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ON A PROBLEM IN ADDITIVE NUMBER THEORY

by
IEKATA SHIOKAWA (Tokyo)

Let g> 1 be a fixed integer. Any positive integer n

can be uniquely written in the from
n = elg + €58 + ... . .+ Sk_lg + Ek

where Si = ei(n), 1< i< k, are integers such that 0 & eig

g-1 . We put

1=
m
e

a(n) =

s
W

R.Bellman and H.Shapiro [1] proved the relation

1
() =545+ Olx 108 1og

in the case of g =2 . L.Mirsky [2] and S.C.Tang [4] extended
independently this result to the general case of g 2z 2, by esta-

blishing

_ (g-1) x log x
a(n) = A&=plxdoex . (x) .

In this paper.we shall make a refinement on this result for
the particular case of g =2 . Indeed, we prove the following

Theorem. We have
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‘ . . 1o
(4) lim 1nf X _og X a(n)) =0
X~ 0 2 log 2 véx ’
and
1/x log x _ ~ 1 __log 3
(B) llfj;;p (2 Tog 2 éxa(n)> L -27eg 7 °
1. Preliminaries

For any positive integer x we define

- L log x
= k(x) = [ Tog 2 ] + 1 ,

‘where [z] is the integral part of z. Then it is easy to see

that
Kk = log x " 1 1 _g%
~ log 2 Tog 2 “°8% -
- Put
: K
T = 2 - 2e(x)
=1 .
then

Lo = k) -2 3 a)

nex

But clearly

S k(n) = xk - 25 + x + 1

nex



ko oy

-X log x X log%-Z +k +1

log 2 +‘log 2
where k = k(x) . Hence we have

x log x -2 Q
log 2 nZ_'x (n)

k
k 2 <
= 2 —-]%2—10&?4' ZG_(n)-k"l

néx

x h(x) + S(x) -k -1,

i

where

and

S(x) = 2Zg(n) .

nex

It is readily seen that h(x) decreases for 2k—1_g X<

Zklog 2 and increases for 2k10g 2< x < 2k , and that

. k 1 + log log 2
2k—l{m)1(n< Sk h(x) > h(2%1log 2) = Tog 2 (1)
T ox o integer
and
k-1 MaX 4 h(x) < h(2k-l) =1. (2)
2 <x< 2

13
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In order to estimate S(x) we need some notations and lemmas.
s 1< 3]s 2k} the set consisting

»J =
possible arrengements Cy j of k digits formed with
’

Let k2 1. Denote by {ck

of the 2k
O!s and 1's and ranked in ascending order of magnitude ; e.g.
02’1 = 00, °2,1 =01, 3,3 = 10 and €4 = 11 . For any 0-1

sequence A = Sl 82 . . .8, of length g we write

']
T(A)= Z (1-25,)

=1

Now we put

1

¥
T (i) = 2 Tleyg 3)

L=

and define

* .
T) = max Ty (3) -

J

Further we set

and



It will be convenient to understand that T,(0) = 0 for any

kz1
. Lemma 2. For k 21, we have
- 1 okt k+1
Q’k"‘l = Lk = 3 (2 ("1) ) .
Lemma 3. For k2> 1, we have
* 1 k+1
T = 3 (25 - B)
where
if k is odd,
B(k) =
if k 1is even.

' =2 for k is odd,
Jy =
Jif%+i for k is even,

and define for 0 & j < Jg - 1

_ Lok _ pk2jy o ¥ k-2i
Ak,J - 3 (2 2 ) Y 2 ?

] k-2j-3 _ 1 ok _ 5 ,k-2j-3
Bk,j—Ak’j+2 = 3(2 5.2 ),

_ k-2j-4 _ 1 ok _ - ,k-2j-4
C,j = By, *+ 2 = 5-(2 72 )

and further
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lk -3 if k is odd,
D, = A . = .
k k,Jy lk -5 if k is even.
Lemma 4. If Ak,j <R < Bk,j , then

T,.(L) & (@57 - 7257 L p(en))

and if Ck;j < 2 KL Ak,j+l , thep

T, (L) & L-(2FT 2 328233 L gi))

For proofs of the above four lemmas see [3].

