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Compact group actions on C*-algebras
ff/&tv( /E/,é/é % 7S & g(Akitaka Kishimoto)

1. Introduction

The general problem I am concerned with is as follows (cf.[12-15]): For
a given C*—dynamical system (A, G, « ), analyze (ﬁ, G, a*), where A
is a C*-algebra with its dual ﬁ, G 1is a locally compact group, and
is a continuous action of G on A by automorphiéms. Here I do not mind
assuming A is simple; a bit more reluctantly assuming A is separable.
( In fact for most of the relevant results so far obtained we seem to have
to assume, at least, that A 1is prime and separable. ) A prototype
C*-dynamical system I am thinking of in this study is an infinite tensor
product type action on a UHF algebra or more generally a quasi-free
action on a CAR algebra, which seems to be endowed with many of the physical
properties in the real world.

In [13] and [15] I defined types of orbits in ”X under A" Namely,
for Te 2 regarded as an irreducible representation on some Hilbert

space, say H;, one constructs a representation T of A by
"\@v
= j Te A, dt
&

&

on LG, Hyp, and define the type of the orbit through 7. under «~

to be the type of fE(A)” as a von Neumann algebra. Since it is easily

shown that 5%(A)" is homogeneous, the orbit type is'espeéially either

of type I, II, or III. I am most interested in exploring type III orbits

( as this seems to be or have been the most matural attitude toward everything
named type III )}, but without any results worth mentioning. As usual,

the type I case is the most manageable.
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I should mention another approach to the C*-dynamical systems in general ---
the one taken by e.g.; [16], of exploring'the Connes spectrum (cf. [17]) or
a Connes spectrum to be. I tried this in [15] perhaps too consciously.

It now seems that the notion of Connes spectrum with an additional condition,
e.g., the existence of a covariant irreducible representation is géod enough.
Along these lines (as it happened) the results in [16] was cultivated in [2],
where the group G is aésumed to be compact and abelian.

In this expository note I am mainly concerned wifh the case G 1is compact
(and non-abelian) and describe some results (envolving type I orbits)
obtained in [3]. I quote from there:

1.1. Theorem. Let A be a separable C*-algebra, G a compact group with
G# {e}, and O a faithful continuous action of G on A. Then the
following conditions are equivalent: |

(i) There exists a faithful irreduéible representation 7 of A
such that TC}Aé is irreducible.

(1i) There exists a pure invariant state ¢« of A such that the GNS
representation T,,j ¢ of A" is faithful.

(iii) Let {'§n§ be an arbitrary sequence of finite—dimensional
unitary matrix representation of G, and let ﬁ be the infinite tensor
product action npﬁj’Ad 5§, of G on the UHF algebra C = ré;Md'n’ where
d, 1is the dimension of §; and Mdh is the dh x d,  matrix algebra.

It follows that there exists a globally invariant C*-subalgebra B of A,
and a closed «™-invariant projection q of A such that (a) q € B',
(b)) 9Aq = Bq, (c) q € I** (¢ A**) for any non-zero closed ideal I

of A, and (d) the C*-dynamical system (Bq, G, «**|Bq) 1is isoﬁorphic

to (C, G, F ).



~
(iv) For each ¥ ¢ G there exists a Sr_:>‘0 such that for each unit

vector A € Cd with d = dim Y, there is a central sequence {yhf in

{x

A i xef @), ux-Al =1 7§ with

lim sup llay,ll = d}uau, a €A,

where ur is a fixed unitary matrix representation of G in class ¥ .

A
(v)  Condition (iv) holds with X), =1, Y € G.

A
Note that the orbit through T ¢ A as in (i) is of type I; in this

case the center of fE(A)” is isomorphic to ﬁ»(G) (together with natural

actions of G ). Also note that the orbit through I@(G ﬁ) with W’

as

in (ii) is of type I; in this case 'Rh) is fixed under QQ?, t € G.

Furthermore studying C*-dynamical systems like (C, G, p) in (iii) would

A
yield many orbits in A of various types.

'of

(a

is
In

to

In Section 24ﬁe discuss orbit types in details and give a characterization
type I orbits in the case G is a (hon—abelian) locally compact group
slight generalization of a result in [15]).

In Section 3 we discuss, roughly speaking, the pfoblem of when a C*-algebra
weakly dense in a larger C*-algebra in some irreducible representation.
fact this is quite essential in generalizing some of the results in [2]

the case G 1is non-abelian in our treatment. More preferably we should

a
disregard this; to do so we would needAcertain characterization of 'properly

outer' endomorphisms, generalizing the corresponding notion of automorphisms.

In Section 4 we discuss invariant Hilbert spaces for a C*-dynamical

system (with G compact). We will discuss more or less throughly a part

of

4.2, which is not really required for the proof of 1.1, only to explain

a general idea and to supplement a result in [9]. The implication (ii) sb(iii)

in

1.1 follows from 4.2 (part with no proof ---see [9]) and [5].
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In Section 5 we discuss endomrphisms, which are the dual objects of a
compact action. The implication (i) 5 (ii) in 1.1, which is the hardest
in this theorem, follows from 5.7, 5.9, and 5.10 (where 5.9 relies on
Section 3 mentioned above).

In Section 6 we give a brief discussion on infinite tensor product type
actions on UHF algebras; that (iii) implies (i) would easily follow from
this kind of discussion.

In Section 7 we discuss central sequences, proving that (i)-;}(v) in 1.1,
Note that (v)-;} (iv) is trivial. We will not give a proof to the implication
(iv) = (i). But in Section 8 we shall instead discuss the asymptotic
abelianess condition, which is certainly stronger than (iv), under which
a representation as in (i) 1is constructed without using the compactness
assumption on the group G.

In Section 9 we give another type of(condition which is equivalent to
the ones in 1.1, i.e., a condition which could be placed between (i) and
(ii1) in character, see 9.1.

Finally we remark that (ii) in 1.1 could be replaced by

(ii') There exists a family {Lci} of pure invariant states of A
such that & 7L“JCIA“ is a faithful representation of A"

It is not hard to prove that (ii') implies (iii) (see 2.1 iﬁ [5], 2.1 in
[9], and 4.5).

I would like to thank Professor Sakai for his advices at an early stage
of this study and Professor Nakagami for encouraging me to write [13] which

was essentially the starting point for this kind of work.



2. OrBit types

Let (A, G, &) bea C*-dynamicai 'system as in section 1. Let JL be
an irreducible representation on a Hilbert space Hy. Let K(G, Hp) be
the linear space of H,-valued continuous functions on G with compact

support and define an inner product on K(G, H.) by

(§,4) = ($(t), H(t)) dme>
SRS IR
for %, lz ¢ K(G, H7r,)’ where c{/-c is a right Haar measure on G. For

each a € A define ?C/(a) on K(G, Hn) by

(T@FIE) = Moo, (a) T (1)

for §“6— K(G, Hm)' Then it is obvious that T defines a bounded *-represen-

+o
tation of A and hence extends/\a representation of A on the completion of

. 2
K(G, H?L‘)’ i.e., L (G, Hn’,)'
Define a unitary representation U of G on LZ(G, Hm) by right

translations, i.e.,

U)§)(s) = §(st),

for ¥ € K(G, Hn)' Then 7Af is a covariant representation with this U,
i.e., U(t) ‘if(a)U(t)*= 7f°oft(a), a €A, t € G. Denote by & the action
of G on 7] = T (A)‘| implemented by U.

2.1. Lemma. Let Q¢ 97 and h € K(G)

1]

K(G, €). Define
#Q@ = { PO T ),

and D(h (x) similarly for x € A. Let {1/4‘ be a bounded net in" A such

that T (x,) converges weakly to Q. Then TZ(-X",L(XM)) converges weakly to

/-(

07,‘ (Q),‘ 7(00(&( a(‘k(x/()) converges weakly, say to T., and

o(h(Q) = ,g; Tt d/.«[t).

