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Some data center networks have already started to use optical circuit switching (OCS) with potential
performance benefits, including high capacity, low latency, and energy efficiency. This paper addresses a
switching network design to maximize the network radix, i.e., the number of terminals connected to the
network under the condition that a specified number of identical switches with the size N x N and the
maximum admissible blocking probability are given. Previous work presented a two-stage twisted and
folded Clos network (TF-Clos) with a blocking probability guarantee for OCS, which has a larger network
radix than TF-Clos with a strict-sense non-blocking condition. Expanding the number of stages allows for
enhancing the network radix. This paper proposes a model designing an OCS three-stage TF-Clos structure
with a blocking probability guarantee to increase the network radix compared to the two-stage TF-Clos.
We formulate the problem of obtaining the network configuration that maximizes the network radix as
an optimization problem. We conduct an algorithm based on an exhaustive search to obtain a feasible
solution satisfying the constraints of the optimization problem. This algorithm identifies the structure
with the largest network radix in a non-increasing order to avoid unnecessary searches. Numerical results

show that the proposed model achieves a larger network radix than the two-stage model.
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1. INTRODUCTION

Data center networks consist of hardware components, such as
switches and routers, that enable operators to provide services
to users. Some data center networks have already deployed
optical circuit switching (OCS) with potential performance ben-
efits [1][2][3][4]. OCS enables high-capacity and low-latency
data communication. In addition, OCS is energy efficient, which
can contribute to lower energy consumption. Terminals, such
as top-of-racks (ToRs) or aggregation switches, can be directly
connected via OCS in data center networks.

A Clos network can be used in a data center network [5],
a multi-stage structure designed to provide a highly scalable,
non-blocking connection. In a traditional Clos network, the
architecture consists of three stages: input layer, intermediate
layer, and output layer. A request is routed through switches lo-
cated in each layer without affecting existing optical connections.
Throughout this paper, we do not consider rearranging existing
optical connections, as we focus on maintaining communication
stability. Clos network designs with a large network radix, i.e.,
switching network size, will be required to accommodate future

traffic growth. The network radix is defined as the number of
terminals, each with a transmitter and receiver pair connected
to the network.

There are several types of Clos network. All the Clos variants
considered in this paper are fully optical, with all switches being
OCS; each switch is itself strict-sense non-blocking (SNB). We
assume that we design a switching network under the given
number of identical switches with the size N x N. The work
in [6] presented a folded Clos network (F-Clos). Fig. 1 shows
the structure of two-stage F-Clos, which combines the input and
output stages of a traditional three-stage Clos network. Folding
these stages reduces the overall number of stages, simplifying
the architecture and decreasing the switching network’s com-
plexity. The work [7] studied three-stage F-Clos, which replaces
the input-output layer in two-stage F-Clos with another smaller
two-stage F-Clos. A book in [8] introduced the variants of F-
Clos. In Fig. 1, we consider that each optical switch has two sets
of ports; each pair of ports belonging to different sets can be
connected via the optical switch. Each set of ports is called a side.
The input-output layer has k switches, each connecting n trans-
mitters and #n receivers. The intermediate layer has m switches.
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In F-Clos, one side of each switch in the input-output layer is
connected to n transmitters and n receivers. The other side is
connected to switches in the intermediate layer with v links. A
switch in the input-output layer requires 2n ports on one side
and vm ports on the other side. A switch in the intermediate
layer requires vk ports on each side.

Terminals Intermediate

Input-output
(transmitters/ layer layer
receivers)

Fig. 1. Structure of two-stage F-Clos. The input-output layer
has k switches, each connecting n transmitters and # receivers.
The intermediate layer has m switches. One side of each
switch in the input-output layer is connected to # transmitters
and n receivers. The other side of each switch in the input-
output layer connects one side of each switch in the intermedi-
ate layer with v links.

The works in [9] [10] presented a two-stage twisted and
folded Clos network (TF-Clos), which is a more flexible switch-
ing network structure than two-stage F-Clos. Fig. 2 presents
the structure of TF-Clos. We use the same definition of side of
a switch as described in F-Clos. In TF-Clos, both sides of each
switch in the input-output layer are connected to terminals; one
side functions as either a set of input or output ports, unlike
F-Clos. TF-Clos inherits the characteristic of F-Clos, where the
input and output stages of a traditional three-stage Clos network
are combined into a single layer. Two-stage F-Clos and two-stage
TF-Clos (2TF) are all designed with SNB conditions [8] [10]. 2TF
has a larger network radix than the two-stage F-Clos [9] [10] for
the same number of switches. This is because the constraints of
the switch ports used to design 2TF are more relaxed than those
of two-stage F-Clos, while the feasible region of n, k, v, and m
for 2TF depicted in Fig. 2, each of which expresses a feasible
structure of 2TF, covers that of 2F. When we have a targeted
network radix of a switching network, 2TF can require fewer
switches than two-stage F-Clos [11]. For example, to achieve
the network radix of 390 with the SNB condition, 2TF requires
55 switches with n = 13, k = 30, v = 1, and m = 25 in Fig. 2,
whereas two-stage F-Clos requires 58 switches with n = 10,
k =39,v =1, and m = 19 in Fig. 1; the required number of
switches in 2TF is 0.95 times fewer than that of two-stage F-Clos.
Section 3 provides the detail description of 2TF in Fig. 2.

