 𝑀: A sufficiently large positive constant.

We define the following index sets:
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• I: Index set of orders, I = {1, . . . , 𝐼max}, where 𝐼max denotes the number of orders to be
assigned.

• J : Index set of all feasible batches that satisfy the batch-capacity constraint (J = { 𝑗 |∑
𝑖∈I 𝑐𝑖𝛿𝑖 𝑗 ≤ 𝐶}).

• P: Index set of picking workers, P = {1, . . . , 𝑃max}, where 𝑃max denotes the number of
workers available for assignment.

• Q: Index set of sequence positions for batches assigned to each worker, Q = {1, . . . , 𝑄max},
where 𝑄max denotes the maximum number of batches a worker can process.

We also define the following decision variables:

• 𝑥 𝑗 𝑝𝑞: Binary decision variable equal to 1 if batch 𝑗 is assigned to worker 𝑝 in position 𝑞, and
0 otherwise.

• 𝑒𝑝𝑞: Completion time of the 𝑞-th batch processed by worker 𝑝.
• 𝑟𝑖: Tardiness of order 𝑖.

LetX = {𝑥 𝑗 𝑝𝑞} denote the set of decision variables representing batch assignments. Then, the
OBSP optimization model can be formulated as follows [172]:

min
X

𝑓makespan + 𝛼 𝑓tardiness (6.1)

s.t. 𝑓makespan ≥ 𝑒𝑝𝑞, ∀𝑝 ∈ P, 𝑞 ∈ Q, (6.2)

𝑓tardiness =
∑︁
𝑖∈I

𝑟𝑖, (6.3)∑︁
𝑗∈J

𝑥 𝑗 𝑝𝑞 ≤ 1, ∀𝑝 ∈ P, 𝑞 ∈ Q, (6.4)∑︁
𝑗∈J

∑︁
𝑝∈P

∑︁
𝑞∈Q

𝛿𝑖 𝑗𝑥 𝑗 𝑝𝑞 = 1, ∀𝑖 ∈ I, (6.5)

𝑒𝑝,𝑞−1 +
∑︁
𝑗∈J

𝑡 𝑗𝑥 𝑗 𝑝𝑞 ≤ 𝑒𝑝𝑞, ∀𝑝 ∈ P, 𝑞 ∈ Q \ 1, (6.6)∑︁
𝑗∈J

𝑡 𝑗𝑥 𝑗 𝑝1 ≤ 𝑒𝑝1, ∀𝑝 ∈ P, (6.7)

𝑒𝑝𝑞 − 𝑟𝑖 ≤ 𝑑𝑖 + 𝑀 (1 − 𝛿𝑖 𝑗𝑥 𝑗 𝑝𝑞), ∀𝑖 ∈ I, 𝑗 ∈ J , 𝑝 ∈ P, 𝑞 ∈ Q, (6.8)

𝑒𝑝𝑞 ≥ 0, ∀𝑝 ∈ P, 𝑞 ∈ Q, (6.9)

𝑟𝑖 ≥ 0, ∀𝑖 ∈ I, (6.10)

𝑥 𝑗 𝑝𝑞 ∈ 0, 1, ∀ 𝑗 ∈ J , 𝑝 ∈ P, 𝑞 ∈ Q. (6.11)

Equation 6.1 defines the objective as minimizing a weighted sum of makespan and total
tardiness. Equation 6.2 defines the makespan as the maximum completion time 𝑒𝑝𝑞 over all batches
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and workers. Equation 6.3 defines total tardiness as the sum of 𝑟𝑖 over all orders. Equation 6.4
enforces that, for each worker 𝑝 and sequence position 𝑞, at most one batch 𝑗 is assigned. Equation
6.5 enforces that each order 𝑖 is assigned to exactly one batch. Equation 6.6 ensures that, for each
worker 𝑝, the completion time of the 𝑞-th batch equals the completion time of the (𝑞 − 1)-th batch
plus its processing time. Equation 6.7 specifies the completion time of the first batch for each
worker. Equation 6.8 bounds the tardiness 𝑟𝑖 of each order 𝑖: if batch 𝑗 is assigned as the 𝑞-th batch
of worker 𝑝, then 𝑒𝑝𝑞 − 𝑑𝑖 is an upper bound for 𝑟𝑖. Equations 6.9 and 6.10 enforce non-negativity
of completion times and tardiness. Equation 6.11 declares 𝑥 𝑗 𝑝𝑞 as a binary variable. Based on this
OBSP formulation, we now proceed to the formulation of the OOBSP.

6.2.3 Formulation of Simulation-Based OOBSP

Simulation Model and Flowchart

In this study, we address the above OBSP as an online optimization problem using discrete-event
simulation, targeting a shipping line that comprises two picking modes: Goods-to-Person (GtP)
via AS/RS and Person-to-Goods (PtG) via picking carts. The configuration of the shipping line
is shown in Figure 6.1. The line consists of four processes — GtP picking (𝑘 = 1), PtG picking
(𝑘 = 2), order consolidation (𝑘 = 3), and packing (𝑘 = 4) — connected by conveyors. We assume
that each item has sufficient stock and that storage locations do not overlap between GtP and PtG
picking.

The simulation flowchart is shown in Figure 6.2. Given a set of shipping orders O = {𝑂𝑖}
arriving at times A = {𝑎𝑖}, the batching decisions X = {𝑥 𝑗 𝑝𝑞} and the completion times E = {𝑒𝑖}
are generated sequentially when a dispatching policyH is applied. Here, 𝑒𝑖 corresponds to 𝑒𝑝𝑞 in
the OBSP formulation as

𝑒𝑖 =
∑︁
𝑗∈J

∑︁
𝑝∈P

∑︁
𝑞∈Q

𝛿𝑖 𝑗𝑥 𝑗 𝑝𝑞𝑒𝑝𝑞, ∀𝑖 ∈ I. (6.12)

A shipping order 𝑂𝑖 is defined as 𝑂𝑖 = {𝑃𝑖𝑛 | 𝑛 = 1, 2, . . . , 𝑁𝑖}, where 𝑃𝑖𝑛 denotes the 𝑛-th
item included in the order and 𝑁𝑖 is the number of items in 𝑂𝑖. Upon the arrival of 𝑂𝑖 from a
customer at time 𝑎𝑖 (specified per shipping box), the order is automatically split into GtP and PtG
picking orders according to the storage locations of items 𝑃𝑖𝑛 and added to the pool of open orders
for each process. Below, the picking order produced for process 𝑘 by splitting𝑂𝑖 is denoted by𝑂𝑖𝑘 .
Each worker in the GtP/PtG processes requests the next task upon completing the current picking
operation. In response, online batching based on method H is performed over the current pool of
open orders in that process, and a new picking task is assigned to the requesting worker.
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Are all shipping orders completed?