47



48

Proof. Let = a’h(xﬂ) and T = ZVIL(Q). We first claim that 75(}/;4)

Yu
converges weakly to T. Let §I)Z € K(G, Hr.,) and choose a subsequence -{/q,,,f
such that (T"c'(}/"l_h) $, 4 ) converges. Since the closed linear span of
{u(t)"§ s u‘(t)"’z 5 t € supp h f- is separable, there is in turn a

subsequence {u,} of -{/u,,j-_ such that
(Lo u® S, u(t)p ) = @)"S, uef7), tesuph

as n goes to infinity. Hence (?Z(yph) T, ?) converges to (T¥, %),

which implies that TT( ) converges to T.

Yu
Since the fun;tions t > o({();‘() are equi-continuous (in norm), it
follows that for any compact subset K of G andj,geparable subspace H
of Hye s there is a subsequence {};q‘} such that tht(yﬂ*) converges
weakly, say to T,, on H for each t € K. Note that t - T, 1is norm-

continuous. Thus if K 2 supp T, and - ¥ (t), /Z(t) & H for all

t € G, then

(50, 2@ due = (5, 7).

By taking various K and H, one can conclude that there is a continuous

bounded function T(.) of G into B(H‘m) such that

Jaw s, pendum = a5, 2)

for §, 7 € K(G, Hm)' And it easily follows that 7L§ 4’#()}() converges
to T(t).

It follows that the center Z of ‘71 1is contained in Ldo(G)@ cl.
Thus X ~is ergodic on Z, i.e., z%= 1. Hence 71 is homogeneous as
is claimed in section 1, i.e., for any two non-zero central projections e

and f, 9le and 7Uf are mutually isomorphic.

Since Z 1is globally &-invariant, Z can be identified with LM(H\G)
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for some closed subgroup H of G. For example let C be the set of
Q€ Z such that t > E%:(Q) is norm-continuous. Then H can be defined
as {h € H; f(h) = f(e), fe€C } , where e 1is the identity element.

2.2. Proposition. Suppose that the C*-algebra,is separable and the locally

compact groupfhas a co:ﬁtable basis. Let Té¢ A and Flefine G, = {ts@r; Ted, =n§'
Then the following conditions are equivalent:

(1) {(Aj"’ is of type I.

(i) Gy is closed and () A T =L @G \e)®CL.
Proof. Suppose (i) and let C be the C*-subalgebra of the center Z as
above. Let Q €C and h &€ K(G). Choose a bounded net {x ¢ in A such
that ?f(xb) converges weakly to Q. Then by Lemma 2.1 Lo qrt( o, (x.))
converges to a multiple _of the identity for any t €G. If t éGn, one
must have that &, (Q)(t) = ?h(Q) (t) i.e., Q(t) = Qte) for all Q €C.
Thus G4 is contained in H where H 1is defined by the property that
Z > LT(H\G).

Let c}u, be a quasi-invariant measure on H\G and let f be a measurable

function of H\ G into G such that t = Hf(t). Then

C D @
SG Toof, Juiky = gH\q-{ SH T Nsprgy a{s§ du, ()

where 01,5‘ is a right Haar measure on H ( the measure on G defined by
cls‘xotlu, via f 1is equivalent to the Haar measure L/J,LL on G ). Since the
integral over H\G is central and the weak closure of A in each integrand

representation is isomorphic with each other, one can conclude that

{ fj Mooy (A) duses§ "= 1" (HV4) 6 { jf Ts g (AD ts%

Thus the direct integral of T«&,; over H is of type I factor and hence
&s is weakly inner.in this representation for all s&H. Therefore one

can conclude that H C Gm'



50

The proof of the converse is similar to the above.

- From condition (ii) it is not difficult to see if there are non-type I
orbits: Often the stabilizer Gy is not closed. But it remains hard to
produce non-type I orbits where the stabilizer is trivial.

Finally we note the following result:

2.3. Proposition. Let A be a separable prime C*-algebra and let « be

a faithful continuous action of a compact group G %¥ {ef{ . Let 7 be a
faithful irreducible representation. Then the following conditions are
equivalent:

(i) ®|A"  is irreducible.

i) fTw'n T = 1"©es .

Furthermore in this case A"  is prime and has no minimal projections.

The proof is straightforward (cf. [/§] and Section 9).
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3. Weak density
Let A be a C*-algebra and B a C*-subalgebra of A. We consider the
problem of when B 1is weakly dense in A in some representation.

3.1. Proposition.[3 ] Take a pair A, B as above and suppose that A is

separable. Then the following conditions are equivalent:

(i) There exists a § > 0 such that for any X, yE€A
sup .{llxbyil : b€B, fIbj = 1} = Ssup{“xay]] : agA, jansl}

(ii) Condition (i) holds with § = 1.

(iii) There exists a faithful family of irreducible representations of
A whose restrictions to B are also irreducible.

(iv) For any decreasing sequence {Ia ¢ of non-zero ideals of A such
that I, is essential in I, for m > n, there is an irreducible
representation 7T of A such that 7t|In ¥0 forany n and 7|B

is irreducible.
Let T be the set of e € A with e >0, ie|l = 1 satisfying
H(e) = { agEA:ea=ae=a }_# {0} .
It easily follows that Condition (i)} remains equivalent if the 3nequalities
are only required for x, y € T. Note that if A 1is prime, then
sup { Nxayll raed, faj = 1} = Ixniyn.
Since the implications (iv) §§ (iii) = (ii) = (i) are rather obvious, it

suffices to prove that (i) implies (iv).

Proof of (i) = (iv). Let {In % be a sequence as in (iv) and let {'uh %

be a dense sequence in the unitafies of A(or A+ Cl if AR 1'). We

enumerate .{(uk, ubg tk,m=1, 2, ... } and let {’(uh, v,) § be the
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resulting sequence.
Fix e,éTﬂ I,. We choose sequences e, € TNIn(n=22),
a, € TN H(e,), and b < B,= { b €B: bW < 1}, satisfying

the following conditions:

sup Spec(yﬂ) > A — &/2'1‘)

where
x_ €
Ay, = sup { llp,(ubv, + v bu)p,ll:b€B, ¢ ,
Y, = 2a,(usb,v,+ v:b:u’:‘)an,

P, 1is the open projection corresponding to H(e,), and e, 1is chosen from

TN B, (v, )N I, for n=2 with £,(t) = £(( A, - d/an) t), where

0 t =<0
f(t) = t 0 <t<1
1 t=1.

Note that A, > & (by condition (i)) and that the arguments here are much
the same as in [/§].

Proving existence of those sequences, let f be a pure state of A
such that f(e,) = 1 for all n. Then T | 1, # 0 for all n. Since
f(an) > 1 as n>» o , it follows that for any unitaries u, v of A

(or A + Cl), there is a Q € ‘IT{(B)" such that Q) < 1, "and
Re {QT WY, Ty Q> = §la.

Thus, by using Kadison's transitivity theorem, one can conclude that

ﬂ'f(B)"- = B(H+) .

It is not clear whether (i) in this proposition is equivalent to:
(iv) If xAy¥§0§ with X, vy €A, then xBy¥{0§ . I do not know
whether this is true or not even if B is further supposed to be a

hereditary C*-subalgebra of A. See [2] for relevant results.

7
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4. Invariant Hilbert spaces.

In this section we assume that the group G is compact. One problem
associated with the C*-dynamical system (A, G, «) 1is whether there are
sufficiently many o-invariant Hilbert spaces in A (see e.g. [ € ~ & ]).
First we give:

4.1. Definition. A subspace d4€ in the C*-algebra A is called a Hilbert

space if there is a non-zero positive a € A such that y*x € €a for any
x, yeX and A is a Hilbert space with the inner product ( , ) defined

by (x, y)a = y*x.

Note that the inner product is unique up to a positive constant multiple.
If we can choose a to be a projection, we usually do so.

Actually we are only concerned with finite-dimensional Hilbert spaces,
and from now on we assume that Hilbert spaces (in a C*-algebra) are always
~ finite-dimensional.
If H 1is an invariant Hilbert space, then for x, y€H and a as in

4.1,
: : - b - ,
(og(x), g(y))a = Ofﬂ(y x) = (x, }') oy (a).
; T
Hence a & A and ( Q%(x), o%(y)) = (x, y). Thus the o restricted to
H defines a unitary representation of G.