Blocking probability is a performance indicator that expresses
the percentage of blocked requests in a network. A request may
not reach its destination in a switching network since no internal
link is available on the route. The work in [12] approximately
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Fig. 2. Structure of two-stage TF-Clos (2TF). The input-output
layer has k switches, each connecting n transmitters and n
receivers. The intermediate layer has m switches. One side of
each switch in the input-output layer connects one side of each
switch in the intermediate layer with v links.

analyzed the blocking probability in a traditional Clos network
but did not give a theoretical upper bound of the blocking prob-
ability.

As the network radix, i.e., the number of terminals connected
to the network, increases, more internal switches are required
to prevent internal blocking and maintain connection quality.
Therefore, addressing the design challenges of increasing the
network radix while maintaining an admissible blocking proba-
bility is essential. An admissible blocking probability denotes
the maximum tolerable probability that a terminal request is
blocked, which is given by a network operator or designer.

The works in [13] [14] [15] introduced 2TF with a blocking
probability guarantee. They aim to maximize the network radix
of 2TF under the given number of identical switches with the size
N x N. A network designer prepares a set of available identical
switches without the need to prepare a variety of different-sized
switches. This paper adopts this specific assumption, which
instills confidence in its practicality. The work in [13] provided
a one-step, 2TF design model that satisfies an admissible block-
ing probability. In this model, the acceptance of a connection
request is determined by checking the utilization of links from
the input-output layer to the intermediate layer without rear-
ranging existing connections in the network. This decision is
made once for each connection request, so the model is referred
to as a one-step, 2TF design model. Under the given number of
identical switches, the network radix of the one-step, 2TF model
with a blocking probability guarantee is larger than that of 2TF
with the SNB condition. From another perspective, if we relax
the SNB condition, we need a less number of switches to obtain
a given network radix. The work in [14] provided a two-step,
2TF design model with a blocking probability guarantee by di-
viding the set of intermediate-layer switches into two groups,
where a request admission is judged by checking the utilization
of links from the input-output layer to the intermediate layer in
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two steps. Considering the admissible blocking probability in
each group, the two-step, 2TF model with a blocking probability
guarantee has a larger network radix than the one-step, 2TF
model with a blocking probability guarantee. The work in [15]
provided an S-step (S > 1), 2TF design model that generalizes
the number of steps with a blocking probability guarantee. By
generalizing the number of steps, the S-step, 2TF model with a
blocking probability guarantee has a larger network radix than
the model with at most two steps. The design models [13] [14]
restricted the number of stages to two. No study addressed a
TF-Clos design model considering more than two stages.

Question arises. Can we provide a design model of TF-Clos to
increase the network radix, guaranteeing an admissible blocking prob-
ability by relaxing the number of stages to more than two under the
given number of switches? How much network radix can we increase
in the design model of TF-Clos with more than two stages compared
with that of two stages?

This paper proposes a model to design the three-stage TF-
Clos (3TF) for OCS that guarantees an admissible blocking prob-
ability to maximize the network radix. Our design model uses
identical switches with the size N x N, each with N input ports
and N output ports, which is the same assumption as that of
[13] [14] [15]. 3TF replaces the input-output layer in 2TF with
another smaller 2TF. 3TF regards a set of first- and second-stage
switches as a giant switch in the input-output layer. The num-
ber of ports of such a giant switch can increase compared with
that of N X N switch. The input-output layer and the interme-
diate layer in the proposed model are connected like how the
input-output layer and intermediate layer in 2TF are connected.
We formulate the proposed design model as an optimization
problem. We derive the theoretical upper bound of blocking
probability for designing 3TF. To solve the problem, we employ
an exhaustive search-based algorithm. This algorithm identifies
the structure with the largest network radix in non-increasing
order instead of finding a feasible solution for every combination
of natural number decision variables while adhering to speci-
fied constraints, including the guarantee of blocking probability.
Thus, once we find a feasible solution during the search, we en-
sure that it is optimal and the algorithm terminates. We shorten
the process by appropriately ordering the decision variables to
be searched. This paper is the first study in which we design 3TF
with a blocking probability guarantee by deriving the theoretical
upper bound of blocking probability. Numerical results show
that the proposed model for designing 3TF has a larger network
radix than the baseline model for designing 2TF under the SNB
condition or with a guarantee of maximum blocking probability.
Increasing the number of stages in TF-Clos from two to three
increases the computation time to design TF-Clos. The OCS
network constructed by the proposed 3TF design model applies
to a data center network that directly connects terminals, such
as ToRs or aggregation switches, while maintaining blocking
quality.

Table 1. TF-Clos design models.
Number of stages SNB
Two stages [9] [10]

Blocking probability guarantee
[13] [14] [15]
This work

Three stages

Table 1 categorizes TF-Clos design models. The works
in [9] [10] designed 2TF under the SNB condition. The works
in [13] [14] [15] designed 2TF with a blocking probability guaran-

tee. This work contributes to providing for designing 3TF under
the blocking probability guarantee and the SNB condition.