Output
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Input
𝒪 = {𝑂$}: the set of shipping orders
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Increment the time step	𝑡

Receive the new shipping orders 
and split them into GtP/PtG picking orders.

Dispatch a new batch to each free picking worker in GtP/PtG
picking processes sequentially using the dispatching algorithm ℋ.

Move all the buckets on the conveyor forward by one time step.

Progress all the works in GtP picking, PtG picking,
Order consoludation, and Packing processes by one time step.

Add the shipping orders that have finished 
the packing process to the completed orders.

Figure 6.2. Simulation flowchart for OOBSP.

Picking orders completed in the GtP/PtG processes are placed into buckets and transferred to
the next process. If a shipping order contains items from both processes, the corresponding buckets
are sent to the consolidation process; otherwise, they are sent directly to the packing process.
In the consolidation process, buckets arriving from the GtP and PtG processes are temporarily
stored in an AS/RS until all items required for a shipping box are collected. Once all items for
the corresponding shipping order are stored in the AS/RS, the buckets are released in sequence
to the packing process. At the packing process, the buckets undergo inspection and packing per
shipping order, after which they are combined into a single shipping box. The completion time 𝑒𝑖
of shipping order 𝑖 is recorded as the time its shipping box is completed at the packing process.
These operations are repeated until all shipping orders complete the packing process. Note that no
randomness is included in this simulation.
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Detailed Simulation Process

We detail the operations of the GtP and PtG picking, consolidation, and packing processes in the
simulation below.

1. GtP Picking Process

• A batch of shipping orders is assigned to a worker at a picking station (PST), and items
in the batch are retrieved from storage boxes in the AS/RS. Boxes with lower remaining
inventory are prioritized for allocation.

• Upon allocation, transport instructions are generated for the shuttle (horizontal move-
ment) and the lifter (vertical movement) and executed in first-come, first-served (FCFS)
order. The shuttle carries the storage box from its slot to the lifter, the lifter brings it to
ground level, and it is then conveyed to the PST.

• At the PST, the worker picks the required quantity from the storage box and sorts the
items into buckets according to each picking order. Buckets whose picking is complete
are sent to the next process via conveyor.

• Once picking at the PST is completed, the storage box is returned to an empty slot in
the AS/RS in the reverse order of allocation.

• Upon completion of a picking order, the PST worker requests the next batch of picking
orders.

2. PtG Picking Process

• A batch is assigned to a worker with a picking cart, who traverses the warehouse,
collects items, and sorts them into buckets on the cart.

• Aisles in the picking area permit passing; however, only one worker may pick from the
same storage location at a time (FCFS).

• The tour starts at the picking start point and is constructed sequentially by a nearest-
neighbor rule, directing the worker to the closest required item location from the current
position. After collecting all required items, the worker returns to the start point.

• After returning to the start point, the worker places the buckets onto the conveyor and
requests the next batch of picking orders.

3. Consolidation Process

• When a bucket arrives at the consolidation process, storage instructions are generated
for the shuttle and inbound lifter of an AS/RS tier with empty slots, and executed in
FCFS order.

• When all buckets corresponding to a shipping order have been stored in the AS/RS,
retrieval instructions are generated for the shuttle and outbound lifter of the relevant
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tiers and executed in FCFS order.
• Upon retrieval, all buckets corresponding to the same shipping order are released to the

conveyor in sequence and sent to the packing process.

4. Packing Process

• Buckets arriving from upstream processes are grouped per shipping order; after checking
items and quantities, the contents are packed into a single shipping box per order, thereby
finalizing the shipping order.

Formulation of Simulation-based OOBSP

The above simulation can be expressed as X, E = Simulation(H ,O,A). Based on this definition
and Equations 6.1–6.11, OOBSP can be formulated as follows:

min
H

𝑓 (H ,O,A,D) = 𝑓makespan + 𝛼 𝑓tardiness, (6.13)

s.t. 𝑓makespan = max
𝑖∈I

𝑒𝑖, (6.14)

𝑓tardiness =
∑︁
𝑖∈I

max {𝑒𝑖 − 𝑑𝑖, 0} , (6.15)

X, E = Simulation(H ,O,A), (6.16)

X = {𝑥 𝑗 𝑝𝑞 | 𝑥 𝑗 𝑝𝑞 ∈ {0, 1}, 𝑗 ∈ J , 𝑝 ∈ P, 𝑞 ∈ Q}, (6.17)

E = {𝑒𝑖 | 𝑖 ∈ I}, (6.18)

D = {𝑑𝑖 | 𝑖 ∈ I}. (6.19)

Equations 6.13, 6.14, and 6.15 correspond to Equations 6.1, 6.2, and 6.3, respectively. They define
the objective as minimizing a weighted sum of makespan and total tardiness across orders. Equation
6.16 specifies the simulation dynamics and the mapping from inputs to outputs. Equations 6.17,
6.18, and 6.19 define, respectively, the batching decisions X, the order completion times E, and
the order due dates D within the simulation.

In this formulation, the decision variables X for the OOBSP are induced by the simulation
given a dispatching policy H as input. Accordingly, we focus on determining the dispatching
policies that minimize the objective in Equation 6.13.
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Figure 6.3. Hyper-heuristics framework consisting of the set of problem-specific low-level heuris-
tics and the high-level strategy to select/combine them to minimize the objective function.