Let u be a unitary matrix representation of G. and let d be the

dimension of u, dim u. For each n = 1,2,... define
A = {x e ASMyy s () = xule), g€ 6
where MnJ is the linear space of nxd matrices and q&(x) = ( aﬁ(xﬂj))
for x = (x.).
)
If there is a non-zero x ¢ AT(u) such that x"x = a®1 € AABMA for

some a & A, then the subspace H spanned by the components x{,... X |

/0
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of x 1is an invariant Hilbert space and o(} H defines u. Note that if
u is irreducible, the requirement x"x = a®1 is equivalent to the one
that Old(x*x) = x*'x or x*x € K® M,.

We give one result concerning invariant Hilbert spaces.
4.2. Theorem. [91] Let A be a separable prime C*-algebra and let « be:
a faithful continuous action of a compact group G on A with G # {ef .
Suppose one of the following two conditions:

(i) There exists .a faithful irreducible representation 7 of A such
that TEIAd‘ is irreducible.

(ii) There §xists an invariant pure state (' of A such that EU\A“
is faithful.

Then A" 'is prime and has no minimal projections, and for any unitary
matrix representation u of G and for any e € TN A tﬂere is an x € A‘T ()

such that ex = x, and xx € A“'® 1.

Note that (i) and (ii) are actually equivalent with each other (if 1.1
is proved).

Before we give a proof under condition (i), we present:
4.3. Lemma.[3 ] Let ? be a pure state of A such that TC?Md is
irreducible. Let '7L be a pure state of A such that ?HA“ = S‘olAd.
Then there exists a g € G such that l// = Po «y

Proof. For a continuous non-negative function f on G, let
¥ - ffcg) s x, 43
f . 4
G
< T dc i = . i
Then \Lf- < c S(}‘pzofj dyq with ¢ max{f(g) :g€6G }, since
l};+yt‘—f= 1/*(: =cj7>oa{idj

G
As

[
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is a central and irreducible decomposition, there is a bounded non-negative

measurable function h on G such that

b= [ e powyad.
G
Hence if j_ f(g)dg =1, %f is in the weak closure of the convex hull
bl .
of - ¥y, 8 €G, and thus Y is too. Since the extreme points of this
convex set is { Ee yj, , 8 €6 } which is closed and ‘// is pure, it

follows that Y = §3a0[3 for some ge¢ G.

Now we come to the proof with (i) in 4.2. The first part is trivial (as
we remarked in 2.2).

Let e € TN AY and H(e) = { ae Ad: ae =ea = a}g as before. Fix an
irreducible unitary matrix representation u of G and let B be the closed
linear span of xA® My y with x, ye H(e)A?(u). Then B 1is a non-zero
hereditary C*-subalgebra of A ® M, satisfying NMBA% C B, with A= A9 1.

We first prove, by using (i),

(I) BNA"# f0} .

Then by routine arguments we can show

(II) There exists a non-zero x € A:(u) for some n = 1,2,... such that
ex = x and Xx € A"@l.

Again by using (i) we prove

(III) There exists a non-zero Xx < A‘i(u) for some n = 1,2,..., d such
that ex = x and x*x € A"® 1.

Finally by using the fact that AO( has no minimal projections one can show
(IV) There exists a non-zero Xx & Aa; (u) such that ex = x and X'x € qucl.
Once this is obtained it is easy to prove the results for arbitrary unitary

matrix representations of G.

2
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Proof of (I). Contrarily suppose that BN A" = ‘[0} . Then it follows
that for any state j*? of A" there is a state ? of A ® Mj such that
F1a%= ¢ and &|B=o0.

Take a unit vector ¢ ¢ )(‘n with 7 as in (i), and define a pure

state ¢ of A by

Px) = (LEIE, §)» x €A

Any pure state extension of ?{ AY to A® M, is of the form 504 v, ® «J
such that g ¢ G and &' 1s a pure state of M , by the previous lemma.
Then in the GNS representation 7I, associated with this extension, the
support projection of T (B)" is of the form 1l ®@e with e a projection
of M, since 7[1(A“‘® nr = M;. But since for any non-zero X € H{e)AT(LL) aijd /\é(fj
SAE A = (T Ax) (D Ax) Ao,
v,

we must hav‘z that e = 1. Thus 1[?]8 Il = 1 for any pure state extension
?’j of S"’] A“, and hence for any state extension of €| A'. Ssince this
is a contradiction, one must have that B ) A% # a{ 0 fg .

We omit the (easy) proof of (II) and refer to [7'] .

To proove (III) we need
4.4. Lemma.[3] Let § be a pure state of A such that TT?\Ad is
irreducible. Let -‘,zkg be a sequence in T[\Ad such that z,zgy =z ,
k=1, 2,... and the limit of {z,{ in (A")** 4is the support projection

of Q’[ A“[;S]. Then for any x € A® M; it follows that

lim Wz xz, { = sup {N R%yj(x)ll: gceé }
where wa is the map of A ®Md into M, defined by R%‘-(X) = ()‘(x;j))
for x = (xg.).
Proof. Since || Rf,n ,(ﬂll = 1 and ﬁbo “f-}(sz = 1, it follows that

Il R?w(j 1 =1 Rf:u Nj’ (Z‘szk) I < | ZXZ )y

13
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Since llzkxzkn > 0z X2 s the limit of jz xz, |t exists, say A,

and it follows that
A = sup i llRF’Q&(x)(i: g &G }
On the other hand for k and m,
2 - X
A< 2, XZ X zk{(.
Since zkxzmﬁc*zk is decreasing in A & Md as m goes to infinity, one

obtains that for any Kk,
/\: < | zkxpx*zk\]

where p = lim z, in A**. Since there is a pure state (v of AW M,

such that l«,‘*(zkxpx*zk) = llz,xpx*z, |\ , one has for T = m,, that
ll“ﬁ,(zkxpx*zk) | = Iz xpx*z, I = npx*zixp f . In particular 7 (p) # O.

Since T is irreducible, it follows from 4.3 that 77 1is equivalent to

T ) where 24 is the identity representation of M . Hence
?ma y rep

)
D zgxpx*z, 4l = I )T.(px*zixp) I R?:“J(X*ZEX) N < {l R?’od_,j(x*z’*'x) .

Thus one obtains that for any Kk,
,\2' < sup {HR?M.‘}(X*Z‘X) ' : ge€G 5‘ .

Since | R?adg(x*zkx) i = Rf,(ch(x*)zka’g(x)) Il is equi-continuous

as functions in gé& G, and G 1is compact, it follows that

lim sup {IRg,, (x*zx) I = sup 1im HR_ . (x*z,x) |
k‘?w ﬁ(‘&' F"Yg k 3,6& k‘gw f’tdg /(

where sup 1s really max. On the other hand
L o -
lim i R(ng (x*zkx) o= | R@udg(x) il
because for a, b €4,

lim ?ndg(azkb) = ‘fc og(a) f""dg(b)-

14
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Thus one obtains that

kY

2
A < sup {nR%N&(x)ll : g €6 f,

which comp|etes the proof.

Proof of (III). Let m be the smallest positive integer for which there

. & ,
exists a non-zero x &€ Am(u) such that ex = x and x*x = a@l € Ao'@MJ.

We may suppose that a € T.

Let § be a unit vector of [H(a)Hy] with T as in (i) and let Vi

be the associated vector state of A. Noting that ?\ A" s pure, we let

.{zu§ be a decreasing sequence in T'f)AF such that z, = a, 2,2;3,= Z;4;

and the limit of 1z, in (A*)** is the support projection of ¢ \A#.

Denote by x . the i-th row of x. Then X, € A:(u) and

X*x = X*X ..
yLet

IAERRY

v

Since R?cxﬁ(xtxf) = u(g)*R?(xfxi)u(g), it follows from the previous lemma

that
1im nszEX¢zKl) = \|R?(xjx2)ﬂ

Hence if l\RF(x?xJ)H < 1 for some j, then for large Kk,
'2

and so
z2 -z X*x.z > ¢z
kt) B il = B L
where ¢ =1 - }[z,x?x%zki) > 0. Since
] J )
2 m
= = * .
Z et Z ket 32 gy zZ Zee X XpZpgy o

L=

this estimate implies that

l\zkx;szk“ <1

2
2 = ~Z 2t XpX 2w
L]
By using this we can reduce m by 1 as in [9] and so reach a
contradiction. Thus one must have that \(Ré(x*xL)ll =1 for all i. As
b L

R, (x¥x;) is a positive matrix it follows that Tr R.(x*x.) = 1 and that
1 'S

70
15



m
n < Tr {2_‘ R.(xX},) } = d.
The proof of (IV) is again routine if we use the fact that A% is prime
and has no minimal projections. So we omit it and refer to [¢].