The rest of this paper is organized as follows. Section 2 de-
scribes the related works. Section 3 present existing design
models of 2TF. Section 4 introduces our proposed design model
of 3TF with guaranteeing admissible blocking probability. Sec-
tion 5 presents numerical results. Finally, we conclude this paper
in Section 7.

2. RELATED WORKS

Previous works have studied an unfolded Clos network (UF-
Clos) as the basis of a Clos network [5] [7] [8] [16] [17]. UF-Clos
is a traditional Clos network consisting of three stages. We call
this type of a Clos network UF-Clos to distinguish it from F-
Clos. The work [16] introduced round-robin-based dispatching
schemes for UF-Clos packet switches to achieve high through-
put. The work [17] improved the schemes in [16] to save on
consumed hardware resources. Unlike F-Clos, each transmit-
ter and receiver pair in a UF-Clos are connected to different
switches. Our work considers F-Clos applicable to data center
networks; F-Clos allows a transmitter and receiver pair to be
connected to a common switch.

Current data center networks widely employ packet-
switching F-Clos [18] [19] [20] [21]. The work [18] investigated
load balancing in F-Clos. The work [19] introduced a rebalancing
algorithm in F-Clos. The work [20] presented relative definitions
of the system reliability of F-Clos. The work [21] introduced
networks randomly connecting certain switch levels. Our work
addresses OCS, which differs from packet switching, in F-Clos
for data center networks.

With the advancement of optical technology, high bandwidth,
low latency, and reduced energy consumption for the data cen-
ter network are expected [22]. OCS can achieve lower latency
compared to electrical packet switches. The work [23] intro-
duced an optical network with high scalability and low power
consumption while providing sufficient bandwidth capacity for
data center networks. The work [24] analyzed an effective topol-
ogy reconfiguration strategy called OCBridge, which can use
link resources efficiently in data center networks. The work [25]
presented an optical switching architecture based on micro elec-
tro mechanical systems (MEMS), Flexnet, with low latency, high
throughput performance, and high flexibility for data center
networks. This paper attempts to design a switching network
using optical switches for future data center networks.

In circuit switching, when a connection is established be-
tween an endpoint pair, the links used by the established con-
nection are exclusively occupied. Unlike packet switching, these
links cannot be used for communication between other end-
point pairs. In [26], the study analyzed blocking probability in
a circuit-switched network. Additionally, [23] presented a data
center network based on OCS. Our study addresses a switching
network handling OCS, designing TF-Clos while ensuring an
admissible blocking probability.

OCS networks find diverse applications. The work in [27]
introduced a methodology for designing a large-scale non-
blocking OCS network employing an F-Clos architecture within
a data center network tailored for cloud computing. Addition-
ally, the work [26], [28] presented network construction for arti-
ficial intelligence (AI) systems using optical switches and robot
arms. A direct-connect fabric requires a network that accom-
modates thousands of terminals. Our work can be applied to
networks for cloud computing in a data center and Al systems
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utilizing OCS.

Blocking probability is a significant performance indicator
related to efficiency and scalability. The work [29] studied the
SNB operation of a three-stage Clos network. In [10], the study
presented 2TF under the SNB condition. In contrast to our work,
these studies focus on the SNB condition, where blocking proba-
bility equals zero.

Several studies [30], [31], [32], [33], [34], [35] have conducted
investigations to assess the blocking probability in Clos net-
works. The study by [30] delved into the blocking probabil-
ity within switching networks employing a reservation algo-
rithm. Similarly, [31] examined the blocking probability in
switching networks utilizing Erlang fixed point approximation.
Studies [32] [33] addressed analyzing blocking probability in
Clos-network packet switching networks employing virtual out-
put queues. The work in [34] assessed the blocking probabil-
ity employing artificial neural networks, while [35] developed
non-blocking conditions and probabilistic analytical models for
blocking within a wavelength-selective switched-based Clos net-
work. Despite their comprehensive analyses of the blocking
probability in high-performance Clos networks, these studies
did not establish a theoretical bound on the blocking probability.

The network radix of the network can be increased by re-
laxing the SNB condition while ensuring an admissible block-
ing probability. The work [13] introduced a TF-Clos design
model with a blocking probability guarantee in a one-step man-
ner. The work [14] introduced a two-step TF-Clos design model
with a blocking probability guarantee, where a request admis-
sion is judged by checking the utilization of links from the
input-output layer to the intermediate layer in two steps. The
work [15] introduced a TF-Clos design model that generalizes
the number of steps with a blocking probability guarantee. These
works [13] [14] [15] represent 2TFE. Our study extends the number
of stages from two to three.