6.3 Methodology

6.3.1 Hyper-heuristics

In this section, we present the proposed dispatching policy for solving the OOBSP. Heuristics
are preferable for solving large-scale OOBSP instances; however, their performance is problem-
dependent. Therefore, we address this issue by adaptively combining existing order batching
problem (OBP) heuristics proposed in the literature. This approach—selecting and combining
multiple heuristics to generate new ones—is known as hyper-heuristics [164]. Hyper-heuristics
provide a flexible approach and have been applied in scheduling, routing, and combinatorial
optimization [166], [167]. As shown in Figure 6.3, a hyper-heuristic framework consists of
problem-specific low-level heuristics (LLHs) and a high-level strategy (HLS) that selects and
combines them. The HLS often employs metaheuristics (e.g., genetic programming) or learning-
based methods (e.g., deep reinforcement learning, DRL). Guided by the HLS, LLHs are selected
and combined to synthesize candidate heuristics, which are then evaluated to identify the best-
performing combination of LLHs.

In this study, we focus on seed heuristics widely used for the OOBSP and propose generating
both seed-order and additional-order selection indicators via a hyper-heuristic, conditioned on the
problem context. Specifically, in addition to five commonly used selection indicators, we propose
two new indicators that account for the characteristics of the consolidation process. Furthermore, we
propose a hyper-heuristic approach that combines these indicators to generate seed- and additional-
order selection indicators tailored to the characteristics of shipping orders.
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6.3.2 Low-level Heuristics: LLHs

In this study, we propose two new selection indicators (𝑧𝑖𝑘6, 𝑧𝑖𝑘7) that take into account the char-
acteristics of the consolidation process, in addition to the five selection indicators (𝑧𝑖𝑘1, . . . , 𝑧𝑖𝑘5)
used in existing heuristics. Each indicator yields a score in [0,1]; the order with the highest score
is selected. Below, the number of elements in a set 𝑆 is denoted by |𝑆 |. At time 𝑡, the index set
of received but unassigned orders (open orders) in process 𝑘by Iopen

𝑡𝑘
, the index set of assigned

but unfinished orders (executing orders) is Iexec
𝑡𝑘

, and the index set of orders assigned to batch
𝑗 is Ibatch

𝑗 𝑘
. The set of items contained in batch 𝑗 is defined as 𝐵 𝑗 𝑘 =

⋃
𝑖∈Ibatch

𝑗𝑘
𝑂𝑖𝑘 . The set of

dispatch-target processes is denoted by K∗ = {1, 2}.

Item Count Score

This indicator is based on the seed-order selection using item counts [162]. It assigns higher scores
to orders with fewer items; for |𝑂𝑖𝑘 | ≥ 1, it is defined as in Equation 6.20.

𝑧𝑖𝑘1 =
1
|𝑂𝑖𝑘 |

, ∀ 𝑖 ∈ Iopen
𝑡𝑘

, 𝑘 ∈ K∗. (6.20)

Maximum Item Similarity Score

This indicator follows seed-order selection by item similarity [162]. For order 𝑖, it is the maximum
item-overlap ratio with any other order in Iopen

𝑡𝑘
, as in Equation 6.21.

𝑧𝑖𝑘2 = max
𝑖′∈Iopen

𝑡 𝑘
\𝑖

(
|𝑂𝑖𝑘 ∩𝑂𝑖′𝑘 |
|𝑂𝑖𝑘 ∪𝑂𝑖′𝑘 |

)
, ∀ 𝑖 ∈ Iopen

𝑡𝑘
, 𝑘 ∈ K∗. (6.21)

Additional Item Count Score

This indicator follows additional-order selection by the number of newly added items to a batch
[162]. It assigns higher scores when fewer new items are introduced upon adding order 𝑖 to batch
𝑗 , as in Equation 6.22.

𝑧𝑖𝑘3 =
1

1 + |𝑂𝑖𝑘 | − |𝐵 𝑗 𝑘 ∪𝑂𝑖𝑘 |
, ∀ 𝑖 ∈ Iopen

𝑡𝑘
, 𝑘 ∈ K∗. (6.22)
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Item Similarity Score

This indicator follows additional-order selection by item similarity [162]. It is the item-overlap
ratio between order 𝑖 and batch 𝑗 , as in Equation 6.23.

𝑧𝑖𝑘4 =
|𝐵 𝑗 𝑘 ∩𝑂𝑖𝑘 |
|𝐵 𝑗 𝑘 ∪𝑂𝑖𝑘 |

, ∀ 𝑖 ∈ Iopen
𝑡𝑘

, 𝑘 ∈ K∗. (6.23)

Due-date Priority Score

This indicator is based on the EDD heuristic [162]. It assigns higher scores to orders with shorter
slack from the current time 𝑡 to the due date 𝑑𝑖. Let 𝜏 denote the maximum slack considered; the
score is given in Equation 6.24.

𝑧𝑖𝑘5 = 1 − min(𝑡 − 𝑑𝑖, 𝜏)
𝜏

, ∀ 𝑖 ∈ Iopen
𝑡𝑘

, 𝑘 ∈ K∗. (6.24)

Consolidation Priority Score

This is a newly proposed indicator. Orders requiring consolidation cannot proceed until all related
orders arrive at the consolidation process, often leading to long completion times. Therefore, when
a consolidation-required order is being processed, we prioritize assigning the other orders to be
consolidated with it. Let the consolidation indicator 𝛿(𝑖,I) return 1 if order 𝑖 requires consolidation
with any order in I, and 0 otherwise. The consolidation-priority score is defined in Equation 6.25.

𝑧𝑖𝑘6 = 𝛿(𝑖,Iexec
𝑡𝑘 ), ∀ 𝑖 ∈ I

open
𝑡𝑘

, 𝑘 ∈ K∗. (6.25)

Task-Simplicity Score

This is another newly proposed indicator. The packing process — the final stage of shipping
— tends to be underutilized early but often becomes a bottleneck later, delaying shipments. We
therefore focus on “simple” orders — those with fewer items and no consolidation requirement —
that can quickly proceed to packing. By prioritizing such orders when packing utilization is low,
we aim to level the workload and reduce delays. Let 𝑢𝑡 denote packing utilization at time 𝑡. The
task-simplicity score is defined in Equation 6.26.