Let x be any integer such that k=l yx < 2K, Put

+1, 15 3¢ 2K=1 | Then it is easy to see that

the dyadic expansion €150 4.8 of x can be written as lck—l,j‘

Hence we have
O—(X) = -1 + O_‘(Ck-l,:j)
and so

s(x) =825 - 1) - +T__1(5) .
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Especially we have from Lemma 1
s(2¥ - 1) = 2B+ 1 | 3)

Hence we have

S(x) = -251 1 -5+ Ty (3) ‘ - (4)

| N N . L k-2
Note that Tk_l(J) =j + Tk_z(J) , provided 1 s j <2 .
Thus we have also '

S(x) = -2K-1

+ 1+ 1 5(3) ~ (5)
we notice that -x< S(x)< 0 for all x>1.

| ‘Throughout in the rest of this section we suppose that k > 5.
Put ‘

24

x; =25 o1+ i 2K 0

/N
[N
A

Let x be a positive integer such that X;_1<XEX for some i,
1gig 2, andwrite j=x-x,_  +L, 123<25% Then the

dyadic expansion €18ge 0oty of x is 1c4,ick_5 Hence we have

93 °

S(x) = -x + T4(i-1)'2k—5

+ ']’G.(c4,i) + Tk-5',j (6)

The following table gives the values of the GTc4 i) and
b
the T,(i) for 0z isg 2%,
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i ‘01 2 3 4 5 6 7 8 91011 1213 14 15 16

U(c4 1) 0 4 2 2 0 2 0 0-2 2 0 0=2 0-=2-=2-4
’ .

T4(i) 0 4 6 8 8101010 8101010 8 8 6 4 0

2. Proof of (A)

By (3) we have

k S(2™ - 1) 1
0> h(2F-1) + =4 > T X (7)
27 =1 = 2
and by (2) and (4)
k S(2™) _ k-1
h(2%) + = ST (8)
Now we wish to show that if. k > 5 and 2 +1lgxg2-2,
then
S(x)
h(x) + x >0 . (9)
k-1
Case 1. 2 +1 ¢ x¢€ X . Let ¢ , 1 2 ¢ k-5,
be an integer such that 2k—l— 1+ 2 1 < < 2kfl— 1 +2 .
-1 o= L
Pt j=x-21 41 tnen 207t 5 g2,

Then we have
. ) 1-1 ., R-1 . 5 8-1

Ty (25N = (keg 22t - o

Y%

k-1

From this and (4) we get



S(x) » k-1, o8-l
X = 2k—l - ZL—I

Since h(x) is decreasing we have

19

, k 9@
k-1 2 2
h(x) > h(2 +2) > +
k-1, 5 7 kT
Accordingly
13 [ 241
S(x) 2 2 2
h(x) + D + - —p——— > 0.
X ok-1 . k-1 Hk-1 42
Case 2. X¥] & X g X5 - Let X;_1 £ X £ X, 2 < 1is 15,

Then by (6) and the table given in the preceding section we have

2k‘5min(T4(i-1), T,(i))

S(x) > 27
S - =L
X | kL, . k-5 2 - 31
From this and (1) we have
S(x) 1 + log log 2 27
h(x) + X > 10g 2 - 3] > 9]

Case 3. x15<x§_2k—2 Let 8, 154 < k-5,

be an integer such that ok _ 1 - 21<: x <281 2 2%l | pyy

j=x- k-1 1,

(10) we have

S(X) _2_

then F1 <281 _ 5 o2t

2k 4 (k= -1)2

L Fiom (4) and

-1

Since h(x) is increasing we have
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k L1
h(x) 2 h(2k -2) > 2 -2 -

ok _ ot
Hence
-1
h(x) + ‘?'J({X) > zki_ > (k-5-2) 2 0 .
From (7), (8) and (9) we obtain
lim inf (h(x) + i)(})—) -0 .
x>e > « .

This proves (A).
3. Proof of (B).