3. EXISTING DESIGN MODEL OF TWO-STAGE TWISTED-
FOLDED CLOS NETWORK

A. Two-stage twisted-folded Clos network (2TF)

Fig. 2 shows a two-stage twisted-folded Clos network (TF-
Clos) for OCS consisting of input-output and intermediate lay-
ers [9] [10]. 2TF consists of k + m switches, each of which has N
input ports and N output ports. In the input-output layer, there
are k switches denoted by Sil,i € [1,k]. A switch in the input-
output layer connects n transmitters denoted by t;,i €[1,k,je

[1,n], and n receivers denoted by r;:,i € [Lk],j € [1,n]. In the

intermediate layer, there are m switches denoted by Siz, i€ [1,m].
One side of each switch in the input-output layer connects one
side of each switch in the intermediate layer with v links. The
SNB condition is given by:

2{”_1J+1§m. &)
v

Equation (1) is the necessary and sufficient condition for SNB;
the proof was given by [5] [8]. It indicates that the condition is
given by #, v, and m, but does not involve k.

The work in [9] [10] defines a design model of TF-Clos with
the SNB condition, which determines 1, k, m, and v to maximize
the network radix of nk, where the number of N x N switches,
a, is given, where k +m < a. The network radix of 2TF is
equivalent to nk. When we maximize nk, k + m does not always
equal a since the constraints of the number of available ports of

switches in the input-output layer and the intermediate layer
must be satisfied, as described in Section 3-B. In this case, a —
(k+m) N x N switches are not used.

B. 2TF design model with blocking probability guarantee

There are two models [13] [14] for OCS, which we name one-step
and two-step design models, respectively, to determine the struc-
ture of 2TF that guarantees an admissible blocking probability.
The one-step and two-step models ensure an admissible block-
ing probability in one and two steps, respectively. We describe
the one-step design model for 2TF [13], which is the most basic
one to clarify the essential features of changing from 2TF to 3TF.
In this section, we call the one-step design model for 2TF a 2TF
design model.

The 2TF design model [13] determines decision variables
n, 1%, k, m, and v to construct 2TF so that it can maximize
the network radix of nk while guaranteeing an admissible
blocking probability, €. The 2TF design model also considers
Fig. 2, whereas it newly introduces a decision variable of nsnb,
compared to the TF-Clos design model with the SNB condi-
tion [9] [10]. nSNB(< 1) is the maximum number of available
terminals in each switch of the input-output layer to guarantee
the admissible blocking probability; at most n°NB connections
outgoing from each switch of the input-output layer to the inter-
mediate layer. If more than #5NP connection requests arrive, the
excessive requests are blocked. The number of N x N switches,
a, is given. It handles blocking one time. We assume that a
request generated by a transmitter connected to a terminal is
active with probability p and inactive with probability 1 — p.
This request generation process follows an independent and
identically distributed (i.i.d.) pattern. There are no assumptions
about each request’s destination; the destination is arbitrary. €
denotes the admissible blocking probability. N, 4, p, and € are
given parameters. The 2TF design problem is given by:

max nk (2a)
subject to n+om<N (2b)
vk < N (20)
i n
) ( ) pPl-p)v<e (2d)
w=nb41 \ W
2 {&EJ +1<m (2e)
k+m<a (2f)
n, ns“b,k, v,m € IN. (2g)

Equation (2a) is the objective function to maximize the network
radix of 2TF. Equations (2b) and (2c) represent the constraints
of the number of available ports of switches in the input-output
layer and the intermediate layer, respectively. Equation (2d)
indicates that the blocking probability does not exceed €. The left
side of Eq. (2d) is derived according to a binomial distribution
that the probability that more than 75"® out of 1 requests are
active. The proof that this indicates the upper bound of blocking
probability for 2TF is in [13]. Equation (2e) corresponds to the
SNB condition. In Eq. (2e), n°™ replaces 1 presented in Eq. (1).
Equation (2f) indicates that the number of switches used in the
network must not exceed a. Equation (2g) represents the type of
decision variables.
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4. PROPOSED DESIGN MODEL WITH BLOCKING PROB-
ABILITY GUARANTEE Table 2. List of notations.
This section presents our proposed model for designing 3TF Parameters | Descriptions
with a blocking probability guarantee to increase the network N Number of ports in a switch
radix compared to 2TF for OCS.
a Number of switches that we can use
A. Overview of three-stage twisted and folded Clos network p Probability that a request is active.
3TF
BTF) € Admissible blocking probability in the network
First 10C Variables Descriptions
n Natural number variable that is the number of
. arnost 2 transmitters or receivers connected to a first-stage
switch
1
at most z k Natural number variable that is the number of
- I0Cs in the network
k'l
atmost K Natural number variable that is the number of
o first-stage switches in an IOC
k'l
rl; at most z ni“b Natural number variable that is the number of
el ports that satisfy the SNB condition in an IOC
ninb Natural number variable that is the number of
ports that satisfy the SNB condition in the network
kth 10C m' Natural number variable that is the number of
second-stage switches in an IOC
m Natural number variable that is the number of
ik third-stage switches in the network
T k1
i v’ Natural number variable that is the number of
links from (to) a first-stage switch outgoing to (in-
coming from) a second-stage switch, respectively
3 v Natural number variable that is the number of
Siem’ links from (to) an IOC outgoing to (incoming from)
K S a third-stage switch, respectively
r":i'k z Natural number variable that is the maximum
First stage Second stage Third stage number of output (input) ports at a second-stage
Terminals Input-output layer Intermediate layer SW.ltCh OuthIHg_to (lncomlng from) thlrd-Stage
(transmitters/receivers) sw1tches, respectlvely
n Real number variable that is the upper bound of
Fig. 3. Structure of 3TF. blocking probability in each IOC