𝑧𝑖𝑘7 =
1 − 𝑢2

𝑡

|𝑂𝑖𝑘 |1+𝛿(𝑖,I
open
𝑡 𝑘
∪Iexec

𝑡 𝑘
)
, ∀ 𝑖 ∈ Iopen

𝑡𝑘
, 𝑘 ∈ K∗. (6.26)

In this study, we regard the packing process as underutilized when 𝑢𝑡 is roughly 0–70%. Based
on preliminary experiments, we use the numerator 1 − 𝑢2

𝑡 so that the score increases under such
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conditions.

6.3.3 High-level Strategy: HLS

Seed Heuristics with Weighted Selection Scores

We describe the HLS, which combines the seven LLHs in Equations 6.20–6.26 for a given problem
setting. For each picking process 𝑘 ∈ K∗, we introduce a weight vector w𝑘 = [𝑤𝑘1, . . . , 𝑤𝑘7]
corresponding to the LLHs. Let W = {w𝑘 } denote the set of weight vectors. Using these weights,
we compute weighted sums of the LLH scores and obtain the seed- and additional-order selection
scores as in Equations 6.27 and 6.28, respectively.

𝑧seed
𝑖𝑘 = 𝑤𝑘1𝑧𝑖𝑘1 + 𝑤𝑘2𝑧𝑖𝑘2 + 𝑤𝑘5𝑧𝑖𝑘5 + 𝑤𝑘6𝑧𝑖𝑘6 + 𝑤𝑘7𝑧𝑖𝑘7, (6.27)

𝑧add
𝑖𝑘 = 𝑤𝑘3𝑧𝑖𝑘3 + 𝑤𝑘4𝑧𝑖𝑘4 + 𝑤𝑘5𝑧𝑖𝑘5 + 𝑤𝑘6𝑧𝑖𝑘6 + 𝑤𝑘7𝑧𝑖𝑘7. (6.28)

Using these scores, a single seed order and additional orders are selected according to the
seed-heuristic flow shown in Figure 6.4, yielding batches that satisfy the per-batch capacity limit
𝐶. Hereafter, we denote the proposed method parameterized by the weight coefficients W asHW .

In this framework, the appropriate values of W depend on the characteristics of the target
order stream and the configuration of the shipping line. Accordingly, we determine W to min-
imize the objective in Equation 6.13, using a training dataset of shipping orders S = {Sℎ} =

{(Oℎ,Aℎ,Dℎ)} (ℎ = 1, 2, . . . , 𝐻). We consider two variants: a static hyper-heuristic (SHH), in
which W is fixed, and an adaptive hyper-heuristic (AHH), in which W is determined online during
simulation.

Static Hyper-heuristics (SHH)

In this approach, the fixed weight vectors W ∗ used throughout the simulation are obtained by
solving the optimization problem in Equation 6.29.

W ∗ = argmax
W

1
𝐻

𝐻∑︁
ℎ=1
{ 𝑓 (HW ,Oℎ,Aℎ,Dℎ)} . (6.29)

Equation 6.29 defines the minimization of the average OOBSP objective (Equation 6.13) over the
𝐻 training instances. As the optimizer for Equation 6.29, we employ CMA-ES (Covariance Matrix
Adaptation Evolution Strategy) [57], a black-box, derivative-free optimization method.
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𝐼,-./01: the set of orders assigned to Batch 𝑗
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Are there any open orders?
(𝐼(
)*&+ ≠ 𝜙) 

No

Yes

Figure 6.4. Flowchart of seed heuristics using the proposed order selection scores.

Adaptive Hyper-heuristics (AHH)

In this approach, we seek a policy 𝜋 that, at each batching time 𝑡, maps the current system state s𝑡 of
the shipping line to a weight vector W𝑡 . Formally, W𝑡 = 𝜋(s𝑡). We denote the proposed batching
method based on weights determined dynamically by policy 𝜋 as HW |𝜋. To obtain the policy via
deep reinforcement learning (DRL), we represent 𝜋 as a neural network 𝜋𝜃 parameterized by 𝜃. The
state s𝑡 comprises 28 observations at time 𝑡 listed in Table 6.1. To reflect progress and utilization
in the action, s𝑡 includes the ratios of open (or waiting), executing, and completed orders for each
process (#1–12); the utilization of each resource within the processes (#13–21); the simulation
time 𝑡 (#22); the total shipping delay (#23) and the number of tardy orders (#24); and the counts of
unfinished orders whose remaining time to due date falls within specified thresholds (#25–28).

We define the reward 𝑟ℎ𝑡 to be terminal-only: it returns a value based on the objective (Equa-
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Table 6.1. DRL state space

# Definition of state
1–3 Open / Executing / Completed order num. rate in GtP picking
4–6 Open / Executing / Completed order num. rate in PtG picking
7–9 Waiting / Executing / Completed order num. rate in Order consolidation

10–12 Waiting / Executing / Completed order num. rate in Packing
13–16 Inbound-lifter / Outbound-lifter / Shuttle / Picking station utilization rate in GtP picking

17 Picking cart utilization rate in PtG picking
18–20 Inbound-lifter / Outbound-lifter / Shuttle utilization rate in Order consolidation

21 Packing station utilization rate in Packing
22 Simulation time
23 Total shipping-delay time (Tardiness)
24 Num. of tardy orders

25–28 Num. of unfinished orders with due-date ≤ 10 / 30 / 60 / 120 min.

tion 6.13) if and only if 𝑡 equals the simulation end time 𝑡end, and 0 otherwise, as in Equation 6.30.