We shall not give a proof under condition (ii) except:

4.5. Proposition. Under condition (ii) in 4.2 (in particular there is an

invariant pufe state (0 of A such that ﬁaﬂA“ is faithful), Aaﬁ is
prime and has no minimal projections.
Proof. Since uﬂ AY s pure, it follows that A“’ is prime.

Suppose that Aa has a minimal projection e. Then « 1is ergodic on
eAe, and there is an invariant pure state ¢ of eAe since ’LO\A.(’eAJ< £ 0.
Then ﬂ? is faithful and it follows from [/0] that f’ is a tracial state,
which implies that eAe = fe, i.e, e 1is minimal in A.

There is a non-zero Xx € Ar(u) for some non-trivial irreducible unitary
matrix representation- u of G. Since AY is prime, there is an a € Iy
such that eaxx* # 0. Thus b xta*éax[ f 0. Again thereis a beA such

that
25 x*a*eax;-be # 0.
z

This shows that eax[be f 0 for some i, which contradicts that

eaxibe € €e since eaxbe € Aoi(u)

Incidentally we give:

4.6. Proposition. Let A be a C*-algebra, G a compact group, and « a
faithful continuous action of G on A. Let ¢ Dbe a pure invariant state
of A. Then the following conditions are equivalent:

(i) T4 is faithful.
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(ii) 'Nw v U is faithful, where U 1is the canonical unitary representation
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of G on H, and ‘I(wx U is the corresponding representation of the
crossed product A X, G.
Proof. (ii) = (i). Let for each ¥ € G
R = Sd Tr(¥) A(g) dg € M(AXG)
& o .
where d = dim(y) and Tr(Yy) 1is the character of ¥ . Since Ax G D

K®c*(G) > AP, and Myx U is faithful, (m,xU)|A"@ P, is faithful.

That is, FlU(P,)H,. is faithful, where £ = T,|A%.

(1) = (ii). Let I = ker(Wm,xU) and let x be a positive element of I.
Let b € A‘T(b’), with Y € /(3, where ¥ 1is also regarded as a fixed
unitary matrix representation in its class. Then since P, bxb*P

=P, E(bxb*jPL,‘ where E(a) = fewg(a)dg, and since PlU(PL)HLU, is
faithful, it follows that Pbeb*PL = 0. Thus. XbEPL= 0 for all 1i.

Let J be the closed ideal generated by b*Pb; with b & AT,

i=1,2,...,dim(¥), ¥y & ﬁ Then one must have IJ =(Q.

Since A" is prime, and & 1is faithful, it follows that the spectrum
of o is G. Since PLb*P b = b*Pb # 0 for non-zero b € AQ;()’) and
Pr's are minimal central pmjections of C*(G), it follows that
JNA®P, #0 for each Y € G. since A% is prime and 3 P. =1 (in

the multiplier algebra), J must be essential. Thus I = 0.

17



5. Endomorphisms

Let (A, G, &) be a C*-dynamical system with G compact. We denote
by M(A) the multipliefvélgegra of :A and by the same & the unique
extension of o to an action on M(A). We let [ =vl((G) be the set
of irreducible unitary matrix representations of G. In this section we
assume that for any u € [ there is.a v € M(AfT(u) such.thatk vw* = 1
and v*v = 1@1 € M(A)®M, where d = dimu. Let ¥ € 6, a class of
equivalent irreducible unitary representations. We fix a u’€ W in
class ¥ and in turn v € M(Af:(ur) and define an endomorphism Q%Y of
A“ by‘

4 «
?;(a) = vav* = ‘g%vravj~, a € Av

. . . A
where v = (v',..., Ki)' Thus we have a family -% ?} : Y €G 3 of
endomorphisms of the fixed point algebra. Ax(cf [6~81).

One typical example of such a C*-dynamical system is given by

5.1. Proposition. Let ) be the right regular representation of G on

LZ(G). Let H be an infinite-dimensional separable Hilbert space and
denote by K(H) the compact operators on H. Dénote by f3 the action
of G on the C*-algebra C = K(LZ(G)) ®>KtH) defined by P} = Ad K(g)@ L
where | 1is the identity automorphism.

Then for any finite-dimensional unitary representation u of G,
there is a v é‘M(ij(u) such that vv* =1 and v*v =1® 1 € MO ® M,
with d = dim u.

Proof. Let Wosee., WY be isometries in M(K(H)) = B(H) such that

ZZ wow*. =1 .

Regarding uij , a matrix component of u, as a multiplication operator

on L2(G), let

3
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V’: = Z ujb.@ Wj
J=

Then v = (v! seees Vrf) satisfies the required conditions.
Let ¢ be an invariant state of A. Define a unitary representation

UofGonHwby

U, T, = T, 0 0(x) 2, X & A.
Denote by P, Dbe the spectral projection of U corresponding to ye ‘8,
i.e., P. is in the center ;Uq"’ such‘that the representation UP{ of

G is in class Y. Note that Py #0 for any ¥r¢& (8

5.2. Lemma. Let ¢ be an invariant state of A and let U, P), etc. be
as above. Let Tl'lé = Tl'u\A{Y and let £ =Typs = WJ!PLPIM. Then for each
Y& T it follows that Tl"{ iP’,Hw is unitarily equivalent to the direct
sum of d copies of Po?’}__ where d =.dim2f and )—’ is the conjugate
class of ¥ .

Proof [71], [3]. Let [ € ’é and let v & M(A)Dl( (u) be the element

’ defining % . It follows that P;H;) is the direct sum of [ f[w(v*)HL],
i=1,...,d, each of which is left invariant under L (Ay), where

Hy = [ M,(A) D] = P H,. The restriction V, of Vd T (v¥) to H is

L
an isometry onto “Tw (vﬁ'f)HL] and satisfies that
v

> i q
v, o8 {}(a) = T, (a)V,, a€A.

This completes the proof.

5.3. Proposition. Let (A, G,X) be as above; in particular there is

o : P ' w _ ‘
a family { ﬁ, Y€ Gy of endomorphisms of A . Let iQ be an extreme
invariant state of A (and so tc( A is pure). Then the following
conditions are equivalent:

(1) o 1is pure.

/7



(ii) For each ¥ & G\iif , fPo 7, is irreducible and disjoint
from )C

(iii) For each ¥ € G \41f, P%. is disjoint from f.
Proof of (i) = (ii). Let ¥ € G. In the proof of 5.2 it follows that

/

Since T/, |I[ M,(v¥)H,] is unitarily equivalent to Feg (= WJLFH H,),
it follows that fe%  is irreducible. Since ., \PFHQ is disjoint from
T IPLHw, P=¢, is disjoint from f .
Proof of (ii) = (iii). This is trivial.
Proof of (iii) = (i). Using the notation in the proof of 5.2, one has that

PLé Ty &, P, W (A)"P, = B(P, H,) and the central support of P,

is 1. Hence T .(A)' =Cl and so « 1is pure.

By an analogy from the case of automorphisms we define

5.4. Definition. Let < be an endomorphism of a C*-algebra B. One calls

sc to be properly outer if for any non-zero hereditary C*-subalgebra D

of B and any a of B it follows that
inf { ixag(X)fl : x € TADS = 0.

5.5. Lemma. Let 4 £ :n=1,2,...} be a sequence of endomorphisms
of a separable prime C*-algebra B. Suppose that all ¢, are properly
outer. Then there exists a faithful irreducible representation 7. of

B such that Te§¥, is disjoint from 7 for any n.