Fig. 3 shows 3TF consisting of input-output and intermedi-
ate layers, which we design in the proposed model. Table 2
shows the notations used in the proposed model. 3TF comprises
k(k' +m") + m switches, each of which has N input ports and
N output ports. The input-output layer corresponds to the first
and second stages, and the intermediate layer corresponds to
the third stage. The input-output layer comprises k switching-
network components, each of which has k' + m' switches, and
the intermediate layer includes m switches. We call an input-
output-layer switching-network component (I0C). IOCs and the
third-stage switches are connected in the way of TF-Clos, and so
are the first- and second-stage switches. nk’k transmitters and
nk'k receivers are connected to all the first-stage switches. The
network radix of 3TF is equivalent to nk’k. Sil1 ;, denotes the irth
first-stage switch of i1th IOC, where i1 € [1,k] and i, € [1,k'].
Sl-z1 i denotes the ipth second-stage switch of ijth IOC, where
iy € [L,k] and i) € [1,m']. S? denotes the ith third-stage switch,
where i € [1,m]. t}“z and r}“z denote the jth transmitter and

the jth receiver, respectively, where j € [1,n], i1 € [1,k'], and
ip € [1,k|; S}l ;, connects 7 transmitters and n receivers. S}l i is
connected to 51'21 » with v’ outgoing links and v’ incoming links,
2
where iy € [Lk], iy € [1,K],and i} €
Sf with v outgoing links and v incoming links, where i1 € [1,k],
ip € [1,m'],and i € [1,m]. Siz]i2 has at most z output ports outgo-
ing to third-stage switches, and at most z input ports incoming
from third-stage switches, where i1 € [1,k] and iy € [1,m].
The total number of output ports from each IOC to third-stage
switches is at most zm’, and the total number of input ports
incoming from third-stage switches to each IOC is at most zm'.

[1,m']. $2. is connected to
12

We use the same assumption of the request arrival, as de-
scribed in Section 3-B. A request generation process follows an
independent and identically distributed (i.i.d.) pattern with the
probability of p. No assumptions about each request’s destina-
tion are imposed.
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We describe our proposed design model for 3TF with a two-
step blocking probability guarantee. The proposed model also
supports the case of the SNB condition (¢ = 0). The proposed
model also supports the case of the SNB condition (¢ = 0). We
introduce another admissible blocking probability, 7, which is
a decision variable, where 7 < ¢ < 1 in addition to the given
parameter of e. We consider two steps to block the requests
for connection. A request can be blocked in the first and sec-
ond stages (first-step) due to the strict-sense non-blocking (SNB)
condition restricted by #. If a request is not blocked in the first-
step, the request goes to the third stage (second step). In the
second step, the request can also be blocked to the SNB condi-
tion restricted by €, which is the original admissible blocking
probability.

B. Formulation

Given the number of N x N switches, a4, p, and g,
we formulate an optimization problem to determine
n, nﬁ“b,ngnb,k’,k, v',v,m',m,z€ Nand 5 € R" as:

max nk'k (3a)
subject to n+ov'm <N (3b)
kK +z<N (3¢c)
k<N (3d)
om < zm' (3e)
L n
)y ( ) pPra-p) <y G
w:nﬁ“bJrl w
2| 1< (3g)
1-(1—-9)
x (1 - Zk ( " ) pr(1- p)”’“”) <&
w=ng®41 \ W
2| 41 <m 3i)
k(K +m')+m<a (3
n<e<l1 k)
n, nﬁ“b,nznb,k/,k, o, o,m' ,mzecN @30
7 € RY, (3m)

where IN is a set of natural numbers and R is a set of non-
negative real numbers. Equation (3a) is the objective function to
maximize the network radix of 3TF, i.e., to maximize the number
of terminals that are connected to the input and output ports
of the switching network. Equations (3b)-(3d) represent the
constraints of the number of available ports of switches in the
first, second, third stages, respectively. Equation (3e) indicates
that the total number of output (input) ports outgoing from
(incoming to) an IOC to (from) third-stage switches is at least
vm, respectively. We can handle Egs. (3¢c) and (3e) with the
following one integrated constraint:

oK+ [%ﬂ <N, @

where z = [97] is determined by v, 1, and m'. Equation (3f)
indicates that the blocking probability in the first stage does not
exceed 77. Equation (3g) corresponds to the SNB condition in the
first stage. Equation (3h) indicates that the blocking probability
in the third stage does not exceed ¢; the probability that a request

is not blocked in the third stage must be larger than 1 — €, which
is expressed by:

nk’ nk’ "
1-m|1- ) prA—p)
w=n§“b+l w )

21_61

which derives Eq. (3h). Equation (3i) corresponds to the SNB
condition in the third stage. Equation (3j) indicates that the
number of switches used in the network must not exceed a.
Equation (3k) expresses the range of 7, which does not exceed €.
Equations (31) and (3m) represent the types of decision variables.
We note that Eqs. (3a)-(3m) also deal with the 3TF design for the
SNB condition by setting € = 0.