We estimate the magnitude of the function

| | o175 ok (h(x) +
S;X)) . In what follows we suppose that k > 7 .
If x=x5 7+ -1, 1lgij < ok=> , then from (6)>and Lemma 3
we have’
3 max(T,(i-1), T,(i)) + 2 '
S(x) 4 s 14
xS 1+ 3(15 + 1) | (11)
Case 1. X< X2 %, ig

2 or i2z211
(11) and the table in 2 we readily find

i = 1 2 11 12 13 14 15 16

S(x) 14 20 32 32 32 26 20 14
hix) + 5= < 48 51 78 B BT BT 90 93

10



Hence we have

n(x) + S48 ¢ 32 o L

Case 2. . ¥, ;< xgx;, 7T<€igl0. Since h(x) is

increasing in the interval X7 < x g=X10 we have

HA
o

hix) < h(xi+ 1) , X; 1< X< %, 8 £10

But if xg < 2K 10g 2 < x; ‘then
h(x) < max(h(x6+l), h(x7+1))', X< X L Xy
Here

32 + log(16+i)
16 + 1 log 2

From (11), (12), (13) and (14) we get

(12)

(13)

(14)

h(x) + S_}(cx_l < 32 + 32V+ log 23 _ 6 (x6<x§_x7),

66 23 log 2

32 32 log 24
60 " 24t Togz ~°

32 . 32 log 25

72 25 log 2
32 32 log 26
75 % 26 ¥ Tog 2z ~ 6

11

(x; < x ¢ x%g),
-66 (x8 <x§x9),

21
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Hence we have

S(x) . 32 32 . log 23
h(x) + — < Tt 33 * Tog 2 - 6 < 0.402 .

Case 3. X, <% < ok-1, ﬂk—Z . From (5) and Lemma 3

we have (noticing that k > 7)

k-1 *
S(x) < -2 + 1 + Tk-—2
-4 1
< 7 3d2k—2+ 2k—3
127
< =237 -

Since h(x) is decreasing in this interval we have (using (14))

. 8(x) 7 , 21log 3 127
h(x) + =5 L g b rggia - 3 - <04

< 2k‘1+ L

Case 4. 25 ly g g x o - We have
from (5)
k-1 *
k k -2 +1 + T
S(x) 2 1 2 k-2
hix) + 5 ¢ 5~ Togzlogx * Ca—
= w(x) , say.
Since x 2 ok-1, ¢ we have
= k-2 ,
2k"1+ 1+ 1T
w'(x) = — k=2 ) > 0
T x * log 2 X

12



and so

S(x) 4 k-1 '
h(x) + = < w(2 -1 + Lk__2)
1 st _ 1+ )
= h(2 -1 +L_,) + - (15)
k-2 2kl 14
- k-2
_ _ log 3 1
= 2 Tog 2+ O(-———Zk) .
Case 5. 284 L L, <x<xg . Put g=25To1 42K g
so that 2854 £ 4 < 4y 5. By (5) and Lemma 1 we have
S(x) = =251 11 4110 _(x - 2Kl
k-2
k-1
= =2 +1+Tk_2(9,) .
Now we appeal to Lemma 4. For Ak—Z,j <1< Bk;2,j ve have
k-1
2777+ 1+ T, ()
Sa(cX) S T
2 + 2 - Ak—2,j |
okl +_§_(2k—l_ 3. 2k-2j-4)
< -
k-1 k-2 _%_ (2K-2_ ok-2]-2
= —% + O(_!-—l.{-)
2
Similarlly we can easily verify that the inequality
S(x) 1 1 :
2 ¢ -+ O 5 (16)

13
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holds for Bk—Z,j < < 1 2, ] and for °r2,j< L8 Ak—2,j+l .
It is also clear that (16) holds true for Dy o < £ < Qy_2 s
since Dy _, = 'Q’k—Z + O(l) .  On the other hand h(x) is

decreasing in this interval, and so

h(x) < h(2*to1 41 )
5  log 3 1
< 5 - 'ng-2—+ ()(—EE) .

From this and (16) we obtain

h(x) + S§X) < 2 - e+ 0= -

As the result we have

no + S ¢ oo logd 04>

’ ' k-1 _ sk s log 3 :
for all x , 2 < x< 2", since 2 “1_05_2‘ > 0.415 . But
ok-1

Sl 4Ly, .

by (15) the equality holds here at least fo x =

Therefore

lim»éup (h(x) + S;X)) = 2 —‘%%%g—%~ R

X-> 00

which proves (B).

This completes the proof of our theorem.
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