Proof. Let {I,“; be a decreasing sequence of non-zero ideals of B
such that for any non-zero ideal J of B there is an n such that

JO L,. Let {a,t be adense sequence in B. Enumerate

{(ak, 'ﬁ') :k, m=1, 2,...}- and let { (a,, ¥,)t be the resulting
sequence. As in [|[|], one constructs a decreasing sequence - { e"§ such

that e ¢ T I €8¢ =€ny» and
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Mo |1 T,(v})H,] is irreducible since U.'R = M, and U.'P, = T['V(Ax)"PY'
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I ena e, )0 < L/,

Let f be a pure state of B such that 'f(en)=1 for all n. Then W_f is
fhe desir’ed representation.

5.6, Lemma. Let 5" be an endomorphism of B. If there is a faithful
irreducible representation TU of B such that Te¢§ is disj’dint from 7,
then ¢ is properly outer.

Proof. Trivial.

5.7. Proposition. Let (A,G,c() be ‘as above, and suppose.that A is

separableb. Then the following conditions are equivalent:
(1) There is a pure invariant state « of A such that EuJIA"‘ is
faithful.

(i1) A% is prime and # is properly outer for any Y€ 6\ S
P prop y

r
Proof. i) = (ii) follows from 5.3 and 5.6. (ii) > (i) follows

from 5.3 and 5.5.

5.8. Lemma. Let (A, G, «) be as above. Suppose that there is a faithful

irreducible representation 7TC of A such that T | AY is irreducible.
A

Then for any ¥ € G and for any x, ye T NA, it follows that

4

-

sup{llx?’r(a)yn :a€ A, Jajp < 1}2 d
Proof. Assume that ?y is defined by v e M(A)T (uY), i.e., f’r(x) = VXV*.
First we claim that ‘i't'.c',’;(A‘x)' is the C*-algebra 2 generated by
’TJ(V;V} ), i,j = 1,...,d, which is isomorphic to M-
It is clear that 7 = My since T (v, \Qf‘) 's are matrix units. Define

~

an endomorphism ¢ of B(H;) by
J
$@ = 2 TEIQTEN

P

: v
Then it follows that the image of ? is M . Since 7L[ Aq is irreducible,

2/



it follows that ']Zoj’(Ad)" contains any element of the form ¢(Q), Q€ B(H,) .

Let x,y & TNAAY and let

§ = sup{ [|xf)(a) yll @ a€A’ }‘v
where AT = {a €AY : yaij< lj‘ . Then
§= sp{inF@zmi : QeBE,§ .

Take a partial isometry u for Q where p = uu* and ¢ = u*u are
one-dimensional projections. Then it follows that
A ~ ~ ,
$2ZNP@TE @I §F@ .
i = > *xv. V), btains that
Since TL(x) Z p(r (v xv¢)) TL(VUV") one obtains tha
§ 2 2, ¢rivixv)p) Fe(d ROy )T (v, v8)
Ck 3 :
AN &
Define states fp, % of B(Hﬂ’) by

£,(Qp = pp, £4(Qq =9, Q &B{H).

Then defining auJ. = fP(n(vngj)) and b;j = f%(JZ(VZ,‘y\S)), one obtains

5 Z| Z 2 agbe. Lwvvs) || = J[ABI
535 k 4 2

where A = (a[j) and B = (bLJ.) are dxd matrices. The above inequality
is true for those A and B defined by vector states fP, fc{ of B(HTL)
and hence for A and B defined by any normal states. It then follows
by taking a weak* limit that for ény states f and g of A

F 2l vy, ) - (g lviyy ) I

[

A . 2 .
Note that | x v, =2 d since
Ya A _ -1
50(30( vb.v;;x Jdg = d x .

This implies that | 2. v:.“xvt I 2 1/d and hence there are invariant states

f and g of A such that

£(Zvixv,) = || Z vixv | = 1/d

gl Zvryv,) = Il 2viyv. ) = 1/d.

22



66

Since . f(v*xv,) = 1/d £(Zvixv, ) and f(V?XVé ) =0 for i#j, it
i ¢ ¢ .
follows that A
-2 * ) _4.
§ zd HZvixv | | Zviyveilz 4 .

5.9. Proposition. Let A be a separable C*-algebra, G a compact group

with G # {e§, and & a faithful continuous action of G on A. Suppose

r in class

that for each Yéa with fixed unitary matrix representation u
¥, there is a veé& M(A)": (u() such that vv* = 1, v*v = 1@14 with
d = dim¥, defining an endomorphism ?3’, of A~ by
?’y(x) = yxXv* = L_Z:v‘;x vE o, Xx€ AX

Also suppose that there is a faithful irreducible representation 7 of A
such that T |A°‘ is irreducible. Then ?_’r is properly outer for any
Ye G3rg. |
Proof. Let Y€ G \ief and suppose that 903, .is not properly outer. Thus
there are a non-zero hereditary C*-sUb’algebra D of A and aéAd such
that || xa Qﬂr(x) i = 1 for any x € TOD.

Let § € [T (D)HI] be a unit vector and define a state W of A
by W () = <"L(x)§ s §> . ~Since u}{Aa is pure, there is a decreasing

sequence fzkg' in TNA suvch that ZyZpiq = Zpn oo and the limit p

of Zp in (£)** 1is the support (minimal) projection of A%,

Since | zkavzkli =2 1 for any k where ﬁ, = Ad v, one obtains
by 4.4 that
sup il(wa (av)ll : g€ Gf >1.
9

But as chdg(av) = R,(av)u(g), it follows that |l R (av)ll = 1.

Suppose that d = dim¥ = 1. (In this case we can use a method as in [//].)

Then v is a unitary in M(A) and
[ <@, $>] =2 1

for any unit vector § € [TL(D)HE].
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Let E be the open projection in  A** corresponding to D. Then the
above condition implies that there is a A€ € with IA] =1 such that
AT**(EaVE)+\m*(EV*a* E)2 27**( E ).
Let x € D. Then, since T is faithful, it follows that
)\xavx? + X x v*artx*> 2xx* .
By applying 0/3 and integrating it over G , one reaches the contradiction
that
0 = 2 x x* , x €D.
Suppose that d=z2. Then by 3.1 and 5.8, there is a faithful irreducible
representation P of AY  such that % H;(Ax) is irreducible.
Let § ©be a unit vector in [JO(D)HF] and define a state « of A~
by w(x) = (P(x)g‘ , §> . Let -{zkf be a sequence in T)ID as

before. Then |l z,a ?3,(22) I > 1 for all k, ¢ and hence
wi(a ?‘r(zl)a*) = 1.

This implies that (P Pr)** (p) # 0 where p is the support projection
of W, i.e., the representation Pe 7‘} of A% contains P as © is
equivalent to the GNS representation associated with ®. But since feo ¥
is irreducible, this means that o fo), is equivalent to £ and that
there is a unitary U on HP such that Fo?.;(a) =UPU*, a€A.
Hence Pe 'f’:(a) = U Pef(a)u* = u? f'(a)U*z, a€A. Thus P ‘ f;(Ax)
is irreducible.

Note that f"; is an endomorphism of AY associated with u’® u¥

which is not irreducible. Explicitely let p ¢ M(A*) be the projection

corresponding to the symmetric part:
2 vv-+vv)(v~v+vv*+ Zvvv*v*.
=2 2 : ¥V V)

k &k Kk
L<J o

Then o(ﬁ(p)=p and ng $ 1 and one has that pr(A)(l p) =<0%.
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Since P(p) # 0 and ' P(l-p) # 0, this implies that | gf(A“)
cannot be irreducible, i.e., a contradiction.

5.10} Remark. To complete the proof of (i)=» (ii) in Theorem 1.1,

we must first replace (A, G, &) by (A®K (F*(G))®K (H), G,
XAt A® L ) (see5.1).

Checking that (i) is still satisfied for this new system, we apply 5.9

and 5.7 and then have to go back to the original system.

25



6. Infinite tensor product type actions

Let G be a compact group with countable basis. For each Ye 8
we fix a unitary matrix representation u’ in class Y . Let 45.§ be
a sequence of representations |@ u¥, 5’66 such that each (|2 ng appears
infinitely often in <{§,§ where 1 1is the trivial on'e-dimensional‘
representation. Let d, = dim §, and let {3 be the infinite tensor
product action ,é' Ad%, of G on the UHF algebra C = :é) Mdn.