Let PP be the probability of the number of requests exceeding

the SNB condition in the second step. PP is given by:

Py =

nk! nk/ ’ (6)
1-(1-n) (1— )y ( )pw(l—r’)”"“’)-
w=n5"+1 w

Theorem 1. Pg indicates the upper bound of blocking probability for
3TF.

Proof. The upper bound of blocking probability in the first stage
is 7. Then, the probability that requests go to the third stage
switches is 1 — 7. If the number of requests that go to the third
stage is at most 75", no blocking occurs. P} indicates the prob-
ability of the number of requests exceeding the SNB condition
in the second step. If all w — n§" requests are blocked in the
third stage, where w € [ni“b, nk’], the blocking probability is Pg.
Thus, PP indicates the upper bound of blocking probability for

3TE O

ni“b is the maximum number of available terminals in each

first-stage switch, whereas n;nb is the maximum number of avail-

able terminals in each IOC. If more than H?NB connection re-
quests arrive at a first-stage switch, the excessive requests are
blocked. If more than ngNB connection requests arrive at an IOC,
the excessive requests are blocked. The number of available
terminals in one first-stage switch of an IOC can differ from that
of another first-stage switch in the same IOC. Since the structure
with ni“bk' > n;“b is allowed, not all n?“bk’ connections can be
outgoing from an IOC. From a wiring point of view, the same
number of terminals are connected to each first-stage switch in
the same IOC.
P} is a function of 77, which denotes f(7).

Theorem 2. (1) is a non-decreasing function for 1.

Proof. Let f'(5) be the derivative of f(17). f' (1) is given by:

nk! nk’ ,
f/(ﬂ) —1— Z pw(l _ p)nk —w, @)

w=ny°+1 w

Equation (7) indicates that f’ (1) is non-negative. Thus, f(7) isa
non-decreasing function of 7. O

From Theorem 2, we can get an optimal solution by substi-
tuting the smallest 7 satisfying Eq. (3f) into Egs. (3h) and (3k).
Therefore, Eq. (3f) is rewritten as follows:

i ( ! ) peA—p)" Y =1. ®)

w=n§“b+1 w
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C. Design algorithm

To solve the optimization problem in Egs. (3a)-(3m), we con-
duct an algorithm based on an exhaustive search for the integer
decision variables, as shown in Algorithm 1. It exhaustively
searches for the structure of the largest network radix in its non-
increasing order instead of finding a feasible solution for every
combination of the natural number decision variables. If a fea-
sible solution with a larger network radix is found, a feasible
solution with a smaller network radix is no longer optimal. Thus,
once we find a feasible solution during the search, we ensure
that it is optimal and the algorithm terminates. We shorten the
process by appropriately ordering the decision variables to be
searched.

We keep the maximum value of network radix nk’k in the
already searched space by checking each feasible set of the de-
cision variables. To avoid unnecessary searches, Algorithm 1
searches for decision variables 7, K, and k in descending order of
nk'k, starting with the combination having the largest value of
nk’k (line 3), and it ends the search when it finds a feasible solu-
tion. Moreover, Algorithm 1 can avoid unnecessary searches by
determining whether the conditions are satisfied at each point in
the for loop (lines 5,7, 9, 11, 13, and 15). If N < a, nk’k is at most
N(N —1)(N — 1) without considering any constraints in the
proposed 3TF design model, and otherwise Na(a — 1). Similarly,
each of nﬁnb, v, and v’ is at most N. n%“b isatmost N(N — 1) if
N < g, and N(a — 1) otherwise. Each of m and m’ is at most
a — 1. When completing the search, we obtain the structure of
the proposed model with the maximum network radix. The
overall computational time complexity to solve the optimization
problem is O(N8a?) if N < a, and O(N®°a®) otherwise.

5. NUMERICAL RESULTS

This section evaluates the proposed 3TF design model regarding
network radix, computation time, and the required number
of switches, compared with two design models for 2TF, one-
step (1S) and two-step (2S) models, as baseline models. In the
2TF design model with 1S (2TF-1S) [13], a request admission
is judged by checking the utilization of links from the input-
output layer to the intermediate layer in one step, whereas, in
the 2TF design model with 25 (2TF-1S) [14], it is performed in
two steps. 2TF-1S and 2TF-2S are applicable for ¢ > 0. Only
2TE-1S is applicable for € = 0; 2TF-2S manages request blocking
in a two-step manner only when € > 0.

We use algorithms based on an exhaustive search to obtain
the network structure for each model, where the proposed 3TF
design model runs Algorithm 1; we code them in C++. Our
used hardware platform is an Intel(R) Core(TM) i7-7700 CPU @
3.60GHz 4-core CPU and 32GB memory to run Algorithm 1.