𝑟ℎ𝑡 =


1 − 𝑓 (HW |𝜋𝜃 ,Oℎ,Aℎ,Dℎ)/𝛽, if 𝑡 = 𝑡end,

0, otherwise.
(6.30)

Here, 𝛽 is a normalization constant satisfying 𝛽 > 𝑓 (HW |𝜋𝜃 ,Oℎ,Aℎ,Dℎ) (ℎ = 1, 2, . . . , 𝐻).
The target OOBSP involves sparse rewards as in Equation 6.30 and a long horizon with 𝑡end

exceeding 10,000 steps, which makes learning difficult for standard DRL methods [160]. Therefore,
we adopt reinforcement learning based on evolution strategies (neuro-evolution), which is effective
in such cases [173], [174]. Here, we use CMA-ES as the evolutionary algorithm and determine 𝜃∗

to maximize the average cumulative reward over all training instances — equivalently, to minimize
the average objective value 𝑓 — as in Equation 6.31.

𝜃∗ = argmax
𝜃

1
𝐻

𝐻∑︁
ℎ=1

𝑡end∑︁
𝑡=0

𝑟ℎ𝑡 = argmin
𝜃

1
𝐻

𝐻∑︁
ℎ=1

𝑓 (HW |𝜋𝜃 ,Oℎ,Aℎ,Dℎ). (6.31)

6.4 Numerical Experiments

6.4.1 Experimental Conditions

In this section, to verify the effectiveness of the proposed method, we conducted numerical ex-
periments using a simulation on the fulfillment-line configuration described above. As shipping
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instruction data, we generated randomized shipping-order datasets derived from a real distribution
warehouse (408 orders, 308 items) using the following procedure. Of these, five datasets were used
for training and 100 for evaluation.

1. From the original shipment data, we created a dataset Sℎ by randomly deleting up to 20% of
the item types contained in each order.

2. For each item in Sℎ, we randomly determined the shipping quantity within the range of 0.5
– 2.0 times the original quantity.

3. We randomly determined the arrival time of each shipping box in Sℎ and the slack time
until the shipping deadline from the uniform distributions Uniform(0, 9000) [seconds] and
Uniform(7200, 10800) [seconds], respectively.

Batch capacity was measured in terms of the number of orders (𝑐𝑖 = 1), with per-batch limits
of 𝐶 = 16 orders for GtP and 𝐶 = 4 orders for PtG. Given the practical importance of reducing
shipment delays, we conducted preliminary experiments to ensure that total tardiness remained
sufficiently small. Based on these results, we set the objective-function parameter to 𝛼 = 1 and the
maximum slack time to 𝜏 = 7200 [seconds].

We evaluate the proposed approach by comparing makespan and total tardiness across the
following eight methods.

(1) FCFS: Orders are batched in the order they are received.
(2) Seed heuristics: Weights are set to 𝑤𝑘5 = 𝑤𝑘6 = 𝑤𝑘7 = 0, yielding conventional seed

heuristics.
(3) Seed + Due-date heuristics: Weights are set to 𝑤𝑘5 = 1, 𝑤𝑘6 = 𝑤𝑘7 = 0, i.e., (2) augmented

with due-date priority.
(4) Seed + Consolidation heuristics: Weights are set to 𝑤𝑘6 = 1, 𝑤𝑘5 = 𝑤𝑘7 = 0, i.e., (2)

augmented with consolidation priority.
(5) Seed + Task-simplicity heuristics: Weights are set to 𝑤𝑘7 = 1, 𝑤𝑘5 = 𝑤𝑘6 = 0, i.e., (2)

augmented with task-simplicity.
(6) Static Hyper-heuristics (SHH): The proposed method HW ∗ based on the weight coeffi-

cients W ∗ obtained by solving Equation 6.29.
(7) Adaptive Hyper-heuristics (AHH): The proposed methodHW |𝜋𝜃∗ based on the policy 𝜋𝜃∗

learned by solving Equation 6.31 using DRL.
(8) AHH with conventional LHHs (AHHConv): A comparison method for verifying the

effectiveness of the two proposed LHHs, where the weights of the proposed LHHs are fixed
at 𝑤𝑘6 = 𝑤𝑘7 = 0, and only the remaining five LHH weights (𝑤𝑘1, . . . , 𝑤𝑘5) are adjusted
using a policy 𝜋′

𝜃
learned in the same manner as in AHH.
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Here, methods (1)–(2) are conventional heuristics; methods (3)–(5) are simple extensions of
method (2) with additional heuristics; methods (6)–(7) are the proposed methods; and method (8)
is a conventional DRL baseline, all compared in the experiments. For (6) SHH, Equation 6.29 was
solved using CMA-ES with 32 individuals and 200 generations. For (7) AHH, Equation 6.31 was
solved using CMA-ES with 100 individuals and 200 generations. Following Cals et al. [165], for
(7) AHH the policy 𝜋𝜃 was implemented as a fully connected neural network with a 28-dimensional
input layer, two hidden layers with 64 units each, and a 14-dimensional output layer. We used ReLU
for the hidden layers and tanh for the output layer. For (8) AHHConv, which serves as a baseline
for validating the effectiveness of the proposed LLHs, the policy 𝜋𝜃 used a fully connected neural
network similar to AHH but with a 10-dimensional output layer.

For methods (2)–(5), we identified the combination of seed- and additional-order selection
methods that minimized the objective (Equation 6.13) on the training data via bruteforce search
over 16 patterns. The candidate seed-selection methods (𝑤𝑘1, 𝑤𝑘2) were: minimum item count
(1, 0), maximum item count (−1, 0), maximum item similarity upper bound (0, 1), and minimum
item similarity upper bound (0,−1). The candidate additional-order selection methods (𝑤𝑘3, 𝑤𝑘4)
were: minimum additional item count (1, 0), maximum additional item count (−1, 0), maximum
item similarity (0, 1), and minimum item similarity (0,−1), making 16 patterns in total. All
numerical computations were performed in Python 3.11 on a system with a Ryzen 9950X (4.30
GHz, 32 threads) CPU and 128 GB RAM.