Let P, be the one-dimensional projection of Md,, that supports the
trivial representation 1. Regarding ph - as a projection of C, let ¢
be the pure state of C whose support projection is the limit of P, ---P
in C**,

Let a, be the one-dimensional projection of Md,, such that every
matrix entry of 2h is d;' (in the matrix factor Mol,, where §, is
represented as it is). Regarding q, as a projection of C let 50 be
the pure state of C whose support projection is the limit of q, ...q/

n

in C**,

6.1. Proposition. Let (C, G, P) be as above, and let « and 59 be
the pure states as defined above. Then (a) W is a pure invariant state

such that RWIA“ is faithful and (b) ¥ 1is a pure 'anti-invariant'

. x L, .
state in the sense that TZ;, I A is irreducible.

We shall prove here part (a). Let I be the kernel of 7 )T‘IA"‘ and

. 8
suppose that I # {0¢ . Then we must have that I, =INC, # {0%
n

B .
for some n where Cp= J‘? My . Since C;,‘ is the direct sum of finite
=) Kk N

type I factors, each corresponding to each central direct summand of

n
&S5, , and I, is an ideal of C , there is a minimal central projection

k=)
] A h
e of C;\ with e €I . Let ¥ € G be the class containg (@ §, Je.
k=3
1.3
Then there is an x € (C,,)'l (u'f) such that x*x = pI ...p ® 1 and
: n

26
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e

X Xx* < e. On the other hand there is an m > n such that §m'~.”= fu”

3 —
and hence there is a v € (M, )" (u¥) such that v* v =R ®1 and
n

vv*=1¢-p, . Then it follows that a = 2 x.v. € C& and that

]

w(a*ea) 2, w( x*‘:exd_)a)( V'f_v&.)
2 W( x*ye x:)

dim ( ¥)

"

This contradict$s the assumption that e & I. Hence Ei«)l}\d must be

faithful.

Part (b) can be proved similarly. See [ ? ]) [ 2 1.
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7. Central sequences

We shall give the proof of (i) = (v) in Theorem 1.1. (The result here
relies on Lemma 1.1 inm [1].)

Suppose (i) and let 7L be a representation as in (i). Let ¥ ¢ G
and let u be a unitary matrik representation in class Y . Define a

representation T?_: of A by

—~ @
T = SG Te oAy dg
as before. Then T7UA)"> <u%, §> for any unit vector 75"6 C‘l with
d = dim u, where <(uf,¥ > is regarded as the multiplication operator
by <u(t), §> . Hence there exists a central sequence -{y"”} in A
such that jy™) < 1 and M (y™) converges to <u§, £ > in the

strong* topology [1].

Define

) _ . Q)
yL:j - dSG_UL"(S) 0(5~|(}’ ) dS,

and let y'V = (y ('E’J)_). Then it follows that 0(5('):""))

]

A 249))
J
d

>

= y u(s). By computation one obtains that for ?, ¢ €¢

T (’Zt‘}(fmg) — L5, {u¢, 5 strongly*

~ 2
which implies that T[(A):“‘)) converges to  &g*u on L (G)®H,E®Cd in

the strong* topology, where u 1s the multiplication operator by the
d

2

matrix valued function u(t). Hence for ¢ € H, and # € C

it follows that

I e a ™) (@ous)*s) - srrusI@au)*y) |
=llTtg™eay - g5* 904 |

and that
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ITG ™ (@ourn) - §5*u(@ourh) |l
= lrne™@en) - Ercga) |l

where @ ®u*/] is the vector of L (G)®H,® ¢4 defined by t i— Q@u(t)*? .
This implies that TC(})(I‘"))' converges to &8™ in the strong® topology.

)

Let a'¥ = y""}’rvL")*. ‘Then a is a positive element of A'® My Define

a function £ on R by

)

£(t) = {t t = 1
‘ t t < 1
and let 2z = f(a["’)y"". Then o(s(z("’) = zwu(s) and llz(“)u = 1.
Since
1™ - g™ strongly
and since 11¥%*ll =1, it also follows (see e.g., [18]) that

(™) - §Ex.
Thus T (z"”) > TE* strongly*. Hence g*z¢ ¢ A”:(u),
3 *zwg W< ngi ex™ags = 1 s { §*z‘")§§ is a central
sequence, and Tz_(g‘*z""f) —> 1, which implies that

lim inf {|§*zg.all = Ja )

for any a € A.

Ihcidentally we remark the following.

7.1. Proposition. Let A be a simple unital C*-algebra and {zn‘r a

central sequence such that |z, |l = 1. Then for any a €A,
lim | z,a W= ali.

We omit the (easy) proof of this result (cf. [1l6]).



8. Asymptotic abelianess

In this section we show how the asymptotic abelianess condition can be
used to produce an 'anti-invariant' pure state, i.e., a pure state
whose associated GNS representation generates a type I orbit as in the
foilowing (cf. [41]):
8.1. Theorem. Let A be a separable simple unital Ctalgebra, G a
locally compact group with countable basis, and « a faithful continuous
action of G on A. Suppose that there is an automorphism O of A
such that ¢ox, = &, 0, t€G and N [x, Gjty)]l\ > 0 as n =>oo
for all x, y € A. Then there is an irreducible representation 77 of

A such that for the representation of A defined by
~ D
T = g Te o, d+
G

on L*(G)®H , the center of T(A)" is L"(G)® cl.

Proof. For f € L‘(G) we define a linear map q; on A by

1]

G;C (x)

where ¢M is a right Haar measure on G. Since [1q;ll < (W Ey and

= ;o

J\cT £(t) oA, ()M (t), x € A

Yo =g with frg(s) = gf(t)g(t"s)d/ft(t), the map £i> 0, is
a continuous homomorphism of L‘(G) into the bounded maps on A. We first

claim that this map is an injection, i.e.,
I={fe’Li(G):o(f-=0}
is the zero ideal of L'(G).

Since I is a closed ideal, 1N Co(G) 1is dense in I, where Co(G)

is the continuous functions on G vanishing at infinity. Let f & INC,(G).

Then for any x, y ¢ A\ 40§ , it follows that

[£0) e x 21 du ) = 0
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for n=1, 2,... .

‘For any £ > 0, 1let K be a compact subset of G such that -

IfE) [ dm () < €.
Lo F1 9

Let U be an open neighbourhqod of e of G such that

MO - x i < &/ iyidM, NGO -yil < &/ nxpM
for all t € U, where M = sup ~{ [f(B)|: t € K}, and

|£(st) - £()) < &/ nxu -y nop®)

in G such that

for any s € K and t € U. There are tl;...,tn

n
U tuo k.
C=y

Define for i1 =1,...,n,

Sy

A; = (UN K\ A;

jue

with A = ¢ .‘ For t €U
n
£, o (x @0 - £08) o, (kT ONN S 3E/ ().

Let /\C=/U-(A{_). Then

n
I e o e 6o dr) - 2, 1EG3 o & SO0 |

= Z fA_}i £(t) ofy (x €)= £(t;) o (x T NI dplt)
= Z (3E/pmyfra) =3 €. ‘
~

Therefore one obtains that

n
2 hfe) o, xSTon N < s¢E

v

=3
for all n=1, 2,... . As n\--)w k one obtains that
N2 A X, 0@ o, Ny < 3¢

where X; is a C*-normon AD® A (cf. [[6]).
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On the other hand, for the same reasoning as above, one has that

| § 0 %0 @ dmdum - T AEe) o, 09 0, 0] .
< 3¢, |

-

Hence it follows that

NECERCERRGPRGIIERSS

Since & 1is arbitrary, this implies that

Sf“) X (0® o (dp(t) =0

In a similar way one can show that for f €1,

gf(t) o (x)® - @ (x,)dp(t) = 0

for any x ,..., x_ € A. In other words, one has that

J
(£ @ (o, ) - (I dpe() = 0

for any Xiseees X €A and ?,...,?h & A*. Siﬁce the set g of
functions t > @(x.(x)) on G with x€ A and P e A* separatesv
the points of G, and is closed under the complex conjugation, it generates
L”(G) as a G‘(Lw(G), L'(G))—closed alge/bra, as is seen below.