A. Network radix

We consider a scenario where a service provider wants to design
a data center network to maximize the network radix while guar-
anteeing an admissible blocking probability, given the number
of N x N switches, in Sections 5-A and 5-B.

Fig. 4 shows the dependency of network radix on N under
the SNB condition. We compare the switching capacities of 3TF
and 2TF-1S with N =10, 20, 30, 40, and 50. We set a = 200. The
network radix of TF-Clos increases by changing the number of
stages from two to three.

We investigate the network radix dependent on a under the
SNB condition, as shown in Fig. 5. We set N = 40. The larger
a becomes, the greater the difference in network radix between

O3TF ©2TF-1S
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Fig. 4. Dependency of network radix on N with a2 =200 and e
=0.
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Fig. 5. Dependency of network radix on a with N =40 and € =
0.

two stages and three stages is. Increasing the number of stages
from two to three increases the value of 2 with which the network
radix saturates. The appearance of the ceiling for the network
radix of 3TF when a becomes greater than 2500 is due to the lack
of ports for connecting the new links while satisfying the SNB
condition. In 2TF-1S, there is no free port to connect the links
when 7 is greater than 200.

Fig. 6 observes the dependency of network radix on € with
N = 40, a = 2400, and p = 0.5; it also presents the network
radix under the SNB condition as a reference. The network
radix of 3TF is larger than those of 2TF-1S and 2TF-2S over our
examined e. To see the € dependency in detail, we change the
scale of the vertical axis of Fig. 6 and depict the results in Figs. 7
and 8. As € increases, the network radix of each model increases.
By changing € from zero to a positive value, the network radix
increases in 2TF-1S, 2TF-2S, and 3TF. The network radix of 2TF-
2Sis larger than that of 2TF-1S, but its difference is much smaller
than the difference between those of 2TF-1S and 3TF.

We evaluate the network radix along with varying p with
N = 40,2 = 2400, and € = 0.1, as shown in Fig. 9. As p increases,
the network radix of each model decreases. The network radix
of 2TF-2S is slightly larger or equal to that of 2TF-1S, but that of
3TF is much larger than that of 2TF-1S.
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Algorithm 1. Algorithm based on exhaustive search largest network radix in its non-increasing order

Input: N,a,p, e
Output: 7, ni“b, ni“b, K, kv, 0o,m,m
1: nk'k_array « [[1,1,1],[1,1,2],...,[N—1,N —1,N]]

2: Sort in descending order with respect to the value of the multiplication of three values in the array with nk’k_array.

3: for nk'k_array do

4: forvdo
5: if Eq. (3d) is satisfied then
6: for n?“b do
7: if Egs. (8) and (3k) are satisfied then
8: for ni“b do
9: if Eq. (3h) is satisfied then
10: for m do
11: if Eq. (3i) is satisfied then
12: for m’ do
13: if Eq. (3j) is satisfied then
14: for v’ do
15: if Egs. (3b), (3g), and (4) are satisfied then
16: return 7, ni“b, ni“b, K, ko, 0,m,m
—3TF (SNB) O 3TF
——3TF (SNB) ---2TF-1S (SNB) O 3TF ¢ 2TF-1S O 2TF-2S
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Fig. 6. Dependency of network radix on e with N = 40,4 =
2400, and p = 0.5.

B. Computation time

Fig. 10 shows the computation time on N under the SNB condi-
tion. The computation time of 3TF increases more sharply than
that of 2TF-1S in N. When N = 50, it takes about 13 days to
solve the 3TF design problem. We note that a service provider
seeks to create a data center network that optimizes the network
radix and ensures a predetermined blocking probability before
its service operation. The network structure design is permitted
to take a few weeks.

Fig. 11 shows the dependency of computation time on a with
N = 40 and € = 0. The computation time of designing 3TF is
larger than that of 2TF-1S; the number of for loops that pass
before finding a solution in the algorithm of the 3TF design
model is greater than that of the 2TF-1S design model. The larger
a becomes, the smaller the computation time of the 3TF design
model is. Increasing a promotes relaxing the condition that the
total number of switches is less than g; it is easier to satisfy the
condition in the conditional branching of the algorithm. The
easier it is to satisfy the condition, the sooner the algorithm
obtains the solution. The greater the number of for loops until
the algorithm obtains the solution, the greater the reduction in
computation time derived from increasing a. For this reason,

Fig. 7. Dependency of network radix on e with N = 40,4 =
2400, and p = 0.5 for 3TF.

we observe decreasing the computation time for the 3TF design
model with an increase in a.

We investigate the computation time dependent on € with
N = 40, a = 2400, and p = 0.5, as shown in Fig. 12. The com-
putation time of 3TF tends to increase slightly as € increases.
The larger € is, the more the number of sets of variables that
satisfy Eq. (3h). As a result, the number of for loops that pass
in the algorithm increases. Conversely, in the 2TF-1S, the com-
putation time decreases as € increases due to the small number
of for loops. Thus, the computation time is larger when € > 0
than under the SNB condition in the 3TF design model, and the
opposite is true in the 2TF-1S design model. The computation
time of 2TF-2S also decreases as € increases for the same reason
as the 2TF-1S, but the computation time is larger than the 2TF-
1S; 2TF-2S handles a larger number of decision variables than
2TF-1S.