6.4.2 Experimental Results

The evaluation results for makespan, total tardiness, and objective values on the validation dataset
are shown in Table 6.2. The solutions obtained by each method are listed in Table 6.3. Additionally,
a comparison of the objective values is presented in Figure 6.5. From these results, the ranking by
objective value (best to worse) is: (7) AHH, (6) SHH, and (4) Seed + Consolidation Heuristics.
The best-performing method, AHH, achieved a 51.34% improvement in the objective value relative
to FCFS. Breaking down the improvements, both makespan and total tardiness improved compared
with FCFS, with a particularly large reduction observed in total tardiness. Moreover, compared with
(8) AHHConv, AHH further improved the objective value by 20.0%, confirming the effectiveness
of the two newly proposed LLHs.

A comparison of the average cumulative count of completed orders over time for methods (7)
AHH, (8) AHHConv, and (1) FCFS on the validation dataset is shown in Figure 6.6. The four
subplots report results for the GtP picking (top left), PtG picking (top right), consolidation (bottom
left), and packing (bottom right) processes, respectively. The consolidation process completes
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fastest under AHH, followed by AHHConv and then FCFS. Notably, although FCFS attains the
earliest completions in GtP picking, its completions in consolidation are delayed, which in turn
slows completions in packing. By contrast, AHH yields the fastest completions in consolidation,

Table 6.2. Optimization results of the multiple OOBSP solution methods

Dispatching method Makespan [hour] Tardiness [hour] Objective [hour]

(1) FCFS 3.137 ± 0.157
(0.00%)

4.851 ± 4.429
(0.00%)

7.988 ± 4.519
(0.00%)

(2) Seed heuristics 3.082 ± 0.138
(−1.74%)

1.728 ± 2.135
(−64.39%)

4.810 ± 2.200
(−39.79%)

(3) Seed + Due-date heuristics 3.092 ± 0.111
(−1.46%)

1.874 ± 2.877
(−61.38%)

4.953 ± 2.965
(−37.99%)

(4) Seed + Consolidation heuristics 3.055 ± 0.145
(−2.61%)

1.185 ± 1.763
(−75.57%)

4.240 ± 1.808
(−46.92%)

(5) Seed + Task-simplicity heuristics 3.139 ± 0.155
(+0.08%)

4.882 ± 4.301
(+0.62%)

8.021 ± 4.405
(+0.41%)

(6) SHH: Static Hyper-heuristics 3.049± 0.141
(−2.81%)

0.933 ± 1.318
(−80.77%)

3.982 ± 1.357
(−50.15%)

(7) AHH: Adaptive Hyper-heuristics 3.059 ± 0.139
(−2.49%)

0.829± 1.400
(−82.92%)

3.887± 1.451
(−51.34%)

(8) AHHConv:
AHH with conventional LHHs

3.082 ± 0.140
(−1.74%)

1.774 ± 2.141
(−63.44%)

4.856 ± 2.183
(−39.21%)

Table 6.3. Obtained solutions with the multiple OOBSP solution methods

Dispatching method Weights
(For AHH, averaged weights in simulation)

(1) FCFS —

(2) Seed heuristics 𝑤1 = [0,−1, 0, 1, 0, 0, 0], 𝑤2 = [1, 0, 1, 0, 0, 0, 0]

(3) Seed + Due-date heuristics 𝑤1 = [0, 1, 0, 1, 1, 0, 0], 𝑤2 = [−1, 0, 0, 1, 1, 0, 0]
(4) Seed + Consolidation heuristics 𝑤1 = [1, 0, 0, 1, 0, 1, 0], 𝑤2 = [0, 1, 0, 1, 0, 1, 0]
(5) Seed + Task-simplicity heuristics 𝑤1 = [0, 1, 1, 0, 0, 0, 1], 𝑤2 = [1, 0, 1, 0, 0, 0, 1]

(6) SHH: Static Hyper-heuristics 𝑤1 = [−0.34, 0.89,−0.29, 0.79,−0.51, 0.99,−0.91]
𝑤2 = [0.13, 0.48,−0.74,−0.09, 0.99, 0.90, 0.16]

(7) AHH: Adaptive Hyper-heuristics 𝑤1 = [−0.29,−0.49, 0.99, 0.82,−0.31, 0.09,−1.00]
𝑤2 = [−0.35, 0.77,−0.98, 0.99, 0.66,−0.11, 0.45]

(8) AHHConv:
AHH with conventional LHHs

𝑤1 = [0.59,−0.70, 0.53,−0.15,−0.31, 0, 0]
𝑤2 = [0.67,−0.91,−0.92, 0.36,−1.00, 0, 0]
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Figure 6.6. Averaged cumulative summation of the number of the completed orders in GtP picking,
PtG picking, order consolidation, and packing processes.

thereby reducing both makespan and total tardiness.
Next, Figure 6.7 shows histograms of turnover time (the elapsed time from order receipt

to completion of work) for AHH, AHHConv, and FCFS on the validation dataset, stratified by

127



Hyper-heuristics Framework for Online Order Batching and Sequencing Problem in Automated
Logistics Warehouses with Order Consolidation Process

(A) GtP picking without order consolidation
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128



6.5 Conclusion

shipping-process paths. The shipping-process paths are:

(A) Direct path from GtP picking to packing;
(B) Direct path from PtG picking to packing; and
(C) Path from both GtP and PtG picking via consolidation to packing.

Under path (C), both AHHConv and FCFS exhibit many orders with turnover times exceeding 2.5
hours (9,000 seconds). In contrast, AHH markedly reduces the occurrence of such long turnover
times, which likely contributes to the improved objective value.

Figure 6.8 also presents the time series of packing-station utilization for AHH, AHHConv,
and FCFS on the validation dataset. The figure shows that packing-station utilization under AHH
is consistently higher than under AHHConv and FCFS. This is attributable to the combined effects
of the proposed Consolidation Priority Score, which accelerates completions in the consolidation
process, and the Task-Simplicity Score, which enhances utilization of the packing process, thereby
enabling more efficient packing operations.