Let &71 be the uniformly closed algeﬁra generated by . Then for
a continuous function h on R with compact support hoe 7’ belongs to g,
for all real @ € 8:, s sincg j" is bounded and any h can be imiformly
approximated by polynomials on a bounded ‘inter‘val. Let ge I?O(K) be a
real valued function with K compact. Then there exists a sequence {%‘}
in d, suchthat ¢ |k g in 60, L'K), £ = §, .
1 <P,,] Kl f'.}“ gil. Then by replacing iph by he 50‘;« if necessary we can
assume that- {liﬁiif» is bounded. ' Thus there exists a ?’ in the © -weak
closu;e of 31 such that {" l K = g. . Since K - is arbitrary, this shows

that the @ -weak closure of ?, is equal to Lw(G).

2
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Hence for any { € L (G),

: jf(t) {:(t) dm(t) =0,
which implies that f = 0. This concludes the proof of I = {0f.
Let {fh f be a dense sequence in '{f € Li(G) L fu o= lf. For

each n, there is an X, € A such that @ x hu =1 and
sup Spec( ¥ (x,) + 0({ (x %) > I i /2.
n : h

Let {c,} be a sequence which consistes of infinitely many copies of
Q/jzn (xn) with n=1, 2,... . Let {an} be a dense sequence in
{aC-'A: ila'll=1}. We choose kn and b, , e, €T with e €T

arbitrarily fixed, in the following way:

I [, . Crk”(xm)] < 1/n, ¢, m=1,2,...,n,
b€ H(e, . )NT,
sup Specy{ b, o‘*"(cn scx)bf > (1-1/2n)flc, +chl ,
e, = g,(b, o*""’(c,, + ¢t )b,),
where g (t) is defined by
1 t2(1-1/2n)[lcn+c"};”

g, (t) =
0 t < A-1/n)ffc,+ cx

and by linearity elsewhere. Then e, € H(e,_, ) N T. Let 7) be a pure

state of A such that f’ (e,) =1 for all n. Then
kﬂ > -1 il * ’
Re P(6™(c,)) = 27 (1 -1/20) llc, + o |f
For each m let -{f,,j‘ be a subSeqlzence such that ¢, = q’j-m(xm). Let
8, be a weak* limit point of 7Tf, (o e"(xm)). Since {U’k:?"(xm)f ‘is a
n
central sequence, Em is a central element of :’Ty(A)" with norm less

than or equal to 1 and can be regarded as a function on G. It follows

that
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Re 5 £.(t)g (1) 4/U~ (t) = & LR

Let Z = fl; (A" N 7'7; (A)' C L7(G)® €1. Assume that Z & L”6) ® ¢l

and let f € L'(G) be such that {(fU =1 and

Sf(t)g(t)cy*(t) =0, g€l

Then there is a subsequence {mn} such that | fmn - f ll, - 0. It

follows that
A g Il S Re 5 En(0En(t) it SHE, - £1, g nlly S UE, - €1,
and

e < It ey - g o+ iag i = WE- £ 1 +allf - £ 1y

1
=Slf-£0
Thus one obtains that Qg,_ = 0, which implies the contradiction that f = 0.

Hence z = L™(G) ® C1.
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9. Other type I orbits
..In this section we shall prove the following result based on 1.1.
9.1. Theorem. Let A be a ;eparable C*-algebra, G a compact group, and
o a faithful continuous action of G on A. Let H be a closed subgroup
of G. Then the following conditions are equivvalent}:
| (1) There exists a faithful irreducible représentétion TL‘ of }A
such that 7| A" is irreducible.
(ii) ,AH is prime and there exists an H-invariant pure state ? of A
such that TL?MH is faithful and :I\I;, (A)" 1is of type I with center

]fo(H \G)Q® €1 where AP is the fixed point algebra of o |H and

~ .©
7'-,*’ .—.5q TF;,c X ds .

9.2. Lemma. For an irreducible unitary matrix representation .u of G let
pH =p, - S u(h)dh.

H
Then AH is the closed linear span of the set of (yPu)b. , 1= 1,'...,'dim u,
with y¢€& A*;(u) and u all of those representations of G.
Proof. Note that P, is a projection and that A is the closed linear
span of Y, s i=1,..., dimu with vy éA'T(u) and ué J{ , where ?'(,
is the set of all irreducible unitary matrix representations of G.
H

Thus A" 1is the closed linear span of

JIRCALE [ oumnan = om),
i=1, ..., dimu, with ye¢ A{(u) and u€ Iy .

Proof of (i) => (ii) of 9.1. Since A" 5 A = A%, =A™ is irreducible
if 'IT.lAq is irreducible. Thus AH is prime.
By using a representation T as in (i), we define a representation ¢

of the crossed product AXpH, with f = & |H, on L2(H, Hy) by
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($@)EI() = e FE), a¢€¢r
(PCAGEI() = 3(ts), s e€H

for S ¢ L2 (H, Hy), where ) is the canonical unitary representation
~of H in the multiplier algebra M(AAFH) and the'uniqu‘e extension of Q
to M(A A H) is denoted by thé same symbol @. |

First we assert that ¢ ié a féithful irreducible representation of
A Xg H. Sincé T is faithful, ¢ is faithful. ‘Since | TS
irreducible, the center of P (A)" is LFMH)® Cl\ on le(l‘-{') D Hy

N . « v
=L (H, H Thus @ is irreducible.

o
Let u be the set of all irreducible unitary matrix representations
of G as before. Let u ¢ ¢ be such that u,,(h) =1 for h€ H.

Then there is a central sequence {x(u, k)j- (central in A)b' in

{xl : Xe Ao:(u) ;' such that {[x(u, k)Y =1 and

limksup | a2 x(u, k) )| = émuan

for any a € A, where 5'&3 is a positive coﬂstaﬁt depending only on

the cllass of u (see (iv) in Theorem 1.1 —— we shall use this apparantly
weaker condition to illustrate how this could be used to prove that

(iv) 2 (i) in 1.1). Since ™ (x;) =x; for h €H and x¢ AT(u),

it follows that -{ x(u, k)ls- is a central sequence in A XﬁH' (But

note that x(u, k) € M(AXPH).) |

There is an H-covariant irreducible representation P .‘of A. (See

(i) = (ii) in 1.1 for B = «|H.) Then f© induces a representation P—
of AXP H on the same space. Hence{the weak closure of. )E(A/\(h))
contains 1 for any h € H This implies that there is a sequence :
{at, )} in A such that lla(h, n) || = 1 and {a(h, n)AW}is a
central sequence in ’Axﬁ H and | xé(h, n) A (h) I = {Ixii for any

X € AXgH.
f
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Let {u,} be a dense sequence in the set of u€& J( with u(h)= 1,

h € H such that each isolated point in thjs set appears 'infinitely often

B
that for each non-zero ideal J of A XﬁH there is a k with J 32 I.

in '-}'ukg . Let '{.Iks' be a sequence of non-zero ideals of AX,H such

Let -i'hklr be a dense sequence in H such that each isolated poi‘nt\
appears infinitely often in ‘Ehkf . Let fbkf bé a dense sequence
in the unit ball of AX? H, ;md let V&) be a decreasing sequencé
of positive numbe\rs such that & < 1 and lim & = 0.
Let e ¢ ’fﬂ I, H(e) = {xe AX,BH : ex = xe = 'x_} (as befgre) and

P, =P (e;) the open projection corresponding to "P{(el). Choose k_‘ such
that

N o= e, (xlu, k) +x@y, k)l = Sy,

Wby, x(u, k)1 < &

where x(u;, k) may be replaced by A x(u , k) with A &€ T to obtain

the first inequality. Then choose a, € H(g ) O T such that
” Y| = Sup‘ speC(Y() > A1 - E’i JEQ,]

where y = a‘{x(u,, k) + x(u,, kl)*}a,, by replacing x(u,, k,) by

- x(u,, kl) if necessary. Define a continuous function £ on R by

-1 t 2 2/3
£(t) = 3(t - 1/3) 1/3 £ t < 2/3
0 t < 1/3.