We evaluate the computation time along with varying p with
N = 40, a = 2400, and € = 0.1, as shown in Fig. 13. The
computation time of 3TF tends to decrease as the value of p
is close to 0 or 1. When p takes a value close to 0 or 1, the
value of the left side of Eq. (3h) increases, and fewer sets of
variables satisfy the equation. Therefore, the number of for loops
is reduced, and the computation time is shortened. In 2TF-1S
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Fig. 8. Dependency of network radix on € with N = 40,4 =
2400, and p = 0.5 for 2TF-1S and 2TE-2S.
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Fig. 9. Dependency of network radix on p with N = 40,4 =
2400, and € = 0.1.

and 2TF-2S, the larger p is, the greater the number of for loops to
find variables that satisfy Egs. (2d) is, so the computation time
increases.

C. Number of used switches and number of used fibers de-
pending on network radix

The cost of deploying a switching network increases as the
number of used switches and the number of used fibers in-
crease. We investigate the number of used switches and the
number of used fibers depending on the network radix. The
number of switches used by 2TF-1S is given by k + m, and that
of 3TF is given by k(k’ + m') + m. The number of used fibers
of 2TF-1S is given by 2(n + vm)k, and that of 3TF is given by
(2(n + 'm")k' + 2zm’ )k + 2vkm. We compute these numbers
from the obtained set of decision variables.

Fig. 14 shows the number of switches versus network radix
with N = 40 and € = 0. We plot the results solved by each
design problem using different values of 2. When the network
radix is up to the maximum value of the network radix of 2TF-
1S, which is 520, the number of switches of 2TF-1S is smaller
than that of 3TF. On the other hand, 2TF-1S cannot construct a
structure when the network radix is larger than the maximum
value of the network radix of 2TF-1S.

Fig. 15 shows the number of fibers versus network radix with
N = 40 and € = 0. We plot the results solved by each design
problem using different values of a. It shows the same trend as
Fig. 14. When the network radix is up to the maximum value of
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Fig. 10. Dependency of computation time on N with a =200
and e =0.
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Fig. 11. Dependency of computation time on 2 with N = 40
and € = 0.

the network radix of 2TF-1S, which is 520, the number of fibers
of 2TF-1S is smaller than that of 3TF.

These observations in Figs. 14 and 15 suggest that we choose
2TF if the required network radix does not exceed the maximum
value of the network radix of 2TF; 3TF otherwise.

6. APPLICABILITY OF PROPOSED MODEL

In the proposed 3TF design model, the 3TF architecture facili-
tates the passage of an optical circuit connection through five
optical switches, connecting a transmitter to a receiver in a data
center network. As an illustrative example of its deployabil-
ity, the 3TF configuration is adaptable for ToRs or aggregation
switches as terminals.

We describe examples of power management in an OCS 3TF
network configured by the proposed design model. This configu-
ration involves utilizing a pair of transmitters and receivers with
an 8 dB power budget [36] [37], along with a software-defined
optical automatic patch panel [38] serving as each optical switch,
ensuring a maximum insertion loss of 1 dB. Additionally, the
model suggests employing a piezoelectric-driven optical switch
with a switch size N < 32 [39], featuring an insertion loss of at
most 1 dB for enhanced flexibility.
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7. CONCLUSIONS

This paper proposed a 3TF design model for OCS with a block-
ing probability guarantee. The proposed 3TF design model also
supports the case of the SNB condition. The proposed model in-
creases the number of stages by making a set of some first-stage
switches and some second-stage switches a giant switch in the
input-output layer to increase the network radix, i.e., the number
of terminals, each with a transmitter and receiver pair connected
to the network. We formulated the model as an optimization
problem and solved the problem by using an algorithm based
on an exhaustive search. Numerical results showed that the
proposed model for 3TF has a larger network radix than 2TF in
both cases that the proposed model imposes the SNB condition
and that it does the admissible blocking probability guarantee.
The proposed model for 3TF has a larger increase in network
radix when € = 0 to € > 0 than 2TF.

The remaining challenges related to the proposed model in-
clude reducing the computation time and handling the fluctua-
tion of p, which is the probability that a request is active at each
input port. First, the computation time of 3TF increases more
sharply than that of 2TF in N. Developing a faster algorithm
for designing the 3TF, even for larger values of N, poses a chal-
lenging task. Second, in our proposed model, the value of p is
a hard limit that a request arrival probability does not exceed
to guarantee the admissible blocking probability. The request

Network radix

Fig. 14. Number of switches used depending on network
radix with N = 40 and € = 0.
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Fig. 15. Number of fibers used depending on network radix
with N =40 and € = 0.

arrival probability can fluctuate and be uncertain. Adopting
robust optimization techniques [40—42] can be a candidate for
handling such uncertainty in the 3TF design model. This is left
for a further study.
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