Finally, Figure 6.9 shows the time series of the average weight vector W𝑡 produced by the
AHH policy 𝜋𝜃 during simulations on the validation dataset. Each subfigure presents the time series
of weights for the seven score types, where blue (𝑘 = 1) denotes GtP picking and orange (𝑘 = 2)
denotes PtG picking. The figure shows that, in GtP picking, the weight on the Additional Item
Count Score (#3) remains high; emphasis shifts from the Additional Item Similarity Score (#4) in
the early stage, to the Due-Date Priority Score (#5) in the middle stage, and to the Consolidation
Priority Score (#6) in the late stage. In PtG picking, in addition to a high weight on the Additional
Item Similarity Score (#4), the Consolidation Priority Score (#6) and the Task-Simplicity Score
(#7) are emphasized in the early stage, while the Item-Similarity Upper-Bound Score (#2) and the
Due-Date Priority Score (#5) gain importance in the middle-to-late stages. Thus, AHH dynamically
adjusts batching strategies as operations progress, explaining its performance advantage relative to
SHH, which relies on fixed weights. These results confirm both (i) the benefit of explicitly modeling
consolidation effects and (ii) that effective OOBSP policies can be synthesized via hyper-heuristics
that appropriately combine multiple evaluation indicators.

6.5 Conclusion

In this study, we proposed a hyper-heuristics framework for solving the OOBSP that minimizes
both makespan and tardiness by dynamically controlling batching and sequencing in a distribution
warehouse with two picking modes: GtP and PtG. The proposed method focuses on post-picking
order consolidation, which has a substantial impact on performance metrics. To address this, we
introduced two new heuristics designed to shorten the time to consolidation completion. In addition,
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Figure 6.9. Time-series score weights obtained from the policy 𝜋𝜃 .

by combining these with five existing heuristics (seven in total) and tuning their weights to problem
characteristics, we developed a hyper-heuristics approach that improves performance. As hyper-
heuristic strategies, we consider two variants: SHH, which uses fixed weights, and AHH, which
adapts the weights online via DRL. Simulation experiments demonstrate that AHH significantly
reduces both makespan and tardiness compared with FCFS and seed heuristics. Taken together,
these results indicate that the proposed method effectively shortens shipping operation times and
reduces delays in distribution warehouses.

On the other hand, the performance evaluation in this study was limited to a single fulfillment
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line configuration and a limited set of real-world shipment data. Future work includes assessing the
sensitivity of performance to line configurations and order data characteristics. Moreover, as noted
by Cals et al. [165], postponing batch formation can, in some cases, improve overall efficiency
in online batching; incorporating such mechanisms could further enhance the proposed method.
Beyond OOBSP, many combinatorial optimization problems in production and logistics—such as
production scheduling, workforce allocation, and delivery planning—are typically addressed with
heuristics due to the large scale of real-world instances. We plan to extend the evaluation of our
approach to these problems in future work.
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Chapter 7

Discussion and General Conclusion

7.1 Summary of Case Studies and Key Insights

This dissertation addresses advanced decision-making challenges in contemporary manufacturing
and logistics systems, specifically (A) escalating structural and operational complexity driven by
automation, and (B) the requirement for robustness under nonstationary and uncertain environ-
ments. In Chapter 1, decision problems are organized into three hierarchical layers: (1) strategic
(2-5 years), (2) tactical (several months to 2 years), and (3) operational (real-time to weekly). For
each layer, Chapters 2-6 develop methods that jointly pursue model fidelity — faithful representa-
tion of system dynamics — and decision optimality — high-quality solutions within a reasonable
computational time — through five complementary case studies.

For the strategic layer, Chapter 2 develops a design-support methodology that embeds dy-
namic multi-robot coordination into the conceptual layout design of robot-cell manufacturing
systems (RCMS). Departing from conventional static formulations, the proposed design approach
jointly optimizes layout configuration and robot motion scheduling. To improve fidelity, analytical
performance models of cycle time, layout area, and manipulability are coupled with a lightweight
robot motion simulation. The proposed chromosome encoding plus problem-aware crossover and
mutation operators are implemented within a multiobjective genetic algorithm for higher optimality
by efficient exploration of the vast design space. Computational experiments demonstrate that the
method produces well-distributed Pareto fronts and enables rigorous quantification of trade-offs
among the three performance metrics.

At the tactical layer, Chapter 3 tackles scenario generation for simulation-based stochastic
programs, where naïve enumeration is computationally untenable. Traditional distribution-driven
methods rely on analytical models and cannot be applied when simulation is required. To bridge
this gap, the chapter introduces inferred cost-space scenario clustering (ICSSC), a surrogate-
assisted approach that works across modeling paradigms and fidelity levels, including simulation.
A learned surrogate model approximates expensive simulation evaluations, enabling estimation
of decision-relevant cost geometry and clustering scenarios into a compact, decision-faithful set.
Computational studies on portfolio optimization, server location, and inventory placement show that
ICSSC achieves higher-optimality solutions with dramatically fewer scenarios than conventional
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techniques.
Chapter 4 formulates a capacitated dynamic joint replenishment problem with time-varying

transport costs (CDJRP-TC) to support tactical S&OP under nonstationary prices. The problem
integrates sales planning, multi-item inventory control, and shared transport capacity with period-
dependent costs, however direct solution of the resulting large-scale mixed-integer linear program
(MILP) is computationally prohibitive. To overcome this, an analytical model enhancement (AME)
procedure is used: (i) solve a simplified MILP to obtain globally cost-minimal inventory trajectories
under time-varying unit costs; (ii) infer parameters of discrete inventory policies; and (iii) iteratively
refine target inventories via high-fidelity simulation. Experiments show the method yields high-
optimality solutions within short runtimes, including for large instances that defeat conventional
approaches.