,~1
Let a! = f(y;/(fl' DA é, + 1) and choose e! €H(a/) NT. Since

ey, = it follows that e a' = a' and so e e! = ¢ Let

!
b [ [ I I

p" = p(el') and choose f, such that

Koz e @y, 4)Am) + Ap*at, 2,)9p 1 > 1
ilby, ath,, LIAGDIN< & . |
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Then choose a'| € H(e,) AT such that
" y(' i = sup Spec(y') > /\: - &

where y' = a {a(h‘, 4 A M) + Ah)*am, ¢ )*} a'l , by replacing
-l

a(h, (’) by - a(h,, ¢,) if necessary. Let a'' = f(y’/(é([x'n) - £ +1)
and choose e, ¢ H(at'){\'T/}IZ. Then e'a!' = af and ele,= e,.

We repeat this procedure. Eventually we obtain a decreasing sequence
{en} and others satisfying appropriate conditions.

Let ?’ be a pure state of A XSH such that fJ(en) =1 for all n,
and we assert that 72?, satisfies the desired properties.

Since e, & I, and so NP1, 0 =1, ‘n§> is faithful.

Since e a} =e, and so ?{aﬁ) =1, it follows that

a]

?(Yn)z (1 - 80/3) HYr\‘l = (1 - gh/?))(/\n - 8,, JL“"})

where ¥, = a, {x(,, ko) + x(u,, k)*fa, and al = €0y, /(&uy,u) -€, +1).

n_

On the other hand it follows that
L .
CUry) = I P, { Xy, k) x@u, k) bp I @ (E) = A ().

Thus for a subsequence {nn{Q with [u,] = Y, f%a;') converges
m m

to 1 and so
lin $((1 - a, J') = 0
m " )
Hence it follows that

lim inf Re ¥ (x(u,, k,)) = 5./2.
m [ed] "
1Y)

Since € dn = €.+ and so ?ﬂﬁi') = 1, it follows that

Pon 2z - &/ Uy = (- &/3)( A - &)

where 'y = ac,{a(hn, £, (h,) + A (h)*ah,, £, )*j‘a% , and

i)

, -1
ay! = f(yn’/(én iy, )- & +1). On the other hand it follows that
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) ! 2
PO = APGED-
Since ); > 1, it follows that ?z(‘a;’z) converges to 1 as n - (o

Thus we obtain that

lim inf Re P(a(h,, ¢, ) A)) = 1.

From this property it beasil)‘f follows that 77;’! A is irfeducible. (Because
for any ‘h € H, choose a subseqUénce' {nm} such that h”m —> h. Let

Q be a weak limit point of T;r(a(hnm, Qnm)) and then it follows‘ that
QMW (A(M) =1 or rr},"“"(,\ () € 77},,** (A)", which implies that

T, (Axg )" = T )

Let f W;'IA and define a representation ;Ov of A on LZ(G, k};,)

by

N

P fj Peors ds .

Let Z be the center of P(A)". Let ue€ X be such that u,(h) =1,

[}

h € H. Choose a subsequence {nm} such that [unm] = [u] and u, = u.

¥ ' .
Let x‘méA'(u,,,"L) such that xfm)= x(unm, knﬂ) . ‘Then {xk:\m f is a
central sequence in A for any i =1, 2,..., d = dim(u), and we may

assume that
. (m)
lim ¢ (<) = Ay
exists. Then 8&(3/2 <A, < 1 and 1A;] < \/-cT, i=2,...,d

.

(which follows from the way Xx;'s are defined). Since ‘

» d
?o 0(3()(:3 = Z ?(X(i uté.(s) N

L=y

it follows that for j =1,..., d,

d
Z /}b u -
L=

. € 1z,
¥

‘ 0
where we regard Z as a subalgebra of L (G).

. . - H
This argument shows the following: For any u¢ 7/( with P, #0 and
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any unit column vector § € CJ there is a row vector J € C‘J such
that A§ # 0 and
d
Aw, =2 Aiu,, ez *)
d 1:=‘ 4’

Since Z is a right-translation invariant subalgebra of Loa(G), there
is a closed subgroup N of G such that Z & I‘.’O(N \G). We have to show
that N = H. Since Pooih ~ P for h €H, it follows that Hc N (see
the proof of 2.2).

Let s € N. Fix ue U{ with P,_LH # 0 and let d = dim u. For each

4 d

unit vector § € €~ with P, & = ¥, one has a row vector T € ¢

such that (ngu)_ € Z for j=1,..., d. Then it follows that
¢
> 5, ughs) = 2. S.ug ), hEH

-~ -~ -~ -~
This implies that P u(s) = §Pu‘ Then, since §Pu§ = §%§ 40, and
g' is an arbitrary vector in Pu_CA, one obtains that Puu(s) = P . But
note that C(H\G) 1is the closed linear span of (Pwu);'; with u € z('
Since (Puu(s))b}_ = (P,) ‘:“}. , Hs 1s not distinguishable from H in

H\G, i.e., s € H.

Proof of (ii) @ (1) of 9.1. Suppose (ii) and let 50 be a state as

in (ii). Let ué& U with P, # 0, and let d = dim u. For any unit

vector 7§ 'S Pu(EO{, it follows that

{u§, 3> € T
where <u§', §'> is the multiplication operator on Lz(G, H ) defined
by

({u3,.85> ¢ ) = <u®)§F,3) ¢ (1), tea.
Then there is a central sequence -{y(’”f in A such that

hy®u = udug, §>10i=1 and
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Ty — @i, 3 strongly*.

Let

=] ug@am o d .
-§ J
G
Then O{S-(y(m) = y®u(s), where y“Y is the d xd matrix () and
~r ~s -~ "d

X (ZC")) = (ofs(y:;,))), and also

). py
ﬁ;‘()’,{)—) H f{ fJ' N

By using the method in Sec¢tion 7 one can assume that |l y("’ il < 1. Hence

x_(n) . olH
{ Sy §} is a central sequence of elements of A with norm less
Ea 4

than or equal to 1 and satisfies that

775) (?-xz(n)f ) — 1.

Now for each u € ?/( with B, # 0 and each .unit vector g € P&tﬂol

with d = dim u, there is a central sequence {y, } in

{xf’: xeA‘T(u), wx3i =15‘ such that
lim llay, = lja, a€ A.

On the other hand for each v éu(H), the set of irreducible unitary

matrix representations of H, and each unit vector &¢& CA with d = dim v,
] : . x|H :

there is a central sequence {znk in {x? T X € A‘ ), ](xS'“: 1}

such that
lim Waz, i = lal , a &A.

We apply the procedure described in the proof of (i) :—} (ii). What
we obtain here is a pure state ‘~/’ of A satisfying

(a) Ty is faithful,

(b) for any u¢€ Z( with P, # 0 and any unit vector g€ I’%CCl the

weak closure of {ﬂyﬁx;) T X¢€ AA;(u)sZ contains 1, and

(c) for any v € U (H) and any unit vector. T € Cd the weak closﬁre
' a

of { W¢(x§) : X € A] ) }r contains 1.

4i



From (c¢) it follows that TLHAH 1s irreducible. Because for v ¢ Z( H),
X : ~
x € A:H(v) and any unit vector ¢ ¢ Cd there is a row vector § ¢« c4

such that
T8 = L e E € mahr,  TEAo.
Since the set of :§‘V with § ¢ CJ spans CJ, one obtains that
Ty(x) € MY for all i. This shows that Ty[A" is irreducible.
Now we proceed to the proof that TT.q,lA'x is irreducible. Let u ¢& u

with P 7/0, x € Aa;(u), and § a unit vector of Pu’(:d. Then
d

- fasd
there is a row vector §“ c C such that

Tx§ =T mx) ¥, em@a,  §E Ao

. x
For any h € H, since xu(h) € A'(u(h)*uu(h)) and pu(h)'uu(h) = P!L’

it also follows that
TyCaum) §9 € T ).
In particular,
ox C AN
Ty(xP, §7) € qu,(A JRP
Note that (Pug")*f = %Pug = §¢ ;! 0. The set of Pu%'k with unit

d
vectors § € Pucd spans E € . Hence one can conclude that

'TI.\P(AH) C“!Tq_(A'x)", completing the proof.
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