In the operational layer, Chapter 5 tackles short-horizon scheduling by accelerating order se-
quencing in automated picking systems using surrogate-assisted search. Conventionally, surrogate-
assisted optimization has focused on continuous problems and is less suited to sequence opti-
mization. To close this gap, the chapter proposes a surrogate-assisted search method tailored to
sequences. A bidirectional Bayesian recurrent neural network is pretrained as a surrogate for
high-fidelity simulation, and combined with simulated annealing to prune weak candidates early
and concentrate computation on promising regions. Experiments on representative instances show
order-of-magnitude speedups over the baseline search without loss of solution optimality. These
results demonstrate that learned surrogates can reliably replace repeated simulations when the
sequence-to-performance mapping is sufficiently accurate.

Chapter 6 addresses real-time operational control in an automated fulfillment line that in-
tegrates goods-to-person (GtP) and person-to-goods (PtG) processes. Treating consolidation as
the bottleneck, it introduces two new heuristics and embeds them, together with five established
ones, in a hyper-heuristic framework. Both a fixed-weight switching scheme and a reinforcement-
learning-based adaptive weighting scheme are evaluated, with parameters tuned via high-fidelity
simulation to minimize the sum of makespan and tardiness. Results show simultaneous reduc-
tions in both metrics and indicate that learning-based adaptation is beneficial when arrivals and
process conditions vary online. Although assessed on a limited line configuration and dataset, the
study demonstrates that adaptive hyper-heuristics and reinforcement learning can deliver tangible
operational gains.

7.2 Proposed Decision-making Framework

Integrating the five studies from Chapters 2-6, this dissertation presents a unified decision-making
framework for modern manufacturing and logistics. Figure 7.1 summarizes its structure and key
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components.

(1) Strategy
(2-5 years)

(2) Tactics
(Several months

- 2 years)

(3) Operation
(Real-time,

Daily, Weekly)

Modeling
paradigm

Decision-making

Long-term planning
• Process Design (Ch.2)
• Production Line Design
• Facility Location
• Network Design

Mid-term planning
• Inventory Plan (Ch.3)
• Distribution Plan (Ch.4)
• MPS / Lot-Sizing
• Transport. Plan

Short-term planning
• Sequencing (Ch.5)
• Vehicle Routing

Real-time control
• Job dispatching (Ch.6)
• Route navigation

Methodology

Dist.-driven 
scenario gen.

Problem-driven
scenario gen.

Multi-obj.
opt.

Simulation-
based opt.

Analytical/
Mathematical

opt.

Surrogate
model

Analytical model
enhancement 

Hyper-heuristics / Reinforcement learning

(B) Uncertainity
/ Nonstationarity

(A) Automated
/ Complex System

Analytical
model

Simulation
model

Low fidelity
High optimality

High fidelity
Low optimality

Conceptual, static,
large-scale

Realistic, dynamic,
small-scale

Figure 7.1. Proposed decision-making framework for modern manufacturing and logistics systems

Strategic decisions have broad temporal and spatial impact, involve major capital, and are
made without fine-grained operational data. Their models are therefore conceptual, mostly static,
and large-scale, requiring comprehensive evaluation of alternative designs and policies. Multiob-
jective optimization built on analytical models that capture system-level behavior is appropriate,
with lightweight simulation added when dynamic coordination materially affects outcomes (e.g.,
the RCMS layout in Chapter 2). Similar problems include line design for factories and warehouses,
facility location, and network design, where many alternatives must be assessed. Accounting for
dynamic interactions, such as buffer capacities between processes, can substantially improve design
accuracy. For uncertainty, distribution-driven scenario generation is suitable when analytical mod-
els suffice; when simulation is required, problem-driven, surrogate-assisted methods like ICSSC
(Chapter 3) yield more robust solutions.

At the tactical layer, medium- to large-scale, multi-facility, multi-period, multi-item decisions
require higher-fidelity models that reflect nonstationarity and uncertainty. This includes inven-
tory placement (Chapter 3), joint replenishment (Chapter 4), master production scheduling, and
transportation planning, where multi-month plans must satisfy equipment, transport capacity, and
other operational constraints. Many of these problems admit tractable analytical formulations when
selected constraints or dynamics are relaxed. In these cases, an AME approach — global search on
the relaxed analytical model followed by simulation-based evaluation and refinement — is effective.
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Under uncertainty, surrogate-assisted, problem-driven scenario generation (e.g., ICSSC) provides
compact, decision-faithful scenario sets and improves robustness.

At the operational layer, detailed information are available and decisions are narrow in scope
yet must be executed immediately with little chance of revision. High-fidelity models, often fine-
grained discrete-event simulation, are therefore essential. For short daily or weekly horizons (e.g.,
job sequencing or vehicle routing), surrogate-assisted search that replaces expensive simulation
calls yields fast, high-quality schedules (Chapter 5). For high-frequency real-time control (e.g.,
dispatching or route navigation), adaptive hyper-heuristics that select among multiple heuristics
(Chapter 6) are effective. Because execution follows decisions almost immediately, deferring
commitment until the last feasible moment and acting on current information is often better than
spending longer time to compute a nominally robust plan.

In summary, choosing modeling paradigms and solution methods that fit the strategic, tactical,
and operational layers strikes a practical balance between fidelity and optimality, enabling efficient
management of modern manufacturing and logistics systems.

7.3 Conclusion and Future Directions

Finally, I summarize the dissertation’s contributions and outline future directions. This work
addresses two core challenges in modern manufacturing and logistics: (A) rising structural and
operational complexity due to automation and (B) the need for robustness under nonstationary,
uncertain conditions. Decision making is organized into three layers — strategic, tactical, and op-
erational — and five studies are tailored to the characteristics of each layer. Integrating these studies,
the dissertation proposes a unified decision-making framework and discusses its applicability to
problems with similar properties.

Future work should validate the framework more broadly and extend it toward a general,
reusable decision-making architecture. Although five case studies illustrate the approach, manu-
facturing decisions are highly diverse: differences in products and sites introduce distinct objectives,
constraints, and operating rules, so the current framework is not universally applicable. Neverthe-
less, its hierarchical organization and layer-specific criteria for balancing fidelity and optimality are
widely transferable. I expect it to serve as a practical starting point for formulating new problems
and selecting or developing tailored solution methods.
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